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Abstract: As the applications for freeform optical surfaces continue to grow, the need for high-
precision machining methods is becoming more and more of a necessity. Different toolpath strategies
for the ultra-high precision turning of freeform surfaces can have a significant impact on the quality
of the machined surfaces. This paper presents a novel toolpath planning method for ultra-precision
slow tool servo diamond turning based on the curvature of freeform surfaces. The method analyzes
the differential geometric properties of freeform surfaces by reconstructing NURBS freeform surfaces.
A mathematical model is constructed based on the parameters of different positions of the freeform
surface, toolpath parameters, and tool residual height. Appropriate toolpath parameters can be
calculated to generate the optical freeform ultra-precision slow tool servo diamond turning toolpath.
Compared with the toolpaths generated by the traditional Archimedes spiral method, the ultra-
precision slow tool servo diamond turning toolpath planning method proposed in this paper can
generate more uniform toolpaths on the freeform surfaces and keep the residual tool height within a
small range.

Keywords: optical freeform surfaces; surface analysis; toolpath planning; ultra-precision turning

1. Introduction

Freeform surfaces are a class of complex surfaces with non-rotational symmetry and
irregular shapes and are often difficult to describe by equations. Compared to traditional
optical surfaces, freeform optical surfaces can provide more design freedom, improve the
optical performance of individual optical components and optical systems, and eliminate
spherical aberration, astigmatism, coma, chromatic aberration, and other aberrations [1].
They also simplify the optical system structure by reducing the number of optical com-
ponents in the optical system [2]. As a result, they are widely used in optical imaging
systems [3–8] and non-imaging systems [9–13]. The development of ultra-precision machin-
ing technology has provided many creative challenges for the construction of high-precision
optical freeform surfaces [14–17].

However, for optical freeform surfaces with complex surface shapes, the traditional
toolpath planning method has problems, such as large machining errors and difficult control
of machining quality when applied to ultra-precision turning [18,19]. Therefore, there is an
urgent need to develop a toolpath planning method for freeform ultra-precision diamond
turning to improve the high-precision manufacturing of complex optical freeform parts.

There are potential challenges in realizing the fabrication of freeform surfaces through
ultra-precision machining technology [20,21]. Balabokhin et al. proposed a method to
generate an iso-scallop and contour-parallel toolpath for the freeform surface in three-axis
CNC milling [22]. Takasugi et al. proposed a method for generating a spiral curve in
the parametric domain. This method can be applied to surfaces consisting of multiple
patches [23]. Sato et al. used different methods to generate control point clouds, optimize
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toolpaths, and improve the machining quality of 2D sine waves and microlens arrays [24].
Wang et al. proposed an adaptive toolpath planning method for ultra-precision turning,
which reduces the fluctuation of feed direction and ensures the surface quality of large-
aperture optical freeform surfaces [25]. Zhang et al. proposed a position-optimized off-axis
ultra-precision turning technology for machining large-aspect-ratio rectangular freeform
surfaces [26]. Zhang et al. created a novel machining system featuring a spindle with
an integrated assembly of roughing and precision cutting tools, designed to cut freeform
prisms [27]. Lang et al. propose an ultra-precision turning based on hybrid slow–fast tool
servoing, which improves the machining efficiency of freeform surfaces by decomposing
freeform surfaces to run STS and FTS simultaneously [28]. Cheng et al. carried out research
on an automatic dynamics analysis of mechanical systems, including the dynamic and
kinematic factors, and proposed a toolpath method based on machine tool kinematics and
dynamics [29]. The Archimedes spiral method is widely used to generate toolpaths for ultra-
precision machining. Zuo et al. proposed a toolpath planning method for ultra-precision
turning of freeform surfaces using non-zero rake angle tools and constructed a morphology
prediction model for the ultra-precision turning of freeform surfaces [30]. Zhou et al. used
the constant arc length strategy to sample an Archimedes helix to generate toolpaths and
proposed a tool tip radius compensation method to improve the contour accuracy of the
machined surface [31]. Yi et al. proposed a diamond toolpaths generation method that
can make 5 × 5 microlens arrays on ultra-precision diamond lathes [32]. Fang proposed a
cylindrical coordinate machining method using NURBS to describe freeform surfaces using
Newton’s method to determine the points of the toolpath on NURBS surfaces [33]. Yin et al.
used an Archimedes helix to generate toolpaths to machine off-axis aspheric surfaces and
compensate for tool centering errors [34]. Cai et al. propose a toolpath planning method
for multi-degree-of-freedom FTS. The active control accuracy model is established, and the
sampling interval and side feed are automatically calculated according to the maximum
allowable error [35]. Zhang et al. used the Archimedes spiral method to generate a toolpath
and realized the ultra-precision turning of sinusoidal surfaces in cylindrical coordinates [36].
Zhu et al. proposed a novel adaptive tool servo for the fabrication of complex freeform
optical surfaces through analysis of the local curvature along both forward-cutting and
side-feeding directions [37]. Li et al. present the design of a near-rotational freeform surface
with a low non-rotational degree to constrain the variation of traditional freeform optics to
the fabrication of freeform optics on IR materials [38].

