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1. Introduction

The analysis of Stokes and Navier-Stokes equations is an established and active field
of research in applied mathematical analysis, see, e.g., [1-10] and many other publications.
These works were mainly devoted to the flows of isotropic fluids with constant viscosity
coefficients, and some of the employed methods were heavily based on these properties.

On the other hand, in many cases, the fluid viscosity can vary in time and spatial
coordinates, e.g., due to variable ambient temperature. Moreover, from the point of view
of rational mechanics of continuum, fluids can be anisotropic and this feature is indeed
observed in liquid crystals, electromagnetic fluids, etc., see, e.g., [11] and references therein.
In [12-17] the classical Navier-Stokes analysis has been extended to the transmission and
boundary-value problems for stationary Stokes and Navier-Stokes equations of anisotropic
fluids, particularly, with relaxed ellipticity condition on the viscosity tensor.

In this paper, we consider evolution (non-stationary) spatially-periodic solutions in R",
n > 2, to the Navier-Stokes equations of an anisotropic fluid with the viscosity coeffi-
cient tensor variable in spatial coordinates and time and satisfying the relaxed ellipticity
condition. We implement the Galerkin algorithm but unlike the traditional approach, for
example, in [9,10], where the Galerkin basis consisted of the eigenfunctions of the corre-
sponding isotropic constant-coefficient Stokes operator, we employed the basis constituted
by the eigenfunctions of the periodic Bessel-potential operator having an advantage that it
is universal, i.e., independent of the analysed anisotropic variable-coefficient Navier-Stokes
operator. To analyse the solution in higher dimensions, the definition of the weak solution
is generalised to some extent. Then the periodic weak solution existence is considered in
the spaces of Banach-valued functions mapping a finite time interval to periodic Sobolev
(Bessel-potential) spaces on n-dimensional flat torus, Le (0, T; H},) N Lo (0, T; Hj ). The
periodic setting is interesting on its own, modelling fluid flow in periodic composite struc-
tures, and is also a common element of homogenisation theories for inhomogeneous fluids
and in the Large Eddy Simulation.

This paper is to be followed by another one(s) on the existence, uniqueness and
regularity of solutions in the so-called critical spaces. It is well known that the regularity
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results available at the moment for evolution Navier-Stokes equations are rather different
for dimensions n = 2 and n = 3, even for isotropic constant-viscosity fluids. While the
solution global regularity under arbitrarily large smooth input data for n = 2 is proved
and can be found, e.g., in [1-10], for n = 3 it is still an open question and constitutes one
of the Clay Institute famous Millennium problems. Our motivation to consider arbitrary
n > 2 is particularly to place the cases n = 2 and # = 3 in a more general set and to show
in the forthcoming paper(s) whether one of them is an exception/pathology.

The paper material is divided as follows. In the rest of the introduction, we provide
essentials on anisotropic Stokes and Navier—Stokes equations. Section 2 gives an intro-
duction to the periodic Sobolev (Bessel-potential) functions spaces in spatial coordinates
on n-dimensional flat torus and to the corresponding Banach-valued functions mapping
a finite time interval to these periodic Sobolev spaces. In Section 3 we introduce a gen-
eralised definition of the weak solution for the Navier-Stokes system that is especially
suitable for higher dimensions. We also show that Du, the Leray projection of the total
derivative in time of the weak solution velocity u, belongs to L, (0, T; H;al) but u’(-,t) and
Py[(u- V)u](-,f) do not in general. In Section 4 we prove the main result of the paper, the
existence of a weak solution for the evolution spatially-periodic anisotropic Navier—Stokes
problem. In Section 5 we collected some technical results used in the main text of the paper,
several of which might be new. Particularly, we analysed the spectral properties of the
periodic Bessel-potential operator in the spaces of divergence-free functions, which then
allowed using their eigenfunctions as a basis of the Galerkin algorithm in Section 4.

Anisotropic Stokes and Navier-Stokes PDE Systems

Let n > 2 be an integer, x € R"” denote the spatial coordinate vector, and ¢t € R be time.
Let £ denote the second-order differential operator represented in the component-wise
divergence form as

(Lu)y := a,x(a;:ijlg(u)), k=1,...,n, (1)
where u = (uy,...,u,) ", Ejg(u) := %(ajuﬁ + dgu;) are the entries of the symmetric part,

E(u), of the gradient, Vu, in spatial coordinates, and aZf (x,t) are variable components of

the tensor viscosity coefficient, cf. [11], A(x,t) = {a,’fjﬁ (x, ) }1<' wpen’ depending on the
<i,ja,B<n

a—xj, 0 = 3 Here and further

on, the Einstein convention on summation in repeated indices from 1 to 7 is used unless
stated otherwise.
The following symmetry conditions are assumed (see [18] (3.1), (3.3)),

spatial coordinate vector x and time ¢. We also denoted d; =

« k wj
A (o t) = af (1) = agh(xb). )

In addition, we require that tensor A satisfies the relaxed ellipticity condition in terms
of all symmetric matrices in R"*" with zero matrix trace, see [13,14]. Thus, we assume that
there exists a constant C4 > 0 such that,

CAaZf(X/t)gkaCjﬁ > |7]?, forae. x,t, 3)

n
V¢ = {Ctatra=1,.n € R suchthat { =" and ) g =0,
k=1

where |7| = |Z|F := ({kalra)'/? is the Frobenius matrix norm and the superscript | denotes
the transpose of a matrix. Note that in the more common, strong ellipticity condition,
inequality (3) should be satisfied for all matrices (not only symmetric with zero trace),
which makes it much more restrictive than the relaxed ellipticity condition.
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:ixjﬁ € Lo(R" x [0, T]), where [0, T] is some finite time interval, and

the tensor A is endowed with the norm

We assume that a

< oo, (4)
F

a n
1= IAlmeeiomye = {15l eaiom )

a,Bij=1
(1),
) wBij=1
P, F

Symmetry conditions (2) lead to the following equivalent form of the operator £

By ap 1/2 . .
where = (bi‘ b; J ) is the Frobenius norm of a 4-th order tensor.

(Lu) = 9, (az]paﬁuj), k=1,...,n. (5)

Let u(x, t) be an unknown vector velocity field, p(x, t) be an unknown (scalar) pressure
field, and £(x, t) be a given vector field R”, where t € R is the time variable. Then the linear
PDE system

ou—Lu+Vp=1£ divu=0,

determines the anisotropic evolution incompressible Stokes system.
The nonlinear system

du—Lu+Vp+(u-Viju=f£, divu=0

is the evolution anisotropic incompressible Navier—Stokes system, where we use the notation
(u . V) = u]8]
In the isotropic case, the tensor A reduces to

2 (x,t) = A(x )radip + p(x, 1) (5M~5ﬁk 4 (saﬁ(skj), 1<kjap<n,

where A, it € Loo(R" % [0, T]), and c;l < u(x,t) < ¢y forae. x and t, with some constant
cy > 0(cf., e.g., Appendix III, Part I, Section 1 in [10]). Then it is immediate that condition (3)
is fulfilled with Cy = ¢, /2 and thus our results apply also to the Stokes and Navier-Stokes
systems in the isotropic case. Moreover, (1) becomes

Lu= A+ pu)Vdivu+ pAu+ (VA)divu +2(Vy) - E(u).

Assuming A = 0 and ¢ = 1 we arrive at the classical mathematical formulations of
isotropic, constant-coefficient Stokes and Navier—Stokes systems in the familiar form

ou—Au+Vp+(u-Viju=f, divu =0.

2. Periodic Function Spaces

Let us introduce some function spaces on torus, i.e., periodic function spaces (see,
e.g., [19] (p. 26), [20,21], [22] (Chapter 3), [6] (Section 1.7.1) [9] (Chapter 2), for more details).

Let n > 1 be an integer and T be the n-dimensional flat torus that can be parametrized
as the semi-open cube T = T" = [0,1)" C R", cf. [23] (p. 312). In what follows, D(T) =
C®(T) denotes the (test) space of infinitely smooth real or complex functions on the torus.
As usual, N denotes the set of natural numbers, N the set of natural numbers augmented
by 0, and Z the set of integers.

Let { € Z" denote the n-dimensional vector with integer components. We will further
need also the set

7" :=17"\ {o}.

