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Abstract

This paper develops two instrumental variable (IV) estimators for dynamic panel data
models with exogenous covariates and a multifactor error structure when both the cross-
sectional and time series dimensions, N and T respectively, are large. The main idea is
to project out the common factors from the exogenous covariates of the model, and to
construct instruments based on defactored covariates. For models with homogeneous slope
coefficients, we propose a two-step IV estimator. In the first step, the model is estimated
consistently by employing defactored covariates as instruments. In the second step, the entire
model is defactored based on estimated factors extracted from the residuals of the first-step
estimation, after which an IV regression is implemented using the same instruments as in
step one. For models with heterogeneous slope coefficients, we propose a mean-group-type
estimator, which involves the averaging of first-step IV estimates of cross-section-specific
slopes. The proposed estimators do not need to seek for instrumental variables outside the
model. Furthermore, these estimators are linear, and therefore computationally robust and
inexpensive. Notably, they require no bias correction. We investigate the finite sample
performances of the proposed estimators and associated statistical tests, and the results
show that the estimators and the tests perform well even for small N and 7.
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1 Introduction

The rapid increase in the availability of panel data over the last few decades has inspired con-
siderable interest in the development of effective ways of modelling and analysing these data.
In particular, the issue of characterising cross-sectional dependence, and subsequently developing
estimation methods that are consistent and yield asymptotically-valid inferences, has proven both
popular and challenging. The factor structure approach has been used widely for modelling cross-
sectional dependence. It escapes from the curse of dimensionality by asserting that there exists
a common component that is a linear combination of a finite number of time-varying common
factors with individual-specific factor loadings. Different interpretations of this approach can be
provided, depending on the application considered. In macroeconomic panels, the unobserved
factors are frequently viewed as economy-wide shocks that affect all individuals, albeit with dif-
ferent intensities; see e.g. Favero et al. (2005). In microeconomic panels, the factor error structure
may reflect distinct sources of unobserved individual-specific heterogeneity, the impact of which
varies over time. For instance, in a model of wage determination the factor loadings may represent
several unmeasured skills that are specific to each individual, while the factors may capture the
price of these skills, which changes intertemporally in an arbitrary way; see e.g. Carneiro et al.
(2003) and Heckman et al. (2006).

A large body of literature has focused on the development of statistical inferential methods
for models with an error factor structure. Two estimation approaches have been popular for
large panels: Pesaran (2006) proposed the Common Correlated Effects (CCE) estimator, which
approximates the unobserved factors using linear combinations of cross-sectional averages of the
dependent and explanatory variables, while Bai (2009a) proposed an iterative least squares estima-
tor with bias corrections, which approximates the unobserved factors using a principal component
(PC) estimator.! For both estimators it is assumed that the regressors are strictly exogenous with
respect to the idiosyncratic error component, whereas possible correlation between the regressors
and the error factor component is permitted. Under somewhat weaker assumptions, Moon and
Weidner (2015) show that the estimator of Bai (2009a) can be interpreted as a quasi maximum
likelihood estimator (QMLE), the consistency of which is maintained even when the number of
factors is not specified correctly, as long as it is larger than or equal to the true number of factors.

This paper considers the estimation of linear dynamic panel data models with an error factor
structure in large panels.? Recently, the CCE and PC estimators have been extended to accom-
modate this case as well. In particular, Chudik and Pesaran (2015a) propose mean group CCE
(CCEMG) estimation for panel autoregressive distributed lag models. The dynamic structure that
they consider is very general for two reasons. Firstly, it permits cross-sectionally heterogeneous
slope coefficients. Secondly, their model can be seen as a structural transformation of a mul-
tivariate dynamic process, such as a vector autoregressive model. Chudik and Pesaran (2015a)
employ a mean-group-type estimator and propose that the regression be augmented with the
cross-sectional averages of dependent variables and covariates and their lags, in order to control
for the common components.

On the other hand, Moon and Weidner (2017) propose a bias-corrected QMLE (BC-QMLE)
estimator for dynamic panel data models with homogeneous slopes, and put forward bias-corrected
likelihood-based tests. Unlike CCEMG and the approach proposed in the present paper, they
allow covariates to be correlated with the common component in disturbances without imposing
a linear factor structure. Furthermore, the precision of the estimator is expected to be higher
than those of existing estimators in large samples under certain regularity conditions.

1See Westerlund and Urbain (2015) for a comparison analysis of the CCE and PC estimation methods. Chudik
and Pesaran (2015b), Sarafidis and Wansbeek (2012) and Bai and Wang (2016) also provide excellent surveys on
the related literature.

2The estimation of such models for short panel data is considered by Ahn et al. (2013), Robertson and Sarafidis
(2015), and Juodis and Sarafidis (2018, 2020).



This paper develops two instrumental variable (IV) estimators for dynamic panel data models
with exogenous covariates and a multifactor error structure when both the cross-sectional and
time series dimensions, N and T respectively, are large. We consider models with homogeneous
and heterogeneous slope coefficients. In both cases, the main idea of the proposed approach is
to project out the common factors from the exogenous covariates of the model, and to construct
instruments based on defactored covariates.® The assumption underlying our IV approach is that
any sources of endogeneity of the covariates arise due solely to the non-zero correlation between the
common components in the covariates and in the model disturbances. Notably, this assumption
can be tested using an overidentifying restrictions test.

In particular, we propose a two-step IV estimator for models with homogeneous slope co-
efficients. The first-step IV estimator is obtained simply by employing the aforementioned in-
struments based on the defactored covariates. In the second step, the entire morel based is
defactored based on the factors extracted from the residuals of the first-step estimation. Subse-
quently, an IV regression is implemented using the same instruments as in step one. We derive
the v/ NT-consistency of the two-step estimator and establish its asymptotic normality. Although
the proposed IV approach and the BC-QMLE approach of Moon and Weidner (2017) are both
based on the PC estimator, there are important differences between them in practice. Firstly,
since our estimator is an instrumental variable estimator, it is not subject to the “Nickell bias”
that arises with least squares type estimators in dynamic panel data models when 7' is relatively
small. Secondly, our estimator is linear, and therefore robust and computationally inexpensive. In
comparison, the BC-QMLE estimator requires nonlinear optimisation, which can be more costly
and could fail to reach the global minimum.* Thirdly, unlike the QMLE estimator, which requires
bias-correction to re-centre the limiting distribution of the original estimator, the proposed IV
estimator does not have an asymptotic bias.

For models with heterogeneous slope coefficients, we propose a mean group-type estimator,
which is the cross-sectional average of first-step IV estimates of individual-specific slopes. We
establish the v/N-consistency of our estimator to the population average of the slopes and its
asymptotic normality. Our estimator has some advantages over the CCEMG estimator of Chudik
and Pesaran (2015a). Firstly, since we employ the PC approach for defactoring the exogenous
covariates, there is no need to seek external variables for approximating the factors when the
number of unobserved factors is larger than the number of covariates plus one. In contrast, the
CCE estimation requires additional sets of variables in this situation that are not in the original
model of interest but are expected to form a part of the dynamic system. In practice, this might
not be a trivial exercise. Secondly, CCE is subject to “Nickell bias”. Chudik and Pesaran (2015a)
propose that the bias be adjusted using the jackknife method, which might not be very effective
for small or moderate values of T, especially with persistent data. Simulation results reported in
this paper tend to confirm this observation.

Using simulated data, it is shown that the proposed approach performs satisfactorily under all
circumstances examined. In particular, unlike the aforementioned alternative methods, the two
IV estimators proposed here appear to have little or negligible bias in most circumstances, and a
correct size of the t-test even for small sample sizes. Furthermore, the overidentifying restrictions
test appears to have high power when the key assumption of the model is violated, namely the
exogeneity of the covariates with respect to the purely idiosyncratic disturbance. In addition, the
test tends to have good power under slope parameter heterogeneity, unless the number of degrees
of freedom of the test statistic is very small. In contrast, the CCEMG estimator can suffer from
a non-negligible bias and large size distortions of the associated ¢-test. Similarly, although BC-
QMLE tends to exhibit the smallest dispersion in most cases under slope homogeneity, it suffers
from a large bias and substantial size distortions of the associated bias-corrected test, unless both
N and T are large.

3This idea can be regarded as an extension of the approach taken by Sarafidis et al. (2009).
4See Moon and Weidner (2019) for more details.



It is worth mentioning that our approach can be regarded as being opposite to those employed
by Bai and Ng (2010) and Kapetanios and Marcellino (2010). Specifically, in their model the
idiosyncratic errors of the reduced form regression of the covariates cause endogeneity, and there-
fore no error factor structure is considered in the structural model of interest. They propose that
instruments be constructed by extracting the common components from external variables and
the endogenous covariates in the model. Our approach essentially complements theirs.®

The remainder of the paper is organised as follows. Section 2 focuses on the model with homo-
geneous slopes, and develops a consistent and asymptotically normal two-step IV estimator. Sec-
tion 3 focuses on heterogeneous panels and puts forward consistent estimators of cross-sectionally
heterogeneous slope coefficients and their averages. It also establishes the asymptotic normality
of the mean group estimator. Section 4 studies the finite sample performance of the proposed
estimators along with the CCE estimator of Chudik and Pesaran (2015a) and the BC-QMLE
estimator of Moon and Weidner (2017). Section 5 contains concluding remarks. Proofs of propo-
sitions, theorems and corollaries, together with the lemmas used, are contained in Appendix A.
Appendix B gives proofs of all of the lemmas, and Appendix C provides extra simulation results.
Both these appendices are available as Supplemental Material to this paper.

2 Model and Estimation Method

Consider the following autoregressive distributed lag, ARDL(1,0), panel data model with homo-
geneous slopes and a multifactor error structure:®

yit:pyi,t—l +ﬁ/Xit+uit; Z: 1727-'-7N; t= 1727"'7T7 (1)
with
7yzfy ¢ 1 Eit, (2)
where |p| < 1; 8 = (B1, B2, ..., Bi)’ such that at least one of {515}];:1 is non-zero; Xy = (14, T2ity -y Thit)'
is a k x 1 vector of regressors, and f,, = (fy 165 fyots s fyym,e) denotes an my, x 1 vector of true

unobservable factors. The m,, x 1 Vector 'y contains the true factor loadings associated with f° ot
and €;; is an idiosyncratic error. x;; is subJect to the following process:

=TUf0, + vi, (3)

0 _ (A0 A0 0 : /

where T'); = (79,79, -, Yi;) denotes the true m, x k factor loading matrix, £, = (f1,, foor - famat)
! .

denotes an m, x 1 vector of true factors, and v;; = (v13, V2ir, -, Ugie) 1S an idiosyncratic error term

that is independent of €.

Remark 1 Our approach permits correlations between and within 721‘ and TY. Moreover,
(non)overlapping elements in fg’t and fgt may be correlated to each other. Importantly, our
approach controls for endogeneity of x;; that stems from the common components, but assumes
that x;; is strongly exogenous with respect to .

Remark 2 The results presented in this paper remain valid when individual-specific and common
time effects are present, provided that {y;, X, } is replaced with the transformed variables {y;, X/, },
where §i; = yir — 95 — 9 + 5 and Ky = Xz — X — K + X with 7, = T S0 gy, 5 = NV 5N i
and § = N~} vazl Ui, and X;, X; and X are defined analogously. Indeed, the experiments for
our proposed estimators and the tests implemented in Section 4 are based on the transformed
variables.

®Another important related work is that by Harding and Lamarche (2011), which proposes an instrumental
variable estimator for a model with an error factor structure.

6The main results of this paper extend naturally to models with higher-order lags, i.e. ARDL(p, q) for p > 0
and ¢ > 0. Models with heterogeneous slopes are considered in Section 3.



Stacking the T" observations for each ¢ yields

Yi = p¥i—1 + XiB +u; with u; = F)v), + ¢, (4)
where y; = (yi, %2, - vir) and y; 1 = L'y = (yio,¥in, -, Yir—1)', with L7 being the j*
lag operator, X; = (Xi1, X2, ..., Xir)', Wy = (i1, Uiz, ..., wir)', Fy = (£ ,£),, ..., £)7) and g; =
(81'1, Ei2y onny EiT),- Slmllarly,

X; =FIY, +V,, (5)
where Fg = (frg,h f£72, ey ng)/ and Vz = (Vﬂ,VZ‘Q, -'-7ViT)/-

Let W; = (yi_1,X;) and 8 = (p, 3')". The model in Eq. (4) can be written more concisely as

Our estimation approach involves two steps. In the first step, we asymptotically eliminate the
common factors in X; by projecting them out. Subsequently, we use the defactored regressors
as instruments for estimating the structural parameters of the model. To illustrate the first-step
estimator, consider the following projection matrices:

FO

x,—1

Mpo = Ir — F (FYFO) ' FY; Mpo =1y — F?

x,—1

(FY A FY ) Fy (7)
where F) | = L'F). Suppose for the moment that FY, is observed. Premultiplying X; by Mpo
would yield MpoX; = MpoV;. Assuming that V; is independent of &;, F), F) and ;,, it is easy to
see that F(X[Mpou;) = F(V,Mpou;) = 0. Furthermore, let X; _; = L’X;. So long as {yu, X/},
t=0,1,...,T is observed, and the 7" x k£ matrix X; _; is also observed. Using similar assumptions,
one can show that E(XgﬁlMFgﬁlui) = E(V§,71MF§771111‘) = 0. Collect the set of instruments:

Z: = (MFQQXZ»,MFQHX@_l) (T x 2k). (8)

Given the model in Eq. (6), it is clear that Z; satisfies E(Z/u;) = 0, and also E(Z/W,;) # 0.
Thus, Z; is a valid instrument set.”

Having obtained a consistent first-step estimator, the second step of our approach involves
estimating the factors in the error term, Fg, using the residuals in the first-step IV regression.
Then, we asymptotically eliminate Fg from the entire model by projecting them out from {y;, W},
and use the instruments Z,; to obtain the second-step estimator. To portray the second-step
estimator, suppose for the moment that Fg is observable and define the projection matrix

My = Iy — F) (FYF) ' FY. 9)
Premultiplying the model in Eq. (6) by M Fo, we obtain

Mpoy; = MFgWie + Mpoe;, (10)

where the factor component Fg'ygi in the error term is swept away. Based on similar reasoning as
in the earlier discussion, we can see easily that E(ZMpoe;) = 0 and E(Z;MgroW;) # 0. Thus,
it is straightforward to apply instrumental variable (IV) estimation using Z; to the transformed

model in Eq. (10).®

"In general, for ARDL(p,q) models, the usual order condition for IV identification requires using (s + 1)k
instruments of the form {MFo - Xiy_r} , where s = ¢+ [p/k] and [.] is the ceiling function.

r=0

8This IV estimation is equivalent to that using the transformed instrument set, M Fo Z;, for the original model
in Eq. (6).



In practice, the factors F), Fy | and Fg usually are not observed. As will be discussed in
detail below, we replace these factors with the ones estimated based on the principal components
approach, as advanced by Bai (2003) and Bai (2009a), among many others.’

This section and the next treat the number of factors, m, and m,, as given. In practice,
though, these should be estimated. m, can be estimated from the raw data x;, t = 0,...,7T,
1 = 1,..., N, using methods that have been proposed in the literature, such as the information
criterion approach of Bai and Ng (2002) or the eigenvalue methods of Ahn and Horenstein (2013).
m, can be estimated from the residual covariance matrix using the methods mentioned above.'”
The Monte Carlo section below uses the various existing methods to determine the number of
factors, and show that these provide quite an accurate determination of the number of factors in
our experimental design.

Remark 3 Since our approach makes use of the transformed x’s as instruments, the identification
of p requires that at least one element of B is not equal to zero, given the model in Eq. (3).
We believe that this is a mild restriction, especially compared to the restriction that all of the
elements in (3 be non-zero. Specifically, the identification of the autoregressive parameter can
be achieved based on the covariate(s) and lagged value(s) that correspond to the non-zero slope
coefficient(s). Notably, it is not necessary to know which covariates have non-zero coefficients,
since by construction the IV estimation procedure does not require that all instruments be relevant
to all endogenous regressors.

Remark 4 More instruments may be available when further lags of x;; are observed. In par-
ticular, given the model in Eq. (3), (j + 1)k instruments can be used instead of Eq. (8) when
{xit}i_,_; for j > 1 are observable:

7. — (MFSXi,MFg_lx,,,l, ...,MFO;XI-,,J.) (T x (j + 1)k). (11)

It is well documented in the literature that including larger numbers of instruments makes the
estimator more efficient but also more biased. This paper assumes a small finite number 7 > 1
that does not depend on T.*' Without loss of generality, we set j = 1 for the theoretical analysis
in Sections 2 and 3. Section 4 conducts a finite sample experiment with different values of ;.12

To obtain our results it is sufficient to make the following assumptions, where tr [A] and
||A|| = /tr [A’A] denote the trace and Frobenius (Euclidean) norm of the matrix A, respectively,
and A is a finite positive constant.

Assumption 1 (idiosyncratic error in y): ¢; is distributed independently across ¢ and ¢, with
E(eq) =0, E(%) = 02, and E |e4|*"" < A < oo for a small positive constant 6.

g,
Assumption 2 (idiosyncratic error in x): (i) v is distributed independently across ¢ and
group-wise independent from e;; (ii) E(vy) = 0 and E ]veit|8+5 < A < oo
4
(i) 771 20y Yoy B fvasvea| ™ < A < oo; (iv) B ’N 2 vasven — E (visven)]| <
2 ~N T T T T
A <ooforevery f,tand s; (v) N1 25 S S > D>y 1oV (Veisveit, VeirVein)| <

A < oo; and (vi) the largest eigenvalue of E (v4;v),;) is bounded uniformly for every ¢, i and
T.

90me could also employ Pesaran’s (2006) approach for estimating the common factors in the regressors.

10Gee Bai (2009b, C.3) for a discussion on the estimation of the number of factors in disturbances.

' The limit behaviour of the estimators when the number of instruments increases with 7 might be of theoretical
interest, but is beyond the scope of this paper. See Alvarez and Arellano (2003), among others, for a related analysis.

12The simulation results confirm that different values of j are subject to the well-known trade-off between bias
and efficiency. In principle, one could devise a lag selection procedure for optimising the bias-variance trade-off for
the GMM estimator, as per Okui (2009); however, we leave this avenue for future research.



Assumption 3 (stationary factors): f, = C.(L)eys,, and f), = C,(L)ey,;, where C,(L)
and C,(L) are absolutely summable, ey, ; ~ i.i.d.(0,Xy,) and ey, ; ~ i.i.d.(0,Xy,), with
Y, and Xy, being positive definite matrices. Each element of ey, ; and ey, ; has finite
fourth-order moments and all are group-wise independent from v;; and &;.

Assumption 4 (random factor loadings): T, ~ i.i.d.(0,3r), vy; ~ @.i.d.(0,X,,), where
¥, and X, are positive definite matrices, and each element of I'?, and ’72i has finite
fourth-order moments. T'); and +},; are independent groups from e, v, ey, and ey, .

Assumption 5 (identification of 0): (1) Az = T7'ZIW,, By = T7'Z/Z;, Air = T~ Z\MppW;
and B, =T *1Z;MF19ZZ~ have full column rank for all ¢ for a sufficiently large value of
- 2426 2426
T; (ii) EHAZ»TH <A< oo E H
E|Bir|*™ < A < oo for all i for a sufﬁmently large value of T; and (iii) £ HgonTH
A < oo for all i for a sufficiently large value of T, where @p,; = T7V/2Z/ Mpoe;, and

E(@pr$mr) is a positive definite matrix for all i for a sufficiently large value of T. In
addition, limy e N1 Zfil E (ppir@rr) = 2, which is a fixed positive definite matrix.

< A < oo, E|Air|”™ < A < o0 and
2+5

These assumptions merit some discussion. First of all, note that Assumption 1 allows non-
normality and (unconditional) time series and cross-sectional heteroskedasticity in the idiosyn-
cratic errors in the equation for y. Assumptions 2 and 3 allow for serial correlation in the idiosyn-
cratic errors in the equation for x and the factors. Assumption 2 is in line with Bai (2003), but
assumes independence across ¢, which can be relaxed such that the factors and (g4, v;) and/or €
and ¢;, are weakly dependent, provided that higher-order moments exist; see Assumptions D-F
of Bai (2003).!3 Assumptions 3 and 4 are standard in the principal components literature; see e.g.
Bai (2003), among others. Assumption 3 permits correlations between f7, and fot, and within
each of them. Assumption 4 allows for possible non-zero correlations between 'yyz and T, and
within each of them. Since the variables y;; and x;; of the same individual unit ¢ can be affected
by the common shocks in a related manner, it is potentially important in practice to allow for
this possibility. Finally, Assumption 5(i)—(ii) is common in overidentified instrumental variable
(IV) estimation; for example, see Wooldridge (2002, Ch. 5). Assumption 5(iii) is required for the
identification of the estimator, the consistency property of the variance-covariance estimator and
the asymptotic normality of the estimator, as N and T tend to infinity jointly.

Let us begin with a discussion of our approach’s first-step IV estimator. Given m,, the
factors are extracted from {X;}¥, using principal components (PC). Define F, as \/_ T times the
elgenvectors that correspond to the m, largest eigenvalues of the T' x T" matrix Z X;X:/NT.
F, _1 is defined in the same way, but this time based on Z X1 X /NT.

Remark 5 Note that FO, T'y;, FO_,, (F) and ~J,) can be identified and estimated up to an
invertible m, x m, (and m, x m,) matrix transformation; see Bai and Ng (2013), among others.
For example, F, is a consistent estimator of F, = Fng, where G, is an invertible matrix such
that F/.F,/T = Ir, v, = G;'4Y%, with Z]Z:l SN Y4, being a diagonal matrix. We define

F. 1, (F, and 7,,) in an analogous manner.

The empirical counterparts of the projection matrices that are defined in Egs. (7) and (9) are
given by

A

i /A N1 R L 1
MFI = IT - Fx (F;Fx) FIx’ MFT . = IT — F%,l (F;771Fm,fl> F/ _1- (12)

Z,
The associated transformed instrument matrix discussed above is

Z; = (M X0 My, X)) (13)

13This includes conditional heteroskedasticity, such as ARCH or GARCH processes.



The first-step instrumental variable (IV) estimator is given by 6:

o 2/ 2-1 = L o2
0y = (ANTBNTA ) AnrByr&nr, (14)
where
2 1 N 2 1 N, 1 N
Anr = — 7Z'W — 27, Sy = —— Zy; 15
NT — NT Z:: 7 NT 22:1: 7 » BNT NT p Zy < )

Firstly, we will derive consistency for the above estimator. To begin with, from Eqgs. (6) and
(14) we obtain

2/

A -1 2 “Lar a1 1 ~
VNT (ew - 9) - (A B, ANT) A By (— ZZ;ui> . (16)

Since the asymptotic properties of the estimator are determined primarily by those of sz\il Z;uz /VNT,

we focus on this term. The formal analysis is provided as a proposition below, where (N, T) ENS
signifies that N and 7T tend to infinity jointly.

Proposition 1 Under Assumptions 1-5, as (N, T) Iy 5o such that N/T — c with 0 < ¢ < o0,

1 & - [T /N
T Z Zu,; = Z Ziu _blNT + Tb2NT +op(1),
i=1 i=1

where Z; is deﬁned by Eq. (13), Z; = (MFoXZ,MFo X)), X, = X;—~ Zﬁf:l X, 0% (o )l
X; i1=Xi 1~ Zn 1 Xa —IFO/ (TgkzN> Fgw T?ckN = % 25:1 vazl 72{7% and bint = [blynr, Plant]'s

bont = [bY np, Bhong]’ s with

V/ F/ FO -1 FO/uZ
b = -y 23 Ve (5

=1 j=1

N N 1
1 V;_ A FO RO\ VRV
by =~y 330 ST (1) ()
=1 ]:1
FO/FO -1 _
boint = ——= ZF YOn) ( IT x) FYSinrMpou;;
Fgl—lFa; —1 -
boonT = Z Iy (Youw) (T) F2/—12k:NT,—1MF£’_1ui;

V= Vz‘_% 25:1 V"F(a)tln (T;?:kN) I V —1 = Vi,—l_% 25:1 Vn,—lrg/n (TgkN)_l ng, ik:NT =

i

k N = N
% > Zj:l E (ijvzj) and XpNr—1 = R Zz:1 Zj:l E (ij,*lvéj,—l)'

Remark 6 The source of the bias term in Proposition 1 differs from those of the bias terms
reported by Bai (2009a) and Moon and Weidner (2017). In particular, the bias term of our
estimator arises primarily due to the correlation between the factor loadings associated with F,
in x and the error term in the equation of y, u;. On the other hand, the two bias terms in Bai
(2009a) and Moon and Weidner (2017) arise from error serial dependence and weak cross-sectional
dependence. In our case, error serial correlation in the idiosyncratic part of the x process, vy,
does not result in bias because vy; is not correlated with the error term in the y equation, e;.
Also note that Moon and Weidner (2017) report that an additional bias term that generalises the
small T" bias, called the “Nickell bias”, typically occurs in the least squares estimation of dynamic
panel models. Our estimator is not subject to such a bias, as it is based on instrumental variables.

7



It can be shown from the result stated in Proposition 1 that ZZ]L Z';/vV/NT is O,(1) and
tends to a multivariate distribution. In addition, \/T/Nbiyr and /N/Tbonr are Oy(1) as
(N,T) % oo such that N/T — ¢ with 0 < ¢ < co. Therefore, the IV estimator is v/ NT-consistent

in such situations.
The above discussion is summarised formally in the following theorem:

Theorem 1 Consider the model in Eqs. (1)-(3) and suppose that Assumptions 1-5 hold true.
Then,

VNT (é,v - 0) ~0,(1)
as (N, T) Iy 50 such that N/T — ¢ with 0 < ¢ < 0o, where 01y is defined in Eq. (14).

Even though the estimator Oy is VNT -consistent, under our assumptions the limiting dis-
tribution of vV NT (é v — 0) will contain asymptotic bias terms such as the limits of by and
bonr, which are defined in Proposition 1.'* Rather than bias-correcting this estimator, we put
forward a potentially more efficient second-step estimator, by projecting F, out from the model
asymptotically using 0.

We compute the second-step estimator by estimating the factors F, using principal components
from {&;}Y,, where &; = y; — W.0 v, with 0,y being a first-step IV estimator defined in Eq.
(14). We define f‘y as VT times the eigenvectors that correspond to the m, largest eigenvalues
of the T x T matrix Y~ | @,i)/NT.

The second-step IV estimator is defined as

01 = (A /NTB]_VlTANT> Al Byrén, (17)
where
1 N
L M
Ayr=—- Z ZM, W, Byr = = Zl ZM ., Zi, gnr = ~— ZZ sy (18)
with 1
My, = I~ B, (F)F,) F), (19)

In order to derive the consistency of 8y, we use again Eqs. (6) and (17) to obtain:

A" B ( Z 7 MFyuZ> . (20)

The asymptotic property of the key term \/% Zf\il Z;M £, Wi in Eq. (20) is stated in the following
proposition.

-1

VNT (élv _ 9) _ ( ’NTB;VlTANT>

Proposition 2 Under Assumptions 1-5, as (N, T) Iy 5o such that N/T — ¢ with 0 < ¢ < o0,

N N
1 - 1
=1 i=1

where Z; is defined by Eq. (13).

10f course, we could estimate these bias terms consistently.



We see from Proposition 2 that the estimation effect in \/% ZZN:1 Z;M 7, W can be ignored
asymptotically. Since €; is independent of Z; and FS with zero mean, the limiting distribution of
\/% Zf\il Z;M Wi 1 centred at zero. The following theorem provides asymptotic normality of
the distribution of @y, based on Hansen’s (2007) law of large numbers and central limit theorem,

which are restated as Lemmas 1 and 2 in Appendix A.

Theorem 2 Suppose that Assumptions 1-5 hold true under the model in Eqs. (1)-(3). Then, as
(N, T) % oo such that N/T — ¢ with 0 < ¢ < oo,

! VNT @W - 0> 4 N(0,%),

where éIV is defined by Eq. (17) and
¥ = (AB'A) T A'B'OB'A (A'B7'A) T,

s a positive definite matriz, where A = plimy 7, o, ANT and B = plimy 7, BNT with ANT and
Byr defined in Eq. (18), and 2 is defined in Assumption 5.
(ii) @np — ¥ 5 0, where

—~ N N N -1 . N N N N N N N —1
Uy = (A BrrAnr) Al BrhvrBrhAvr (A BirAnr) (21)
with
. 1 L. .
Qnr = 1 Y LM, M, 2, (22)

and ﬁl =Yy — Wié[\/.

Observe that the estimator above is asymptotically unbiased.
Finally, we propose the optimal second-step estimator, which we recommend be used:*?

2 ~ N ~ -1 . ~
Orve = (AEVTQ]_VlTANT) A/NTQX%rgNT, (23)

where A y7 and By are defined in Eq. (18) and Q¢ is given in Eq. (22). The following corollary
describes the asymptotic properties of the estimator:

Corollary 1 Suppose that Assumptions 1-5 hold true under the model in Eqs. (1)-(3). Then, as
(N, T) % oo such that N/T — ¢ with 0 < ¢ < oo,

VNT (61, - 6) 4 N (0, (a'07'A) )

and o
Ay Qe Anr — A'Q'A B0,

where éIVQ is defined by Eq. (23), A = plimy 7, ANT and €2 is defined in Assumption 5.

15The optimality of the two-step estimator is conditioned upon the chosen finite set of instruments. Our second-
step estimator can be seen as sub-optimal in that it does not exploit all available instruments. See Remark 4 for
a related discussion.



The associated overidentifying restrictions test statistic is given by

N N
1 N A A1 ~ 2

i=1

where ; = yi— W, 0119, and Q7 is defined by Eq. (22). The limit distribution of the overiden-
tifying restrictions test statistic is established in the following theorem:

Theorem 3 Suppose that Assumptions 1-5 hold true under the model in Eqs. (1)-(3). Then, as
(N,T) % 0o such that N/T — ¢ with 0 < ¢ < 0o,

Snt 5 X34 (25)
for k > 1, where Syt is defined in Eq. (24).

Remark 7 The overidentifying restrictions test is particularly useful in our approach. Firstly, it
is expected to pick up a violation of the exogeneity of the defactored covariates with respect to the
idiosyncratic error in the equation for y. Secondly, the orthogonality condition of the instruments
is violated if the slope vector, @, is cross-sectionally heterogeneous, meaning that the estimators
proposed in this section may become inconsistent. In such cases, the test is expected to reject the
null hypothesis.

The next section discusses the estimation of models with heterogeneous slope coefficients.

