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Abstract

In this paper, we study a robust optimization problem whose constraints include non-
smooth and nonconvex functions and the intersection of closed sets. Using advanced
variational analysis tools, we first provide necessary conditions for the optimality of
the robust optimization problem. We then establish sufficient conditions for the opti-
mality of the considered problem under the assumption of generalized convexity. In
addition, we present a dual problem to the primal robust optimization problem and
examine duality relations.

Keywords Robust nonsmooth optimization - Optimality condition -
Mordukhovich/limiting subdifferential - Duality - Constraint - Closed set

1 Introduction

Because of prediction error, fluctuation and disorder, or lack of information, many
practical and realistic problems have uncertain data. So robust optimization has
emerged and become a remarkable and efficient framework for studying mathematical
programming problems under data uncertainties; see, e.g., [3, 4].
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Nowadays, robust optimization has been intensively studied in all aspects of theory,
method and application [7, 9, 10, 13, 15, 17, 21, 22, 31].
The goal of this paper is to study an uncertain optimization problem of the form:

m
inf {f(x,7) |x €[ )C), gilx,u)) <0, i=1,..,p}, (UP)
xeR? j=1

where x is a decision variable, T and u;, i = 1, ..., p, are uncertain parameters, which

reside in the uncertainty sets 7 and V;, respectively, T C R¥ and V; ¢ R%, i =

1, ..., p, are nonempty compact sets, C; C R", j = 1, ..., m, are nonempty closed

subsets,and f : R" x T'— Rand g; : R* x V; - R, i =1, ..., p, are functions.
A robust optimization problem associated with (UP) is defined by

m
i g u) <0, Yu e Vi, i=1, ..., pl.
xlélﬂgn{rrnea%(f(x,rﬂxeQC‘,,g,(x,u,)_O, wieVii=1l..p| (P
J:

The problem of type (RP) admits a general formulation and so it provides a uni-
fied framework for investigating various robust optimization problems. For instance,
when m := 1, the nonempty subset C is a closed convex set in R”, f is a continuous
convex function, and gy, ..., gp, are continuously differentiable functions, Chieu et
al. in [6] examined links among various constraint qualifications including Karush—
Kuhn-Tucker conditions for an optimization problem without uncertainties. In the
case of m := 1 and the constraints related to a convex cone, Ghafari and Mohebi in
[12] provided a new characterization of the Robinson constraint qualification, which
collapses to the validation of a generalized Slater constraint qualification and a sharp-
ened nondegeneracy condition for a (no uncertainty) nonconvex optimization problem
involving nearly convex feasible sets.

Another approach based on a characterization of the normal cone together with the
oriented distance function to establish necessary and sufficient optimality conditions
for a smooth optimization problem of type (RP) without uncertainties was given by
Jalilian and Pirbazari in [14]. When there are no uncertainty and constraint functions
gi, we refer the reader to [1] for a recent result on optimality, which was obtained by
using a canonical representation of a closed set via an associated oriented distance
function. For a special case of this problem (RP) with m := 1, where there is no
uncertainty in the objective, C| is a closed convex cone of R”, f and g;(-, u;), u; €
Vi, i =1, .., p, are convex functions, Lee and Lee in [18] established an optimality
theorem for approximate solutions under a new robust characteristic cone constraint
qualification. This result was developed by Sun et al. in [30] to a more general class
of robust optimization problems in locally convex vector spaces.

In passing, dealing with a robust optimization problem involving many simple
geometric constraints C;’s in (RP) is often more preferable than involving a single
abstract set due to the technical calculations of related concepts in variational analysis
and nonsmooth/nonconvex generalized differentiations. Moreover, general program-
ming problems with finitely many geometric constraints arise frequently in practical
applications (see e.g., customer satisfaction modelling within the automotive industry
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[14]) and many other popular classes of optimization problems with specific types
of constraints [2, 23] can be reformulated and cast into resulting models involving
geometric constraints.

