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1 | INTRODUCTION

Viscoelasticity is a fundamental property exhibited by a wide range of materials, including polymers,
gels, biological tissues, and even certain metals, for example, see [9]. This property indicates the mate-
rials’ capacity to display combined elastic and viscous behavior. Unlike purely elastic materials, which
deform instantaneously and fully recover their original shape upon removal of the load, viscoelas-
tic materials exhibit time-dependent deformation and dissipate energy during loading and unloading.
Various models have been proposed to describe the viscoelastic behavior of materials, including the
Maxwell, Kelvin-Voigt, and Zener models. These rheological models employ different combinations
of springs and dashpots to represent the elastic and viscous elements of the material, providing a frame-
work to capture the viscoelastic response. For more details, we refer to [4-6, 27] and the references
therein.

We begin with the momentum balance for a linear homogeneous and isotropic compressible
viscoelastic solid material (see e.g., [6, 27]), given by

pii(t) =V - o) =f(t)  on Qx (0, T, (1.1)

where Q C R? is an open bounded polytopic domain, T > 0, u is displacement, o is stress and f is an
external body force. Here overdots denote time differentiation so that # is velocity and ii is acceleration,
and it is assumed that p is the constant mass density of the material. In addition, we suppose a mix of
essential and natural boundary conditions so that

u(t)=0 onI'p X [0,T], 1.2)

o(t)-n =gy onI'y x[0,T], (1.3)

where I'p is the Dirichlet boundary (assumed to have positive surface measure), I'y is the Neumann
boundary given by I'y = dQ \ I'p, n is the outward unit normal vector defined a.e. on I'y, and g, pre-
scribes surface traction on I'y. Furthermore, for initial conditions on the displacement and the velocity
we take,

u(0) = uy and u(0) = wy (1.4)

for given vector-fields ug and w.

The constitutive relation between stress o and strain € characterizes the viscoelasticity model. In
this article, we focus on a power-law type constitutive model which is motivated by the intermediate
concept of an elastic solid and viscous liquid in continuum mechanics such that the stress is propor-
tional to the strain in solid, for example, 6 « g, and the stress is proportional to the rate of the strain in
Newtonian fluid, for example, o « €. Hence the power-law type constitutive law would follow o « d/' €
where 0 is a fractional order time differential operator of order & with 0 < @ < 1. For example, in
[29], the constitutive relation in elastomer 3M—467 exhibits ¢ « d?°. In this setting we formulate
the constitutive equation by

o(t) = De(t) +o D{De(1), (1.5)

where D and D are fourth-order tensors, and (D? is a left Riemann-Liouville differential operator of
order « in time (see e.g., [4, 5, 271). For simplicity, we suppose D and D are piecewise constants, and
defined by

Diju = 2648) + 286, and Dy = 2fadudj + 186y for i,j,k, =1, ... ,d,

85UB017 SUOWWIOD 3A1ER.ID 3ot jdde auy Ag paussnob afe saoiie VO ‘SN J0 S3|NJ 1o} AXeiq 1T 8UIIUO AB]IA LD (SUORIPUOO-PUe-SWLB)LI0D A8 1M ATe.d 1 BUI|UO//SANL) SUORIPUOD PUe Swis 1 8u88S *[7202/S0/TE] Uo Ariqiauliuo Ajim ‘AisieAiun punig Aq L0TEZ WNU/Z00T OT/I0p/w00" A im AReiqjul|uoy/sdny woy papeojumod ‘0 ‘9zZ860T



JANG and SHAW Wl LEY 30f33

where (i1, 4) and (ji, 1) are Lamé parameters, respectively. Using the notation of Cauchy’s infinitesimal
tensor,

5U(V)=;<3;+Z;Z>, fori,j=1, ....,d,
we define the strain by £(f) = £(u(?)) in (1.5) for convenience. For other choice of stress relaxation
models, we refer to [27], in particular, we refer to [12, 13, 25] for Prony series type constitutive relation
with internal variables.

Solving time fractional order integro-differential equations numerically is challenging due to
the non-locality and memory effects introduced by the fractional derivatives. The presence of inte-
grals adds computational complexity, while singularities and discontinuities require special treatment.
Selecting suitable numerical methods and proving stability and error estimates are additional difficul-
ties. McLean and Thomée [19-21] made significant contributions to the field by developing numerical
analysis techniques for a fractional order evolution equation corresponding to a scalar analogue to a
power-law type fractional order viscoelasticity problem. In their work, they specifically focused on
investigating the error analysis associated with the homogeneous Dirichlet boundary condition. Their
research provides valuable insights and advancements in understanding the numerical aspects of frac-
tional order evolution problems. However, since their analyses are based on spectral methods, the
analyses are limited to the purely homogeneous Dirichlet boundary condition. In the works of [10, 11],
the well-posedness and error estimates for the vector-valued fractional order viscoelasticity problem
with a mixed boundary condition were established using duality arguments and an L, approach in time,
without relying on Gronwall’s inequality and a spectral approach. Additionally, for a Mittag-Leffler
type fractional order viscoelasticity problem, the works of [14, 15, 26] provide relevant contributions
to the analysis of such problems.

In this article, we approximate the dynamic fractional order viscoelasticity model of a power-law
type with discontinuous Galerkin finite element method (DGFEM), specifically symmetric interior
penalty Galerkin method (SIPG), for spatial discretization and Crank—Nicolson type finite differ-
ence method for temporal discretization. Due to the presence of the singularity in the fractional
order Volterra kernel, particularly in the presence of non-smooth initial or boundary conditions, they
require special treatment to ensure accuracy and stability. Classical numerical schemes such as stan-
dard quadrature rules developed for integer-order integral problems may not be directly applicable or
may lose accuracy when applied to fractional order equations. To address this, we incorporate the lin-
ear interpolation technique [16, 17] to handle the weak singularity and to improve accuracy. Stability
bounds and spatially optimal error bounds for discrete problems are demonstrated without relying on
Gronwall’s inequality to avoid exponential growth in time of the so-called generic constants. Further-
more, the regularity of solutions is analyzed to address weak singularities and derive suboptimal and
optimal orders of convergence with respect to time.

We would like to highlight that the stability estimates of the fractional order integro-differential
equation with a mixed boundary condition can be demonstrated without the use of Gronwall’s inequal-
ity. Instead, we employ the positivity property in fractional order integration and Markov’s inequality
to prove stability bounds for semi-discrete and fully discrete problems, respectively. Despite the pres-
ence of a weak singularity in the power-law type model and the limited regularity of solutions in
time, the fully discrete solutions achieve a higher order of accuracy compared to first-order schemes.
This enhanced accuracy is verified through duality arguments and an L., approach in time without
Gronwall’s inequality and spectral methods. To our knowledge, our study presents, for the first time,
stability and a priori error analyses of SIPG for the dynamic viscoelasticity model of power-law type
with a mixed boundary condition including the purely elastic response. We can only find certain
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research works with further assumptions such as imposing I', = 0%, vanishing D or problems of
Mittag-Leffler type, where the Mittag-Leffler type kernel is asymptotically equivalent to the power-law
type as t — 0. The actual computational costs in Mittag-Leffler type simulations are more expensive
than the power-law type since the Mittag-Leffler type kernel involves an infinite series. Moreover,
the numerical scheme in [14] exhibits only first order accuracy in time and [26] shows optimal spa-
tial error estimates using Gronwall’s inequality without temporal error analysis. Therefore, the novelty
of our work is the improved analyses of stability and a priori bounds for more generalized dynamic
fractional order viscoelasticity problems where the bounds are non-exponentially increasing in time to
give confidence in the long time simulation of viscoelastic response.

This article is structured as follows: In Section 2, we introduce the fundamental definitions of
fractional calculus, the frameworks of DGFEM, and our notation. Section 3 defines a semi-discrete for-
mulation along with its stability analysis, as well as a fully discrete formulation. The stability analysis
and a priori error bounds for the fully discrete problem are stated and proved in Section 4. Numeri-
cal experiments using FEniCS (https://fenicsproject.org/) are presented in Section 5. Finally, Section 6
concludes the article.

2 | PRELIMINARY

We use standard notation so that L,(€2), H*(£2) and W;(€2) (with s and p nonnegative) denote the usual
Lebesgue, Hilbert and Sobolev spaces. For any normed space X, || - ||x represents the X norm which,
for inner product spaces, is always the norm induced by the inner product. For example, || - ||z, is
the L,(Q) norm, as induced by the L,(Q) inner product denoted—for brevity—by (-, -), but for § € Q,
we use (-, -)r,(s) for the Ly(S) inner product. When we denote the Bochner space by L,(0, T'; X), for a
time-dependent function f € L,(0, T; X), the corresponding norm is defined by

T 1/p
|V||Lp(o,T;X)=< / ol dr) ,
0

for 1 < p < o0. When p = oo this becomes the essential supremum norm:
Il o.rx) = ess supllf(®)llx.
0<r<T

When convenient, we shall often replace the upper limit 7 in these expressions by some other value
te[0,T].

For inner products of vector-valued and tensor-valued functions we use the same notation as for
the scalar cases. For instance, we have

d
(v,w)=/v-wd9, (E,K)=/Eimd9=2/"ijwijdg7
Q Q Q

ij=1
for vector-valued functions v and w, and second order tensors v and w.

We follow the framework of the DGFEM in [23] and refer to it for a detailed explanation. Assume
that the closure of Q is subdivided by &, where E € &, is a triangle in 2D or a tetrahedron in 3D,
and the intersection of any pair of elements is either a vertex, an edge, a face, or empty. We suppose
that the subdivision is quasi-uniform, which means that there exists a positive constant C such that
h < Chg for any E where hg is the diameter of E € &, and h is the maximum diameter. Let I, be the
set of interior edges (in 2D) or faces (in 3D) contained in the subdivision &,. Then for each edge or
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face element e, we can define a unit normal vector, n,. If e C 0Q, n, is the outward unit normal vector.
For an interior edge e such that e C E; N E; with i < j, the normal vector n, is oriented from E; to E;.
With the subdivision, we can introduce the broken Sobolev space

HY(&) ={ve Q) |VEE &, vl e H'(E)},

and endow it with the broken Sobolev norm, ||| - |||z, defined by
172
2
UVl = (X e ) -
E€E,

These definitions and notations are extended in an obvious way to the the vector field analogue H*(&p,).
We can also define the space of polynomials of degree less than or equal to k over E such that

m=1

d
PuE) = span{x’l"--xfj | Zim <k, x €E,i, € NU{0} for each m},

and then define our DG finite element space as

Di(E)) = {v € H'(&) | vz € Pu(E) for each E € 8,,} .

