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Abstract 

Mechanical properties of rocks under dynamic loading are significantly different from those 

under quasi-static loading. This difference is driven by more fundamental mechanical 

principles of materials at failure and will influence subsequent macroscale cracking behaviour. 

Understandings on this fundamental mechanism, however, are still controversial significantly. 

This paper tries to provide a feasible explanation of the underlying connections between the 

rate-dependent strength and the cracking behaviours. Open-flaw marble specimens, which 

provide good stress concentration at possible fracture initiation and material homogeneity, have 

been investigated experimentally and mathematically. We observe that experimentally the 

tensile strength is more sensitive to strain rate than the compressive strength. Meanwhile, 

tensile cracks are suppressed under dynamic loading, while shear cracks appear first along the 

flaw boundary. We incorporate the “localized strain rate effect” concept into the analytical 

study and propose the “transition strain rate” as a watershed for the different fracturing 

behaviours under quasi-static and dynamic loadings. This model successfully explains why the 

tensile cracks are suppressed in rocks under dynamic loading, while quasi-statically, the stress 
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distribution nonuniformity would suggest otherwise cracking behaviours. The well-correlation 

between the experimental and modelling results indicates that the model can be introduced to 

quantitatively analyze more complex macroscopic problems involving high strain rates in 

material science, geology and civil engineering.  
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Highlights: 

1. Proposing universal explanation on suppression of tensile failure under dynamic loading  

2. Theoretical model bridges elementary dynamic strength hardening with crack development 

3. Proposing and evaluating local strain rate effect and localized strength 

4. Giving analytical solution for transition strain rate of failure mode 

 

1 Introduction 

Earthquake, meteorite impact, underground engineering, mining activities usually 

involve very high-rate loadings ranging typically from 10 to 104 s-1 or even higher 1-3. In 

earthquakes, the slip rate of the fault can be as high as 4 m/s 4, which implies for a particular 

activated section on a slipping fault, the shear strain rate might be higher than 1 to 10 s-1. 

Besides the slipping dynamics, the strain rate of shake loading near the earthquake epicentre 

can be 103 to 104 s-1 5. Asteroid impact on a solid planet is another common issue concerning 

rock dynamics. The strain rate at the impact centre can be as high as 109-1012 s-1 and cause the 

high plasticity, melting and crystal phase transformation 6, 7. Since this strain rate decays rapidly 

with the distance, the dynamic strain rate of the most affected region should be less than 103 s-

1. Rock masses are not homogeneous but containing inherent defects such as flaws, fractures, 

joints, caves, water or faults. The high loading rates generated from those above mentioned 

natural scenarios will significantly change the mechanical properties and fracturing process of 
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rocks and then change the failure mode of geological bodies, as illustrated in Figure 1. In the 

mesoscopic and microscopic view, the rock contains a large number of randomly oriented weak 

or damaged zones in the forms of voids, weak lens, weak grains and grain boundaries. These 

heterogeneities and randomness impart the rock failure process of inherent complexity from 

the very fundamental scales.  

The cracking behaviour of rocks is influenced by the loading rate or loading conditions based 

on plenty of natural and experimental observations. Dynamic loadings usually produce higher 

number of cracks which induces fine fragments and more favoured compressive failure, e.g. 

fragmentation 2, 3, 8 and spalling phenomena9. Shear cracks are observed to be more favoured 

under dynamic loadings than tensile cracks under quasi-static loadings 10, 11. The crack high 

loading rates in steel shows a distinct propagation direction with a shiny, mirror-like smeared-

over crack surface 12. “At very high loading rates, damage is obviously no longer caused by a 

fracture process but by a localized shear band process” 12. A similar phenomenon is also 

observed in rock, polymer and alloy in macroscopic and microscopic scales 13-16. The X-shaped 

shear failure mode is also observed in the quartz grains of rock in quartz grains from the crater-

fill breccia unit of the Decorah impact structure by a meteorite impact event 16 (Figure 1). 

Failure mode transforms when the impact speed or the dynamic loading rate reaches a certain 

speed. The transition speed varies with the notch tip bluntness 17. For the notched specimen in 

polycarbonate under dynamic loading of pure shear, when increasing the impact speed from 20 

to 55 m/s, the crack initiation changes from tensile mode-1 to pure shear, and the crack 

propagation direction also changes significantly 13, 15. For the Carrara marble and gypsum, such 

transition of failure mode is also observed10, 11.  
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Figure 1. Typical strain rate ranges in different geological cases (The photo of the X-shape 

fractures in quartz grains produced by meteorite impact is give by French et al. 201816) 

The strain rate effect on mechanical properties and fracturing processes is apparent. The 

influences of the strain rate on various mechanical properties of rocks and other materials, e.g. 