3 The Model with Heterogeneous Coefficients

We now turn our focus to a model with heterogeneous coefficients. Let

where W; = (y;_1,X;), X; follows the factor structure defined in Eq. (5), 8; = (p;,3;)" with

(2
Sup ;< |pi] < 1, and u; is defined by Eq. (4). It is known widely that the pooled estimator,
including 015, will be inconsistent for dynamic panel data models with, say, 8 = E (6,), if the
slopes are cross-sectionally heterogeneous.'® Henceforth, we introduce an estimator of 0; and
propose a mean group IV estimator of the population average of 6;. Thus, consistency and
asymptotic normality are both established.

To begin with, we employ the following additional assumptions about the heterogeneous slopes,
Oi:

Assumption 6 (random coefficients): (i) 8; =0 +n,, n;, ~ i.i.d. (0,%,), where X, is a fixed
positive definite matrix; (i) n; is independent of T'Y;, vy;, i, Vit, €y, ¢ and ey, 4; and (iii) n,
satisfies the tail bound:

Plna] > 2) < 2exp (— 2 x 2
il > 2) < 2exp | —=
& P 2 a4 bz

for all z (and all 7) and fixed a,b > 0, where 7, is the rth element of n, for 2 <r <k + 1.

Assumption 7 (moment condition): (i) E|n,||* < A; (ii) E||T-Y2V/F?||* < A; and
(iii) BN~V 3% S (Vive — E(Vive))v%|* < A In addition,
. _ ko T
(iv) B(T2 520 30 (v, — Evy))® < A

16See Pesaran and Smith (1995).
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Assumption 8 (identification of 6;): A; = plimy_, A;r has full column rank, B; =

plimr o Bir, and 3; = plimy_, T‘lz;MEguiugM poZ are positive definite, uniformly.

Assumptions 6(i)—(ii) are standard in the random coefficients literature; see for example Pe-
saran (2006). Assumptions 6(iii), 7 and 8 are required in order for the estimators of 8; to tend to
their limiting distributions, uniformly.

The first-step IV estimator of ; is defined as

o 2/ 2-1lz L 21
OIV,i = (Ai,TBi,TALT) Ai,TBi,Tgi,T7 (27)
where A ) . . )

We can see from Eq. (28) that the instrument set here is M, Z;. This is tantamount to making

use of Z; for the model in Eq. (26) premultiplied by M, , which is expected to lead to a more
efficient first-step IV estimator of @; if the span of F) includes a subset of FJ.'” Using Eqs. (26)
and (27), we have

A~ ~ —

-1 a

~ F AP 2 PN 1 ~
ﬁ <01V,i - 91’) = (Ai,TBi,TAi,T) Ai,TBi,T (Tﬁl/?Z;Mﬁzui) . (29)
The limiting property of T-V/2Z/M £ 1, is given by the following proposition.

Proposition 3 Consider the model in Eq. (26). Under Assumptions 1-6, as (N, T) Iy 00 such
that N/T — ¢ with 0 < ¢ < oo, we have

T7'2ZM . w; = TV ZMpou; + VTO, (032) ,
where Z;, M. andZ; are defined by Eqs. (8), (12) and (13), respectively, and oy = min {\/T, \/N}

Using the result stated in Proposition 3 we see that Tfl/QZgMﬁxui is O,(1) and tends to a

random vector as (N, T) 2 o0, such that N/T — ¢ with 0 < ¢ < oo. The formal result is
summarised in Theorem 4.

Theorem 4 Consider the model in Eq. (26) and suppose that Assumptions 1-8 hold true. Then,
as (N, T) % oo such that N/T — ¢ with 0 < ¢ < oo, for each i,

VT (ém - ei) 4 N (0, (A/B7'A,)'A/BIIS B A (AIBTIA) ) (30)
where OAIW is defined in Eq. (27), and A;, B; and 3; are defined in Assumption 8.

Therefore, the estimator ] rv,i is vV T-consistent with 6;.

Using a similar line of argument as in the discussion of the IV estimator in Section 2, we could
consider a mean group IV estimator using the second-step estimator in an attempt to project FS
out from the model asymptotically, i.e. M FOYi = M Fng'eri-M RO, and then use our IV method
to estimate €,. However, the need to deal with heterogeneous slopes means that F, should be
estimated using the residuals from the time series IV regression, G; = y; — Wzé v, oince ] v

"We could construct the first-step IV estimator of 8 in Section 2 using M 7 7, instead of Zi, but the second-step
estimator would be asymptotically equivalent to the proposed one that is based on M 7, 7; when the span of Fg

includes a subset of FO.
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is v/T-consistent rather than v/ NT-consistent, the estimation of F, may become very inefficient.
As a result, we will not pursue such an estimator here. Note that the estimation of F, for the
first-step IV estimator does not suffer from a similar problem, because it can be estimated using
the raw data {X;}1,.

The mean group estimator of @ is defined as

N

~ 1 N

Orvivc = N Z Orv,, (31)
=1

where 6y, is given in Eq. (27). It can be shown from Eqs. (26) and (29) and Assumptions 1-8
that'®

VN <éIVMG - 9) = \/LN Z n;+op(1). (32)

It is easy to see that \/LNZZ]L n; A N (0,%,) as N — oo, which implies that 0vuc is VN-

consistent. The asymptotic normality of Oy vc and the consistency of an estimator of 3, are
summarised in the following theorem:

Theorem 5 Consider the model in Eq. (26) combined with Eq. (5), and suppose that Assumptions
1-7 hold true. Then, as (N,T) 2y 0o such that N/T — ¢ with 0 < ¢ < o0,
(1)
VN (Brvi —6) 5 N (0,3,), (33)

where Oy e is defined in Eq. (31); and
(i1)
2, -%,50, (34)
where

a 1

N /
X, = N_1 <01V,i - 91\/MG> (91\/,2‘ - 0[VMG’> ) (35)
i=1

and OAIVJ- and Oy are given by Egs. (27) and (31), respectively.

4 Monte Carlo Experiments

This section investigates the finite sample behaviour of the proposed estimators by means of Monte
Carlo experiments, based on the bias, the root mean squared error (RMSE), and the empirical
size and power of the ¢-test. In particular, we examine the optimal two-step IV estimator (IV2),
which is defined in Eq. (23), and the mean group IV estimator (IVMG), defined in Eq. (31). We
investigate the effects of the choice of the number of instruments (see Remark 4) by considering
two sets of instruments for IV2 and IVMG, Zi:

IV set a: (Mﬁin;MF%lXi,A) (T'x2k)

IV set b (MFXMF_X,lMF _QXH> (T'x3k). (36)

The instrument sets used for the IV estimators are denoted by the superscripts a and b (e.g. IV2°
makes use of IV set b).

18See the proof of Theorem 5.
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For the purposes of comparison, we also investigate the performance of the bias-corrected quasi
maximum likelihood estimator (BC-QMLE) that was proposed recently by Moon and Weidner
(2017), as well as the CCE mean group (CCEMG) estimator and its bias-corrected version (BC-
CCEMG), put forward by Chudik and Pesaran (2015a).

The bias-corrected QMLE estimator, ] BC—QMLE, is defined as?

éBC—QMLE = éQMLE — BQMLE: (37)
where

éQMLE = argmin LNT (0) )

0cO
LNT (9) = 1{1111’1 ENT (O,Fy,Fy);
1 N
,CNT(GF F 1 N—zl: (yZ—WlH),

with I'y, = (7%1, e ,7y7N),, whereas the estimator of the bias, BQMLE, is defined in Definition 1 of
Moon and Weidner (2017). The t-test is computed using the estimator of the variance-covariance
matrix for éB(;_QMLE (Moon and Weidner, 2017, p. 174). It should be highlighted that Moon
and Weidner (2017) do not assume a linear factor process in x;;, which is specified by Eq. (3),
and therefore they may permit more general processes for the covariates.

The CCEMG estimator is given by

N
Occome =N bccp., (38)

where Ooop; = (WMzW,) " WMpy;, Mg = I, — H(HH)'#, H=N"'YY H. H
contains (y;; X;) and their lags:

Hi = <Yz7 Yi—15--+, yi,-}hﬂ Xi, Xz’,—lv . Xl —Pz7 ) (39)

where ¢7 is a T'x1 vector of ones, y; _; = L’y; and Xi—j = L’X;. In view of the strict exo-
geneity of X; in our experimental design, which is discussed shortly below, we include p, = p
lags of y; but no lags of X;, namely p, = 0 in H;; see Chudik and Pesaran (2015a, equa-
tion 38).20 Following Chudik and Pesaran (2015a), we choose the integer part of Zl/ 3 as the

value of p. The t-test is computed using the estimated variance-covariance matrix, Xy coop =

A~ A~ ~ ~ , ~
] Zfil <OCCE,1' - OMGCCE) (0001571- — OMGCCE> . The bias-corrected CCEMG estimator, @ pc—_ccrma,
is given by

Osc_copme = 20ccEmc — 5 (9(;(;EMG + 900EMG> , (40)

A1
where 05\4)GCCE denotes the mean group CCE estimator computed from the first half of the

available time period and éﬁ)ccc p that computed from the second half. See Chudik and Pesaran
(2015a) for more details.?!

Following Remark 2, the data are demeaned using the within transformation before computing
the proposed IV estimators, in order to eliminate individual-specific effects. 1, and 7, are

19We are grateful to Martin Weidner for providing to us the computational algorithm for the BC-QMLE esti-
mator.

20We have also considered Py = P = p, such that y; and X; have the same number of lags in H;. The
performance of the CCEMG estimator is slightly worse in this case. The results are reported in Tables C11-C12
in Appendix C.

21'We are grateful to Alex Chudik for sharing with us his code for computing the (BC-)CCEMG estimator.
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obtained in each replication, based on the eigenvalue ratio (ER) statistic proposed by Ahn and
Horenstein (2013, p. 1207). In our experiment we set m, = 2 and m, = 3, as will be shown
shortly. For the estimation, we set the maximum number of factors equal to three for m, and
four for m,. For the CCEMG estimator, we use the untransformed data, (y;, W;), but include
a T'x1 vector of ones along with the cross-sectional averages, as described above. Finally, for
the computation of BC-QMLE, we follow the practice of Moon and Weidner (2015) and use the
within-transformed data, as in our IV estimators. To avoid introducing further uncertainty by
estimating the number of factors in uy;, the BC-QMLE is computed using the true number of
factors, m,,.

4.1 Design

We consider the following dynamic panel data model:

k my
Yit = @ + pilfir—1 + Z Beiteir + Wit;  Uir = Z Voifu + €its (41)
(=1 s=1

1=1,...N,t=—-49, ..., T where

Fo = ppafl + (1= p3) 2o, (42)

with (54 ~4.i.d.N(0,1) for s = 1,...,m,. We set k =2 and m, = 3, and set ps, = 0.5 for all s.

The idiosyncratic error, €4, is non-normal and heteroskedastic across both ¢ and ¢, such that
gt = eoulen—1)/V2, €y ~ ii.d.x3, with 02 = 0, m; ~ i.i.d.x3/2, and ¢, = t/T fort = 0,1,...,T
and unity otherwise.

It is straightforward to see that the average variance of €;; depends only on ¢2. Let 7, denote the
proportion of the average variance of u;; that is due to ;. That is, we define 7, := ¢2/ (my, + 2).
Thus, for example, 7, = 3/4 means that the variance of the idiosyncratic error accounts for 75%
of the total variance in w. In this case, most of the variation in the total error is due to the
idiosyncratic component, and the factor structure has relatively minor contribution. Solving in
terms of ¢? yields

Ty

We set ¢2 such that 7, € {1/4, 3/4}.

The process for the covariates is given by

T = i+ D VoSO + v 1= 1,2, Nyt =—49, 48, T, (44)
s=1
for { =1,2.
We set m, = 2. This implies that the first two factors in u, f7, f5,, are also contained in
Ty, for £ = 1,2, whilst f5, is included in u; only. Observe that, using the notation from earlier

sections, fg?,t = (f{]w fgtv f??t)/ and fg,t = (f{]ta fgt)/‘

The idiosyncratic error of the process for the covariates are serially correlated, such that
_ 2 \1/2 - 2
Veit = PoVeir—1 + (1 — py ) "o, @eir ~ 1.0.d.N(0,;), (45)

for £ =1,2. We set p, ¢ = 0.5 for all /.

Initially, all individual-specific effects and factor loadings are generated as correlated and
mean-zero random variables; these are distinguished using the superscript “*”. In particular, the
mean-zero individual-specific effects are drawn as

af ~ i d.N(O, (L= pi)°)s pi = pueci + (L= pj o) Pws, (46)
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where wy; ~ 1.i.d. N(0, (1 — pi)Q), for £ =1,2. We set p,, = 0.5 for £ =1,2.
Moreover, the mean-zero factor loadings in wu; are generated as 7% ~ i.4.d.N(0,1) for s =
1,...,m, = 3, and the factor loadings in z1;; and x9; are drawn as

7?; = /)7,157;?: + (1 - p?y,ls)lnélsi; 6132' ~ ZZdN(O, 1)7 (47)

Voui = PrasVer + (1= P35.)*6asis Easi ~ 1.1.d.N(0,1), (48)
respectively, for s = 1,...,m, = 2. The process in Eq. (47) allows the factor loadings on fﬂt and
fg’t in x1; to be correlated with the factor loadings that correspond to the factor that is specific
to wuy, f§;. On the other hand, Eq. (48) ensures that the factor loadings on f{, and f3, in
are allowed to be correlated with the factor loadings that correspond to the same factors in w,
f and f,. We consider p, 11 = py12 € {0, 0.5}, while p, 21 = py 20 = 0.5.

Finally, the factor loadings that enter the model are generated such that

Iy =T°+T, (49)
where 0 0 0 0 0 0
. Yo Vi V214 . i Vit Vali
I = ’Ygz' 7?21' 7321' and I';" = ”YS: ’Y?Z’ ’Yg;i
7 0 0 v 00

Observe that, using the notation from earlier sections, v9; = (79;,79;,7%;)" and T3 ; = (4%, 95,
with 49 = (79, 7%;) for £ =1,2. Also, it is easy to see that the average of the factor loadings is
given by E (I'}) =T°. To ensure that the rank condition for CCEMG is satisfied, we set®?

1/4 1/4 —1
‘=112 -1 1/4 |. (50)
/2 0 0

We note that our estimators and BC-QMLE do not require this condition, and we also consider
the experiment with T = 0.23
In a similar manner, the individual effects that enter the data generating process are such that

=t oy, e = e g, (51)
for £ =1,2, setting o = 1/2, g =1, po = —1/2.
The slope coefficients are generated as
pi =p+Npi, Bri=P1+ngi and Pa = By + np,i- (52)

We consider p € {0.5,0.8}. Following Bai (2009a), we set 5 = 3 and f = 1 as a benchmark case,
though we also consider 5; = 3 and (3, = 0 in order to investigate the properties of the estimator
when one of the slope coefficients is equal to zero.

For the homogeneous slopes design, we set p; = p, f1; = 51 and [By; = (5. For the heterogeneous
slopes design, we specify 7, ~ i.i.d. U [—c, +c| and

e = [(2¢)/12] 2 oo + (1- ;0?5)1/2 Nois

where £g,; is the standardised squared idiosyncratic error in x4, computed as

gﬁgi = - 1/2°
{N_l ZzN:1 (Utgz - U?) ]

22Gee Assumption 6 of Chudik and Pesaran (2015a).
23The results are reported in Tables C7 and C8 in Appendix C.
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with v_l?l =71 Zthl vy, v = N1 Zij\ilv_@, for ¢ =1,2. Weset c=1/5, pg =0.4for £ =1,2.
Denoting p, = pys, ¢ = 1,2, we define the signal-to-noise ratio (SNR) for the homogeneous
model, conditional on the factor structure and the individual-specific effects, as follows:

Bi+B5\ 2, 2 o
SNR = Yl —eu) 1£] _ (7)<t - (53)
var (g4) G2

where £ is the information set that contains the factor structure and the individual-specific

effects,?! and var (¢;;) is the overall average of E (¢2) over i and ¢. Solving for ¢* yields

2 2_'_52 -1
2_ 2 |gNR_ Py Ioh 2 ' 4
R [S o L—p2 |\ 1-p2 59

We set SNR = 4, which lies within the range {3,9} considered by the simulation study of
Bun and Kiviet (2006). We consider all combinations of (7', N) for T" € {25,50, 100,200} and
N € {25,50,100,200}.

We investigate the power of the overidentifying restrictions test, which is defined in Eq. (24),
by considering violations of the null due to slope heterogeneity and endogeneity as a result of the
contemporaneous correlation between x;; and ;. For the slope heterogeneity, we use the DGP
specified in Eq. (52). For the case of endogeneity, we replace the DGP given by Eq. (45) with
Veir = Poviit—1 + (1 — p2) %@y + €44, where wy;; is as defined previously and £ = 1, 2.

All of our results are obtained based on 2,000 replications, and all tests are conducted at the
5% significance level. For the size of the t-test, Hy : p = p° (or Hy : B, = ) for £ = 1,2), where
0%, BY, 89 are the true parameter values. For the power of the test, we consider Hy : p = p° + 0.1
(or Hy : By = B2 +0.1 for £ = 1,2) against two-sided alternatives. The power of the ¢-test reported
below is the size-corrected power, for which the 5% critical values used are obtained as the 2.5%
and 97.5% quantiles of the empirical distribution of the ¢-ratio under the null hypothesis.?

4.2 Results

Tables 1-4 report the bias (x100) and RMSE results of IV2?, the BC-QMLE of Moon and Weidner
(2017), IVMG?® and the CCEMG of Chudik and Pesaran (2015a), as well as the size (nominal level
is 5%) and power (size-adjusted) of the associated t-tests for the panel ARDL(1,0) model with
p =205 B =3, 3 =1and m, = 3/4.2° We compare the sensitivity of the estimators to
the correlation structure of the factor loadings in x;; and u; by considering independent factor
loadings in x;; and u; in Tables 1 and 2, and correlated loadings in Tables 3 and 4.

We have investigated two different sets of instruments for our estimators, as Eq. (36) explains.
IV2¢ (IVMG®?) uses 2k instruments and IV2® (IVMG?®) 3k. As one might expect, the former
has a smaller bias but the latter has a smaller dispersion. In terms of RMSE, the latter always
performs better. Therefore, we only report results for IV2® and IVMG®.2” Moreover, we do not
report results for BC-CCEMG, since it did not reduce the bias of CCEMG in our experiments,
nor did it mitigate the size-distortion of the associated t-tests.?

Table 1 reports results for the model under slope homogeneity. Panel A corresponds to p and
Panel B to ;. The results for 5y are not reported because they are qualitatively similar to those

240ur reason for conditioning on these variables is that they influence both the composite error in the equation
for the dependent variable and the covariates.

25The size-adjusted power is employed in this experiment because the finite 7' bias of the CCEMG and BC-
QMLE estimators, and the size distortion of the associated statistical tests, often makes the power comparison too
confusing.

26The results for the specifications where {p, 81,82} = {0.8,3,1},{0.5,3,0} and 7, = 1/4 are very similar
qualitatively. See Tables C1-C6 in Appendix C.

2"The results for IV2¢ and IVMG® are reported in Tables C9 and C10 in Appendix C.

28The results for BC-CCEMG are provided in Tables C11 and C12 in Appendix C.
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for 31.2° As can be seen, IV2® appears to have virtually no bias. In particular, the largest reported
value of the absolute bias (x100) is 0.1 for 7" = 50, N = 25. On the other hand, the absolute
bias of BC-QMLE appears to be much larger, perhaps indicating that bias correction is not able
to remove the bias completely under these circumstances. However, the absolute bias declines
steadily with larger values of N and 7. In terms of RMSE, BC-QMLE outperforms IV2® and
other estimators, which reflects the higher efficiency of the maximum likelihood approach over IV
and least-squares. For larger values of N or T (especially N), though, the RMSE values of IV2°
are very close to those of BC-QMLE. The bias of IVMG? is similar to that of BC-QMLE, whereas
that of CCEMG tends to be much larger, especially when N = 25 or T = 25,50. IVMG? mostly
outperforms CCEMG in terms of the RMSE.

In regard to inference, the size of the t-test that is associated with IV2° is close to the nominal
value in most cases, though moderate size distortions are observed for N = 25. The size of
IVMG? appears to be very accurate unless 7' is much smaller than N. In contrast, both BC-
QMLE and CCEMG exhibit substantial size distortions, which may be attributable in part to
the relatively large biases of these estimators. In view of these size distortions, we report the
size-adjusted power. As expected, under slope parameter homogeneity, the power of the IV2° and
BC-QMLE estimators is higher than that of the MG-type estimators, at least when N and T are
both relatively small.

Next, we turn our attention to Panel B of Table 1, which reports results for ;. The bias of
IV2? is slightly larger for small N and 7 than in Panel A but it remains smaller than that of
other estimators. For instance, the absolute bias of BC-QMLE is large when N = 25, although
it declines steadily as the sample size increases. As a result, IV2® mostly outperforms BC-QMLE
in terms of the RMSE. Moreover, the size of the IV2? is close to its nominal level, with moderate
distortion for N = 25. In contrast, BC-QMLE suffers from large size distortions. In regards to
heterogeneous estimators, the relative properties of the absolute bias of both IVMG? and CCEMG
are similar to those for p, in the sense that IVMG? has a smaller bias than CCEMG. The size of
the t-test of IVMG? is very close to 5% for all combinations of N and T, whilst CCEMG exhibits
moderate size distortions even for large values of N or T

Table 2 reports results for the model with heterogeneous slopes. Note that IV2® and BC-
QMLE are not justified asymptotically in this case. This is confirmed in finite samples. In
particular, it is evident that IV2® exhibits a systematic bias, fluctuating around 0.01 across all
combinations of N and 7. The bias of BC-QMLE is much larger, reaching values close to 0.03 for
p (Panel A), for large values of N and T'. This outcome is accompanied by large size distortions
for both estimators. In contrast, for IVMG® and CCEMG the bias appears to behave in a similar
manner to the homogeneous case in Table 1. IVMG? continues to perform well in terms of size,
whereas the size properties for CCEMG improve substantially compared to the homogeneous case,
although they still deviate significantly from the nominal value at least for small values of N or T'.
Similar conclusions apply to Panel B, with the main difference being that the size of the CCEMG
estimator is closer to its nominal level for all combinations of N and 7', and the power of the
t-test appears to be smaller across all estimators.

Now let us turn our attention to the case where the factor loadings in x1; are correlated
with those in u;. The results for homogeneous slopes are reported in Table 3, while those for
heterogeneous slopes are shown in Table 4. The performances of IV2® and IVMG? are very
similar to those shown in Tables 1 and 2, which suggests that our approach is robust to such
correlations in factor loadings. In contrast, for 51, the performances of BC-QMLE and CCEMG
appear to deteriorate when the factor loadings are correlated. For example, for 7' = 100 and
N = 25,50, 100,200, the bias (x100) values for BC-QMLE are equal to —4.0, 2.1, —0.5 and 0.4
respectively, whereas the corresponding values in the uncorrelated loadings design (Table 1, Panel
B) are —1.6, —0.5, 0.2 and 0.4. Consequently, IV2® outperforms BC-QMLE in terms of RMSE
and the size of the test.

29These are available from the authors upon request.
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For the models with heterogeneous slopes, it is interesting to note that the bias of the CCEMG
estimator for 3; does not decrease as the sample size increases. For example, in the correlated
loadings design with heterogeneous slopes (Table 4, Panel B), the bias(x100) values of CCEMG
for f; with T'= N = 25,50, 100,200 are 0.7, —0.8, —1.3 and —1.5, whereas in the uncorrelated
loadings design (Table 2, Panel B) they are 2.2, 1.3, 0.1 and —0.3. As a consequence, IVMG?
mostly outperforms CCEMG by a substantial margin in terms of bias, RMSE and size.

Finally, we look at the finite sample behaviour for the overidentifying restrictions test based on
the IV2® estimator, which is summarised in Table 5. As was emphasised in Remark 7, we would
like the test to reject the null when the exogeneity assumption on x;; is violated and/or when the
slope coefficients are cross-sectionally heterogeneous. Table 5 contains two column blocks: the
left one, entitled IV2¢, shows results using 2k instruments, while the right block, entitled IV2°,
shows results using additional instruments that raise the total number of instruments to 3k. The
latter case provides for more degrees of freedom of the overidentifying restrictions test. As can
be seen, the size of the test is sufficiently close to its nominal level for both sets of instruments.
On the other hand, there appear to be substantial differences in terms of the power of the test
against slope heterogeneity. In particular, when 2k instruments are employed, such that the
degree of overidentification equals 1, the overidentifying restrictions test lacks power and has
rejection frequencies of 4.7% and 5.0% for N =T = 100 and N = T = 200. This outcome may
be related to the results of Newey (1985), which show that overidentifying restrictions tests can
lack power for some directions when the number of degrees of freedom is too small compared to
the dimension of the misspecification. Indeed, the power appears to increase dramatically when
we add two more instruments, such that it rises to 23.9% and 77.2% for N = T = 100 and
N = T = 200, respectively. Therefore, the overidentifying restrictions test statistics that are
associated with the optimal second-step IV estimator appear to have satisfactory power to reject
the null of slope homogeneity, unless the degrees of freedom of the test are very small. Finally,
the test has substantial power for both sets of instruments when the exogeneity of x;; is violated;
specifically, €;; is correlated with v;;. For example, the power of the test with 2k instruments
is 45.2% and 95.9% for N = T = 100 and N = T = 200, respectively, whilst that with 3k
instruments is 36.7% and 91.4%. R

In conclusion, we recommend the use of the (optimal) second-step IV estimator, 6 1v2, defined
by Eq. (23), for slope homogeneous models, and the mean group IV estimator, 01y e, defined
by Eq. (31), for slope heterogeneous models with a moderate number of degrees of freedom. This

o~

is because 7v2 1s more efficient than ] rvme in models with homogeneous slopes, but becomes
unreliable for models with heterogeneous slopes. We also note that ] vma and the associated
t-test seem reliable for the models in our experiment with either heterogeneous or homogeneous
slope coefficients. Both estimators appear to be reasonably precise, and, notably, robust in cases
where factor loadings are mutually correlated. Typically, the size of the associated tests is far
more accurate than those of BC-QMLE and CCEMG, and they have sound power. The choice
between the two estimators depends on the assertion of heterogeneity in the slope coefficients. The
overidentifying restrictions test associated with the optimal second-step IV estimator has good
power to reject the null under slope heterogeneity with sufficient degrees of overidentification,
which could be used as a guide.

5 Concluding Remarks

This paper develops two instrumental variable estimators for the consistent estimation of homo-
geneous and heterogeneous dynamic panel data models with a multifactor error structure, when
both N and T are large. For models with homogeneous slope coefficients, we put forward a two-
step IV estimator that is v/ NT-consistent. The proposed estimator requires no bias correction,
unlike that of Moon and Weidner (2017). Similarly, for models with heterogeneous coefficients,
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we develop a mean group IV estimator that does not require any small-7" bias correction, unlike
Chudik and Pesaran (2015a).

The finite sample evidence reported here suggests that the proposed estimators perform rea-
sonably well under all circumstances examined, and therefore form a good alternative method of
estimation to existing approaches. In particular, relative to the alternative methods examined,
both IV estimators appear to have little or negligible bias in most circumstances, and a correct size
of the t-test. Furthermore, the experimental results of the overidentifying restrictions test show
that it has high power when a key assumption of the model is violated, namely the exogeneity of
x.

Naturally, it is recommended that the optimal two-step IV estimator be employed for slope
homogeneous models and the mean group IV estimator be employed for slope heterogeneous mod-

els. This is because 0 1ve 1s more efficient than 0 1vma for homogeneous slope specification but
becomes unreliable in models with heterogeneous slopes. We also note that ] 1vma and the associ-
ated t-test seem reliable in our experiment for models with either heterogeneous or homogeneous
slope coefficients. The choice of the estimators depends on the assertion of heterogeneity in the
slope coefficients. The experimental results show that, in general, the overidentifying restriction
test associated with the optimal second-step IV estimator has good power to reject the null of
slope homogeneity, unless the degrees of freedom of the test are very small. Thus, the development
of a direct test for slope heterogeneity is of importance. We leave this as an avenue for future
research.

This paper has assumed that the covariates in the model are strongly exogenous with respect
to the idiosyncratic errors. This assumption may not be too restrictive for many applications,
but the possibility of relaxing it to weak exogeneity, such that x; = I‘ggfgt + Kejy—1 + v with
k = (K1, ..., k) , may be of interest and it merits further investigation.