The analogous vector field is given by Di(&),) := [Di(Ep)]Y.
Next, we want to define an average and a jump for a vector valued function v and a second order

tensor v between two elements E and E} sharing the common edge e with i < j by
Wledle + Wle)le @ledle + @le)le

e :

v @ nel = lg)le @ ne — W|e)le @ e,

vl = 0ledle = WlEle,

where the normal vector n, is oriented from Ej to E; and & is the outer product defined, for vectors a
and b, by (@ ® b),,, = aub, form,n =1, ... ,d. On the other hand, if e C 0Q and e C JF

{V} :vlm {E} =E|e, [v] =v|e ‘R, and [v ® n.l =V|€®ne~

We can now introduce the jump penalty operator,

Jrewy = J% / [v] - [w] de,

ecl,ul’y

where o and y; are positive constants.

Useful inequalities
We now provide the following inequalities for use later in the a priori analysis.
e Inverse polynomial trace inequalities [31]: For any v € P (E), Ve C 0E,

~12 ~12
IVllz,e) < Chyg / IVl and IV - nllL,e) < Chg / IVVIlL,E). 2.1

where C is a positive constant and is independent of /2 but depends on the polynomial degree k.
e Poincaré’s inequality [2, 23]: If y;(d — 1) > 1 and |e| < 1 for every e C I, UT'p, then,

1/2
1
||v||L2<g>sc<|||w|||%,o(gh)+ > W"M“iw) : (2.2)

ecl’,ul’,

for any v € H'(&,).
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e Inverse inequality (or Markov inequality) [22, 23]: For any E € &, there is a positive constant
C such that

Y € PUE), IVVlL@ < Chg VllL@s V) € {0, 1, ... k), (2.3)

where

, V - V/71y foreven j, 0
Viy = ) and Vi = .
V(V/!y) for odd j,

Note that (2.1)—(2.3) can also be applied to vector-valued functions, componentwisely.
Next, we present the definition of the (left) Riemann—Liouville fractional derivative as well as its
properties.

Definition 2.1 (Riemann-Liouville fractional derivative and integral). Let f be a func-
tion defined on [a, b] and @ € (0, 1). A left Riemann—Liouville derivative of order a and
a left fractional integral of order « are defined by for > a

a _ 1 i ' / A ) o _ L ' / _ a=1 g
asz(f)—F(l_a)dt/af(f)(f r)"dt and  J7f(D) = 1ﬂ(w)/af(f Nt =) dt,

where I' is the gamma function. We can observe that

D (1) = 4 1% (), and DY) = flae-a™ + II7%f(r)  if f is differentiable.
dta rad-a
Furthermore, we have the positive definiteness [19] of the fractional integral of order a €

(0, 1) such that

T T rt
/ I gdt = ——— / / (= )" )p(ndr dt > 0. 24)
0 Tt - Jo Jo

0

3 | SPACE AND TIME DISCRETIZATION

In this section, we first introduce the SIPG formulation for the momentum Equation (1.1) to derive a
semi-discrete problem. Then, using a Crank—Nicolson type finite difference scheme, we can formulate
a fully discrete problem. For this, we additionally consider a numerical scheme for the fractional order
derivative using the linear interpolation technique in [16].

With the use of the power-law type stress relaxation in [11, 28], we can derive the power-law type
constitutive Equation (1.5) as

o(t) = poDe(t) + @117 "De(0) + ¢ T(1 — a)ol{ ~*Dé(®), 3.1

where @q is nonnegative, ¢, is positive and D is a symmetric positive definite piecewise constant
fourth order tensor. By substitution of the constitutive law (3.1) into the momentum Equation (1.1),
the model problem becomes:

pii(t) = V - (@oDe(D) + oiT(1 — oI} "De®)) = f) + ™"y~ onQ@x(O,T],  (3.2)

where y, := ¢V -Dg(0), with the boundary conditions (1.2) and (1.3), and the initial condition (1.4).
If we set @; = 0 in the constitutive equation, the stress relaxation will disappear. Hence, the corre-
sponding constitutive relation implies linear elasticity. For the purpose of our study in viscoelasticity,
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we shall assume a positive value for ¢;. On the other hand, in the absence of elastic response by @¢ = 0,
the model problem exhibits only stress relaxation. Furthermore, the momentum equation can be sim-
plified to a parabolic type integro-differential equation, not a hyperbolic type. For more details on the
reduced problem, refer to [11].

3.1 | A semi-discrete problem

To formulate a spatially discrete approximation of (3.2), we first present the SIPG form in the context
of our model problem. We define a symmetric DG bilinear form a : H*(&,) x H*(&,) — R fors > 3/2
by

av.w) = Y / De(v) : w) dE~ ) / (De®)} : [w@n.] de
E

Eeg, ecl,ur, 7€ (3.3)
- /{&(W)} v @n.] de+ P (v, w),
ecl,ury, < ¢
for any v,w € H*(&,). We also define our DG energy norm by
1/2
Ivlly = (Z /&(v) : €0W) dE+ )" (v, v)> , for v € H'(E).
Eeg, /E
Comparing these we can observe that
a,v) = |v|ly -2 Z /{&(V)} tv®@n.] de. (3.4)
ech,ury, /e

In the DG bilinear form, the third term is called the “interior penalty” term, while the last term is
referred to as the “jump penalty.” Depending on the sign of the interior penalty, the bilinear form is
either symmetric or nonsymmetric. In this article, we consider only the symmetric DG method and refer
to [10, 25] for an application of the nonsymmetric method for viscoelasticity. The choice to employ
SIPG is motivated by the fact that it only requires the standard penalization parameter y;(d — 1) > 1 to
achieve optimal spatial error estimates. In contrast, the nonsymmetric interior penalty Galerkin method
(NIPG) demands a super penalization parameter y;(d — 1) > 3 for optimal error estimates. It is worth
noting that using super penalization can result in a more ill-conditioned linear system, potentially
leading to difficulties when solving the system with iterative solvers. For more comprehensive details,
we refer to [10].

Remark (Korn’s inequality for piecewise H' vector fields [3, 23]). If we have y;(d —1) >
1, then since D is symmetric positive definite and the jump penalty is defined not only
on the interior edges but also on the positive measured Dirichlet boundary I'p, Korn’s
inequality yields, for any v € H'(&),),

VI e < CIVIE, (3.5)

Ee€g,
for some positive C independent of v.

Proposition 3.1 (DG elliptic projection). The DG elliptic projector, R, is defined for
u € H°(&,) and s > 3/2 by,

R : H’(&,) — Dy(&) such that a(u,v) = a(Ru,v), Yv € Di(&p).
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Note that we have the Galerkin orthogonality such that au — Ru,v) = 0 for anyv €
D (&p). Referring to [8, 23, 24, 32], for example, we recall the following elliptic-error
estimates,

llu — Rully < CR™ 7Y [ju]||mpe,  and

. (3.6)
llu — Rullr,) < CH™™ 19| [u]|| e,

Sforu € H*(E,) withs > 3 /2 and for sufficiently large penalty parameters yo > 0 and y; >
(d — 1)\, Here, the positive constant C is independent of u but dependent on the domain,
its boundary, and the polynomial degree k.

Proposition 3.2 (Bounds for interior penalty term [10, 13]). Suppose yy > 0 and y,(d —
1) > 1. For any v,w € Dy(&,), we have

Cc ,

D /I{&(v)} L w @ nellde < —= (V1§ + 5" (v, ), 3.7)
ecl,ury 7€ \/%

where C is a positive constant independent of v and w but dependent on the inverse

polynomial trace inequality’s constants and the domain.

Proposition 3.3 (Coercivity and continuity [10, 13]). Suppose yy > 0 is sufficiently large
and y1(d — 1) > 1. Then there exist positive constants k and K such that

klVlly <a.v),  and  Ja@w)| <K[vlviwllv,  ¥v.w € Di(&n). (3.8)
where k and K are independent of v and w.

Hereafter, we assume s > 2, yp > O and y;(d — 1) > 1 in our article to fulfill Proposition 3.1 to 3.3.

Remark. On account of using the inverse polynomial trace inequality to prove the coerciv-
ity and continuity, the DG bilinear form will not be coercive and continuous on the broken
Sobolev space. In other words, (3.8) holds only on the finite element space. For the choice
of the penalty parameter y,, we refer to [7, 32]. For instance, we will take yo € [10,100]
in the numerical experiments Section 5.

In the usual way for DGFEM, we follow the standard method of multiplying (3.2) by a test function
in H*(&,) for each E € &, integrating by parts over the element, summing overall £ and then imposing
additional penalty terms. This produces a weak formulation of (3.2). Under the assumption that the
strong solution to the momentum equation has spatial continuity, the interior penalty and jump penalty
terms can be included in our DG formulation. We refer to [10] for more details of the DG formulation
for the viscoelasticity model problems. Therefore, we can obtain the following semi-discrete problem:
find uy, : [0, T] — Dy(&y) satisfying for any v € Dy(&p),

pli(1),v) + @oaus(1),v) + @aa(ol! (1), v) = F(t;v)  fort> 0, (3.9)
a(u(0),v) = a(uo, v), (3.10)
a(uh(o)s V) = a(W(), V)’ (31 1)

where @, := @I'(1 — a) for convenience and the linear form F(-) is defined by

F(6:v) = (f0).9) + (gy®.v) 1) + (7 Wo.7).
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Note that the bilinear form is only associated with spatial variables so that the Leibniz integral rule
leads to

alol! (), v) =o I} “a(uy(r),v)  and  “a(uo,v) = a(t "ug,v),

for any v € Dy (&,). The above arguments are used to obtain (3.9). It is easy to show the linear form
F(-) is continuous if f € C(0,T;L,()), gy € CO,T;L,(Ty)), and y, € Ly(L2). Indeed, we can
observe that if uy € HQ(Q), it implies y, € L,(Q). Hereafter, we assume the data terms are bounded
and smooth enough to satisfy the continuity condition of the linear form. In addition to the initial data,
we suppose uy € H*(Q) N C(Q) and wy € H*(Q) n C(Q). For the existence and uniqueness of the
solution, we refer to [26].