However, for optical freeform surfaces, the curvature of each position of the surface is
different due to its characteristics, such as non-rotational symmetry and irregular topog-
raphy. Therefore, when the Archimedes spiral projection is applied to optical freeform
machining, the toolpath will be distorted at different positions on the surface, which will
lead to deterioration of the machined surface quality [39–42].

In the research of the above scholars, the ultra-precision machining method of freeform
surfaces has been investigated widely. However, the above studies do not have the method
of toolpath planning directly along the surface of the surface. Further studies on the tool
residual height and surface quality of the traditional Archimedean helix method in freeform
ultra-precision slow tool servo diamond turning of freeform surfaces are lacking. Due to the
complexity of freeform surfaces, toolpath planning directly along the surface of freeform
surfaces requires a study of the geometric differential properties of freeform surfaces to
establish the relationship between surface properties and ultra-precision slow-turning
servo diamond-turning toolpaths.

In this study, a novel toolpath planning method based on the curvature of NURBS
surfaces is proposed for the ultra-precision slow tool servo diamond turning of optical
freeform surfaces. By reconstructing the freeform surface, the expression of the freeform
surface is obtained, and then the differential geometric properties of the freeform surface
can be analyzed. A mathematical model between surface parameters, tool parameters,
and residual height is established, and suitable toolpath parameters are calculated. The
toolpath for generating ultra-precision slow tool servo diamond turning along the surface
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of the freeform surface is creatively proposed. The correctness of the toolpath planning
method based on the curvature of NURBS surfaces is verified by simulation. Ultra-precision
diamond turning tests are carried out to demonstrate that the method can stabilize the tool
residual height to a small magnitude.

2. Reconstruction of the NURBS Surfaces

Optical freeform surfaces pose challenges in their description and machining due
to their limited expressibility. Consequently, a meticulous inquiry into the differential
geometric characteristics of freeform surfaces is essential in ultra-precision machining. By
reconstructing a NURBS surface, a computable and analyzable expression of freeform
surfaces can be obtained.

NURBS has gained prominence as a standard for representing surfaces in computer-
aided design. It describes a thorough mathematical technique for representing both analyti-
cal and organic surfaces while maintaining numerical stability throughout the computa-
tional process [43].

Freeform surfaces can be reconstructed by applying NURBS global interpolation to
(n + 1) × (m + 1) discrete data points

{
Qk,l

}
. The equation of the (p,q)-th order for the

NURBS surface expression is provided as follows:

Qk,l = S(uk, vl) =
n

∑
i=0

m

∑
j=0

Ni,p(uk)Nj,q(vl)Pi,j (1)

where
{

Pi,j
}

represents the control point. {uk} and {vl} denote the parameter values of
the discrete data point

{
Qk,l

}
, respectively. Furthermore, Ni,p(uk) and Nj,q(vl) describe the

p-order and q-order B spline basis functions, which are defined on the non-uniform node vec-
tors U and V, respectively. The node vectors U and V correspond to Equations (2) and (3).