strength, fracture toughness, elastic modulus, are studied by different laboratory methods such 

as drop weight test  18, 19, impact test 20, 21, split Hopkinson pressure bar (SHPB) test  22-30, 

vertical single stage powder gun 31, 32, nano-impact indentation technique 33, 34, true triaxial 

SHPB test 35, 36 and laboratory or in-situ blasting37. The strain rate ranges generated by these 

test method are illustrated in Figure 1. The previous studies indicate that the tensile and 

compressive strength 23, 38, 39, the shear strength 40, the elastic modulus38, 41, 42, the Poisson’s 

ratio 43 and the three modes of fracture toughness 44, 45 of rocks or rock-like materials all show 

more or less rate-dependent (generally increases with the strain rate). The influence of strain 

rate on cracking behaviour is discussed by observing and describing the failure processes of 

some simplified and ideal specimens 10, 11, 44-48. However, the mechanism and theory behind 

the experimental phenomena are seldom discussed in detail, especially in the universal 

connections between the rate-dependent mechanical properties and the fracturing behaviour. 

Since there are systematic investigations on the fracturing process of the single-flawed 
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specimens under quasi-static loadings in material sciences and rock mechanics, and the 

analytical solution of the stress around an elliptical flaw has been given in the literature 49, the 

single-flawed specimens are still used in the dynamic research. 

Therefore, the present study tries to determine the connection and interactions between 

rate-dependent cracking behaviours and the rate-dependent mechanical properties of rocks 

through single-flawed marble specimens. The two most significant characters are (1) the higher 

increase rate of tensile strength with strain rate than compressive strength and (2) the 

suppression of the tensile cracks under dynamic loadings. By using the micro-element analysis 

method, we build a bridge between the macroscopic strength and cracks, which can effectively 

interpret the rate-dependent cracking behaviour or the transition of failure mode through the 

strain-rate dependent material properties and the analytical stress distribution. The present 

study proposes two new concepts, “localized strain rate effect” and “transition strain rate”. The 

different increase rates between compressive and tensile strength play a key role. It can provide 

an insight into the fracturing process under high strain rates. 

 

2 Experimental observations 

2.1 Material and specimen 

The present test specimens are fabricated from Carrara marble having the advantage of 

assuming isotropic and homogeneous material. The external loading ranges from quasi-static 

to dynamic regimes. In addition, fracturing processes of the marble are studied by prismatic 

specimens containing a pre-existing open flaw with a length of 5mm and aperture of 1mm. The 

Details about material, specimen and experimental setup are presented in the supplementary 

material.  
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The variation of flaw size and inclination angle of the single-flawed specimen can make 

the research on the complexity more controllable and mathematical. The validity of the 

theoretical model to explain the transition of failure mode under different strain rates can be 

estimated and its potential application in more complicated models. The goals of using 

specimen containing a pre-existing flaw in the present study can be concluded as: (1) physically 

simulating the natural voids or week zones in rocks; (2) generate a non-homogeneous stress 

field in a specimen to analyze the influence of dynamic loadings; (3) verify the feasibility of 

the theoretical model to interpret the different cracking behaviours under various strain rates; 

(4) estimate the potential of the theoretical model to be applied into more complicated 

geological conditions.  

 

2.2 Dynamic increase factor of compressive and tensile strength 

The dynamic increase factor (DIF), which is the ratio of the dynamic strength and the 

average quasi-static strength, quantifies the increment of the mechanical strength properties 

with strain rate. The DIFs for tensile and compressive strength are named TDIF and CDIF, 

respectively. As shown in Figure 2A, both the CDIF and TDIF of the Carrara marble increase 

rapidly in the dynamic regime with the strain rate as a logarithm relationship, while the values 

in the quasi-static regime remain almost constant. The average value of the quasi-static 

compressive strength is 90 MPa, and the quasi-static tensile strength is 6.86 MPa obtained by 

tests. It is found that the TDIF increases much faster than the CDIF in the dynamic regime, 

which indicates that the tensile strength is more sensitive to the strain rate for Carrara marble 

and other brittle materials. The fitting curves of Carrara marble are also shown in Figure 2A. 

Most of the DIF-strain rate relationship can be described by a semi-log equation 21, 50, 51. Since 

there is a gap of strain rates from 10-3 to 1 s-1 for the Carrara marble, we follow a similar 
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practice in the previous studies 52 by fitting two straight lines to cover this range. Because of a 

faster increase of tensile strength, when the dynamic strain rate increases to a particular value, 

the dynamic tensile strength can be equal to (like metal) or even higher than the compressive 

strength, which will be the most essential point in the present study.  