Extending the torus parametrisation to R”, it is often useful to identify T with the
quotient space R" \ Z". Then the space of functions C*(T) on the torus can be identified
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with the space of T-periodic (1-periodic) functions Cg° = Cg°(R") that consists of functions
¢ € C®°(R") such that

Pp(x+8) =¢(x) VZeZ" (6)

Similarly, the Lebesgue space on the torus L,(T), 1 < p < oo, can be identified with
the periodic Lebesgue space Ly# = Lp#(IR") that consists of functions ¢ € L, 1o.(R"), which
satisfy the periodicity condition (6) for a.e. x.

The space dual to D(T), i.e., the space of linear bounded functionals on D(T), called
the space of torus distributions, is denoted by D’(T) and can be identified with the space
of periodic distributions D} acting on Cg°.

The toroidal/periodic Fourier transform mapping a function ¢ € C;° to a set of its
Fourier coefficients ¢ is defined as (see, e.g., [22] (Definition 3.1.8))

§0) = [Fegl(@) 1= [ ™ Eg(0ax, e,

and can be generalised to the Fourier transform acting on a distribution g € Dj,.
Forany ¢ € Z", let || := (27:1 é‘]z)l/ 2 be the Euclidean norm in Z" and let us denote

0(8) =2m(1+[g*)"%

Evidently,

1 .

50@)? <27 <o(§)? Vgl 7)
Similar to [22] (Definition 3.2.2), for s € R we define the periodic/toroidal Sobolev (Bessel-

potential) spaces Hy := Hj(R") := H*(T) that consist of the torus distributions g € D'(T),

for which the norm

1/2
181115 = l@°8lley(zm) == ( Y e®)*15@) ) ®)

sez

is finite, i.e., the series in (8) converges. Here, || - [|4,(z») is the standard norm in the space
of square summable sequences with indices in Z". By [22] (Proposition 3.2.6), Hj is the
Hilbert space with the inner (scalar) product in Hy defined as

= Y o@%3(®f(&), Vg feH;seER, )
sezn

where the bar denotes complex conjugate. Evidently, H) = Loy.
The dual product between ¢ € Hj and f € H,®, s € R is defined (cf. [22]
(Definition 3.2.8)) as

= Y @®f(-0). (10)

ez

Ifs=0,ie., g f € Ly, then (9) and (10) reduce to

()1 = [ 800f(x)dx = (8, D

For real function g, f € Loy we, of course, have (g, f)1 = (8, f)L,,-
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For any s € R, the space H,*® is Banach adjoint (dual) to Hj, i.e.,, H,® = (Hj)*. Similar
to, e.g., [24] (p. 76) one can show that

(8 f)rl
s = su .
”gHH# p 0 Hf”H .

feH." f#

For g € H;, s € R, and m € Ny, let us consider the partial sums

gn(x)= Y g(H)e.

GeZ [g|<m

Evidently, g € C5°, $m(€) = §() if |&| < m and ¢ (§) = 0if |¢| > m. This implies
that ||g — gm||g; — 0as m — oo and hence we can write

= ) 85, (11)

gez"

where the Fourier series converges in the sense of norm (8). Moreover, since g is an arbitrary
distribution from Hj, this also implies that the space C;° is dense in Hj for any s € R (cf. [22]
(Exercise 3.2.9)).

There holds the compact embedding H. < Hj if t > s, embeddings H; C CJ' if
m € Ng, s > m + %, and moreover, (scg Hy = Cg° (cf. [22] (Exercises 3.2.10, 3.2.10, and
Corollary 3.2.11)).

Note, that for each s, the periodic norm (8) is equivalent to the periodic norm that we
used in [16,17], which is obtained from (8) by replacing there o(&) = 27t(1 + |&|?)!/? with
o(&) = (1+ |&]?)!/2. We employ here the norm (8) to simplify some norm estimates further
in the paper. Note, also that the periodic norms on Hj are equivalent to the corresponding
standard (non-periodic) Bessel potential norms on T as a cubic domain, see, e.g., [20]
(Section 13.8.1).

Let us introduce the periodic Bessel-potential operator of the order » € R,

(Ap)(x) =Y 0(&)'8(&)e¥™¢ Vg e H. (12)
fezn

Note, that (12) particularly implies

(45) () = T (nP(1-+ EPIR@E™E = (mPs(x) = s%g) Vg € s € R

For any s € R, the operator
Ay Hi — Hy ', (13)

is continuous, see, e.g., [20] (Section 13.8.1).
By (8), ||8||2; = |3(0)> + |g|Hq,where

1/2
18lu; = 10°8ll g2y = (Z 2(8)*13(2) )

geln

is the seminorm in Hj.
For any s € R, let us also introduce the space

Hj :={g € Hy: (g, 1)r = 0}.
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The definition implies that if ¢ € Hj, then g(0) = 0 and
Il = gl = I8l = 18l zm - (19

The space Hj is the Hilbert space with the inner product inherited from (9), that is,

(gu82)p = ), 0(6)*4(8)&@), Vg8 €H; seR. (15)
S/

Due to the Riesz representation theorem (see, e.g., [24] (Theorem 2.30), [25] (Theorem 6.52)),
the dual product between g1 € Hj and f, € (H;)*, s € R, can be represented as

(guf)r =) &1@)f2(-0) = (8u8)p = Y 0@)*81(2)&(2).

gewr e

where

f2@) = 0(@)*8(=2), &(@)=0@) *f(-F), T

for some g» € Hj. This implies that
f(x) = (AF32) (). (16)
If $(0) = 0 then (12) implies that A}, A% ¢(0) = 0, and thus the operator
A} Hj — Hy ™" (17)
is continuous as well. Hence, by (16) we conclude that (Hj)* = H,°.
Denoting C5° := {g € C° : (g, 1) = 0}, then Nyep Hj = C3°.
The corresponding spaces of n-component vector functions/distributions are denoted

as Lgy := (Lgs)", Hy := (H)", etc.
Note, that the norm ||V (-) || ;451 is an equivalent norm in Hj. Indeed, by (11)
#

Vg(x) =2mi ) (), Vg(§) =2migg(§) Vg e H,
sezn

and then (7) and (14) imply
1
Slsby < 19812, 1 < Isfy Vs e H,
1 1 1 i
sl = 3181, = 518l < IVl3e s < Islg = sl = s}y g€ B3 a9

The vector counterpart of (18) takes the form

1, ., 1
SVl = 5113 < 19v)?

2 2 :
(gtynen < [Vl = [Ivllg Vv € H (19)

Note, that the second inequalities in (18) and (19) are also valid in the more general
cases, i.e., for ¢ € Hj and v € H, respectively.
We will further need the first Korn inequality

IV rpyen < 20E@) e Vv € Hy (20)

that can be easily proved by adapting, e.g., the proof in [24] (Theorem 10.1) to the periodic
Sobolev space; cf. also [18] (Theorem 2.8).
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Let us also define the Sobolev spaces of divergence-free functions and distributions,
H, = {weHj;:divw =0}, seR,

endowed with the same norm (8). Similarly, Cg’ and L,s, denote the subspaces of
divergence-free vector-functions from Cg’ and L4, respectively, etc.

The space H;a is the Hilbert space with inner product inherited from (9) and (15),
that is

(81,82)p;, = ) 0(©)*81(8)82(¢), Vg1,8 € Hy, sER.
e

Due to the Riesz representation theorem, the dual product between g; € Hj, and
f, € (H;U)*, s € R, can be represented as

(g1, f2)r:= Y 81(Oh(-8) = (81,8) m, = ), 0 O*81(2)82().

gewr e

where

£(8) = 0(8)*82(-0), e

for some g, € Hj,. This implies that

f0x) = (AF5) (%), 1)
where the operator
Ay H, — H " (22)
defined as in (12) is continuous. Hence, we conclude that
(H3,)" = H,.

Let us also introduce the space

Hy, -

= {w Vq,q€H5+1} sER,

endowed with the norm (8).
Lets € R, w € Hj, and v € Hj,. By (9), for their inner product in H} we obtain

(W, v)pz == ) 0(@)*W(8) - v(Z) = ) o(§)*2mifq(§) -v(2)

cezn Zezr

—

=— Y o(®%7(&)2mig v ZZ &)divv(&) = 0.

sez

Hence, Hig and Hj,, are orthogonal subspaces of Hj in the sense of the inner product.