To the best of our knowledge, there are not any results related to optimality condi-
tions and duality for the nonsmooth and nonconvex robust optimization problem (RP).
This is because there are challenges associated with not only the nonsmooth and
nonconvex structures of the related functions and sets but also uncertainty data. In
this work, we employ advanced variational analysis tools (see e.g., [24]) and recent
advances on nonsmooth robust optimization (see e.g., [7, 8]) to establish necessary
conditions for the optimality of the robust optimization problem (RP). We also provide
sufficient conditions for the optimality of the considered problem under the assump-
tion of generalized convexity. Moreover, we address a dual problem to the robust
optimization problem (RP) and explore duality relations between them.

The organization of the paper is as follows. Section 2 provides some basic concepts
and calculus rules from variational analysis needed for proving our main results. In
Sect. 3, we establish necessary conditions and sufficient conditions for the optimality
of problem (RP). Section 4 is devoted to examining robust duality relations between
the problem (RP) and its dual problem. The last section summarizes the obtained
results.

2 Preliminaries

Throughout the paper, the inner product and a norm in R” are denoted respectively
by (-,-) and || - ||, where n € N := {1,2,...}. We use the notation R’} and R”
for the nonnegative orthant and nonpositive orthant of R", respectively. Let " be
a nonempty subset of R”, the interior, the convex hull and the boundary of I" are

denoted respectively by int I", coI" and bd I". The notation x L % means thatx — ¥
and x € I'. The polar cone of I' C R" is defined by

re:={¥eR"|(Wx) <0, Vx eT}.

Let 7 : X € R*" = R™ be a multivalued function/set-valued map. F is closed at
x € X if for any sequence {x;} C X, x; — x and any sequence {y;} C R™, y; €
F(x1), vy —> yasl — oo, we have y € F(X).

Let us recall some concepts and calculus rules from Variational Analysis (see e.g.,
[24, 27]). Let F : R" = R” be a multivalued function, the sequential Painlevé-
Kuratowski upper/outer limit of F at X € dom F is given by

Lim sup F(x) := {9 € R” | 3 sequences x; E) X and ¥; — ¥ with ¥; € F(x;) for all / € N},

r_
X—>X
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where domF := {x GB” | F(x) # @}. The Fréchet normal cone (known also as the
regular normal cone) N(x; ') to " at X € T is defined by

(9, x —%) _

NG T):={® eR"|limsup _
r lx — x|

We put NG T) = ¢ for any X € R"\I'. The Mordukhovich normal cone (known
also as the limiting normal cone) N (x; I') to I" at x € I is defined by

N(x;T) := Limsup N(x; I).
ng
Ifx € R™"\I', then N(x; ") := @. Given a function ¢ : R" — R, where R := RU{oc},
we denote epiyy = {(x,a) € R" x R | ¥ (x) < a}. The Fréchet subdifferential and

limiting/Mordukhovich subdifferential of ¥ : R" — R atx € R” with | (X)| < oo
are respectively given by

Y@ = {0 eR" | (9, —1) € N(& v @) epi )},
Y = {0 eR" | (9, —1) € N(&, ¥ (@); epi ¥)} .

If |1 (x)] = oo, then the above subdifferentials are empty. Given a set ' C R”, we
consider an indicator function §(-; I') defined by

5 T) 0 if x eT, @
x; )= o .
oo ifxérl.

By [27, Proposition 1.19], we obtain that
N&;T)=098(x;I") forx eT. 2.2)
Remark that the above-defined normal cones and subdifferentials reduce to the
corresponding concepts of normal cone and subdifferential in convex analysis when
I' is a convex set and v is a convex function.

When v is locally Lipschitz at ¥ € R”, i.e., there exist a neighborhood U of X and
areal number £ > 0 such that

[ (x1) — ¥ (x2)| < Lllxi —x2ll Vxi, x2 €U,
we assert by [24, Corollary 1.81] that ||#] < £ for any & € 9y (x). Moreover, if X is
a local minimizer for Y, then we get by the nonsmooth version of Fermat’s rule (see

[24, Proposition 1.114]) that

0 e dy(x). (2.3)
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Lemma 2.1 ([24, Theorem 3.36]) Let the functions ¥; : R* — R i=1,.., p,p>
2, be lower semicontinuous around x € R", and let all but one of these be locally
Lipschitz at x. Then one has

WY1+ +Yp)X) CIY1(X) + -+ + Y, (X). 2.4

In the rest of this section, we recall a calculus rule for calculating the limiting
subdifferential of maximum of finitely many functions.

