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LIMIT THEOREMS FOR A CLASS OF UNBOUNDED OBSERVABLES WITH
AN APPLICATION TO “SAMPLING THE LINDELOF HYPOTHESIS”

KASUN FERNANDO AND TANJA I. SCHINDLER

ABSTRACT. We prove the Central Limit Theorem (CLT), the first order Edgeworth Expansion and
a Mixing Local Central Limit Theorem (MLCLT) for Birkhoff sums of a class of unbounded heavily
oscillating observables over a family of full-branch piecewise C? expanding maps of the interval. As
a corollary, we obtain the corresponding results for Boolean-type transformations on R. The class
of observables in the CLT and the MLCLT on R include the real part, the imaginary part and the
absolute value of the Riemann zeta function. Thus obtained CLT and MLCLT for the Riemann
zeta function are in the spirit of the results of Lifschitz & Weber [30] and Steuding [41] who have
proven the Strong Law of Large Numbers for sampling the Lindeldf hypothests.
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1. INTRODUCTION

The study of the statistical properties of dynamical systems has a long and rich history, dating
back to the works of Maxwell and Boltzmann that introduced the ergodic hypothesis. In fact, a
whole facet of ergodic theory, which originated with the (almost simultaneous) publication of the
well-known ergodic theorems of Birkhoff and von Neumann in the early 1930s providing evidence
to ergodic hypothesis, is concerned with establishing limit laws such as the Central Limit Theorem
(CLT), and Large Deviation Principles (LDPs) for sufficiently chaotic dynamical systems. These
limit laws describe the behaviour of a dynamical system over a long period of time and can provide
important insights into the properties of the system.

Expanding maps of the unit interval are the most elementary class of dynamical systems that
exhibit chaotic behaviour and there is a vast literature on limit theorems for Birkhoff sums of
expanding maps. For example, in [37], the CLT is established for observables with bounded variation
(BV) over piecewise uniformly expanding maps whose inverse derivative is also BV. We refer the
reader to [0] for a review of limit theorems for transformations of an interval. In [10], Edgeworth
expansions describing the error terms in the CLT are established in the case of BV observables
over C? covering uniformly expanding maps. Since the observables are BV, this result is limited to
bounded observables.

One standard technique of establishing limit theorems for dynamical systems is the Nagaev-
Guivarc’h spectral approach which was first introduced by Nagaev in the Markovian setting in [35]
and later adapted to deterministic dynamical systems by Guivarc’h in [16]. The key idea is to
code the characteristic function using iterated twisted transfer operator (one can think of this as
the deterministic counterpart of the dual of the Markov operator in the Markovian setting) and
to analyze the the spectral data of these family of operators in a suitable Banach space, see [15]
for details. Though transfer operator techniques to handle unbounded observables are available,
see for example, [20, 4, 32, 11], they have not been applied to obtain limit theorems for uniformly
expanding maps of the interval. In this paper, we introduce a class of Banach spaces that are not
contained in L*° for which the conditions introduced in [20, 11] can be verified. In particular, we
establish the CLT, its first order correction — the order 1 Edgeworth expansion, and a Mixing Local
Central Limit Theorem (MLCLT) for the Birkhoff sums of a class of unbounded heavily oscillating
observables over a family of full-branch piecewise C? uniformly expanding maps of the interval.

While providing a class of elementary examples where the theory developed in [I1] for limit
theorems for unbounded observables can be applied, these results pave the way to obtain further
results on sampling the Lindeldf hypothesis which is a line of research in analytic number theory
that deals with understanding the properties of the Riemann zeta function on the critical strip. We
elaborate on this below.

Let ¢ : C\ {1} — C be the Riemann zeta function defined by ((s) = >_n"% R(s) > 1 and by
analytic continuation elsewhere except s = 1. The Lindelof hypothesis states that the Riemann zeta
function does not grow too quickly on the critical line Rz = 1/2. More precisely, it is conjectured
that

Ciy2(t) :==¢ (% + it> =0, t— 4o

foralle >0, i.e., lim; 100 [C1/2 () [/t° < 0o. To date, the best estimates are due to Bourgain in [3]
where it is proved that this is true for all £ > 13/84 =~ 0.154. It is worth noting that the Riemann
hypothesis implies the Lindel6f hypothesis and the latter is a substitute for the former in some
applications.

Since the conjecture is related to the value distribution of (j 5 (t) as t — +o0, to study ergodic
averages of ;5 when sampled over the orbits of heavy-tailed stochastic processes was initiated by
Lifschitz and Weber in [30]. In particular, they prove that when {Y}};>o are independent Cauchy
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distributed random variables and X = Zf;ol Y; (the Cauchy random walk), then for all b > 2,

n—1

1 logn)®

o E C1/2(Xk):1+0<(ogn) ) ; M —r 00,
k=0

vn

almost surely, where we denote a,, = o(by,) if lim;,,—, |ay|/bp, = 0. This work was later generalized
by Shirai, see [39], where X}, was taken to be a symmetric a-stable process with « € [1,2]. Since
X}, are heavy tailed, i.e., E(|Xy[P) = co when p = [a], the a-stable process samples large values
with high probability. So, this result illustrates that the values of (; /2(t) are small on average even
for large values of |t|.

Similarly, in the deterministic setting, the Birkhoff sums
n—1
(1.1) PIRSTACED
k=0
where ¢ : R — R the Boolean-type transformation given by ¢(0) = 0 and
gb(w):%(x—é) , +#0

are studied in [11]. Since ¢ preserves the ergodic probability measure du = % (the law of a

standard Cauchy random variable) and (; /5 is integrable with respect to y, it follows from Birkhoft’s
point-wise ergodic theorem that for almost every (a.e.) z € R

‘ 1 n—1 d
(1.2) Jim -~ kZ:OCl/z(fbkl’) = /Cl/z(l’)rfxg) = (1/2(3/2) — 8/3 ~ —0.054.

This too illustrates that most of the values of (;/ are not too large, and hence, provides evidence
in favour of the Lindelof hypothesis.

Sampling the Lindeltf hypothesis has two other theoretical underpinnings. On the one hand, it
is known that the Lindelof hypothesis is true if and only if for all m € N and for a.e. x € R, the
following limit exists

. 1 = k. \12m __ 2m da
Jgnologkz:o‘ﬁp((? z)| —/Kl/z(x)‘ (14 22)

On the other hand, the Riemann hypothesis is true if and only if for a.e. z € R

n—1

Jim 3™ loglGy (64 0) /)] = 0.
k=0

In both cases, evidence can be gathered numerically, see [11, Theorems 4.1 and 4.2] for details.

The results by Steuding have also been generalized, both by replacing ¢ and replacing ¢: in
[3], Elaissaoui and Guennoun used log |¢| as the observable and a slight variation of ¢ as the
transformation, and in [29], Lee and Suriajaya studied different classes of meromorphic functions
such as Dirichlet L—functions or Dedekind ¢ functions while taking ¢ to be an affine version of the
Boolean-type transformation. Maugmai and Srichan gave further generalizations of these results,
see [34]. It must also be mentioned that these transformations ¢ have been studied earlier in a
solely ergodic theoretic context by Ishitani(s) in [22, 23].

To further understand the value distribution of the Birkhoff averages given by (1.1) around their
asymptotic mean A = (;/5(3/2) — 8/3, and in turn, the values of (j 5, the crucial next step is the
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study of the CLT and MLCLT. In [10], the second author establishes the CLT: There exists 0% > 0
such that

i n—1 ) ' . J 02
(1.3) 7 <k§j:0<1/2<¢ () A) 5 N(0,0%)

where % denotes the convergence in distribution and N(0,0?) is the centered normal random
variable with variance o?. However, there was a critical mistake in the proof: the normed vector
space considered there in order to study the spectrum of the transfer operator is not complete. In
this paper, we not only correct this mistake but also establish a MLCLT for (1.1). Further, we
provide conditions for the 1st order Edgeworth expansion to hold. Even though the state of the art
on (; /7 is not sufficient to verify these conditions, a slight improvement of results in [3] will provide
us what is required.

The proofs of the CLT, MLCLT and Edgeworth expansion are based on two key ideas: the spectral
techniques introduced in [11] and the existence of a smooth conjugacy between the doubling map
on the unit interval and ¢. In fact, we consider an increasing sequence of Banach spaces on each
of which the twisted transfer operators corresponding to full-branch C? expanding maps satisfy
Doeblin-Fortet Lasota-Yorke (DFLY) inequalities and other good spectral properties, prove limit
theorems for the expanding maps, and finally, deduce the limit theorems for ¢ via the conjugacy.
In doing so, we introduce a novel class of Banach spaces that can be used to study Birkhoff
sums of unbounded and highly oscillatory observables. Further, the class of dynamical systems we
consider is sufficiently rich. The restriction to full branch maps was done in order to simplify the
computations.

The Banach spaces introduced in [1, 32] are seemingly more general than the Banach spaces we
introduce. In fact, in our case, the observables can have non-removable discontinuities only at the
fixed points of the map. However, to obtain results for sampling the Lindel6f hypothesis, we have
to consider observables x : (0,1) — R such that

X[ Se*(1—2)7" and  max{|x'(z+)],|x'(z-)} Sz7°1 - 2)~°
for some a,b > 0. In particular, we consider real and imaginary parts of
Ci20&:(0,1) = R where ¢ (x)= cot(mz) .

But it is not clear whether such observables or even more elementary observables like z~¢sin(1/z),
¢ > 0 belong to Banach spaces in the literature [33]. It is worth mentioning that observables
with a non removable singularity at the fixed point are particularly interesting: once an orbit lands
close to a fixed point, a few subsequent iterates might stay relatively close to the fixed point and
the Birkhoff sum might be very large locally. Alternatively, such situations can cause the system
behave qualitatively different from the independently and identically distributed (IID) setting, see
for example, [28, Theorem 1.10].

The structure of the paper is as follows: Section 2 is dedicated to preliminaries and main results: in
Section 2.1, we introduce the relevant notation and common definitions that we will use throughout
the paper, in Section 2.2, we state precisely the class of expanding maps we consider, Section 2.3 we
introduce our Banach spaces, in Section 2.4, we state our main results for the interval maps, and
in Section 2.5, we state the corresponding results for the Boolean transformation on R and their
implications to sampling the Lindelof hypothesis. In Section 3, we recall known abstract results in
[20, 11] tailored (with justifications) to our setting. The desirable properties of the Banach spaces we
introduce are discussed in Section 4 and the spectral properties of twisted transfer operators acting
on these spaces including the DFLY inequality are established in Section 5. In Section 6, we collect
the proofs of our main results. In particular, the proofs of the limit theorems for interval maps
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appear in Section 6.1 and in Section 6.2 we prove the corresponding results for the Boolean-type
transformation. Finally, we have relegated some technical results to the Appendices.

2. MAIN RESULTS

2.1. Preliminaries. Let X be a metric space with a reference Borel probability measure m, and
let T: X — X be a non-singular dynamical system, i.e., for all U C X Borel subsets m(U) = 0
holds if and only if m(T~'U) = 0 holds. We denote by M (X) the set of Borel probability measures
on X. Let v € My(X). For p > 1, by LP(v), we denote the standard Lebesgue spaces with respect
to v, i.e.,
LP(v) = {h: X — X | his Borel measurable, v(|h|P) < oo}

where the notation v(h) refers to the integral of a function h with respect to a measure v and the
corresponding norm is denoted by || - ||z»(,). When v = m, we often write, L? instead of LP(m) and
|+ lp instead of || - || Lo (m)-

For us, an observable is a real valued function f € L? and we consider the Birkhoff sums (also
commonly referred to as ergodic sums),

n—1
(2.1) Sul£,T) =) foT*
k=0

which we denote by S, (f) when the dynamical system T is fixed.

We say T : L' — L' is the transfer operator of T with respect to m, if for all f € L' and
f* S LOO7
(2:2) m(T(f)- f*)=m(f - f*oT).
Let m € M;(X) be absolutely continuous with respect to m with density pn. Then, from (2.2), it
follows that

(2.3) En(e% () = m (T:(pm) )

where E,, is the expectation with respect to the law of S,, where the initial point z is distributed
according to m and

(2.4) Tiu() =T(e* 1), seR,

see, for example, [19, Chapter 4]. Eventually, we are interested in the asymptotics of quantities of
the form m(S,(f) < z,) and En(V,,(S,(f))) as n — oo where z, € R and V,, : R — R are from a
suitable class of functions, and to obtain these asymptotics we exploit the relation (2.3).

We denote

A(f,t) = lim Ey <M> and  o*(f,T) = lim Em<

n—00 n n—o0

Sulf,T) = n A(f, T>>2
NLD

for the asymptotic mean and the asymptotic variance of Birkhoff sums, S,,(f), respectively. Then,

it can be seen that, under the assumptions we impose on 7' in Section 2.2, A and o2 are independent

of the choice of m; see, for example, [12, Lemma 3.4]. In particular, under our assumptions there

will be a unique absolutely continuous invariant measure (acip), say m, then A(f,T) = m(f). So,
we can focus on zero average observables by considering f := f — A instead of f.

We call f to be T—cohomologous to a constant if there exist £ € L? and a constant ¢ such that

f=LoT —{l+c
and T — coboundary if there exists ¢ € L? such that
f=LoT —1.
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We say f is non-arithmetic if it is not T—cohomologous in L? to a sublattice-valued function, i.e.,
if there exists no triple (v, B,0) with v: X — R, B a closed proper subgroup of R and a constant
0 such that f +~v—~vyoT € § + B.

Given a Banach space Bj, the C—valued continuous linear functionals are denoted by B{ and
given another Banach space By, L£(B1,By) denotes the space of bounded linear operators from B;
to By. When B; = By, we write £L(B1,B1) as L(B1). When By C Bg, By < By denotes continuous
embedding of Banach spaces, i.e., there exists ¢ > 0 such that || - ||z, < ¢|| - [|B,-

Given a set D C X its complement X \ D is denoted by D¢, and D denotes its interior. Given a
function f: D — R set fi := max{f,0} and f_ := max{—f,0}. Given g: D — R, g < f denotes
that there exists constant K > 0 such that g(z) < K f(z), for all x € D. Let Q1, Q2 be R valued
functionals acting on a class of functions &; and &,, the inequality Q1(g) < Q2(h) for all g € &,
and h € B4 is written to denote that there exists K independent of the choices of g and h such
that Q1(g) < KQ2(h). Finally, given two numbers a,b € R, a ~ b means that 0 < a —b < 1073,

We denote the standard Gaussian density and the corresponding distribution function by

n(z) = %e‘“’jm and  N(x) = /_:v n(y)dy,

respectively.

2.2. The classes of dynamical systems. Let I = [0,1] and A the Lebesgue measure (on R) and

Ar its restriction to I. We use A; as the reference measure on I and let I = U?;& [cj,cjt1] be a

partition of I with ¢g = 0 and ¢ = 1. We consider the class of maps v : I — [ satisfying the
following conditions.

(1) There are ;41 : [¢j,cj+1] — I such that for all j, ;41 € C?, W;’H’ > 1, Range(¢q1) = 1
and

¢j+1|(6j76j+1) = ¢|(ijcj+1) M
(2) For all j, the derivative of wj_ﬁl is uniformly ¢¥—Hdlder, i.e., there exists ¢ such that for all 7,
for all e > 0, for all z € I and for all z,y € B.(z) := [z —¢,2+ ] N[0, 1],
(W) (=) = (@) ()] < el (2)]e”

Remark 2.1. The full branch assumption was made in order to simplify our calculations. This does
not exclude the doubling map - the interval map studied in [10] to further analyze the situation
studied in [11].

Since these maps are C2, Markov and topologically mixing, each map has one and only one acip
and it is exact [I3, Theorem 6.1.1]. We denote this acip by 7. Since 1/13- 4 are C', there exists
N+ < oo such that

m?X H¢3+1||oo =N+
Also, since ¢} ;| > 1, there exists n— > 1 such that

ma (524 e = 1/11-.

Without loss of generality we assume that 1)’ > 0 and we have
k=1 isx(v;)2)
~ e Jj+1
(2.5) Vis(P)(@) = ) ————
]Z::O 7/1/(7/’]‘-1}1%)

see, for example, [19] for a proof of this fact.