Finally, we note that our approach is quite general and can actually be applied to a large
class of linear panel data models. For example, our method is applicable to the model considered
by Pesaran (2006), Bai and Li (2014), and Westerlund and Urbain (2015), among others: y; =
XiB + vyfy, + eu with xi = TUf), + vi. A comparison of our approach with the existing
approaches mentioned above may be an interesting research theme.
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Table 1: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous
slopes with {p, 81,82} = {0.5,3,1}, m, = 3/4, independent factor loadings in z1;; & u

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4

V2P QMLE IVMG? CCEMG

TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 00 00 00 00 -05 -06 -08 -10 -05 -07 -06 -0.v -32 -34 -3.7 -39
50 -0.1 0.0 0.0 0.0 00 -03 -04 -05 -05 -04 -04 -04 -08 -1.0 -1.2 -1.5
100 0.0 00 0.0 0.0 0.1 -0.1 -02 -03 -0.2 -02 -0.2 -0.2 04 01 -01 -04
200 0.0 0.0 0.0 0.0 02 00 -01 -01 -0.1 -0.1 -0.1 -0.1 09 07 04 0.1
RMSE (x100)
25 3.2 22 1.7 1.1 1.5 1.2 12 1.2 3.3 24 18 14 41 4.0 4.0 4.1
50 21 14 10 0.7 1.0 08 0.6 0.6 23 16 1.2 0.9 1.8 15 15 1.6
100 14 1.0 07 04 07 05 04 0.3 14 1.1 0.7 0.5 1.1 09 06 06
200 1.0 0.7 04 0.3 0.5 04 03 0.2 1.0 07 05 04 1.2 09 07 04
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 95 74 69 48 183 22.7 374 59.1 5.5 6.1 7.5 10.7 282 51.1 &81.3 97.7
50 10.2 6.0 6.0 5.7 135 15.1 22.8 45.0 6.5 6.4 6.9 92 13.8 227 49.8 81.8
100 84 64 63 52 135 14.8 174 27.0 56 58 64 73 124 144 184 39.0
200 98 66 57 56 168 11.6 122 17.2 6.2 49 47 73 328 36.1 345 24.7
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 87.5 98.2 99.9 100.0 99.8 100.0 100.0 100.0  80.7 94.8 99.5 100.0 48.2 54.0 57.4 63.2
50  98.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0  96.1 99.9 100.0 100.0 99.7 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
TV2? QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -0.2 -02 -0.1 00 -23 -1.1 -0.5 0.0 1.3 1.0 15 14 29 29 33 32
50 02 01 01 00 -18 -05 -0.1 04 09 07 08 0.7 1.1 14 19 20
100 -01 00 01 00 -16 -05 02 04 03 04 04 04 -06 -0.2 03 0.7
200 -0.2 00 OO0 00 -15 -03 0.1 0.2 0.0 02 01 02 -18 -1.2 -0.8 -0.2
RMSE (x100)
25 121 86 6.1 44 142 99 71 53 169 11.7 85 6.1 171 11.9 9.0 6.7
50 82 56 40 29 124 80 54 33 102 69 51 3.6 97 6.7 51 39
100 57 39 28 19 111 6.6 3.6 2.0 6.4 43 32 23 6.4 42 32 2.2
200 41 28 19 14 98 48 23 1.3 44 31 22 1.6 4.7 33 23 1.5
SIZE: Hy : 1 = 3 against H; : 31 # 3, at the 5% level
25 91 70 59 58 37.8 30.8 27.3 23.2 6.4 58 6.3 6.1 7.2 64 81 88
50 87 6.1 57 58 446 32.3 22.7 14.6 59 52 62 69 6.8 6.0 6.8 10.1
100 86 6.7 63 62 482 321 16.0 10.2 6.7 53 56 5.9 70 65 72 7.3
200 88 6.1 6.7 6.2 51.6 255 10.5 7.7 5.8 5.0 b7 5.7 78 9.2 9.0 87
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 1 # 3.1, at the 5% level
25  17.6 254 43.2 66.8 6.9 124 19.6 404 11.1 18.2 30.7 494 125 21.9 324 54.0
50  27.0 474 722 92.6 8.1 15.6 385 882 223 386 595 8.0 219 414 70.1 89.8
100 47.8 73.6 94.0 100.0 8.4 248 834 998 36.3 65.8 90.0 99.5 34.7 62.9 89.8 99.7
200 71.3 95.0 99.8 100.0 9.4 49.0 99.0 100.0 62.7 90.7 99.2 100.0 45.3 76.4 97.5 100.0

Notes: The data generating process is yit = i +pi¥ir—1+ Yooy Beieit + Wity Wit = >0y ¥ FO + ity Toir = i+ 3oy Voo f O et
£=1,2;4=1,.,N;t = —50,..,T and the first 50 observations are discarded; f?, = pfsfsot_1 + (1 - p?s)l/QCSt, (st ~ 1.1.d.N(0,1),
7501 =vs +75, 7L ~44.d.N(0,1) for s = 1,2,3, &5t = o4 (€it — 1)/V2, €4 ~ i.4.d.x? with cr?t = mipt, n; ~ i.i.d.x3/2, and ¢ = t/T
for t = 0,1,..., T and unity otherwise; 10, = 7es + 105 1% = pr1s1% + (L= p2 1)V 2€000, 0% = pr2s?% + (1= p2 00V 260ui,
Eosi ~ 14.d.N(0,1), voy = po,eveir—1 + (1 — pg)z)l/me, Wit ~ i.i.d.N(0, (301231{‘), U?U“ ~i.i.d.U[0.5,1.5) for £ =1,2, s = 1,2. We
set p; = p, B1; = P1 and B2; = B2, prs = p~,25s = Pu,e = 0.5 and p 15 = 0.0 for all £, s. IV2P and IVMG? are given by (23), (31) with
(36), BC-QMLE and CCEMG by (37), (38). The rank condition for CCEMG is met.

20



Table 2: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.5,3,1}, m, = 3/4, independent factor loadings in z1;; & u

PANEL A: Results for p, homogeneous slopes with {p, 81,52} = {0.5,3,1} and 7, = 3/4

Iv2b QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 0.7 0.8 09 08 1.1 08 05 03 -0.7 -0.7 -06 -07 -31 -33 -3.6 -38
50 1.1 1.1 11 1.1 20 1.9 18 18 -03 -03 -04 -04 -06 -09 -12 -15
100 1.0 1.2 1.2 1.2 25 25 23 23 -02 -02 -03 -02 04 03 -0.1 -0.3
200 1.1 1.2 13 1.3 27 26 26 26 -01 -0.1 -01 -0.1 1.0 08 05 0.2
RMSE (x100)
25 44 32 23 1.7 41 29 22 1.7 42 30 21 16 48 43 4.1 4.1
50 34 26 20 1.5 40 31 25 21 31 22 16 12 28 22 19 18
100 3.0 23 18 1.6 41 33 28 26 27 19 14 10 25 19 13 1.0
200 29 2.1 1.8 1.6 41 34 30 28 25 1.7 12 09 26 18 1.3 09
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 10.7 9.9 9.5 10.8 52.0473 474 486 6.2 7.0 7.0 9.2 18.6 30.7 56.7 84.2
50 11.6 12.0 13.1 171 63.6 67.5 73.1 79.7 52 6.3 59 62 83 102 16.2 364
100 12,5 13.3 17.1 277 75080.2 8.9 944 59 63 59 59 73 80 80 96
200 13.6 13.8 20.1 34.8 82.7 8.4 944 989 59 54 50 52 93 80 9.0 7.1
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 722 91.8 99.9 100.0 69.8 92.7 98.0 99.7 65.1 85.9 99.1 100.0 31.0 40.6 46.9 51.8
50 89.7 98.6 100.0 100.0 82.4 97.6 99.9 100.0 84.5 98.3 99.9 100.0 89.2 98.6 100.0 100.0
100 95.9 100.0 100.0 100.0 82.9 99.2 100.0 100.0 93.1 99.8 100.0 100.0 98.1 100.0 100.0 100.0
200 97.7 100.0 100.0 100.0 88.6 99.6 100.0 100.0 96.4 100.0 100.0 100.0 99.2 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
Iv2> QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -19 -11 -13 -1.3 -49 41 -44 37 1.1 1.7 15 16 22 33 29 32
50 -16 -1.3 -11 -13 -54 40 -36 -3.7 05 07 09 04 08 1.3 18 1.9
100 -1.0 -1.2 -1.2 -1.2 -47 -40 -35 -34 05 02 03 03 -04 -04 01 0.6
20 -10 -1.1 -11 -12 -50 40 37 -36 02 01 01 02 -16 -14 -09 -0.3
RMSE (x100)
25 138 97 72 50 16.0121 95 73 168 11.9 86 6.1 16.8 122 9.0 6.7
50 96 6.9 48 36 145 98 73 57 104 72 52 36 98 7.2 53 3.8
100 70 50 35 26 126 87 6.0 48 70 49 33 24 6.7 47 32 23
200 5.1 36 28 21 117 7.7 54 44 49 34 25 1.7 53 38 26 1.7
SIZE: Hy : 31 = 3 against H; : 31 # 3, at the 5% level
25 11.0 80 81 73 416373 376 370 56 54 61 68 6.7 65 76 7.8
50 9.8 74 64 80 475399 356 412 59 56 60 49 6.1 63 75 9.1
100 95 88 73 86 528474 429 503 54 55 50 54 57 64 53 6.3
200 95 73 95 11.6 604 54.7 56.0 676 6.1 58 53 49 85 94 86 6.8
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 10.5 15.2 24.2 40.5 41 55 45 74 12.1 194 29.7 47.6 128 19.7 30.9 534
50 14.7 28.5 46.5 70.1 3.3 56 75 13.0 199 33.6 564 83.5 19.8 38.1 62.6 89.9
100 28.1 46.7 73.7 94.5 44 6.4 12.7 224 36.1 579 86.6 99.1 33.4 51.3 87.7 99.5
200 45.3 68.2 924 998 4.5 64 13.7 275 52.2 81.2 979 100.0 34.6 64.0 94.4 99.9

Notes: The DGP is the same as that for Table 1 except that the slope coefficients are heterogeneous. Specifically,
o 2

pi = p+11pi; Bei = B + i Mpi ~ i.4.d.U [=1/5,+1/5], and ng,; = [(2/5)° /12" p€s,i + (1 = p3)'/Cp,i, where

£3,: is the standardised squared idiosyncratic errors in g, computed as €g,; = (v —v2) /[N SN | (02 —v2)?]1/2

with v, = T! Zthl vy, v =N"1 Zfil v2,, for £ = 1,2, whereas (g,; ~ i.i.d.U (—v/3,V/3) for £ =1,2.
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Table 3: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous
slopes with {p, 81, 82} = {0.5,3,1}, m, = 3/4, correlated factor loadings in z1; & ug

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4

V2P QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 0.1 0.0 0.0 0.0 -04 -0y -09 -10 -0.7 -0.7 -0.6 -0.7 -3.2 -35 -3.6 -3.8
50 0.0 0.0 0.0 0.0 00 -03 -05 -06 -05 -04 -04 -03 -09 -10 -1.2 -14
100 0.0 0.0 0.0 0.0 0.1 -0.1 -02 -03 -03 -02 -0.2 -0.2 03 02 -01 -04
200 0.0 0.0 0.0 0.0 02 00 -01 -01 -0.1 -0.1 -0.1 -0.1 09 07 04 0.1
RMSE (x100)
25 3.1 22 16 1.1 1.6 14 1.3 1.3 34 26 19 15 43 41 4.0 4.0
50 2.1 14 1.0 0.7 1.1 08 0.7 0.7 23 15 1.1 0.9 1.8 16 15 1.6
100 14 1.0 06 04 07 05 04 04 1.5 1.0 0.7 0.6 1.1 09 07 06
200 1.0 06 04 0.3 06 04 03 0.2 1.0 07 05 04 1.2 09 06 04
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 75 64 6.1 54 185 26.0 39.1 59.2 5.8 7.0 79 11.5 30.2 52.8 77.8 94.9
50 87 7.0 6.7 49 16.4 17.8 25.5 46.9 59 54 6.5 87 143 255 49.1 76.6
100 89 6.5 52 48 13.4 14.2 18.7 30.2 59 64 52 6.6 135 17.1 23.5 40.7
200 86 54 6.1 5.3 16.0 10.7 123 17.1 6.2 54 55 6.6 329 357 334 28.1
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 89.0 98.0 100.0 100.0 99.8 100.0 100.0 100.0 78.9 93.7 99.0 99.9 45.3 48.1 55.7 60.7
50 99.1 100.0 100.0 100.0 100.0 100.0 100.0 100.0 96.5 99.6 100.0 100.0 99.5 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  99.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
TV QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -0.2 0.2 0.0 -0.1 44 -32 -29 -16 1.3 1.7 14 1.5 06 12 13 1.9
50 0.0 0.0 0.0 -0.1 4.8 -29 -1.1 -0.1 09 07 08 05 -09 -04 02 0.7
100 0.2 -0.1 0.0 0.0 -40 -21 -05 04 06 02 03 04 -26 -23 -14 -05
200 0.0 0.0 0.0 0.0 3.6 -1.6 -0.1 0.3 02 02 02 0.2 -39 -33 -24 -14
RMSE (x100)
25 11.8 87 6.1 4.3 16.6 124 99 74 169 11.9 &85 6.2 16.6 124 88 6.4
50 81 5.6 4.0 27 145 107 73 47 100 6.8 50 35 101 71 49 3.5
100 58 39 28 1.9 134 86 49 25 6.4 44 32 2.2 72 52 36 23
200 39 28 19 14 122 68 3.1 14 43 3.1 21 1.5 6.3 48 32 21
SIZE: Hy : 1 = 3 against H; : 31 # 3, at the 5% level
25 85 75 6.2 6.1 44.5 40.8 379 32.2 5.8 59 59 6.3 6.8 74 69 75
50 88 54 6.3 44 50.4 40.0 27.4 18.9 5.1 49 6.0 5.0 83 78 59 6.8
100 80 6.3 6.4 5.0 52.6 34.7 179 9.9 5.1 44 54 43 108 125 11.1 7.9
200 82 5.7 50 7.0 55.5 30.8 13.0 8.0 5.7 50 46 55 182 248 24.2 215
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 1 # 3.1, at the 5% level
25 19.6 26.2 414 66.3 54 4.8 6.0 9.0 13.0 20.3 29.9 50.2 10.2 164 26.2 48.3
50 31.8 47.7 73.1 954 36 44 97 674 223 376 60.8 8.3 155 25.5 57.9 87.0
100 504 75.8 94.4 99.9 49 55 586 99.2 432 66.0 89.7 99.6 17.1 29.8 67.6 98.8
200 73.5 94.8 99.7 100.0 3.8 86 98.0 100.0 659 91.2 99.2 100.0 14.9 279 73.8 99.7

Notes: The DGP is the same as that for Table 1 except that the factor loadings in x1;; & wu; are correlated:

py1s = 0.5 in 7?:2‘ = Pv,ls’Ygf +(1— p?y,ls)l/lesi-
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Table 4: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, IVMG? and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81, 82} = {0.5,3,1}, m, = 3/4, correlated factor loadings in z1; & ug

PANEL A: Results for p, homogeneous slopes with {p, 81,52} = {0.5,3,1} and 7, = 3/4
Iv2b QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 08 09 09 09 09 08 05 02 -0v -07v -07 -07 -31 -33 -3.5 -3.8
50 09 1.1 12 1.2 22 21 19 19 -04 -03 -03 -03 -0 -09 -11 -1.3
100 1.1 1.2 1.2 1.2 28 27 26 26 -02 -03 -02 -0.2 04 0.2 -01 -0.3
200 1.1 1.3 1.3 1.3 3.1 29 28 29 -0.1 -01 -0.1 -0.1 09 08 04 0.2
RMSE (x100)
25 44 3.1 23 1.7 43 32 25 20 41 30 22 1.7 48 43 4.1 4.1
50 3.5 26 20 1.6 42 33 26 23 32 22 16 12 29 23 19 18
100 3.0 23 18 1.6 44 35 30 28 27 20 14 10 26 19 14 1.1
200 2.8 22 1.8 1.6 45 3.7 32 31 25 18 13 09 26 19 14 1.0
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 11.7 9.2 9.3 10.5 53.250.6 51.5 53.7 63 66 74 89 17.3 30.0 549 81.9
50 12.7 11.5 129 198 66.2 67.6 723 81.5 6.2 51 68 68 9.0 11.6 17.3 353
100 11.6 13.1 159 263 775820 876 958 59 56 b5 6.2 86 82 83 13.0
200 12.3 14.1 219 333 84.4 893 93.7 990 55 53 49 54 94 10.1 109 9.6
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 719 92.8 99.6 100.0 64.8 90.1 96.6 99.0 61.2 &87.9 98.3 100.0 30.9 41.5 44.3 46.1
50 87.2 98.9 100.0 100.0 78.4 97.3 99.9 100.0 80.7 98.2 100.0 100.0 89.1 98.8 100.0 100.0
100 96.3 100.0 100.0 100.0 8&83.5 99.0 100.0 100.0 93.6 99.7 100.0 100.0 97.6 100.0 100.0 100.0
200 98.6 100.0 100.0 100.0 84.8 99.7 100.0 100.0 97.3 100.0 100.0 100.0 99.2 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
Iv2> QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -12 -13 -14 -15 -76 -74 -65 -6.2 1.7 14 15 14 07 12 1.5 20
50 -1.0 -1.3 -12 -12 -85 -70 -59 49 09 04 07 07 -08 -08 01 09
00 -1.2 -1.0 -1.1 -1.2 -80 -6.7 -52 -45 02 05 04 03 -2.7 -20 -1.3 -0.6
200 -1.3 -10 -11 -12 -79 -60 -49 -46 01 03 02 01 -39 -32 -23 -1.5
RMSE (x100)
25 134 98 6.8 5.1 189152 121 103 169 11.9 85 6.1 17.0 123 9.0 6.4
50 96 6.9 48 35 175135 100 76 102 71 52 3.7 102 74 51 3.8
100 69 51 35 26 159114 81 60 67 48 34 23 77 55 38 26
200 53 38 27 21 151 97 6.7 55 50 36 25 1.7 69 50 35 24
SIZE: Hy : 31 = 3 against H; : 31 # 3, at the 5% level
25 96 7.5 6.5 6.6 481476 46.3 51.7 6.3 58 62 67 76 68 7.0 8.0
50 88 7.5 6.3 7.7 547 50.7 50.2 498 6.2 48 57 57T 82 72 67 84
100 9.0 90 73 82 594549 51.3 59.1 55 55 53 48 107 11.3 106 89
200 10.8 86 86 12.0 67.7 584 62.0 764 6.2 6.5 6.0 4.6 169 20.5 20.0 18.9
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 14.2 16.6 25.0 39.6 3.1 1.9 09 1.5 11.6 16.5 29.8 474 10.7 16.6 26.4 46.5
50 20.5 28.3 46.9 72.3 1.5 1.6 26 3.0 19.2 35.0 55.0 829 16.1 25.6 51.8 81.8
100 28.5 45.7 74.3 954 20 1.0 2.7 58 33.0 60.2 86.1 99.1 14.8 294 62.9 96.1
200 40.8 66.5 92.6 99.8 22 1.8 26 73 50.3 80.5 98.0 100.0 11.0 24.4 655 97.3

Notes: The DGP is the same as that for Table 2 except that the factor loadings in x1;; & wu; are correlated:
pris = 0.5 0475 = py 179 + (1= p3 1) *Ersi
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Table 5: Size and power of the overidentifying restrictions test for the panel ARDL(1,0) model with
{p,B1, B2} = {0.5,3,1}, m, = 3/4, correlated factor loadings in 1, & u

va2e V2’
TN 25 50 100 200 25 50 100 200
Slope Homogeneity (Size)
25 72 69 57 64 6.8 6.0 5.7 5.5
50 7.7 66 6.5 48 73 6.0 5.5 4.4
100 6.7 73 59 48 74 6.2 59 5.1
200 7.7 66 65 56 70 59 6.1 4.7
Slope Heterogeneity (Power)
25 75 6.2 60 54 83 79 88 10.1
50 6.9 59 54 57 86 104 12.6 22.0
100 74 56 4.7 49 11.2 13.6 23.9 44.3
200 7.0 59 58 50 14.6 24.0 453 77.2
Endogeneous Idiosyncratic Error of X (Power)
25 10.1 104 14.6 188 104 11.0 14.8 18.9
50 123 16.1 23.5 37.8 11.9 15.9 20.0 314
100 17.2 27.6 45.2 70.3 14.4 20.7 36.7 60.2
200 28.2 46.4 73.2 95.9 225 37.6 62.8 914

Notes: The table reports the size and the power of overidentifying restrictions tests based on the IV2 estimator
using different set of instruments. IV2* uses (Xi,f(u_l) and TV2° (Xi,f(i’_hf(i?_g), where X; = Mp, X; and
X ;= Mp, _,X; _; for j =1,2. The test statistic is defined by (24). The tests for IV2® and IV2® are referenced
to the 95% quantiles of x? and x3 distributions, respectively. The DGP for Slope Homogeneity is of Table 3, for
Slope Heterogeneity is of Table 4, and for Endogeneous Idiosyncratic Error of X, the DGP of Table 3 is changed
such that veie = py evei—1+(1 —p?)lmwmh Wit = Tgeit—&-(l—TE)l/QQ&t with ggir ~ 1.i.d.N(0,1), £ = 1,2 (see notes
to Table 1). We set 71 = 0.5 and 7o = 0 so that the idiosyncratic error of z1;; is contemporaneously correlated
with e;4

Appendix A: Proofs of Main Results

Lemma 1 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < 0,

T'ZMp, Z; — T ZiMpp Z; = 0,(1), (A1)
7! (Z;Mﬁy - z;MFS) W, = 0,(1). (A.2)

Lemma 2 Under Assumptions 1-5, as (N,T) 2y o0 such that N/T — ¢ with 0 < ¢ < o0,

N
1 &L,
NT > ZMy, Zi — ZiMpoZ; = 0,(1), (A.3)
=1
N
1 7! /
7 (ZiMFy - ZZ.MF;J) W, = 0,(1). (A4)
1=1

Lemma 3 Under Assumptions 1-5, as (N, T) 9y o0 such that N/T — ¢ with 0 < ¢ < 0,

_ EN:PO’. (C0n) " (ﬁ;F(;) h P (Sinvr — Sienr) Mp
VAT 2o La T @ £,
=0, (T712) + 0, (535) + VTO, (533) (A.5)
and
1 X L (F F0 N\ _
NI ;Fgg (T0in) <1T1> F, 1 (Zevr—1 = Zpnr-1) Mp, W
=0, (T712) + 0, (53%) + VTO, (63%) (A.6)
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1 k N ) ’ < 1 k N
where Bin = % L4oy D00y VeVl Tewro = & iy Sy Ve, -1Vl g and Sevr = 4 S0l 05 B (vigvi, )
S 1 k N ’
YN 1= F 2 2jm B (Vej,—l"ej,_1>

Lemma 4 Under Assumptions 1-5, as (N, T) oo such that N/T — ¢ with 0 < ¢ < o0,

1), (A7)

and

Z I\O/ FO/_lMﬁ u;

x,—1

- — ZZI‘ Yon) TV, M,

3, By W
=1 j=1
1 ad 1 F;,—ng,—l o 2
o W Z: i (Tka) -7 F, 1Xinr 1M u; + 0, (1) (A.8)
Lemma 5 Under Assumptions 1-5, as (N, T) oo such that N/T — ¢ with 0 < ¢ < 00,
INT ZF%F?MJ&EM@W =0p (1), (A.9)
i=1
L . 0/ 10/
T o
Lemma 6 Under Assumptions 1-5, as (N,T) 2y 00 such that N/T — ¢ with 0 < ¢ < 00
**ZZ (Y0n) ™ T8, VM w,
i=1 j=1
1 1
= == F Y ). V. Mpou
NTN;; i (Tarn) Fou;
N N N —1
T 1 0 “1.0 VIV, , 1 (FYFO F'y;
Y D T () R T () ()
+op(1), (A.11)
and
N N
AT o T () TV M
NTN xi kN 1 Wi
i=1 j=1
N N
- — iZZFO’ (Yen) T3 V5 aMpo
NT N p i T
N N N o o
1/ r1 o 0 0 n,—1 Y35, —1 0 0 F; —1F¢ —1 F s —1Wi
o NT Z Z Z I‘M (TIkN) r T I‘w] (kaN) T T
i=1 j=1n=1
+0p(1) (A.12)
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Lemma 7 Under Assumptions 1-5, as (N,T) 2y 00 such that N/T — ¢ with 0 < ¢ < 00

N A —1
1 1 ( F/FO L
=l Zrm (Y0hn) ( = w) F, v Mg u;
VNT3/2 = T
N
1

L (FOYFON TN
=WZ s (Xoun) (T> F)'SinrMpou; 4 0, (1)

and

1 N

~ -1
¥, _,F . _
1 -1+t z,—1
WZIF (TIkN) (T) F/I,_lszT_rflMFm’_lui
1 N FO/ 0

—1
F _
1 z,—1t z,—1
= Vs 2 T (Taw) <T> FY 1S My ui+ 0, (1).
i=1

Lemma 8 Under Assumptions 1-5, as (N,T) 2y o0 such that N/T — ¢ with 0 < ¢ < 00

1 N
—— ) ViM;
NT <
1 N
= — ZVLMFOUIL
NT =1
N N
1 VIV, 0 im0 FUFO\ ' Fluy,
S Y ) () B e,
i=1 j=1
and
1 L,
—— > Vi M
NT S o
1 N
=——> Vi Mp u
VNT i '
1 b
VNT “ T “

s
Il
-
<.
Il
-

[~]=
[~]=
<
L
<
L
ﬂ
I
=
3 ©
L
/N
8Q
L
'ﬁ
8o
L
N———
!

Lemma 9 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — c with 0 < ¢ < o0

1

1
VM My u; = VIMpoMpoe; + o, (1),
WEQ UAT 2 ViMe Mg+ o, (1)
and
1 N
ZVl _1 F 1 Fyul‘ = ﬁ Zlvg7_1MF0 MFOE»L + OP (1)

Proof of Proposition 1. Consider

where Z; = {MFI X, Mz X ,1} We begin with the first component of Z-, which is M~ X;

N N
1 1 0/ 100
AT 2 XM = o ) T Myt
i=1 =1

1 N
o ngMF u.
VNT i=1 ’
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(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

;. Firstly, note that

(A.20)



By using the results of Lemmas 3, 4, 6 and 7, the first term in (A.20) is given by

N
1
—— Y TYFYM u;
VNT =
1 1R !
=-=x Z Z Y (Yn)  T9,ViMpou,
i=1 j=1
N N N -1
T 1 \%48Y% 1 (FYFY FYqu,
e o Yo (), Yo () ()5
L i=1 j=1n=1 T T
1 N
\/7Td/2 Z xi (T'ckN) F 'Y ntMpou; + op (1)
i=1
By making use of Lemma 8, the second term in (A.20) is given by
| X
7 2 VM w
NT —
;XN
= — Y ViMpou;
VNT =
N N —1
T 1 \VAY | (FUFO\ ! FOy,
LS Vi (0, < -] ) Yo (1).
i=1 j=1
So, by adding (A.21) and (A.22) together, rearranging the terms and using M go FY =0, we get
;XN
li
Wi Z XiMg u;
i=1
1 > XMpou
NT =
1 1R 1
0 0
=T Z Z Y (Yon) T9X Mpou;
i=1 j=1
N N ¢ -1
T1 ViV, o 0 -1 (FJF] Flu;
a \/NN;; 7 Lei (Youn) T T
N 1
N 1 —1 (FYFO -
“\ T~ ZF% (0in) (H) FYSinrMpou; + 0, (1)
T NT = T

1
—WZ Mrpou; + VN b11NT+\/ b21NT+Op

N
v 1 0/ 0 —10

where

xi)

V/ FO/FO FO/U‘
bllNT - _ JFOI TkaN) ( x w) x 17
N == T T
FO/FO
boiNT = == ZFO’ (Yohn)™ ( = ) F)SinrMpou,
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As for the second component of Z;, which is M £, Xi,—1, by following the same steps as before and using
again Lemmas 3, 4, 6, 7, 8, and using Mo F%_l = 0, we obtain

—1

- 1
T1 Y Vg,—lvj,flr()/ xO0 7L FY _F) FY ju;
- NNZZ T i (Tain) T T
1

N
1 ~ [T I N
= 7\/@ E X{L IMFO lll b12NT + b22NT + Op ) (A24)
i=1

where

P

0/ 10
i,—1 = z,fl ~ xr E Xn,flr a:kN) I‘a:z’

i)

Vz,fl - V'L,*l - N Z V”’*lrmn(Tsz) 11-‘0

n=1
N N v/ 07 -1 Lo
1 VZ *1V'=_1 — F 71F:c —1 Fm 71117;
bint =~ Z Z %I‘glj(‘rgkN) ! T T
i=1 j=1
N o7 0 -1
1 Fa; —lFm —1 <
boont = =55 T0i(Yn) " ( Fo 1 Zint-iMpo  ui.
NT ] T z,—1
Hence, we have
1 N 1 N ’
—— Z;ul = — |:M" Xi,M” Xi, j| u;
\/W; NT ; Fe Fa, 0
1 = X X ! T., ’ ’
- NTZ [MF£Xi>MF3,,1Xi,—1] u; + N[bllNTvmeT]
i=1

N
+ ?[ 51T Baanr] +0p (1)
1 7/
\/tzzl blNT+ b2NT+Op

where Z; = MFEXi’MFL’,,lxi»—l , bint = [ n7, Planr]’ and banr = [bhy nr, bhoyr)’, which provides the
expression given in Proposition 1. m

[E—

Proof of Proposition 2. Now consider

N
> ZM; u, (A.25)

where Z; = Mg X, Mg Xi’,l}. We start with the first component of Zi. ie. M X;, which can be written
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as

N
!
S Z XM; My
=1

1 g -
—— ) TUFIM; M, Ui+ ——= ) ViM; M
NTZ.Z; e \/NT; VR

N
1
= W ;V;MFTMI:"@UZ + Op(l)

N
1
i=1

where the second and third equalities is due to Lemma 5 and 9, respectively.
As for the second component of Z;, which is My~ X; _1, by following the same steps as before and using
again Lemmas 5 and 9, we yield

N
1
F le Mg Mg ow = 7 D ViMoo Mpge; +0,(1), (A.27)
1=1

By combining the results above, we obtain the required expression. m

Lemma 10 Under Assumptions 1-5, as (N,T) 9 00 such that N/T — ¢ with 0 < ¢ < o0,

772X (My, — Mpg ) w; = VT, (633) (A.28)
TAXMy, (Mg, — Mg ) wi = VTO, (33%) . (A.29)
T2 (M fo~Mpo ) Mpgu = VTO, (633) (A.30)

Proof of Proposition 3. Consider T*1/2Z;Mpmui where Z; = [MFEX%MFT 71X17_1]. Let us start with the
first component of Mg Z;, ie. M £, X;. By adding and subtracting we get

T-V2XM = T VX Mpou, + T /2X] (MF — MF;;) w
= T7'2X!Mpou; + VTO, (657) (A.31)

where the second equality is due to result in (A.28) stated in Lemma 10.
Next is the second component of M Z;, which is Mz Mz~ X; ;. Again, by adding and subtracting and
using Lemma 10, we get '

—1

=T7'2X; _\Mp  Mpow; + T7V2X(M (MF - MFg) w;
=T2X] My, Mpou; + VIO, (337)

_ T71/2X;,_1MF{S~71MF£ui e O (Mﬁ - MF&S,—I) Mpou; + VTO, (657)

- T—1/2X;,—1MF£.,1MF2111‘ + ﬁop (6;/%1) : —

Finally, by combining the results, we get

TV2ZM vy = T2 ZMpou; + VTO, (03%) , (A.33)
where Z; = |MpoX;, Mpo 71Xi,71}7 which provides the expression given in Proposition 3. m
Lemma 11 Under Assumptions 1-5, as (N,T') 2y 0o such that N/T = ¢ with 0 < ¢ < 00, %7 Zl 1 EFzT‘EFzT
N .
7 iy EpiT£%,iT + o0, (1), where § g, = Zj M u; and £F1‘T = ZiMFyul.
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Lemma 12 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < o0, ﬁ Zfil 5FZ.T§;,¢T —

Q=o, (1), where @ =plimy .. >N E (T‘lngpgeiegMngi).

Proposition 4 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < 00,

N
1 d
e E EﬁiT%N(O,Q).
vVNT P}

Proof. Proposition 2 and Lemma 12, together with Lemma B.2, yield the required result. =

Lemma 13 Under Assumptions 1-5, as (N,T) % co such that N/T — ¢ with 0 < ¢ < oo, Anr 5 A, Byr &
B, where Ay = & L, T ZMp Wi, Byr = £ S5, T712M, Z; and A = limy 1o % 200y B (Air),

B= limN,T*)oo % Zz]\il E (Bi,T)7 Ai,T = T_1Z;MF79WZ‘, Bi,T = T_IZ(iMpqt/)Zi.