L_emma 2.2 ([24, Theorem 3.36 and Theorem 3.46]) Let the functions ¥; : R" —
R,i =1,..,p, p = 2, be locally Lipschitz at X € R" and denote the maximum
Sfunction by ¥ (x) 1= nllax Y (x) for x € R". Then

p

i=

,,,,,

P p
i@ < J[X won® 1 Y m=1 mizo0,

i=1 i=1

M;(lﬂi(f)—iﬂ(f))ZO,i=1,---,P}~ 2.5

3 Robust Optimality Conditions

In this section, we first present necessary conditions for the optimality of the robust
problem (RP). We then establish sufficient conditions by employing the generalized
convexity for a set of finitely many real-valued functions.

In what follows, we assume that the objective function f together with the constraint
functions g1, ..., gp of the problem (RP) satisfy the following assumptions:

(Al) Given a fixed x € R”", there exist neighborhoods U;, i = O, ..., p, of x
such that the functions T € T — f(x,1), x € Up, and u; € V; — g;i(x,u;),
x € U;,i = 1,..., p are upper semicontinuous and the functions f and g; are
partially uniformly Lipschitz of ranks Lo > 0 and £; > 0 on Uy and U;, respectively,
ie.,

[f(x1,7) — fx2, D) < Lollxt —x2ll Vxi, x2 € Up, VT e T,
lgiCx1, ui) — gi(xo, u)| < Lillxy —x2ll Vxi, x2€U;, Vu; € Vi, i=1,..,p.

(A2) For the above x € R”", the multivalued function (x,7) € Uy x T =
oy f(x,t) C R" is closed at (x,T) for each T € T (x), and the multivalued func-
tions (x,u;) € Uy X V; =3 dygi(x,u;) C R*,i = 1,..., p are closed at (x, u;) for
eachu; € V;(x), where the symbol 9, stands for the limiting subdifferential operation
with respect to the first variable x and

Tx):={teT | f&x,1)=F®}, Vi) :={u; € Vi | &(x, ui) =Gi(x)}
3.1
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with
FX):=max f(x, 1), Gi(x) :=max g;(x,u;), i =1, ..., p. 3.2)
el u;€V;

It is worth mentioning that the above assumptions are commonly found in the study
of robust optimization problems or in the nonsmooth analysis such as calculating
the nonsmooth subdifferentials/subgradients of max or supremum functions over an
infinite set. More precisely, the hypothesis (A1) ensures that the functions F and
Gi, i =1, ..., p, are well-defined, and furthermore, it entails that the functions F and
G; are locally Lipschitz of ranks Lo and £;, i = 1, ..., p, respectively. The hypothesis
(A2) can be viewed as a relaxation of subdifferentials for the class of convex functions,
and this assumption is automatically satisfied in smooth settings as their gradients are
continuous (see Corollary 3.1 below). In fact, (A2) holds for a broader class of regular
nonsmooth functions including subsmooth, and continuously prox-regularity functions
whenever (A1) holds. We refer the interested readers to [7, 8] and the references therein
for a detailed review.

Letus introduce the following constraint qualification (CQ), which will be necessary
to derive the Karush—Kuhn—Tucker (KKT) condition for the robust problem (RP).

m

Definition 3.1 For the problem (RP),letXx € S :={x e R" |x € () C}, gi(x,u;) <
j=1

0, Yu; € V;, i =1, ..., p} and denote

14
A®) = {1, . hp) € RY | ;Ai =1 dimax &%, ui) =0, 0 =1, ... p).
1=

We say that the constraint qualification (CQ) is satisfied at X if there does not exist
(K15 ves p) € A(X) such that

p m
0€ > mico{degi(¥. u;) | uj € V;(®}+ Y N(E: C)),
i=1 j=1

where V; (X) is defined by (3.1).