Theorem 3.1. Let uy, be a solution of the semi-discrete problem (3.9)—(3.11). Suppose
iy, € L, (0,T; L,(Q)) and uy, € L (0, T; H*(E)). If yo is large enough and yi(d — 1) > 1,
there exists a positive constant C such that

S 2 2 2 2
Nanllz_ o7,y + N@nllz_o.rv) < C<||WO|IH2(Q) + llwoll ) + T“f”LZ(O,T;LZ(Q))
-1 2 2(1—a) 2
+Th ”gN”la(O,T;Lz(FN)) +T * ”WO”LZ(Q))'

Here, the constant C is independent of the semi-discrete solution, T and h but dependent
on the polynomial degree k, the fractional order a, the domain , its boundary, and the
material properties.

Proof. Letv = a,(t) for t € (0,T] in (3.9) to get,

uwmm®+%dwmm/ Z(ﬂ&wmm:mw®mwe

2 di ecl",,ul"D (3.12)
- o {De(uh(l‘))} [un(t) @ n.] de + paalol! “un(0), (1)) = F(in(1)).
eCFhUFD

For 0 < 7 < T, time integration yields
211+ L Nan(OI} + @ | aloli a0 (1)
) h L@ ™ h % (Pao oly n(f), Up
— TF(u B ; 2 @ 2
= n(0)dt + IIuh(O)IILZ(g) + - llun Oy (3.13)

0

+ @0 /({De(uh(f))} [n(z) @ ne] — {De(;(0))} : [un(0) @ n.)) de,

ecl,ul'p

by the definition of the bilinear form and integration by parts in time. Since we have

/OT ( 1 %,(0), uh(t))dz_r(l_ )/ /(t—s) a(uh(t)uh(t))dtdt

and the bilinear form a(-, -) is symmetric positive definite, (2.4) implies

/T (ot "ty (D), (1)) dt > 0.
0
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Hence, we can get

(@), ) + S () < / Fla (o) i+ 21an(O)l1F ) + 2 s Ol
0

+@0 Y [ ({De@i(e)) : [un(z) @ n] (3.14)

ecT,ur,, J e
—{De(x(0))} : [un(0) @ n.]) de.

Next, we shall show that the right-hand side of (3.14) is bounded. Consider the first
term of the right-hand side. By the definition of the linear form,

T

/ F(ip(n)dt = / (f0), iun(r)) dt + / (en®. (), . dr+ / (o, in(0) d.
0 0 0 N 0
Using Cauchy—Schwarz inequality, we have
/F(l'lh(l))dlS/ WOz, lierDll @) dt+/ llgn Oz, lEern Ol L,y dt
0 0 0
+/ T woll,@lliendll, dt
0
< [ WOl@lin®le dr+cn [ gyl lin®le d
0 0

T
+/ Nyl llin®llL,@ dt,
0

with the inverse polynomial trace inequality (2.1) on the second term. An L, norm
argument over time for ||z (#)||.,) implies that

/ F(,(H))dt < ||uh”Loo(0,T;L2(Q))</ WOy + Ch gy ®llay + T IWollL@ dl>-
0 0

Thus, by employing Young’s inequalities and Cauchy—Schwarz inequalities, we can obtain
the bound of the linear form such that

T
. €, + €yt € ) T
/ F(@u,()dt < (7“ > < )”uh“Lm(O,T;LZ(Q)) + gW“iz(o,T;Lz(Q))
0 a

CTh™! 2 T2(1-0) ) -13)
+ 26, ”gN“Lz(O,T;lq(FN)) + 201 —T)ec lwollz, )
for any positive constants €,, €, and €¢.. We refer to [25] for the bound
lun (OIS < Cliwollz ey (3.16)
Q)

and we derive from (3.11) by Korn’s inequality (3.5) and Poincaré’s inequality (2.2)

a7, < Cllax )5 < Cliwollzeq)- (.17
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On the other hand, (3.7) leads to
2 ({De(un(r))} = [un(z) @ n.] — {Den(0))} : [un(0) & n.l)

ecl,ur’p 7 €

€ (lun@I13 +luaO)112) (3.18)

Si
N

C
< —=(llusll? 0.0, +llolirg)).
Jn
on account of L., norm in time and (3.16).
Collecting all bounds (3.15)—(3.18) in (3.14), we have
P ®o €. te+e . C
Pl (I e + Z2 M)y < (<2 i + ﬁuuhniw(@m

P 2 c T a2
+C2yw +——|lu +— .
2 ” 0||H2(Q) \/% ” 0||H2(Q) 2€a ”.f”Lz(O,T,LZ(Q))

5 T2(1—a)
+ ——wollZ, -
||gN||L2(0,T;L2(FN)) 20 = a)e, Vol @

(3.19)

+ CTh™!
2€b

Since 7 is arbitrary, we can write (3.19) as

P 12 @0 2 2 c 2
Slanllz o7, + 5 Nunlli_orv) < (€a + en + €llinll o1, + llenllz_o.7:v)
2 2 \/70

2 C T a2
+ Cplwollgz) + —=llwoll i) + 7|V‘”L2(0,T;L2(Q))
V Yo €a

T20-

a) 5
d=ae, lwollZ, )

CTh™! 2
+ 7”gN”14_(0,T;L2(FN)) + (1—a

€b

and setting €, = €, = €. = p/12 yields

Py 2 @0 C 2 2 c
“Nlallz OT:L,@) T ( - )”uh”L o1y < Cp||w0||H2(Q) + 7““0“;12(9)
4 (SR ) 2 o \Usl s
\/% \/J/_o (3.20)
12T CTh™! 127%1-)

2
||lI/o||L2(Q)-

2 2
+ P WAIZ, 0.7, + ||gN||L2(0,T;L2(FN))+ a

—a)p
Requiring a sufficiently large o to give @o/2 — C/ \/% > 0, we complete the proof. =

If we used Gronwall’s inequality to estimate for the time integration, the stability bound would
depend on time exponentially, for example, the Gronwall’s inequality leads to

/ Fay()dt < Cexp(Dlienl,0.7:L,) </ WOz,
0 0

—1/2 —
+h™ lgy Ol + Wl di).
Whereas our stability estimates present non-exponential bounds in time.

Remark. Even though the 2~! term appears on the traction in the stability bound, it has no
significant effect since 4 is fixed for the finite element space. While the 2! term appears
from the inverse polynomial trace inequality, the numerical results will only show the
weakly imposed Neumann boundary condition, for example, see [23, 25].
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3.2 | A fully discrete formulation

Employing the Crank—Nicolson type time discretization, we can formulate a fully discrete problem for
the non-hereditary terms. However, due to the weak singularity in the fractional order integral, it is
necessary to also use appropriate numerical techniques for the discrete fractional integral.

A time step size At = T/N > 0 is defined for some N € N and we set t, = nAtforn =0, ... ,N.
We denote the fully discrete solution for the velocity and the displacement by W; € Dy(&;,) and
U, € Di(&), respectively, forn = 0, ... ,N (i.e., we consider u(t,) ~ Wj, and u(t,) ~ Uj, for each
time step). To complete the time discretization, a linear interpolation technique [11, 16] is introduced.
A local interpolation operator L, is defined as follows:

— In _ ﬂw(tn) forn=1, ... ,N.
At At

This operator provides a piecewise linear interpolation of w.

£,0)(0) = -

Proposition 3.4. If w is of C? in time, we can define
E,(0) :=w() - L,(w)(1) = %W(é)(t —tp)(t —1,)  for some & € [ty-1, 1],

where t € [t,—1,1,], by Rolle’s theorem. For any t € [t,—1,t,], if w(t) € X for a normed
space X, it holds that

AP
IE.®Ollx < 7||W||Lw(xn_,,t”;X)-
This inequality also holds on the broken Sobolev norm sense.

Now, we can derive the numerical approximation ¢, (w) to the fractional order integration satisfying
that

of} = w(1,) = ﬁZ / (Liw)() + E)) 1, — 1Y dl

A 2 " (3.21)
- & ZBn,w(tl)+ l_a); AlEi(t’><rn—r’>—“dt':=qn(w>+en(w),

where
n'=*Q2 —a—n)+(n- 1>, i=0,
Bi=q4(n—i—1D)>"+m—i+1)>*=2m—-i)*% i=1,..,n—1,
1, I =n.

Note that 0 < B,; < 2foranyn > Oand i = 0, ... ,n. By Proposition 3.4, if w € CZ(O, T;X), the

numerical approximation error by the linear interpolation is given by, foranyn =1, ... , N,
”en(w)”X = IlOItI_aw(tn) _qn(w)“X = ”w”L .z, X)/ (tn —t )_adt
2F(1
(3.22)
< 7”2 #0707
M -a Lo, (0,T:X) .

For more details of the linear interpolation technique for fractional integral, we refer to [10, 11, 16]
and the references therein. In the fully discrete sense, we define Q,(W;,) by

AT« ;
Q,(W,) = ﬁ;‘;Bn,iwh.
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For simplicity, we assume y, = 0 which implies that the linear form F(¢; ) is well-defined at ¢t = 0.
Finally, we can formulate a fully discrete problem by using the Crank—Nicolson type scheme and the
approximate fractional integral as follows: find W; € D(&;,) and Uj, € Di(E,) forn =0, ... ,N such
that for any v € Dy (&),

+1 _ wn n+1 n
(pWZ Wh’v> +(poa<Uh +Uh’v> +W<Qn+1<wh)+Q,,<Wh>,v>

At 2 2
I (3.23)
+J70»71 th - Wh v = F(tn+l;v) +F(tn;v)
0 At 2 ’
forn=0, ... ,N—1, and
a(U),v) = a(ug,v), (3.24)
a(Wj.,v) = a(w,v), (3.25)
with | |
n—+ M n+ _ n
W, + W, _ U, Uh. (3.26)

2 At
The jump penalty term for the discrete acceleration (the fourth term in (3.23)) is not necessary for
stability analysis. But we will require it for energy error estimation for the velocity later.