Lemma 14 (Lemma 2.2.10 of Van der Vaart and Wellner (1996)) Letzy,---

ables that satisfy the tail bound:

P(|zi] > 2) < 2e L2
i S2exp | —5
. N P 2 a+bz

for all z (and all i) and fized a,b > 0. Then,

E‘ sup x;
1<i<N

gA(bx1n(N+1)+ axln(N—i—l))

for some positive constant A.

Lemma 15 Under Assumptions 2 to 4, and Assumption 7, we have

N
(@) N7'T7H3 7 XM w; — X Mpow; || = O, (637)

=1
N

(b) N~iT1 Z X Mg Mg w; =X, Mpo Mpow|| = 0,(0n2) .
=1

() sup [T7'XIMp X; — T X, MpoX|| = O,(N'/2637) .

1<i,j<N

s N be arbitrary random vari-

(d) sup T7'X)_ Mg MpMp X —T'X)_Mp MpoMpo X ] = 0,(NY2532).

1<4,j<N

(e) sup |T7'X) Mg Mp X, —T7'X) _Mpo MpoXil| = O,(N'2537).

1<ij<N

Lemma 16 Under Assumptions 1 to 7, we have

(a) sup T XM yi—1 — T X{Mpoyi 1|
SEZW IS

= Op(NY25%) + Op (N*/AT7V265.3) + Op(NT 71057 + Op (NVAT1/2) .
() sup [T7'X; My Mpy; 1~ T X _Mpo Mpoyi |

-1

1<i,j<N

= Op(NY2532) + Op(N*ATV2632) + O, (NT 71632 + Op(NV/AT71/2).
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Lemma 17 Under Assumptions 1 to 7, we have
(a) sup T XMpoX; — T E(VIV)| = Op(NYAT7Y2) 4 O,(NV2T71),
1<i<N v

(b)  sup |[|T7'X} _Mpo MpoMpo Xi—1 =T 'E(V] _,Vi_1)| = Op(NY*T71/2) 4 O,(N'/?T 1),
1<i<N e A ,

(¢) sup |T'X| My MpoX, — T E(V, V)| = O,(NVIT V) 4 0,(N'/T 1),
1<i<N i * ’

oo
(d)  sup [|T7'XMpoyi, 1 —T 'Y E(ViVi_ B | = Op(NAT712) 4 Oy (NV2T7).
1<i<N o

() suwp 77X, Mo Mpoyis =T~ 3" B(VL (Vi )Bipi | = Op(NT71/%) + 0,(N' 1Y),
=t= ‘ s=1

Lemma 18 Define

)

A (TIXZ T IE(VIV_)B;,  TTUE(VIV;)
T L BV Vi )8 TTHE(V] V)

s=1 4
B — TﬁlE(V;VZ) TﬁlE(V,/iViﬁfl)
ST A\TYE(V; Vi) T'E(V Vi)
under Assumptions 1 to 7, we have
2! z2-12 2/ z2-1 ~ ~ ~ ~ ~
(a) EUPN H(Ai,TBi,TAi,T)_lAi,TBi,T - (AQ,TBZ%Ai,TrlA;,TB;,%H
1<i<

= O,(NYAT7Y2InN) 4 0,(NY2(InN)>532.) ,

(0) IEUEN H(A;,TEZQI‘Ai,T)ilA;TB;%H = 0,((InN)?),

(c) IEUEN ||[(AQ,TB;,%ALT)_IA;TBZ% - (A;,TBiT]l‘Ain)_lA/i,TB;Il‘]”

= O,(NY4T=Y2(InN)®) + O,(NY/2T~1(InN)?).

Proof of Theorem 1. By using the expression in (16), the result of Proposition 1 from which \/% Ef\;l Z;ul
tends to a multivatiate random variable and is therefore O,(1), and 4/ %bl ~NT together with 1/%]32 ~t are Op(1)

as T/N tends to a finite positive constant ¢ (0 < ¢ < co) when N and T' — oo jointly. And so, vV NT (éw - 0) =
Op(1), which implies the required result. m

2 o . o -1 N
Proof of Theorem 2. (i) VNT (91\/ - 9) = (A’NTB;,lTANT) A’NTBK,IT (ﬁ sz\il £FiT)
= (A/BflA)*l A'B! (ﬁ vazl 5FiT> + 0, (1), by the results of Proposition 2 and Lemma 13. Next, by
the result of Proposition 4, we have vV NT (é;v - 0) 4 N (0,%), as required. (ii) ¥ — ¥ = o, (1) follows

immediately from Lemmas 11, 12 and 13. =

Proof of Theorem 3. Under Assumptions 1-5, noting 1211 =u;,—W; <5IV2 — 0) we have ﬁ Zi\il Z;MFy 121Z =
AN M wi— Ay VNT (5m _ 0). Since vVNT (5m _ 0) = (AA) AR Y ZiM e,
+ 0, (1) by Corollary 1 and defining L = Q7 /2A of rank(k + 1) we have Q;}/Zﬁ >N ZIM;, 0 =

M, Q12 = PR Z;Mpoe; + 0, (1) with My = Tp; — L (/L)' L whose rank is k — 1, which yields

. ﬁ;MFy Zfl;,lT PR Z;MFyﬁ, <4 Xi_, as required. m

Proof of Theorem 4. By Proposition 3 T_l/QZ;Mﬁxui = T_l/zngpgui +o0p, (1) as (N, T) 2y o0 as N/T = ¢
for 0 < ¢ < co. It is immediate that, under Assumptions 1-8, for each i, T—'/2Z/u; AN (0,3;). A similar line of
the argument in the proof of Lemma 7 ensures that ALT — ALT 2 0 and BLT — ]~3¢,T B oasT — oo, and togther

with Assumption 8 we see that plimr_oc A; 7 = A, and plimyp_,o B; 7 = By, thus the required result follows. m
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Proof of Theorem 5. Note that the instrumental variable (IV) or two-stage least squares estimator of 6; is
2! 2—12 2/ 2-1

OA]VJ‘ . (Ai,TBi,TAi,T)71Ai,TBi,Tgi,T7 then we have

N N N
Orviic—0=N""> (Orvi—0)=N"> (0v;,—0;)+ N> n,
i=1 i=1 i=1
where the first term is
1N ~ lN 2/ 2—1z2 13! 2 —1 15
N~ Z(le —0;))=N" Z(Ai,TBi,TAi,T)_ A, B, (T M W)
i=1 i=1
N -~ o~ ~
— —1Z(A;TB;}ALT)_1A;7TB:}(T_1Z§MFouZ)
i=1
N

+N~! Z {(Ai Tﬁi,TAi,T)ilAi,TBi r— (A} TB;%ALT)AA;:,TBZH (TﬁlZQMF,gui)

) ) s

2/ a2—12 2 ~ ~ ~ ~ ~ ~
+N7! Z |:(Ai,TBi,TAi,T)_lAi,TBi,T - (AQ,TBZII*Ai,T)_lAQ,TB;,H (T_IZ;MFI u; — T_IZ;MF;?ui)

1=

1

N
+ NV (AL B A ) AL B (T ZM p up — T Z M pou;)
=1

i=

=G1+ Gy + G5+ Gy

We first consider the terms Ga, Gs, and G4. With Lemma 15 (a)-(b), we have

N
NI T ZM g v — T ZMpows || = O, (537) (A.34)

i=1

With the above facts, Gs is bounded in norm by

2/ 2—1z2 2 —1

N =/ ~ ~ - ~ ~
N7t Z ||T71Z§MF,3111'|| © sup H(Ai,TBi,TAi,T)ilAi,TBi,T - (AQ,TB;%ALT)HAQ Bl
P i 1<i<N ’ ’ ’
=0,(NVAT™'InN) + O,(NY*T~/2(InN)°5 %)

Analogously, with (A.34), we can show that Gz = O,(NY4T~Y2InNdy2) + O,(NV2(InN)%6y7) and Gy =
O,((InN)26,2). Consider G;. Define

! _ V/'FO (VRO —-110/ )
Hy= (000 ) Hy=( o, wieErFa) TE T,
Viy—le’Yyi ’ 7Vi,71Fa¢,—1(Fac,—1F:c,—1) F:c,—le’Yyi ’
Viei —VIF(FYF))"'Fe;
Hoi = (Véy—lsi) i = (‘Vg,1Fq,—1(F2',—1F2,—1)1F2’,—1€z‘ ’

x

_— 0 _— 0
i Vi _1ProFyv, ) 6i —V§,71F2,—1(ng—ng,—l)_ngl,qPFgFy’)’yz' ’

H,; = 0 Hg; = 0
(2 Vg,71PF3€i A —V§7_1F2,71(Fg',ng,q)_ng/,—lPF‘;si ’
with u; = Fy'yyi + €;, we have
N -1 . . —1
Gy =N"" Z[(AQ,TB;,%ALT) AQ,TBi_,ql" - (AQ,TBi_,Jl"Ai,T> A;:,TBZ%](T%Z;:MFQW)

i=1
8 N

YN (A;,TB;,jl“Ai,T) - Al B, T Hy,.
=1 i=1

With (18), we can show that the first term is O,(NY/4(InN)>T~1) + O, (N/2(InN)>T~3/2). Tt’s easy to show that
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the fifth term, the eighth term and the ninth term both are O,((InN)2T~!). For the second term, we have
E|IN" 12 (ALrBAA) AL BT Hy|?
-1 -1
—tr(N 2123 B[ (Al;B}Air)  Alp|BiiE|[HGH,|BLE[Ar (A)B TAr) )
i#£j

+tr<N2T2§:E{(A;TBL%ALT)_1A’ TBZ%E[HhH’M}BlTAZT( lTBzTA1T> 1})
Aur (Al7B

aur) ]|

_AHNszzN:E({(A’ B TAlT)_ ALB] @[ (Al TBlTAzT)_ Al By TDvec(E{HMH'M})H
=1

N
-1
gAHN—QT—2ZEvec[(A;TB;}AZ,T) Ag,TB;%E{HUH’H} -

N f: |z ([ (AtrBiiar) ALB] o (AlrBian) LB )| EEm)

<ANT?T 2Z:EII B, rAir) Al |PIB; || E(HGHY,) || < ANT2T- QZIIE (HL )|
i=1 i=1
N T T
<ANT2T2 Y S OS(IE®iVi) |+ 20 B )l + [ E(via1vi-)l) < AN
i=1 s=1 t=1
because

‘E(fy,S'Yyi'Y;jfglj,t” < \/Eny,s

LE[vyll* < A
and
E(HUH’U)

T T
_ ZT:s=1 ZT:tzl (stV ) E( ys')’yz’)’yjfl t) Zq 1 Zt 1 E(visv jtfl)E(fy s'Yyﬁyjf/ ¢)
23:1 Zt:l (Vz s— 1V )E(fy,97y17yjf1/1, ) 23:1 Zt:l (Vlvs_lvj,tfl)E(fyvg’Y?ﬂ’nyf/ )

which indicates that E(Hy;H ;) = 0 for i # j, then the second term is O,(N~Y27-1/2). Consider the third term.
Note that

Vi @ (V‘FO)Vec[(FO’FO)_lFO’Fy] >
Hsy; = vec(Hsy;) = yi i
2 = vee(Ha) (vgﬂ- @ (Vi_,F_)vec[(FY_,FO )~ 'FY F,]
_ (’7;1 ® (V;Fg) 0 ) < vec[(Fg’Fg)_ng'Fy] )
0 Vyi © (Vé,—1Fg,f1) VeC[(Fg/ﬁng,fl)_ngqu(y]
= Hiq x Hojp.

It’s easy to prove that Hy;, = O,(1). Following the argument in the proof of the second term, we can prove that
N -1
SNTUY T (ALrBibAGr)  ALgBi AT Ha = Op(N VATV,
i=1

Then the third term is O,(N~Y/2T~1/2). Analogously, the forth term, the sixth term and the seventh term can
be proved to be O,(N~1/2T=1/2). Thus, G; = O,(NY*(InN)>T~') 4+ O,(N'/2(InN)>T=3/2) 4 O,(N~/?T~1/2).
Combining the above terms, we can show that

N
N3 @1y — 6:) = O, (NVAIN) T ) + O, (NY2(InN)°T~/2) + 0, (InN)2632).
Note that N~! Zf\il n; = Op(N~V/2) if N3+9 /T4 — 0 for any § > 0, we have

N
VN@vie —0) =N ", +0,(1)
1=1

and R .
VN(@rvue —0) -5 N(0,%,).
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Next, we consider the consistency of §n~ By decomposition, we have

N
Z(élw —60+0—01v0c) v —0+6—0rvnc)
=1 N N
= Z n; + Z (Orvi—0:)(0rv,i — 0:) + > (Orvii — 0)m + > _mi(Brvi — 0:)
i=1 i=1
— N(0 - BIVMg) (0 —0rvuc).
Then
s, -5,
. / A ) A TR /
=T ;(mm —E)+ 1 ; (9”’1' - 0i> (9’”’ - 01') tNC1 ; <9W’i - 01-) "
T ACEE 6:) ~ 550~ 6rvuic) (8~ brvuic)
=]+ +Js.

Easily, we can derive that J; = O,(N~/2), J5 = O,(N~1). Consider J3, which is
N —~
N_1 Z(elv,i - 91)’7;

1 L e, == 1
1> (AsB}Aur)  AlBL (T ZMpsu)n]

N
1 al a—1 2 al 2 —1 - - ~
+ N_1 Z [(Ai,TBi,TAZ T)” Az TBl T (A;TBZ%AL )~ 1A/ TBz T} (T_1Z;MF§ui)77;
i=1
1 N a2l a—12 1,\/ 2 —1 , 1 1%/ 157 1rp! ’
+ N_1 Z [(Ai,TBi,TAi,T) A, rBir (A TBl TAz T)” A TB ](T7 Z;Mp u; =T Z;Mpou;)n;
i=1

N
1 1 _
+—N_IZ(A’ B 1A ) AL B (T ZM v — T ZMpou; )n).

With sup; <;<y |7, = O,(N'/*), we can follow the argument in the proof of the terms G to Gy, to prove that the
second term is O, (N3/4(InN)>T~1/252), the third term is O,(N3/*(InN)®6 1), the forth is O, (N/4(InN)25 7).
By Lemma 18 (b), the first term is bounded in norm by

N

(N =1 T Z Moy - SHENH(A;,TBZ%ALT) Al Bl - SUENHmH = Op(N'*(lnN)*T1/2).
i=1 = =

Then J3 = O,(N3/4(InN)>T~1/2533) + O,(N3/*(InN)>657) + Op(NYV4(InN)2632) + O, (NY4(InN)?T~1/2). I,
is the same order of J3 since it is transpose of Js.
Consider Jz, with (a + b+ ¢+ d)? < 4(a® + b2 + ¢* + d?), it is bounded in norm by

Z ||01Vl - 0 ||

1=1
4 L A N, =
<2l (A;,TB;%Ai,T) A BT ZMpou,)|?
i=1
4 N 2! 2-12 _1:/ 2—1 , _ L1, o 9
+ N —1 Z H |:(AiaTBZ}TAi’T) Ai,TBz T (A Ai, ) A TBZ T:| (T ZZMF;JU,L)
=1
4 N 2! 2-12 1:/ 2—1 1 15 Leor 2
TN 2 H [(A“TB@TA’FTY AirBir — (Al 7B 1 Ai7) Al 1B, T} (T™'ZiMp v, — T~ ZMpou;)
1=1

4 R
1 > AL B 1A )T AL o B (T 2 M w — T Z M pows) |12,
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By Lemma 18 (b), the first term is bounded in norm by

N
AN =17 T Z M poug |- ( sup |
P 1<i<N

(Al 7B 7 A7) AL B 1) = Op(MN)'T ™)

similarly, we can show that the second term is O, (N (InN)'°T~1557). Following the argument in the proof of
Lemma 15 (a) and (b), we can show that N=1 32 ||T‘1Z§Mﬁxui — T~ Z\Mpou;||? = O,(5y7). Then similar
to the argument in the proof of the first term, we can prove that the third term is O, (N (InN)'9§%) and the forth
term is O, ((InN)*d 7). Then Jo = O, ((InN)*T~1) 4+ 0, (N(InN)'OT 16 7) + O, (N (InN)0533) + O, (InN )46 7).

o~

Combining the terms J; to J5, we can derive that 3, — 3, = 0,(1). Thus, we complete the proof. B
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Supplemental Material to

“Instrumental Variable Estimation of Dynamic Linear Panel Data
Models with Defactored Regressors and a Multifactor Error Structure”

by Milda Norkute, Vasilis Sarafidis, Takashi Yamagata and Guowei Cui

Appendix B: Proofs of Lemmas

Lemma B.1 Suppose {X; r} are independent acrossi =1,2,...,N for allT with E (X; 1) = p;,r and E |X,'7T|1+6 <
A < oo for some § >0 and all i, T. Then N~! vazl (Xir — pir) 20 as (N,T) L oo

Proof of Lemma B.1. See Proof of Lemma 1 in Appendix, Hansen (2007). m

Lemma B.2 Suppose {x;r}, hx1 random vectors, are independent acrossi=1,2,...,N for allT with E (x; 1) =
0, F (Xi,TXQT) =X, rand E ||Xi,TH2+6 < A < oo forsomed >0 and alli, T. Assume X =limy, THOO N1 ZZV 2T

is positive definite and the smallest eigenvalue of X is strictly positive. Then, N—1/2 Zl 1X6T LA N(0,%) a
(N,T) % oo

Proof of Lemma B.2. See Proof of Lemma 2 in Appendix, Hansen (2007). =

Lemma B.3 Under Assumptions 1-5, the following statements hold for £ =1,2,....k and s =1,2,...,T:

2

N T T
Z SO £ Weiavei s — E (veigveis)| wis| < A< o0, (B.1)
1:1 t=1 s=1
N T T 2
H i Z Z Z [V 1veis — E (Vei 1015 )] fgfs < A < o0. (B.2)
NT i=1 t=1 s=1

Proof of Lemma B.3. The proof of Lemma B.3 can be obtained in a similar manner based on the proof of
Lemma A.2 provided in Bai (2009a, p.1268). ®

Lemma B.4 Under Assumptions 1-5, as (N, T) 9y 00 such that N/T — ¢ with 0 < ¢ < oo, fori=1,2,..,N and

(=1,2,..k,
T
TN — GLEY, | =0, (037) T =1,2, (B.3)
=

x x,t

T2\, - FY

( . ~ 0, (3:33) (B.4)
(AI_F%GIYFQ 2
. I
foro)n
T = Op (6;7'11) ’ (B 6)
. ’
(Fz - Fng) e )
0,3 (8.7
. /
( x F2G1> Vi 9
T =0p (6&T) ) (B.8)

B.1



T =0y (07) (B.9)
!/
N (F, —F'G,) v
1 T Pl i _ _
ﬁz ( T ) vp =0 (N 1/2) + 0y (537 » (B.10)
=1
00\ 1
G.G) — (FITFI> =0, (057) (B.11)
FO/Fm P J
’CT = Ay as (N, T) = oo, (B.12)

where we define F,, = FgGE and I' ;= G;lI‘gi, where G, and A, are invertible my, X m, matrices.
Proof of Lemma B.4. The proof of (B.3) is given in Bai (2009a, Proposition A.1). No modification is required
because of our assumption of cross-sectional independence and serial correlation of v;yy, see Assumption 2. A
similar point applies to the proofs of (B.4)-(B.11), which are given by Bai (2009a) as proofs of corresponding
Lemmas A3(ii), A4(i), A4(ii), A3(iv), A4(iii) and A7(i). The result (B.12) is given as part of Proposition 1 in Bai
(2003) with its proof therein. m

Lemma B.5 Under Assumptions 1-5, as (N,T) 2y 00 such that N/T — ¢ with 0 < ¢ < o0, fori=1,2,..,N,
(=1,2,...,k andr=1,2

T |, - FYG,|| = T"””i B -Gyt =0, (635) + 0, (1161 —I). (B.13)
(7, - FEG‘”) b =0, (533) + Oy (61 - 6) . (B.14)

(7, - FZ%G?")/ Fe_ 0, (53) + 0y (61v — 0). (B.15)

(7, - FEGy)/Fg =0, (533) + Oy (61— 6) . (B.16)

(B, - FE’G”)I 0, (052) + T %0, (6rv-9). (B.17)

(®. F?FG”) 20, (8 —0) +0, (533) (B.18)

(£ - FEGY Yo, (61v ~6) +0, (533, (B.19)

R /
) ZN: (F, - F)G,) e
VN T

=1

¥y = N120, (01v = 8) + 77120, (81— 0) + O (N"1/2) 4.0, (633) . (B.20)

FOFO\ R
G?JG; - ( yT y) = Op (01‘/ - 9) + Op (6;72T) ’ (B-21)

FUF
v U BN, (B.22)

where we define Fy, = FgGy and v,,;= G;l'ygi, with Gy being any invertible m, X m, matriz, whereas A, is also
an invertible my X m, matriz.

Proof of Lemma B.5. The proof is analogous to that of Lemma B.4 and is therefore omitted. m

B.2



Lemma B.6 Under Assumptions 1-5, as (N,T) Iy o0 such that N/T — c with 0 < ¢ < o0,
Op(0x)s [Pr, = Pro_ || = 0p(035) and [P, — P = 0,(1).

\Pﬁm —Pro

Proof of Lemma B.6. HPFI - PFQ

2 2
—tr [(PFZ ~Pry) } —tr [Py, P Py~ ProPp +Pro| =tr [Py |-
2tr [P P Fo} +tr [Ppo| = 2m—2tr [Tflﬁ‘;PFgf‘z} , where T7'F/P poF, = T7'F/ FIG, (GLFYFOG,) " G.FUF, =
72 (F;Fgeﬁ) (G;Fg']?“x). By making use of (B.5), we have T~ G, FVF, = T~'G.FYF0G,+T~'G/F (Fm - Fng) =

2 - N
= 2m, — 2t [(TT'F,FYG, ) (TT'GLFYR, )| = 2m, -

L., + O, (0y%). Hence, we have HPFI —Pro

2tr (L, + O, (6;%)} =0, (5;,%) Following similar arguments, it can be shown that HPF%*I —Pro

2
= 0, (1) is shown by the same steps as in the proof of Proposition 1 in Bai (2009a) and

1

O, (533)- |Ps, ~ Pry
the result of Theorem 1. m

Proof of Lemma 1. We begin with (A.1), which is given by

T'ZMp Z; — T ZMpoZ; = [ 8; 8;; } , (B.23)

where
Qi =T7'X{M; Mp My X; — T X MpoMpoMpo X,
Qiz=T"'X{M; Mp My X1 =T ' XMpoMpoMpo X1,
Qo1 =T7'X _ Mz M Mg X, — T‘1X§}71ME31_1MF?9MF3X¢,
Qu=T7'X| Mz MpMp X; | ~T7'X] Mg MpoMpo X;_ .

1 1

Consider first Q1. By adding and subtracting the terms we have

Quill = |[771X My, Mg Mp X, = 771X Mo MM X,

< HT*lxg (MF - MF;;) M; M X;

+ HTﬁlX;MFBMFy (MF, — Mpg) XZ

+ HT‘1X§MF3 (MF - MFS) MpoX;

X HP P H HMFMFX

Xl 1p | 12822
RV VT

XM 1]

Yy PA P ‘ 1

i [P VT

XM e Py [Mpe X,

.

from using again HPFm —Ppo|l = O, (65) and HPFv = Ppro|| = O, (6x) by Lemma B.6, H\)/(%H = 0, (1) by
Assumptions 2, 3, 4 as discussed above, and also
[Mexi]| _yx, %]
L +HPAH N —0,1), B.24
vt = TIPel g =W (524
. : < : 4 H D | S | R , )
VT VT Fu VT P
VT ST sl T



since HPFV = Hf‘y(f‘;f‘ )™ 1F' = HF/ F’ H = ||Inn, || = tr (Im,) = my. Hence, Qi1 = O, (Sx%).

By similar arguments, it can be shown that Qo1 =0 ((SN;«) Q2 = Op((mlT) and Qg = Op(é&}), which
complete the proof of the result in (A.1). The result in (A.2) can be shown in an analogous way. =

Proof of Lemma 2. The proof is analogous to that of Lemma 1 as the summation over ¢ does not affect the

results. It is therefore omitted. m

Proof of Lemma 3. We start with (A.5). First note that by using Mz = Ir — T—'F,F’, the left-hand-side of

(A.5) can be written as

N ~ —1
1 F FO . _
3/2 Z: i (Tka) ' ( + ?) F;f (szT - EkNT) Mﬁ‘mui

VNT T
N . -1
1 F/ FO " _
= JNT2 Z v (X0n) ' ( T ) F, (Zinvr — Zpnr)u
;, ) 1 .
1 -1 [ F/FO A = F.F/
i=1

=e; + es.

L« AN i
CL T NTS2 & Z G (Toen) < T Z) G,FY (Zpnt — Spnr) u
1 O (R .
B VNT3/2 ; I, (TrkN) T (Fx - FIGLE> (Bent — Znr) u

FUVN (Spnr — Spnr) u

~ -1
0 —1 F;Fg
(%) | ( = [eN

L 1o
| < \/TN;” il H T
~0, (T‘l/2)7
because || T, il = ) and H 0en) H = 0, (1) by Assumption 4, H(W)lH =0, (1), |G2]| = Oy (1), and

0r % .
Fo VN (Sinr EkNT)u’ = 0, (1) by (B.1). Thus, we have a; = O,, (T~1/2).

T
As for ay, we have the following

1 & F/ FO
lag| < N;HI‘O/H H Yon) 1” ( T

= Op (5;/;) )

!
)1 (f‘x — FgGI) VN (Zint — Bnt) U4
VT

=0, (1) and

F/FO -1
()

A~ ! —
(Fa: - Fng) VN (Zinr — Epnr) u

by using Assumption 4,

VT
k N
1 Fo */ 00 1
< T Z (fx,t -G} fm> INT Z Z Z Uis [VeirVeis — B (VeitVess)] |
t=1 =1 i=1 s=1
o 12 12 1| 1 &E "
f:z:,t — G;lfx — Ujs Uhtv&s - F (U&tvhs)}




where the second inequality is derived using the Cauchy-Schwarz inequality and the order is determined by
using Hﬁ Zle Zf\il Zle Uis [VeitVeis — B (With‘s)]H = O (1) and (B.3). Thus, e; = O, (T*1/2) + 0, (5;,1T)

Next, consider e; which is
71 F/FO\
T H s
Sl x5

et <5 (212

F, (Zent — Zint) F,

T T
_ ];Op(l) Fx(EkNT;ikNT)ﬁw 7
because [TV, | = o [T E,] = Vil = v = 0, ||[(Yo) | = 0, (1), H<T) =

0, (1), and

= OP (1)7

1 N
fzn znr 0| 2+ £ 5 e
=1

by the same arguments as above and Assumptions 1, 3, 4. We also have

N 1. _ .
H\/ ?TFQ””l (Zent — Zint) Fo
< Hw Jj\f ! G.FY (Zpnt — Epnt) FOG,

N1 _ R
+ ZGLEY (Sixt — Sivr) (Fx - Fng)

TT

N1 /= ! =
+ 77 (Fo ~FUG.) (v — Sunr) FOG,

VL (5, - R0 (B - Suve) (B, - F0G)

= ([Tl + || + [[La || 4 [[Tealf -

1
L] < VT |G|l

FYVN (Zint — Zent) F _
= VI JE=| .l = 0, (7172).

T

by (B.2), and

FYVN (Spnt — Spnr) (F;c - Fng)

[Lafl = [Ls|| < [|Gall T =0, (On7) »
because |G| = O, (1) and
FYVN (Spnt — Sinr) (Fx - F‘;Gm)
™VT
T { L (A )/
al Z T Z Z Z f .t Uﬁzfvﬁzs ) (Uévtvﬁs)]} fz,s Gzlfg s |
ro VNT =1 i=1 t=1
T o\ /2 1 Z LN 2)1/2
( Db —GYED ) T > ~T SN £ [eivveis — E (veivveis)]
-1 s=1 I=1 i=1 t=1
=0, (0n1)



where the second inequality is derived using the Cauchy-Schwarz inequality and the order is determined by
using || Az Sy S ST €2, v, — B (vervess)]| = O, (1) and (B3). Thus, ez = 0, (T71/2) + 0, (63})-

11 T T R R 11 k N
77T Z Z (fr,t G;/f3t> (f fog q) ﬁ Z Z VeitVeis — B (Veirveis)]
t=1 s=1

=1 =1

L =

)

so that, by the Cauchy-Schwarz inequality we have

1/2

1 ) |z LR 2
[[La ] <ﬁ<THFz_F2 @ > ﬁzz [NZZ[Witvms—E(Wz‘th‘s)]]

—VTO, (5:3).

Thus, e = O, (T‘1/2) + \/TOP ((5;,%) Collecting all the results, the required expression is obtained. The result
in (A.6) is proved in a similar way. ®

Proof of Lemma 4. We begin with (A.7). Following the discussion in Bai (2009a, p.1266), we have

FIG;1 - FO = (Ezl + Er2 + EatS) Qr

k. N
NT Z Z FCEPYZ’LVhF QI + % Z Z VZzPYZzFOIF Qz

Z 1i4i=1 (=1 i=1

k N
1 A
+ ﬁ é_zl Zl VeiV@Z-FQO (B28)

where Q, = (TgkNAOFI) with Y3, v = Y io1 X VEvY and Aop, = T'FYF,.
Then, from (B.28) we have

I\O/ FO/M uz

1
W; Tit

1 N 1 k N
==Y 3 Y TR FY M

i=1 =1 j=1

k N
- ﬁz %ZZFO,QLF/ FJWKJVZJM u;

1 L1 al
— 7 2 N7 2 2 T Qv vi M

Start with dy, which is given by

d, 1 A
W_NT1:1 X1 T

which is a k x 1 vector, where

We have




12N 1/2) by independence of vg; and 'ygj and the second term is O ( *1) +

as the first term is Op(
120 (657) by (B.10) in Lemma B.4. This gives the following
p (T7V2N12) 1.0, (N1) + N120, (533).