On the other hand, if s € R, w € HS and v € H#U, then for their dual product,
we obtain

(w,v) = (Vgq,v) = —(g,divv) = 0.

Hence, the spaces H;g and H,® are orthogonal in the sense of the dual product.
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Fors € Rand F € H3, let us introduce the operators P; and Py as follows,
Z ér ‘§|2 27tix-§,
s/
_ F ~
(PrF)(x) =} (F(é’) -t |§,(f)>ez”"§-
ez
Note, that
F(x) = (P, F)(x) + (]P’g F)(x) VFe H;, s eR. (23)
Evidently,
P.F — h 27Tix-g
(PgF)(x) = Va(x), where q(x) ggwme ,

hence, g € H ™.

One can check that Pg (Pg F) = Py F and thus, Py : Hj — H;g is a bounded projector.
On the other hand, divP, F = 0, P,(P; F) = P, F and hence, P, : Hj — Hj, is also a
bounded projector. Since Hj, and H,, are orthogonal subspaces of Hy, the projectors Py

and P, are orthogonal in H®. The projector P; is called the Leray projector (see, e.g., [6]
(Section 2.1)).

Decomposition (23) implies the representation Hg, = H;*S @ H;,, called the Helmholtz—
Weyl decomposition. Note that the orthogonality of Hig and Hj  implies that for any
F € Hj, the representation F = F, + F;, where F; € Hj;g and F, € Hj_, is unique and
hence is given by (23).

Summarising the obtained results, we arrive at the following assertion (cf., e.g., [6]
(Theorem 2.6), where a similar statement is proved for s = 0 and n = 3).

Theorem 1. Lets € Randn > 2.
(a) The space Hi, has the Helmholtz—Weyl decomposition, Hj, = Hs ¢ Hj,, that is, any

F € Hj, can be uniquely represented as F = Fq + F,, where Fy € Hj;g and FU € H;,

(b) The spaces Hy, and H,, are orthogonal subspaces of Hy, in the sense of inner product, i.e.,
(W, v)p; =0 foranyw € Hy, and v € Hy;

(c) The spaces Hig and H,?® are orthogonal in the sense of dual product, i.e., (w,v) = 0 for
any w € Hy, and v € Hy .

(d) There exist the bounded orthogonal projector operators Py : H§ — HS and Py : Hj —
H;,, (the Leray projector), while F = PgF + P, F for any F € Hj.

For the evolution problems, we will systematically use the spaces L;(0, T; H;), s € R,
1<g<00,0< T < oo, which consists of functions that map ¢ € (0, T) to a function or
distributions from Hy. For 1 < g < oo, the space L, (0, T; H) is endowed with the norm

1/q

T 1/q q/2
lellegoany = ) InC0lfgdr) = /[ZQZWgu]df .

cez

and for g = oo with the norm

1/2
1l Looo,75015) = €58 UPye o, 1) 11(- ) |15 = esssupyc o 7 [ Y- o(@>[r(E 1) ] < 0.
Fezn
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For a function (or distribution) h(x, t), we will use the notation ' (x, t) := 9¢h(x,t) :=

aat (x,t) for the partial derivative in the time variable f. Let X and Y be some Hilbert
spaces. We will further need the space
W0, T;X,Y) := {u € Lo(0, T; X) : /' € Ly(0,T;Y)}

endowed with the norm

1/2
1l (0,75, v) (||”||L20TX "‘H”/HL2 (0T:v)) 2.

Spaces of such type are considered in [26] (Chapter 1, Section 2.2). We will particularly
need the spaces wl (0, T; H, H;’) and their vector counterparts.

Unless stated otherwise, we assume that in the rest of this paper all vector and scalar
variables are real-valued (however, with complex-valued Fourier coefficients).

3. Weak Formulation of the Evolution Spatially-Periodic Anisotropic
Navier-Stokes Problem

Let us consider the following Navier-Stokes problem for the real-valued unknowns

(wp),

du—Lu+Vp+(u-Viu=£f inTx(0,T), (24)
divu=0 inT x (0,T), (25)
u(-,0) = uin T, (26)

with given data f € L,(0, T; H; 1), uw € Hgg. Note, that the time-trace u(-,0) for u solving
the weak form of (24) and (25) is well defined, see Definition 1 and Remark 1.
Let us introduce the bilinear form

ar(u,v) = ap(tu,v) = <a;?;5(.,t)Ejﬁ(u),Em(v)>T Vu,veHL (27)
By the boundedness condition (4) and inequality (19) we have

fan(t5u, )| < IANE) gy B [ggr < A1 T0l g |90
< alluly IVl Vuved  @s)

If the relaxed ellipticity condition (3) holds, taking into account the relation
! Ei(w) = divw = 0 for w € H}_, equivalence of the norm ||V()||Lg#xn to the norm

I| - ||H1 in Hj , see (19), and the first Korn inequality (20), we obtain

#o/
ar(t;w,w) = (aif (-, DEjp(w), Ei (w)> > G EW)|
> c 1\|vW||Lm > Zc&1||w||§.{;a VweH. (29)
Then (28) and (29) give
1 .
1CA1HWII%{}W <ar(tw,w) < IIAHIIWHE}W Vw € Hy,. (30)

This inequality implies that \/a(t; w, w) is an equivalent norm in H}, for almost any
t and, moreover,

T 1/2
Illiyorigy = ([ ot w0 61)
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is an equivalent norm in L, (0, T; H}, ).

We use the following definition of a weak solution, that for n € {2, 3,4} reduces to
the weak formulations employed, e.g., in [5] (Chapter 1, Problem 6.2), [1] (Definition 8.5),
[9] (Problem 2.1), [10] (Chapter 3, Problem 3.1). However, the definition that we use is
applicable also to higher dimensions (and allows for those dimensions the more general
test functions than in [5] (Chapter 1, Problem 6.2)).

Definition 1. Let, n > 2, T > 0, f € L,(0,T; H;l) and u® € Hgg. A function

u € Loo(0, T; HY,) N Ly (0, T; Hy, ) is called a weak solution of the evolution spatially-periodic

anisotropic Navier—Stokes initial value problem (24)—(26) if it solves the initial variational problem
(u'(-, 1) + Pol(u(-,t) - V)u(-,if)],w>T +ar(u(-,t),w)

= (f(-,t),w), forae t € (0,T), Vw e Hi,, (32)

(u(-,0),w)r = (u’,w)r, Yw € H,. (33)

The associated pressure p is a distribution on T x (0, T) satisfying (24) in the sense of
distributions, i.e.,

(W'(,8) + (u( 1) - V)ul, £), w)g +ar(ul, £),w) + (Vp(-,£), w)T
= (f(-,t),w)r, forae. t € (0,T), Vw e C.  (34)

To justify the weak formulation (32), let us act on (24) by the Leray projector PP; taking
into account that Py0;u = d;u and P, Vp = 0, we obtain

oru+Psl(u-V)u] —PoLu=P,f inT x (0,T). (35)

Assuming that u € L,(0,T; H}W), a;ﬁ € Lwo(0,T;Loott), by (5) we obtain that

Lu € L,(0,T; Hy 1) and due to the symmetry conditions (2), we obtain for any w € H},
and fora.e. t € (0,T),

—(BoLu, w)r = —(Lu,w)r = (aF (- ) Ejp(u), dawi)r
= (@l (-, ) Ejp(w), Ega(w))7 = ap(u,w).
For f € L,(0, T; H;l), we also have (Pof(-,t), w)r = (f(-,t), w)r. Hence, taking the
dual product of Equation (35) with w, we arrive at Equation (32). The boundedness of the

first dual product in (32) and the weak initial condition (33) are justified in Lemma 1 and
Remark 1 below. Equation (34) is deduced in a similar way:.

Lemma 1. Letn > 2, T > 0, a?}ﬁ € Loo(0,T; Loott), f € Lo(0, T;H;l) and u® € HY . Let

u € Lo(0, T; HY ) N Lo (0, T; H} ) solve Equation (32).
(i) Then,

Du:=u +P[(u-V)u] € L,(0,T;H,!) and Du(-t) € H,! forae t€[0,T], (36)
while

(u-Viu€ Ly(0,T;H, %) and (u-V)u(,t) € H,"'? forae t€0,T], (37)
u’ € Ly(0, T;H;U”/z) and u'(-,t) € H;U”/z forae. t €10,T], (38)

and hence, u € W1 (H;l;g ’ H;an/z) :
In addition,

Onl[ull2 1 2y/s = 200" 20, Ayup = 200, AT Py = 2(A 2wy (39)
#o
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fora.e. t € (0,T) and also in the distribution sense on (0, T).