Remark. In the previous work [10, 13, 25], the SIPG formulations for linear viscoelas-
ticity problems introduced jump penalty terms for discrete velocity to handle the spatial
discontinuity of the discrete velocity. On the other hand, our method introduces the jump
penalty term of acceleration in (3.23), providing the capability to regulate the discontinu-
ity of discrete acceleration. For instance, as detailed in [13], an additional jump penalty

term is defined as .
4 W
J}’O’Yl <Wz + hl v>
() 2 £ )

involving the time-averaged velocity. While this approach allows us to have the bounded-
ness of J{”' (W}, W}), it may not ensure the management of acceleration’s discontinuity.

Conversely, our scheme,
+1
JJ’(),Y] Wz - Whl
() ) v )
At

can reduce the discontinuity of acceleration by adjusting penalty parameters, immediately.

4 | STABILITY AND CONVERGENCE ANALYSES

In this section, we present a stability bound as well as an error bound for the fully discrete problem.
In the fully discrete problem, the stability bound implies the existence and uniqueness of the solution.
To estimate a priori error, we introduce the usual approach using the elliptic projection.

4.1 | A stability bound

In the semi-discrete problem, we showed the stability analysis without using Gronwall’s inequality to
yield non-exponentially increasing bounds in time. Using the positive definiteness (2.4), we could deal
with the fractional integration term but in the following case of the fully discrete scheme, we need to

85UB017 SUOWWIOD 3A1ER.ID 3ot jdde auy Ag paussnob afe saoiie VO ‘SN J0 S3|NJ 1o} AXeiq 1T 8UIIUO AB]IA LD (SUORIPUOO-PUe-SWLB)LI0D A8 1M ATe.d 1 BUI|UO//SANL) SUORIPUOD PUe Swis 1 8u88S *[7202/S0/TE] Uo Ariqiauliuo Ajim ‘AisieAiun punig Aq L0TEZ WNU/Z00T OT/I0p/w00" A im AReiqjul|uoy/sdny woy papeojumod ‘0 ‘9zZ860T



W3 | \WILEY JANG and SHAW
use a different proof technique based on mathematical induction. For the stability analysis of the fully
discrete problem, we also suppose the same smooth data terms.

Theorem 4.1. If yi(d — 1) > 1 and y, is sufficiently large, there exists a unique discrete
solution to (3.23)—(3.25) that satisfies

N-1
2— 1 2 Y0V
max Wi o) + max (UG + A2~ 3 W+ WhIIE + max Ji™" (W) W)
n=0 -

2 2 2— 2
< C(HWOHHZ(Q) + ”uO”HZ(g) + At a”WO”HZ(Q)

N N
+T <At2|[f(t,,)||%2(9) + Atzh_lllgN(tn”l%,z(FN)) >,

n=0 n=0

where C is independent of the solution, At and h.

Proof. Letmbe an arbitrary positive integer such that m < N. Takingv = 2At(W"hJr1 +Wy)
for 0 < n < m—11in (3.23) and summing all results overn = 0ton = m — 1, we get

m—1
(” ||L2(Q) ||W2||i2(g)) + (PoAIZa(UZ+1 + UZ’ WZ‘H + vV”h)
n=0
m—1
0Bty (s (Wi + O, (Wi, Wit + W)+ 2(J007 (Wi, W) = T30 (W, W) )
n=0
m—1 m—1
= ALY () + ), Wit + Wi) + ALY (@ (i) + g0, Wit + W),
n=0 n=0 -
4.1)
Using the relation (3.26), for example, AW} + W) = 2(U;*! — U}), we can rewrite
4.1) as
m—1
201W} 0 + 2000 (U URY) + @udht 3 a( @y (W) + @, (W), Wit + W)
n=0
+ 2]70 1 , wr
(W) 4.2)
m—1 m—1
= Af§ (ftnar) +f0). Wi+ W) + Atzo(gzv(fnﬂ) +en ). Wit W)

+ 20lIWIZ o) + 200a (U, UY) + 200" (W), Wy).

By the definition of the numerical approximation of the fractional integration, we can
expand the third term of (4.2) as

m— n+l
(paAl i n n
S Zoeams Zaw v ).
and we can split it by

m—1 n n—1
U T U q)llAtz U
7;:0@(%“ + W, Wit W) + [G-a2 Z < § B W), + ,zoB”lWh’WnH + W )
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since B, = 1 for Vn. By introducing this expression into (4.2), we can obtain

m—1
” KQa A" : ”
201W; 1) + 2 00ll I + 252 DI+ W + 2007 (W, W)

rQ3 c
m—1 m—1
< Atz;) (ftws) +ft0), Wi+ W) + AtZ)(gN(th) +en(t). Wit + W),

4.3)

m—1

2 Yos71 Atz_a
+ 20IWAIE o+ 2000 (U3, UF) + 2007 (W WE) = B2 5

n—1
<2Bn+llWh + ZBnIWh’ Wn+1 Wn>’

i=0 i=0

by the coercivity of the bilinear form.

Now, we shall present the upper bounds of the first four terms in the right-hand side
of (4.3) by following the proof of Theorem 3.1, for example, Cauchy—Schwarz inequality,
Young’s inequality, inverse polynomial trace inequality and so forth.

o ALYy (i) +£0), Wit + W)
By the Cauchy—Schwarz inequality and the Young’s inequality, we have

m—1 m

mn T 2
ALY (ftnsr) + £t Wit + Wp) < ALY <2eanf<tn)||%2(g> += ||W2||%2<g>>
n=0 n=0 a

N

4T
< A1 Y 2ellfullE, @) + - max W17, o
n=0 a

for any positive €.

-1
° Atz:l:o (gN(tn+l) + gN(tn)a th+1 + W”h)Lz(FN)
Similarly, we can also derive, with the inverse polynomial trace theorem,

m—1

Al‘z (gN(tn+1) + gy (tn), WZH + VVnh)LZ(FN)

n=0

<At22eb||gN(t,,)||L2(l-N)+AIZ - 2 Wiz

=0 eCFN
2Ch™!
< ArZzebngN(zn)niZ(rN) + AtZ D UWiIE )
n=0 =0 €b Eecg,
N
Ch~'4T
< Atr;)zeb“gN(tn)”Lz(FN) + 7{7012?3\]” 7@

for any positive €.
o IWMIE o) a(U), U}) and Jp"" (W, W)
As seen in (3.16) and (3.17), (3.24) and (3.25) imply that

2 2 2 2 2
a(U3.U3) < KIUM < Clluollfp. and [[WHII7 g, < CIIWAIG < Cliwoll7pq)-
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by the continuity, respectively. Also, the definition of DG energy norm gives

T (Wh, W) < IWRIIS < Cliwollzp -

Tidying up all results with (4.3), we then have

m K aAl 8 m
2011z + 2o IUF I + T~ ZIIW”“ Wil + 27" (Wy. W)

4T . Ch~'4T
< 2CP”“’O“}L]Z(Q) + C(P0||”O||H2(Q) + < c + e > max ||Wh”L2(Q)
N N
+ A1) 2ellfn)lI7 0 + At Y 26 lgn @I, @d.4)
n=0 n=0

[2(1

n—1
Bnlz i+ Bn,i i?‘}Vn+1+Wn
Sy, (2 s TR
Ar'S (< S
— 1(_p‘(”‘3)Za<ZBn+1,iW;, + ZB,”-W;,, WZH + WZ)
—a

n=0 i=0 i=0

Note that in (4.4), R is positive and independent of m. Using mathematical induction, we
want to show the following inequality holds such that

m—1

AP 1
20lW3 117, ) + 2600l UR I} + 5225 ZIIW’” + Wi}

(4.5)

n=0

+2ITH (W, W) < C(R + AP~ ([WRII).

For m = 1 in (4.4), using the continuity of the bilinear form and Young’s inequality,
we have

K‘(paAt

TG = (||Wh+WO|| ) + 2707 (W), W)

20lIWHIZ o) + 2k @0l UL +

2
po AP~ ( K*Bj g€ 2 I 2
<R WY —||W,+ W13 ),
< +F(3—a)< I h”V+2€” n+ Willy

for any positive e, since

KzB%‘Oe
2

1
|a(B1oWh. W)+ W) | < W2 + S IW+ WRILS.

Taking € = 1/k, we can observe that (4.5) holds when m = 1. Let us assume that (4.5)
holds for j < m. Consider (4.4) for j + 1, particularly the last term. Denoting 0 < G :=
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max B,; < 2, we have

0<i<n<N
J n—1
. . 1
Z a(ZBI’H—ll lh+ZBn,i lh’W2+ +VVnh>
n=0 i=0

|
L

n

<

M-

’G(Bn,iWZH + W, Wit + | + Z(Bn() + Buy10 + Bay, 1)| Wi, Wi+ W)

0 i

Il
—

n

Jj
+ ZBHH |a(Wh+ Wi, Wit + W)
J
& (KA3G)% 1
+ 3 (CCE i +
n=0

2?'
J
+Z<K G2¢&
n=0

for any positive €, € and €. Then the induction assumption (4.5) for j implies the
boundedness of

n—1

K G € T ( & n
2( ||W“+Wh||v+||W“+Wh||v>

|Witt + W;H%)

| 2 1 1 2
+ Willy + g W3 + Wznv),

j-1 j n-1

1 2 i+1 i 112
DIW + Wil and YD W+ WG
n=0 n=0i=1

Therefore, choosing proper Young’s constants such as ¢ = € = ¢ = 1/(3k) leads us to
prove (4.5) for j + 1. Consequently, (4.5) holds for arbitrary m.
After noting that ||W2||%, <cC ||w0||)2qz(9), combining it with the maximum argument

such that
an+b, < C, Vn, > max a, + max b, < 2C,
(4.5) yields
K(p,,At il
2 max Wl + 2c oo max W11} + Sre—s HZ:,)IIW S A
Y05V n n
+201213‘S’§VJ00 H(Wh, Wh)
AT ~ Ch~'4T

max ||W?||?
- )MNH AR

< 4C<2p||wo||Hz(Q) + Coolluoll e + ( P
a

N N
+ Atzzea”f(tn)”i(gz) + Alzzeh“g}v(tn)”i(rlv) + CA[Z_“||W0||%-12(Q)>~
n=0 n=0

In the end, we can complete our proof by taking appropriate Young’s constants, for
example, €, = 32CT/p and ¢, = 32CT/(ph). (]

In the fully discrete case, the stability bound in Theorem 4.1 implies the existence and uniqueness
of the fully discrete problem. The proof uses the maximum argument instead of discrete Gronwall’s
inequality to estimate the discrete integration in time. As a consequence, the stability bound is not
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exponentially increasing in time. While we have applied the positive definiteness of a fractional inte-
gration to the stability analysis of the semi-discrete problem, by employing mathematical induction,
we have proved the stability bound of the fully discrete solution and the (discrete) fractional order
integration of the velocity. Indeed, in a similar way to the positive definiteness on the fractional order
integral, there exist positivity properties of the quadrature Q, . For instance, it holds that

ALY Q, (@)D, >0, VD =(Dy, ..., D). (4.6)
i=0

However, to use the positivity (4.6) in the stability analysis, it is essential to assume the homogeneous
Dirichlet boundary condition, since a spectral decomposition is additionally required in the proof.
Furthermore, using (4.6) will not provide energy norm bounds of velocity as in Theorem 3.1. For more
details, we refer to [19, 21].