Observe that the concept of (CQ) in Definition 3.1 reduces to the (extended)
Mangasarian-Fromovitz constraint qualification in the case of smooth setting with
C;=R" j=1,..,m(see,e.g.,[5,24,27] for more details).

We are now ready to present necessary optimality conditions for the robust prob-
lem (RP) in terms of the limiting/Mordukhovich subdifferentials and normal cones.

Theorem 3.1 Let the assumptions (Al) and (A2) hold for an optimal solution X of prob-
lem (RP). Assume that the equation vi + - -- + vy, = 0, where v; € N(x; Cj), j =
1,...,m, has only the trivial solution v;j = 0, j = 1,...,m. Then, there exists

@ Springer



Journal of Optimization Theory and Applications (2024) 202:771-794 777

P
(0, (1, ooy Up) € RT_I with > w; = 1 such that
i=0

p
0€ pocofde f(X, )| T € T+ ) picofdegi (%, ui) | ui € V;(¥)}

i=1

m
+Y NGE:C)). (3.3)
j=1
uimax gi(x,u;)=0,i =1, .., p. 3.4
u; €V;

If assume additionally that (CQ) holds at x, then [ in the relation of (3.3) is a positive
number.

Proof Assume that X is an optimal solution of problem (RP), we define the
corresponding function ¥ : R” — R as follows:

Y(x) :=max{F(x) — FX), Gix),i=1,..,p}, xeR",

where F and G;, i = 1, ..., p, are defined by (3.2).
We claim that

Y(x) 2 0=y forallx € | C;. (3.5)
j=1

m
Indeed, by G; (X) <0, i = 1, ..., p,itholds that ¥ (x) = 0. Now, take any x € () C;.
j=1
It is easy to see that F(x) > F(x) if x is a feasible point of problem (RP), which

entails that 1/ (x) > 0. Otherwise, it is true that nllax Gi(x) > 0and so ¥ (x) > 0.
i=1,...,p
By (3.5), we see that X is a minimizer of the following optimization problem

min 4 9(x) +80x; (€ (3.6)

j=I1

where § is the indicator function defined as in (2.1). Applying the nonsmooth version
of Fermat’s rule in (2.3) to the problem (3.6) gives us

0€d(y+38(:()CH)E.
j=1

Note that, under (A1), the function ¥ is locally Lipschitz around X and that, due to
the closedness of the sets Cq, ..., Cy,, the indicator function § is lower semicontinuous
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around this point. Therefore, invoking the sum rule for the limiting subdifferential in
Lemma 2.1 and the formula (2.2), we arrive at

0€dy(® +NE: [ )Ch. (3.7)
j=1

Moreover, since the system v; +--- + v, =0, wherev; € N(x; C;), j =1,...,m,
has only one solution, v; = 0, j =1, ..., m, we apply the formula of normal cones
to finite set intersections (cf. [27, Corollary 2.17]) to arrive at

m
NE: [)C)) C NG C)+ -+ NE: C).
j=1

This, together with the calculus rule in Lemma 2.2 and the inclusion (3.7), yields

P
0e [ J{edF® + Y aiaGi@® a0, a 20,
i=1

p m
a+ wi=1G@=0i=1, .., p} +Y N@C). (38

i=1 j=1

Under the assumptions of (A1) and (A2), we argue similarly as in the proof of [7,
Theorem 3.3] to arrive at

0F (@) Ccofoy f(x, )| T € TX)},
0G;(X) C co{drgi (X, u;) | u; € Vi(X)}, i =1, ..., p, (3.9)

where T (x) and V; (x) are given as in (3.1).
Next, combining (3.8) and (3.9) shows that there exists (@o, ..., p) € RT’I such

p
that > u; = 1 and
i=0

0 € pocofoy f(x,7)| T € T(X)}
V4 m
+ ) wico{degi (%, ui) | i € i)} + Y N&: C)),

i=1 j=1
uimax gi(x,u;) =0,i =1, ..., p.

u;eV;
So, (3.3) and (3.4) have been justified.