(ii) Moreover, u is almost everywhere on [0, T] equal to a function a € C°([0, T]; H,,
and 4 is also HY -weakly continuous in time on [0, T|, that is,

lim (a(, ), w)r = (- to), w)r VW€ HY, Vty € [0, T].
—tp

(iii) There exists the associated pressure p € Ly (0, T; Hy n/ 2L that for the given u is the
unique solution of Equation (24) in this space.

Proof. (i) By (32) we obtain

|(Du(-,t), w)r| < [ap(t;w, w)| + [(£(-, 1), w)]
< JAllaC, O g Wl + 16, D11 Wy, forae. t € (0,T), Vw € Hy,.

<

In addition, divDu := divu’ 4+ divPs[(u- V)u] = 0. Hence, ||Du(-,t)HH;1 <

HAHH“('J)”H; + Hf(-,t)||H;1 fora.e. t € (0,T) and thus,

”DuHLz(O,T;H;;) < ”AH Hu”Lz(O,T;H}Q + HfHLz(o,T;H#—l)

which implies inclusions (36).
By the multiplication Theorem 3(b) and the Sobolev interpolation inequality (102),
we obtain

(0 D)z = v (0@ @)z < @ u] rone,

< (/2172w < C(1/2,172 1) [ullpglully. €O

Thus,
(¥l pnrzy < C-(1/2,1/2m) [l o gy 0l 0,01

which implies inclusions (37). Further,

|‘P0[(u ’ V)u] ||L2(0,T;H;l;1/2) < || (u : V)u”Lz(O,T;H;”/Z)

<G (1/2'1/2'n)Hu”Lm(O,T;Hg)HuHLz(O,T;H}*)'

implying that Py [(u - V)u] € L,(0, T; H, " /2). Then, the first inclusion in (36) leads to the
inclusion u’ € L,(0, T; H;U”/ 2) and hence to inclusions (38).

(i) Since u € Ly(0, T; H},) and u’ € Ly(0, T; H,"/?), relations (39) are implied by
Lemma 4(i). Moreover, Theorem 7 implies that u is almost everywhere on [0, T] equal to a
function u € C°(]0, T];H;U("_Z)M).

We have that & € Lo (0, T; HY, ), @ € €0([0, T); H,,"~2/*) and HY, C H,"?/* with
continuous injection. Then, Lemma 3 (taken from [10] (Chapter 3, Lemma 1.4)) implies that
1 is HY -weakly continuous in time.

(iii) The associated pressure p satisfies (24), which after applying the projector P¢ and
taking into account that Peu’ = 0 and Py Vp = Vp, can be re-written as

Vp =PgF, (41)
where

F=f+2u— (u-V)u (42)
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Due to the first inclusion in (37), P¢F € Ly(0,T; H;g”/ 2). By Lemma 2 for gradient, with
s =1 —n/2, Equation (41) has a unique solution p in L,(0, T; H, "/**1). O

Note, that inclusions (36) for Du, the Leray projection of the velocity total derivative,
do not generally imply that u’ and Py[(u - V)u] belong to L, (0, T; H,!), but only that their
sum does. This is why the first dual product in (32) is not written as the sum of the two
respective dual products.

Remark 1. The initial condition (33) should be understood for the function u re-defined as the
function U that was introduced in Lemma 1(ii) and is Hy-weakly continuous in time.

4. Weak Solution Existence

In this section, we prove solution existence for the evolution of anisotropic incom-
pressible Navier-Stokes systems, accommodating to anisotropy, variable coefficients and
arbitrary n > 2 the approaches presented, e.g., in [5] (Chapter 1, Section 6.5), [1] (Chapter 8),
[9] (Chapter 3), [10] (Chapter 3, Section 3), [6] (Section 4) for the constant-coefficient isotropic
Navier-Stokes equations.

Theorem 2. Letn > 2and T > 0. Let a;; b e Lo (0, T; Leog) and the relaxed ellipticity condition

(3) hold. Let £ € L(0, T; H# ), uw € H i
(i) Then, there exists a weak solution u € Loo(0, T; H},) N Ly (0, T; H},) of the anisotropic
Navier—Stokes initial value problem (24)—(26) in the sense of Definition 1. Particularly,
limyo(u(-,t),v)y = (W v)y Vv € HY . There is the unique pressure p € Ly(0,T;
Hg”/zﬂ) associated with the obtained u, that is the solution of Equation (24) in L (0, T; H;”/ZH).
(ii) Moreover, u satisfies the following (strong) energy inequality for any [to,t] C [0, T},

GOl + [ ar(ut, v uC, o) < Slut )R, + [ (6, 7),uC, ). @)

It particularly implies the standard energy inequality for any t € [0, T},

SOl + [ on(at, 0, 0 < 3R, + [ (66000, D)ndr. @

Proof. We prove the solution existence using the Galerkin algorithm, cf., e.g., [3] (Chapt. 6,
Sections 3, 6), [5] (Chapter 1, Section 6.4), [9] (Chapter 3, Section 3.3), [10] (Chapter 3,
Section 3), [6] (Section 4). The proof is conducted in several steps. In step (a) we imple-
ment the Galerkin algorithm to reduce the continuous weak problem to a correspond-
ing discrete formulation and prove that there is a subsequence of the discrete prob-
lem solutions that weakly (and, respectively, weakly-star) converges to a function u €
Leo(0, T; HY,) N Ly(0, T; Hj,). In step (b) we prove that u' € Ly(0,T; H,"/?). Step (c)
includes the proof that the obtained function u is a weak solution of the Navier—Stokes
problem, while in step (d) we prove that it satisfies the energy inequality.

Step (a)

Let {w;} = wy,wy,...,wy,... be the sequence of real orthonormal eigenfunctions
of the Bessel potential operator Ay in HY) , see Section 5.3. This sequence constitutes an
orthonormal basis in Hg and is similar to a periodic version of the special basis employed
in [5] (Chapter 1, Corollary 6.1). It belongs to C5°. and can be explicitly expressed in terms
of the Fourier harmonics, see Remark 2. Such ch01ce of the linear independent functions
particularly facilitates the proof of existence for arbitrary dimension n > 2. Another

possible choice is given by the eigenfunctions of the isotropic Stokes operator in HY , cf. [9]
(Section 2.2), [6] (Theorem 2.24).
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For each integer m > 1, let us look for a solution

wn(X,t) =Y mm(t)wi,  na(t) €R, (45)
i

of the following discrete analogue of the initial-variational problem (32)-(33),

<ulm’wk>T + ﬂj]‘(llm, Wk) + <(um : V)um, Wk>'1r
= (f,wi)r, ae. t € (0,T), Vke {1,...,m}, (46)
(W, wi)r(-,0) = <110,Wk>1r, Vke{l,..., m}. (47)

For a fixed m, Equations (46) and (47) constitute an initial value problem for the
nonlinear system of ordinary differential equations for unknowns #; ,,(t), ¢ € {1,...,m},

m m
(Wi, W Om (t) + Y ar (65w, Wi) 11 (8) 4+ Y (Wi - V)W, Wieh 1771, (£)17,m (£)
=1 =1

= (f,wi)r, ae. t€(0,T), Vke{l,...,m}, (48)

1=

-
Il
—_

(Wi, W) 11, (0) = (u®, wi)p, Vke{1,...,m}. (49)

™=

N
I
—

We have (f,wy)r € Ly(0,T) and due to the orthonormality of the functions wy,
we have (w;, wy)T = Jgr. Then by the Carathéodory existence theorem, see, e.g., [27]
(Theorem 5.1), the ODE initial value problem (48) and (49) has an absolutely continuous
solution 77; ,,,(t),1 =1,...,m, on an interval [0, T,],0 < T, < T.