U =
{

0, . . . , 0, up+1, . . . , un−p−1, 1, . . . , 1
}

(2)

V =
{

0, . . . , 0, vq+1, . . . , vm−q−1, 1, . . . , 1
}

(3)

The chord length parameter method is employed to parameterize the freeform discrete
data point

{
Qk,l

}
.

The parametric calculation process for determining U direction data points uk is
demonstrated in Equations (4)–(6). First, for each l (l = 0, 1, . . . , m), ul

0, ul
1, . . . , ul

n are
calculated by Equations (4) and (5). The total chord length of the curve in the V direction is
denoted as d.

ul
0 = 0

ul
n = 1

ul
k = ul

k−1 +
|Qk−Qk−1|

d , k = 1, 2, . . . , n− 1

(4)

d =
n

∑
k=1
|Qk −Qk−1| (5)

A series of parameter values ul
0, ul

1, . . . , ul
n is computed and then averaged according

to Equation (6) to obtain the global parameters of the surface in the U direction. The global
parameter in the U direction of the surface can be obtained by iterating through each value
l (l = 0, 1, . . . , m). Based on the same calculation, we can calculate vl of the surface in the
V direction by Equation (7).

uk =
1

m + 1

m

∑
l=0

ul
k, k = 0, 1, . . . , n (6)
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vl =
1

n + 1

n

∑
k=0

vk
l , l = 0, 1, . . . , m (7)

The node vectors (up+1, . . . , ur−p−1) of U and (vq+1, . . . , vs−q−1) of V are calculated
following Equations (8) and (9). The results of the parameterization of discrete data

{
Qk,l

}
and the direction of parameter distribution on the NURBS surface are shown in Figure 1.

ua+p=
1
p

a+p−1

∑
i=a

ui, a = 1, 2, . . . , n− p (8)

vb+q =
1
q

b+q−1

∑
i=b

vi, b = 1, 2, . . . , m− q (9)
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To determine the values of the non-zero basis functions
{

Ni,p(uk)
}

and
{

Nj,q(vl)
}

in diverse node intervals, the value of
{

Ni,p(uk)
}

can be obtained through the iterative
calculation of Equations (10) and (11). Similarly, the solution process for

{
Nj,q(vl)

}
can be

completed using a comparable method.

Ni,p(u) =
{

1, ui ≤u ≤ ui+1
0, other

(10)

Ni,p(u) =
u− ui

ui+p − ui
Ni,p−1(u) +

ui+p+1 − u
ui+p+1 − ui+1

Ni+1,p−1(u) (11)

The control point
{

Pi,j
}

can be determined once the solution to the basis functions
has been found. Equation (1) describes a set of equations with coefficient matrices of
(n + 1) × (m + 1) for (uk, vl). Upon being transformed into Equation (12), the NURBS curve
interpolation methods can be applied to calculate the control point

{
Pi,j
}

.

Qk,l = S(uk, vl) =
n

∑
i=0

Ni,p(uk)

(
m

∑
j=0

Nj,q(vl)Pi,j

)
=

n

∑
i=0

Ni,p(uk)Ti,j (12)
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For l(l = 0, 1, . . . , m), the parameter uk and node vector U are used to interpolate
the NURBS curve of the type value point Q0,l , Q1,l , . . . , Qn,l m + 1 times, respectively, and
the Ti,0, Ti,1, . . . , Ti,m is inversely obtained. Then, k = 0, 1, . . . , n uses Ti,0, Ti,1, . . . , Ti,m as
the type value point of the interpolation function and interpolates the NURBS curve of
n + 1 degree with the parameter vl and the node vector V so as to reverse the final control
point matrix P. The control point matrix is substituted into the NURBS surface parametric
equation. The reconstructed optical freeform surface is shown in Figure 2.