(10(7:[)_7_-&133) )
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2.3. The Banach spaces. For a measurable function f: I — C and a Borel subset S of I, we
define the oscillation on S by

osc (f,S) :=osc(Rf,S)+ osc(Tf,S),

where Rf and Jf refer to real and imaginary parts of f, respectively and we set osc(f,) = 0.
Also, note that up to a constant this is equivalent to the more intuitive definition

osc (f,5) = esssup | f(z) — f(y)].

z,yEeS

This can be easily seen. We have |f(z) — f(y)| < |Rf(z) — Rf(y)| + |Sf(z) — Sf(y)|, and thus,
osc(f,S) < osc(f,S). On the other hand, we have osc(f,S) < 2max{osc(Rf,S),05¢(Sf,S5)} <
26sc(f, S). In what follows, we use osc as the standard definition.

For a € R, define, R, an operator on the space of measurable functions by

(A=) flz) if [f(z)] <
Rof(r) = { 0 otherwise,

denote by B:(x) the e-ball around z in I, and define a seminorm

\f\aﬁ = sup E_B/OSC (Rof, Be(x)) dAr(z),
€€(0,e0]

where ¢ is sufficiently small (to be chosen later). Let

”’”a,ﬁ,y = ”ny + Ha,ﬁ
and set

L= {f: I-C:|fl, < oo} L Vags = {f: I=C: [fllag, < oo}.
Finally, by V (; 5y WE denote the set of C—valued continuous linear functionals on Vg .

Remark 2.2. It is shown in Appendix A that for a € [0,1), § € (0,1] and v > 1, V,, g 4 is a Banach
space. Similar real Banach spaces were considered in [25, 2, 27]. In all these cases, their spaces
correspond to our spaces with a = 0, and hence, are embedded in L*°; see Lemma A .4.

Due to the dampening operation R,, which was first introduced in [10], the functions in V, g 5
may be unbounded and oscillate heavily near 0 and 1. We remark that depending on the application
one could consider different damping operators and use the ideas presented here to prove limit
theorems.

2.4. Results for the unit interval. Now, we are ready to state the limit theorems for S, () :=
Sn(x, 1) over dynamical systems v defined as in Section 2.2. Though we do not state this explicitly,
it will later turn out that the x specified in the following theorems belongs to an appropriate Vg g

We first state the CLT in the stationary case.

Theorem 2.3. Suppose x is continuous and the right and left derivatives of x exist on IO, X 1s not
a coboundary and there exist constants a,b > 0 such that

(2.6) X S27 1 —2)"*  and max{]x/(z+)], X (z—)[} S=7P(1—2)7".
Assume

11 1 _
(2.7) a<min{19,g,§}-min{l,lginr}.

Then, the following Central Limit Theorem holds:

(2.8) ™ <SH(XL;\/%”T(X) < a;) —N(z) =0(1), forall x€R as n— 0.
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Now, we discuss sufficient conditions for the MLCLT.

Theorem 2.4. Suppose x is continuous and the right and left derivatives of x exist on Io, X 18
not arithmetic and there exist constants a,b > 0 such that (2.6) and (2.7) are true. Then, Sp(x)
satisfies the following MLCLT:for all 0 < a9 < a1 < B, M > 1, U € Voygm, V : R = R
a compactly supported continuous function, m € My(I) being absolutely continuous wrt Ay, and
W € L' such that (W -m) € Vo, p.ar s we have

(2.9)  lim sup |ov2mn B (U 0 " V(Sn(X) — ) W) — 557 Bny (W) B (U) / V(z)dz| = 0.

n—o0 leR

Remark 2.5. In particular, it is possible to choose m = 7 for all W € LM where M~! 4+ M~1 = 1.
In fact, under our assumptions, there exists p € BV such that m = pAy; see, for example, [31].
Therefore, [W - (k)| = |[(:W)pdAi| < lolloclWhls < IpllooIWlliglAllas < Cllhllas s with
C = ||pllc W |37, and hence, W -7 € V5, as required.

Next, we discuss the first order asymptotics of the CLT with no assumptions on the stationarity.
In particular, under the conditions of the theorem, we have the CLT for initial measures that are
not necessarily invariant.

Theorem 2.6. Suppose x is continuous and the right and left derivatives of x exist on Io, X 1S
arithmetic and there exist constants a,b > 0 such that (2.6) and

11 1
(2.10) 3min{2a, max{a,a + b — 2}} < min {19, 7 5} - min {1, 122 ZJ_F } .

are true. Then, S,(x) satisfies the first order Edgeworth expansion, i.e., for all m € My (I) being
absolutely continuous wrt A1 there exists a quadratic polynomial P whose coefficients depend on the
first three asymptotic moments of Sp(x) but not on n such that

Sn(x) = n7(x) P(x)
m (T < x) —N(z) — NG n(z)

Remark 2.7. Note that from (2.10) and (2.6) with the corresponding choices of a and b it follows
that x € L3. So, En(|Sn(x)|?) < oo for each n. Our proof shows that the third asymptotic moment

<Sn(x)\;ﬁnﬂ(x)>3

=o(n™?), as n— .

sup
z€R

lim E,
n—oo

does, indeed, exist.

Finally, we provide a concrete example of a class of observables that satisfies our conditions.

Example 2.8. Let x(z) = 2 ¢sin(1/x) and define 17 = min {1, EEZ; }

(1) If 0 < ¢ <min {/T+7 — 1,97}, then Sy(x) satisfies the CLT and MLCLT.
(2) If 0 < ¢ < min{\/1+7/6 — 1,97/6}, then S,(x) admits the first order Edgeworth Expansion.

If ¢ is the doubling map, i.e. ¥(x) = 2z mod 1, then the conditions simplify in the following way:

(1a) If c < /2 —1(= 0.414), then S,(x) satisfies the CLT and MLCLT.
(2a) If c < \/7/6 —1 (= 0.080), then S,(x) admits the first order Edgeworth Expansion.



LIMIT THEOREMS FOR UNBOUNDED OBSERVABLES 9

2.5. The application to the Boolean-type transformation. Recall the Boolean-type trans-
formation ¢: R — R defined as

o l(:n—%) ifz#0
(2.11) o(x) = {8 0
and p € M;(R) defined by
(2.12) dp (x) = ﬁd)\(x).

We are interested in limit theorems for Birkhoffs sums S, (h) := S, (h, ) where h : R — R. To
study these systems we go back to an easier system which fulfills all our properties of the last
section.

Let ¢: I — I be given by ¢ () :== 2z mod 1 and &: I — R be given by & (z) := cot (mz). Note
that & is almost surely bijective. An elementary calculation yields that the dynamical systems
(R, Bg, i, ¢) and (I, By, Ar,1) are isomorphic via &, i.e.

(9o&)(x) = (Eov)(2),

for all z € I and additionally ¢ and £~! are measure preserving, i.e. for all B € Bg it holds that
1 (B) = A1 (§7'B) and for all B € By it holds that A7 (B) = p (£B). To simplify the notation, we
define 62 := o2(h, ¢).

Hence, instead of studying the Birkhoff sum Zivz_ol (ho¢™) (x) with x € R we can study the sum

Zg:_ol (ho&od™) (y), for y € I. Since the transformations ¢ and ¢ are isomorphic we conclude
that

N-1 N-1
(2.13) u(Z(how)(x)eB) =AI<Z<hosow“><y>eB>,

for all sets B € Br. Formally, we define x: I — R by x (z) := (ho &) (x) and consider then the

Birkhoff sum S,,(x). Then our task reduces to transferring the conditions we have for x to conditions
for h.

Let § be the class of functions h : R — R such that the left and right derivatives exist and there
exist u,v > 0 fulfilling

(2.14) h(x) < |z|* and max { |1’ (z—)|,

W (@4)[} <l

and u(2 +v) < 1. Analogously to f, we define h = h — u(h).
Under the non-coboundary condition on ¢, we have the CLT:

Proposition 2.9. Suppose h € § is not ¢p—cohomologous to a constant. Then, the following CLT
holds:

(2.15) 1 (W < :E) —MN(x) =0(1), forall x€R as n— o

with 5% € (0,00).
Under a non-arithmeticity condition on ¢, we have the MLCLT:

Proposition 2.10. Let h € § be non-arithmetic. Let 0 < ap < a3 < 8 and M > 1. Then,
the following MLCLT holds: for V : R — R compactly supported and continuous, U such that
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Uo& € Vagpm, W such that W o & € L for all m € M;(R) being absolutely continuous with
respect to X such that (W o§ - &m) € V(;L@M , we have

(2.16)  lim sup|ovV2mn En(U o 9" V (S, (k) — £) W) e me B (W) EH(U)/V(:L") dz| = 0.

n—oo LeR

Since |R¢(s+1i-)]%, S (s +i-)|%, |((s+i-)|* € § for some suitable choices of s and a, we obtain
two corollaries that improve the existing results on sampling the Lindel6f hypothesis.

Corollary 2.11. Let s € (3 —2v/2,1) and define h: R — R as follows.
h(z) = R((s +ix),

o h(z) =S((s+ix), or
o h(z) = |C(s + iz)]

where  : C — C is the Riemann zeta function. If h is not ¢—cohomologous to a constant, then the
CLT, (2.15) holds. Moreover, if h is non-arithmetic, then the MLCLT, (2.16), holds.

Remark 2.12. See [10, Section 2.5] for a discussion where it is shown using numerics that for ¢; /; all
of the above choices of h are not coboundaries. Similarly, for a fixed value of s, one can numerically
check whether h is not a ®)—coboundary by calculating the sum of values of x = h o £ over some
appropriate periodic orbit of the doubling map and showing that it is not equal to 0.

Corollary 2.13. Let h: R — R be as follows.

e h= |9%§1/2|a7
* h= ‘jﬁ/ﬂaa or
o h=|Cl*

where 1 < a < 84/13(v/2 — 1) (= 2.677). If h is not ¢—cohomologous to a constant, then the CLT,
(2.15) holds. Moreover, if h is non-arithmetic, then the MLCLT, (2.16), holds.

Remark 2.14. On the one hand, the Lindeléf hypothesis states that |¢;/2(2)| < 2 holds for all
€ > 0, and hence, if it is true, the above statement has to hold for any a > 0.

On the other hand, sampling |¢(s + i¢*(z))|* with larger values of a and obtaining normally
distributed samples provide further evidence that the Lindel6f hypothesis is indeed true.

Finally, we state a set of sufficient conditions that implies the Edgeworth Expansions for ¢.

Proposition 2.15. Let h : R — R be such that the left and right derivatives exist and there exist
u,v > 0 fulfilling (2.14) and

(2.17) min{2u(2 +v), (v +v)(24+v)} < 1/3

and h is not arithmetic. Then there exists a quadratic polynomial P whose coefficients depend
on the first three asymptotic moments of Sy(h) but not on n such that for all m € M1(R) being
absolutely continuous with respect to X we have

Remark 2.16. The condition (2.17) forces that 0 < u < 1 and u < v.

(2.18) sup
z€eR

Remark 2.17. The state of the art is not sufficient to conclude that the Riemann zeta function, or
more precisely R¢; /2, 3¢ /2 and <1 /2|, satisfy the conditions of the theorem. However, our theorem
shows that if the Lindel6f hypothesis is true, then the first order Edgeworth expansion has to hold.
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3. REVIEW OF ABSTRACT RESULTS FOR LIMIT THEOREMS

One known technique used to establish limit theorems for ergodic sums with unbounded observ-
ables is a combination of the Keller-Liverani perturbation result (see [20]) applied to a sequence of
Banach spaces as in [20, 11, 36]. There exist elementary criteria for the CLT and the MLCLT to
hold. We state them below as propositions adapted from [20, Corollary 2.1, Theorem 5.1] to our
setting.

Proposition 3.1. Let T : X — X be a dynamical system thatA has an ergodic invariant probability
measure ™. Let f € L*(m) be such that m(f) =0 and Y,~o T™(f) converges in L*(m). Then, we
have the following CLT. a
(3.1) 1mm<

S"(f)<x>:‘ﬁ<§>, forall x€R as n— oo,

N

where 0% = o?(f,T) can be written as

n—oo

o = B/ + 23 Eal(f - o TH) € 0,00).

k=1
Here o = 0 if and only if f is a T-coboundary and in this case N(z /o) = 1 o) and S”T(nf) — dg in
distribution as n — oQ.
Proof. This follows due to Gordin [14]. See [20, Corollary 2.1, Proposition 2.4] for details. O

Proposition 3.2. Let T : X — X be a non-singular dynamical system wrt a probability measure
m. Suppose T has an ergodic invariant probability measure m absolutely continuous wrt m and that
there exist two, not necessarily distinct, Banach spaces X and XF) such that

(3.2) X = X Ll(n)
each containing 1x and satisfying the following:
(I) For all s € R, Tjs € L(X) N LX),
(IT) The map s +— Tjs € L(X, XH)) is continuous on R.
(I11) Either X = X | or there exist k € (0,1) and 6 > 0 such that for all
z€ Dy, :={z€Cllz| >k, |z—1] > (1 —k)/2},
and for all s € (—9,0) we have

(2d = Tps) "' € L(X)  and  sup sup [(z1d = Tys) ™[l < 00
|s|<d 2€Dx

(V) limp o0 177 () = m()1x [l xg— a0 = 0.
(V) The CLT, (3.1) holds with o > 0.
(VI) For all s # 0, the spectrum of the operators ﬁs acting on X is contained in the open unit
disc, {z € C | |z| < 1}.
Then, for allU € X,V : R = R a compactly supported continuous function, m € M;(X) being
absolutely continuous wrt m and W € L' such that (W -m) € X1’ we have

(3.3) lim sup |[oV2mnEn(U o T" V(Sp(X) — ) W) — e_ﬁf En(U)Eg(W) / V(z)dz| =0.

n—oo (R

Proof. This follows from a modified version of [20, Theorem 5.1]. The condition (CLT) there is
assumed here in (V).

Also, the Condition (K) there follows from our assumptions (I) through (IV) because (K1) is
(IV), (K1) is (II), and finally, (K2) can be replaced by (III) (see Remark 3.4).
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Our assumptions (IT) and (VI) yield that on any compact set K C R\ {0}, there exist p € (0,1)
and Ck > 0 such that

SUP T2+ < Crep™,

for all n € N (see, for example, [I1, Pr0p081tion 1.13] for a proof). This replaces the non-lattice
condition (S) there.

So, for all U € X, V : R — R a compactly supported continuous function and W € L' such that
(W-m) € X1’ we have the MLCLT due to [20, Theorem 5.1]. O

Finally, we state a result that gives us sufficient conditions for the first order Edgeworth expan-
sion. It is adapted from [20, 11] to our setting (compare with [20, Proposition 7.1, Propostion A.1]
and [11, Corollary 1.8, Proposition 1.12]).

Proposition 3.3. Let T : X — X be a non-singular dynamical system wrt a probability measure
m. Suppose T has an ergodic invariant probability measure m absolutely continuous wrt m and that
there exists a sequence of, not necessarily distinct, Banach spaces

(3.4) Yo xP o x o™ oo xP o x o at

Vs L' and satisfying the following:
(I) For each space C in (3.4), s € R, Tjs € L(C).
I) For all a =0,1,2,3, the map s — ﬁ-s € L(X,, Xéﬂ) is continuous on R.
II) For alla=0,1,2, the map s +— Tjs € £(XCE+), X, 1) is C' on (—6,6).
V) FEither all spaces in (3.4) are equal, or there exist k € (0,1) and 6 > 0 such that for all
z€ D, :={z€Cllz| >k, |z—1] > (1 —k)/2},
for all s € (—0,9) and for each space C in (3.4),

(2ld—Tj) " € £(C) and sup sup |(zld — Tps) Hleme < oo
|s|<8 z€Dy

each containing 1x, X?EJF

(1
(1
o

(V) T has a spectral gap of (1 — k) on each space. C in (3.4).
(+)

(VI) For all s # 0, the spectrum of the operators TZS acting on either Xy or Xy’ is contained in

the open unit disc, {z € C | |z] < 1}.