𝐶𝐷𝐼𝐹 = 1.426 + 1.390 𝑙𝑜𝑔 𝜀̇         𝑓𝑜𝑟 0.5 𝑠−1 ≤ 𝜀̇ ≤ 600 𝑠−1 

𝐶𝐷𝐼𝐹 = 1        𝑓𝑜𝑟 𝜀̇ < 0.5 𝑠−1       

Eq. 1 

 

𝑇𝐷𝐼𝐹 = 2.414 + 3.784 𝑙𝑜𝑔 𝜀̇        𝑓𝑜𝑟 0.5 𝑠−1 ≤ 𝜀̇ ≤ 600 𝑠−1 

𝑇𝐷𝐼𝐹 = 1.229 + 0.043 𝑙𝑜𝑔 𝜀̇         𝑓𝑜𝑟 𝜀̇ < 0.5 𝑠−1      

Eq. 2 
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Figure 2. (A) Compressive DIFs and tensile DIFs of different brittle materials and (B) the 

different cracking and failure modes under quasi-static and dynamic loadings 26, 53-65. The pink 

data points are obtained in the present study. 

2.3 Fracturing processes of single-flawed marble 

The crack initiation and propagation of single-flawed rocks under quasi-static loadings 

have been comprehensively studied 49, 66-72. But there are relatively fewer studies in the 

dynamic regime 73, 74. The fracturing processes of marble generally can be divided into two 

stages: white patch development and macro-crack development11. It was reported that the 

influence of loading rate on the white patch development at the early stage of loading is very 

limited11.  

The failure modes under quasi-static and dynamic loadings are wholly different. Under 

quasi-static loadings, the fracturing process follows the nucleation-propagation model like 

other brittle material, as shown in Figure 2B. A pair of tensile crack initiates first symmetrically 

around the pre-set flaw. With the increase of the external load, another pair of cracks with the 

mixed tensile-shear type initiates and replaces the first pair and leads to specimen failure. In 

contrast, under dynamic loadings, two pairs of patterns formed by material crushing constitute 

the fracturing process. Marble powder spatter is universally observed in the cracking process 

under dynamic loadings (Figure 2B) and indicates the fast compression induced volumetric 

failure. The progressive deformation leads the shear failure without the observation of typical 

tensile failure. These two pairs of “X” shaped failure patterns, also can be called “macro-

cracks”, dominate the failure mode. The most significant phenomenon under dynamic failure 

is the suppression of the tensile cracks under dynamic loadings indicating volumetric failure 

under shear deformation caused by compressive force.   
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3. Analytical solution of tangential stress around an elliptical flaw 

The analytical solution of the stress around an elliptical flaw is given by Eq. 3, while the normal 

stress along the flaw boundary is zero. Please find the details in the supplementary material, 

including the assumptions of the solution and the error magnitude. The coordinate and flaw 

system are shown in Figure 3.  
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Figure 3. Stress system acting on an elliptical open flaw. (A) Micro-element and stress state 

along the flaw boundary and (B) tangential stress distribution and the element along the ellipse 

boundary. The inclination angle between the major axis of the ellipse and the vertical axis is 

30° (𝛽 = 60° 𝑎𝑛𝑑 𝑚 = 1/6) 
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𝜎𝑏 =
1

𝑚2𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼
{𝜎𝑦{𝑚(𝑚 + 2)𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼}

+ 𝜎𝑥{(1 + 2𝑚)𝑠𝑖𝑛2𝛼 − 𝑚2𝑐𝑜𝑠2𝛼}

− 𝜏𝑥𝑦{2(1 + 𝑚2) sin 𝛼 cos 𝛼}} Eq. 3 

where 𝛼 is the eccentric angle; 𝑚 = 𝑏/𝑎 is the ratio of the minor to the major axis; 𝛽 is the 

angle between the loading direction of 𝜎1 and the long axis of the elliptical flaw; 𝜎𝑏  is the 

tangential stress on the ellipse boundary. For brittle materials like rock, the coefficient m can 

be assumed as very small. 

For the micro-element along the flaw boundary, as shown in Figure 3A, since the stress normal 

to the ellipse boundary is zero, the elements along the ellipse can be seen as a one-dimensional 

stress state in the 2D simulation. The tangential direction is also the direction of the principal 

stress. Some elements experience a uniaxial tension state (𝜎𝑏 < 0) denoted by 𝜎𝑏𝑡, while others 

experience uniaxial compression state (𝜎𝑏  > 0) denoted by 𝜎𝑏𝑐 . The failure of the micro-

element is determined by comparing the stress state and the corresponding strength: (A) if 

|𝜎𝑏𝑚𝑖𝑛| ≥ |𝜎𝑏𝑡| and 𝜎𝑏𝑚𝑎𝑥 < 𝜎𝑏𝑐, the element fails as a tensile mode; (B) otherwise, if the 

|𝜎𝑏𝑚𝑖𝑛| < |𝜎𝑏𝑡| and 𝜎𝑏𝑚𝑎𝑥 ≥ 𝜎𝑏𝑐, the element fails as a compressive/shear mode.  