Machines 2023, 11, x FOR PEER REVIEW 5 of 16 
 

 

The control point {𝑃௜,௝} can be determined once the solution to the basis functions 
has been found. Equation (1) describes a set of equations with coefficient matrices of (n + 
1) × (m + 1) for (𝑢̄௞, 𝑣̄௟). Upon being transformed into Equation (12), the NURBS curve 
interpolation methods can be applied to calculate the control point {𝑃௜,௝}. 

𝑄௞,௟ = 𝑆(𝑢௞, 𝑣௟) = ෍ 𝑁௜,௣(𝑢௞)௡
௜ୀ଴ ቌ෍ 𝑁௝,௤(𝑣௟)𝑃௜,௝௠

௝ୀ଴ ቍ = ෍ 𝑁௜,௣(𝑢௞)௡
௜ୀ଴ 𝑇௜,௝ (12)

For 𝑙(𝑙 = 0, 1, … , 𝑚), the parameter 𝑢̄௞ and node vector U are used to interpolate the 
NURBS curve of the type value point 𝑄଴,௟, 𝑄ଵ,௟, … , 𝑄௡,௟ m + 1 times, respectively, and the 𝑇௜,଴, 𝑇௜,ଵ, … , 𝑇௜,௠ is inversely obtained. Then, 𝑘 = 0, 1, … , 𝑛 uses 𝑇௜,଴, 𝑇௜,ଵ, … , 𝑇௜,௠ as the type 
value point of the interpolation function and interpolates the NURBS curve of n + 1 degree 
with the parameter 𝑣̄௟ and the node vector V so as to reverse the final control point matrix 
P. The control point matrix is substituted into the NURBS surface parametric equation. 
The reconstructed optical freeform surface is shown in Figure 2. 

 
Figure 2. Reconstructed NURBS surface. 

3. Toolpath Planning Method for Freeform Surfaces Based on NURBS Surface Curvature 
3.1. The Archimedes Spiral Method 

The typical configuration for the ultra-precision slow tool servo diamond turning 
machine is shown in Figure 3. The X and Z axes are positioned in a T-shape, with the 
spindle (C-axis) situated on the X-axis. The workpiece is clamped with a vacuum suction 
cup that is attached to the spindle, while the tool is fixed on the Z-axis tool holder. Tool-
paths are created through the connection of the X, Z, and C axes as the spindle shifts from 
speed control mode to position control mode (C-axis mode). The process allows for the 
removal of workpiece material, enabling ultra-precision turning of non-rotational, sym-
metric optical freeform surfaces. 

 
Figure 3. Ultra-precision slow tool servo diamond turning machine model. 

The first step in performing ultra-precision slow tool servo-turning on freeform sur-
faces using tool trajectories created by Archimedean helical projection is a helical trajec-
tory generated in a reference plane, followed by a set of unique points captured on the 
helical trajectory. The second step is to map the collected points to the surface to be ma-
chined. Subsequently, the mapped points are plotted on the freeform surface. Finally, the 

Figure 2. Reconstructed NURBS surface.

3. Toolpath Planning Method for Freeform Surfaces Based on NURBS Surface Curvature
3.1. The Archimedes Spiral Method

The typical configuration for the ultra-precision slow tool servo diamond turning
machine is shown in Figure 3. The X and Z axes are positioned in a T-shape, with the
spindle (C-axis) situated on the X-axis. The workpiece is clamped with a vacuum suction
cup that is attached to the spindle, while the tool is fixed on the Z-axis tool holder. Toolpaths
are created through the connection of the X, Z, and C axes as the spindle shifts from speed
control mode to position control mode (C-axis mode). The process allows for the removal of
workpiece material, enabling ultra-precision turning of non-rotational, symmetric optical
freeform surfaces.
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The first step in performing ultra-precision slow tool servo-turning on freeform sur-
faces using tool trajectories created by Archimedean helical projection is a helical trajectory
generated in a reference plane, followed by a set of unique points captured on the helical
trajectory. The second step is to map the collected points to the surface to be machined.
Subsequently, the mapped points are plotted on the freeform surface. Finally, the mapped
points are compensated for the tool radius to generate the turning tool trajectory. Figure 4
illustrates this process.