(VII) The sequence
n—1
k=0 neN

where f := f — A has an L?—weakly convergent subsequence .
(VIII) f is not T—cohomologous to a constant.
Then for all m € M1 (X) being absolutely continuous wrt m, there ezists a quadratic polynomial P
whose coefficients depend on the first three asymptotic moments of Sy(x) such that the following
asymptotic expansion holds;

W(f P
m(giﬁg$>—m@y-(@u@
o\v/n Vn
Remark 3.4. In [20] and [11], instead of the condition (IV) above, the following stronger condition

of a uniform DFLY inequality is assumed.

(3.5) sup
zeR

=o(n %), as n— 0.

Either all spaces in (3.4) are equal, or there exist C >0,k € (0,1) and pg > 1 such
that, for every C in (3.4),

(3.6) Vh e, s 1Tkl < C (RY||Rllc + [17]l eo ) -
s|<
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However, the proof of the key theorem, [I1, Proposition 1.11], is based on [20, Proposition A,
Corollary 7.2] which uses the hypothesis D(m) in [20, Appendix A] that contains the much weaker
condition (IV) instead of condition (3.6). Therefore, all the results in [ 1] based on [11, Proposition
1.11] including [I 1, Proposition 1.12] remain true with this replacement. We refer the reader to
[20] for more details.

Remark 3.5. For an elementary illustration of the proof of the CLT based on theAclassical Nagaev-
Guivarc’h approach, we refer the reader to [15] where the C? regularity of s — T}, along with the

spectral gap of T on a single Banach space (instead of a chain) is used. This corresponds to the
C? regularity of the characteristic function in the IID case. When it comes to the MLCLT in the
IID setting, a non-lattice assumption is necessary. In our case, the equivalent assumption is (VI).

Proof of Proposition 3.3. We apply results in [| 1] restricted to a single dynamical system with r = 1
there, i.e., when Assumptions (0) and (A)[1](1-2) in [l 1, Section 1.2] are trivially true. This case
is, thus, similar to the r = 1 case of [11, Proposition 1.12] which implies [11, Corollary 1.8] which,
in turn, gives the first order Edgeworth expansion. This is because our assumptions above imply
Assumptions (A)[1] and (B) in [11, Section 1.2], except for (A)[1](4) which is equivalent to (3.6).
However, as discussed in Remark 3.4, [11, Corollary 1.8] remains true because the key ingredient
of the proof in [11] is our assumption (IV) (implied by the much stronger (A)[1](4)). O

4. MULTIPLICATION IN V3

4.1. Multiplication by e**X. In this section, we prove some properties of multiplication by e*X
in V, 5, that are necessary for our proofs.

Observe that the spaces V, g, as opposed to spaces usually used in ergodic theory such as

L>, BV[0,1] or C'[0,1], are not Banach algebras. Hence, s + 1;@'3 € L(Vqa,p~) may not be
continuous. The following lemma will allow us to establish its continuity as a function from R to
L(NVay,81.45 Vas g .) for some good choices of indices.

Lemma 4.1. Suppose g € Vo, 8,7, b € Vay 8,7, and a3 = a1 + a2, 3 < min{f;, B2} and
v < (' 727 Then,

”thasﬁs,’m < Hg”m,ﬁl,’hHh”az,ﬁ%“fz
with the proportionality constant independent of g and h but dependent on o, Bj,7v;, j = 1,2, 3.

Proof. First, suppose g and h are real valued. Then
(4.1) osc(Rau, Be(x)) = osc(Rqu—, B:(x)) + osc(Rau4, Be(x)) .
By applying [38, Proposition 3.2 (iii)] to the positive and negative parts of g,
0s¢(Ras(gh), Be(x))
= 05¢(Ras(9+ — 9-)h, B=(x))
(Ray (9+ — 9-) - Rayh, Be())
< 08¢(Ra, 9+ + Rayh, Be(x)) + 0s¢(Ra, g— - Rayh, Be(x))

< 2 (osc(Ralgr, B.(x)) - esssup |Ra,h| + 0sc(Rayh, Be(x)) - esssup \Ralgro

= 0OSsC

< 05¢(Ray 9, Be(2)) €55 51D [ Ragh| + 2 - 05(Bagh, Bu(w)) e555up | Ry g
If g is complex valued, using the definition of osc, we have
05( Ry (9h), B-(2))
< 0s¢(Ra, g, Be(2)) esssup |Rayh| + 2 - 0s¢(Rayh, Be(2))(esssup |Rq, Rg| + esssup |Rq, Sg))
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< 08¢(Ra, g, B (x)) ess sup | Ra,h| + 22 - 0s¢(Ra, h, Bz (x)) esssup |Ra, 9] -
If h is not real valued, repeating the argument for the real and imaginary parts of h, we obtain

0s¢(Ras(gh), Be(x))
< 22 - 05¢(Ra, g, Be () esssup | Ra, h| + 2V/2 - 0s¢(Ra, b, Be()) esssup | Ra, 9| -

Now, we use the inclusion of L* in Vj g, 1 where r = 1,2 to conclude that
[ osclay(gh), Bo(a)) dri )

S /OSC(Ralgv B€($))d)‘1($) : HROQhHOﬁz,l + /OSC(Razh’BE(x)) dAI(l‘) : HRaLgHO,Bl,l

S &P glar 51 (1hlas o + [ Ras hlln) + €7 |7l as, 5 (|9lar 1 + [1Rangll1)-
This gives us that for all e € (0, 1],

= [ sl (), Be(a) s (0
S 1glar 1 elas s + 19las 01 Bls + VBl salglas 1 + Vhlas,lglh -

Taking the supremum over € and combining with ||gh|y, < [|g||~, ||h]/+, implies the result. O

Due to the linearity of the operator z/p\, in order to show regularity of s — z/b\is = (X x ), it is
enough to show the regularity of the one parameter group of multiplication operators s — e**X x -,
Our next lemma provides general conditions that guarantees this.

Lemma 4.2. Let 0 < g, 8 <1 and vy > 1. For each s € R, consider the multiplication operator,
HS() =" X X, on Vaoﬂ,’YO'
(1) Suppose there is B > B such that, for all s € R, \eisx\oﬁ- < oo. Then, for all s € R,
H, e E(Vaoﬁﬁo) .

(2) Suppose, in addition to the conditions in (1), there exists 0 < o < 8 such that

: R L5% R
(4.2) ll_)l%’l e Xarp=0.

Put a; = ag+a* and 1 < 9. Then s — Hy € L(NVag 870> Var,8,y) 18 continuous.

(3) Suppose, in addition to the conditions in (1) and (2), there exist 0 < o™ < 8 and v > 1
such that

iSX 1—3
(4.3) lim | &~ ¥X

lim =0 and x|, <oo.

5 a**,8

Put az = ag + max{a*,a™} and y2 < (y;" +~7")7" Then, the function s — H, €
L(Vag,8,70: Vas,B.) 5 differentiable with the derivative
Hy(-) = (ix)e"™ x -
(4) Suppose, the conditions in (1), (2) and (3) are true. Put az = ag + o and 73 < 2. Then
s Hy € L(Vag,8700 Vas,B4) 95 continuously differentiable.

Remark 4.3. It would be possible to have some more flexibility on the parameter § and change it
for different spaces. However, we only use the version of the lemma as stated which also keeps a
simpler notation.



LIMIT THEOREMS FOR UNBOUNDED OBSERVABLES 15

Proof of Lemma 4.2.
Proof of (1):
We note that for all g € Vo, 8405 [[Hs(9)|lvo = 9]l and due to [38, Proposition 3.2 (iii)],

08¢(Ray (€Xg), Be(x)) < 08¢(Ray (€Xgy), B()) + 0sc(Ray (eXg_), B-(x))
< 0s¢(Ray g, B:(x)) + osc(e"X, B:(x)) - esssup(|Rqa,g|)
S 08¢(Ray g, Be(x)) + osc(e’™X, Bz (@))[|9llag 5,70 and
e 05¢(Ray (€% g), Bo () < P 05¢(Rayg, Be(x)) + e P osc(e'X, B ()9l ao.8,70-

The first < is due to adding up the positive and negative part of g the second is due to the inclusion
Vo,8,70 = L. Integrating and taking the supremum over e, we have

’HS(g)’ao,ﬁ S ’g‘aoﬂ + ‘eisxl(],ﬁ”guao,ﬁﬁfo
which gives
(4.4) 1Hs(9)llag,6,00 < (1 +1€**l0,5)19lag,8,70-
Therefore, for all s, Hy maps Vq, g4, to itself, and is a bounded linear operator on Vg, g +,-

Proof of (2):
We note that, Hig — Hsg = (Id — Hs_;)H;g and if g € Vo870 then Hyg € Vo 54, Hence, due to
Lemma 4.1, it is enough to prove that

l% ”Id - HSHVQO,,B,WO—}VQLB,'H = O

To this end, let g € Vo, 8.+, be such that ||g|ag,8~, < 1. Then,

lng (14— Ho)gl = lim [ (1= €97 ds =0
by the dominated convergence theorem. Moreover, by [38, Proposition 3.2 (iii)]
0s¢(Ry, (Id — Hy)g, B: (7))
= 05¢(Ry+ (1 — ") Ry, g, B=(1))
< 08¢(Rayg, B=()) - esssup | R (1 — €"X)| + osc(Rqyx (1 — €X), B.(z)) - esssup |Ray 9]

where < is due to the fact that we have to consider the positive and negative part of g separately.
Because Vg g1 < L, we have

77 05¢(Ray (Id — Hy)g, Be(2)) S €77 08¢(Rag g, Be(2))(|1 = €X|an g + || Ra (1 = €"¥) 1)
+ &7 0sc(Rar (1 = €%), B ()) | 9llao,6.70-
Integrating, taking the sup over ¢, and finally, using ||g|/ay,8.4, < 1, We get

|(1d = Hy)glay 5 S 11— €Nar g + [Rax (1 = €)1

By the bounded convergence theorem limg_,q || Ro+ (1 — €%X)||; = 0. Therefore,

il_% |(1d — H)gla,, = 0.
Hence, we have the continuity of s — H.

Proof of (3):
First, we show that for all g € V,, g, 4, such that ||g]|a; 8, <1,

H(Hh— d — ixh

A = 0.

= lim
az,B8,72  h—0

Hoyp— Hy — H!
i ()

h—0 h >Hsg

az,B,72
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Due to Lemma 4.1, it is enough to show that

. Hy —Id —ixh . ehx — 1 —iyh
g (Y Ly
h—0 h a**.By  h—0 h a** By
From the dominated convergence theorem, we have
X — 1 —ixh
Jim MH = 0.
h—0 h ¥

The assumption (4.3) completes the proof of differentiability.
Finally, picking h # 0 sufficiently close to 0, applying the estimate in part (1), part (2) with
71 = Y0, and Lemma 4.1, we note that for all g € V,, 3., and for all s,

e —1 —ihx ; 1 —
[H(9)llas,6,90 = ¢ gt ¢MX)etXg
az,8,72
ihx 1 —ihyx ; 1 .
< | 3110 = ™) gllay .
az,B,72
ehxX — 1 —ihy 1 .
Sl 15 (9)llao, .70 + 7 112 = €™ )llax 5,411 H5(9) g 8,70
a**, By
eX — 1 —ihy , .
< ( —n + (1 = ™)) a*,m> (1 + le"™o,6)llgllac,5.70
a**, By

So, H} is, in fact, a bounded linear operator in £(Vay 801 Vas,8,72)-

Proof of (4): Since Vo, 84, < Vag 8,44, We have that s — Hy € L(Vqg 8,405 Vas,8,4) is differentiable.

So, we need to check whether s — HY, is continuous. Note that for all g € V¢, 5, and for all s > 0,
H(9) € Va,,p.~, and for all h > 0

ih
I(Hypp, — H)gllas s = 1€ = 1) H(9)llas 6,5
5 H(Hh - Ho)lua*ﬁ,’yo”H;(g)Hamﬁ,’m — 0,

as h — 0 due to part (2). Hence, we have the continuity of the derivative. O

4.2. Sufficient conditions for Lemma 4.2. We limit our scope by providing sufficient conditions
for the assumptions in Lemma 4.2.

Lemma 4.4. Let 8 > 0. Suppose x is continuous and the right and left derivatives of x exist on
I. If there exists a constant b € [0,1/3) such that

(4.5) max{|x'(z+)], X (z=)[} S 271 —2)~°
then ‘

€53 < o0
holds for all s > 0.

Proof. We have

' 1/2 isX_ B 1 X B,
‘eZSX‘OB_ S sup / OSC(G 77 E(‘T)) d)\](f]}') + sup / OSC(C 77 3 (.Z')) d)\[(l’)
T e€(0,60] JO ef £'€(0,e0] J1/2 eP

We will only estimate the first summand as the estimation of the second follows analogously. Using
the definition osc(h, A) = osc(Rh, A) + osc(Sh, A) we note that for any measurable set A we have

(4.6) osc ("X, A) < min{4,4s/m osc(x, A)}.
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By (4.5) there exists C' > 0 such that for all ¢ > 0 and all € [e,1/2] we have

8lsle 8C'|sle
SE gup maxdl () I =)y < 28
T yEBs(m) T

osc(e"™X, Be(x)) <

(x—¢e)7°

We have that 8C|s|e/7(x —¢)™" < 4 if and only if

<20|s|s>1/b
Tz < +E&=.

s

Hence, we split the integral on [0,1/2] into two, one on [0,~.] and the other on [y.,1/2]. For the
first range, we use the first bound in (4.6) and for the second range, we use the second bound.
Then,

1/2 isx 7 1/2 1-5

e€(0,e0] e€(0,e0) A ™
_ 1/2 1-5
(4.7) < sup 4v.e P+ sup / %(:ﬂ — ) Pd\s ().
€€(0,e0] e€(0,e0] /e 7T

For the first summand, we have

_ 20 s\ 1/ ) )
sup 4%6_5 <8 sup max{<ﬂ> El/b—ﬁjel—ﬁ < o0,

€€(0,e0] €€(0,e0] T
which follows from the fact that b < 1/8 and 3 < 1. For the second summand of (4.7), we have

/1/2 8C|s|e! =P

- (z — &)X (z)

sup
e€(0,e0]

Ye

_ rl/2
< 8C’3’ sup El_ﬁ/( .Z'_bd)\](x)

T e€(0,e0] Z‘C%)l/b
1-b
. 1/b
8C|s| gl—=p 1 (2C|sle
7 SUDce(0,60] Tr=p MAX 4 25 | =7 b#1

8C -8
W‘s| SUPee(0,0] el=Plog (#\SIJ b=1

_B _ b—_
= 8C1s| max E(l) ’ 20| v Eé/ ’ el=f log S < 00
77 21-b|1 — b’ \ 7 1—b]"7° 20 |seg ’

which again follows from the fact that < 1 and b < 1/5. O

IN

Remark 4.5. The above lemma combined with Corollary 5.2 gives a sufficient condition on x for

the operator H,, and hence, Jis to be a bounded linear operator on V, g for all « > 0, g < B and
v =1

The following lemma gives a sufficient condition on y for the operator valued function s — Hg,
and hence, s — ;5 to be continuous.

Lemma 4.6. Suppose |x|o3 < 00 with 0 < a < B < 1/(1 + «a) and there exists b € [0,1/3) such
that (4.5) holds. Then, for all o* € (0,1)

lim |1 — e*X|4« 5 = 0.
sl—H>%)| € |o¢,B 0
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Proof. We will do the calculation only for the real part (1 —¢e%X) = 1—cos(sx) and the calculations
for the imaginary part (1 — e*X) = —sin(sy) follow analogously and we mention these estimates
briefly. Furthermore, we use the splitting of the positive and negative part as in (4.1). Also, since
R(1 — e*X)_ =0, it does not contribute to the estimates.