4.2 | Error estimates
Following the usual path for error estimation [13], we want to split spatial and temporal error
components by introducing the DG elliptic projection. We define

01 :=u(t) — Ru(r), y" := U} — Ru(t,), ®" := Wj;, — Ru(t,), £,(t)

L_ UG+ An+a@)  a@+ An —a(r)
o 2 At ’

fort€[0,T]andn =0, ... ,N. Then (3.26) gives

n+l _ o n n+1 n
=TT L 6 + ) @7

forn=0, ... ,N—1 where

E1) = o + AAri— 6@ 6+ A;) +00 4 £40) = w
_ult+ A —u()

At

For a three-times time-differentiable function, v(¢), when we denote its third time derivative by v,
we have

V(tar1) +9(t) V() — V(@) _ 1 e — N —
k )= _ L / VO b1 — 1 — 1)d1. 4.8)

Hence, if v® € Ly(t,, 1,41 X), the Cauchy—Schwarz inequality gives

2 3
<At

V(1) + V(@) V(tar1) — V() <% [ (4.9)
X

2 At

Before evaluating error estimates, we shall consider the regularity of the solution to ensure optimal
errors in time. As seen in (4.9), the Crank—Nicolson method requires H> smoothness in time. Due to
the weak singularity in fractional order integrals, it is not trivial to have second order accuracy in time.

To describe the regularity of solutions, we first introduce a convolution form in fractional integrals
and a spatial differential operator. For instance, when we define f;_,(f) = t*/T'(1—a) and A = V-De,
and we denote a Laplace convolution by *, in the strong form (3.2), we can rewrite it as

pii(t) = @o Au(r) + @ofr—o * Au(t) + f0), (4.10)
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with the assumption y;, = 0 for simplicity. In fact, to obtain y, = 0, we need to suppose uy € ker(.A).
When we consider L, norm in time, Young’s inequality for convolution yields

llpiellz, 0.1y < @ollAullr 0,1) + @allBr-allz, 0.0l AL 0.1) + Al 0.1 4.11)

for g > 1. In (4.11), ii is L, integrable in time if Au, A% and f are L, integrable in time. By
differentiation of (4.10) in time, we have

pu(t) = Qo Ai(t) + Qo fi-a(DAWY + @ufi—q * Aii(t) + f(1). (4.12)

Since f—, is L integrable, so is u® with L, integrable Au, Aii and f in time. However, f;_, is only
L, integrable for « < 1/2. Hence, if @ < 1/2 or wy € ker(A), u® is L, integrable in time where
A, Aii, f € Ly(0,T). Repeating this process, we can consider the fourth time derivative of u such
that

puD(t) = Qo Aii(t) + 9o f1_o (AW + P Pi—o(DAO0) + @ fi—q * AU (@) + (). (4.13)

Note that f;_, & L,(0,T) for g > 1, for any 0 < a < 1. Hence, for the L, integrability of u®, it is
required to assume that wy € ker(.A) and ii(0) € ker(A).

Remark. For n > 1, since we have u® € Ly(t,,t,41;X) and u® € L,(t,, t,41; X) with
sufficiently smooth initial data and source terms, substitutions of (4.12) and (4.13) into
(4.8) lead to (4.9) for u and &, respectively. However, when n = 0, the singularity appears.
Thus, in order to take full boundedness in time, we need further attention to manage the
bound for n = 0.

Lemma 4.1. Suppose f € H*(0,T;L,(Q)) n H*0, T; H*(Q)), uy € ker(A) and wy €
H?(Q). Furthermore, we assume that u € H>(0, T; H*(Q)) and Au € H*(0, T; H*(Q)). If
wq € ker(A), there exists a positive constant C independent of At such that

i(Ar) +ii(0)  a(Ar) —u(0) H < CAP @.14)
2 At - ’ ’

Moreover, if wy € ker(A) and ii(0) € ker(A), we can also obtain

ii(Af) +ii(0)  w(Af) —u(0) 5
> - . H < CAA. (4.15)

Proof. Consider (4.13) and split it into two parts by L, integrable part I(¢) and others. Then
we have

puD (@) = 1(t) + @ofi1_o (VAW + 9o f1—o(t)Aii(0). (4.16)

If wy € ker(A), (4.16) implies u® is L; integrable in time. Let po(f) = (At — £)t for
t € [0, At]. By substitution (4.16) into (4.8), when wy € ker(.A), we derive the following

equation
(A +ii0)  a(An—a@©) 1 [Y o0 [V )
2 - AL = 2pAt/0 IOp2(n)dt + 2001, P1-o(D)Ai(0)pa(r)dt.

4.17)
Using integration by parts, we get

/ I(Dp>(dt = lt)ps3(1) — / I()ps(d)dr
0 0

85UB017 SUOWWIOD 3A1ER.ID 3ot jdde auy Ag paussnob afe saoiie VO ‘SN J0 S3|NJ 1o} AXeiq 1T 8UIIUO AB]IA LD (SUORIPUOO-PUe-SWLB)LI0D A8 1M ATe.d 1 BUI|UO//SANL) SUORIPUOD PUe Swis 1 8u88S *[7202/S0/TE] Uo Ariqiauliuo Ajim ‘AisieAiun punig Aq L0TEZ WNU/Z00T OT/I0p/w00" A im AReiqjul|uoy/sdny woy papeojumod ‘0 ‘9zZ860T



20 of 33 Wl LEY JANG and SHAW

where p3(f) = At/2t> — /3, and so there exists a positive C such that

At
/ l(np(ndt
0

On the other hand, since .4ii(0) is time independent, we have

< CAP (IAD)I @ + Il 0.800,0) )-

1 (1 — ) A2
— —a dt = ~———
AL B1-a(0)Ait(0)p2(2) T —a Aii(0).
Therefore, we can obtain from (4.17)
u(At)2+ i0) a(Ar)— u(O)” < C N a) < AP, (4.18)

where C depends on u and f but is independent of At.
In addition, if wy € ker(A) and ii(0) € ker(.A), it immediately implies that the error
has second order accuracy. n

We refer to [19] for the regularity of solutions of fractional order integro-differential equations,
using a spectral decomposition for a representation with Fourier coefficients.

Remark. In our model problem, the weak singularity only occurs at ¢ = 0. If the solution
has sufficient regularity in time for the second order time discretization schemes, addi-
tional regularity properties in space will not be required. Otherwise, the solution needs
higher regularity in space such that u®(r) € H*(Q) near ¢ = 0 where the regularity con-
ditions rely on initial conditions and f. For more details of regularity results with respect
to time and space, and their assumptions, for example, see [19].

Using the DG elliptic error estimates as in Proposition 3.1 and Crank—Nicolson type temporal
errors (4.9) with Lemma 4.1, we can derive the following lemma.

Lemma 4.2. Let yo > 0 be large enough and y(d — 1) > 1. Suppose
u € C*(0,T; CHQ) N H' (L)) N W (0, T; H (&),

and the data terms are suﬁ‘iciently smooth to fulfil Lemma 4.1. For the fully discrete
solutions to (3.23)—(3.25), ( )n 0 and (UZ)Z;O, there exists a positive constant C such
that

N—1 1/2
masx |||, + max 12" llv + <At2-“2||w"+‘ + w"n%)
()< <N =0

+ max (/" (w", w")'? < CT> (W + A2,
0<n<N
where r = min(k + 1, s). Here, C is independent of h, At and the numerical solutions. In
addition to the condition of smooth data, if it(0) € ker(A), we have

N—1 1/2
2— 1 2
max 12" |1, + max lx"llv + <Ar “ llw"* +w"||v>
0<n<N =0

+max (/" (@, @) < CT (W + A).

0<n<
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Proof. Let m be an arbitrary positive integer in [1, N]. For any 0 < n < m — 1, average of
(3.9) over ¢, and ¢, and subtraction of it from (3.23) give

p<W2+‘ = Wi _ diltyy) + () v> + ooa (UZ“ +Uj () +u(t,) v)

At 2 2 2
W, W, 1% +o 10
+ Pad Qn+l( h) + Qn( h) _ 0 Lut1 0 Iy v (419)
2 2
Wit — W2 i) + ii(t,)
J}’OJ’I h h _ n+1 n , =0,
o ( At 2 ’
and (4.19) can be rewritten, by recalling the definitions of elliptic projection errors and
(3.21), as
é(w”“ -w"v) + %a()("“ +x"v)+ %a(QnH('w) +Q,(w),v)
1 ’ n n
+ B‘](};Oh(m +1 —w ,V)
= - (Bs) = 0).7) + T2 a(Oltner) +6G,).7) + Tra(g,1(0) +4,(0).7)
« . . 1 oy s . ’
+ %a(en+1(u) +e,(it),v) + p(E1(tn),v) + EJS" (O(tas1) — Ota), v) + T (E1 (1), V).
(4.20)
The Galerkin orthogonality, the linearity of the bilinear form and the spatial continuity
reduce (4.20) to
i(m"“ -w"v) + %a()(”“ +x"v) + %a(QnH(w) +0,(w),v)
+ iJng ("' — ") 4.21)

At
= Ait (Q(tn+1) - 0(t,), v) + %a(e,m(u) + e,(1),v) + p(E1(ty), V).