[Axnr| = O
Next,
|d1| < 1 iFO/Q Ak:NT (F _FOG ) u;
VNT NTZ -
e ZFO’Q Ay (B, - FIG, ) B P,
I—FgGw>/F2
< (3 Sl ) st | L
(Fac - Fng>/ € N
NZHF”’ . Q.|| Akl
N 'F
I‘ T
e Lt

| Arnll

N F — F '3,
(a g | ETe)
0,633 [0r (r7x14) w0

), Assumptions 1, 3, 4 and ||Axnr]|| =

% e

)+ N0, (533)]

0, (T

SUENTYZ) 4+ 0, (N7Y) +N7YV20, (657) as

by (B.4), (B.6), (B.7
shown above. We therefore have
)+ N0, (633)] -

di = VNTO, (633) x [0, (T71/2N"1/2) 1 0, (

Now consider dy which can be written as
1 1 Gn 1
0 _
ds = JNT N Z Z Z F'r/z (TgkN) "/(z)jvéjMﬁwui
0=1i=1 j=1
1 1NN k
~VNTN Z ng’;’ (Cokn (Z WJ‘%) Mg, u;
i=1 j=1 =1

N kN
di= > % > T My w,
=1 =1 =1
1 1 S 0 & 1 1 A
= UNTT FZI 2 QuF o N ezzlj;vz]vgj Mg u;
L N
= = Z JQLFL S v M W

N
1 .
Z T (C0n) ™ leplngcEkNTMﬁmui

N ~ —1
F FY .
-1 < ZT z> FlzszTMﬁ*mub
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where the definitions of Qm and A are given above. Hence, the expressions for di, d2 and d3 gives the required
result in (A.7). The result in (A.8) is obtained in an analogous manner. m

Proof of Lemma 5. First of all consider (A.9). By adding and subtracting terms and using M Fo Fg =0, we
get

x x

- i\’: I FYMp My u; = ;]T irg’ipg’MﬁxMFgui
+ == Z TYFY M ( Mg —Mpo)u,
ZF%FSI 7, — Mpo)Mpoe;
LoiFY (Mg — Mpo)(My — Mpo)u,, (B.29)

\/7 ; T x

where the second equality is due to Mpo F? = 0 and MFS u; = Mpg g;. Let us now begin with the first term in
(B.29). Since F/F,/T =1, , we have M; —Mpo =Pro —Pp = — (F oF; PFO) Using this result and by

adding and subtracting terms, we get

Z TYFY(M; — Mpo)Mpoe;
=1
N A~
1 F_F
N ~VNT ZF%F% < - PF0> Mpoe;
i=1
1 < 0 Fy (Fz F.G ) 0
!/ / /
= _W;I‘Jm T GQ?F M 0&
R 2 (Fm - Fng) ,
- SorY, - (Fz - FIGz) M poe;
=1
N
1 FO/FO R /
- WZF% G, (FI FgGg;) M poe;
=1
N 1
1 FO/FO FOIFO
- WZI‘% |GGl - ( = 1) FMpoe;
1=1
=—(e1+extezteq).

) FY (FT ngGx>

F€1
VT

T

) FV (Fm - Fng)

0 00 \ "1
Fy F/Fy
T T

by Assumptions 1, 3, 4 and (B.5).
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N FV (Fw — Fwa)
<1 Nro' Jc(E_FG F,_F'G,) M
< i el | == | (B e M

(Fm - FgGm)/ el | FY (Fz - FgGI>
T T

i=1
A, ~ !/
L& Ee Y [ FY (B - FG) ||| (e - FOGL) B || fmomo -
+W<N;H1‘m’| = - - &

again, by Assumptions 1, 3, 4, (B.5) and (B.6).

N

1 FO’FO /
e3 = F £ ( FO Gw) MFUEi
VNT & v v
FUIFO R /
Zr GG (FoGo' — F) Mpye,
1 FO/FO FO/FO -1 R /
- 0 2 w( z I) (F.G7' —F) Mpge,
VNT & T T ¥
N —1
1 FO/FO FO/FO . /
FO/ T x G_LG/ _ Tz (ng—l _ FO> M i
" \/ﬁg W . T e ) S
N

1 0 - —1 0 !
- yr (FmG _F ) M poe;
VNT &= " v ’ v

N _
1 FO/FO FO/FO
4 I‘O/. Tz [Gm G; _ ( xT T >

R ’
(FwG‘l - Fg) M poe;

x

O/ FUIFO

FO/FO -1
/ r - x (%

1 FOF) FYFY || || Ee Mrpes
wNzuerT o (22
Foe |\ || F2 |7 FUFO\ ™
SW( ||H )’ G,G, — | L=
VT ‘ T
1 Foe; |\ || FO FoR0\ | || (EYEON
+\/JV<N;||F2@| ) GIG;—< o ) <T)

=VNO, (657) .

by Assumptions 1, 3, 4, and (B.11). Now consider a; and as in e3. We begin with as which is given by
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~ !/
(FwG;1 - Fg) Mpoe;

! FF, . (FYFSN™
|a2|sﬁ;yy L [Gme—(T)

FY'F FOFOY !
Sl "T“HHGwGé—( -”T')

A !
H(FG ' F2) Mage,

N (0 (F Gl - ' . (FUFO\ !
<SVNT | & ; [ H GIGI - (T)
N;H zill VT H\f o (T) T T

= VNTO, (537) ,

by the same arguments as above and (B.6). As for a;, we have

1 N /
a = —— v (Fa:G_l . FO) M poe;
1 NT Z x1 x x FS

@ 14i=1 j=1
N
T F Vg FwMFOé:z
Y IQGL = —
e 1i=1 j=1
/
T or ( o= F GI) Vg or FYMpoe;
I‘:L’i 05
. T T
=1 i=1 j=1
=d; +ds

k N
F vy F MF0€7
i < ;;; Q.G J»Y;?; -
1 N FOIE‘ R 1 k N FIV
TR — | | i H || |1Ga o
1 & FV¢; . 1 o oL F, FO FOFRO\ ~
LY 1“21 i) Qe Il | -~ ’ v Fy

=T7120,(1) = ( 1/2)
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and

< (LS [ Yo [ 3] L3 o
B N’L:l /=1 N \/T N

Fel k 1 X o _ FO .
+ T~ 1/2<NZH ) Q. ; 7NZ JT ot

00\
y ‘ F? FUFY
VT T

712 [0 (N712) 4.0, (533)] = 0, (N712171/2) + 77120, (635

due to Assumptions 1, 3, 4 and (B.10).

F/ FO MFOEZ
ZZZF V=
Z 1i=1j=1
k N N /
1 1 —1 V@,‘si
=\NN ZZF% (Y0n) Y \/JT
(=1 1=1 j=1
k N N 0110 /
_ g1 o (o 1o Ve Fy (FFy Fysi
NTN;::U:U;FM (Con) ™ % = ( T JT
=d; +dy
Now consider dy, which is
k N N /
11 -1 VE-EZ
d, = - 1—\0/1 TO 0 J
1 NN ;;; T ( ka) 7[] \/T
E N
11 1 o V)§E
VNN s (g =
k N N /
11 1 VZ‘E’L
= Y (Y0 0 V4]
+ NN ;;; xz( :rk:N) ’Yéj /*T
=e; e

As for e, we have

/1 or By Vi
|el| = H N F (kaN) Yei \F

(=1 i= 1
f X3Sl ot
— 1/2)

by Assumptions 1, 2 and 4. Next is ey, which is
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k N T T k N T
where ApNTi = Jam Doyiy Dy Dopmy VO VLER = = Dy (ﬁ D=1 2t 7?jvéjt) €it = 7 241 Bunecit,
with Byn,: = ﬁ Z;C:l Z;\;l 'ygjvgjt. Clearly, Byn+ = O,(1) for each t, k and N as 'ygj is independent from wy;;
by Assumption 4. By the same argument, Ayn7; = Op(1) for each 4, k, N and and T because of independency of
€it by Assumptions 2 and 4. And so, due to independency of I‘ ; from AN, we have

1 _
le2] = —= L (Yn) Azl = Op(N712).
Now consider cs, which is given by
T 1 b F ng VZJMFoez
=\ F ¥ 2 331 T
=1 1=1 j=1
LSS rog P YoM
@ 1i4i=1j=1 T

li
i; 0
A, (Fx - quGI> Vlj VZ»MFSETZ‘

T 1 N
D9 9 DA A

R 0/, v
= E A Y e B s

0=1i=1 j=1
kK N N

1 1 F Vi
<122 . H ., Yz Vi

N 22 [var v VT

kK N N -

+T71 i 1 Z FglEi 0r VZJ'F.?/ FO/V@J HQ HG ” FS/FS

NHS|IVNG VT ||| VT v T
o)

where the second equality is because vng FOE; is a scalar and therefore commutable, and the order is determined
by using Assumptions 1, 2, 3 and 4. '
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k N N F, —FG,) v vi Moe,
T 1 oAy ( x T m) £j VIZj FyOEZ
da| = Vﬁﬁzz;rxiQx T T

-
E
WE

T

~=0, (T*W) ,

which holds by the same arguments as above and (B.8). By putting the results together, we therefore get

Lo FY (Mg — Mpo)Mpoe; = 0, (1).

\/72; x x

By following similar steps it is also shown that the second term in (B.29) is

ZI‘O’FO’ My —Mpo)(Mj — Mpg)u; = 0, (1).

LT T

Hence, we have

I FYM; My u; = TFY (Mp — Mpo)Mpoe;

1
VAT & r? o
I‘O’FO’ M, —Mpo)(Mp, — Mpg)u;

=0, (1). (B.30)

The result in (A.10) is shown in the same manner. m
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Proof of Lemma 6. First consider (A.11). The left-hand-side of (A.11) can be written as

| 1 X
NTNZZF (Ton) " TLVMp u;
=1 j=1
1 1 LI (&
= NTNZZ (Tka (Z’Y?j‘%‘) Mg u;
1=15=1 /=1
| 1NN »
= NT N ZZI‘O/ (Tka) 72jV2jMqui
(=1 i=1j=1
| 1NN »
= UNTN DD D T (Yhw) vGuwiMp vy
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| 1NN
= AT (kaN) Yol M Vi
VTN 222" )
1 EN [N »
= Z Z N Z Fglj (—rgkN) szu] MF Vi
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1 E N
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NT;; Fe

LA
— > ) H, M v
NI ==
1 & ML
= Z Z H2 iMF,‘.)Vh s Z Z H/ J MFO)V& (B31)
NI == VNT (=33

Now, consider the second term in (B.31). Since F/¥,/T = I, , we have Mg —Mpo = Ppo — Py =

- (F 14 -P Fo) Using this result and by adding and subtracting terms, we get

1 k N
> H (Mg — Mpo)ve
NTZ:Ii:l
1 & Yo ol
NT@:ll:l T

1 kN lé FO /
KA =
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k N / 0 —1

1 H in FO/FO
— Z 2 GwG; _ T T Fg/véi

NT =1 i=1 T T
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. (sz 1 )

(=1 i=1

0/
’ Fw Vyi

VT

) _ /RO, (52).

as u;(FI;Fgcz) < H'yg'H Fy (FI;FTGI) E;(FI;F?”Gz) =0, (6](,2T) by (B.6) and (B.7).
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X NZZHV&H T NTO, (5NT) )
(=1 i=1
by using w = 0, (657) and (F. FgTGT) =0, (65%) due to (B.8).
o xT o
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k N / 0
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H, FO| 1 & 1 w) || || FO
=) < 5 oI o) I | 2| | T = o0 0,
H T N; ¥ kN 4 \/T \/T P

by Assumptions 1, 2, 3, 4. Next, consider a; and as in the expression of e3. Start with a, which is as follows
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And so, we have
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which provides the required result in (A.11). The result in (A.12) is proved in the same way. ®

Proof of Lemma 7. We first prove (A.13). By noting that AB = AB + (A - A) B+A (B - B)7 the left-
hand-side of (A.13) can be written as

R S (FUFO L o
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Hence, by putting the results together we get the required result in (A.13), which is
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The result in (A.14) is proved by following the same steps. m

Proof of Lemma 8. We start with (A.16), which is given by

N N

1 1
—— Y VIM; u; = 7ZV;MFoui+7ZV§( - —MFO) u,. (B.33)
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terms, we get

-P F2>7 and adding and subtracting

=1 4
L NV (FFFQGT) .
G' FVu
/;NT gt T - x
L NV (FI Fng) N
Fm—FzGI> u,
VNTi 1 T (
N
1 ViF) o
_ W; T z (Fw FQJGI> u;
N -1
1 V/F() FO/F()
TTZ < )
=1

!
N |[v (F _FG ) (F _F0G ) w
1 i,—1 x x x x i
jeal < VNT - Y ’ = = VNTO, (3y7)
=1

/

~ !
(Fm - FgGI) u;

T = \/ﬁop (6&%“) )
) IU'
by using again w =0, (5;/%“)'
N
1 V/Fo FO/FO
<VN= I 1
el <N S| 7 ‘Gxex (% ) = VNO, (Ox7)

by (B.11). Consider now e; which can be written as
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1 SV (B oRG)
e G F. 'u;
VNT &= T ot e
| L Vi(RG -F) .
!/ /
— \/]WZ T G,G.F /u;
=1
1 ivi (FmG;I _Fg) (Fg/Fg>_lF0/
_ -
VNT = T T *
v vl (F.Gt - ) 00\ 1
1 i T g x F'F
+ %NTZ [GwG; ( z w) FOu,
i=1
=a; +az
Start with ap which is given by
& Vi (Faet - FY) O
s < VAT ) - c.q - (5 )
=1
=VNTO, (51?/4’})7
by (B.8) and (B.11). As for a; we have
wo LR VHEGT R ey,
= u
1 liNT o T T x Y
N k N -1
1 1 VIFO . (FYFO
— Y L v () R
i=1 =1 j=1
N k N —1
1 1 Vivii oreor FYFO 0
- F Fa: . T xT /! ;
" NT;NT;; 7 e FeQe | =7 Fou
N k N —1
1 1 Vive o o~ (FYFO
- 7 +Qu T x FO/ i
* NT;NTH; 7 VuteQa 77 =
=d; +ds +ds,
|d.|
N IR0 kN % 0rpo N —1 |07
A R IAC L S
NZ| VT N =D T T T T
1 VRO 1 kX V’V(FQC—FOGOC) 00 o/
<h S [EE s R T o () R
TNZI VT NS ’ T ’
k N N —1
11 VIFO | 1 vy, Fo FYF? Fou;
=D — > |Gl || Qu
VIN S VT I||VN= ™7 VT T VT
= 0y (033) + 0y (N71/2) .0, (T77%) = 0, (63%) .

by (B.10).




1 L&A viv, _1 (FUFO\ ! ROy,
- NNZZ ZTJF%(TgkN) (sz) Zﬂul.

i=1 j=1
N k N
1 1 Vivy , o A (FYFO\ !
ds = L ivtj z or.
N k N
1 1 Vive , (e ~ (FYFO\
= NTLNT 22T vi (B - F9G. ) Qo (S5 ) Fw
=1 =1 j=1 T
N k N
1 1 Vivy . (FUFON !
P AT NT LY e () R
1= =1j=1
=c1 +Cg,
11 Y Vv, . FOFO\ !
cr — - iVt _ |0 A T 0r
11 s Vivy, FOUFON !
= =T ;fﬂ'(Fl'_FgGI)Q*< T i) Fow
=1 =1
11 EL D Vi, FOUF0N !
- i (B w0 0
AT L gy s (B Fe) 0 () e
=b; + by
kN A 0
< T3 [ R o ey 2
NNZ:lz:l VT IIvT T ’ T VT

by (B.8).

B.23

VT




kK N N (P —FO@ / 1 070
11 V;v.‘%< e~ e w) FYF? F,'F
bal < | ey 33T (5F) Tt
NTN£=1 i=1 ji VT VT T -
NS iii Vivy, Vi (Fe = FUG,) (Fg'Fg>1 FU¢,
N NT (=1 i=1 j#i \/T \/T T \/T
7 0 _
ot o) e v,
> NT N et \/T x T T Yyi \/—
F N N 1 (R — FOG R0 —1 R0/
11 \% -Ve(x z m) FUFO\ "' F%;
S N DI IR Qx< z ) oe
N NT (=1 i=1 j#i \/T T T \/T
i 0
1 Vi (Fr FY G FO > H H 1 ZN: Vivy;
N 7y1
N &= & T VN & VT
k _
V/VKJ V[] ( ) ( O/FO> FO/EZ_
+ T xT T
sy 7
i=1 j#i
=0y (5JTIT) :
by using independency of v;; from v,; when i # j as well as (B.8).
k N N -1
1 1 Vivy 0 or
2= =N 222 VeFeGa Qe T Fou
=1 i=1 j=1
kN
1 1 VQVQ / 0 ~ O’F
- VNTNT ;; 7 VuteGeQa | =7
k N N
1 1 Vi iVej 0 0
f ALy Yy g, (B e,
0=1i=1 j#i
=Db; + by
kN
1‘ V FOIFO u;
i<y i o] e |( SN (R
=1 i=1 \/7
=0, (N712),

and also
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k. N N Iy vV FO 00\ —1 FO RO
by < | e S Yi¥uYiteg g (Fefa) et
NTN@:li:lj;éi VT VT T T "
k N N / 0 —1
11 Vive Vi FS . (FYFO\ ' RV,
e ooy Vi o, () B
VN NT (=1 i=1 j#i vT VT T VT
Yy OGQ FYFO\ ™ Fg’F0 szj
k N N / 0 -1
11 Vivey v ¥a . & (FYFO F)e;
MW IRCTALER N L
VNNT (=~ VT VT T VT
k N 0 0 — 0 0 N
<gev 2| L el | (55 | |5 || | e
_\/TNZ=1j;£i VT : : T Tl |vT =1
k N
e 99 9 ke | K [ENTTN] [y I L
VN T N2 & = f VT

QS
S

(N*W) + 0, (T*W) =0, (On%) -

by making use of independency of vy; from v¢; when ¢ # j. By adding everything together we therefore have
N

Z My, —Mpo)u;

N oy Vj o _1 (FYFON T FOy,

’Ll]l

T
”Mw

+ WOp (On7) + Op (557) -

Collecting the results together, we obtain
1 1
— VIM: u; = —— VM pou;
T & VM = g 2 Ve
N N -1
/T 1 VIV, o 1 (FUYFY FYu,
_ - - % 1-\ T Tz T

NN;J; T ( a:kN) < T T

+VNO, (OnT) + Op (657 5

which is the required result in (A.15). The result in (A.16) can be shown by following the similar steps as discussed
above. m

Proof of Lemma 9. We begin with (A.17), which is

N
—— > ViM; M; u
=

'MZ .

N
1 1
= ﬁ VQMF;)MF{I)uiqLﬁZV; (Mﬁr 7MF10) Mpgui
=1 =1
1 N
+ \/ﬁ ZV;MFI (Mﬁ'y - MF;?) u;
=1
1 & 1 &
= 7 > ViMpoMpoe; + T A (MF - MFS) Mpoe;
=1 1
1 N
Y UNT > ViMg, (MF - MF;)) u;, (B.34)

s
I
—
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where the second equality is because of Mpou; = Mpog;. Now consider the second term in (B.34). By using

M; —Mpo = — (F“fTF-; — PFB)’ and adding and subtracting terms, we get

N
1
— 3 v (Mﬁz _ MFO) M poe;
1
N A A~
1 , [ FF
= — NT ; i ( T — PFO> MF0€1
L EVi(R-Te)
= G F"Moe;
/NT P T Tt x F{I’E
X vi(R-FG,)
- F,—F Gx) M poe;
NT £ T ( z FOE&
N
1 V/F? .
- > LG, (Fx - Fng) M poe;
=1
N —1
1 V/FO FUFO0
_ 1T T GIG/ o Tz FO/M ;
NT; T v ( T ) s VREpE
:—(e1+e2+e3+e4),
N V! (F ~F'G )
1 7 T T
° = UNT 2 7 CLFMrge,
=1
L Evi(Ret-R)
!
VNT Zl T Go G Fy Mpye;
N V! (F G—l—FO) ooy, ~1
1 i T g z FVF
= Z Tz Fg/MFOEi
VNT &= T T
NV (F G*LFO) g0y, 1
1 i T g x F'F
+ G,G, — <H> FYMpoe;
VNT ; T i
= aj; + ag,

o = v Lo [Vt TR ) ey < R
HE TN & T T JT

B [T

- N&Z T T VT

N 1 -1 _ 10 1 -1
LUNL 3 Vi (FxGx Fm) FYF? FO [ Fy || || (FJFy Fle;
N & T T VT || VT T VT

by (B.8) and
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N ||V! (F Gl FO> 00N\ —1 FOM )
1 i Ty T FYF T 0E;
|32|§\/ﬁ—z GIG;—< z 90) el
N = T T VT
N ||V (F G-l — FO> oo\ 1 07
1 i\ Ty x F.'F Fe;
< N — GIG; _ < x m) H x =t
< 2| e ()|
N (T -1 _ |0 1 -1
VAR MmN LA A [t
N p T T VT VT T

by (B.8) and (B.11).

~ . ’
\' (Fz - FgGm> (Fm - Fng) Mo
T T

-~ ~ /
L N (Fz - Fng> (Fm - Fng) e

< i

SVNTR Y 7 7

v (F. - F0G,) | | (F. - FgGm)'Fg (F2’F3>‘

N
1
VN
+ N; T T T

=VNTO, (657) ,

by (B.6), (B.7) and (B.8).
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VT
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(Fz - FgG) Mo
T

ViF;
VT

|Gall

les| < VN

2 \

x

T

. ’
VIEL | | (B2 2 FOC) &

VT

1G]l

=l

1 N
<VN>
=1

(V)
Fy &g;

VT

N1 || ViFg

T N 4
=1

T

/
(k. - FG) Fy|| || /pogo
x Y
M%| yy)

= \/NOP (%:r%) )
by (B.6) and (B.7).
Fg’MF;)Ei
VT

FO/EL

FO/FO -1
G G/ x T
()

G Gl (FOIFO )

FOIFO -
G G/ x xT
|| (%)

<f

0
Fy

VT

(V)
Fy &g;

VT

V/FY F!

VN
T

oo\ !
Fy/Fy
T

=VNO, (5&%) :

by using (B.11). And so, \/% sz\;1 Vi (Mﬁm - MF;;) Mipoe; = 0,(1).
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It remains to consider the second term in (B.34). By using My —Mpy = — (FTF

PF0>, and adding and
subtracting terms, we get

—(e1+e2+e3+e4).

We start with ey, which is

~ ~ ~ /
P (FI - FgGI) (Fw - F‘;Gw) u
T T

Vi

VT

i=1
=V NTOP (5]7;) ’

(Fe—F2G,) us

by using (B.4), (B.8) and ‘ T

= Op (51:13“)

N VIM, FY
ﬁZl n
V/FO

_ ! Z 221G, (B, - FG, )

‘G, (B, —FgGy)/ui

=a; +az +as,
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where

0
VIF?

F, - F'G,) u
Wia 1Gy |l ( ) ) = VNO, (657),

T

1 N
|a1| < fﬁz

1

1=

~ li
N viE (F, - FG, ) u )
|az| < VN~ Z G Gyl T = VNO, (357) ,
=1
/
N || Vi (B - FOG) [ | £, ||| ¥ (F, - F)G,) w
ol < TR 3 | g | B | | S22 - v, a5t
o Vo
which hold by (B.8) and ‘ w = O, (6y7) as shown above.
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— 1 V;FU G G/ _ FUI Y FO/u
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N AT 0 oo\ !
— 1 Z V; z FIIFTI GyG_/ _ F’l//Fy FOluz
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N 710 oo\ 1
1 ViFy Y-y 0
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N B 0 010
_ 1 Z V;FgGCE F;Fy G G/ _ Fy/Fy FOIUZ
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N V! (F, — FO° w) £/ 10 oo\ 1
— 1 Z V,L ( IG F;:Fy G G/ _ y/ Y FO/u
VNT &~ T T v T y o
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/0 FO/FO - FO/uz
GG} - ( * ) v VO, (53
FO R0 -1 FO/uz
|ag| < N GG — | 5 == VNO, (557)
N Vf(F —FOG) - 0 orpo\ 1| g0,
1 = FG) | I, ||| F FUF FO'u,
|33|§VNTNZ : T N Tyf GyG;_< T y) || = VNTO, (oy7)
i=1

due to (B.8) and (B.21). Now consider e; which is
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e TNT T G,;Fy’uZ
i=1
= T yty Wi
NT T
1« ViF, F, (Fy B FSGy) P
_ T ; 0 7 G F, u;
LV )
i=1
_ NT; 7 7 yF W
| X V”(fi——FQGm)FC<Fy FOGy>
_ Z ! x z v G/ FO/u
yry
VNT = T T
= ai —+ ag —+ as.
We begin with as, which is given by
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1 i\Tw T z \ Lty y Ty F/u
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which holds by (B.8) and (B.14). Now consider a;. By adding and subtracting we get
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1 i Y y 7y
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Consider next bs, which is
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by (B.18) and (B.21). Next is b;. In line with the discussion in Bai (2009a, p.1266), we have

By F = W00 (0-00) WikLQ,

N N
1 ~ PN 1 N / A
o Wi (00 ) wiB,Q, + = Y w (0- 01 ) WIF,Q,
i=1 =1
1 & R 1 &
+ 7 > F e F,Q, + NT > e liF)F,Q, + ~7 > ei¥,Q,. (B.35)
i=1 i=1 i=1
! A -1
with G, = (EyNTQy) where Ey 7 is assumed to be an invertible matrix, Q, = (TSNAOFy) and AOFy =
T_ng’ﬁy and TgN = % i]il 'ygi’yg;.
By making use of (B.35), this term can be written as follows
N N orgo\ !
11 VIW, (4 ‘oo (FUFO\ T
R v DI (6-61v) (6-b1v) Wik,Q, - Fou,
i=1 j=1
N N oo\ !
11 VW, 5 aa [ F/Fy or
N N 00
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+ﬁ NT;; T (O_GIV) W] yQy < T Fyuz
N N g0 0/ 0
1 1 ViFv 0 /1 A Fy Fy 07
+ ﬁ NT Z Z T ’ije]FyQ’/ T Fy u;
i=1 j=1
N N oo\ !
1 1 Viei opod & yry 0
TNT NT Z Z T Yy Fy FyQy T F,u;
i=1 j=1
N N oo\ !
1 1 Viej 1o a F,/F, o/
+ ﬁ NT ZZ % JFUQy Fy u;
i=1 j=1
=cy+cy+c3+cy+cs+cg. (B.36)

N oo\ !
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‘C1| = WWZZ T J (0 — 01‘/) (0* 0]\/) W_;FyQy ( yT y) Fg/qu
i=1 j=1
N N 2 £
1 1 V; u; 1 W F
< \v 2| v el | 2] ) VT (e-aw)|[ ] %
= VNT N; VT \/T> N; T v T
00\ 0
Yy T \/T

-0, (N—l/QT—1/2) 7

where the order is determined by making use of vV NT (0 — é[m) = Op(1), which holds by Proposition 3.
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v (VI ) (I ) I (o= ml | 2
R FUFY\
X || Qy —T

=0, (N72) +0, (T72) = 0, (53,

where the second equality holds because u;FyQy'ygi is a scalar, whereas the order is determined by using

again vV NT (0 — 91\/1) = Op(1) by Proposition 3. As for c3, we have

11N 1K Vi || [ W R Fy |
|CS\§ﬁN; N; \/TJ H\/% HVNT(B_BI‘/l)HH\/yTH Q,
T VT || IVT

-0, (T*W),

by similar arguments as above.
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i=1 j=1
N N 110 0//0
1 1 ViFy 0 0 Yy 0
<\ 37 7r 2 2o s FIGQy Fy'u;
i=1 j=1
N N /0 oo\ !
1 1 ViFy 0 0 yFy 0
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N & ||"VT T VN & T T
0

P (T_l/Q) + 0y (5&%) +Op (N_1/2) =0p (61:7%") )

by (B.20). Finally, by similar arguments, we can show that ¢; = O, ((mlT) and also ¢ = O, (T*1/2) +
O, (6;,%) Thus, we have

1

N N
1
i=1 =1

The result in (A.18) can be shown as above. ®

Proof of Lemma 10. We begin with (A.28). By using ¥/ F,/T = I,,,, we have Mg —Mpo =Ppo —Pp =
— (F‘TF; — PF;;). And so, we get

T~2X[ (Mg, — Mpo)u;
=T7'2X[(Mj — Mpo)u

1 O

4 . /
_ D (Fx—FgG) w
1 X/FO

FO/FO -1
_ GGlf x T FOIU»L'
VI T () ]
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x; (F, - FG) Fo/
] < VT | = g H u

T
e F, (F. - F2G) FO Il
< VT |zl ||l —————=| 1G] || =% L
< VIl | = el | = |
JT \Z (Fm*FgG) FO u;
+VT G 2
e [T | | 2

=VTO, (637)

2 and HV(FFG)H — 0, (632) by Lemma B.A, |G| = 0, (1), [Tull = 0, (1)

from ‘ T

H HF”H + H\sr’” O, (1) by Assumptions 1, 3 and 4.

by Assumption 4, f =0, (1), a

x; (F, - FoG) ||| (F. - Fg(;)/ u

las| < VT T T
F/ (Fl - FgG) (FJ - Fg(;)/ u;
< VT ||yl T T
\ (F —FOG) (F —FQG)/u»
VT xT x x Ta i
= \/TOP (6;[3“) )
by similar arguments as above and L‘/(ETFSGH < ||+ WH+HA?H Fy (¥ ;FQG) HJr El(Fﬂ;FZG) H =

O, (6&%) by Lemma B.4 and Assumption 4.