For 6 € (0,e0) to be specified later depending on ¢ and s, we have
[osc(RaxR(1 — €X) 4, Be(x)) dAf(x)

R(1— X)y|qe 5 =
el >
(4 8) < sup fOSC(RaQR(l B eisx)+1[0,5+€]7 Ba(x)) d)\](x)
‘ o e<eo gﬁ
(4.9) ©sup Josc(Ra+R(1 — €%) 1510 1-5-c), Be(x)) dAr(2)
‘ e<eg E‘ﬁ
Joose(Ra=R(1 — €)1 1y 5 1), Be(w)) dAi(2)
(4.10) s 4 |

e<eo

where we assume that s and g¢ are so small that § +e <1 —4§ —e.

We start by estimating the middle summand (4.9). [38, Proposition 3.2(ii)] yields
OSC(ROC*%(l - eisx)-i-l(é-l-a,l—é—a)a Ba(x))
(411) S osc(RaR(L— ™), (5421 =8 — ) M Bal@)Lisre1—s-0)(2)
+2 ess sup Ro=R(1 — ") 4 | 1p, (64e1—6-e)NB. (5+e,1—6—c)¢) (T) -
(6+€,1—6—€)NB:(x)

We first investigate the first summand of (4.11). For the following, we set
(4.12) D(b,e,z) := (0 +¢,1 =6 —¢) N B(x).
Forz e (04+¢e,1—4§—¢),

0s¢(Rax (1 — cos(sx)), D(6,e,2)) <2 sup [Ra(1 — cos(sx)))
D(b,e,x)

(4.13) <2 | sup |(Ra1)|(1 —cos(sy))+ sup (Ra+1)|(1 — cos(sy))|

D(é,e,x) D(é,e,x)
Both of the above calculations follow analogously for the imaginary part with |sin(sy)| instead of
1 — cos(sy).

We set § = d0(e,s) = € - |s|* with K € (0,1) and ¢ > 0 to be specified later. Since |x|q.z < 00
implies that R, x is essentially bounded, we can conclude that there exists K(x) € (0,00) such that
Ix(x)] < K(x)-z~%1 —2)~* almost everywhere. Recall that there is C' > 0 such that max{|l —
cos(x)}|, |sin(x)|} < C|z|. Combining this with (Re+1)" = o (z® (1 — 2)®" + 2°" (1 — z)* 1),
we have

. |s|
(4.14) sup [(Ra-1)[max{l — cos(sx), [sin(sX)|} S +——q7a=ar -
D(é,e,x) “ (l‘ - 6)1—1—04—04
when z < 1/2. The estimates for x > 1/2 follows from replacing (z — €) by (1 — z + ¢), and the
final estimates remain unchanged. So, we restrict our attention to the former case.

It follows that

1/2
i sup 5 [ e sup (J(ee 1101~ con(sx)) g1 (@) dds(a)
8_>0€€ 0,e0] D(d,e,z)
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1/2
< lim |s| sup 51_5/ (x — &) 1 d)(z)
6

s=0° " 2g(0,e0] +e

1/2—¢ .
< lim |s| sup 61_5/ @ I d )\ ()
" s=0 e€(0,e0] 5

limg_0 Eé_ﬁ+“(a*_a) lim,_,q |s|1 4@ =) of <«
< 5(1)_6(] log(1/2 — eg)| + k|log(g0)]) lims—o |s| + LE(l)_B limg 0 |s||log]s|| o =«
60_6 lim_,0 |$] o > a

(4.15) =0
provided that under the condition o* < a we have

l1-F+4+c6@ —a)>0 < k< (1-75)/(a—a"),
(4.16) L@ —a)+1>0 <= 1 <1/(a—a").

Analogously, under the same conditions,

1 .
lim sup B 2¢ sup <’(Roc*1)/ ‘(SIH(SX)):I:) L15te1—s-¢) (z)dAr(z) = 0.
8%056(0 o] € D(d,e,z)
To estimate the second summand of (4.13), we use (1 — cos(sx))’ = sin(sx) - sx’, (sin(sx)) =
cos(sx) - sx’, | cos(sx)| <1, [sin(sx)| < 1, and our assumption about x’. Then, we have

*

_ \at—b

sup max {(Rqa-1)[(1 — cos(sx))'| , (Ra+1)|(sin (sx)* IS |s =€) oz* <0
D(8,e,x) a* >b
for z < 1/2. Also, note that for z < 1/2 and the estimate for = > 1/2 is the same with (z — ¢)
replaced by (1 — z +¢). Thus, if a* < b

1/2

2¢ sup ((Roe1) (1 = cos(s))'|) Ls1e1-5-c) (@) dAr ()
o+e D(é,e,x)

lim sup
570 c€(0,¢0]

1/2—¢ .
S lim o sup El_ﬁ]s]/ 2@ 0d\; (x)
é

B

s—>0€€(0’€0]
At RN BTG RTAED b>1+a
S 320 P (llog(1/2 — £0)| + K| log(eo)|) lima—yo |s| + teg " limy_yq |s| |log|s]| b=1+a*
ey lim, o s] beltar
417) =0,

where, in the case of b > 1 + o*, we have assumed that
18 1-F4+k(l+a"=b)>0 <= k< (1-p)/(b-1—0a"),
(4.18) 1+(l+a"—=b)>0 <= 1<1/(b—1—-a").

The o > b case is similar to the b < 1+ o case above. Analogously, under the same assumptions
on k and ¢, we obtain

1 . )
lim sup 2¢ sup |Ra+1 |(sin(sy)+ 1 o () dM(z) =0.
=0 ce(0,00] €° D(é,e,w)( [(sin(sx) )D (5+e,1-5-¢) (@) dAr(2)

Hence, combining (4.15) and (4.17), we can conclude

1 :
(4.19) lim sup —5 | osc (Ra+R(1 — €X)4, D(6,¢, 7)) L(51-6)(x) dAr(z) =
s—>0€€(0 o] €
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Also, the analogous result for the imaginary part, $(1 — e*X), follows.
Next, we will estimate the second summand in (4.11). We note that

B((04+e,1—0—¢e)NB((d+e,1=6—¢)°)=B(0+e)UB(1 -6 —¢)
and hence,
(4.20) 1B, ((54e,1-5—)NB. ((5+e,1—6—)¢) = LB.(542)UB.(1—6—¢)-
It follows that
(4.21) sup Ry+(1 —cos(sx)) < { “ .
D(6,e,7) S
Due to the symmetry around x = 1/2, we obtain

1 .
ll_%aes(lélgo} 5 nyfx RosR(1 — €"%) 1 - 1p_(51e,1-6-)nB. ((5+e,1-5—2)e) () dAr (@)

6+2¢
= lim sup </ / ) sup Ra+(1 —cos(sy))dAr(z
570 2€(0,20] 56 1-6—2¢ / D(6e,x) ( ( )) ( )

0+2e
<lim sup |s|e™” / max{(d + €)% 7%, (6 + 2e)* "V dAj(x)
é

50 £€(0,0]
_ {hmHO eh=porla—a)glima—at) gx < g
limg_,0 5(1)_6]3] of >«
(4.22) =0
where, in the case of a* < «, we assume that
1-8—kla—a") >0 <= k< (1-0)/(a—a"),
l—fa—a") >0 <= 1< 1/(a—a").

Combining this with (4.11) and (4.19) yields that the summand (4.9) tends to zero for s — 0 and

the same is true for the imaginary part, (1 — e*X)y, because the same assumptions on x and ¢
along with |sin(z)| < |z| and (4.21) yield

(4.23)

1
li — i D(s 1 dA;(z) =
iy sup 5 osc ((sin(sx))+, D(6,€,2)) Lg4e1-5-¢) () dAr(z) =0,

1 .
lim cc(020] € / D) Ror(sin(sx))+ * 15, (+4,1-5-2))nB ((6+,1-5—e)) AA1(2) = 0.

Finally, we investigate into the first summand (4.8). As the calculation for the summand (4.10)
is very similar, we will only give the details for (4.8). We split the integral into

lim sup 5 [ osc(RoeR(1 = €151 Be(a)) dAi o)
(4.24) = lim sup B / +/ 05¢(Rax (1 — cos(sX))L{0,5+4¢], Be(x)) dA1 ().
5=0e<eq € [0,6) (6,642¢]

For the first summand of (4.24), we write

(4.25) D(6,e,7) :=[0,8 + €] N Be(x)

and we note that R(1 — e**X) € (0,2) and

(4.26)  osc(Rax (1 — cos(sx))Lo,s1e]s Be(2)) < 2 supp(sep)farl < 2Ro-1(x + ) < 2(z + )
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Now, we have
1)

1
(4.27) lim sup — 05¢(Rax (1 — cos(sx)) 10 54e]> Be(x)) dAr(x) =0
s—0 e<eg g 0
under the condition
(4.28) t>0 and k> b
1+ a*

due to Lemma C.1 in Appendix C.
In order to estimate the second summand of (4.24), we first note that for x € [d, 6 + 2¢],

. s o >«
(420)  sup Rar(l-cos(sx)lgseg Slsl  sup ool o
D) yED(6,2,2)N[6,6+2¢] |s] - & a* <a.
Hence,
. 1
lim sup _B/ 08¢ (Ra+ (1 — cos(sx)) s 51¢) Be(2)) dAr(z)
5=0c<eq €7 J[5,6+2¢]
. 1
< lim sup — sup  (Rax (1 — cos(sx))1s51¢)) dAr(x)
s=0ec<eq € [6,6+2¢] D(d,e,x)
< 6(1]_5 lims_,¢ |$] ot >«
~ Eé_ﬁ'i‘fi(a*_a) 11m5_>0 ’S’1+L(a—a*) a* < «
(4.30) =0

provided that, in the case of o* < «,
131 -4k —a)>0 <= k< (1-0)/(a—a"),
(4:31) I+ua*—a) >0 <<= 1 <1/(a—a").

Next, by [38, Prop. 3.2(ii)] we have for x € (9,6 + 2¢]

05¢ (Ra+ (1 — cos(sx)) 1,4, B:(w))

< 0s¢ (Rqx (1 — cos(sx)), Be(x) N [0,6]) Lg,5(x) + 2 Ssssup R (1 = cos(sx))s—evo,6+¢] (2)
=(z)N|0,

<0+ 2esssup Rox1 < 267",
[6—eV0,0]

Hence,

lim sup — 05¢ (Ra+(1 — cos(sx)) 1., B(x)) dAr(z)
5=0e<eg €7 J[5,6+2¢]
1 * * *
< lim sup — 6% dAr(z) < lim sup el 7FFraT g0 —
s—=0e<ey € [6,0+2¢] 5=0 c<gq

under (4.28). This together with (4.30) imply

lim sup 08¢ (Ra+ (1 — cos(sx)) 1 s12¢s Be(x)) dAr(x) = 0.

5=0e<e ef [6,6+2¢]
Combining this with (4.24) and (4.27) implies that (4.8) tends to zero for s tending to zero. The
same is true for the imaginary part, (1 — X)L, as (1 — e"X) < 1.
Finally, we discuss here possible values of a* and the implicit requirements on b that ensure the
existence of ¢ > 0 and k > 0 used in the proof. There are four cases.
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Note that, in the case of o* < @ and b > 1+ o*, under (4.16), (4.18), (4.23), (4.28) and (4.31),
we have
5 EERmL ..

<K < mi
o +1 " mm{a—a*’b—l—

0 <t < mi 1 !
L < min )
a—a* b—1—a*

First, we see that the conditions on ¢ are always fulfilled, because

1
d 0< ———.
a— a* an b—1—a*

0<

Similarly, considering the inequalities that guarantee the existence of x, we have

a>ao" >max{af+ 5 —1,80—1}
is necessary and sufficient. Note that due to § < min{1/b,1/(ac+ 1)} we have af+5—1 < 0, and
also, b —1 < 0. So, 0 < o < min{a, b — 1} which is equivalent to a* < o and b > 1 + o*.

In the case of a* < aand b < 1 4 o*, (4.18) poses no restrictions. So, under (4.16), (4.23),
(4.28) and (4.31) we have b — 1 < o < a and b < 1 + « which is equivalent to our assumptions
a* <aand b<1+ a*.

In the case of a* > a, (4.16), (4.23), and (4.31) pose no restrictions. So, when b < 1+ a*, we

have a* > max{a,b—1} and when b > 1+ a*, we have @ < o <b—1 and b > 1+« and we don’t
obtain any additional restrictions either. O

The next lemma of this section gives a sufficient condition on y for the operator valued function
s +— Hg, and hence, s — ;5 to be differentiable.

Lemma 4.7. Suppose |x|ap < 00 with 0 < a < B < 1/(1 + «a) and there exists b € [0,1/3) such
that (4.5) holds. Then, for all o > min{2a, max{co, a + b — 2}} we have

18X __ 1—3

e isx _0.
a*,B

lim
s—0

S

Proof. The proof follows very similar to the proof of the previous lemma and we will stick to the
same notation. Again, we will do the calculations only for the non-negative real part, only noting
some differences for the imaginary part. We have

osc (RQQR <M> ,BE(:E)> _ %osc (Ro- (1 — cos(sx)), B.(x))

and

LA 1
0sc <Ra*% <M> ,Bg(az)> = — 08¢ (Rq~(sin(sx) — sx), Be(z)) .
s s

As in (4.8) to (4.10), we have for § € (0,e0) (to be specified later and depending on s and ¢) that

RN~ 1 — isy) — awp J osc(Rq+ (1 — cos(sx)), B=(x)) dAr(z)

B e seP
) < aup e 10X L B )
e<eo se
wa + gup e (10 s B )
e<eo se

(4.34) + sup J osc(Rax (1 — cos(sx))1p—s-c 1) Be(x)) d\r(2)
‘ e<eg SEB
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and similarly, for the imaginary part.

Now, we start by estimating the middle term (4.33), and as in (4.11), we use [38, Proposition
3.2(ii)] to obtain

08C(Rax (1 — c08(8X))1(54+2,1-5-<), Be(2))

(4.35) < 0sc(Rax (1 — cos(sx)), D(d,&,2)) L (51e1-5-¢) (T)
+2 D?;lp )Ra*(l —c08(8X)) | 1B.((5+e,1-5—2))NBe (542, 1—5-2)e) (T) -
JE,T

Forx € (0 +¢e,1—0—¢),

0s¢(Ra+ (1 — cos(sx)), D(6,e,2)) <2 sup |[Ra+(1 — cos(sx))]'|
D(b,e,x)

(4.36) < 2 [ sup |(Rax1)'| (1 —cos(sx)) + sup (Ra+1)|(1 —cos(sx))|]| -
D(é,e,x) D(é,e,x)
Both of the above calculations follow analogously for the imaginary part.

For the following, as in the previous proof, we set § = d(g,s) = &" - |s|* with k € (0,1), ¢« > 0 and
recall that there is C' > 0 such that max{|1 — cos(z)|, |sin(z) — z|} < C|z|?>. The latter fact and
(Ro+1) = a* (2 71(1 — 2)® + 2% (1 — 2)® 1), imply that
El§

(4.37) sup |(Ra+1)'| - max {1 — cos(sx) , [sin(sx) — (sx)} S R

D(é,e,x)
when z < 1/2. The estimates for > 1/2 follows from replacing (x — €) by (1 — xz + ¢), and the
final estimates remain unchanged. So, we restrict our attention to the former case.