Since i(f) € C*(Q), e, (1) is of C2 in the spatial domain too. Hence, the continuity implies
that
a(en+1(@) + e, (1), v) = (Alens1(@) + €,(@)),v). (4.22)

To complete the proof, we will follow the same arguments in the stability analysis
with the spatial error estimates as well as the time discretization errors. By substitution of
v = 2AH(w™! + @") into (4.21) with (4.7) and (4.22), summing together from n = 0 to
n=m— 1 yields

m—1
ZPllme%z(g) + 2p0a(x™, x™ + (paAtZa(QnH(w) L Q@) @™ + @) + 2007 (@, ")
n=0
m—1
=2pllw°|I} 0 + 200a(x°. X°) + 270" (=, @°) + 2/)2 (B(ts1) — O(t), @' + ")
n=0
el m—1
# 0T (At +€,(@). "+ @) + 2000 Y (816 7" + )
n=0 —
m—1 el
+ Z(poAtZa(XnH + 4", 82(1‘,,)) + 2¢0At2‘1(1n+] + 83(tn))-
n=0 v

(4.23)
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Expanding the discrete fractional integration @, and using the coercivity in (4.23), we can
derive

m—1

K Qo AtP®
Pa Z ”,w.n+l + wn”‘Z/ + 2](7;0771 (,w.m, wm)
n=0

20ll@™ |2 ) + 2K "3+
pll ||L2(Q) @oll x™ Iy IG—-a)

m—1

< 2p1®°I7 0 + 200a(2°, x°) + 208" (w°, w°) + 2p2 (0tnr) — 01, @' + ")

n=0
m—1 m—1
+ (PaAlZ (Alenr1(@) + e,(), @' + w") + ZpAtZ (&1(t), " +@")
n=0 n=0

m—1
+ 20081 Y a(x"™! + 1", Ex(tn)
n=0

m—1 n—1

I'G-a)

—a m—1 n
+ 2¢0At2a()(”+1 + X" E3(1)) — Atzg<2Bn+1,,-’w" + ZB,,,i'wi, ot +@" ).

n=0 n=0 \ i=0 i=0

(4.24)
Next, we shall show the bounds of the right-hand side of (4.24) except for the last term.

. ||m0||%q(g), a(x° x°) and J"" (w°, w°)

For any v € Dy (&), we have
a(®®,v) = a(W) —wo,v) +a(wo — Rwo,v) =0

by (3.25) and the Galerkin orthogonality. Then Poincaré’s inequality (2.2) leads us to
obtain

@I, < Cll@°Il;, =0 andso Jy'" (@’ @) < [|[@°|} = 0.
In this manner, the Galerkin orthogonality and (3.24) gives
a(x’ x°) =o0.
o Y (0tusr) — 0, @ + ")

The use of Cauchy—Schwarz inequalities, Young’s inequality and elliptic error
estimates yields

—1

3

m-l ep,
(Ot = 01,0 + ) = 3 [ (0. 01 + w")ar
— I

n=0

m—1

1,

€ o At

< Ca o 2 d[’+ wn+1 + " 2
1O et + 55 s

€anninn2 At nn2
< X6 ' + —A4N max ||w
< S o + 50 4N max 111

.2 €42 2T 2
< Cllu”Lz(O,T;H‘(E,l))?ah "+ Eog%IIW"IILz@,

for any positive €, and r = min(k + 1, s).
° Atzm-ol (A(ens1(@) + e,(0)), ™! + w")

n=
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In a similar way, we have

m—1
Ar) (A1 (@) + e,(), w" + w")

n=0
N-1

< ALY L A1) + e, @I, ) +
n=0

2T n2
. Orgg;vllw Iz,

for any positive €;,. After noting that
”A(en+l(u) + en(”))”[i(g) < C||en+l(u) + en(u)”%]Z(Qy

(3.22) allows us to derive

m—1

Atz (Alen1 @) + €,(@)), @' + w")
n=0

2 3-2 4 4 2T 2
< C”u”Wgo(O,T;HZ(Q))T “epAr* + :bOr;aS)I(V”wn”LZ(Q)

. AZZZ:OI (&), w1 + @")
Recalling Lemma 4.1 and the time discretization error (4.9) gives

m—1
€, —
AtY (Ei). "™ + @") < ?At“”u(“)||i2(,l,T;L2(Q)) + CTe Ar*2¢
n=0

2T a2 4-2q , 2T 2
+ejorélr%/”m L, < CTe A + Zo‘é‘g\,”m IZ,@
by Cauchy—Schwarz inequalities and Young’s inequality, for any positive e.. If ii(0) €
ker(A), it holds ”u”H4(0’T;H2(Q)) < oo to yleld

m—1
ntl n 2 4 2T "2
m’;)(el(zn),m +@") < Cllullfurma TeAL + o a1l -

. Atzzlz_ola()(”“ + x", Ex(1,)) and Atz:';)]a(;(”“ + X", E3(1))
Following similar arguments but using the continuity of the DG bilinear form rather
than Cauchy—Schwarz inequality, we get

41003)112 2T 2
A*]|6" )“LZ(O,T;V) + = max || x" IV,

€4 0<n<N

m—1
n n €
Atnzzz,)a(x &) < o

for any positive e,4. Note that the DG elliptic error estimates such as (3.6) provide spatial

error estimates of @ and its time derivatives. For example, (3.6) implies 16°0)|lv <
3

C||[®®)|]| |H‘(€h) for any ¢. Also, we have

m—1
1 n €d A A1 (3)112 2T w2
Atrg{)a()( + 1" E3(ty) < C oz AN o ey + o, e a3

85UB017 SUOWWIOD 3A1ER.ID 3ot jdde auy Ag paussnob afe saoiie VO ‘SN J0 S3|NJ 1o} AXeiq 1T 8UIIUO AB]IA LD (SUORIPUOO-PUe-SWLB)LI0D A8 1M ATe.d 1 BUI|UO//SANL) SUORIPUOD PUe Swis 1 8u88S *[7202/S0/TE] Uo Ariqiauliuo Ajim ‘AisieAiun punig Aq L0TEZ WNU/Z00T OT/I0p/w00" A im AReiqjul|uoy/sdny woy papeojumod ‘0 ‘9zZ860T



24 of 33 Wl LEY JANG and SHAW

Collecting up all the above results, we can derive a bound for (4.24) as

2 2 K@ AP +1 Yoy
201" I + 260ll "Iy + 15— Zuw" + @'} + 207 (", ")
<C (peuhzr + @ T3 e, ALt + pTeL.At4_2" + @poea ALt )
4pT 2@, T 2pT (4.25)
+| —+—+ — | mxX ||w
( € € €. JosnsN ! "l @
8(p T Aﬂ—a m—1 n—1
0 n+1
+ ma B w' + B, @, ot + o' |,
o, max "Iy - r<3—a),;) 20 .y ;0 i

where C is a positive constant independent of Az, i and the discrete solutions. We can
observe that the bound in (4.25) except the last term is independent of m. As shown in
the proof of Theorem 4.1, the use of mathematical induction and the maximum argument
leads to

A2~
2p max ||w"||? 2 max || y"||2 + ~Pe20 o't + w
pmax 10"l o) + 2o ma 12”11} + S Zn +a"[l}

+ 2 max Jg“’y‘ (w", w")
0<n<N
(4.26)

< 4C<peah2’ + @ TP 2%, At + pTe A2 + @oe A + 2T<2p 4+ Py p)
€q €p €c

8¢@oT
max ||@ + max
max 1117 @ + =20 max " ||V>

At last, by the setting of coefficients of Young’s inequalities,

e, = 48CT, €, = 24¢,CT, €, = 24CT, €q = 32CT/«k,

we have
K@ AL? . vy
pmax, l|@" ||L2(Q)+K§00 max || " 5+ 21“(27—2”1”” g ||V+2maxJ° ap—

n=0
< CTY 2 (™ + A + At4‘2”’),

(4.27)
for some positive C which is independent of /, Az, T and the discrete solutions but depends
on the strong solution, the data terms, the spatial domain and the material properties.
Moreover, if we suppose ii(0) € ker(A), the At*~2* terms in the bounds will disappear
and (4.27) becomes

AP~
max || @"||? o + max || "3 + £Pe20 @+ w"
pamax 19”7, @ + ko max 12”11} + S Zu I @)

+2 max J)"" (", ") < CT*2*(h* + Ar*).
0<n<N
This completes the proof. n

In Lemma 4.2, under the assumption of H* regularity in time, it is clear to see that the constant of
the bound C depends on ||u||g+,7:1:(¢,)- On the other hand, if the solution has only H? regularity in
time, Lemma 4.1 plays an important role to present sub-optimal orders of time discretization errors.
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Once H* regularity of the solution is possessed in time, the smoothness of f'is no longer required. Only
the condition of the continuous linear form is needed for the stability of discrete formulations.
By Lemma 4.2, we can prove the following a priori error estimates.

Theorem 4.2. Assume that u, f and initial conditions are given satisfying Lemma 4.2,
and (W”h)fj:() and ( 2)2;0 are the fully discrete solution. Then we can observe optimal
orders of L, error estimates as well as energy error estimates with respect to h. Although
we have sub-optimal 2 — a order accuracy in time, some additional conditions such as
ii(0) € ker(A) or H* regularity in time lead us to obtain second-order accuracy. Thus, we
obtain
max [|i(t,) — Wil < CT>* (W + A7), max [lu(t,) — Uplly < CT>™* (h~' + A7),
0<n<N 0<n<N

and with higher regularity in time,
i(t,) — W < CT> (K + AF), t) = Uplly < CT> ™ (W~ + AF%),
Ofggjvllu( ) @ < (" + Ar) Orélgjvllu( ) — Uplly < ( + A7)

where r = min(k + 1, 5) and C is a positive constant independent of h and At.
Moreover, we can derive energy norm error estimates for the velocity as well as L,
norm error estimates for the displacement:

: _ 2—a r—1 2—a _qm 2—a r 2—a
ma [la(t,) = Willy < CT2 (™! + AF™) . max |lu(t,) = Uplle < CT7 (I + AP,

and if u is H* regular in time

. 2— -1 2 2— 2
Orglegv||u(tn) - Willy <CT* (K + AP), Orélnas)lcvllu(t,,) — Ul < CT> (W + AF).
Proof. Let us consider ||i(t,) — W;ll1,« for any n = 0, ... ,N. Using the triangular

inequality, we have
lie(t,) — Wil = 10(t) — "l < 10, + 17" |-

By (3.6) and Lemma 4.2, this immediately gives

llie(t) = Will,@ < CT27 (0 + AP,
and since n is arbitrary,

. n 2—a r 2—a
Og%uu(zn) = Wil < CT (W + A7) .
With higher regularity in time, we have
. n 2—a r 2
Or;a;\/”u(%) - Wil < CT % (I + AF).