However, projecting the helical path from the base plane to the freeform surface causes
distortion due to the non-rotational symmetry and irregular morphology of the latter. This
will lead to unequal spacing in machining rows of the resulting toolpaths, resulting in
significant errors. Hence, it is crucial to account for these distortions during the machining
process. As shown in Figure 5, Li,j refers to the pitch of the helix path generated by the
base plane, while Li,j

′ is the machining row spacing of the toolpath. It should be noted
that Li,j is not equivalent to Li,j

′. Variations in the curvature of the freeform surface lead to
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changes in processing error, which can result in reduced uniformity and machining quality
of the surface.
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3.2. Calculation of Toolpath Parameters Base on Analysis of NURBS Surfaces
3.2.1. Analysis of NURBS Surfaces

Considering the problems associated with the Archimedean spiral method, this paper
presents a novel toolpath planning method for ultra-precision slow tool servo diamond
turning of freeform surfaces. It involves analyzing the local curvature of the freeform
surface, calculating the curvature at different locations, constructing a mathematical model
between the toolpath parameters, the machining parameters, and the residual height, and
selecting the appropriate toolpath parameters. This method will result in a more uniform
and consistent toolpath on the machined surface. This allows the residual height to be
controlled within a small range.

First, the local shape of the freeform surface needs to be determined, and the local
bending cases of the freeform surface can be classified into planar, convex, and concave
surfaces. Then, the curvature of the surface is calculated according to the theory of differen-
tial geometry, and finally, the machining row spacing is calculated. For a freeform surface
S(u, v), the partial orientation vector can be determined by calculating the derivative of its
basis function, as shown in Equation (13).

∂k+1

∂ku∂lv
S(u, v) =

n

∑
i=0

m

∑
j=0

N(k)
i,p N(l)

j,q Pi,j (13)

The normal curvature kn at a point of the free surface represents the projection of the
curvature of the curve passing through that point in the normal direction of the surface, as
shown in Equation (14).

kn = kcosθ =
Ldu2 + 2Mdudv + Ndv2

E(du)2 + 2Fdudv + G(dv)2 =
φ2

φ1
(14)
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where ϕ1 denotes the first fundamental form of the surface, and E, F, and G are the
coefficients of the first fundamental form. ϕ2 denotes the second fundamental form of the
surface, and L, M, and N are the coefficients of the second fundamental form.

H is the mean curvature of the surface and K is the Gaussian curvature of the surface,
as shown in Equations (15) and (16).

H =
EN − 2FM− GL

2(EG− F2)
(15)

K =
LN −M2

EG− F2 (16)

Based on the positive and negative values of the mean curvature and Gaussian curva-
ture, the types of points at different locations on the freeform surface can be determined.
The freeform surface is continuously changing, and thus the type of the local area of the
surface around the point can be further determined based on the discrimination shown in
Figure 6.

Machines 2023, 11, x FOR PEER REVIEW 7 of 16 
 

 

𝜕௞ାଵ𝜕௞𝑢𝜕௟𝑣 𝑆(𝑢, 𝑣) = ෍ ෍ 𝑁௜,௣(௞)௠
௝ୀ଴

௡
௜ୀ଴ 𝑁௝,௤(௟)𝑃௜,௝ (13) 

The normal curvature 𝑘௡ at a point of the free surface represents the projection of 
the curvature of the curve passing through that point in the normal direction of the sur-
face, as shown in Equation (14). 𝑘௡ = 𝑘 𝑐𝑜𝑠 𝜃 = 𝐿𝑑𝑢ଶ + 2𝑀𝑑𝑢𝑑𝑣 + 𝑁𝑑𝑣ଶ𝐸(𝑑𝑢)ଶ + 2𝐹𝑑𝑢𝑑𝑣 + 𝐺(𝑑𝑣)ଶ = 𝜙ଶ𝜙ଵ (14)

where 𝜑ଵ denotes the first fundamental form of the surface, and E, F, and G are the coef-
ficients of the first fundamental form. 𝜑ଶ denotes the second fundamental form of the 
surface, and L, M, and N are the coefficients of the second fundamental form. 