Multiplying Equations (48) by 7y ,, and summing them up over k € {1,...,m}, and
also conducting the same with Equations (49), we obtain

(Ot W) + ar (W, W) + (W - V) Uy, )T = (£, )7, a.e. t € (0, T), (50)
(Wn(-,0),um(:,0))7 = (u’, up(:,0))7. (51)

By equality (80) for the trilinear term, Equation (50) is reduced to

1
EatHumﬂiz# +ar(wy, uy) = (£, uy)r, ae. t € (0, Ty), (52)

Inequality (30) for the quadratic form at and Yong's inequality (cf., e.g., [6] (p. 24))
for the right hand side of (52) imply

1 .
Ol wnllE,, + 5 Co llwnlFy < OullumlIE,, + 20 (wn, wn) = 2(¢, wn)p
| 2 2
< 2|/ fll g llumllyy < 3 Callwmllygy +4Callflly 1, ae t € (0, ). (53)
Equation (51) implies
I (-, 0)1E,, = (6 wm (-, 0))r < [0 [liyy e (-, 0) - (54)

Hence, (53) and (54) lead to

1__
Orllem|E,, + 3Ca ' lwnllgy < 4Callflly 1, ae t € (0,Tn), (55)

[ (-, 0) [z < 6|y (56)
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Integrating (55), we obtain

1 t
()R + 3G [ im0yt < w001, +4Ca [ IEC, DI it

< ||u0||L2# +4CA||f||L LOTHE) €0, Ty]. (57)
Estimate (57) particularly implies that the ODE initial value problem (48) and (49) has
an absolutely continuous solution #; ,,,(t), I = 1,...,m, on the whole interval [0, T], where
the right-hand side f is prescribed, i.e., we can take T, = T.
Hence, from (57) we conclude that

HumH%m(O,T;Lz#) = ts%p Hum< ||L2# < HuO”Lz# +4CAHf||2 OTH ) (58)
e O (L AN — (59)
Recall that |jul|,, = ||u||Hg, while [uf[g; = ||“||H;(7 for u € Hj . Estimates (58)

and (59) mean that the sequence {uy, } is bounded in L« (0, T; H3,)) and in L, (0, T; H} ),
implying that the sequence has a subsequence still denoted as {u,,} that converges
weakly in L, (0, T; H}m) and weakly-star in Leo (0, T; Hgg) to a function u € L« (0, T; Hgg) N
L,(0, T; H},). Note, that inequality (58) implies also that

HU(‘J)qugJ < [l 0 +4Ca [I£117, ,ae te(0,T).

(0,T;H, )

Step (b)

Let us also prove that the sequence {u), } isbounded in L, (0, T; H;(T"/ 2), cf. [5] (Chapter
1, Section 6.4). To this end, we multiply Equations (46) by wy and sum them up over
ke {1,...,m}, to obtain

where Py, is the projector operator from H,, "/ % to Span{wy, ..., w;,} defined in (86) and
we took into account that

m m
Z Wy, Wi ) TWg = Z

Further, due to Theorem 4(iii), for any h € H}, r € R, we have

!
Wl,Wk TWg = me Wl = Uy,.

I M§

2
1Purh[lfy, < 1|5 (61)

By (61), (1) and (4) we have

IIPmﬂumHH /2 < HﬂumIIf-{;an/z < ||2um||iI;1 < AP a3
and then by (59),
1Pl ey < 120, e 1y < ATt ey

<4||A||2cA(|u°||L2#+4cA||f|2 o ) 62



Mathematics 2024, 12,1817

15 of 27

Next, by (61) we obtain

1Pl (63)

2
OTH n/2 = || H OTH "/2 — HfHL OTH )

Forany v; € H} , v, € H}, by Theorem 3(b) and the Sobolev interpolation inequality

(102), we obtain

#o!

[(v1- V)VZH?{;n/z = [|div(vy ®V2)||f{;n/2 < w1 ®V2||%H;—n/z)nxn
< C21/2,1/2,m) w12 vallZye < C2(1/2,1/2,m) [ gy 191 g 1 V2 g V2 gy
Thus,

1Pt VI, e < N D)oty < C21/2,1/2,m) g
and then by (58) and (59),

1o [(ws = Vw2 < C2(1/2,1/2,m)|luml|?

Ly (0, T2 = (0,T;HY) H“’"HL (0,T;H})

2
<4C%(1/2,1/2,n CA<||u0|L2# +4CA||f||2 TG )> . (64)

Equation (60) and inequalities (62), (63) and (64) imply that the sequence {u},} is
bounded in L(0, T; H;a"/ 2) and hence it has a subsequence converging to a function
ut € L,(0,T; H, /2y weakly in this space.

Let us prove that u' = u'. Indeed, for any ¢ € C®(0,T) and w € H}/?, evidently,
v:i=w¢ € L,(0,T; H%z) = (LQ(O, T; H;f/z))* and we have

/0T<“+( £), w)r(t)dt /T<u*(-,t) v(e,t))pdt
_/ (1), v, 1))t + / Jrg(t)dt.  (65)

The first integral in the right-hand side of (65) tends to zero as m — oo due to the weak
convergence of u/, to u’ in L, (0, T; H%z). For the second integral in the right-hand side of
(65) we obtain,

T T
| w0, wirp(de = = [t 0, whzg/ (01
T T
= [ ) = w0, wyzg' (Ot = [ (a1, whng/ (0t (66)
The first integral in the right-hand side of (66) tends to zero as m — oo due to the weak

convergence of u,, to uin L(0, T; H,&U). Hence, taking the limits of (65) and (66) as m — oo,
we obtain,

[t w0t = — [, whng/ (0t = [ antat 0, w)mp()a

which implies that (u*(-, ), w)t is the distributional derivative in time of (u(-,t), w) and
thus, as in the proof of Lemma 4(ii) the time derivative commutates with the dual product
over T, leading to

(W'(, ), w)p =9 (u(-,t), w)r = (u'(-,t), W)
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in the sense of distributions on (0, T), for any w € H%Z. Since w is an arbitrary test
function in Hg;z, this implies that u’ = u' and hence u’ € L,(0, T; H;f/ 2).
Applying now Theorem 6 (the Aubin-Lions lemma) with G = H}W, H = ng K =
H;U”/ 2 and p = g = 2, we conclude that the subsequence {u,,} can be chosen in such a
way that it converges to u € Lo (0, T; HY,)) N L, (0, T; H} ) also strongly in Ly (0, T; HY,)).
Since u € L,(0, T; H},) and u’ € L»(0, T; H;U"/z), Theorem 7 implies that u is almost
everywhere on [0, T] equal to a function belonging to C°([0, T|; H;U(nfz)/ 4). Further on,

under u we will understand the redefined (on a zero-measure set in [0, T|) function belong-

ing to C°([0, T}; H;tf("fz)/zl), which also means that ||u(-,t) — u(-,0) HH’("’Z)/" —0ast— 0.
#o

Since u € Lo (0, T; HY,) as well, Lemma 3 implies that u is Hj -weakly continuous in time

on [0, T] and hence lim;_,o(u(-, t), v)T = (u(-,0),v)y Vv e HY.

Step (c)

Let us prove that the limit function u solves the initial-variational problem (32)-(33).
First of all, equality (60) and inequality (62) imply that

[ + Pon[ (- Vw7

2
Lo = 2IPnElL

2
)+2||Pm£um||L2(

H-1 -1
0,T:Hy 0,T:H; )

L (AR oA T —,

Thus the sequence P,,Duy, := u), + Py[(Wn - V)u,] is bounded in Ly(0, T; Hy ')
and hence there exists a subsequence of the sequence u,, such that the corresponding
subsequence of the sequence P, Du, weakly converges in this space to a distribution
u® € L(0,T;H,). Let us prove that u®* = Du := u’ + P;[(u- V)u]. Indeed, for any
¢ € Ly(0,T) and w € H}/?, evidently,

. .~ * . - *
vi=wo € L(0, THE?) = (La(0, TTH2)) € Lo(0,TiH),) = (La(0, TH)) ),

and we have

T T T
/ (Du—u®,v)rdt = / (Du — Py, Duy,, v)rdt + / (P, Duy, — u®, v)pdt
0 JO JO
T T
- /O (o =, v)pdt + /0 (Po[(w- V)u] — P (W - V)uy], v)pdt
T
+ / (PyDuy, — u®, v)pdt. (67)
0

The first and the last integrals in the right-hand side of (67) tend to zero as m — co due
to the weak convergence of u), tou’ in L, (0, T; H#}"/Z) and of P,,Du,, tou®in L(0, T; H#}l)