The analytical solution can be verified by the numerical method - finite element method75.  

Figure 3B illustrates the contour of the principal stress around the flaw with an inclination 

angle of 30° given by numerical simulation. The tension zone and the compression zone 

matches the analytical solution well, according to the figure. 
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4. Crack initiation mode and corresponding tangential stress considering strain rate 

effect 

The present section devotes the rate-dependence of strength to the rate-dependence of 

failure mode and the determination of the transition strain rate. From the perspective of strength, 

crack initiates when either the tensile or the compressive stress reaches the corresponding 

strength of a micro-element. The fast stress redistribution then makes a progressive failure of 

micro-elements and forms the macroscopic cracks.  

The failure behaviour under tension and compression stresses shows a significant 

difference in the fracturing process. Compression failure can produce violent crushing and a 

larger angle between the first principal stress and the crack pattern. The compression failure 

usually behaves in a shear crack pattern. In section 2, dynamic loading shows more 

compression failure than tension failure. The latter generally dominates the quasi-static loading 

condition. The result indicates that the anti-tension strength increases significantly compared 

with the anti-compression strength, consistent with the above experimental observation about 

strength. In other words, it is the different rate-dependence between tensile and compressive 

strength affecting the cracking behaviour and failure mode. 

It is essential to point out that the strain rate of virtual micro-elements inside the 

specimen is not even due to the stress concentration effect around the crack tip or defects. This 

concept is different from previous studies on rock dynamics, in which the strain rate of all the 

micro-elements inside a specimen is thougt to be even and equal the applied strain rate on the 

specimen ends.  Due to the uneven strain distribution, the strain rate is also uneven inside the 

specimen because the strain variation rate is proportional to the stress variation rate in the 

elastic stage. Consequently, the strain rate of elements around the flaw is typically higher than 

other parts contributed by the high stress or strain concentration.  
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4.1 Strain rate dependent strength 

Since the strain rate influences the mechanical properties, uneven strain rate distribution 

for a nonintact specimen can induce uneven mechanical properties. We refer to this 

phenomenon as “localized mechanical properties”. Among many mechanical properties, the 

influence on rock strength by the strain rate is most apparent and can be quantitatively 

evaluated/characterized. The “localized strength” varies with the applied strain rate on the 

specimen by external dynamic loadings. Due to higher increase rate of dynamic tensile strength, 

under a very high strain rate, the tensile strength of an element around a flaw might keep larger 

than the principal tensile stress when the compressive strength is equal or lower than the 

principal compressive stress. This fact can alter the cracking behaviour of a nonintact specimen, 

which we nominate as “localized strain rate effect” in the present study. This effect can be 

neglected under quasi-static loading conditions due to the extremely low strain rate and its 

insensitivity to strain rate but should be considered under high-rate loadings. 

We first investigate the localized strain rate effect on the mechanical properties and the 

crack initiation in a nonintact specimen. The region around the flaw is divided into many virtual 

micro-elements to describe the localized strain rate and strength. If the strain is tensile, the 

strain rate is negative. Otherwise, it is positive. Element strain rate 𝜀𝑝̇𝑏, which is defined by the 

strain rate of a micro-element around the flaw, can be calculated by dividing the variation rate 

of the element stress by the material elastic modulus, as shown in Eq. 4. According to many 

previous studies 76, the elastic modulus is not very sensitive to strain rate. To simplify the 

analytical model, it is assumed that change of the elastic modulus can be neglected in such a 

strain rate range. The elementary strain rate around the flaw 𝜀𝑝̇𝑏 is given by Eq. 4. 

𝜀𝑝̇𝑏 =
𝜎𝑏̇

𝐸
=

𝜎𝑏̇

𝜎1̇
∙

𝜎1̇

𝐸
=

𝜎𝑏̇

𝜎1̇
𝜀1̇ Eq. 4 
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The strain rate dependence on the uniaxial compressive and tensile strength is usually 

regarded as the common logarithm of strain rate 77, which has the form of the following 

equations: 

𝐶𝐷𝐼𝐹 = 𝐴𝑐 + 𝐵𝑐 𝑙𝑔 𝜀𝑝̇𝑏         𝑖𝑛 𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑟𝑒𝑔𝑖𝑚𝑒 𝑚𝑐 ≤ 𝜀𝑝̇𝑏 ≤ 𝑛𝑐 