~ /
(Fm - FgG) u;
T

X'FO
jag] < fH Il

~ /
(FI - FgG) u,

2
G
|Gl T

FO
< VT | Hw

. /
(Fm - FgG) u;
T

= \/TOP (6;/27‘) )

ol (F,—F°G)
T

= 0, (0y7) as shown above by using Lemma B.4 and Assumption 4, |G,|| = O, (1), [|Ts | =

[Fe]l _
VT

from ’

O, (1) by Assumption 4 as well as O, (1) by Assumption 3.
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|a4|<fHXF |GG’—<F$F”’> Fs W
T
FO ||? FUFO\ |||
<VT Tl || =2 GG’—($w> ‘
GG/ — <F2'Fg ) s
T VT
=VTO, (5;@) :
i _ —1 _ : .
from making use of HGG/ — (T7'FYFY) H =0, (5N2T) by Lemma B.4, “\\/%” = O, (1) by Assumption 2,

[[F2 ]l
By putting the results together, we therefore have

|77 PXUM g, ~ M| = VTO, (653F)

Thus,
T-V23XI My w; = T72XMpow; +VTO, (633)

The results in (A.29) and (A.30) can be shown in a similar manner. m

Proof of Lemma 11. Using the identity @; = u; — W; (élV—O) we have

N
1 -~ ~f
Ni Z éFZTSFzT NT Z €FZT£F7T

o S EM W (01v-6) (01v-6) WM, Z,
=1

N
1
-~ NT ZsﬁiTg%“iT —E1 —E; + Es.
i=1

We have
/
. 1
Byl < He eH =0, —= )
” 1| \F v — N T \/T OP N
since oy F/T ’ = 0, (1). Similarly, |Ez|| = O, (ﬁ) Also
21 ZM . W, | 1
B <THA _ H — 7R | — .
|Es|| <T'||0;v—0 NZ T Op (¥
Thus,

1 N ’ 1 N
NT Z pirSpir = NT ZSFiTS/FZ‘T + 0p(1).
i=1 i=1
as required. m

Proof of Lemma 12. By Lemma 11 and Proposition 2 we have

NT Zamsm NT Z ZMpoeieiMpoZ; + 0, (1).
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= 0, (1) by Assumption 3, ||T'y;|| = O, (1) by Assumption 4 and ”u—\/TH = O, (1) by Assumptions 1, 3 and 4.
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Noting that FE (Z;-MFSE?iE;MF;Zi) = 0 for all i # j and using Lemma B.1, £ Zi\;l Z;MFSEZE;MFSZZ- LN

limy 100 2 2, B (z;MFgaie;Mpgzi), which yields i SN, €pir&r — @ = 0, (1) when (N,T) — oo
jointly, as required.
| ]

Proof of Lemma 13. First of all, by Lemma 2, A xp — % Zf\il A7 =0p,(1) and Byr — % Zf\il B, r=0,(1),
then applying Lemma B.1 yields the required results. m

Proof of Lemma 14. See Van Der Vaart and Wellner (1996). m

Lemma B.7 Under Assumptions 2 to 4, and Assumption 7, we have

(a) sup |[TT'VI(F) —FoG )| = Op(NV1557) + Oy (N T2557)

1<i<N

(b)  sup |IT7'V] _y(F ; —Fo 1G] = Op(NY1657) + Op (N 2637)

1<i<N
(©) s T IVIES s~ Fe1G3 )] = Op(NV03) + Op(NV2T V203
(@) sup TV (S~ FaGy ) = Op(VY/103) + O, (VAT 2535 )
3

Proof of Lemma B.7. Consider (a). With the equation (B.28), we have

sup | T7IVI(FY — F,G. Y|
1<i<N

<1§u<PNN T 2IIX:Z:V Fory)v)Fy ””QxHJF & N7IT QHZZV’%W'FO’F 111G
(= 13 1 =1 j=1

+ sup N7ITT QHZZV'%V@F HQull

1<i<N (=1 j=1

Since Qm = Op(1), we omit Qg: in the following analysis. The first term is bounded in norm by

k N
T2, sup |T-V2VEO -HN—lT—1 0 v/ F
lgigNH i xH ;;7@ lj+ x

Since E||T~Y/?>V/Fo||* < A by Assumption 7 (ii), we have

sup ||T~H2VIFY| = O,(NY*) (B.40)
1<i<N
Note that N~17-1 Zif:l Z;\le 'ygjvéjfm = Al yr = Op(NTYV2T=1/2) £ O\ (N~1) + O,(N~1/2557) as shown in

the proof of Lemma 4, and with (B.40), the first term is O,(N~Y4T=1) + O, (N=3/4T~1/2) £ O, (N~V/AT~1/252).
The second term is bounded in norm by

N k N
sup NI DD D ViveygllIT T AR TR |
1<i<N =11 =1
k N
= sup N !'T7Y ZV/Vp]’Y | x Op(1)
1<i<N ==
k N k N
1 1 ! 1 1 / 07
< s NTTUS S IE(Vive) i+ sup NS S (Vive = B(Vive)
1<i<N =1 =1 pfe
k kN
SNﬁl. sup T~ 1E V/V,@ sup . + Sup N~ 1T 1 VV[ _E V;Vg o
22 T BVl e @; i = E(Vive) vl

=0, (N*1) + O (N~VAT-1/2)
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by Assumption 4 and Assumption 7(iii). Consider the third term. We have

su T-Y2v,||2 = su 71! v
1§£N\\ ill uwp ZZ Vit

=1 t=1
k T k T
< 7! E T2 T-1/2 — Ev},) < kA + O, (NY21~1/2
< s TS B T s TR S (i, Eid) < kA4 O )

(=1 t=1
=0,(1) + Op(N'/2T71/2)

(=1 t=1

since E||T-1/2 Ee 1 Zt (02, — Evi,)|I* < A by Assumption 7(iv). With Assumption 2 and 3, we can show that
E|N-V2r-15 ijl[v@vej E(vevy;)FQ|[* < A. Thus, the third term is bounded in norm by

k N
sup TV INTITT Y TS v T ~F.G, )|
/=1 j=1
k N
+77t. sup INT'TES TN T VIE(v v FY - 1GL
1< (=1 j=1
k N
+ NTVEP2 S T2Vl - INTV2TEY 0 " vevyy — E(vigvi)IFSIIGS
v =1 j=1
=0, (057) + Op(NYPTV265) + O (NYAT 1)
where |[N=1T-1 Y5 12 "y Ve visll = Op(657), which suggests from

(=1 j= s=1t=1 =1 j=1 B 41
T T k N E N T T (B.41)
<AN—'T™ 1 Z ZZZ |E (Uéjsvfjt = AN~ 1 ZZ [ ZZ Ué]svfjt :| < Av
s=1t=1 ¢=1 j=1 /=1 j=1 =1 t=1
and
k N
BN S vyl — Evegvil?
==t (B.42)
T T k N
:T_QZZEI:N_l/QZZ(’UZ‘]S’U[]t E(’Uljsvgjt)] < Aa
s=1t=1 (=1 j=1

given [N~1 Y05, Z] LE (vejsvege) | < NTUSSE E 1/ B Evg, < A and Assumption 2(iv). Collecting the

above three terms, the claim (a) holds. Closely follow the proof of (a), we can derive (b), (¢) and (d), thus details
are omitted. This completes the proof. B

Proof of Lemma 15. Consider (a). The left hand is bounded in norm by

N
NTITT! Z I FY Mg will + N7 [ ViMgowi — VM, ui|
i=1 N

Consider N7~ va T FO’M ul|| which is bounded by N 17! Ziv 1 1Tl ”Fg/ME u;||. Note that MFgFg =

xi x

, we have Mg F) = (Mg — Mpo )FO We expand TMg — TMpo as following

- N N N FO/FO 1
~(F, - F’G,)G,FY - F'G,(F, - F'G,) — (F, - F’G,)(F, - F'G,) - F (GmG; — (%) > FY,
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then

N
N7EY T 1T FY Mg

N N
SN T[T 72FY (Fa — FOGL)GLFYwi|| + N7 T[T FYFOG, (Fr — FIG.) uy|
=1 =1
N
+N7! Z [Tl ||T_2F2/(Fz —FG,)(Fs — FgG:r)lui”
=1
N FO/FO -1
NS Il ER (Gae - () )R
i=1

=B; + By + B3 + By

Consider By. Given u; = F%~. . + ¢;, we have
y Tyi )

N
N7y Tl T Y

i=1
N N

SN Tl T FYEG |+ N7HY Tal |77 FY el = O,(1)
i=1 i=1

Thus, B; is bounded in norm by

N
N7 Tl T B wil] > 1T FY (Fe — FOGL) || Gall = 0,(657)
i=1
Similarly, we can show that By = O,(dy%)-
Consider By. The term is bounded in norm by N~ "N [T, |||T~ 1 (F, —FG,) w||- | T~/2F9 ||| G, |, which
is O,(1)-N~! El T T~ (Fy — FOG,) u;||. Furthermore, the term N ~* Zfil Il [| T~ (Fy — FG,) ;]| is
bounded in norm by

N
N7 ITaillyy T (e — FOGL) Fy | + N- 1ZI\I“MHIIT HF.GL - FY)eill]|Gal

=0,(0x7T)

by Lemmas B.5. Thus, By = O,(dy%). Analogously, we have B3 = O,(dy7). Collecting the above four terms, we
have N=171 52, [T FY Mg, wi| = Op(037).

Next, we tend to prove that N~17~1 ZZ]\LI VMg —Mpo)u,|| = O,(657). Since Mg —Mpo = —TY(F,—
F'G,)G.FY - T-1F'G,(F, - F'G,) — T~ (F, - F'G,)(F, — F'G,) — T~ 'F° (GIG;, - (T—ng’F)‘l) F,
we have

N
NI T ViMp, — Mpo )uy|

=1

N N
=NTUY T PVIFs ~ FUG)GLE w| + N7 Y TP VIFGa(F, — FG.) ui
i=1 1=1
N N R N
NS TTVIE, ~ FUGL)(Fs — FOG,) w| + N7 Y7 [T*VIFY(GL G — (T7FYF) T )Fu
i=1 ]

=B5 + Bs + Br + Bs
We bound Bjs in norm by

N
N7 ITTIVIE, — FOG)|IT ™ FY wil||Ge |

i=1

N N
SN T VIF, = FOG) [y llI T FYEY |Gl + NP T Vi(F, — FOG,) ([T FYe||Ge |
i=1 i=1

=0p(dy7)
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by Lemma B.4. With Lemmas B.4 and B.5, B¢ is bounded in norm by
N ~
N T VIRIT (B — FOGL) w||Ge || = Op(T~V/2557)

Similarly, we can show that By = O,(0yp) and Bg = O,(T~1/252.). With the stochastic orders of the above eight
terms, we obtain (a). Following the argument in the proof of (a), we can derive (b).
Consider (c). The term is bounded in norm by

sup [T XM X; — T~ X Mpo X,

1<i,j<N
< sup ||T7'T,,FYMg Folyl|+2 sup |[[T7'V Mz Folu[+ sup [|[T7'V;(Mz — Mgpo) V|
1<i,j<N v 1<i,j<N ’ 1<i,j<N i ’
=C1+Cy+C5
C; is bounded in norm by
sup |[T7'T, FYMg FOT,| = sup [|T7'T};(F) —F,G; ) Mg (F) —F,G; )T
1<i,j<N 1<i,j<N ©
<( sup |[Tail)? - [T7V2(F - Fo G112 = Op(N2657)
1<i<N
Ignoring the scale 2, Cs is bounded in norm by
sup ||T7'V)(Mg — Mp)FoI,|
1<i j<N ‘
= sup [T72V)(F, - FYG,)GLFYFT,| + sup |[T7*V,FoG,(F, — FIG,)FIT,,||
1<4,j<N 1<i,j<N
+ sup [T72VH(E, — FOG,)(F, — FOG,)FOT, | + sup [T72ViF%(G,G, — (T7'FYF) " )FYFIT,,|
1<i,5<N 1<i,j<N

We bound the first term in norm by

sup || T7V(Fy = FG,) |- sup ||Tus[[|G Il T FYFY| = O, (NV/2657)
1<j<N 1<i<N

With Lemma B.4, the second term is bounded in norm by

B "VIFD - bugNHl“mHIIGxHIIT’l(IA‘“w—FO o) Foll = Op(NY2T =126 7)
<j< >

Given Lemma B.4 and Lemma B.7(a), the third is bounded in norm by

sup |7~ 1V,( - FgGw)” © Sup ||T_1(f‘9: - FgGw)ngrwiH = Op(Nl/Q(S;/%)
1<j<N 1<i<N

the forth term is bounded in norm by

sup [T~ 'VIFQ||- Sup ITill[| GG, — (T 'FYF) T FYFL| = O (N 2T71/257)
1<j<N <i<N

by (B.40) and (B.11). Thus Cy is O,(N'/2532). Cs is bounded in norm by

sup [|T7'V (Mg — Mo ) Vi|

1<4,j<N

= sup |T?V)(F, —F)G,)GLFYV,|+ sup [T °V/FIG,(F, — FIG,) V|

1<i,j<N 1<i,j<N

+ sup |T2VHF, - FOG,)(F, - FUG,)'V,| + sw [T*V/FYG,G, — (T"'FYF) HFYV,|
1<i,j<N 1<i,j<N

The first term is bounded in norm by

sup [T V5(F, — FOG,)| - sup [[T7'FUV,[| - [|Ga| = Op(NY/2T71/252)
1<j<N 1<i<N

Similarly, the second term is O,(N'/2T~1/2§32). The third term is bounded in norm by

~ 2
((sw T VI(E, ~ FOG)I) = Op(N/205)
1<i<N
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The fourth term is bounded in norm by

T s [TTVAVIELE GG, - (TTEYE) T = 0,V AT )

With the above terms, we have Cy = O,(NY/2T~1/25.2) 4+ O,(N'/2557). Then, we have (c).
Consider (d). The term is bounded in norm by

e IT7'X5 Mg Mp Mg X = T7'X) Mg MpoMpo X
< 1;;;21\7 ||T71I‘;ng/,71MFT‘_1MFmMFT‘_ng,flrxiH

+21S§3};N||T71V;,—1MF%_1MFTMme_ng,—lI‘miH

+ S 177V 1Mz Mp Mg —Mpo MpoMpo V|
=C4+C5+Cs

For C4, we have

Ca= sup [T7'T0,(F, .~ Fo1G7)Mp,  Mp My () —Fo 1 GE ) Tai
1<4,5< ’ ’

<( sup [[Tqil))? - IT72(F) = Fo 1G> = Op(N'/2657)
1<i<N

Ignoring the scale 2, Cs is bounded in norm by

sup [TV _ Mg MpMp  (F)_ —F, G} )y

1

1<ij<N
< sup HTﬁlV;,—l(Fg,—l_Fw,—leil)Fa‘i”
1<i,j<N
+3 sup T2V, _\F, 1 F, _((F)_, —F, 1G, ),
1<i,j<N

+ sup ||T72V;7_1ﬁrﬁ;(Fg7_1 - f‘x,—lGiil)Fri”
1<i,j<N

+ sup ||T73V;‘,—1ﬁr,—lﬁg/c,—1ﬁrﬁa/:(Fg,—l - Fz,—lG;71>FIi”
1<i,j<N

+ sup [TV, E,FLF, FL _(FY_ —F, G T,

x

1<i,j<N

+ T4V’ _|F, 1 F. |F,F'F, F. (F% | —F, _1G: .|
1<S,u,EN j—1tz, =18y 1zl g e, =18 ¢ —1 z,—1 T,—19y xi
RSV

With Lemma 15 (b), the first term is bounded in norm by

sup [TV (F, Fo 0G| osup Dol = Op(N'2057)

xr,—1
1<j<N 1<i<N

With Lemma 15 (b), the second term is bounded in norm by

Sup HT?IV;,—lﬁL—l” 121-151\1 I ||T’1ﬁ;7_1(]5‘.07_1 ~F, G Y
717

1<j<N ’
=0,(057) - sup |T7'V) _ Fy | sup [[Tull
1<G<N 1<i<N
<Op(SNPIGEI - sup (|T7"V5 _FO 1| sup || Tull
1<5<N 1<i<N
+0y(03%) -+ sup_ [TV} (B, = F2 _,G3)| sup |[Tu
1<j<N ’ ’ 1<i<N
=0, (N'2637) + Op(NV2657) = Op(NV2635)
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Analogously, other terms can be proved to be O,(N'/255%). Then Cs = O,(N'/255%). Consider Cq, we have

S IT7'V5 (Mg, M Mg = Mpo MpoMpo Vi |
< 1;31;\] ||T71V;,71(Mﬁx7_1 —Mpo JMpoMpo Vi |

2w TV My (M, —Mpg)Mpy Vi

+ Sw TV Mpo Mey(Mp, , —Mpo_)Vis

+ S TV (M, =My )My, ~Mp)Mg Vi

+ 1;};};\{ 1TV _1(Mp, |~ Mpo  )JMpp(Mp  —Mpo Vi

+ sup [[T7'V)_ Mpo  (Mj —Mgo)(Mp  —Mpo Vi
1<ij<N - 7

+ sup ||T™ 1VJ—1(MF,,

s e " Mpp (Mg, —Mpg)(Mp, | = Mgy )i
]S

Following the argument in the proof of Cs, the first three terms are shown to be O, (N'/2T=1/252)+0,(NY/25 7).
Note that Mg — Myg = —T~(F, — FOG,)G,FY — T-1F0G, (F, - FUG,)’

T YF, - F'G,)(F, - F'G,) — T~'F? (GJ.G; - (T—ng’F)‘l) FY and M —Mpo =

- Tﬁl(f‘m,—l - Fg,—lGr,—l)G/ 1F Tﬁng,—le —1(/\96 -1 FO 1Gao 1)

z,—1
T (F, 1 —FY_ Gy 1)(F 1 —FY_ Gy 1) — TR (Gr LG~ (T7'FY_F)” ) FY_,. We can
substitute MA —Mpo and MA T MFo o with the above two equations, then follow the argument in the proof

of C3 to derlve that the other ferms are o L(NV2T=125 2 4 0,(NY2647). Thus Cg = O,(NY2T—1252) +
O,(N'/25,1). Collecting the above terms, we have (d). Analogously, we can prove (e), Thus the details are
omitted. Thus, we complete the proof. l

Proof of Lemma 16. Consider (a). Define ppax = SUpPy << N |pi|. Note that y; = piy:—1 + Xu3; + Fyv, +€i
then

= Z Xi,—sBip; + Z Fy _svyipi + Z €i,—sPj ; (B.43)
s=0 s=0 s=0
and
9] [eS) &S]
Yi—1= Z Xi,—sﬁip?_l + Z Fy,—s’Yyipf_l + Z 51,—sp18 ! ) (B44)
s=1 s=1 s=1

With (B.44), we can derive that

sup [|T'X{Mp yi 1 — T~ ' XMpoyi |
1<ij<N :

< sup [T 1ZX’ £~ Mpo)X; 8,057
1<i,j<N

+ sup [|T7'Y XMz —Mpo)Fy _ov,i0i 4+ sup |[T71Y Xi(Mp — Mpo)e; _opi!
1<1,J<N” Z F, Fm) Y yiP H 1< 17<N” ; F, Fx) p ”

=D; + D, + Dy
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Consider Dy, which is bounded in norm by

su T2 XU (Mg — Mpo)Fy _oy,i00 "
1<”2N|| Z P, F,L,) y,—sVyiPi |

< sup T2y X\(F.—F°G,)G.FUVF, vy,.p.""
S Z ) Yyipi I

© o 723 XIEUG (B, — FUGL ), vyl

1<4,j<N ——1
s TS XUE, - FOGL)(FL - FUGLF, 0l
1<i,j<N ——1
FYFO\ -1
+1<§£ENHT 2ZX/FO (GxG;_( T ) )Fg,Fy’_57yzpz il

=Ds 1 +Doo+ D2.3 + Doy

Note that
sup [|[T7'X(F, — FIG,)|
1<i<N
< sup |Tul|T7'FL(F, — FOG,)|| + sup [[T7'VLF, — FOG,)| (B.45)
1<i<N 1<i<N

=O0p(NYA037) + Op(N'2T 12057

The term Dy ; is bounded in norm by

oo
sup [|T7'X}(F, — FOG.)| - sup |1yl - sup > T 'FYF, _[lp:*~" - [|Gal
1<i<N 1<i<N 1<isN ‘=

:12“£NZ||T TFURy, lloi|* Tt [Op(NY2035) + Op(N¥ATH253)]

:Op(Nl/Q‘SNzT) + OP(N3/4T_1/26]:1T)

since liup Zs‘ 1 ”T 1F0/F *S|||p1|s ! < Ze 1 ||T 1FOIF *S”pmax - OP(]-)’ which is lmphed from

Z ||T 1ITOIF%*S||pmax)

s=1

(B.46)
<meax\/E”T V2ZRO|PE|T-12F, | < Azpfnal <A
With prmax = sup;<;<n [pi| < 1. Similarly, we have Dg 4 = Op(Nl/Q(S;,zT). Because

| kX L.
i/ 1 0r _ I A T 070/ / / 10
B, —GLFY = oD > GLQUFveriFY + >0 D GLQUFL R v,

(=1 i=1 =1 i=1
| kN
I A T/ /

~
I
—
-
Il
—
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the term Dy 5 is bounded in norm by

sup || T2 Z X'FOG

s (Fy —FUG,)Fy _y,i0 |
<i,j<
<1sgp 1T~ XFL |Gl - S 17 12 F, —FyG.)'Fy—v,0 |
=0 N1/4 . su T 1 _FO /F Vi s—1
p(NVY) - sup | Z 7yifi

<OL(NY*) - |G ]|[|Q ]l -  Bup N7y

<i,j<N

Mw
Mz

éh’}’ehF Fy,—s’sz‘Pf_l [
s=1

~
Il

1

>
Il

AR

O,V G| Qu] - sup [N
<i,j<

Mg
W

FLFOy0, v, Fy —e')’yipf_ln

w
Il
—
o~
> |

+O0p(NYY) G |Qull - sup [[NT'T™2
1<i,j<N

Mg

0/ / s—1
Fovanve ¥y —s7yip; [
S

1¢

1

>
I

1

Note that N~'T~1 Y, D i1 F' vyl = Apnt = Op(N~Y2T771/2) + 0, (N~1) as shown in the proof of Lemma
4. With (B.46), the first term is bounded in norm by

k N
Op(NYH) A INTITN N vyl - sup vyl - T 1ZIIFO/F sl b
—n 1<i<N
:OP(T_l/Z) + Op( ~1/2

Similar to the argument in (B.46), we show 322, [N~1/27-1/25°0 SN 40 v/ F, _||lp5al = Op(1). Then the
second term is bounded in norm by

k N
Op(N=HATY2) TR - sup [yl SN TS S v,
s=1 =1 h=1
:OP(T_l/Z)

The third term is bounded in norm by

k N
Op(N'/%) - sup vyl - ZHN Ty D EvaviFy ot
s=1 {=1 h=1
Note that

k N
G FUvy vy Fy o+ N1T72 ZZ (F, —FG.) E(venvi,)Fy—s
/=1 h=1

1
k N
—2 2 : 2 : 0 / /

- E(Véhvzh))Fy,—s
(=1 h=1

then following the argument in (B.46), we can prove that

ZHN 1T QZZF véhvéhF%—SHpmax =

= 0,(057)
(=1 h=1

then the third term is O, (N'/2632.). Thus, Dy = O,(N/252.). Analogously, Dy 3 = O,(N/2537)+0,(N3/4T~1/257)
With the above four terms, Dy = O, (N'/205%) + O, (N3/4T=1/25.2).
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Consider D3, which is bounded in norm by

su T Xi(Mp — Mpo)e; _opi™?

1<17J2NH Z Mp, r)€i—spi |

< sup [T 2ZX/ FgGm)G;Fg/ez—spz gl
1<i,j<N

+ sup T~ 2ZX’FO (F, —FG,)e;_ oY
1<i,j<N

+ sup [T QZX/ _FgGm)(ﬁI_Fngysi,fSPiilH
1<i,j<N

FUFO\ -1
(GwG; - (—”“T ””) )Fg’sl,—spz Yl

+ sup [|[T7?) XIFY
1<i,j<N || Z

=D31 + D32+ D3‘3 + D3y

Note that sup;<;<y ||T_1X;(I?‘ -F'G,)|| =0
norm by

(NV452) + Op(NY2T=1/25.2), the term Ds; is bounded in

sup [[T7'X}(F, — FIG,)

1<i<N

su T'FY; |- ||G.

<£N§jpmxn I G

sup mean—”QFO’ez ol [Op(NYAT=Y262) 4 O, (NV2T 1632

1<i<N

=0 (N3/4T—1/25];2T) + O, (NT155%)

because sup T2, pik|I T2 FYe | =
1<i<

O,(N'/?), which is given by

Z ana}c”T 1/2F0/€z -5 H

SN prk e BT 2F Y e [T 2FY e |

s=1 s=1t=1
SIS
< E E s—1 t—1

pmaxpmax

o = (B.48)

\/EHT V2FYe; J|PET-V2FYe; 4[> <A D phkpha < A
s=1t=1

Similarly, we can prove that D3 4 = Op(N3/4T*1/25X,2T) The term D3 5 is bounded in norm by

sup ||T~ 2ZX’FO (F, —F°G,) e;_p5 "
1<i,j<N

Sup ”T IZF 7FOG )Ei—spz 1”

s=1
<Op(NY*) - sup [N
1<ij<N

< sup [T XFY|[G.| -
1<i<N

Zh'YehF é'z,—spf

I

c© k N
Op(N')+ sup INTITY S B e
1S

/=1 h=1
oo k N
T 0NV sup NIRRT B vavinei o
1stjsN s=1¢=1h=1
The first term is bounded in norm by

o k N
Op(N1)- sup INTITTRDS TS Bovey i E el
WA

s=1/¢=1 h=1

k N
Op(NHAT ) IEUENZPMHT VIRl INTTT Y S Bl

:OP(N1/4T71) + Op(N

£=1h=1
71/4T71/2)



with N=17=1 50 Zjvzl F' viny9h = Apnt = Op(N~Y2T-1/2) 4 0,(N~1) and (B.48). Then the second term
is bounded in norm by

N
Op(NTVAT™2) - IT 'R FY| - Sup meaxllN VAT 1/QZZVQ;LV2h€i,—SII

-0 (N1/4T71/2)

because E(322 | pinl[N=V2T-1/2570 SV 49 vl e, |[)2 < A, which can be proved by following the argu-
ment in the proof of (B.48). The third term is bounded in norm by

N
O,(NV*) . sup |N~'T- Z Fovanvinei—sp] |
1<i,j<N s=1¢=1 h=1
o k N
SOL(NYAT™1) |G| - s NT ZZZ IESVen | IVinei,—sllpiax
]S> s=1¢=1 h=1

+ OP<N1/4T_1) ) Hf‘w ~FGy|- SUP N7 Z | Z Z VenVin€i,—s|| Pinax
s=1 /{=1h=1

:OP(N1/2T71/251T/;)

Thus, D32 = Op(NYAT~Y/2) + O,(NY/2T~1/25}). Similarly, we can show that D33 = O,(NV4T~1/252) +
Op(NY2T=1253) 4+ O,(N3/4T~1553). Combining the above terms, we have Dy = O,(N3/4T-1/25.7) +
Op(NT1032) + Oy (NVAT1/2) 4 O, (NPT 12531,

Note that X; s = F; _.I'z; + V; _s, we can follow the arguments in the proof of Dy and D3, and then have
Dy = O,(NY26535) + O, (N3/4T=1/252) + O, (NT~163%) + O, (NV/4T=1/2). Thus, with the above terms, claims
(a) holds.