This implies that the contribution of the first term in (4.36) is

1 1/2
lim sup —/ 2¢ sup |(Ra1)'| (1 —cos(sx))1 _s—o)(x)dAr(x
lip sup i [ 20 sup [(Rae1Y] (1 = eos(sx)Lgssen -5 (2) AN 2)

1/2—e .
< lim |s| sup 51_5/ I AN (2)
50 £€(0,0]

E(l)—BJm(a*_za) lim,_so ’3’1+L(a*_2a) —0, o < 2a
< er P (1log(1/2 — e0)| + K| log(eo)|) lima o |s| + tep " limg o |s] |log |s]]  a* = 2a

5(1)_6 limg_q |s] a* > 2«
=0

provided that, in the o* < 2« case,

1-pF+4+k@ —20)>0 < k< (1-75)/2a—a")
(4.38) 1+ —2a) >0 <= 1 <1/2a —a¥),
and similarly,

. 1 .
lim sup — [ 2¢ sup [(Rar1)'| (sin(sx) — sX)+1(ste,1-6—c)(2) dAr(z) = 0.
50 cc(0,e0] S€ D(5,e,z)
Next, we estimate the second summand of (4.36). Using (1—cos(sx))’ = sin(sx)-sx’, | sin(sx)| <
|sx|, and our assumption about x and x’ we have

sup (Ra-1)|(1 — cos(sx))'| S

s|?(z — )" ~(@+b)  o* < a+b
D(b,e,x)

Is|2-1 a*>a+b.
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Also, note that the estimate for z < 1/2 and for x > 1/2 are the same with (z — ¢) replaced by
(1 —x+¢). Thus, when a* < a+b

1/2
€
lim  sup —/ sup (Ra+1)|(1 — cos(sx))'|1 _s—e)()dAr (2
520 ce(0,00] 567 Jo4e D(aax( I (X)) [L51e1-5-¢) () dAr(2)

s hm sup e'” B\s\/ 2 =@ AN (2)

5—0 £€(0,g0]

ehAHrFaT =0l iy o [s[1+(+a == atb>1a
S 30 (1og(1/2 = c0)| + K| log(eo)|) lim o |s| + 129" lim o |s| [ log |s|| a+b=1+a"

gé_ﬁ limg_,¢ |$] at+b<l+a*
=0.

where, in the case of o + b > 1+ o*, we have assumed that
1-f4+r(l+a"—a—-b)>0 < k< (1-p8)/(a+b—1—-a"),
I1+(l+a" " —a—-b)>0 <= 1<1/(a+b—-1—0a").

Analogously, under the same assumptions on x and ¢, we obtain

(4.39)

. 3 .
lim sup — sup  Rqo-1(z) |((sin(sx) — sx)+) |1 (51e,1-6-c) (@) dA(z) =0
5_>0€€(0,€o] S€ D(d,e,x)

because |(sin(sx) — sx)’'| = |cos(sx) — 1] - |sx’| and |cos(sx) — 1| < [sx]-
Next, we look at the second summand of (4.35). Using (4.20), our assumption about x and the
symmetry around z = 1/2, the corresponding integral over the second summand is dominated by

6+42¢
lim sup —5 (/ / > sup Ra+(1 — cos(sy))dAr(z)
50 c¢(0,60] S€ 1-6—2¢ (6,e,7)

0+2¢
< lim sup |8|6_5/ max{(8 4 €)* 2% (6 + 3¢)* 22} d\;(x)
1

" 520 e€(0,e0]
< Is' 713070 1im 2575
s—0
=0.
Here, in the case of a® < 2a;, we have to assume additionally that
40 1-—kR2a—a") >0 <= k< (1-75)/2a—a"),
(4.40) 1—12a—a") >0 <= 1 <1/2a —a").

Analogously, under the same assumptions on x and ¢, using our assumption about x , we have

0+2¢
lim sup (/ / > sup Ry (sin(sx) — sx)+ dAr(z) = 0.
1-6—2¢

s_>0€€(0 o) sef D(6,e,x)

Finally, we investigate (4.32). The estimations for (4.34) then follow analogously. We split the
integral as in (4.24).

For the first integral, due to Lemma C.1 in Appendix C, we have

1

4.41 li Ry (1 — 1 , B dA 0
(4.41) S F S 05¢(Rax (1 — cos(sx)) o 54¢), Be()) dAr(z) =
provided that
Kl+a")—=B>0 <= k> p/(1+a"),

4.42
( ) t—1>0 < ¢>1.
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For the imaginary part, since we assumed o > «/, we can use the following estimate.

SUP D (5,6.,2) [ B (SIR(8X) — $X)L0,612]| < [8ISUPp (5 e,0)| B X 110,54
S [81supps e my Rar—aliosre) S |8l (2 +¢)

o —a

Then repeating the argument in Appendix C leading to Equation (C.2) with o — « replacing o,
we have that

lim sup —3
s—=0.<¢, SE [0,6)

os( R (sin(sX) — )10 54.4): Be()) dAr(2) = 0
provided that
Kl+a"—a)—p>0 <= k>[/(1+a" —a),

(4.43) 1—1>0 < ¢>1.

For the second integral, as in (4.29) but using (4.37) instead, we obtain for all z € (9,9 + 2¢]

2 *

._ s a* > 2a
sup  Rox (1 —cos(sx))1[554e] S s ~ sup Y < 0 cat—2a %
D(,e.x) yED(6,2,2)N(5,5+2¢] §%-0 at <2a.

Therefore,
1
limsup—/ 0sC( Ry (1 — cos(sx))1is.54c1 Be(x)) dAr(z
tigoup =5 [ oselRa (1= eos(s0) s, Bele) AN (2)
< 5(1)_6 limg_q |s] o* > 2«
~ 1-B+r(a*—2a) . 1+u(a—2a*) *
£ limg_q |s] o* <2«
=0

provided that, in the case of a* < 2q,
i 1-F4+k(a —20)>0 <= k< (1-75)/2a—a"),
(4.44) 1+ua®—2a) >0 <= 1 <1/2a—a").

Due to [38, Prop. 3.2(ii)] and our assumption that a* > a we have for = € (4,0 + 2¢],

0s¢ (Ra+(1 — cos(sx)) 1,5, Be(w))

< osc (Rax (1 — cos(sx)), Be(z) N[0, 6]) 1o, (z) + 2 Be?s)a[lpﬂ Reo (1 — cos(sx))1[5—cvo,5+< (T)
< (x)N]0,

< 04 2|s| esssup Ry-x < 2|s|6% ~.
[6—eV0,d]

So,

s—=0c<eq seb

lim sup = / 05¢ (Ra+ (1 — cos(sx)) 1], Be()) dAr(z)
(6,642¢]

< lim sup =
s—=0c.<¢y € (6,6+2¢]

under (4.42). So we have

e <1 1-f+ra” (a*—a) _
) dAr(z) S ll_)l% €0 s 0

lim sup

il osc (Rq+(1 — cos(sx))1 ,Be(x)) dAf(x) = 0.
50 ge<eq € [6,6-+2¢] ( ( (5X))Lj0,6+2¢]» Be( )) ()

Finally, we discuss here values of o* and implicit restrictions on b that ensure the existence of
t>0and k € (0,1) used in the proof. There are four key cases to consider.
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(1) a < a* <2aand a+b > 1+ a*: Under (4.38), (4.39), (4.40), (4.42), (4.43) and (4.44), we
have
B 1-p 1-p }

of —a+1 20— a* a+b—1—a*

1 1
1 <t < mi , :
‘ mm{20z—0z* Oz—l—b—l—oz*}

Considering the conditions for ¢, we have o > 2a— 1 and a* > a+b—2. Since a > 2a— 1, the
former is automatic. Next, considering each of the two inequalities that guarantee the existence
of k, we obtain that

o >max{f—1+4+pa+a, fb+a—1}=a+max{f -1+ Ba, fb— 1}

is necessary. Note that 8 — 14 Sa < 0 and 8b — 1 < 0 because f < min{1/b,1/(1 + «)}. So
a* > « is a sufficient choice. Combining everything, we have that

</~£<min{

max{a+b—2,a} <a" <min{a+b—1,2a}
is sufficient.

(2) a < a* <2xand a+b < 1+ a*: (4.39) poses no extra restriction. So, under (4.38), (4.40),
(4.42), (4.43) and (4.44), we have o* > « as before. Hence,

max{a+b—1,a} < a* <2«
is sufficient.

(3) a* >2cand a+b>1+a*: (4.38), (4.40) and (4.44) pose no extra restrictions. Under (4.39),
(4.42) and (4.43) we have o* < a+b—1and o* > b+« — 1. Since fb+a— 1 < a < 2a, the
latter is true. So,

2a <o <a+b-1

is sufficient.

(4) o >2a and a+b < 1+ o*: (4.39) is not relevant, and both (4.42) and (4.43) pose no extra
restrictions. Hence,
max{20, +b—1} < o
is sufficient.

We obtain from (1) and (2) that max{a +b— 2, a} < o* is sufficient if o* < 2. From (3) and (4)
we obtain that o* > 2« is sufficient if o > 2a. So,

o > min{2q, max{a,a + b —2}}
is sufficient. O

Lemma 4.8. Assume Y is continuous, the right and left derivatives of x exist on f, and there exist
a>0,b>0 such that

(4.45) (@) e (1 —2)"" and max{|x'(z+)],[x'(z-)[} Sz7°(1 —x)",
then ||xla,5,4 < 00 if
a>a,
(4.46) B<(l+a—-a)/(b—a) or b<a+1 and
1<vy<1/a.

Proof. The first inequality of (4.45) implies x € L7 with 1 <~ < 1/a.
For simplicity we assume Y is differentiable. Otherwise, at a point where x is not differentiable,
both one-sided derivatives will exist and the following estimates do hold for them.
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Now, we proceed as in the proof of Lemma 4.6, however, with § = £” to find the minimal o and
maximal § such that |Ryx|os < 00. Set g := Ry, then

g'(x) = a(1 = 22)Ro—1x(x) + Rax'(2).
Choose ¢ sufficiently small and split the domain into three parts, [0, +¢), (¢ +&,1 —e —&") and
(1 —e —¢",1]. Due to the symmetry of the bounds, we only focus on [0, 1/2].
On (" 4¢e,1 —e—¢"), we use [38, Prop. 3.2(ii)] implying

0sC (g 1(&"4—&,1—5"‘—&)7 Be(x))

(4.47) < osc(g, D(E’ia g, ‘T))l(a"—i-a,l—a"‘—a) (‘T) + 2 ( D(Sup )g) (1BE (er+e)UB:(1—e" —E)(x))
erEe,xT

with D as in (4.12).
For the following we set & = min{ao — b+ 1, — a}. Then the contribution from the first term

to |RaXlo,s is (up to a constant) bounded by

1/2
(x —e) ot 4 (z — )7 tFodN(2)

1/2
sup 51_6/ sup ¢ dAj(z) < sup 61_5/
&€ ef4g

0<e<eq k+te D(eke,x) 0<e<ep

/2
< sup 51_5/ 2L d\(x)
EH

0<e<ep
SUPgoczy € P TR a<l1
S 4 SUPp<e<e, 1B (log(1/2) — klog(e)) a=1
e ? a>1.

In the & <1 case, we require that
(4.48) 1-B+ra>0 < (k<(1-p)/(b—a—1) orb<a+1),
where we have made use of the fact & > a. On the other hand, (4.48) is automatically fulfilled if

a > 1, so we don’t have to distinguish the cases anymore.
Since a > a the contribution from the second term in (4.47) is bounded by
1 e +2e e +2e
sup — sup gdAr(z) < sup E_B/ 1 dXAr(z) S Eé_ﬁ.
e€(0,e0] €7 Jer D(g",e,x) e€(0,e0] er
Now, for z € [0,") we use the following estimate

SupD(a",a,x)|g| S SupD(a",a,x)|Ra—a1[0,€"€+e}| S(+e)*

with D as in (4.25). Following the argument in Appendix C with o — a replacing o* and without
the s — 0 limit but fixing s = 1, we have, since @« — a + 1 > 8 automatically holds, that

2 ((5“ S 6“‘“*1)

1
sup — osc(g, Be(z))dAr(x) < su
ssg) ef /[0,6) (9, Be(w)) dAs () ege[()) (a—a+1)eb
2 ((a’g +e0)* Tt — 58“““)
(v —a+ 1)5€
provided that
s

1 —a)—B>0 &= K> ——.
k(l+a—a)—p S
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So, together with (4.48) we require that there exists x such that
g 1-p

—_ _ b 1.
1+a—a<ﬁ<b—a—1 or <at

This is true if and only if
b—a)f<l+a—a or b<a+1l.

5. TWISTED TRANSFER OPERATORS ;4

5.1. Properties of twisted transfer operators. We first prove L7 norm estimates for T,/Z)\Z'S.

Lemma 5.1. For all v > 1, s € R and ¢ € L7, there exists a constant C, > 1 that depends only
on ¥ and v such that

1is(@)ll < 19is (@)l < Cyllely -

Proof. The first inequality follows from a direct application of Holder’s inequality. The second one
is a straightforward application of Minkowski’s inequality.

(/ Wis(w)!”’dhym < ([ dten d>\1>m
¥ 1/~

k—1 —1
"P’Owj.H

E _ dX

/ ( [Wow Ll |

§=0
o=l \” 1/v
ST
—0 | O¢j+1’
1 </

ol \” , 1/”
<W> 1[Cj,cj+1]!w\dh>

Put C,, = k-77"". Then
[is(@)lly < Cyllelly -

Next, we have the following result on the required regularity of the transfer operators.
Corollary 5.2. Let 0 < ag,a*, o™, 8 <1 and v,y > 1. Put
o1 =ag+ o ag = a1 + max{a™, a*}
1<y <90 1<y <O+ )7
and consider the chain of Banach spaces
(5.1) Vao,8v0 = Var,8m < Vas, B -
Suppose that for all s € R, |e"X|g 3 < c0. Then

(1) for s € R, 1@-5 is a bounded linear operator on each of the Banach spaces in (5.1).
a3 = 0. Then

Suppose, in addition, that limg_,q |1 — %X

(2) s Uis is continuous as a function from R to L(NVag,840 Vai,8,71)-
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Finally, suppose that

lim esX — 1 —isy

lim =0 and |x|, < oo.

S a** f

Then,
(3) s+ sy is continuously differentiable as a function from R to L(Vay,8715Vas,B72)-

Proof. Since 1Z is a bounded linear operator on each of the Banach spaces in (5.1) (in particular,
due to the DFLY inequality below), the theorem follows from Lemma 4.2 and Lemma 5.1. O

5.2. DFLY Inequalities. In this section, we prove DFLY inequalities for the family 1@-5. First, we
state and prove two preparatory lemmas. Throughout this section, we assume that x is continuous
and the right and left derivatives of x exist on I and that there exists a constant b > 0 such that

(5.2) max{|x'(z+)], ' (z=)[} S« (1 —2)~".

Lemma 5.3. Let a, 8 € (0,1) and let ¥ € [1,1/a). Suppose the constant b > 0 in (5.2) is such
that

(5.3) min {7 + (a = B)b, ' +a — b} > 0.

Then, there exists Cz, > 0 independent of v such that

(5.4) sup £ 7 HRa 0sc (eiSX,Ba(-)) H? < Cq,
€€(0,e0]

for all s € R.

Remark 5.4. We note that, if b > 1, then y ' +a—-80>0 = 5 '+ (a—p)b>0,and if b < 1
then ¥ + (@ — B)b>0 = 5 ' +a—Bb>0.

Proof of Lemma 5.3. Since e**X is 27 periodic in s, we will estimate

sup  sup e P||Rqy osc(eX, B:())ll5 -
5€[0,27] £€(0,&0)
Note that
1/5

. 1/2 , _
sup [[Roose(e ™, B())5 e < sup ([ (Raose(e™, Bula)))T dhila) ) 270
€€(0,e0] €€(0,e0] 0

1 ' B 1/
+ sup </1 (Raosc(eZsX,Bs(x)))fy d)\j(x)> e P

€€(0,e0] /2

We will only estimate the first summand as the estimation of the second follows analogously. Using
the definition osc(h, A) = osc(Rh, A) + osc(Sh, A) and |et — 2| < min{2,|t; — t2|}, we note that
for any measurable set A we have osc ("X, A) < min{4,4s/m osc(x, A)}. Due to (5.2) there exists
C > 0 such that for all s > 0, for all € > 0 and all = € [¢,1/2] we have
8C|sle
<

is 8|sle _
ose(ei®™, Bo(z)) < D2 sup max{x (-0l ¢ (=)} < S (@ eyt
Q yEB:(x) T

We have that 8C|s|e(x —¢)~°/m < 4 if and only if

<2C’|s|6>1/b
> | — +e=t79 >c
s
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SC\s|€(

Since v, > ¢, on [y.,1/2], we use x — )7’ and on [0,7.), we use 4 as upper bounds for

osc(e*X, B.(x)), to obtain

1/2
sup / (Ra osc(e"X, B.( d)\I
€€(0,e0] 0

1/2 1— ﬁ v
< sup |4y, sup Rol-e7” + (80‘8‘6 1 (z— 6)_b> dAs(x)
€€(0,e0] [0,7e]

1/

1-8 1/2 . /3
(5.5) < sup 4yl P+ sup 8Clsle ™ (/ <x°‘(x—€)_b)yd)\](a:)) .