H is the mean curvature of the surface and K is the Gaussian curvature of the surface, 
as shown in Equations (15) and (16). 𝐻 = 𝐸𝑁 − 2𝐹𝑀 − 𝐺𝐿2(𝐸𝐺 − 𝐹ଶ)  (15)

𝐾 = 𝐿𝑁 − 𝑀ଶ𝐸𝐺 − 𝐹ଶ  (16)

Based on the positive and negative values of the mean curvature and Gaussian cur-
vature, the types of points at different locations on the freeform surface can be determined. 
The freeform surface is continuously changing, and thus the type of the local area of the 
surface around the point can be further determined based on the discrimination shown in 
Figure 6. 

 
Figure 6. Flowchart for determining the local region type of a freeform surface. 

3.2.2. Calculation of Toolpath Parameters 
Based on the results of the local area analysis of the freeform surface, Figure 7a de-

picts the contact between the surface and the tool. A mathematical model has been formu-
lated for different contact types, elucidating the correlation between the tool radius R, re-
sidual height h, radius of the curvature Rn of the contact point, and machining row dis-
tance L concerning various surface contact areas. 
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3.2.2. Calculation of Toolpath Parameters

Based on the results of the local area analysis of the freeform surface, Figure 7a depicts
the contact between the surface and the tool. A mathematical model has been formulated
for different contact types, elucidating the correlation between the tool radius R, residual
height h, radius of the curvature Rn of the contact point, and machining row distance L
concerning various surface contact areas.

When the surface surrounding the contact point of the tool and machining surface is
flat, as depicted in Figure 7b, the radius of the curvature Rn of the contact point in the radial
direction may be regarded as infinite. The mathematical model linking the tool radius R,
the residual height h, and the machining row distance L is shown in Equation (17).

L ≈ 2
√

2Rh (17)

where the surface surrounding the contact point of the tool and machining surface is convex,
as depicted in Figure 7c. The mathematical model linking the tool radius R, the residual
height h, and the machining row distance L is shown in Equation (18).

L ≈ 2
√

2Rh

√
Rn

Rn + R
(18)
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where the surface surrounding the contact point of the tool and machining surface is flat,
as depicted in Figure 7d. The mathematical model linking the tool radius R, the residual
height h, and the machining row distance L is shown in Equation (19).

L ≈ 2
√

2Rh

√
Rn

Rn − R
(19)

Based on the mathematical model established by the surface analysis above, the
calculation of machining row spacing can be performed. A grid consisting of n × m points
is chosen on the freeform surface S(u, v) in the U and V directions. The allowable machining
row spacing for each point along the radial direction is then determined at the identical
residual height h, according to the type of surface in proximity to each point. The outcome
is denoted as {L1,1, L1,2, . . . , Ln,m}. In areas where the curvature of the freeform surface
varies significantly, the calculation process can be reiterated to confirm the outcomes.
Subsequently, the minimum row width for machining in the radial direction of the freeform
surface can be determined as L = Lmin.
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Figure 7. The area of contact between the tool and the machined surface: (a) the contact area between
the tool and the machined surface; (b) the contact area between the tool and the machined surface is
flat; (c) the contact area between the tool and the machined surface is convex; (d) the contact area
between the tool and the machined surface is concave.

3.3. Toolpath Based on NURBS Surface Curvature

Toolpath planning for ultra-precision slow tool servo diamond turning based on
NURBS surface curvature consists of two steps. First, the circumferential discrete point is
taken by the equal angle method so that the angle between the two adjacent points along
the circumferential spiral on the surface and the center line of the surface is consistent to
generate the discrete point data. Second, with L = Lmin as the machining row spacing
along the radial direction, the tool contact point of freeform ultra-precision slow tool servo
diamond turning is gradually determined along the radial direction of the surface by the
recursive method.
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The calculated tool contact points (u, v) can be converted by Equation (20) to tool
contact points (xn, yn, zn) in Cartesian coordinates.