𝐶𝐷𝐼𝐹 = 𝐶𝑐 + 𝐷𝑐 𝑙𝑔 𝜀𝑝̇𝑏         𝑖𝑛 𝑞𝑢𝑎𝑠𝑖 − 𝑠𝑡𝑎𝑡𝑖𝑐 𝑟𝑒𝑔𝑖𝑚𝑒  𝜀𝑝̇𝑏 < 𝑚𝑐 Eq. 5 

𝑇𝐷𝐼𝐹 = 𝐴𝑡 + 𝐵𝑡 𝑙𝑔 𝜀𝑝̇𝑏        𝑖𝑛 𝑑𝑦𝑛𝑎𝑚𝑖𝑐 𝑟𝑒𝑔𝑖𝑚𝑒 𝑚𝑡 ≤ 𝜀𝑝̇𝑏 ≤ 𝑛𝑡 

𝑇𝐷𝐼𝐹 = 𝐶𝑡 + 𝐷𝑡 𝑙𝑔 𝜀𝑝̇𝑏         𝑖𝑛 𝑞𝑢𝑎𝑠𝑖 − 𝑠𝑡𝑎𝑐𝑖 𝑟𝑒𝑔𝑖𝑚𝑒 𝜀𝑝̇𝑏 < 𝑚𝑡 Eq. 6 

where 𝐴𝑐 , 𝐵𝑐 , 𝐶𝑐 , 𝐷𝑐 , 𝐴𝑡 , 𝐵𝑡 , 𝐶𝑡  and 𝐷𝑡  are the coefficients for the compressive and tensile 

DIFs, respectively; 𝑚𝑐, 𝑛𝑐, 𝑚𝑡 and 𝑛𝑡 are the lower and upper limits for the compressive and 

tensile strain rate regimes, respectively. 

Then, the dynamic tensile strength 𝜎𝑑𝑡  and the dynamic compressive strength 𝜎𝑑𝑐 

under a certain strain rate can be given by 

𝜎𝑑𝑡 = 𝑇𝐷𝐼𝐹 ∙ 𝜎𝑡 = (𝐴𝑡 + 𝐵𝑡 𝑙𝑜𝑔|𝜀𝑝̇𝑏|) ∙ 𝜎𝑡  , for 𝑚𝑡 ≤ |𝜀𝑝̇𝑏| ≤ 𝑛𝑡 Eq. 7 

𝜎𝑑𝑐 = 𝐶𝐷𝐼𝐹 ∙ 𝜎𝑐 = (𝐴𝑐 + 𝐵𝑐 𝑙𝑜𝑔 𝜀𝑝̇𝑏) ∙ 𝜎𝑐, for 𝑚𝑐 ≤ 𝜀𝑝̇𝑏 ≤ 𝑛𝑐 Eq. 8 

In the uniaxial compression tests, 𝜎1 > 0, 𝜎3 = 0, and 𝜎13 = 0, which gives 

𝜎𝑥 =
𝜎1

2
+

𝜎1

2
∙ cos 2𝛽 

Eq. 9 

𝜎𝑦 =
𝜎1

2
−

𝜎1

2
∙ cos 2𝛽 

Eq. 10 

𝜏𝑥𝑦 =
𝜎1

2
∙ sin 2𝛽 

Eq. 11 

Based on Eq. 3, the tangential stress on the boundary of the ellipse 𝜎𝑏 becomes 
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𝜎𝑏 =
𝜎1

𝑚2𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼
{(

1

2
−

1

2
∙ cos 2𝛽) [𝑚(𝑚 + 2)𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼]

+ (
1

2
+

1

2
∙ cos 2𝛽) [(1 + 2𝑚)𝑠𝑖𝑛2𝛼 − 𝑚2𝑐𝑜𝑠2𝛼]

− (1 + 𝑚2)sin 2𝛽 sin 𝛼 cos 𝛼} = M(𝛼, 𝛽, 𝑚)𝜎1 
Eq. 12 

Substituting Eq. 12 into Eq. 4 gives: 

𝜀𝑝̇𝑏 =
𝜎𝑏̇

𝜎1̇
𝜀1̇ =

𝜀1̇

𝑚2𝑐𝑜𝑠2𝛼 + 𝑠𝑖𝑛2𝛼
{(

1

2
+

1

2
∙ cos 2𝛽) [𝑚(𝑚 + 2)𝑐𝑜𝑠2𝛼 − 𝑠𝑖𝑛2𝛼]

+ (
1

2
−

1

2
∙ cos 2𝛽) [(1 + 2𝑚)𝑠𝑖𝑛2𝛼 − 𝑚2𝑐𝑜𝑠2𝛼]

− (1 + 𝑚2)sin 2𝛽 sin 𝛼 cos 𝛼} = M(𝛼, 𝛽, 𝑚)𝜀1̇ 
Eq. 13 

It is noted that 𝜀𝑝̇𝑏 > 0 means the compressive strain rate, while 𝜀𝑝̇𝑏 < 0 means the tensile 

strain rate. To be specific, if the element strain rate is assumed to be 𝜀𝑝̇𝑏, when the principal 

compressive stress 𝜎𝑏𝑐  equals the corresponding dynamic compressive strength 𝜎𝑑𝑐  (𝜎𝑏𝑐 ≥

𝜎𝑑𝑐), the compressive failure will occur. Otherwise, when the principal tensile stress 𝜎𝑏𝑡 equals 

the corresponding dynamic tensile strength 𝜎𝑑𝑡 (𝜎𝑏𝑡 ≤ 𝜎𝑑𝑡), the tensile failure will occur.  