Analogous to the argument in the proof of (a), we can derive (b). Thus, we complete the proof. B

Proof of Lemma 17. Consider (a). As E|T~'2[V/V, — E(VIV))]|* < A and E|T~Y2V/FI|* < A,
supy ;< | T2 [ViVi = E(VIV))]|| = Op(N'*) and sup ;< [T~/*ViFY||> = Op(N'/?). Thus
sup || T7'X/MpoX; — T~ E(ViV,)|

1<i<N

=772 sup [TV [ViVi— E(V{V)I|+ T " sup ||T'>ViF)|P|[(T'FYFY) Y|
1<i<N

1<i<N
:OP(N1/4T—1/2) + Op(N1/2T_1) )
Similarly, we can prove (b) and (c). Consider (d), which is bounded in norm by

sup |77 X[ Mpoyi—1 — T E(ViV;_.)B:0 |
1<i<N =

oo
< sup [T7'ViMpoyi 1 =T~ 'Y ViVi B,
1<i<N s—1

+ sup [T ! Z V iVi—s — E(V Vi -s)1Bip; 1”

1<i<N o—1

o0
< suwp |1 'VIProyi, il + sup 17 Wiy =T Y ViV Bipi
1<¢ s=1

+ sup [T Z [ViVi—s — E(Vévi,—s)}ﬁmf_lll
1<i<N s—1
=F; +Fy +F3
As

oo oo oo oo
Yi—1= Z Fw,—srwiﬁipfil + Zvi,—sﬂipfil + Z Fy,—s'Yyipz"Sil + Z 527—spf !
s=1 s=1 s=1

The term F; is bounded in norm by

sup HT 1ZVPF0Fw —s :m/@p 1||+ Sup ||T 1ZVPFUV2,7sﬂp 1”

1<i<N s—1 —1

+12“5N”T 1ZV'PF0F —sYyiP} 1||+ sup [ T° 1ZV Proei,—opi ',
g s=1 s=1
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The first term is bounded in norm by

TR sup (7= 2ViEL T 11851 ZIIT V2P s s (T FYED) M T 2F|

1<i< o—1

=0,(T~?%)- sup (|7 VAV 1T 11831 ZIIT Y2y, llphnax = Op(NTAT7H2)

1<i< o—1
because
E(|T7V2VIFS T8 1)* = E|T~>ViFS|*E|Tw | *E|8,]* < A
and -
EZ ||T_1/2F *S”pmax Z

s=1 s=1

Similarly, the third term is O,(N'/4T~1/2). The second term is bounded in norm by

=t sup ([T VEVIFL18:) - sup ZIIT VYV sl phaas - 1T FFG) Y|

1<:< 1<i<N

— Op(Nl/QT—l)

Hpmdx

=0,(T71) - sup (T~ 2ViEL B - sup ZIIT VPRV
1<i< 1<i<N

with E(3>.22, |TY/2FYV;, ,SHpmax) < A. Similarly, the forth term is O,(N/2T!). With the above four terms,
F; = op(N1/4T—1/2) + 0, (N/2T-1y,
The term Fy is bounded in norm by

su 71 VFI N 1
s 7Y Bl

s=1
+ sup [T~ 1ZV Fy_vyihi 1||+ swp (177 1ZV’€Z o
1<i<N o—1 s—1

The first term is bounded in norm by

T2 sup (D e T2 ViFa ol [Twill1B;]) = Op(NVAT712)

1<i<N i

because
medxHT_l/zV’ esll - ITal1851)*
=E( meaxHT VAVIF, )" BT E|8:)* < A

Similarly, the second and the third terms are O,(N'/4T~1/2). Then Fy = O,(N'/4T~1/2). Consider the term Fj,
which is bounded in norm by

T2 sup (3 bl T VIV = B(VIV I8 = Op(NAT712)
== s=1

since the forth moment of the term in the parenthesis is bounded. Consequently, claims (d) holds. Following the
argument in the proof of (d), we can show that (e) holds This completes the proof. W
Proof of Lemma 18. With the definitions of A; 7, B; v and Lemmas 15, 16 and 17, we can derive that
sup ||Ai,T - Ai,T
1<i<N
sup || By — Birll = Op(N'/2637)
1<i<N (B.49)
SUP ||A1 T—Air| = Op(N1/4T_1/2) + Op(N1/2T_1)
1<i<

Sup HB% r—Birl = Op(N1/4T_1/2) + Op(Nl/QT_l)

1<i<

| = Op(INYVZ+ N¥AT™2 4+ NTTUoRT) + Op(NVAT1/2)
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Since 1*3;} ~B;; =B, ;(Bir — BLT)B;} +B; 1 (Bir - Bi_,T)(B;_;, —B;}), we have

sup IB; 7 — Bzl

1<i<
<12up IIB,TH sup IBi,r — B, Sy IB; 7l
i< - (B.50)
+ sup IIBlel suwp IBi,r — Birll S 1B, 7 — B 7l

1<i<

=0(1) - sup ||Bi,T_ Bir|+ [0 (N””‘T 1/2)+O (NY277h] sup B — Bzl
1<i<N 1<i<N ’ ’

Given N/T? — 0, the second term is 0,(1) - sup;<;<n |B; ;. — B, %||, it means that the second term is not the
leading term while the first term is the leading term, thus

sup [|IBIf ~ BrH| = 0,(N/AT7Y/%) 4 0, (NPT (B.51)

1<i<

which further means that sup; <;< v HBZ_%H = 0,(1) by triangular inequality with sup; <<y HB;%H = O(1). Then,
analogous to the argument in (B.50) and (B.51), we have
2—1 -
sup [|B, ¢ — Bzl = Op(N'/?657) (B.52)
1<i<N
By Lemma 14 with Assumption 6 (iii), sup;<;<y [7ir] = Op(InN) for 2 < r < k + 1, which further im-
plies that sup;<;<y [Bir] = Op(InN) for 1 < r < k. Then, we have sup;<,<y 18;1I < SUPj<;< N Z]::1 |Bir] <
Zle(suplgiSN |Bir]) = Op(InN). Note that

N (TOXE BV TOUEVIV) (8, 0
T Tyl 1E(V, Vi) T'E(V]_,Vy) 0 I

it’s easy to show that sup; ;< [[Ai 7| = Op(InN) with prax < 1 and sup;<;<n [|8;]] = Op(InN). With (B.49)
and the triangular inequality, we have
sup |A; 7| = O,(InN) (B.53)

1<i<

Note that sup; <<y HP’:%H = 0,(1), with (B.49), (B.52) and (B.53), we have
2/ z2—1z2 , =1
sup ||Az TBz TAz T — Ai,TB;,TAi,TH
1<i<N

2 ~ ~ ~ 2 —1 ~ ~
<2 sup [Asr —Air| sup [[Aiz|l sup [[B;zll+ sup |[B;r—B;z| sup [[A;ir|?
1<i<N 1<i<N 1<i<N 1<i<N

1<i<N
2 51 2 i 570 5 n (B.54)
+ s |Air —Aurl? sup IB; 7l +2 sup [|[Asr —Air| sup |B;p—B; 7| sup [[Air]
1<i< 1<i<N 1<i<N 1<i<N 1<i<N
2 -
+ oswp |Air —Air|? sup 1B — B 7l
1<:< 1<i<N
=0p(N 1/ ?(InN)?057)

Analogously, with (B.49) and (B.51), we have

s AL B Aur — ALrB AT = O (VYA (IN)T ) 4 0 (NN T )

Suppose sup; <<y [|(A] 7B 1A )7 = O,(InN), we can follow the argument in (B.50) to show that

swp (AL BAL) T~ (ALrB AL T = O, (NN T 4 O (N AIN)Y'TT) (B5S)

given N1 /T? — 0 for any ¢ > 0. Then with triangular inequality, sup; <,y ||(A;T]~3;%A1T)*1|| = O0p(InN).
Thus, we have

sup [(A] 7B; ;A1) Al B 1| = Op((InN)?) (B.56)
1<i<N ’

Then, we prove (b).
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In addition, with (B.54), using the argument in (B.50) again, we can show that

2l 2-12 ~ ~ -
sup [[(A; 7B, rAs 1) — (Al B 1A 7) 7| = Op (N2 (InN)*637) (B.57)

1<i<N

2/ 2—1z2
and sup; <;< v [[(A; 7B; 7 Ai 1) 7!|| = Op(InN). Combining (B.52), (B.49) and (B.57), we can derive that

2/ 2—1z2 2/ =2-1

131?]\] H(Ai,TBi,TAi,T)_lAi,TBi,T - (AQ,TB;%Ai,T)_lA;,TBZ%H
_1‘_

=0,(NVAT7V2InN) + O, (NY?(InN)?6 %)

Thus, we prove (a). With (B.49), (B.51) and (B.55), we follow the argument in the proof of (a) to prove (c). This
complete the proof. B
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Appendix C: Additional Experimental Results

Table C1: Bias, root mean squared error (RMSE) of IV2°, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous
slopes with {p, 81, S2} = {0.8,3,1} and m, = 3/4, correlated factor loadings in x1;; & uy

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.8,3,1} and m, = 3/4

V2P QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 o0 -01 -01 00 -06 -08 -10 -10 -15 -15 -15 -15 -58 -6.1 -6.1 -6.2
50 -0.1 00 00 00 -0.2 -03 -04 -05 -08 -0.7 -0.7v -0.7 -21 -21 -23 -24
100 -0.1 0.0 0.0 0.0 0.0 -0.1 -0.2 -0.2 -0.5 -04 -04 -04 -04 -06 -0.7 -0.9
200 0.0 0.0 0.0 0.0 1 00 -0.1 -01 -03 -03 -0.3 -0.3 0.2 0.1 -0.1 -0.2
RMSE (x100)
25 5.2 36 26 1.8 1.5 1.3 14 12 42 32 26 22 6.7 6.7 65 6.5
50 30 21 14 1.0 08 06 06 05 30 21 1.7 1.3 26 24 25 25
100 20 13 09 0.6 05 04 03 03 22 15 1.1 0.9 1.0 09 09 1.0
200 1.3 08 06 04 03 02 02 01 14 10 08 0.6 0.7 05 04 04
SIZE: Hy : p = 0.8 against H; : p # 0.8, at the 5% level
25 75 6.2 46 53 250 34.1 51.8 724 87 9.7 161 258 579 834 96.5 994
50 83 63 63 57 163 206 343 56.0 59 6.2 7.6 107 383 61.3 86.8 974
100 91 6.5 50 48 132 142 227 395 6.5 64 64 85 16.1 31.5 54.1 825
200 84 56 59 51 128 11.0 144 214 59 52 64 80 16.6 20.0 25.0 444
POWER (size-adjusted) : Hp : p = 0.9 against Hj : p # 0.9, at the 5% level
25 66.1 81.4 955 99.8 99.6 99.9 99.7 100.0 61.3 79.8 92.8 98.6 136 79 56 2.3
50  89.6 98.8 100.0 100.0 100.0 100.0 100.0 100.0 86.5 96.5 99.7 99.9 93.0 98.8 99.7 99.9
100  99.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 95.6 99.8 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.7 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 31, homogeneous slopes {p, 51,82} = {0.8,3,1} and 7, = 3/4
V2P QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 03 06 01 01 -82 -9 -84 -64 17 29 20 23 -1.0 -05 -03 0.1
50 03 02 00 -02 -91 -72 -46 -28 18 22 21 1.7 00 06 1.1 1.3
100 0.3 -0.1 0.0 0.1 -78 -59 -27 -04 15 07 10 1.1 -14 -1.3 -0.2 0.5
200 -0.1 01 00 00 -77 -44 -12 01 04 04 05 05 -30 -25 -1.6 -0.7
RMSE (x100)
25 221 159 11.0 7.7 287 24.0 21.8 17.0 33.3 24.0 16.3 12.0 30.7 229 164 11.3
50 15.0 101 7.2 49 26.8 222 16.7 11.8 22.0 146 10.8 75 181 127 9.1 6.3
100 104 7.1 50 34 263 19.1 11.7 6.2 139 94 69 48 116 82 58 3.9
200 72 50 34 25 250 161 76 29 89 62 43 3.1 87 6.3 40 27
SIZE: Hy : 1 = 3 against Hy : f1 # 3, at the 5% level
25 84 69 51 54 582 559 558 495 57 59 52 5BHS8 76 77 6.9 5.1
50 75 5.7 59 47 66.1 587 452 29.7 55 bH6 56 5.6 81 6.8 6.0 5.8
100 80 59 69 51 694 56.1 33.0 158 54 50 53 5.2 84 75 75 6.2
200 85 59 52 73 744 527 27.1 115 6.2 45 45 49 114 119 82 83
POWER (size-adjusted) : Hp : 51 = 3.1 against H; : 1 # 3.1, at the 5% level
25 134 12.6 18.0 29.2 36 29 20 24 74 9.1 125 19.3 59 6.8 89 17.7
50 154 21.7 30.6 52.8 27 3.1 28 3.5 105 14.6 22.2 35.3 8.7 14.0 25.8 43.2
100 22.7 33.6 54.0 85.9 3.1 3.0 48 639 162 241 40.0 66.2 11.9 181 409 77.6
200 36.9 57.3 84.0 97.8 29 3.5 358 964 23.1 455 T71.3 92.0 11.2 209 552 91.7

Notes: The DGP is the same as the one for Table 3, except {p, 51, 82} = {0.8,3,1}.
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Table C2: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.8,3,1} and m, = 3/4, correlated factor loadings in z1;; & wu;

PANEL A: Results for p, heterogeneous slopes with {p, 51,82} = {0.8,3,1} and 7, = 3/4

Iv2b QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -03 -06 -0 -06 -0.1 -10 -28 -39 -15 -14 -14 -15 -53 -55 -58 -6.0
50 -0.3 -0.1 -0.1 -0.1 5.5 57 55 58 -0.8 -07 -0 -07 -16 -19 -21 -2.2
100 0.0 0.1 0.2 0.3 96 122 139 14.7 -04 -05 -05 -04 00 -03 -06 -0.7
200 0.3 06 06 07 126 156 169 175 -0.3 -0.3 -0.2 -0.3 07 05 0.2 0.1
RMSE (x100)
25 7.7 55 3.9 27 70 6.5 68 7.2 46 35 2.8 23 6.5 6.3 6.3 6.3
50 54 36 25 1.8 86 84 81 83 3.9 27 20 1.6 3.2 29 26 26
100 3.7 26 19 1.3 11.6 13.3 145 151 3.1 23 16 1.2 25 1.8 14 13
200 3.1 23 1.7 1.3 14.0 16.1 17.1 176 2.7 2.0 14 1.0 24 1.8 13 09
SIZE: Hy : p = 0.8 against Hy : p # 0.8, at the 5% level
25 109 89 6.8 6.5 732 751 &80.1 8.9 6.6 7.5 11.5 19.3 34.1 57.5 84.1 95.5
50 123 7.7 66 6.0 81.6 84.6 8.0 8.5 6.9 53 6.6 9.7 11.6 21.2 372 62.1
100 9.1 75 58 6.1 926 973 989 997 56 53 57 70 87 82 10.0 19.6
200 9.1 80 9.1 114 97.1 99.8 100.0 100.0 55 54 59 6.0 92 78 82 87
POWER (size-adjusted) : Hy: p = 0.9 against H; : p # 0.9, at the 5% level
25 39.0 52.5 72.6 94.2 31.7 382 32.7 30.6 504 73.4 89.0 97.6 10.1 6.1 4.0 1.9
50 52.2 78.3 95.3 999 20.8 30.7 35.0 36.1 66.6 93.0 99.4 100.0 75.2 87.9 96.1 99.2
100 71.3 93.0 99.6 100.0 17.2 254 34.7 43.0 84.6 97.5 99.9 100.0 97.2 100.0 100.0 100.0
200 84.2 98.5 100.0 100.0 15.9 199 244 354 92.7 99.7 100.0 100.0 99.4 100.0 100.0 100.0
PANEL B: Results for 1, heterogeneous slopes {p, 51,52} = {0.8,3,1} and 7, = 3/4
V2P QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -5.0 -5 -6.1 -6.1 -16.1 -185 -204 -23.1 18 1.2 18 19 -14 -0.8 -1.2 -0.5
50 -5.6 -6.1 -6.6 -6.8 -22.7-26.6 -29.5 -31.5 20 1.0 14 15 -06 -04 04 1.2
100 -5.5 -54 -6.1 -6.5 -34.2 -48.8 -59.8 -65.2 0.6 09 08 08 -2.1 -08 -0.3 0.1
200 -4.4 -48 -52 -54 -48.8 -67.6 -789 -84.0 03 05 05 02 -33 -2.1 -1.3 -0.8
RMSE (x100)
25 28.6 20.2 14.7 114 34.3 31.5 31.0 31.9 334 23.8 16.4 11.8 31.3 23.0 16.5 11.6
50 20.8 15.1 11.6 9.6 40.2 41.0 41.8 429 21.514.9 107 7.7 180 134 94 6.9
100 15.5 11.7 96 83 51.8 624 69.0 720 14.0 97 69 48 121 87 6.2 4.3
200 12.0 9.2 7.7 6.7 65.6 780 84.6 874 93 6.9 4.8 3.2 93 6.5 44 32
SIZE: Hy : 31 = 3 against Hy : 81 # 3, at the 5% level
25 9.2 95 81 11.1 63.0 65.8 73.2 81.3 57 53 44 b4 76 6.1 55 54
50 9.7 9.6 106 172 73.8 77.8 829 8.4 6.5 4.7 53 5.7 69 62 64 74
100 10.2 9.7 139 244 825 89.8 948 972 56 55 53 4.5 83 80 74 70
200 10.6 11.1 16.1 28.3 90.2 955 985 994 58 6.5 6.3 4.6 107 104 85 8.1
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 86 7.2 52 45 23 21 15 1.2 7.3 89 132 163 52 6.9 &85 151
50 6.9 7.8 5.8 2.7 22 19 24 16 9.3 14.7 20.8 33.7 84 13.6 20.9 36.0
100 82 85 7.8 5.0 26 24 15 1.9 149 229 349 64.7 109 19.2 355 63.8
200 11.1 11.8 11.9 13.1 24 1.7 21 1.2 210355 61.0 89.2 87 223 504 83.0

Notes: The DGP is the same as the one for Table 4, except {p, 51,82} = {0.8,3,1}.
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Table C3: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous

slopes with {p, 81,82} = {0.5,3,0} and 7, = 3/4, correlated factor loadings in z1;; &

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,0} and 7, = 3/4

V2P QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 01 00 00O 00 -04 -07Y -09 -11 -07 -07 -06 -07v -34 -36 -3.8 -3.9
50 0.0 0.0 0.0 0.0 00 -03 -05 -06 -05 -04 -04 -03 -09 -1.1 -1.3 -1.5
100 0.0 00 0.0 0.0 0.1 -0.1 -03 -03 -03 -02 -0.2 -0.2 03 01 -02 -04
200 0.0 0.0 0.0 0.0 02 00 -01 -02 -01 -0.1 -0.1 -0.1 08 06 03 0.1
RMSE (x100)
25 3.1 22 16 1.1 1.7 14 14 1.3 3.5 25 18 15 45 4.3 4.2 4.2
50 21 14 10 0.7 1.1 09 07 0.7 23 15 1.2 0.9 1.9 1.7 16 1.7
100 14 10 06 04 0.8 06 05 04 1.5 1.0 0.7 0.6 1.1 09 07 0.7
200 1.0 06 04 0.3 06 04 03 0.2 1.0 07 05 04 1.2 09 06 04
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 83 6.0 6.5 5.7 202 259 41.3 60.8 5.2 7.2 79 125 31.7 54.5 788 94.5
50 92 6.2 63 48 164 183 27.0 484 6.3 53 6.1 83 171 29.5 53.2 78.1
100 90 69 53 47 140 146 20.0 314 5.8 64 57 66 133 17.8 26.5 44.3
200 90 60 58 52 166 114 129 18.2 6.0 53 55 60 31.0 344 31.2 286
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25  88.4 98.6 100.0 100.0 99.8 100.0 100.0 100.0 80.2 93.9 99.4 100.0 39.8 41.2 47.7 52.1
50 99.2 100.0 100.0 100.0 100.0 100.0 100.0 100.0 96.2 99.8 100.0 100.0 99.3 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0  99.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for (2, homogeneous slopes {p, 81, 82} = {0.5,3,0} and m, = 3/4
TV QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 02 04 01 00 11.0 94 7.6 5.6 0.1 0.1 0.2 0.0 40 19 14 04
50 0.1 0.1 -0.1 0.0 92 71 39 1.9 03 02 -01 -0.1 42 23 1.0 0.5
100 0.0 0.1 00 0.0 79 48 20 0.3 00 01 00 0.0 3.7 22 11 0.6
200 -0.1 0.1 0.0 0.0 6.5 29 06 0.1 0.0 0.1 0.0 0.0 3.8 22 1.1 0.5
RMSE (x100)
25 107 7.6 55 4.0 179 14.7 11.9 9.0 157 109 &1 56 16.1 11.3 82 5.6
50 74 50 36 25 160 122 82 5.3 92 65 46 32 101 6.7 45 3.2
100 50 35 24 16 140 96 59 25 6.2 42 29 21 71 46 29 20
200 35 24 1.7 12 127 72 32 1.6 40 28 20 14 57 35 22 14
SIZE: Hy : 32 = 0 against H; : B2 # 0, at the 5% level
25 76 6.9 6.1 6.0 b51.7 51.6 48.8 43.6 5.0 4.7 53 5.5 6.9 54 57 53
50 103 6.6 54 5.7 557 474 340 21.1 56 53 56 47 103 7.1 59 58
100 85 6.1 6.2 55 586 39.0 206 9.4 6.4 54 57 48 126 104 7.0 6.2
200 87 6.4 6.2 59 579 322 114 73 6.2 52 53 47 199 145 99 8.1
POWER (size-adjusted) : Hy : B2 = 0.0 against Hy : B2 # 0.1, at the 5% level
25 234 322 478 741 145 174 21.6 246 11.3 17.1 273 446 16.1 224 31.6 48.0
50 36.4 581 788 97.1 16.5 14.8 17.7 394 234 384 599 86.6 269 49.2 69.5 90.0
100 58.1 83.6 98.4 100.0 16.5 13.8 15.9 100.0 404 68.6 91.3 99.9 50.3 77.7 96.2 100.0
200  82.8 97.9 100.0 100.0 14.2 11.4 99.9 100.0 68.5 93.5 100.0 100.0 75.2 96.2 100.0 100.0

Notes: The DGP is the same as the one for Table 3, except {p, 51,82} = {0.5,3,0}.
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Table C4: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.5,3,0} and 7, = 3/4, correlated factor loadings in z1;; &

PANEL A: Results for p, heterogeneous slopes with {p, 1, 52} = {0.5,3,0} and 7, = 3/4
IV2? QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 09 10 10 09 10 09 07 03 -08 -0.7 -0.6 -0.7 -34 -35 -3.7 -39
50 10 11 12 1.2 24 22 21 21 -05-03 -03 -03 -0.8 -1.0 -1.2 -14
00 1.1 1.2 1.2 13 29 29 28 28 -02 -03 -03 -02 04 01 -0.2 -04
200 1.2 13 13 1.3 32 31 30 31 -0.1 -01 -0.1 -0.1 09 07 04 0.1
RMSE (x100)
25 43 32 23 18 44 32 25 20 41 3.0 22 16 50 45 43 4.3
50 35 26 20 16 43 33 28 25 32 22 16 12 30 24 20 1.9
100 30 23 18 16 44 36 32 30 27 20 14 10 26 19 14 12
200 28 22 18 16 46 38 34 33 25 18 13 09 26 19 14 1.0
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 11.9 95 9.2 11.0 53.1 50.7 51.8 55.8 58 56 7.3 88 20.1 33.7 57.0 824
50 13.1 114 13.2 204 652 68.0 758 83.6 64 56 6.3 6.6 10.0 125 20.2 37.1
100 11.5 13.0 16.0 27.2 76.6 82.0 90.2 973 52 53 60 59 87 7.8 94 14.2
200 124 149 222 33.2 84.7 90.0 955 995 53 53 51 52 94 98 105 10.6
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 74.0 92.6 99.6 100.0 64.5 88.8 96.9 98.9 62.6 88.4 98.4 99.9 254 33.3 36.9 40.5
50 87.8 99.0 100.0 100.0 78.3 97.6 99.8 100.0 81.7 98.4 100.0 100.0 &85.6 98.2 100.0 100.0
100 96.4 100.0 100.0 100.0 &83.7 98.9 100.0 100.0 94.0 99.7 100.0 100.0 97.6 100.0 100.0 100.0
200 98.6 100.0 100.0 100.0 86.1 99.2 100.0 100.0 97.4 99.9 100.0 100.0 99.1 100.0 100.0 100.0
PANEL B: Results for 2, heterogeneous slopes {p, 51, 52} = {0.5,3,0} and 7, = 3/4
TV QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)

25 02 02 00 01 106106 94 79 05 00 -02 -01 39 22 08 04
50 0.1 -01 00 00 96 85 65 46 -02-02 -01 -02 38 20 1.1 0.5
1060 01 -01 00 01 86 71 47 33 02-01 01 00 39 20 11 06
200 00 01 00 01 78 53 37 31 00 00 00 01 38 21 1.1 06

RMSE (x100)
25 126 9.0 6.4 4.7 19.1 156 13.3 10.8 159 11.2 81 5.8 16.2 114 &81 5.8
50 84 6.2 42 30 168133 99 69 95 6.8 47 33 100 6.9 48 3.2
100 6.2 44 31 21 153109 73 48 63 44 31 22 73 48 32 2.2
200 46 33 23 16 138 89 55 41 46 33 23 16 6.0 39 25 1.6
SIZE: Hy : B2 = 0 against Hy : B2 # 0, at the 5% level
25 86 6.9 6.2 7.1 51.054.8 57.2 56.2 53 52 58 64 65 64 53 54
50 7.7 6.7 53 4.5 56.3 55.0 49.8 476 53 6.0 48 50 76 74 6.8 5.0
100 84 6.8 5.7 49 61.8 552 472 481 6.0 51 56 5.1 11.3 86 7.7 6.2
200 81 7.6 55 57 648554 522 584 52 58 6.1 46 152 125 89 6.7
POWER (size-adjusted) : Hy : 2 = 0.0 against Hy : B2 # 0.1, at the 5% level
25 182 23.5 36.6 584 14.6 17.7 22.6 26.4 12.1 16.6 24.3 40.2 16.3 19.3 28.9 46.8
50 28.0 39.9 66.6 91.9 15.5 18.3 25.2 43.0 19.1 30.8 57.8 84.4 28.8 41.7 64.7 90.8
100 44.2 59.2 91.0 99.8 16.3 21.8 36.1 874 36.2 60.9 87.7 99.3 46.6 71.2 93.6 99.9
200 60.5 86.7 99.1 100.0 14.6 199 71.7 98.3 58.0 8.8 98.8 100.0 65.3 90.2 99.9 100.0

Notes: The DGP is the same as the one for Table 4, except {p, 51,82} = {0.5,3,0}.
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Table C5: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous

slopes with {p, 81,82} = {0.5,3,1} and 7w, = 1/4, correlated factor loadings in z;; &

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 1/4

V2P QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 00 00 00 00 -01 -0.2 -0.2 -0.2 04 04 04 05 -0.7 -09 -1.1 -1.2
50 00 00 00 00 -01 -0.1 -0.1 -01 03 02 02 0.2 04 01 -0.2 -04
100 0.0 00 0.0 0.0 0.0 00 00 0.0 00 01 01 0.1 1.0 06 0.2 0.0
200 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00 0.0 0.0 1.2 08 04 0.1
RMSE (x100)
25 25 15 09 0.6 06 05 03 0.3 29 21 1.7 14 24 19 16 1.5
50 1.3 08 0.5 04 04 03 02 0.2 1.9 14 1.0 0.8 1.5 1.2 08 0.6
100 08 05 04 0.3 0.2 02 01 0.1 1.4 09 0.7 0.5 1.5 1.1 0.7 0.3
200 0.5 04 03 0.2 0.2 0.1 0.1 0.1 09 06 05 0.3 1.6 1.2 07 0.3
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 109 6.6 5.7 58 11.8 14.1 13.9 22.0 7.4 81 12.0 19.1 195 275 43.3 65.3
50 123 7.6 58 6.2 9.2 85 10.3 15.2 6.3 6.2 7.6 82 203 258 34.5 483
100 109 73 bH7 64 77 83 87 95 5.8 49 49 50 393 38.6 33.7 32.7
200 114 72 6.2 6.0 72 72 65 7.3 46 50 52 52 581 60.1 49.4 36.0
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 95.2 99.8 100.0 100.0 100.0 100.0 100.0 100.0 92.5 99.4 99.9 100.0 94.5 99.6 100.0 100.0
50 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 98.8 99.9 100.0 100.0 100.0 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 1/4
TV QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -0.2 -01 -0.1 00 -0.8 -0.2 0.1 0.2 09 08 07 09 -49 -34 -20 -0.9
50 01 01 00 00 -03 00 02 0.2 03 00 -01 -01 -6.0 -45 -2.8 -1.1
100 00 -0 00 00 -02 00 01 0.1 00 -05 -0.2 -03 -73 -55 -34 -1.7
200 01 00 00 00 -02 00 0.1 0.0 00 -01 -02 -01 -79 -63 -39 -1.9
RMSE (x100)
25 83 54 36 24 105 59 38 26 16.1 11.2 79 58 150 9.7 59 3.8
50 50 34 23 1.6 66 36 22 15 102 70 49 36 11.2 77 47 25
100 34 23 16 1.1 45 23 15 1.0 6.3 44 32 23 106 7.1 43 23
200 23 16 1.1 0.8 32 16 1.0 0.7 41 29 21 14 105 74 45 2.3
SIZE: Hy : 1 = 3 against H; : 31 # 3, at the 5% level
25 88 6.9 6.2 51 231 132 99 80 49 54 53 b5 126 114 85 6.7
50 81 82 63 59 162 89 7.8 6.9 53 55 42 59 19.2 235 21.5 122
100 97 72 52 63 140 7.2 6.9 5.7 50 55 56 51 340 43.0 41.8 29.9
200 101 71 55 60 144 74 63 5.0 49 43 46 48 50.0 689 72.5 55.3
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 1 # 3.1, at the 5% level
25  36.9 56.8 834 98.3 121 487 83.9 984 13.5 17.9 30.2 51.7 6.3 10.9 29.3 70.7
50 64.2 87.6 99.0 100.0 43.3 85.3 99.0 100.0 22.7 33.3 bH7.5 T87 6.1 11.1 40.6 95.2
100  86.3 98.5 100.0 100.0 75.8 98.6 100.0 100.0 39.1 579 8&85.7 984 49 7.8 458 979
200  98.6 100.0 100.0 100.0 91.8 99.9 100.0 100.0 67.1 91.7 99.5 100.0 6.6 9.7 48.1 97.9

Notes: The DGP is the same as the one for Table 3, except m, = 1/4.
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Table C6: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.5,3,1} and 7w, = 1/4, correlated factor loadings in z;; &

PANEL A: Results for p, heterogeneous slopes with {p, 51, 52} = {0.5,3,1} and 7, = 1/4
IV2? QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 0.8 0.7 08 0.9 1.5 1.7 16 1.7 05 04 04 04 -0.7 -0.8 -1.0 -1.1
50 1.0 09 1.1 1.1 24 24 26 25 0.2 0.1 03 0.2 0.5 0.2 -0.1 -0.3
100 1.0 1.2 1.2 1.3 26 2.7 29 3.0 0.0 0.1 0.0 0.1 1.2 0.8 03 0.0
200 1.0 1.2 13 1.3 28 30 31 31 -0.1 0.0 0.0 0.0 1.4 09 05 0.2
RMSE (x100)
25 43 3.0 22 1.7 46 3.6 3.0 28 3.6 27 21 16 3.5 29 23 1.9
50 35 24 19 15 48 3.8 34 3.0 3.0 21 15 1.2 3.1 23 18 14
100 29 23 18 1.6 4.7 3.8 34 3.3 27 19 13 1.0 32 24 18 13
200 2.8 22 1.8 1.6 48 3.9 36 3.3 25 1.8 1.2 09 32 24 18 1.3
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 11.0 9.0 88 122 65.0655 723 782 6.3 &80 9.2 122 129 185 245 33.9
50 13.2 11.2 126 196 76.7 774 8.0 919 6.6 57 55 73 128 143 171 214
100 13.4 14.3 18.7 29.8 84.0 8.4 92.8 98.1 6.1 5.7 53 5.7 154 16.6 19.7 21.7
200 13.5 154 21.6 36.9 879 909 959 987 59 6.3 56 45 16.6 189 20.0 19.6
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 76.1 94.4 99.4 100.0 62.9 86.9 96.6 99.0 &82.5 96.0 99.8 100.0 74.0 87.9 98.3 99.8
50 90.3 99.1 100.0 100.0 64.7 93.9 99.6 100.0 89.4 99.6 100.0 100.0 91.5 99.4 100.0 100.0
100 96.5 100.0 100.0 100.0 72.5 96.4 99.9 100.0 94.3 99.8 100.0 100.0 94.3 99.6 100.0 100.0
200 98.7 100.0 100.0 100.0 73.7 96.9 100.0 100.0 97.4 100.0 100.0 100.0 96.0 99.9 100.0 100.0
PANEL B: Results for 1, heterogeneous slopes {p, 51, 52} = {0.5,3,1} and 7, = 1/4
TV QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -14 -16 -12 -15 -66 -73 -6.7 -64 1.1 0.7 1.0 0.7 -41 -32 -20 -09
50 -1.3 -1.3 -12 -13 -78 -6.6 -58 -55 -0.2 -0.1 0.0 -0.1 -6.1 46 -2.7 -1.1
00 -10 -11 -1.2 -1.1 -6.8 -5.7 -53 -49 -02 -0.2 -03 -0.1 -72 -52 -35 -1.6
200 -10 -1.1 -11 -11 -7.2 -56 -52 -4.7 -02 -0.1 -0.2 -0.1 -79 -6.1 -3.9 -2.0
RMSE (x100)
25 128 9.0 6.2 4.7 208 173 144 125 16.3 11.5 &80 5.7 153102 6.4 3.9
50 9.2 64 45 34 195152 116 99 103 72 50 3.7 11.8 80 49 3.0
100 6.6 46 3.3 24 174127 9.8 8.1 6.8 46 34 24 11.0 73 49 238
200 49 35 25 20 178124 91 7.0 48 33 24 1.7 109 7.7 5.1 29
SIZE: Hy : 31 = 3 against Hy : 81 # 3, at the 5% level
25 82 69 59 7.1 512500 528 572 57 58 52 53 114103 84 64
50 10.0 81 6.5 7.8 5H7.7 553 55.8 61.6 6.3 50 4.7 59 19.119.7 174 153
100 94 9.1 83 9.5 636 60.0 63.7 679 58 47 49 49 289 33.6 36.9 27.1
200 11.5 9.0 10.0 121 733685 725 769 55 50 52 49 395510 51.9 414
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 145 187 319 474 3.6 2.8 3.0 26 10.8 183 29.9 498 6.2 10.0 26.6 65.4
50 214 33.1 53.8 791 24 29 32 3.0 193 31.1 553 76.1 52 88 342 86.3
100 35.2 54.8 80.9 96.6 3.2 35 22 28 334 56.9 823 97.8 4.0 85 294 884
200 53.5 79.2 957 99.8 23 3.0 1.7 2.6 5H4.2 82.7 97.8 100.0 4.0 5.7 28.9 88.5