For the middle integral in the right hand side of (67) we obtain, as in [5] (Section 6.4.4), for
any function wy € C;‘(’T from our basis in H%Z, form >k,

T T
/O <Pm[(um . V)um], Wk>']r(l7(t)dt = /0 <(um . V)um, Wk>'1r(P(t)dt
- _ ‘/0T<llm VWi, w) ¢ (t)dt = — ‘/()T<Pa[um - Vwi], wy )T (£)dt

T T
—>—/0 (IP)U[u~Vwk],u>Tcp(t)dt:/0 (Bo[(u- V)ul, w)rd(t)dt, m— oo (68)
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by the strong convergence of {u,,} to winin L, (0, T; H, ). Since P,[(u - V)u] belongs to
L,(0,T; H, ’2), Py[(Wy - V)uy,] is uniformly bounded in this space and {wy} is a basis in

Hgéz, we conclude that the convergence in (68) implies that

T T
/0 (Pon[(w - V) a], w)rp(t)dt — /0 (Po[(u- V)u], w)rg(t)dt, m — oo
and thus,
/OT<Du —u®, w)rp(t)dt =0 V¢ € [(0,T), Vw € H}/?,

implying that || (Du — u®, w)t|[, (o) = 0 forany w € H%z and thus (Du(-,f) —u®(-,f),

w)r = 0 forae. t € (0,T). Choosing w = Ajj(Du — u®), we conclude that ||[Du(-, t) —

u®(-,t)|g-n2 =0forae. t € (0,T) and hence |[Du—u®||, 7q-n2 =0 ie, Du=u®e
#o Z(O’T'H#a )

Ly(0, T; H, ).

Now, we continue reasoning as, e.g., in [5] (Chapter 1, Section 6.4.4) to conclude that
the limit function u solves the initial-variational problem (32) and (33). Indeed, let us
multiply Equation (46) by an arbitrary ¢ € L,(0, T), and integrate it in ¢ to obtain.

T
[+ Bl - ) widp + an(un, wi) = (£, widz]p(t)dt =0,
Vke{l,2,...}. (69
To take the limit of (69) as m — oo, we remark that the terms linearly depending on

u,, tend to the corresponding terms for u due to the weak convergences discussed before.
For the nonlinear term, by (80) we have

T T
|| el Vunl, widng(Oat = [ (- V), wi)ng(t)at
- - /T<<um-v>wk,um>w< it — [ {(u- 9w w0
= [ Vot = /()T<Pa[<u'v>u],wk>w<t>dt

where the limit is due to the strong convergence of u,, to win Ly (0, T; Hga) and the smooth-
ness of wy. Thus, we obtain

/(;T [(u' +Py[(u- V)u], wi)p +az(u, wi) — (£, wi)p] p(t)dt = 0, Vk € {1,2,...}. (70)

Since Du = u’ + Py[(u- V)u] € L,(0, T;H, ') and {wy} is a basis in H},, Equation (70)
implies that for any ¢ € L,(0,T) and w € Hy,,

T
/0 [(u' + Po[(u- V)u], W)y + ar(u,w) — (£, w)g]p(£)dt = 0, (71)
Equation (71) means that
| (0" +Py[(u-V)u], W)+ ap(u,w) — <f'W>THL2(0,T) =0VYwecH,},

which implies (32).
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To prove (33), let us employ in (69) an arbitrary ¢ € C*[0, T| such that ¢(T) = 0,
integrate the first term by parts with account of (47) and take the limit as m — oo to obtain

/ {(=ul,£), wi)g'(t) + (Po[(u(-, £) - V)ul, )]¢(t), wip + ar(ul-, £), wi)p(t)
— (£(-, 1), Wiy (t) at = (0, wi)pp(0), Yk e {1,2,...}. (72)

Replacing in (72) u by its redefined version that is HY) -weakly continuous in time (cf.
the last paragraph of the step (b)) and integrating by parts the first term in (72), we obtain

6+ Bl >-v>u<~,t>1,wk>T+aT<u<-,t>,wk>
— (£, 1), Wi }9(0)t = (80, wi)79(0) — (u(-,0), wi)2p(0), Vk € {1,2,...}.

Comparing with (71) and taking into account that ¢(0) is arbitrary, we obtain that
(u® — (u(-,0), wg), and because wy, is a basis in H) , we conclude that u® = u(-,0) thus
proving the initial condition (33).

The existence and uniqueness of the associated pressure p € L,(0, T; H,
from Lemma 1(iii).

Step (d)

Let us prove the (strong) energy inequality (cf., [10] (Chapter 3, Remark 4(ii)), [6]
(Theorem 4.6) and references therein, for the isotropic constant-coefficient case). Here
we will generalise the proof of [6] (Theorem 4.6). To this end, let us consider again the
subsequence {u,, } from the previous step, which still satisfies Equation (52). Let 0 < ty <
t < T. Integrating (52) in time, we get

1241y follows

1 t
Sl O, + [ ar(wun( 0, un(, 0)dr
0

. to) |/ s dr. (73
= 3l (o) + [ (G wn (D). 73

We would like to take the limits of each term in (73) as m — oo. First of all, since uy,
converges to u strongly in L, (0, T; HY, ), we obtain that

||um(',T)||%2# — Hu(',T)H%z#, fora.e. T € [0, T]. (74)

Further, since u,, converges to u weakly in L (0, T; H} ) and f € L, (0, T; H,, Y c (L2(0, T; H},))*,
we have

/tt<f(~,T),um(~,T)>TdT — t<f(~,T),u(-,T)>TdT, Y [to, t] C [0, T] (75)

0 fo

Finally, u,, converges to u weakly in L,(0, T; H%EU) and

; 1/2
Wl = ([ ot o) 0)ie)

is an equivalent norm in Ly (to, t; H},,), see (31). Since u is a weak limit of u,, in Lo (to, £; H};),
we have (see, e.g., the Remark in Section 4.43 of [28])

2 CE 2
Wl oy < Bimint a2
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Hence,
/taT(T,'u(yT),u(‘,T))dT < liminf taT(T;um(-,T),um(-,T))dT, Y [to, t] C [0, T]. (76)

tO m—o0 tO

Taking lirr; inf from both sides of (73), due to (74)—-(76), we obtain (43) for a.e. [to,t] C [0, T].
m—oo
Similar to the reasoning in the proof of Theorem 4.6 in [6], let us now prove that the
(strong) energy inequality (43) holds also for any [ty,t] C [0, T]. Let us take some t; for
which (43) holds for a.e. t' > tj. Let us now choose any t € (to, T]. Then there exists a
sequence t; — t such that

1 t 1 t
Sl DI, + [ ar(rul, o), u(, e < 5 lut to) [}y, + [ {7, u(, )
0 0

Since u € L,(0, T; H}#g), we have

[ an(ut, 0, (o) [ ar(mut, o), u(, 0,

to to

/tt;<f(~,T)/U(‘,T)>’]I‘dT—> t<f('17)/“("T)>TdT'

0 J1o

On the other hand, the Lyy-weak continuity of u implies that

a0, < timinluC )],
Thus,
1 5 ¢
SluC 01k, +/t0 ap(t;u(,7),u(-,7))dr
(1 2 t
<timinf( 5 u( 8)IF,, + [ ar(tul, ), u(, 1)
st \2 # 0 Jy
(1 ) f
< liminf( =||u(-, to)|lf. +/ (f(-,7),u(-, 7))rdT
t—ot \2 # to
1 5 't
= 5luC )R, + [ (8,7, u(, )
0

By a similar argument, we can take any fy. O

5. Auxiliary Results
5.1. Advection Term Properties

The Gauss divergence theorem and periodicity imply the following identity for any
v, Vo, v3 € CP.

<(V1 . V)Vz,V3>T = /]I‘V . (V1 (Vz . Vg))dx — <(V . V1)V3 + (V1 . V)V3, V2>']T

= —<(V1 . V)Vg,V2>rﬂ- — <(V . V1)V3,V2>T (77)
Hence, for any vy, v, € C5,
(v V) — L) — — L {divv, v 78)
((vi-V)vo,vo)p = 2( V{)V2, Vo) = 2< ivvy, [vo >'[r' (

In view of (77) we obtain the identity

((v1-V)vp,va)p=—((v1-V)v3,va)p VvieCg, va,vzeCy, (79)
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and hence the following well-known formula for any v; € Cg , vo € CZ°,
<(V1 . V)Vz, V2>']I‘ =0. (80)

Equation (80) evidently holds also for v; and v, from the more general spaces, for which
the left-hand side in (80) is bounded and to which Cg’, and Cy’, respectively, are densely
embedded.