£€(0,0] e’'€(0,¢0] Q
For the first summand of (5.5), we have that there exists égo > 0 such that
(1+a)/
sup 4y T <8 sup max { <2C‘S‘> (HO‘)/b_B, EHO‘_B}

€€(0,e0] £€(0,e0] 7T
< éao(l + ‘3‘(1+a)/b) <000

which follows from the fact that 8 < (1/5 +«)/b < (1 + «)/b and 5 < 1.
For the second summand of (5.5), we use ¥ < 1/a and (z + €)*7 < 27 +&*7 to compute

1-8 1/2 - /5
sup 8Clsle 7 / (xa(:n - 6)_b>7 dAz(x)
€€(0,e0] ™ Ve

1/
1/2 .
< 8Cs| sup 77 </( (x —I—s)mzn_b'yd)\[(:n))

s £€(0,e0) 267‘rss)1/b

1/2 ) 1/5 1/2 ) 1/5
< 8Csl sup | e'™” / xw(a_b)d)\I(x) 4 glta=p / A\ ()
T e (2gs)” (2gz)”

1/4+a—b 1/4-b
<3| su 1-8 1 <208€>1/b [A+a s 1 <2C,S€>1/b /7
N P € max , | — + € max ,
e€(0,e0] 2 s 2 s

< |s| sup (max {51—57 ‘S‘1/(Wb)+a/b—151/(7b)+06/b—6} 1 max {€1+a—57 ‘3‘1/(%)—151/(%)%—6})
€€(0,e0]

< é€o|3|(1 + |S|1/(“‘/b)+a/b—1 + |s|1/('7b)—1)

for some constant C., > 0. This follows from the assumption that 1/(5b) + a/b — 3 > 0 and
1/(7b) + o — B > 0.
Finally, combining this with the first step and using symmetry, we have that

sup  sup [ Ra 0sc(e"X, Be(-))ly -6 7 < Cop sup (14 [s| + [s]/OPF 4 |5 /OP) || (1))
s€[0,2m] e€(0,e0) s€[0,2m]

<
for some C¢, > 0 which is independent of ¥ > 1. O
For the following for all j =0,...,k — 1, let R;j4+1 : [¢j,¢jt1] — R be given by

D (Ral) 0¢' 1
Rjp = Tﬁ

and the following lemma is independent of the choice of y.
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Lemma 5.5. Rj1 is bounded" for all j. Further, let 0 < e < § and a € (0,1). Then, for all j,
there is a constant C' which is independent of € and § such that

(5.6) sup ((Ral)(x) sup ]R;-H\) <C-5h

T€[cj+o+e,cj41—0—¢] B: (z

Proof. First, we notice that for all j

5oy = L@ A =i (@) [ (Wa(z) —0)* (1 Yy ()
Fialo) g {8, B |

where the first inequality holds true, because at most one of the arguments in the maximum can

be larger than 1. Hence, for all j, R;11 is bounded.

We know from (1) in the proof of Lemma B.1 that R} is bounded at 0 and R}, is bounded at
1. We can infer from the representation in (B.2) that there exist K3, K3 > 0 such that

_, K K3
(5'8) ’Rj—i-l(x)’ S 1—a S 1—a’
(tj+1(2) (L = Yjpa(2))) ((z = ¢j)(cjr1 — )
forall j € {1,...,k—2}. This can be deduced as follows: We assume we are in the interval [0y, 1 — ]

with dp as in (1) of the proof of Lemma B.1. Then the subtrahend of (B.2) has to be bounded as
it only has a pole at 0 and 1. Furthermore, considering the minuend it is easy to notice that the
factor av)’ 4 (z)(1 — 2¢j41(2))/(z(1 — ))* has to be bounded on [dp, 1 — do] as well. This leaves
the remaining factor as in the middle term of (5.8).

In order to verify the second inequality we notice that ¢;11(z) € [n_(x — ¢;),n4(z — ¢;j)] which
follows from the fact that lim._,0%j+1(c; +¢) = 0 and from the bound on the derivative. With a
similar argumentation, using that lim. 0 %;41(cj+1 —€) = 1 we obtain 1 — ¢;41(x) € [n-(¢jt1 —
), ny (¢ — z)).

In addition, from the proof of Lemma B.1

= K3 = K3
Ri(z)] < ——— and R, (z) <
| 1( )| = (Cl —JE)I_a k( ) = (:E_Ck—l)l_a
Hence,
1 .
] SUP g e ez J £ {0k~ 1}
(5.9) sup ((Ral)(a:) sup \R;-H]) < supm j=0
SCE[Cj+(5+E,Cj+1—(5—E} BE(Z‘) 1 .
SUD og=e )T j=k-1
< got,
O
Now, we are ready to prove the main lemma.
Lemma 5.6. Let 0 < a < f <min{1/2,9,1/b} be such that
=Tt and max{ Y ()] Y @) S e - 2)
n_

Then, for all 1 <~ < 1/« there exist C,é > 0 and 5 with v <5 < 1/« such that for all s € R we
have that for all h € Vo g~ and for alln € N,

(5.10) 192 hllay < C (K™ |hllaysy + C™|l5) -

lp fact, they are a-Holder continuous. See Appendix B.
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Remark 5.7. In the linear expanding case, i.e., n = n— > 1, the condition x < 1 reduces to § > «a.
Also, the constant C is independent of 7.

Remark 5.8. Restricting ¥ to (y,1/a) ensures that h € V, g~ implies h € L7. To see this, observe
that |Ryh| < 1 which yields that [h]7 < R_n51, and since o < 1, R_51 is integrable.

Proof of Lemma 5.6. Let s € R and h € V, 5, be R—valued. We estimate |1$Z-sh|a,5:
=1 sk

0sc (Ra(qzj\ish),Ba( = osc RaZ( ] ) 3+11w[c3,cj+1] B.(z)

J=

eisx -h -
= e <Ra (W) © ¢j—i}1 ’Be(l‘)>
j=0
= R 10w‘+1 eisx'h,
" 1
< JZ:;]OSC < Ralj R, ™ i Be() N [Cj,Cj+1]>
= R ]'O’l)[)-‘rl eisx'h
< ZOSC J . Ra / 7Ba/7], (¢;_:1$) N [Cj7 Cj-i—l]
=0 Ral [
k-1 i
= (&
=) osc <Rj+1 T “Roh, Dj1(w,e/n- ))
j=0

where Djq(z,¢) := B; (wJJrla:) N [¢j, ¢j+1]. So, by [38, Prop. 3.2 (iii)] there exists ¢ > 0 such that

k-1 .
~ _ 15X
osc (Ra(tish), Bs(z)) < Zosc (Roh,Djyi1(z,e/n-))  sup Rjv1- —
j=0 Djyi1(z,e/n-) 4
Z < e >> inf |Rah
+ 0sc T, € n ohl .
N T ) PO

k=1 osc <R h,Bey_ (%}}ft))

< (14 e(enzt)? sup Rjy
< >; [0 (¢ +1x) Dj+1(m75/777)| 1l
eisx
Zosc Rji1- T | Djii(w,e/n-) ) |[Rah(; )] -

The last inequality follows from the fact that ¢»~! is C' and its derivative is uniformly ©¥—Holder.
Hence, using the upper bound (5.7), and then using the definition of the transfer operator {p\, we

have

(5.11) 0sc (Ra({b\ish), B.(z)) < (1 + c(anjl)ﬁ) 773‘_1;( 0sc(Roh, Beyy (+))) ()

k—1

+ Z |Rah(1/)j_j1:17)| osc <

=0

eisx
]

Taking the integral over the first term in (5.11) and multiplying by e# we obtain

gh / (1 + c(snzl)ﬁ) 154 (osc(Rah, Beyy (+))) () dAs ()

Rjy1-

Dales/))
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< (Lt clen™)") g / B osc(Rah, By () () dAs ()
=P <1 + c(anil)ﬁ> ng / osc(Rah, Beyy (+))(x) dAr(x)
< (1 + c(anzl)ﬁ) nin:ﬁlh\aﬂ

(5.12) < (1 + C(sonil)ﬁ> llhlla,5,:

for all v > 1. Next, we analyze the second term in (5.11). Again, by [38, Prop. 3.2 (iii)] we have

oe Dyales/ )

1 _ . _ .
< osc <W s Be (1/1]__:1%)> essSup IRRj 116X+ ess sup ISR 416™]
BE/”L (¢;+1 ) Bs/n, (¢;+1w)

etsX

Rj-i—l : W

+OSC(Rj-l-leisX,Dj-‘rl(%E/n—))D 1'“/77 |¢'|
J+

- 1 1y, 08¢ (Rj1€™X, Dy (2,e/n))
0.13 < — S 1+ _1 04 J J
(513 Aoy T een)) 0 )
Note that
e Pefen=)nt / Z'R A 13 ) = e [ Bahl) dr @)
W)/ ]+l)

= Pe(ent)ne / |Roh| dA;(z)
(5.14) < Kleﬂ_BHRalH’hHhH’V

where 77t + 771 = 1, K1 := enZ"n%||Ralll5 and 8 < 9. So, the contribution from the first
summand of (5.13) to (5.11) is under control.

To estimate the contribution from second summand of (5.13) to (5.11) we note that for all j and
for all A C [cj,¢jy1], we have

k—1
0S¢ (Rjﬂeisx ,A) = osc (Z Rj+leisxl[0j70j+1) ’A) |
j=0

and therefore, we can bound this contribution by

oy = [RaB(Y7 )]
c 1\9 Jj+

(14 c(en=) )]E% /| (1 j+1x)

(5.15) =(1 —1—0(577_ ) ) (|Rah|osc (F, Ba/n,('))) ,

where

0sc <F, By (¢]_+11:17))

N

(@) N 7 (o) A Ral o y11(2)
Fz)=e Rj+1($)1[0j70j+1)(x) =¢€ Z T(x)l[cwcjﬂ)(‘f)'

=0

<.
Il
o

This is bounded by

(1 clen™)") [ 6 (Rablose (F Bupy(+))) (@) dhi(a)
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= (- elen™)") [ |Rabl(a)osc (., Bejy () dAi(a)

(5.16) (1+ cen” /\h R osc (F Bg/ni(az))> dAr(z).

To estimate the integral we split it as follows.

/|h R 0sc (F, B, (x))) dAr(x)

k

k=1 citette cj—e—e 1
S / + / / / h(@)] - (Raose (F, By (2))) dAi(a)
cj—¢e cj_1+tet+e l—e—e*

j=1vC—& ¢ j=1

where we choose for ¢ any number fulfilling

s 1-p
<< T

Because < 1/2 such a choice is possible. Note that for j =1,...k—1,z € [¢; — " —€,¢j + " + €],
0SC (F, B,y (x)) < 2(sup R; +sup Rj;1) < 4K

and for z € [0,e + &) U (1 —e — ", 1],
osc (F, By, (x)) < 2(sup R + sup Ry) < 4K

where K := sup;sup Rj41 < 00. So,

Zk: /((Cj-i-eb-i-a)/\l h(@)] - (Raosc (F, By (2))) dAi(@)

(5.17)

=0 "¢ —et—e)V0
k (cj+et+e)Al " Um
<k f Raosc (F, Beyy ()" dhi(a)
’ ;) (cj—et—e)VO0 < ( o/ >)
(5.18) < Ko ([R5
where 71_1 +~ ' =1and K, = 4/M272¢K . Here, we choose 7 such that
L 1 1 1
1 —
(5.19) max{ 51— bﬂ+a’1—b(5—a)}<’y a

We will see later in the proof why this restrictions on 7 are needed.

Now, we show that such a choice is possible. Since we were assuming that ¢« > 8/(1 — ), we
have ¢/(t — B) < 1/a. We note that when b <1, 1 —-b8+a > 1—b(8 — «), and it is enough to see
whether o < 1—b( — «). In fact, this is true because b(8 — «) < f — a < 1 — a. On the contrary,
when b > 1, we have 1 — b5+ a < 1 —b(S — «), and it is enough to see whether a < 1 — b8 + a.
This is true because 8 < 1/b.

To estimate the remaining terms we note, using (5.7) and [38, Prop. 3.2(iii)], that for all j =
0,....,k—1,forall x € [¢; +e" +¢€,¢j41 — " — €],

0sc <F, By, (:L"))
= 0sc <€iSXRj+1 s B (33))

< 18X x| ,t8X D . 18X : D .
< ;}(1;))(5)?\6 | + 3e**X]) osc (Rﬁl, By (m)) + osc (e s Bejy_ (a:)) Blsn(i) Rj 4

_ € )
<2 sup |R;+1| — tosc <ezsx’ Be/n, (l‘)) "73[-,
B () n-
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and thus,
k—1 Cj+1—f;‘b—€
/ |h(x)] - <Ra 0sc (F, By (x))) dAr(z)
§=0 cjtet+te
2e =
< —||IA] Z 1[Cj+€b+€,0j+1—€b—€} sSup R, sup ‘R;_H’
Uss =0 . z€[cjtette,cjp1—el—e] B.(x)

k—1
+ 77?{— Z 1[0j+€L+E,Cj+1—€—€L] | (Ra O8C (eZSX’ Ba/nf(')))

2e D a s
<ol swe Raswp [Rp |+ adlhlly [Raose (X B ()

x€[cjtette,cjp1—et—e] “’7

Now, in order to estimate the first summand taking the maximum over j of the supremum in
(5.6) above with § = ¢* yields that the outer supremum above is bounded by Ce{*~1) for some
constant C' > 0. For the second summand, from (5.19), we have that ¥~! < 1 — b3 + a which
implies that b3 < 1—5"!+a =51+ a, and hence, when b > 1, we have the condition (5.3). Also
from (5.19), ¥~ < 1 —b(B — ) which implies that b3 < 5~ + b, and hence, when b < 1, we have
(5.3). Therefore, we can apply Lemma 5.3 with «, 3, b, 7, £/n— to conclude

HRQ 0sC (eisx7 BE/m ()) H’_y < 0506677:6

where C;, is independent of 4. Therefore, for all s # 0,

k—1 Cj+1—€L—€
>/ h(@)|- (Baose (F. By (@))) dri(a)
20/ eiterte

(5.20) < Copeminti=t =) B |-

Finally, combining (5.18) and (5.20), we estimate (5.16) multiplied by ¢=# by

A1+ o)) [ 6 (Rahlosc (F, By, (1)) () dhi(a)

(5.21) < INIZ=DMIZEC, h]ly < Cep IRl

To justify the last inequality, we analyse the exponent of e. By (5.19) and the relation ~; 1y5-1

=1
we have ¢/v1 > t(1 —571) > (1 — (t — 8)/t)) = B. Furthermore, the second inequality of (5.17)
implies that 1 — (1 —«a) > .
Combining (5.11), (5.12), (5.14) and (5.21), we have

/ 0sc (Ra({z)\ish)v B (517))

7 dAs(x)

|¢ish|a,ﬁ = sup
€€(0,e0)

< (1+eleon=")") wllhlla,s + Ceolls,
for all v > 1. Therefore, for all 4 chosen appropriately
[Gishlla,pr = Wishla,s + [bishlly
< (14 cleon™)") wllallas, + Ceo llhlls + s 10l
< Elhlla,s4Clhl
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where k& = (1 + c(aonzl)”) k < 1 for sufficiently small g9, and C' = C;, + C,, where C, is given in
Lemma 5.1.

Iterating, we obtain the following DFLY inequality: for all h € V, g,
> “n—1 A =1
sup [[Pshllasy < KllYE hllasy + Clldi bl
S

“n—2 =1 =2 = An—
< B2[QL2hllap,y + KCIWE 2hll5 + CC™ Al
n—1 . '
< K hlagy + Cllklly Y & Cm 1
§=0
< K"[|hlla,pry + CC* Rl
for some C > 0.