In this manner, we take into account the energy norm error for the displacement. By the
triangular inequality, the elliptic energy error estimates (3.6) and Lemma (4.2), we can
obtain

llu(t,) = Upllv < 118@) Ny + llx"llv < CT> (W' + A7),

hence
max |lu(t,) — Uplly < CT> ("' + A7),
0<n<N
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In addition, if the strong solution has H* regularity in time, it holds
_qm < 2—apr—1 2
Orélgjcvllu(tn) pllv S CTU(R™ + Ar).

On the other hand, to show energy error estimates of the velocity, we need the inverse
inequality (2.3). Then, after noting that

i =y / De(v) : £() dE + " v,v) < ClIV| e,
Eeg, E

HIPT 0. > Il 201 e, +24/757 0.9),

the inverse inequality implies
() = Willy < 116Gl + Il@"lly < 18@)llv + Clle" e, +24/J0"" (@, @")

< N0} + Cht lw" ||y + 24/ 087 (™).

Then, by employing (3.6) and Lemma 4.2, we can obtain the energy norm error bounds
for the velocity.
In the case of L, error estimation of the displacement, Poincaré inequality (2.2) gives,

le(t) = Uyl < 10, + X", < 10, + Cllx"llv-
Therefore, we can complete the proof using (3.6) and Lemma 4.2. [

Remark. In the context of the stability analysis, the jump penalty term of the discrete
velocity in (3.23) may not directly contribute. However, it plays a crucial role in achieving
energy error bounds for the velocity. This additional jump penalty term allows us to handle
the spatial discontinuity of the error between the numerical velocity and the elliptic pro-
jection of the exact solution over the edges. It ensures the energy norm error estimates of
the numerical velocity, which are essential for accurate and reliable numerical solutions.

5 | NUMERICAL EXPERIMENTS

Using the open-source finite element method library FEniCS of version 2019.1.0 (https://fenicsproject
.org), we conduct numerical simulations to validate our error analysis. We consider two cases to
demonstrate the influence of the regularity of solutions in time:

1. Example 1: This case involves a solution that is not of class H* in time, showcasing the
performance of our method with less regular solutions.
2. Example 2: Here, we consider a smoother case with a solution having higher regularity in time.

Additionally, we provide Example 3 to demonstrate the practical applicability of our method
using real-material data. The numerical simulations presented in this manuscript were implemented
with code available on author Jang’s Git repository (https://github.com/Yongseok7717/visco_frac_dg)
and Zenodo (https://doi.org/10.5281/zenodo.10973154). We believe in the importance of open and
reproducible research, and thus, we encourage readers to access and explore our code for a better
understanding of our proposed approach.

Lete) :=u(t,) — U, and e}, := u(t,) — W}, be the numerical errors of displacement and velocity,
respectively. On account of the dependency of the DG energy norm on the penalty parameters, yo and
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71, we consider the broken H' norm of errors instead. Thanks to Korn’s inequality, the (broken) H'
norm error estimates follow the same convergence rates as the DG energy error estimates. Therefore,
by Theorem 4.2, for a solution with H? regularity in time and sufficient smoothness of f and initial
conditions, the error estimates are as follows: Vn,

e Displacement errors: |[|ef|||;1¢,) = O™ + Ar*~®) and |e}||,@) = O(W" + AP™®).
e Velocity errors: |||} |||y, = O™ + A=) and ||}, ||, = O(K" + AP™®).

Here, r is the spatial convergence rate, « is the fractional order of the time derivative, and & and
At are the mesh sizes in space and time, respectively. A higher regularity of the solution will lead to
the second order accuracy in time as the optimal result of the Crank—Nicolson Scheme. The numerical
convergent rate can be computed by the differences between two errors divided by mesh differences
in the logarithm. For example, the spatial order of convergence dj, is obtained by

_ log(error of h;) — log(error of hy)
log(f1) — log(hz)

for different mesh sizes h; and h;, when the temporal errors are negligible. In this manner, we can
derive a numerical order of convergence in time d, as well. This allows us to quantify how the error
decreases as we refine the mesh or change the time step size, providing valuable insights into the
accuracy and efficiency of our numerical method.

d

>

Remark. For the stability of our numerical scheme, we should take sufficiently large
penalty parameters, since the coercivity, the continuity, the DG elliptic error estimates and
the bounds for interior penalty rely on the penalty parameters. We refer to [13] for the fail-
ure of DG simulations when the penalty parameters are not large enough. In our following
numerical experiments, we define y9 = 20 and y; = 1 in 2D problem:s.

Example 1. Let us consider an exact solution to the primal model problem in the strong
form defined by

sin(zrx) sin(zy)

u(t,x,y) = (0.5¢ + 0.4>%) l ] on [0,1] X Q,

x(1 = x)y(1 -y)

with Q = (0, 1)?> and its boundary splitting in I’y := {(x,y) € 0Q | x = 0} and Ip :=
0Q\Ty. Weseta=1/2,p=1, ¢y =0, ¢, =1/I'(1/2) and De = € so that u solves

ii(t) = V - 1 &(0) = f0), (5.1)

for some f that can be readily determined analytically (easy to compute fractional integrals
of polynomials. For example, 1/2 order integral of #* is T'(k + 1)/T'(k + 3/2)¢*+1/2). Also,
the traction g, () can be obtained from the exact solution. Here, we can observe that

u e C0,T;C®(Q)), u0)=a©)=0 and  ii(0) & ker(A).

Note that #® is not integrable in time hence the numerical errors of Example 1 will follow 1.5
order of accuracy in time, that is, suboptimal convergence in time. This example is equivalent to [11,
Example 5.1], where the model problem has reduced to a parabolic type evolution problem of fractional
order viscoelasticity. We refer to the reference for the suboptimal numerical results by the continuous
finite element method imposed by purely homogeneous Dirichlet boundary conditions. In contrast,
our simulation utilizes DGFEM for spatial discretization and imposes a mixed boundary condition of
a non-homogeneous Neumann boundary and a homogeneous Dirichlet boundary.
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Figure 1 illustrates spatial and temporal convergence rates with respect to error norms and degrees
of polynomial bases. More precisely, Tables 1 and 2 indicate numerical errors at the final time in H'
norm and L, norm with fixed fine timesteps for linear and quadratic polynomial bases, respectively.
Those errors exhibit optimal orders of convergence with respect to the spatial mesh #, that is, d;, = k in
H' norm and dj, ~ k+1 in L, norm for both displacement and velocity, where k = 1 or 2. However, due
to the weak singularity, the second-order schemes in Example 1 cannot fully exploit their second-order
accuracy in time, resulting in suboptimal convergent rates in time as shown in Table 3, where d; ~ 1.5
regardless of variables and norms.

Numerical errors with fixed At =1/512 Numerical errors with fixed h = 1/64

HYu), k=3
La(u), k=3
& HYw), k=3
Lo(w), k=3

log(error)
log(error)
L
&

—— HYu), k=1 .
La(u), k=1 Ry -5.0

—h— H'(w), k=1 Sam

47w Lw), k=1 TS

-9~ HYu) k=2 .

-e- Lyu), k=2 ~ -55
HYw), k

- LW, k

=2
=2

0.4 0.6 0.8 1.0 12 14 0.4 0.6 0.8 1.0 12 14
log(1/h) log(1/At)

FIGURE 1 Example 1; numerical convergence with fixed At (left) and fixed & (right). The numerical errors are illustrated
with respect to error norms (by |||eﬁ’|||H1(£h), O: 1€l ll ) A: |||eﬁ’,|||H.(Eh>, O lle¥|l;,)) and polynomial degrees (by
linear: solid line, quadratic: dash line, cubic: dotted line).

TABLE 1 Example 1; numerical errors and spatial orders of convergence when k = 1 and Ar = 1/512.
H' norm error L, norm error
h [le]] |H1(£,,) Rate [leX]] |Hl(£,,) Rate llew 11z, Rate lleXllz,@) Rate
172 1.3147e+00 2.8811e+00 1.6518e—-01 3.8249e—01
1/4 7.4445e—01 0.82 1.6378e+00 0.81 5.2814e—02 1.65 1.2549¢—-01 1.61
1/8 3.8444e—01 0.95 8.4734e—01 0.95 1.4469e—-02 1.87 3.4810e—02 1.85
1/16 1.9377e—-01 0.99 4.2730e—01 0.99 3.7269¢—-03 1.97 9.0123e—03 1.95
1/32 9.7095e—02 1.00 2.1416e—-01 1.00 9.4061e—04 1.99 2.2769e—03 1.98
TABLE 2 Example 1; numerical errors and spatial orders of convergence when k = 2 and Ar = 1/512.
H' norm error L, norm error
h HIEAL |H1(£,,) Rate [leX]] |Hl(s,,) Rate lle llz, @) Rate llewllz, ) Rate
1/2 3.9823e—01 8.7083e—01 2.6754e—02 6.0143e—02
1/4 1.1133e-01 1.84 2.4333e—-01 1.84 3.6105e—03 2.89 7.9411e—03 2.92
1/8 2.8963e—02 1.94 6.3316e—02 1.94 4.6371e—04 2.96 1.0064e—03 2.98
1/16 7.3409e—03 1.98 1.6054e—022 1.98 5.8663e—05 2.98 1.2665e—04 2.99
1/32 1.8446e—-03 1.99 4.0350e—03 1.99 7.5356e—06 2.96 1.6114e—-05 297
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TABLE 3 Example 1; numerical errors and temporal orders of convergence when k = 3 and & = 1/64.