5.2. Some Point-Wise Multiplication Results

Let us accommodate the periodic function spaces in R”, n > 1, a particular case
of a much more general Theorem 1 in Section 4.6.1 of [29] about point-wise products of
functions/distributions.

Theorem 3. Assumen > 1,51 < sy and s; + sy > 0. Then there exists a constant Cy(s1,52,1) >
0 such that for any f € H,' and f, € Hy!,
(@) f1- fo € Hy and | fy Sl = CeGuszmllfillg 2l 2> n/2;

—n/2 .
(b) f1 'fZ S H;H'sz n/ and ||f1 .f2||H51+527n/2 < Cy (S1,Sz,n)||f1||H;1 ”fZHH;Z lsz <n/2.
#

Proof. Items (a) and (b) follow, respectively, from items (i) and (iii) of Theorem 1 in Section
4.6.1 of [29], when we take into account the norm equivalence in the standard and periodic
Sobolev spaces. [

5.3. Spectrum of the Periodic Bessel Potential Operator

In this section, we assume that vector functions/distributions u are generally complex-
valued and the Sobolev spaces Hj,, are complex. Let us recall the definition

(Apu)(x) == Y o(&)a(&)e*™¢ YueHj,, sreRr (81)
s/

of the continuous periodic Bessel potential operator A, : H#Sm — H;;', r € R, see (12),
(17), (22).

Theorem 4. Letr € R, r # 0.

(i) Then, the operator Al in HY, possesses a (non-strictly) monotone sequence of real eigenval-
(r)

ues /\]- and a real orthonormal sequence of associated eigenfunctions w; such that
Ngwi = Awy, j>1, A7 >0, (82)
A](r)—>—|—oo,j—>—|—ooifr>0; /\](-r)—>0,]'—>+ooifr<0; (83)
w; € C;%, (W], Wk)Hgv = (S]‘k V],k > 0. (84)

(ii) Moreover, the sequence {wj} is an orthonormal basis in HY , that is

M

I
—

u=) (uw;)rw; (85)

1

where the series converges in H)  for any u € HY .
(iii) In addition, the sequence {w;} is also an orthogonal basis in H,,, with

(wjwiy, = M8 Vik>o.
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and for any u € H},, series (85) converges in Hj, , that is, the sequence of partial sums
m
Pyu = Z(u, W) TW; (86)
j=1

converges to w in Hj, as m — co. The operator Py, defined by (86) is for any r € R the orthogonal
projector operator from H, to Span{wy, ..., wy, }.

Proof. Let first > 0 and let us consider the continuous periodic Bessel potential operator
A" H) — H . Hence by the Rellich-Kondrachov compactness theorem (see, e.g., [24]
(Theorem 3.27)) applied to the Sobolev spaces on the torus T, the operator A, : H) . — HY,
is compact. It is also self-adjoined since for any u, v € H)  we have,

(A;ru,V)Hgg = (A", 9)1 = (u, A, V)r = (u,A;rv)Hgg

Then the Hilbert-Schmidt theorem (see, e.g., [25] (Theorem 8.94)) implies that there is

S . .
a sequence of nonzero real eigenvalues {/\](._r) } - of the operator A, " : H}, — HJ_, such
]:
(=)

that the sequence ‘)\](._r) ‘ is monotone non-increasing and lim;_,o, A i = 0. Furthermore,

if each eigenvalue of A," is repeated in the sequence according to its multiplicity, then
there exists an orthonormal (in H,) set {w;}~ of the corresponding eigenfunctions, i.e.,

Aywi= A, (87)
Moreover, the sequence {w;}:
of H .

In addition, since the eigenvalues are real, (87) implies that the eigenfunctions are
either real or appear for the same eigenvalue in complex-conjugate pairs and hence their
real and imaginary parts are also eigenfunctions. This means that we can choose the
orthonormal basis consisting of real eigenfunctions only.

Since H}, is dense in H,, the sequence {w;}?*  is an orthonormal basis for the entire

is an orthonormal basis in HY,, for Hj,  as a subset

space HY . The operator A, can be represented as

e

ATV = /\}77) (v,wj)rw; Vve HY , (88)

i=1

where the series converges in HY .
Let us remark that for any v € HY_

- — — 5 _ —r/2 —r/2 _ —1/2,112 2 2
(G, = (57,9 = (A2, 0 ) = A2y = IRy > IvIBy

thatis, A, is a positive-definite operator. To conclude that all A; are positive, we observe
that for the unit real eigenfunctions wj, (87) implies

)\](._r) = /\](—r) <W],W]>T = <A;rw]«, W]>']1‘ = <A;r/2Wj, A;r/zw]«m > 0.

Applying A’ to (87), we obtain
Nyw; = /\](.r)w-, where A]@ =1 /A](") (89)

(r

implying (82) with A ) =1/ A](.fr) and the coinciding eigenfunctions for the operators Aj,

and A,
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Since w; € HY and Aj # 0, the Equation (87) implies w; € HJ, . Moreover, applying
to (87) operator A~"(k=1), w1th any integer k, and employing consecutively (89) or (87),
we obtain

Ay*w, = (/\](.‘”)kwj Vk e Z. (90)

and taking into account the continuity of the operator A, k- H) — Hk’ for any integer k,
we conclude that w; € (e

Finally, let us prove that the sequence {w;} is an orthogonal basis also in H, . To
this end, let u € Hj, . We know that the series (85) converges in H) . Let us prove that
it converges also in H#a, that is, the sequence of its partial sums converges in this space.
Indeed, for any integer m > 1,

- R VNG (-1
];<u,wj'>']rw]' —];<u,/\]- W]>’]I‘)\] W]
m
j:1<u SNGWHTA W = Ay ]Zl Ayu, Wj)Tw;j. (91)

Since u € Hj, we have that Aju € H, implying that the sequence 17 ; (Aju, wj)Tw;
converges in H)  to Aju as m — co. The continuity of the operator A, " : H) — H} _then
implies that the rlght hand side of (91) converges in Hj, . to u together with the sequence of
the partial sums in the left-hand side. This means that series (85) converges in Hj . to u as
well. Thus the set {w;} is complete in Hj,.

The orthogonality of the set {w;} in H}, is implied by the relations

(Wi, Wiy, = (Ajwj, Apwidg = (A wj, 2wy = A4 (wj wi)r = A4 gy

Hence, the set {wj} is an orthogonal basis in H;U
Although we started from r > 0, in the proof we covered the cases of both positive
and negativer. O

Similar to the reasoning at the end of Section 2.2 in [9], for the eigenvalues and
eigenfunctions of the isotropic Stokes operator in a periodic setting, let us provide an explicit
representation of the eigenvalues and eigenfunctions of the operator A} : H} — HY ,
reR,r#0.

Employing representations (11) and (81) in (82), we obtain for a fixed j,

Z Q me ¢ (7) Z ](g)EZm’xﬁ/ (92)
e W/
that is,
(0@ =AM )#;(@) =0 vEez 93)

This implies that the eigenvalues and the corresponding eigenfunctions of the operator
A" can be explicitly represented as {/\](.r)} = {)\1%}, {wj} = {w,p}, where y € 72",
g=A1...,.n—1},

Ak =) = (1+ 5272, wyp(x) = oy pe?™7. ©94)
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For a fixed #, the n — 1 orthonormal constant real vectors W,”;, B=A{1,...,n—1} are
obtained by the orthogonalisation in R" of the real vector set

Wy = € — ﬁz, a=A{1,...,n},

where e, are canonical (coordinate) vectors in R”. Note, that (W, -77) = 0.

Remark 2. Relations (94) particularly imply that /\(r; = Ay pr where Ay g = )t(lg =o(y) =
(1+ \11\2)1/2, ie., )‘](‘r) = )\]r- and the corresponding eigenfunctions coincide for any r € R, r # 0.
(r)

Since the sequence of eigenfunctions {w;} corresponding to )\ is the same for any r € R, r # 0,

Theorem 4 implies that the sequence constitutes a real orthogonal basis in any space H , r € R.