4.2 Transition strain rate 

Along the flaw boundary, under quasi-static loadings, the tensile strength of a rock is 

much lower than the compressive strength, which means the tensile failure of the element 

generally appears first. However, for most of the brittle materials, according to Figure 2, the 

tensile strength increases faster than the compressive strength with the strain rate, which 

indicates that the failure mode under dynamic loadings is not only tensile, especially when the 

dynamic strain rate rises to a specific value –transition strain rate 𝜀𝑡𝑟̇ . For the single-flawed 

specimen, the transition strain rate 𝜀𝑡𝑟̇  is defined as the applied strain rate corresponding to the 

transition of crack type or failure mode from tensile to compressive (shear). When the applied 
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strain rate on a specimen achieves this transition strain rate, the maximum tangential stress 

equals the corresponding dynamic compressive strength; meanwhile, the absolute value of the 

minimum tangential stress equals the corresponding dynamic tensile strength. When the 

applied strain rate of the specimen is higher than the 𝜀𝑡𝑟̇ ,  the crack type, initiation position, 

failure mode and propagation of the first cracks will be significantly changed.  

For the single-flawed specimen under uniaxial compression (𝜎1 > 0, 𝜎3 = 0, and 𝜎2 =

0), the transition strain rate 𝜀𝑡𝑟̇  under dynamic loadings is given by the following equation. The 

deduction can be found in the elementary material. 

𝜀𝑡𝑟̇ = [
(−M(𝛼𝑚𝑖𝑛, 𝛽, 𝑚))

𝐵𝑡M(𝛼𝑚𝑎𝑥,𝛽,𝑚)𝜎𝑡
−M(𝛼𝑚𝑖𝑛,𝛽,𝑚)𝜎𝑐 × 10

𝐴𝑡M(𝛼𝑚𝑎𝑥,𝛽,𝑚)𝜎𝑡
−M(𝛼𝑚𝑖𝑛,𝛽,𝑚)𝜎𝑐

−𝐴𝑐

M(𝛼𝑚𝑎𝑥, 𝛽, 𝑚)𝐵𝑐
]

1

𝐵𝑐−
𝐵𝑡M(𝛼𝑚𝑎𝑥,𝛽,𝑚)𝜎𝑡
−M(𝛼𝑚𝑖𝑛,𝛽,𝑚)𝜎𝑐  

Eq. 14 

4.3 Transition strain rate of a single-flawed specimen with 30° inclination angle 

In this section, the transition strain rate of a single-flawed specimen is analyzed. The 

specimen containing an elliptical flaw with a 30° inclination angle (𝛽 = 60° 𝑎𝑛𝑑 𝑚 = 1/6) 

are investigated under uniaxial compression. First, the maximum tensile and compressive 

tangential stress should be determined as well as their positions around the flaw. When the 

geometry of the specimen is confirmed, the tangential stress 𝜎𝑏 depends on both the uniaxial 

compression stress 𝜎1 and the eccentric angle 𝛼 along the elliptical flaw boundary. According 

to the analytical solution, the variation of 𝜎𝑏 regarding the eccentric angle 𝛼 under uniaxial 

compression stress 𝜎1 is illustrated in Figure 4. The normalized tangential stress is defined as 

the ratio of 𝜎𝑏 and 𝜎1. There are two local extrema for the normalized tangential stress. One 

represents the maximum tensile stress and marks as 𝜎𝑏𝑚𝑖𝑛 with the corresponding eccentric 

angle 𝛼𝑚𝑖𝑛. The other one represents the maximum compressive stress and marks as 𝜎𝑏𝑚𝑎𝑥 
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with the corresponding eccentric angle 𝛼𝑚𝑎𝑥. From Eq. 12, the normalized tangential stress 

equals the function M(𝛼, 𝛽, 𝑚).  

 

Figure 4. Normalized tangential stress along the elliptical flaw boundary regarding the 

eccentric angle from the principal axis for the single-flawed specimen with the inclination angle 

of 30°  

The eccentric angles 𝛼𝑚𝑖𝑛 and 𝛼𝑚𝑎𝑥 corresponding to the the minimum stress 𝜎𝑏𝑚𝑖𝑛 

(maximum tensile stress) and the maximum compressive stress 𝜎𝑏𝑚𝑎𝑥 can be determined by 

the derivative of the M(𝛼, 𝛽, 𝑚).  