Now, let the (CQ) be satisfied at x. We obtain from (3.3) and (3.4) that ug > 0,
which completes the proof. U
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The following corollary gives necessary optimality conditions for the robust prob-
lem (RP) under the smoothness of related functions and the convexity of uncertainty
sets. In this case, both the hypotheses (A1) and (A2) are automatically satisfied. In
what follows, we use V. h(x, T) to denote the derivative of a differentiable function &
with respect to the first variable at a given point (x, 7).

Corollary 3.1 Let x be an optimal solution of problem (RP), where T and V;, i =
1, ..., p, are convex sets. Let U;, i = 0, ..., p, be neighborhoods of X such that for
each x € Uy and x € U;, i=1,...p f(x,"), gi(x, ) are concave functions on T and
Vi, respectively. Assume that f and g;i, i = 1, ..., p, are strictly differentiable with
respect to the first variable on Uy x T and U; x V;, respectively. Assume further that
maps (x, t) — Vi f(x, 1) and (x, u;) — Vigi(x, u;) are continuous on Uy x T and
Ui x V;, respectively. If the system vy + --- + vy, = 0, where v; € N(x;Cj), j =
1, ...,m, has only one solution v; =0, j =1, ..., m, then there existT € T (X), u; €

P
Vix), i =1,..., pand (uo, L1, ..., Lp) € Rﬁ“ with Y wu; = 1 such that
i=0

p m
0€uoVaf® D)+ Y wiVeiX,w) + Y _ N C)), (3.10)
i=1 j=I1

,u,'g,-(f, ﬁ,‘) = 0, i = 1, ey P (3.11)
Moreover, we have gy > 0 if the condition (CQ) is satisfied at X.

Proof Observe first that the hypothesis (A2) is automatically satistied at x for our
setting as the maps (x, t) — Vi f(x, 1) and (x, u;) — V,gi(x,u;),i =1, ..., p are
continuous on Uy x T and U; x V;, respectively. To verify the hypothesis (A1), we
only justify for the function f as the similarities go for the functions g;, i =1, ..., p.
To see this, we first claim that for each € > 0, there exists neighborhood U of X
satisfying

IVifx, ) = Vi f(r, o)l <€, Vx,yeUs,VTeT, (3.12)
where U, can be chosen such that U, C Up and it is a convex set. To prove (3.12),
suppose on the contrary that there exist € > 0 and a sequence {(xx, Yk, Tx)} in Up X
Up x T such that (xg, yr) — (x,x) as k — oo and
IV f (ks T) = Vi f Ok, w) ||l > € Vk € N. (3.13)
Because of the compactness of T and passing to a subsequence if necessary, we may
assume that {r;} converges to some T € T. Besides, due to the continuity of the map
(x,7) > Vi f(x,t)on Uy x T, it follows that
Vi f i, o) = Vi f(X,T) and Vi f (yk, %) = Vi f(X,T) ask — oo,

which contradicts (3.13).
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Let (3.12) hold fora given € > 0. Forany x, y € U withx # yandforanyt € T,
by the mean value theorem (cf. [11, Theorem 2.4, p. 75]), we find z € (x,y) C Ue
satisfying the condition

fx, )= f, ) =(Vaf(z, 1), x —y),

where (x, y) := co{x, y} \ {x, y}. This, together with (3.12), gives us

KVif(, D x =) = fx, D+ f, D =KV f ., 1) = Vi f(z,7), x — )]
SUIVifQ, o) = Vi f@ Ol - lIx =yl
<elx =yl (3.14)

Therefore, it follows that

1f ) = F, O < (Ve f s Ol +€)lx =yl

Moreover, by (3.12), |V, f(y, D) < |Vx f(X, T)|| + €, we arrive at

|f G, D) = O, O < (IVa f &, ©) + 2€]) llx = yll. (3.15)

We conclude that (3.15) holds for every x, y € U and 7 € T as the case of x = y
also holds trivially.
By the continuity of function t — ||V, f(x, t)|| on the compact set T, it admits
the maximum value over 7, and so we can take £y > mea;({Hfo(f, D) + 2€}.
T