(xn, yn, zn) = Qn = S(ui, vj) (20)

In the process of ultra-precision slow tool servo diamond turning, the position of the
contact point between the diamond tool and the freeform surface is constantly changing,
as shown in Figure 8. The point Qi,j is the contact point between the diamond tool and
the surface, and the point Pi,j is the center point of the radius of the diamond tool tip
circle. However, Qi,j cannot be directly applied to machining programs on ultra-precision
machines. Therefore, tool contacts need to be converted to tool arc center points by means
of tool compensation.
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Figure 8. The tool contact point and tool arc center point.

Tool compensation is carried out for the tool contact point Qi,j(xij, yij, zij). The direction
of compensation is the normal vector of the tool contact point along the front tool surface
projection direction, and the compensation amount is the arc radius R of the diamond
tool, as shown in Figure 9. The components of the compensation quantity in the x and z
directions are calculated in Equations (21) and (22).

xi
′ = xi + R•Fx (21)

zi
′ = zi + R•Fz (22)

where
→
ni is the normal vector at the tool contact point (xi

′, yi, zi
′) on the free surface

→
ni = (Fx, Fy, Fz).

Fx =
dz/dx√

1 + (dz/dx)2 + (dz/dy)2
(23)

Fy =
dz/dy√

1 + (dz/dx)2 + (dz/dy)2
(24)

Fz =
1√

1 + (dz/dx)2 + (dz/dy)2
(25)

where dz/dx and dz/dy are the partial derivatives of the surface equations z of the free
surface with respect to x and y. The dz/dx and dz/dy can be calculated by Newton’s method
and the central difference method.
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The calculated Pi,j(xij
′, yij

′, zij
′) is the coordinate of the center of the arc radius of the

tool. It is the toolpath point. The toolpath for freeform ultra-precision slow tool servo
diamond turning is shown in Figure 10.
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Figure 10. Toolpath for ultra-precision slow tool servo diamond turning after tool nose radius
compensation.

4. Simulation and Analysis

The simulation results of the Archimedes spiral method and toolpath planning method
based on NURBS surface curvature are shown in Figure 11. Toolpaths at a local location of
the freeform surface in the simulation results are selected for comparison. Toolpaths
generated by the Archimedes spiral method on the freeform surface have a machin-
ing row spacing that varies along the curvature of the freeform surface are shown in
Figure 11a. The machining row spacing at different positions on a freeform surface is not
equal, L1 6= L2 6= L3.
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In Figure 11b, we have selected the results of the tool path simulation calculation at the
same location as in Figure 11a for comparison. Toolpaths generated on freeform surfaces
by the toolpath planning method based on NURBS surface curvature always have equal
variations in the curvature along the freeform surface spacing, as shown in Figure 11b,
L4 = L5 = L6.

The results show that when the freeform surface changes along the radial curvature,
the toolpath planning method based on the curvature of the NURBS surface can generate a
more stable toolpath and keep the machining row spacing equal. This method also has good
adaptability to freeform surfaces with large curvature changes, which helps to generate
uniform toolpaths, reduce the residual height of the machined surfaces, and stabilize them
in a small range.

Based on the generated toolpaths, simulation calculations can be performed to find
the residual height of the machined surface. The distances between the tool contact points
and the points on the NURBS surface in the radial direction along the surface are calculated
point by point by Newton’s method. The toolpath obtained by the Archimedes helix
method and the toolpath obtained by the method proposed in this article are shown in
Figure 12.
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Figure 12. Tool residual height of the machined surface.