∂M(𝛼, 𝛽, 𝑚)

∂α
=

∂M(𝛼, 60,1/6)

∂α
= 0 

Eq. 15 

where α varies from 0 to 180°. The solutions of the eccentric angles 𝛼𝑚𝑖𝑛 and 𝛼𝑚𝑎𝑥 are 33.5° 

and 177.6°, while the corresponding values of the M(𝛼𝑚𝑖𝑛, 𝛽, 𝑚)  and M(𝛼𝑚𝑎𝑥, 𝛽, 𝑚)  are 

determined to be -1.09 and 10.17, respectively. Details about the solution can be found in the 

supplementary material.  
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Therefore, based on Eq. 14, the 𝜀𝑡𝑟̇  can be derived as  

𝜀𝑡𝑟̇ = (
2.24

𝐵𝑡∙
𝜎𝑡
𝜎𝑐 × 10

9.33𝐴𝑡∙
𝜎𝑡
𝜎𝑐

−𝐴𝑐

10.17𝐵𝑐
)

1/(𝐵𝑐−9.33𝐵𝑡∙
𝜎𝑡
𝜎𝑐

)
 

Eq. 16 

For Carrara marble, according to the laboratory result shown in Eq. 1 and Eq. 2, the 

coefficients 𝐴𝑐, 𝐵𝑐, 𝐴𝑡 , and 𝐵𝑡 for the marble are determined to be 1.426, 1.390, 2.414 and 

3.784 (0.5 𝑠−1 ≤ |𝜀𝑝̇𝑏| for both compressive and tensile strain rate). Therefore, the transition 

strain rate, for the single-flawed marble specimen with 30° inclination angle, is calculated to 

be 5.95 s-1 according to Eq. 16. When the applied strain rate is higher than the transition strain 

rate 𝜀𝑡𝑟̇ ≥ 𝜀1̇ , the compressive/shear failure will occur first associating the shear crack; 

otherwise, the tensile failure will occur first associating the tensile crack.  

4.4 Importance of rate-dependent strength and localized strain rate effect 

Three cases are used to evaluate the importance of considering the localized strain rate 

effect in analysing dynamic cracking behaviour. The analysis model is also a marble specimen 

containing a single flaw inclined at 30° with the applied strain rate of 150 s-1 on the loading 

surface. The first case considers none of the rate-dependent strength and the localized strain 

rate effect. The second case only considers the uneven stress distribution and the rate-

dependent strength for the average applied strain rate. In contrast, the third case considers the 

localized strain rate effect, which means the strain rate distribution inside the specimens is 

uneven. The result shows that the dynamic failure mode is similar to the quasi-static condition 

without considering the localised strain rate effect. Thus, the localized strain rate effect on 

strength is the key to explain the different cracking behaviours under dynamic loadings.  

4.4.1 Case without considering rate-dependent strength and localized strain rate effect 

This case is the mechanical analysis under quasi-static loading condition. According to 

the previous analysis, the tangential stress along the elliptical flaw boundary is shown in Figure 
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5A. If the rate-dependent strength and the localized strain rate effect are both not considered, 

the strength is constant and equals the quasi-static value. Since the tensile strength is much 

lower than the compressive strength, tensile failure always occurs first. This case study 

indicates that in high strain rate loading, the influence of strain rate on strength must be 

considered.  
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Figure 5. Tangential stress along the elliptical flaw boundary and the corresponding strength 

of the single-flawed specimen with the inclination angle of 30° tested (A) under the strain rate 

of 0.01 s-1 without considering the strain rate effect; (B) under the strain rate of 150 s-1 without 

considering the strain rate effect; (C) under the strain rate of 150 s-1 considering both the strain 

rate effect and the localized strain rate effect. 

4.4.2 Case without considering localized strain rate effect 

This case is the mechanical analysis under dynamic loading (strain rate 150 s-1) 

condition. The strength is not considered rate-dependent; however, it is constant because the 

localized strain rate effect is not considered. In this case, though the tangential stress at failure 

along the elliptical flaw boundary increases significantly, the normalized tangential stress is 

still identical (Figure 5B). The failure mode changes from tensile failure to compressive failure. 

Though the dynamic tensile strength is much lower than the compressive strength, the 

maximum tensile tangential stress is lower than the tensile strength. Thus, tensile failure is 

suppressed due to the faster dynamic increase of tensile strength than compressive strength. 

This case study indicates that in high strain rate loading, the influence of strain rate on strength 

must be considered.  