#o/

5.4. Isomorphism of Divergence and Gradient Operators in Periodic Spaces

In the following assertion, we provide for arbitrary s € R and dimension n > 2 the
periodic version of Bogovskii/deRham-type results well known for non-periodic domains
and particular values of s, see, e.g., [30,31] and references therein.

Lemma 2. Let s € Rand n > 2. The operators
div :Iiggl — H;, (95)
grad : Hj — H;;l (96)

are isomorphisms.

Proof. (i) Since H;;l - H;H, operator (95) is continuous. Let f € H; and let us consider
the equation

divF = f 97)
for F € H;‘gﬂ. Calculating the Fourier coefficients of both sides of the equation, we obtain

2mig - F(§) = f(§), gl

By inspection, one can see that this equation has a solution in the form

v _ é‘f(g) 7N
F(g) - 27Tl|§‘2 4 g €L ’ (98)
that is,
F(Z) = 27i&§ = Vg, where §j = —(Zgg)‘:'Z, Fez"
v (98), (7) and (8), we obtain
[F||2e 0 = 2(s+l) F(¢ Q(g)z Ty (2
IF I géﬁ [E( géf “amee /@)
<2 ¥ o@IF@)F =20fI
cean

Hence, the solution F given by (98) belongs to Hsgl and satisfies the estimate ||F||ys+1 <
#

V2II£Il - There are no other solutions in HSJrl since otherwise the difference, F, of two
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solutions of equation (97) would satisfy equation div F = 0, and hence, belong to H;;l N
H;! = {0}. Thus, operator (95) is an isomorphism.

(ii) By the definition of the space H;gl, operator (96) is continuous. Let F € H;;l and
let us consider the equation

Vf=F (99)

for f € Hj. Equation (99) has at most one solution since otherwise the difference of any
two solutions, f, would satisfy the equation V f = 0 implying that f = const = 0 because
f € Hj. Taking into account that F = Vg for some g € Hj, we conclude that there is a
solution for Equation (99), namely f = g.

Let us calculate the norm estimate for this solution. Calculating the Fourier coefficients
of both sides of Equation (99), we obtain

2migf(§) =F(&), Eel" (100)
Then,
f&) = m gez (101)

y (101), (7) and (8), we obtain

2s R
IF3 = ¥ o@*f@F = ¥ Ziiiw(mz

2| x4
EGZ" ,:eZn( ) |g|
<2 ) 0@ VIRQ)? = 2|[F| -
gean

Hence, the solution f given by (101) belongs to Hj and satisfies the estimate ||f|| i <
V2||F||;45-1. Thus operator (96) is an isomorphism. [
#

5.5. Some Functional Analysis Results

Let us give a version of the Sobolev interpolation inequality without a multiplicative
constant, generalised also to any real (including negative) smoothness indices, on periodic
Bessel-potential spaces. A similar proof in slightly different periodic Sobolev spaces with
non-negative smoothness indices is available in [6] (Lemma 1.15 and Exercise 1.6).

Theorem 5. Let s, s1, sp, 01, 05 be real numbers such that 0 < 01,6, < 1; 61 + 0, = 1 and
s = 0151 + 025y. Then for any g € Hs1 NH?,

gl < llgl B IIgH (102)

Proof. Let us recall the following Holder inequality for two sequences f; = {fi(&) }zez» €
£,,,i = 1,2, under the condition % + % =1,p1,p2 € (1,00):

Y 1A@ L@ = 1fifally, < 1 f1lle,, 1112]le,,
gezn
1/p1 1/pa
(Z (g |”1> (Z If2(& |”2> . (103)
§€Z" gezn
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If 6, = 0 or 0 = 0 then (102) is trivial. Let 0 < 61,0, < 1. Then treating 6; as 1/p;,
we obtain

Islit = X e@ZIE@)1F = Y o8 [5(2) 1" 0(2)**2(g()**
sezn sezn

0, .
gZZn(Q(g)wm'g(g)'”l)l/m] T (o))

<

01 62
= [Z Q(§)251§(§)|2] [Z 2(8)*?12(2) 1 ||g|\291 HgH%)2 (104)

cezn sezn
O

The Aubin-Lions Lemma, see [5] (Chapter 1, Theorem 5.1), has been generalised
n [32]. We provide it in the form of Theorem 4.12 in [6].

Theorem 6 (Aubin-Lions Lemma). Suppose that G C H C K where G, H and K are reflexive
Banach spaces and the embedding G C H is compact. Let 1 < p < coand1 < g < oo. If the
sequence uy is bounded in Ly(0,T; G) and osuy is bounded in Ly(0,T;K), then there exists a
subsequence of uy that is strongly convergent in L;(0, T; H).

The following assertion is available in [10] (Chapter 3, Lemma 1.4).

Lemma 3. Let X and Y be two Banach spaces, such that X C Y with a continuous injection. If
a function v belongs to L (0, T; X)) and is weakly continuous with values in Y, then v is weakly
continuous with values in X.

Theorem 3.1 and Remark 3.2 in Chapter 1 of [26] imply the following assertion.
Theorem 7. Let X and Y be separable Hilbert spaces and X C Y with continuous injection. Let
u € WY0,T; X,Y). Then u almost everywhere on [0, T equals to a function ii € C°([0, T]; Z),
where Z = [X, Y]y 5 is the intermediate space. Moreover, the trace u(0) € Z is well defined as the
corresponding value of it € C°([0, T]; Z) at t = 0.

Let us prove the following assertion inspired by Lemmas 1.2 and 1.3 in Chapter 3
of [10].

Lemma4. Lets,s' €R,s' <sandu € Wl(O, T; Hy, H;’) be real-valued.
(i) Then,

Ol ull2 oo = 2(AF 0, Ajut)r = 2(A5 )y (105)

s+s

forace. t € (0,T) and also in the distribution sense on t € (0, T).
(ii) Moreover, for any real v € W'(0, T; H#_s/,H#_S) and t € (0,T],

/Ot[<u'(f),v(T)>1r + (u(1),o'(7))r]dT = (u(t),v(t))p — (u(0),2(0))r-  (106)

Proof. (i) Since u € W1(0, T; Hj, H;l), there exists a sequence of infinitely differentiable
functions {u, } from [0, T| onto Hj, such that

m — uin W0, T; H}, Hy ) asm — oo. (107)
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For each u,,, we have

Oullm (DI 2 = ANAL P (O g = (AT Pun(8), AT P (1))
#

= zRe<A§:+S’>/ 200, (8), AT zum(t)>T = 2Re<A;/u;1(t),Aium(t)>T. (108)

By (107),
lum Iy = IAZum 1T, — 130T, = lullfy; in Li4(0,T),
2 / 2 12 2
IIuinIIH;/ = [ Aj Ty, — 1A ]IT,, = IIM’HH;r in L14(0, T).
Hence,

<A;'u;1,A;um>T - <A§u’,A3u>T in L14(0, T).

These convergences also hold for a.e. t € (0,T) and in the distribution sense; therefore,
we are allowed to pass to the limit in (108) in the distribution sense, arriving at (105) in
the limit.

(ii) Since u € Wl(O, T; Hg, Hi/) and v € W! (0, T; H#_S/, H,*), the dual products under
the integral in (106) are bounded in L1(0, T) and hence the integral is well defined. On
the other hand, Theorem 7 implies that u and v almost everywhere on [0, T] equal to,

respectively, functions i € C°([0, T] ;H§5+S/)/ *yand o € CO([0, T] ;Hy, (s+5')/ %). Then, the
traces u(t), v(t), u(0),v(0) are well defined as the corresponding values of i and 7, implying
that the dual products in the last two terms in (106) are well defined. Further, in the proof
we redefine u and v on a set of measure zero in [0, T| as the functions 7 and 7, respectively.

There exists a sequence of infinitely differentiable functions {vy } from [0, T] onto H, s
such that v, — vin W'(0, T; H#_S/, H,*), k — co. For each u,, and vy, we have

(i (), 06 () ) + (i (£), 01 (8) ) p = 9t (£), 0k ()7,
which after the integration in ¢ leads to
t
/0 [ (T), (D)) + (4 (7), 0 (7)) p]dT = (1t (£), 0k (8)) 7 — (i (0), 0 (0)) -
Taking the limits as m — co and k — oo, we obtain (106). O
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