In the proof above, we assumed that h is R—valued. When h = hy 4 ihy where h;, 7 = 1,2 are
R—valued, using linearity of the operator

o~ o~

‘|¢Z§h”a,ﬁﬁ < ||¢?sh1‘|a,6ﬁ + Hw?sh?HOéﬁfY’

and also, [|hjlla,8y < ||hlla,s,y and [|hj]l5 < [R5 for all j = 1,2. So, applying DLFY inequality
proven above in the R—valued case to h; and ho, we conclude that DFLY in the general case of h
holds up to a constant multiple. O

6. PROOFS OF THE MAIN THEOREMS
Finally, we give the proofs of our main theorems. We start with the theorems from Section 2.4.
6.1. Proofs of limit theorems for expanding interval maps.
Proof of Theorem 2.3. From (2.7) we obtain that there exist «, 8 fulfilling
(6.1) a < a< - -min {1, EE—Z;} < min {19, %, %} - min {1, EEZ;} i

Furthermore, since a > a, the inequality 8 < 1/b which we can deduce immediately from (6.1) that
% < ﬁ. So, by Lemma 4.8, we obtain |x|o 3 < 00 and also x € V, 52 — L?. Furthermore, from

the second inequality of (6.1) we obtain 7%/ n’ <1

Since v is a piecewise C? uniformly expanding and a covering map of the interval, it has a
unique absolutely continuous invariant mixing probability (acip) with a bounded invariant density;
see [31]. Let’s call this acip w. Then L? < L?(r) because

/ |h|? dA; .
o

[ nzan = [1ppST an < |47

dAf
We claim that J has a spectral gap in V, g~ with v = 2. In Appendix A.2, we show that V, g2
is continuously embedded in L7 where € (2,1/a) and that the unit ball of V, g2 is relatively
compact in L7. A suitable ¥ exists by the condition @ < 1/2 from (6.1). So, the claim follows from
[0, Lemma B.15] due to the DFLY inequality (5.10) with s = 0 and Remark A.9.
Now, the CLT (in the stationary case) follows directly from Proposition 3.1 applied to x — 7(x).
That is, from (3.1) we have

P, (%\/g”(’o g) —N(z) =o(1), as n— oo

with 02 > 0 because y is not a coboundary. O
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Next, we will continue with the proof of Theorem 2.6 as the proof of Theorem 2.4 will need
similar methods to those of Theorem 2.6.

Proof of Theorem 2.6. (2.10) implies that there exist «, 8 such that a > a and
1 11 1
3a := 3min{2«, max{a, ¢ + b —2}} < f-min< 1, %8+ \ < min ¥, —, = p-minq 1, o8N+ |
log n— b’ 2 log n—
Since either b < a+1or 1/b < (14+ a —a)/(b— a), we obtain by Lemma 4.8 that |x|,3 < co and
additionally we obtain by the last inequality that
(a) 0 <3a < f <min{d,1/b,1/2},
(b) i <.
Hence, under our assumptions, we have the following:

(1) The second inequality in (2.6) and |x|as < oo imply that |e*X|g 5 < oo for all s > 0 (see
Lemma 4.4). So, due to Corollary 5.2 (1), we have v, € L(Vag5) forall0 < & < fand 7 > 1.

(2) Since |x|a,p < 00, from Lemma 4.6, for all o* > 0 close to 0,

lim |1 — €X| « 5 = 0.
sl—H>%)| € |o¢,B 0

Along with Corollary 5.2 (2), this yields that for all 0 < g < 8, v > 1,
s+ Yis € LVag 8707 Vai,87)

is continuous for a; = o 4+ ag and 1 < v < vp.

(3) From the second inequality in (2.6) and |x|q 5 < 00, for all & > min{2«, max{a+b —2,a}},
1S __ 1—34
e 18X _0
CY**,B
due to Lemma 4.7. Then, we have that for all 0 < a1 < £, and v > 1,
s s € ﬁ(va1767717va275772)

is continuously differentiable, for all ag = o* + max{a*,a*} +a; and 1 < 9 < (37 477171
due to Corollary 5.2 (2) and (3).

Next, we define the following chain of spaces in order to invoke Proposition 3.3 with r = 1:

lim
s—0

S

Vaoﬁ,’yo - Valﬁm = Vay,8q0 = Vaaﬂ,% - Va475,’y4 = Vag 845 = VaGﬂ,’YG - VOé?ﬁfY?’
where og = 0, agj —agj—1 > min{2a, max{a+b—2,a}}, for j = 1,2,3, agjy1 > agj for j =0,1,2,3,
and a7y < 8. By (a) such a choice is possible. Furthermore, we assume that the 7;s are chosen such
that 790 = M > 1 sufficiently large, voj41 = 72; and o, < (a‘l + 72_jl_1)_1.

Now, to prove the theorem, we verify the conditions in Proposition 3.3 for the above sequence of
Banach spaces. We notice that if for some function ¢ it holds that |p|s 3 < 00, then ||¢||q,8y < o0
as long as v < 1/a. We next verify that it is possible to construct valid spaces with the above
choice of parameters. First, we notice that by (a) it is possible to construct ap < ... < ay with
the above properties that a7 < § and thus a; < § for all j. Furthermore, by (a) we have oo < 1/3.
Thus, it is possible that 1 < y9; < (v 1+ 72_jl_1) holds together with 1/; > a;. Moreover, under

(b) we have that 1%’/ n” <1 holds for all j.

With that it becomes immediate from applying the conditions of this theorem on the parameters
in the Banach spaces and from the calculations in (1)—(3) applied to all indices j that conditions
(I)-(III) of Proposition 3.3 are satisfied.

For each j, we apply Lemma 5.6 with v = «; and we choose 4 = #; as in the proof of the
lemma. In Appendix A.2, we show that V, s, is continuously embedded in L7 and that the unit
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ball of V,, s, is relatively compact in L7 . Also, we recall from Lemma 5.1 that for all h € L7,
[%is(B)l5; < Cs;lIhlls, where Cy; > 1. Therefore, || (h)ll5, < C5; 07t ()] < CZ [|hll5, which

gives us |7 i < CF,. Choose k = Jnax. ny’ n~" < 1. Also, by our previous constructions,
<j<
we have that v; < 1/«  for all j. So, due to Lemma 5.6, we have the DFLY inequality: for all

[ishllay 5y < C (K" [Bllayp.4; + C"lIB]l5,)

for some 7v; < 4; < 1/c; and C uniform in j and s. Therefore, we have the first conclusion, equation
(8), of [26, Theorem 1] uniformly over all spaces. That is, there exist v and w such that

sup [|(z1d — ¥is) " v

v 4 Va8, < UHh”ajﬂ,’Yj + th”:Yj

a5 8%

for all space pairs Vg, g, < L% and s € R. This gives (IV) of Proposition 3.3.

The conditions (V)—(VII) of Proposition 3.3 are equivalent to Assumption (B) in [11, Section
I1.1.2] for a single dynamical system, i.e., when Assumptions (0) and (A)(1) in [11, Section I.1.2] are
trivially true. Moreover, as discussed in [11], [11, Lemma 4.5] implies Assumption (B). Therefore,
we verify the conditions (with a slight modification) in [ 1, Lemma 4.5] to establish (V)—(VII):

e We have assumed that x is non-arithmetic.

e Due to Remark A.9 and the DFLY inequality (5.10), we can apply [5, Lemma B.15] to conclude
that for all s the essential spectral radius of 1@-5 on Vaj,ﬁﬂ/j is at most k. This is precisely the
conclusion of [11, Proposition 4.3].

o We know that Vo, 5., < L' for all j, and that |[sh]l1 < [[$h]1 < [|h]1 for all A € L'. So, the

spectral radius of ¥;s on L', and hence, on Va,; .8, for all j, is at most 1.

e Since v is a uniformly expanding, piecewise C? and a full branch map with finitely many branches,
1 is exact (cf. [17, Theorem 3]) and )~ 'z is finite for all z.

e The Assumption (A)(1) in [I1] is trivially true because there is only a single dynamical system
in Figure 2 of [11].

Hence, (V) and (VI) are true due to the first part of [1 1, Lemma 4.5]. To establish (VII), we need
a slight modification of the second part of [11, Lemma 4.5]. First, we note that x € Vo g, — L?,

for v > 3, and 1Z has a spectral gap on V, g .. So, we can repeat the argument in the first part of

the proof of [1 1, Lemma 4.5] to conclude that Ez;é you* is L2—bounded. So, it has an L% —weakly
convergent subsequence. This establishes (VII).

Finally, the non-arithmeticity of x implies that x is not cohomologous to a constant, and hence,
we have (VIII) of Proposition 3.3. O

Proof of Theorem 2./. To prove this theorem we use Proposition 3.2. By Theorem 2.3 we immedi-
ately obtain (V) of Proposition 3.2.

Next, we define the following chain of spaces.
Vao.sgmr < Vay gar = LP < L*(7)

with p < M where the choices correspond to 0 < ag < a1 < 8 and v9 = v1 = M > 1 in the proof
of Theorem 2.6. Then, the conditions (I)-(IV) and (VI) of Proposition 3.2 follow as in the proof of
Theorem 2.6 due to Corollary 5.2 (2) and [! 1, Lemma 4.5]. O

Proofs of the results in Example 2.8. We first note that
X'(z)] Sz (1 —=2)°
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and

1 1
X' (z)| = ‘—C:E_c_l sin <—> — 27 % cos (E)‘ < 33_0—2(1 _ x)_c_2,

X

So, we obtain @ = ¢ and b = ¢ + 2 in the notation of Theorems 2.3, 2.4 and 2.6. In order to prove
(1) we note that (2.7) then simplifies to

¢ < min 19,L min 1,logn_ .
24c¢ log n+

So, on the one hand, we have the requirement ¢ < 97 and on the other hand, we have the condition
¢ < 7/(c + 2) which, given that we assume ¢ > 0, is equivalent to ¢ < /I +7n — 1 giving (1).
Furthermore, in the doubling map case we have ¥ = 2 and 7 = 1 implying (1a).

Next, we notice that (2.10) in our case simplifies to

3¢ < min 75‘,L min q 1, log 1+ .
2+c log n_

With a similar calculation as above applying Theorem 2.6 gives (2) and as above we get (2a). O

6.2. Proofs of limit theorems for the Boolean-type transformation. Now we give the proofs
from Section 2.5. We start with the following technical lemmas:

Lemma 6.1. For all r € N, the rth asymptotic moments of both S,(x) and gn(h) are equal.

Proof. Tt is enough to show that E“(gg(h)) =E,, (S}, (x)) for all . In fact, due to (2.13)
Eyu(ho ¢ ho¢™ . ho¢lt)=Ey (hofoyp hogoy .. hogoyl)
=Ex, (x o/t x o2 - yoqlk)
for all j1,...,Jr € Ng such that j1 + - -+ jp =r. O

Lemma 6.2. Let h : R — R be such that the left and right derivatives exist and there exist u,v > 0
fulfilling
h(x) < |z and max{|h’ (m—)‘ , |h' (x+)‘} < x|,
and let x : I — R be given by x = h o & with {(z) := cot(mx), then we have
Ix(@)| S a7 (1 —z)™"

and
max{|x(z+)], [X'(z—)[} S (1 —2)"" b=2+v.
Further, if
a>u,
(6.2) B<(l+a—-u)/2+v—u) or 1+v<u, and
1<~y<1/u,

then ||X||la,p,y < 00. In particular, if u < 1/(2 + v — u), then there exist 0 < a < < 1 such that
|X|a,ﬁ < 0.

Proof. We will apply Lemma 4.8. First, we note that
iig%ﬁ(:n)x =1/ and i1—>m1£($)(1 —z)=1/7.
This and (2.14) imply
(6.3) IX(@)] Sz (1 —=)™",
and in particular, y € LY with 1 <~ < 1/u.
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For simplicity, we assume Y is differentiable. Otherwise, at a point where Y is not differentiable,
both one-sided derivatives will exist and the following estimates do hold for them.

Note that we have |h/ (£ (z))] < 7% (1 — ). Using the chain rule |x/'(z)| = |V (&(x))[|€ (x)].
Since &'(z) = —7/sin? (7x) , we have that

(6.4) X (2)] S 27270 (1 —2) 727"
So, we have |x/(z)| < #7%(1 — 2)7® with b = 2 + v > 2. The lemma then follows immediately by
applying Lemma 4.8. O

With this we are able to prove the results from Section 2.5

Proof of Proposition 2.9. To prove the statement it is enough to prove its counterpart for .S, (x, 1)
where x = h o & and ¢ is the doubling map.
From Lemma 6.2, we have

(@) e (1 -2)"" and  max{]x'(z+)], X' ()} S2z7(1—2)", b=2+v.

Now, we invoke Theorem 2.3 with ¢, ny =n_ = 2 and logn_/logny = 1. Since ¥ is linear, ¥ = 1.
Hence, (2.7) simplifies to u < 1/(2 + v). Also, the assumption that h is not an L?(u) coboundary
implies that  is not an L?(\) coboundary.

Therefore, x and ¢ satisfy the conditions of Theorem 2.3, and hence satisfy the CLT given by
(2.8) with

o
0? =Ea() +2 ) Ea(x - xovk) € (0,0).
k=1
From Lemma 6.1, 52 = 0% and E,,(h) = E,,(x). As a direct consequence of (2.13), we obtain the
required CLT given by (2.15). O

We next prove the MLCLT for a class of observables in §.

Proof of Proposition 2.10. Our assumption allows us to apply Theorem 2.4 to the Birkhoff sum
Sn(x) = Zz;é x 0 ¥* with y = h o & and 1 the doubling map and conclude

sup
LeR

=o(1).

TV Eem(U 0€ 0" V(S,(%) = )W 0€) = ¢ 5002 Bo(U 2 €) Een(W 26) [ V(0)do

From Lemma 6.1 and the fact that £ is a conjugacy, we have
2

V271 Eng(U © " V (S (R) — ) W) — ¢ 2052 B,y (U) By (W) / V(z)da

sup
LeR

=o(1).

This is because the two LHSs are exactly the same. O

Now, we prove that corollaries that show the validity of the CLT and MLCLT for the real
part, imaginary part and the absolute value of the Riemann zeta function when sampled over the
trajectories of ¢.

Proof of Corollary 2.11. To apply Proposition 2.9, we have to show the existence of u, v as in (2.14).
It is well-known that for any s € (0, 1), for any 6 > 0,

(6.5) max {[C|(s + i), [C'l(s +iz) } S fo[ 720
see, for example, [12].

So, we pick u = v = (1—5)/2+¢ and this is possible when ((1 —s)/2+ ) ((1—3s)/2+d+2) < 1
and such § > 0 exists iff (1 —s)(5 —s) < 4iff s € (3 —2v/2,1). So, for such choices of s we can

apply Proposition 2.9 and obtain the CLT provided that A is not ¢—cohomologous to a constant.
The MLCLT follows from Proposition 2.10 analogously, when ¢ is non-arithmetic. O
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Proof of Corollary 2.15. To apply Proposition 2.9, we have to show the existence of u, v as in (2.14).
We assume a > 1, set h(z) = h(z)"/®. Note that h/'(x) = ah(z)* '} (x). Since we restrict ourselves
to the critical line, s = 1/2, |h(z)] < |z[*3/#**9 and |B/(z)| < |z|"¥/84+0 for all 6 > 0, due to
(6.5). So, we can take u = 13a/84 + § and v = 13(a — 1)/84 + 13/84 + § = 13a/84 + §, and the
condition in Proposition 2.9 for u,v reduces to (13a/84)(13a/84 + 2) < 1. This is equivalent to
1 <a < 84/13(v/2—1). So, for such choices of a, we can apply Proposition 2.9 and obtain the CLT
provided that h is not ¢—cohomologous to a constant. The MLCLT follows from Proposition 2.10
analogously, when ¢ is non-arithmetic. O

Finally, we look at the proof for the First Order Edgeworth Expansion for observables over the
Boolean-type transformation.