4.4.3 Case considering localized strain rate effect 

This case analyzes the variation of tangential stress and strength under dynamic loading 

(strain rate 150 s-1) condition. Both the rate-dependent strength and the localized strain rate 

effect are considered. Similar to the previous case, the normalized tangential stress is still 

identical to Figure 5A and Figure 5B. Due to the variation of the localized strain rate along the 

flaw boundary, the element strength changes around the flaw because of the rate-dependence 

strength shown in Figure 5C. The compressive and the tensile strength are then normalized by 

being divided by the uniaxial stress 𝜎1. The normalized tangential stress obtained from the 
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equations is compared with the normalized strength for various eccentric angles from 0 to 360°. 

As a result, we can find that rock material failure will first occur under maximum dynamic 

compressive stress rather than tensile failure under quasi-static loading. Here, the transition 

strain rate is defined as the one under which the maximum and minimum normalized tangential 

stresses are simultaneously equal to the normalized compressive and the tensile strength, 

respectively.  If a crack initiates at this place, the style of this crack is shear. The powders and 

micro-cracks associating the cracking process also indicates the compressive or shear failure. 

Compared with the quasi-static test, the dynamic crack initiation point and the crack type are 

all changed.  

According to the result, the strain rate hardening on the tensile strength is more 

prominent, and the development of tensile failure might be suppressed compared with that of 

compressive failure. This finding is proposed to be the leading cause of the different cracking 

behaviours under quasi-static and dynamic conditions. The suppression of the tensile crack can 

be well explained by this model. The tensile crack may not be the first crack in the dynamic 

loading case. Thus, the tensile failure assumption, typically prevalent in quasi-static analytical 

solutions, will face a significant challenge under dynamic loadings.  

 

5 Discussion and conclusion 

5.1 Discussion 

In the theoretical analysis, the flaw is a perfect ellipse. However, the flaw tip in the 

experimental study is round due to the limitation of the fabrication technique. Whether such a 

difference in the flaw shape can affect the previous findings should be studied. The numerical 

simulation reveals that the slight difference between the experimental and theoretical flaw 

shape only has a minor influence on the regularity of the transition strain rate.  



23 

 

According to the present study, the rapid increase of tensile strength, preventing the 

development of tensile cracks. However, under dynamic loadings, the two groups of 

symmetrical “X” shaped cracks at the boundary of the pre-existing flaw initiate nearly 

simultaneously and forms the failure. One plausible interpretation is that though the normalized 

tangential stress reaches the normalized compressive strength first, the negative normalized 

tangential stress is also very close to the normalized tensile strength (Figure 5). Another 

plausible interpretation is that the plasticity of marble is higher than that of other brittle rocks 

under dynamic loadings, which is evident by white patches and the increase of failure strain 

under dynamic loadings. The plasticity can allow rapid stress redistribution and decrease the 

stress concentration. The consequence is the slowdown of crack development, and further load 

can still be sustained after the initiation of the first cracks. 

The present study uses the single-flawed specimen to investigate the dynamic cracking 

process. The influence of the neighbouring flaws or defects is not considered. However, the 

research result on the double-flawed specimens indicates that the X-shape failure mode is still 

the dominant mode for double-flawed specimens. The proposed explanation for the 

suppression of the tensile cracks is universal as long as the tensile strength of the material is 

more sensitive to the strain rate than the compressive strength under dynamic loadings, 

according to Eq. 16. The suppression of tensile cracks will happen when the strain rate applied 

on the specimen is higher than the transition strain rate. The only difference is the value of the 

transition strain rate for different materials.  

More details about the previous discussions can be found in the supplementary material. 

5.2 Conclusions 

This paper explains why tensile cracks are suppressed and shear crack bands dominate 

the failure of rock containing flaws under rapid loadings. Uneven distribution of strain rate 
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around the flaw and different rate-dependencies of tensile and compressive strength are the 

crucial points of the present research. By using the micro-element analysis method, the 

concepts of the “localized strain rate effect” is proposed and believed to lead to the variation 

of cracking behaviours under different loading rates. The “transition strain rate” concept, which 

contains four variants, including the strain rate, rate-dependent tensile strengths, rate-

dependent compressive strengths and flaw geometry, is derived as a watershed for the different 

cracking behaviours.  

The key findings of the present paper include: 

(1) The tensile strength of marble is more sensitive to the strain rate reflected by the 

significantly higher tensile dynamic increase factor (DIF) compared with the compressive DIF. 

(2) The strain rate field around the flaw is not even. The "localized strain rate effect" 

enhance the different dynamic tensile and compressive strength. 

(3) Due to the localized strain rate effect, the faster increase of tensile strength will be 

larger than the maximum dynamic tensile stress when the strain rate is higher than the 

"transition strain rate", resulting in the suppression of tensile cracks or failure.  
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