A curve is extracted from the freeform surface in the radial direction (same as in
the radial direction in Figure 11) and the tool residual height along the radial direction
is calculated, as shown in Figure 13. Figure 13a shows that the residual height changes
when the slope of the freeform surface changes using the Archimedes spiral method, which
results in an uneven quality of the machined surface. Figure 13b shows that the toolpath
planning method based on NURBS surface curvature stabilizes the tool residual height of
different areas of the freeform surface. By contrast, the toolpath planning method based on
NURBS surface curvature has the ability to stabilize the residual height to a small extent of
the freeform surface. The quality of freeform surfaces processed by this method is better.
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toolpath generated by Archimedes spiral projection; (b) the residual height of the toolpath generated
by the toolpath planning method based on NURBS surface.
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5. Experiment and Discussion

The experiment in ultra-precision slow tool servo diamond turning is conducted to
confirm the validity of the proposed toolpath planning technique. The slow tool servo
ultra-precision slow tool servo diamond turning machining test was performed on the
Nanotech 250 UPL ultra-precision lathe, as shown in Figure 14a. The optical freeform
ultra-precision turning process is shown in Figure 14b.
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Figure 14. Ultra-precision slow tool servo diamond turning.

During the process of ultra-precision slow tool servo diamond turning with ultra-
precision, the high speed of the machine spindle results in an acceleration of the X and Z
axes, leading to an elevation in the servo following error. Hence, the spindle speed selected
for this experiment is set at 60 rpm in order to diminish the error and obtain a well-defined
freeform contour. Prior to the experiment, it is essential to scrutinize the tool parameters to
prevent interference that may hamper the machining quality. The details of the machining
parameters are presented in Table 1.

Table 1. Parameters of the freeform ultra-precision slow tool servo diamond turning test.

Processing Parameters Numeric Requirements

Spindle speed 60 rpm
Tool arc radius 1.06 mm
Tool material Diamond

Tool rake angle 0◦

Tool back angle 15◦

Surface radius 12.5 mm
Machining row spacing 0.012 mm

Depth of cut 0.01 mm
Materials PMMA

The processing effect of optical freeform surfaces is shown in Figure 15. Four areas
(area I, area II, area III, area IV) on the optical freeform surface are selected to measure
different areas of the workpiece surface and observe the residual height of the tool after
ultra-precision slow tool servo diamond turning is observed. The four chosen areas cover
samples of freeform surfaces with three distinct bending patterns, namely planar, concave,
and convex surfaces. The tool residual heights after machining with various toolpaths
are readily observable in these areas, thus lending greater credibility to this measurement
method. Measurements are made using a Zygo laser interferometer on the selected surface
area. The results are shown in Figure 16. Serial numbers 1 to 4 in Figure 16 correspond
to the measurements in the marked area in Figure 15. The residual height information
for the freeform surface obtained from the measurement results is shown in Figure 17.
The serial numbers 1 to 4 in Figure 17 correspond to the residual height of the tool in the
marked area in Figure 15. The experimental results show that the residual height of the
entire freeform surface is stable in a small range. The experiment verifies the validity of
the toolpath planning method proposed in this paper. The traditional Archimedean spiral
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projection method involves projecting or mapping a two-dimensional Archimedean spiral
onto a three-dimensional surface to be machined. For freeform surfaces, this method does
not guarantee uniform coverage of the surface [44,45].

The simulation and machining experiments are subject to some small errors due to
material properties, tool wear, machining environment, and other factors. However, these
errors do not affect the validity of the proposed method.
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Figure 16. Measurements of the residual height in different areas of the freeform surfaces: (a) mea-
surement results corresponding to area I in Figure 15; (b) measurement results corresponding to
area II in Figure 15; (c) measurement results corresponding to area III in Figure 15; (d) measurement
results corresponding to area IV in Figure 15.
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6. Conclusions

This paper proposes a toolpath planning method based on the curvature of NURBS
surfaces. Through freeform surface reconstruction, the surface expression is obtained. The
curvature of different positions of the surface is analyzed. Moreover, the mathematical
model related to the residual height of the tool, the tool parameters, and the machining
parameters are established. The machining row spacing is calculated, and the toolpath for
freeform surface ultra-precision slow tool servo diamond turning is also generated directly
along freeform surfaces. Compared to the machining simulation results generated by the
Archimedes spiral method, the validity of the proposed machining trajectory generation
method is verified. The generated toolpath is more uniform, and the residual height on the
freeform surface can be maintained in a small range.
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