Proof of Proposition 2.15. We follow the proof of Proposition 2.9 and invoke Theorem 2.6.
Consider S, (x, 1) where x = £ oh and v is the doubling map. Remember that from Lemma 6.2,
we have
@) S0 —2)™ and  max{]X (@) K@)} Sa1—2)b, b=2+v.
Next, to apply Theorem 2.6 we observe that n. = n_ = 2 and logn_/logn™ = 1 and since

is linear ¥ = 1. Hence, (2.10) simplifies to (2.17). Also, the assumption that h is not an L?(u)
coboundary implies that  is not an L?(\) coboundary. O

APPENDIX A. THE BANACH SPACES Vg 3 4

The spaces V,, g with their particular norm considered in [10] are not complete, and thus, are not
Banach spaces. However, with the norm we introduce here, we can construct a family of Banach
spaces Vg 54, o € (0,1),8 € (0,1] and v > 1, and use it to correct the proofs in [10], and even
generalize the results appearing there.

First, we show that ||| is indeed a norm.

B,y
Lemma A.1. For all a € (0,1), B € (0,1] and v > 1, we have that ||-[|,, 5., is @ norm.
Proof. We have for f,g € V, g that
osc (Ro (f+9),Be(z
€€(0,e0] €
(0% (6% 7B
= sup /OSC(R f+§ J 6(ac))d)q(:v)
€€(0,e0] €
R.f,B Rng, B
S Sup /OSC( fﬁ €(x))d>\[($) + Sup /OSC( gﬁ E(x))d)\[(ﬂj)
€€(0,e0] € €€(0,e0] €
= |f|o¢,6 + |g|a7ﬁ
and thus

”f +g”a,ﬂ,'y = ”f +ngy + ‘f +g’a,ﬂ S ”f”fy + Hg”'\/ + ‘f‘a,ﬂ + ‘g’a,ﬁ = ”fHa,ﬂ,’y + ”g”a,ﬁ,'\/ .

It is obviously true that |lafll, 5., = al/fl, g, for any positive a. Since ||-[| is already a norm and

| fla,s = 0if f =0 almost surely, we know that || f||, 5, = 0 if and only if f =0 almost surely. [
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A.1. Completeness. Here we verify that V, g are, in fact, Banach spaces.

Lemma A.2. Fora € (0,1),8 € (0,1] and v > 1, Vo g~ is complete.

Proof. Let (fn) be a Cauchy sequence with respect to [|-||, 5. Then, in particular (f,) is also a
Cauchy sequence with respect to ||| s We set f as its limit. Also, there exists a subsequence, say
(fn,.), that converges to f pointwise almost everywhere.

Since (f») is a Cauchy sequence with respect to |-, 5., for each 6 > 0 we can choose L > 0
such that || fx — fg||04757V < 0 for all k,¢ > L. Let 6 > 0 and choose k, ¢ sufficiently large so that
ng,ng > L. Then,

J osc(Ra (fny = ) Be(w)) dAr (x)

<94.
B

[ fri = fnzHaﬁﬁ = || fn, — fnzH + sup
€€(0,e0]

Then, by Fatou’s Lemma, || fp, — f[, < liminfeoo [[fn, — fn, |, and
Josc(Ra (fn, — f),B:(z)) d\r(2) - Jliminfy—yoo 08¢ (Re (fry, — fn,), Be(x)) dr ()

eh = 5
< timinf L% B U = Ju)  Bel@) ds (2]
{—00 c
Josc(Ra (fn, — fny), Be(x)) dXr(z) |

< liminf sup
£—o0 e€(0,e0]

As a result, for all k sufficiently large so that ny > L,
fOSC f"k — fw) 7B€(x)) dAs (x)

— < lim inf lim inf
1 = Flla g < Mk || fry, — fr,[|, + lim in up

[ 0s¢ (R (fa, — fay) s Be()) dA (x))

< hmlnf <ank fne” + sup EB

€€(0,e0]

Now, choose r sufficiently large so that n,, > L and k > L. Then,

1k = Fllagry < W= Frllapq + 11fne = Fllas, <26

Thus, f € Vo5~ and (f,) converges to f with respect to ||-|| giving completeness. O

a,B,y

Now, we discuss properties of V, g that are relevant for the application of Proposition 3.3 to
our setting. First, we prove that constant functions belong to the spaces we consider.

Lemma A.3. For a € (0,1), B € (0,1] and v > 1, the constant function, 1 € Vo g .

Proof. Since ||1|; = 1, we only have to show that |1|, 3 < co. Observe that R,1 is bounded
by 272% symmetric about z = 1/2 and strictly increasing on [0,1/2] with a strictly decreasing
derivative. Hence, for any 0 < e < gy < 1/4,

1—2¢ 2e 1
/ osc(Rol, B.(x))d\ (z) < / osc(Ral,Be(:n))d)q(x)+2_2°‘( v + /1 . d)q(:p))

2e

1/2
< 4e / ma (R 1) | d\r(z) + 227
2e Be(z)

1/2
= 4&?/ (Ral) (x — &) dAr(x) 4 2272%
2

£

=4e (Ra1(1/2 — E) — Ral(E)) + 22_2066 < 23_2&5.
This implies that |1|o 5 < 23_2‘15(1]_5, -
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Next, we state two lemmas about the inclusion properties of V,, 3.
Lemma A.4. For f € (0,1] and v > 1,

Vo,gy <= Voga = L.

Proof. This follows from [38, Proposition 3.4] applied to the real and imaginary parts of functions
in Vg ,1 and the fact that L7 — L' O

Remark A.5. Note that, if f € V, 5., then R,f € Vog,. So, esssup R, f < oo. This fact will be
useful in proofs.

Lemma A.6. Suppose 0 < a1 <as<1,0< o<1 <1 and 1< v <. Then

1
Vahﬁl,’ﬂ — Vamﬁz,’m — L.

Proof. Since [[flls < [|fll, it is enough to show that |flay g, S [ fllarsumy By applying [3%,

Proposition 3.2 (iii)] to the real and imaginary parts of f, we have,
08C(Ra, [, Be(x)) = 08¢(Ray—a1 1 - Raoy f, Be())

< esssup |Rq, f| - 08¢(Ray—a, 1, Be(2)) + 0sc(Ra, f, Be(x)) - sup Ray—a,1,
B.(z)

and due to Lemma A .4,

esssup | Ro, f| S [Ray flog + [Ray fllt < [ flar,sr + 1Ry L5 Il S 1 e, 810
with 7 = (1 — 47 ')~". Therefore,
€_B2OSC(Ra2f, B.(x))
N 5_61050(Ra2—a117 Ba(x))HfHathﬂ + Su(p) Roy—0,1- 5_6losc(Ra1f, B(x)) .
< (z

Integrating and taking the supremum over ¢,

|f|a2,62 5 HfHOcLBL'nv

and the inclusion follows. O

A.2. Continuous inclusion and relative compactness. To apply Hennion-Nassbaum theory,
see [20, 5], we have to show that our weak spaces, LP, are continuously embedded in strong spaces,
Va8, and that the closed bounded sets in strong spaces are compact with respect to weak norms.

Lemma A.7. Let a € (0,1),8 € (0,1] and v > 1. Then for all 5 such that v <5 < 1/a, L7 is
continuously embedded in Vq g5 ~.

Proof. Due to Remark 5.8 and the assumption ¥ < 1/c, if h € Vo g, then h € L7. So, Vo g C L7.
To show that this inclusion is continuous we need to show that if f,, — 0in V, g, then f, — 0 in
LY. Let || falla,84 — 0. Then, [Rqfn| € Vo1 and ||Rafnllos1 — 0. However, Vg g1 < L*. So,
| Rafnlloo — 0. Therefore, ||fa]l1 < ||R—a51l1]|Rafnlld — 0 proving the claim. O

Lemma A.8. Let o, 3,y and ¥ be as in the previous lemma. Then, the closed unit ball of Vo g~
is compact in L7.

Proof. Let {f,} be such that || f,[|a,3,, < 1. It is enough to show that there is f € V, g, such that
| flla,3,y < 1 and {f,} converges to f in L7 over a subsequence. To do this, we recall from [25,
Theorem 1.13] that closed subsets of Vg g, are compact in L7. Since {Rq fn} C Vo g is a bounded
sequence, it has an L7 convergent subsequence, and in turn, it has a pointwise almost everywhere

convergence subsequence. Let’s call this subsequence { R, fy, } and its point-wise limit f.
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We claim f,, — R_,f in L7. Observe that f,, — R_,f point-wise almost everywhere, and
since Vo gy < L=, |fn.| < |[R-al||Rafn,] < C|R-a1| € L7. So, fn, = R_of in L7 if &y < 1.
Moreover, we claim ||[R_q f|la,3, < 1. To see this, observe that since L7 convergence implies L7
convergence, we apply [25, Lemma 1.12] to conclude that liminfy | f,, |o,sg = Uminfy |Rq fr,lo,8
|flo,s = |R—af|a,s- Since strong convergence implies weak convergence, we have liminfy, || f,, ||y
|R—ofl|, and finally,

HR—afHoa,Bﬁ = |R—af|aﬁ + ||R—af||’y < limkinf |fnk|a75 + limkinf ||fnkH“/

< limkinf(’fnk‘aﬁ + ”fnkHv) = limkinf ank”a,ﬁﬁ <1

>
>

as claimed. 0

Remark A.9. In particular, the above implies that || - ||4,5~-bounded sequences have || - ||5-Cauchy
subsequences.

APPENDIX B. HOLDER CONTINUITY OF Rj 4

Lemma B.1. Forall j =0,...,k—1, let Rj11 : [¢j,cj+1] — R be given by
= N (Ral) 0 Vit
Rj1= %1 .

Then RjH is bounded and a-Holder continuous for all j.

Proof. Our strategy is to prove the following two steps:

(1) There exists dp > 0 such that R} is bounded on the interval [0,¢; — &), R}, 41 is bounded on
the interval (cx + dp, 1] and R;‘Hv
(2) Since Rj+1(cj) = Rj+1(cjy1) =0 for j = 1,...,k — 1, it is enough to show that there exists

C > 0 such that Rj;1(cj +¢) < Ce® and Rji1(cjy1 —¢€) < Ce?, for all € > 0.

We have
B.1) 7 (1) = (@)1= 2¢541(@)2(1 — 2) = Yy (x)(1 — ¥4 (2)) (1 — 22)
. i+1 — * Y .
’ ($j1(2) (1 = Yy (2)) = (2 (1 — @)
The numerator is bounded, and for j = 1,...,k —2, the denominator has zeros only at ¢; and ¢;;.
So, we immediately get that R;-H is bounded on (c; + dg, ¢j4+1 — do) -

j=1,...,k—11is bounded on the interval (c; + do, cj4+1 — do)-

We only have to further consider the cases j = 0 and j = k — 1. We have to show that R} (z) is
bounded in a neighbourhood of 0. Since 11 has a bounded second derivative, we can write ¢1(z) =
V1 (0) 44 (0)2+0(22) = o, (0)z4+O(x2). This yields (1 (2) (1=t ()~ (z (1 — 2))'T* = Q(a2) 2
On the other hand, by simply multiplying out we obtain

Wi (2) (1 = 2¢1(2))2(L — 2) — ¢ (2)(1 — ¢ (2))(1 - 22) = O(a?)

implying that lim,_.o Ry (z) < oo. The calculation for lim,_,; Ry, (x) follows analogously.

In order to analyse the behaviour for * — ¢; and z — ¢j11 with x starting from [c;, ¢j11] we
note that R}, ; can be written as

(B.2)

_ Vi (@)1 — 2¢541(2)) (Y1 (2)(L = hjpa ()" (1 — 22)

/

. 1(%) = - — 1%

" (Wj+1(@)(1 = ¥z (2))) e (2 (1 — 2))" (z(1—z)'*
The minuend tends to oo for  — ¢; and to —oo for x — ¢j11 since ¥j41(x) and 1 — 9j41(x) tend
to zero, respectively, and the numerator remains bounded and is positive near ¢; and negative near

2f(x) = Q(g(z)) as & — 0 if iminf, o | f(z)]/g(z) > 0.
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¢j+1. The subtrahend is bounded on an interval [d9,1 — dg]. Thus, R; 41(x) tends to oo for z — ¢;
and to —oo for x — ¢j41 except if ¢; =0 or ¢j41 = 1.

Hence, we can conclude that |Rj 1 (2)—Rj11(y)| < Rjp1(cj+|z—yl)—Rjt1(c;) = Rj1(cj+|z—y|)
for z,y € [cj,¢j + do] and §9 > 0 sufficiently small. Similarly, we have |R;i1(z) — Rj11(y)| <
Rji(civ1 — |z —yl) — Rja(cj1) = Rjva(cjpr — [z —yl) for 2,y € [¢j41 — do,¢j4a1] and dp > 0
sufficiently small. On the other hand, we have

o0 = (e )

There exists C; 5, > 0 such that

( Yivi(e; —¢)
CEDIECET
uniformly for all ¢ € (0,0p) and thus

>> < Cio

Rji1(cj — ) < Cjgo (n48)"

Similarly, we have

Rj+1(Cj_1 + 5) — (Tzz)j-l-l(Ei;_l1++€i§21—_¢cjjtll(c_j—€l) + 6))>

and there exists C’j750 > 0 such that

1 —jra(cj—1 +¢) )a -
C.
((cj_l +e)(1—cj_1+e) < Cido

uniformly for all € € (0,dp) and thus
Rji1(cj —€) < Cjg (n1€)”.

Setting C' = max; max{Cy, ;, Cs, ;} concludes the proof of the lemma. O

APPENDIX C. A KEY ESTIMATE

In this appendix we will prove the following key lemma:

Lemma C.1. Define
é

©1 := lim sup 0s¢(Ro+R(1 — X)L, D(d, ¢, x)) d\ ()

s=0.<2, €7 Jo

and

1 ¢ . _
Oy := lim sup 86—5/ 0sc(Ro+R(1 — €"X) 1, D(8,¢,2)) d\;(x)
0

s—0 e<eo

with o > 0, § = 6(e,8) = e*s* where 1,k > 0 and with D as in (4.25). Suppose |x|a,p < 00 with
0<a<p<l.

(1) 1f
B
. >
(C.1) t>0 and K2
then ©1 =0.
(2) If
p
.2 1 >
(C.2) v>1, and I{_a*—l—l’

then ©9 = 0.
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Proof. Without loss of generality, we assume that s > 0. Note that due to (4.26), we have
12z + )" dX(2)

01 < imyowp 8=
2((6+2)H — o)
= L sup N = lim L(s, €0)
where
L(s,ep) := D Es;lap()) J(s,€),
and

(0 +e)* - gar+l
B

J(s,¢e) == = (efs' &) He™B o7 H1=6

First, we note that
(0.3) (EHSL + E)a*-i-lg—ﬁ — (EH—B/(Q*+1)SL + 61_5/(0‘*"'1))0‘*‘1'1 7

and hence, for J(s,e) to not blow up near £ = 0, we should have (C.1). Due to the first inequality
in (C.1) and (C.3), we have for given s > 0 that sup...,J(s,e) = J(s,g0) and thus J(0,¢) :=
lim,_,0 J(s,e) = 0 for all e. Therefore, under the assumption (C.1), ©®; = 0 as claimed because

©1 < lim L(s,eg) = lim J(s,e0) = 0.
s—0

a* + 1 s—=0
Now, using (4.26) and I'Hopital’s rule, we obtain
 ose(RaR(1 = €Y).., D(8,2,2)) Lo (x) dAs ()

©9 = lim sup

s=0c<e, seP
1 2(0+et e
< lim - = —L(s,¢ .
< lim 2 sup —— 5 9ys PGl

We note that the last equality follows by the above calculation, namely that sup..., J(s,€) =
J(s,e0) holds because of 1+ o* > 8 and the additional conditions ¢ > 0 and xk > /(o™ + 1).

Next, taking the derivative of L wrt s, we obtain

%L(s,so) = %ﬂ%(egsb +e0)® ey = 2(elst 4+ e0) ey Pelfst L
Note that for ©3 = 0 we should have %L(s, 50)|S:0 = 0 and this is true, if
t>1.
Therefore under (C.2), we have that ©, = 0 as claimed. O
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