Notes: The DGP is the same as the one for Table 4, except m, = 1/4.
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Table C7: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous

slopes with {p, 81,82} = {0.5,3,1} and 7, = 3/4, zero mean factor loadings

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4

V2P QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -0.1 -0.1 -0.1 -0.1 -06 -08 -1.0 -1.3 -0.7 -0.8 -0.7 -0.8 -2.6 -2.7 -2.7 -28
50 0.0 -0.1 0.0 0.0 00 -03 -06 -0 -04 -04 -04 -04 -03 -03 -03 -0.3
100 0.0 0.0 0.0 0.0 02 -01 -03 -04 -02 -03 -02 -0.2 09 08 08 09
200 0.0 0.0 0.0 0.0 03 00 -02 -02 -01 -0.2 -0.1 -0.1 1.3 1.3 13 1.3
RMSE (x100)
25 3.1 23 16 1.1 1.8 16 15 1.6 3.5 26 19 15 39 36 33 3.3
50 2.0 14 1.0 0.7 1.1 09 09 09 22 15 1.1 0.9 1.7 14 1.2 1.1
100 14 09 06 04 0.8 06 05 0.5 1.5 1.0 0.7 0.6 14 13 1.1 1.1
200 1.0 06 04 0.3 0.7 04 03 0.3 1.0 0.7 05 04 1.6 15 15 14
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 94 83 6.0 5.2 21.2 27.8 435 654 6.7 &1 9.1 120 241 39.9 582 748
50 83 6.2 6.5 5.8 15.9 189 32.2 55.9 57 57 6.7 8.0 12.1 189 25.7 38.1
100 89 6.8 56 6.5 16.2 16.2 21.7 35.8 51 53 64 7.1 23.6 32.7 45.7 62.9
200 94 70 56 5.5 20.2 13.5 16.5 21.3 5.2 55 47 64 53.9 74.2 90.1 96.1
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 89.7 98.2 100.0 100.0 99.1 99.9 100.0 100.0 76.5 92.1 99.3 100.0 54.5 66.8 78.2 83.9
50 99.5 100.0 100.0 100.0 100.0 100.0 100.0 100.0 96.9 99.7 100.0 100.0 99.9 100.0 100.0 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.8 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
TV QMLE TVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 03 03 00 0.1 08 06 12 14 1.2 20 1.6 14 27 25 28 25
50 -03 01 01 -01 -0.1 0.2 1.0 1.1 0.5 08 07 0.6 06 07 05 0.5
100 -0.1 -0.1 0.1 0.0 -0.r 03 05 0.7 03 03 05 0.3 -1.2 -1.3 -1.1 -1.3
200 0.1 0.0 0.0 0.0 -0.7 03 03 0.3 03 02 02 02 -2.3 -25 -24 -24
RMSE (x100)
25 11.6 84 6.0 4.2 146 11.3 9.2 7.1 16.8 11.8 85 5.9 164 121 94 7.6
50 79 57 39 28 13.0 98 6.8 44 98 68 49 3.5 103 79 6.1 4.9
100 55 40 28 1.9 117 7.7 46 24 6.3 44 3.1 22 85 6.1 48 4.0
200 40 26 20 1.3 10.3 6.1 29 1.5 43 29 22 14 74 58 4.7 3.9
SIZE: Hy : 1 = 3 against H; : 31 # 3, at the 5% level
25 90 73 65 54 36.1 35.7 35.1 33.8 9.2 56 59 6.3 81 9.2 11.5 16.0
50 86 6.5 54 52 43.4 39.1 28.3 19.5 51 43 4.7 54 79 88 11.2 159
100 82 74 57 5.7 48.6 34.5 18.5 104 6.2 48 39 5.5 9.0 86 12.0 18.2
200 9.1 54 75 54 51.1 29.9 123 8.1 5.0 4.7 56 3.8 94 12.1 17.0 26.0
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 1 # 3.1, at the 5% level
25 209 28.0 452 70.7r 109 15.7 193 29.3 134 19.8 31.6 50.6 122 18.3 28.2 39.0
50 32.0 52.3 753 94.0 10.9 134 225 683 229 40.5 63.8 86.5 183 29.3 39.9 60.2
100 51.7 753 96.1 99.9 94 153 685 99.6 386 674 92.1 994 189 32.0 46.9 56.0
200 779 96.2 99.9 100.0 10.6 19.6 985 100.0 68.1 91.9 99.7 100.0 16.6 26.7 35.3 50.5

Notes: The DGP is the same as the one for Table 3, except all factgor loadings have mean zero hence the rank
condition for CCEMG is not satisfied.
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Table C8: Bias, root mean squared error (RMSE) of IV2?, bias-corrected QMLE, MGIV® and CCEMG
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.5,3,1} and 7, = 3/4, zero mean factor loadings

PANEL A: Results for p, heterogeneous slopes with {p, 51,82} = {0.5,3,1} and m, = 3/4
Iv2b QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 05 0.6 0.7 08 0.7 03 -0.1 -04 -0.8 -0.7v -0.8 -0.8 -2.5 -2.7 -27 -27
50 0.8 09 1.0 1.1 20 1.6 14 12 -04 -04 -04 -04 -03 -04 -0.2 -0.3
100 1.0 1.1 1.2 1.2 25 22 19 18 -03 -02 -02 -0.2 09 09 08 038
200 1.1 1.2 13 1.3 26 24 22 22 -0.1 -0.1 -0.1 -0.2 1.5 14 14 1.3
RMSE (x100)
25 4.2 31 22 1.7 42 3.3 25 2.1 42 3.0 22 1.7 44 3.8 35 33
50 34 25 19 16 42 3.0 23 1.8 33 23 16 1.2 29 21 16 14
100 3.0 23 19 1.6 41 3.3 26 2.2 27 19 14 1.0 27 20 16 14
200 2.8 22 1.8 1.6 41 3.2 26 24 24 1.8 1.3 09 28 22 19 1.7
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 10.8 8.2 85 10.6 51.749.8 50.2 51.1 59 6.3 80 103 15.8 244 40.9 59.3
50 119 11.2 11.9 178 63.8 60.2 62.7 649 64 6.6 5.6 6.1 95 9.6 102 17.7
100 13.6 12.6 174 26.3 74.7 75.8 79.7 867 6.1 58 58 6.2 102 11.0 15.2 228
200 12.3 139 209 321 &81.1 84.6 89.0 96.1 5.1 54 50 54 129 149 26.0 39.1
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 759 93.6 99.5 100.0 66.9 85.7 96.2 98.4 64.5 86.5 97.7 100.0 42.5 55.2 65.2 76.9
50 88.8 99.4 100.0 100.0 76.3 97.4 100.0 100.0 82.6 97.5 100.0 100.0 89.6 99.6 100.0 100.0
100 95.4 100.0 100.0 100.0 85.2 98.7 100.0 100.0 92.2 99.8 100.0 100.0 97.7 100.0 100.0 100.0
200 98.4 100.0 100.0 100.0 86.5 99.5 100.0 100.0 98.0 100.0 100.0 100.0 99.4 100.0 100.0 100.0
PANEL B: Results for 1, heterogeneous slopes {p, 51,82} = {0.5,3,1} and 7, = 3/4
Iv2> QMLE IVMG? CCEMG
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -1.1 -09 -12 -12 -20-20 -1.8 -1.9 16 16 15 1.3 22 23 23 25
50 -1.0 -1.1 -09 -11 -32 -25 -22 -19 08 08 08 07 07 07 06 0.7
00 -10 -1.0 -10 -10 -35 -2.7 -21 -21 04 04 05 04 -14 -13 -13 -1.2
20 -10 -11 -11 -11 -38 -28 -24 -23 01 0.1 01 02 -26 -23 -24 -23
RMSE (x100)
25 134 93 6.9 49 158125 98 76 173 11.6 &84 6.3 163 12.0 9.2 7.5
50 93 6.7 46 34 144105 79 55 102 72 49 36 109 80 6.2 5.1
100 6.8 48 34 25 13.0 93 6.0 4.3 6.8 45 33 24 89 6.3 48 4.1
200 50 36 26 21 124 78 49 3.6 49 33 24 1.7 7.8 58 48 4.0
SIZE: Hy : 31 = 3 against H; : 31 # 3, at the 5% level
25 9.7 75 80 6.2 382383 364 374 54 52 58 T.1 76 80 10.2 16.1
50 94 T4 57 6.2 451429 36.8 33.8 59 59 48 55 8.3 9.2 11.0 16.3
100 95 81 70 7.2 525464 371 376 58 3.7 44 4.5 8.5 88 104 17.1
200 94 78 87 12.1 61.3 50.8 444 50.1 6.0 49 48 48 87 9.1 151 23.6
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 12.5 19.1 24.8 470 7.7 95 109 14.3 13.4 21.0 29.3 47.1 128 19.9 27.3 384
50 21.5 30.4 53.1 788 7.9 11.3 10.1 21.4 19.2 34.3 61.5 85.0 16.6 27.1 40.4 56.2
100 31.9 49.8 79.7 97.5 5.7 85 20.3 499 325 64.8 89.7 99.3 16.9 26.6 44.2 60.7
200 464 714 94.2 99.7 6.1 95 342 65.0 52.5 84.5 98.8 100.0 15.8 24.2 34.8 50.5

Notes: The DGP is the same as the one for Table 4, except all factgor loadings have mean zero hence the rank
condition for CCEMG is not satisfied
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Table C9: Bias, root mean squared error (RMSE) of IV2¢, IV2? IVMG®, IVMG? estimates and size
and power of the associated t-tests, for the panel ARDL(1,0) model with homogeneous slopes with

{p, b1, B2} = {0.5,3,1} and 7, = 3/4, correlated factor loadings in 1 & wu;

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4

IV2? V2P IVMG® IVMG®
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 0.1 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0 -0.2 0.0 0.0 -0 -0.7 -0.6 -0.7
50 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 -0.5 -04 -04 -0.3
100 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 -0.3 -0.2 -0.2 -0.2
200 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 -0.1 -0.1 -0.1 -0.1
RMSE (x100)
25 34 24 1.8 1.2 3.1 22 16 1.1 6.4 54 3.4 3.6 3.4 26 19 1.5
o0 2.3 1.6 1.1 0.8 2.1 1.4 1.0 0.7 3.0 21 15 1.1 2.3 1.5 1.1 0.9
100 1.5 1.0 0.7 0.5 1.4 1.0 06 04 1.7 1.2 0.8 0.6 1.5 1.0 0.7 0.6
200 1.0 0.7 0.5 0.3 1.0 06 04 0.3 1.1 0.7 05 04 1.0 0.7 0.5 04
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 8.0 6.6 6.1 5.5 7.5 6.4 6.1 54 4.7 4.4 4.8 4.7 5.8 7.0 7.9 115
50 84 6.8 54 52 8.7 7.0 6.7 4.9 9.9 4.7 5.1 4.2 5.9 54 6.5 8.7
100 9.3 6.9 54 5.1 8.9 6.5 52 438 5.9 5.2 3.8 54 5.9 6.4 52 6.6
200 8.8 6.0 55 5.3 8.6 54 6.1 5.3 5.1 4.7 51 5.3 6.2 54 55 6.6
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 85.0 97.1 100.0 100.0 &89.0 98.0 100.0 100.0 60.6 79.2 90.3 96.2 789 93.7 99.0 99.9
50 98.3 100.0 100.0 100.0 99.1 100.0 100.0 100.0 91.9 98.3 99.2 99.7 96.5 99.6 100.0 100.0
100 99.9 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.5 100.0 100.0 100.0 99.8 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4
Iv2¢ V2P IVMG® IVMG®
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -0.2 0.2 0.0 -0.1 -0.2 0.2 0.0 -0.1 1.4 1.3 10 14 1.3 1.7 14 1.5
50 0.0 0.0 0.0 -0.1 0.0 0.0 0.0 -0.1 0.2 0.1 03 0.0 0.9 0.7 08 0.5
100 0.2 -0.1 0.0 0.0 0.2 -0.1 0.0 0.0 0.2 -0.3 0.0 0.0 0.6 0.2 03 04
200 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2 0.2 0.2 0.2
RMSE (x100)
25 11.9 87 6.2 4.4 11.8 87 6.1 4.3 23.7 209 13.2 13.0 169 11.9 85 6.2
50 8.2 56 4.1 2.8 8.1 5.6 4.0 2.7 11.5 80 55 45 10.0 6.8 5.0 3.5
100 5.9 40 28 1.9 5.8 39 28 19 6.7 46 3.3 2.2 6.4 44 3.2 2.2
200 4.0 28 19 14 3.9 28 19 14 4.4 3.1 22 1.6 4.3 3.1 21 1.5
SIZE: Hy : 1 = 3 against H; : 31 # 3, at the 5% level
25 8.6 76 6.2 6.2 8.5 7.5 6.2 6.1 9.2 4.8 52 5.0 9.8 9.9 59 6.3
o0 8.2 56 6.1 4.5 8.8 54 6.3 44 5.0 4.3 5.1 4.5 9.1 49 6.0 5.0
100 8.7 6.5 59 5.1 8.0 6.3 64 5.0 5.3 45 53 4.0 5.1 44 54 4.3
200 8.2 6.1 4.7 6.9 8.2 5.7 5.0 7.0 5.4 46 4.5 5.3 5.7 5.0 4.6 5.5
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 1 # 3.1, at the 5% level
25 19.4 25.6 41.2 66.1 19.6 26.2 414 66.3 10.7 17.6 23.1 385 13.0 20.3 29.9 50.2
50 314 454 72.0 94.6 31.8 47.7 73.1 954 193 34.1 53.5 77.0 223 37.6 60.8 86.3
100 494 74.3 94.0 99.9 504 75.8 94.4 999 383 60.5 84.5 99.2 43.2 66.0 89.7 99.6
200 73.8 944 99.6 100.0 73.5 94.8 99.7 100.0 61.3 89.8 99.0 100.0 65.9 91.2 99.2 100.0

Notes: The DGP is identical to that of Table 3. The IV2 and IVMG estimators are defined by (23) and (31),
respectively. IV2* and IVMG® use the instruments set (X, X; ;) and IV2° and IVMG® (X, X; _;,X; ), where

Xi, = MF‘TX7 and Xi,—j = MFT 7in,—j for _] = 1,2
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Table C10: Bias, root mean squared error (RMSE) of IV2?, TV2 TVMG?, IVMG? estimates and size
and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous slopes with
{p, B1, B2} = {0.5,3,1} and 7, = 3/4, correlated factor loadings in 1 & wu;

PANEL A: Results for p, heterogeneous slopes with {p, 51,82} = {0.5,3,1} and m, = 3/4

V22 Iv2? IVMG® IVMG®
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 03 04 04 04 0.8 09 09 09 0.1 00 -0.1 -0.1 -0.7 -0.7 -0.7 -0.7
50 04 0.5 0.6 0.6 09 11 1.2 12 -0.1 00 00 00 -04 -03 -03 -0.3
100 0.5 0.7 07 07 1.1 1.2 1.2 1.2 00 00 00 00 -02 -03 -0.2 -0.2
200 06 0.7 0.8 0.8 1.1 1.3 1.3 1.3 00 00 00 00 -0.1 -0.1 -0.1 -0.1
RMSE (x100)
25 45 32 23 16 44 3.1 23 1.7 74 54 6.0 3.5 41 3.0 22 1.7
50 3.5 25 18 1.3 3.5 26 20 1.6 4.0 2.7 20 14 3.2 22 16 1.2
100 29 21 16 1.2 30 23 18 16 28 21 14 1.0 27 20 14 1.0
200 26 19 15 1.2 28 22 18 16 25 1.8 1.3 0.9 25 1.8 1.3 09
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level
25 106 73 6.6 69 11.7 9.2 93 10.5 53 42 43 48 6.3 6.6 74 89
50 11.2 89 79 9.1 127 115 129 19.8 58 52 52 6.0 6.2 51 6.8 6.8
100 9.2 93 89 12,5 11.6 13.1 159 263 58 55 55 54 59 56 55 6.2
200 9.9 &7 121 157 123 14.1 219 333 59 53 49 55 5.0 53 49 54
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level
25 67.2 89.8 99.1 100.0 71.9 92.8 99.6 100.0 52.8 74.2 89.0 95.5 61.2 87.9 98.3 100.0
50 85.1 98.6 100.0 100.0 87.2 98.9 100.0 100.0 77.6 95.3 98.7 99.8 80.7 98.2 100.0 100.0
100 95.4 99.9 100.0 100.0 96.3 100.0 100.0 100.0 92.8 99.6 99.9 100.0 93.6 99.7 100.0 100.0
200 98.4 100.0 100.0 100.0 98.6 100.0 100.0 100.0 97.0 99.9 100.0 100.0 97.3 100.0 100.0 100.0
PANEL B: Results for 1, heterogeneous slopes {p, 51,82} = {0.5,3,1} and 7, = 3/4
Ivae IV2? IVMG* IVMG?
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 -08 -0.8 -0.8 -10 -12 -13 -14 -15 18 09 14 1.3 1.7 14 15 14
50 -0.2 -0 -04 -04 -10 -1.3 -12 -1.2 05 -0.1 0.2 0.3 09 04 07 0.7
100 -03 -0.1 -02 -02 -12 -10 -11 -1.2 -02 0.1 00 -0.1 02 05 04 0.3
200 -03 00 -01 -02 -13 -10 -11 -12 -01 0.1 00 -0.1 0.1 03 02 0.1
RMSE (x100)
25 134 99 6.8 50 134 98 6.8 51 23919.2 16.6 129 16.9 11.9 &85 6.1
50 9.7 6.9 4.7 34 96 69 48 35 122 80 6.2 43 102 71 52 3.7
100 6.9 5.1 34 24 69 51 35 26 70 51 35 24 6.7 48 34 23
200 52 36 25 1.8 53 3.8 2.7 21 51 3.6 25 1.7 50 3.6 25 1.7
SIZE: Hy : 31 = 3 against H; : 31 # 3, at the 5% level
25 92 74 6.3 5.9 96 75 6.5 6.6 55 5.3 b7 54 6.3 5.8 6.2 6.7
50 86 6.9 5.7 6.9 88 75 63 7.7 59 4.7 56 6.0 6.2 4.8 57 5.7
100 88 80 58 60 90 90 73 8.2 5.1 56 4.9 48 5.5 5.5 53 4.8
200 96 74 64 56 108 86 86 12.0 6.1 6.8 58 4.2 6.2 6.5 6.0 4.6
POWER (size-adjusted) : Hy : 1 = 3.1 against Hy : 81 # 3.1, at the 5% level
25 14.0 17.7 28.4 453 14.2 16.6 25.0 39.6 10.6 15.2 21.8 344 11.6 16.5 29.8 47.4
50 23.2 322 53.3 80.8 20.5 28.3 46.9 723 18.0 30.0 474 70.7 19.2 35.0 55.0 82.9
100 32.8 50.6 82.5 98.0 285 45.7 743 954 31.1 53.1 82.4 98.1 33.0 60.2 86.1 99.1
200 47.5 79.0 97.1 100.0 40.8 66.5 92.6 99.8 47.9 789 97.2 100.0 50.3 80.5 98.0 100.0

Notes: The DGP is identical to that of Table 4. The IV2 and IVMG estimators are defined by (23) and (31),
respectively. IV2* and IVMG® use the instruments set (X, X; ;) and IV2° and IVMG® (X, X; _;,X; ), where
Xi, = MF‘TX7 and Xi,—j = MFT 7in,—j for _] = 1,2
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Table C11: Bias and root mean squared error (RMSE) of CCEMG, BC-CCEMG, CCEMG*, BC-
CCEMG* estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with
homogeneous slopes with {p, 81, f2} = {0.5,3,1} and m, = 3/4, independent factor loadings in z1;; &

PANEL A: Results for p, homogeneous slopes with {p, 81, f2} = {0.5,3,1} and 7, = 3/4

MGCCE BC-MGCCE MGCCE* BC-MGCCE*

TN ~25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)

25 32 34 37 39 34 29 28 25 59 65 69 -74 05 02 -03 -08

50 -08 -1.0 -1.2 -15 1.9 18 15 1.3 -1.9 -22 -27 -31 48 46 42 3.7

100 04 01 -01 -04 15 1.3 1.0 07 01 -03 -0.7 -1.1 24 20 16 1.1

200 09 07 04 01 15 12 09 06 11 06 02 -03 20 15 11 06
RMSE (x100)

25 41 40 4.0 4.1 16.8 87 7.0 5.1 72 72 73 7.6 13.3 103 81 7.1
50 1.8 15 15 1.6 30 25 20 1.6 29 28 30 3.3 6.4 56 49 4.2
100 1.1 09 06 0.6 20 17 1.3 09 14 12 11 1.3 3.1 26 19 14
200 1.2 09 07 04 1.7 14 1.1 0.8 1.6 1.1 0.7 0.5 24 19 13 08
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level

25 282 51.1 81.3 97.7 56.7 60.8 64.3 69.2 41.8 71.5 927 998 525 56.6 63.6 65.8
50 13.8 22.7 49.8 81.8 35.1 439 519 61.1 229 46.2 80.0 97.2 54.1 67.8 80.1 87.9
100 124 144 184 39.0 422 52.1 56.2 581 125 194 409 80.4 49.6 58.1 62.3 65.9
200 328 36.1 34.5 24.7 587 68.1 73.0 73.1 315 294 255 375 624 65.1 624 54.0
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level

25 48.2 54.0 574 632 542 61.8 785 895 51 28 08 0.0 165 179 26.7 31.5
50 99.7 100.0 100.0 100.0 99.4 100.0 100.0 100.0 86.2 93.0 96.5 98.6 93.0 98.4 99.9 100.0
100 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
200 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

PANEL B: Results for 1, homogeneous slopes {p, 81,82} = {0.5,3,1} and m, = 3/4

MGCCE BC-MGCCE MGCCE* BC-MGCCE*

TN ~25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)

25 29 20 33 32 78 69 78 78 39 44 44 43 223 193 175 158

50 11 14 19 20 -04 -02 08 13 28 29 37 38 20 20 40 49

100 -06 -02 03 07 -22 -19 -12 -07 -01 05 1.3 19 -31 -22 -1.1 -0.3

200 -1.8 -12 -08 -02 -29 -22 -18 -1.1 -21 -1.1 -03 05 -38 -2.7 -1.8 -0.9
RMSE (x100)

25 17.1 11.9 9.0 6.7 82.1 46.1 355 24.3 20.6 14.8 11.3 8.3 70.6 555 444 354
50 9.7 6.7 51 3.9 129 9.1 6.7 5.0 11.1 78 6.3 5.3 19.8 14.1 10.8 8.8
100 64 42 32 22 78 53 39 26 6.8 46 3.7 3.0 91 6.4 45 3.0
200 47 33 23 1.5 56 4.0 29 20 51 3.5 23 1.7 6.5 47 32 20
SIZE: Hy : 1 = 3 against H; : 31 # 3, at the 5% level

25 72 64 81 88 51.9 54.4 56.0 61.8 73 6.7 85 8.6 54.4 58.2 61.5 65.6
50 6.8 6.0 6.8 101 16.6 17.1 17.5 19.3 7.8 6.9 114 194 31.1 324 354 42.6
100 7.0 65 72 7.3 13.4 12.0 129 12.5 6.8 65 93 160 174 177 16.3 14.6
200 78 92 9.0 87 14.6 15.8 18.5 18.6 9.1 10.3 88 9.6 19.7 21.2 20.8 16.9
POWER (size-adjusted) : Hy : 81 = 3.1 against Hy : 81 # 3.1, at the 5% level

25 125 219 324 540 76 7.8 87 105 119 177 246 421 86 89 9.6 11.1
50 219 414 70.1 89.8 13.2 19.1 40.5 61.2 203 40.1 639 844 119 15.7 243 39.2
100 34.7 629 89.8 99.7 17.0 33.8 64.5 931 33.8 61.8 879 99.2 12.7 259 524 90.0
200 453 76.4 97.5 100.0 24.0 498 854 99.9 353 709 97.3 100.0 13.7 359 771 99.4

Notes: The DGP is identical to that of Table 1. The CCEMG and BC-CCEMG estimators are defined by
(38) and (40), respectively. CCEMG uses cross-section average of (yit, ..., Yit—p; Xjy; 1), whilst CCEMG* uses
(Yity s Yit—p3 Xy ...,x;t_p; 1) with p being the interger part of 7/3. BC-CCEMG* is the bias-corrected version of
CCEMG*.
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Table C12: Bias, root mean squared error (RMSE) of CCEMG, BC-CCEMG, CCEMG*, BC-CCEMG*
estimates and size and power of the associated t-tests, for the panel ARDL(1,0) model with heterogeneous
slopes with {p, 81,82} = {0.5,3,1} and 7, = 3/4, independent factor loadings in x1;; &

PANEL A: Results for p, heterogeneous slopes with {p, 51,82} = {0.5,3,1} and m, = 3/4

TN

25
50
100
200

25
50
100
200

25
50
100
200

25
50
100
200

MGCCE BC-MGCCE MGCCE* BC-MGCCE*

25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)

3.1 -33 -36 -38 32 29 31 26 -59 -62 -67 -71 02 -01 -03 -08
-06 -09 -12 -15 22 20 1.7 13 -15 -20 -25 -3.0 52 49 42 38

04 03 -01 -03 16 14 11 08 03 00 -06 -1.0 26 23 1.7 1.3

10 08 05 02 15 13 10 07 11 08 03 -01 21 1.7 12 0.7
RMSE (x100)

48 43 41 41 132 13.7 7.7 56 76 72 72 74 134 102 82 6.6

28 2219 18 40 31 24 18 34 31 30 32 70 6.0 51 44

25 19 1.3 10 30 24 18 13 27 20 16 14 39 32 23 1.7

26 18 1.3 09 29 21 16 12 28 19 14 10 33 25 1.8 1.2
SIZE: Hy : p = 0.5 against Hy : p # 0.5, at the 5% level

18.6 30.7 56.7 84.2 43.6 50.3 55.8 59.9 325 54.2 839 97.6 484 52.1 56.5 62.9

8.3 10.2 16.2 36.4 194 225 282 32.0 10.7 19.7 42.8 79.1 40.6 53.8 64.3 77.0

73 80 80 96 149 184 180 19.7 86 83 11.8 232 225 29.5 30.7 314

93 80 90 71 123 142 16.2 16.5 11.8 9.5 9.0 81 17.8 20.0 20.1 18.0
POWER (size-adjusted) : Hy : p = 0.6 against H; : p # 0.6, at the 5% level

31.0 40.6 46.9 51.8 37.8 50.5 699 855 55 3.0 09 0.1 141 17.1 242 30.5
89.2 98.6 100.0 100.0 91.3 99.3 100.0 100.0 70.6 80.4 90.2 94.0 76.5 93.2 99.3 100.0
98.1 100.0 100.0 100.0 98.0 100.0 100.0 100.0 95.7 99.9 100.0 100.0 94.1 99.9 100.0 100.0

99.2 100.0 100.0 100.0

99.1 100.0 100.0 100.0 98.4 100.0 100.0 100.0 97.9 100.0

100.0 100.0

PANEL B: Results for 1, heterogeneous slopes {p, 81, f2} = {0.5,3,1} and m, = 3/4

MGCCE BC-MGCCE MGCCE* BC-MGCCE*
TN 25 50 100 200 25 50 100 200 25 50 100 200 25 50 100 200
BIAS (x100)
25 2.2 3.3 29 3.2 7.3 9.1 6.8 9.2 3.3 44 39 43 229 214 178 17.3
50 0.8 1.3 1.8 19 -09 00 06 1.1 2.2 26 34 3.6 1.4 23 34 4.7
100 -04 -04 01 06 -21 -21 -14 -08 -01 00 10 16 -29 -2.7 -15 -0.5
200 -16 -14 -09 -03 -27 -25 -18 -1.2 -19 -14 -06 03 -3.7 -31 -21 -1.1
RMSE (x100)
25 16.8 12.2 9.0 6.7 63.7 46.2 344 287 20.5 152 11.0 85 70.8 583 439 344
50 9.8 72 53 38 135 9.7 6.7 48 109 82 64 52 20.1 146 108 8.7
100 6.7 47 3.2 23 7.9 5.8 4.0 27 7.1 5.0 35 29 92 6.8 4.5 3.0
200 5.3 3.8 26 1.7 6.1 4.5 32 22 56 40 27 18 6.9 5.1 3.6 2.3
SIZE: Hy : 8 = 3 against H; : 31 # 3, at the 5% level
25 6.7 65 7.6 7.8 50.0 55.1 H7.3 61.0 6.7 6.7 7.0 9.7 565 59.4 62.8 67.3
50 6.1 6.3 75 91 16,6 16.1 16.6 181 6.5 7.6 11.0 17.8 29.2 31.0 34.9 42.7
100 5.7 64 53 6.3 11.8 126 124 11.1 64 6.7 6.9 122 153 16.6 14.6 12.8
200 8.5 94 86 68 12.8 159 16.8 147 94 93 88 7.1 16.7 20.2 19.7 15.0
POWER (size-adjusted) : Hy : 81 = 3.1 against Hy : 31 # 3.1, at the 5% level
25 12.8 19.7 30.9 534 84 8.8 89 11.2 109 16.7 255 414 9.7 9.0 9.2 119
50 19.8 38.1 62.6 89.9 12.6 18.0 37.5 63.8 19.5 35.7 59.2 &83.6 11.2 15.0 25.0 42.0
100 33.4 51.3 87.7 99.5 17.0 294 56.5 92.7 30.7 52.2 89.0 99.2 10.2 19.1 46.9 86.5
200 34.6 64.0 944 99.9 198 384 73.2 99.1 29.2 60.4 93.3 100.0 10.9 244 63.5 97.7
Notes: The DGP is identical to that of Table 2. The CCEMG and BC-CCEMG estimators are defined by

(38) and (40), respectively. CCEMG uses cross-section average of (yit, ..., Yit—p; Xjy; 1), whilst CCEMG* uses
(Yity s Yit—p3 Xy ...,x;tfp; 1) with p being the interger part of T7"/3. BC-CCEMG* is the bias-corrected version of
CCEMG*.
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