H' norm error

L, norm error

Wl LEY 29 of 33

At e e, Rate e e, Rate lleX llz,@) Rate lleX L@ Rate
1/8 6.7401e—04 6.3975e—04 1.4615e—04 1.3384e—04
1/16 2.7884e—04 1.27 2.9409e—-04 1.12 6.0717e—-05 1.27 6.4152e—05 1.10
1/32 1.0582e—04 1.40 9.1038e—05 1.69 2.3073e-05 1.40 1.9915e—-05 1.69
1/64 3.8465e—05 1.46 2.7789e—05 1.71 8.3728e—06 1.46 5.9461e—06 1.74
1/128 1.3947e—-05 1.46 1.0314e—-05 1.43 2.9817e—-06 1.49 1.8027e—06 1.72
Numerical errors with fixed At =1/512 Numerical errors with fixed h =1/64
! -1.0 ® HYu), k=3
Lo(u), k=3
A HYw), k=3
0 -15 m Ly(w), k=3
-2.0
-1
_ _-25
S %30
e i, k=1 Sl _35
La(u), k=1 \\.‘
—— Hw), k=1 e
- 2(w), k= ha -
B [ * : *
-o- Ly(u) k=2
HYw), k=2 -45
57 cm- Lw), k=2 a
04 06 08 10 12 14 04 06 08 10 12 14

log(1/h) log(1/at)

FIGURE 2 Example 2; numerical convergence with fixed Az (left) and fixed & (right). The numerical errors are illustrated
with respect to error norms (by o: |||e{‘V|||H1(€h), O: lleN I, A\ |||e’v}f|||H,(gh), O lle¥ ||, ) and polynomial degrees (by
linear: solid line, quadratic: dash line, cubic: dotted line).

In the next example, we solve the fractional order viscoelasticity problem for smoother solutions
than Example 1 so that error estimates will follow optimal convergence rates not only of % but also of
At.

Example 2. Let us define

sin(zx) sin(zy)
x(1 = x)y(1 =y)

with the same parameters and domains setting in Example 1 but ¢y = 1 so that we suppose

u(t,x,y) = t* on [0,1] X Q,

u solves

(1) = V- £(t) = V o &) = f0), (5.2)

where data terms are obtained from the exact solution u. Clearly, the strong solution
satisfies the regularity in time and space for the optimal error estimation theorem such that

u e CH0,T;C®(Q)), and  u(0) = a(0) = i(0) = 0.

By following the error estimates theorem for smooth solutions, on account of the regularity of
solutions, the loss of accuracy in time discretization will disappear in Example 2. The numerical errors
will follow O(h* + Af?) in H' norm and O(A**! 4+ Af?) in L, norm for both displacement and velocity,
respectively. For example, the optimal convergence rates are displayed in Figure 2. We can observe
the optimal orders of convergence with respect to / such that d;, ~ 1 or 2 with linear polynomial bases
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and dj, = 2 or 3 with quadratic polynomial bases, depending on the choice of norms, in Tables 4 and 5.
On the other hand, Table 6 illustrates the second order accuracy in time of our numerical scheme for
fixed h with cubic polynomial bases.

Example 3. According to the real material data of butyl rubber, butyl 70821, from [1,
18], we illustrate fractional order viscoelasticity behavior of the butyl rubber in 2D. For
example, we have the parameters of the material such that p = 920 kg m=3,* a = 0.449,
@ = 0.685MNmM™2, ¢ = 1.37MNm™2, y = 0228 and 4 = 0.456. We suppose
Q=(0,2)x(0,1), T=0.25Tp ={(x,y) €0Q | x=2} and 'y = 0Q \ I'p. We impose
zero initial conditions, zero body force, and homogeneous boundary conditions on the I'p
(the right edge) and the Neumann boundary of the top and bottom edges. For the left edge,
we define the traction g(x, 7) by
AH(t) —H(t—¢)

gx, 0 = 0 onx € INe 1= {0} X [0, 1],

where A = 1MNm™2, small ¢ > 0 and H is the Heaviside step function. To impose
non-zero traction only at the beginning of the simulation, we assume Af > €.

TABLE 4 Example 2; numerical errors and spatial orders of convergence when k = 1 and Az = 1/512.

H' norm error L, norm error
h ”leuNl”Hl(s,,) Rate |||eﬁ,’|||m(sh) Rate lle 11z, ) Rate lleN 11z, Rate
172 1.4802e+00 6.6002e+00 1.7595e-01 8.1404e—01
1/4 8.3331e—01 0.83 3.7310e+00 0.82 5.4569e—02 1.69 2.5799¢—-01 1.66
1/8 4.2932e-01 0.96 1.9255e4+00 0.95 1.4649¢—-02 1.90 7.0264e—02 1.88
1/16 2.1627e—-01 0.99 9.7035e—-01 0.99 3.7427e—-03 1.97 1.8056e—02 1.96
1/32 1.0835e-01 1.00 4.8620e—01 1.00 9.4141e-04 1.99 4.5539e-03 1.99

TABLE 5 Example 2; numerical errors and spatial orders of convergence when k = 2 and Ar = 1/512.

H' norm error L, norm error
h |||eﬁ|||H1(£h) Rate |||e{¥|||H,(£h) Rate lled 11z, Rate lle 11z, Rate
172 4.4695¢—01 1.9979¢+00 2.9012e-02 1.3276e—-01
1/4 1.2494e-01 1.84 5.5857e-01 1.84 4.0018e—-03 2.86 1.8044e—-02 2.88
1/8 3.2497e—-02 1.94 1.4530e—-01 1.94 5.2061e—04 2.94 2.3277e-03 2.95
1/16 8.2348e—-03 1.98 3.6826e—02 1.98 6.6068e—05 2.98 2.9492e—-04 2.98
1/32 2.0690e—03 1.99 9.2531e-03 1.99 8.4004e—06 2.98 3.7547e—-05 2.97

TABLE 6 Example 2; numerical errors and temporal orders of convergence when k = 3 and & = 1/64.

H' norm error L, norm error
At [leX]] |H1(£,,) Rate [leX]] |H1(s,,) Rate lle 1) Rate lleN Il Rate
1/8 2.3658e—02 9.6445e—02 6.1306e—03 1.9759e—-02
1716 5.6874e—03 2.01 2.4780e—02 1.96 1.4761e—-03 2.05 5.1026e—-03 1.95
1/32 1.3851e—03 2.04 6.2993e—-03 1.98 3.5974e—-04 2.04 1.2997e—-03 1.97
1/64 3.4020e—04 2.03 1.5921e-03 1.98 8.8378e—05 2.03 3.2885e—04 1.98
1/128 8.4070e—-05 2.02 4.0123e—04 1.99 2.1827e—-05 2.02 8.2883e—-05 1.99
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In this numerical simulation, we want to solve
pii(t) — @oV - De(1) — oV -0 I/ “Dé(1) = 0, (5.3)
with the given boundary conditions and initial conditions, where De is computed by
(De)ij = Dijuen = 2pei + Abjjgi.

By the zero body force and initial conditions, the numerical solution will satisfy at least suboptimal
order of accuracy in time, that is, O(A#2~%). In this numerical simulation, the non-zero traction force
on s appears only at the first time iteration and then there is no more loading in the system, that is,
zero body force, homogeneous Dirichlet boundary condition and homogeneous Neumann boundary
condition.

To compare mechanical responses between elasticity and viscoelasticity, we solve a linear elastic
model by setting @; = 0, for simplicity. Hence, the constitutive equation of the linear elasticity model
is given by

gelastic(l‘) = <P01£(f)~

For space and time discretization, we define the piecewise quadratic DG finite element space of 60x30
uniform mesh resulting in right-angled triangles and the timestep At = 1/1000.

In Figure 3, the physical properties of wave propagation are observed well with respect to elastic
and viscoelastic problems. The left figures of Figure 3 exhibit characteristics of elastic waves, while

Time: 0.005000 Time: 0.005000
(0] o
78002 8 78002 8
0.06 §> 006 §
005 S 005 S
004 = o4
s | i |
loo1 3 1001 8
0.0e+00 3 0.0e+00 8
[} a
Time: 0.015000 Time: 0.015000
78002 8 78002 8
006 §> 006 §
oos 2 005 2
004 = 004 F
Zoos 2 “oos ¢
o | = §
0.0e+00 & 0.0e+00 8
[a} a
Time: 0.050000 Time: 0.050000
78002 8 78002 8
006 9 006 &
005 2 005 2
004 = 004 F
e =
oo & Loo1 B
0.0e+00 & 0.0e+00 &
[} [a]

FIGURE 3 Displacement snapshots in the x-direction: The discrete solution u, for the linear elastic problem on the left and
the viscoelastic problem on the right.
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the solution of the viscoelastic model shows large attenuation. For more details on the attenuation in
the unified elastic-viscoelastic model, we refer to [30].

6 | CONCLUSION

In conclusion, this research presents a rigorous analysis of the discontinuous Galerkin finite element
method for addressing complex challenges in fractional order viscoelasticity. We have developed a fully
discrete numerical approach that ensures stability and provides reliable numerical solutions, incor-
porating the Crank—Nicolson time-stepping scheme. Theoretical error estimates have been derived,
revealing optimal convergence rates in both space and time for sufficiently smooth solutions. Con-
versely, solutions lacking high regularity exhibit suboptimal convergence in time. Our extensive
numerical experiments affirm the efficiency and effectiveness of the proposed DGFEM method. These
numerical findings solidify theoretical error estimates, confirming the numerical reliability of our
approach.

The proposed approach has proven to be a robust and efficient numerical tool, capable of accurately
predicting viscoelastic behavior, even for solutions with nonsmooth features and weak singularities.
The ability to handle non-homogeneous Neumann boundary conditions adds to its versatility and
practicality, making it suitable for a wide range of real-world applications. The method’s adaptability
to different boundary conditions and solution regularities makes it important in various engineering
and scientific domains. Higher order methods for time discretization are of our future work with fast
computations of the fractional order integral/differentiation for practical use.
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