Consequently, the hypothesis (A1) is satisfied.
In this setting, we can verify that (see e.g., similar arguments as in [7, Corollary
3.4)).thesets (Vi f(xX, 7) | T € T(X)}and {Vagi (X, ui) | ui € ViX)}, i =1, ..., p,

P
are convex. Applying Theorem 3.1, we find (uo, 1, ..., 4p) € Rfrl with Y u; =1
i=0
such that

p m
0€ uo{Vaf @ DIt e T+ Y wilVagi® wi) | wi € i@} + ) NG C)),
i=1 j=1

uimax gi(x,u;)=0,i =1, .., p,
u; €V;
which imply the assertions in (3.10) and (3.11), and thus completes the proof. ]

Remark 3.1 By considering m := 1, Corollary 3.1 can be regarded as a generalization
version of [19, Theorem 2.3], which was obtained by another approach.

Let us now illustrate the necessary optimality conditions given in Theorem 3.1.
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Example3.1 Let f : RZ2x T — Rand g : R?> x V; = R, i = 1,2,3 be given
respectively by

4
fOom) =+ <l = b+ 1] -2

g1(x,uy) = —|x1 + §| + |x2 — §| +2ui —uy =3,

&2(x, uz) :=2[x1 + 1| + |x2 + 1| — uy,
g3(x, u3) := xysinuz + xocosuz — 1,

where x := (x,x2) e R, v € T :=[-2,—11U[L,2], u; € Vi :=[0,1], up €

Vo :=[2,5]and uz € V3 := [_5’ m]. We consider the robust optimization problem

(RP) with geometric constraints C;, j = 1,2, given by Cy := {(x1,x2) € R2 |
3

x? 4+ x% <2}and Cp :=[-2,0] x [—1, g], which is the following problem

xeR2 LzeT

inf {maxf(x, )| x € CiNCa, gilx,u;) <0, Vu; € Vi, i = 1,2,3}. (EP1)
In this setting, for each x := (x1, x3) € R2, we see that

4
Fx) =maxf(x,7) =|x1+ -| = [x2+ 1] =1,
teT 5
4 3
G1(x) := max g (x,uy) = —|x; + -]+ x2— -] =2,
ujeVp 5 5

Ga(x) == max ga(x, u2) = 2|x1 + 1| + |x2 + 1] = 2,
ur€VH
and (cf. [7, Example 3.6]) that

max{—x;, —x2} — 1 if x € (=00, 0) x (—00, 0),

G3(x) := max g3(x,u3) = .
u3eV3g lx]| =1 otherwise.

Denote S := {x := (x1,x2) € R? lx e CiNCy, Gi(x) <0,i=1,2,3}. Then, S is
the feasible set of problem (EP1) and is depicted in the gray shade of Fig. 1.
Letting X := ( -3 §) € §, we can verify that the assumptions (A1) and (A2) are

satisfied at X. Moreover, we can also check that X is an optimal solution of problem
(EP1). By direct calculation, we obtain that

NX; C1) = {(0,0)}, N&; C2) ={(0,b) € R* | b >0},
Tx) ={-1,1}, Vix) = {1}, Va(x) = {2},
Vi) = (T € [— % ] | — 2 sinits + Scostis = 1),
2 5 5
Gi(x) =-2, G(x) =0, G3(x) =0.
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Fig. 1 The feasible set S of T2
problem (EP1) is shaded in gray

201 +220+1=0 1

2 +2i=1
x

€1

-1

Then, foreach t € T(X), u; € Vi(x), up € Vo(x) and u3 € V3(x), we have

o0xf(x, 7)) =[-1,1] x {1} = cooy f(x,7) =[—1, 1] x {—1},
g1(x,u) ={—1,1} x [-1,1] = co{d g1(x,u1)} =[—1,1] x [—1, 1],
0xg2(x, uz) ={(2, D} = cofirga(x, u2)} ={(2, D},

0x83(x, u3) = {(sinus, cosuz)} = co{d,g3(x, u3)} = {(sinus, cosus)}.

3 1
Taking po = 7 uy = 1 and 1 = u3 = 0, we see that

0€ pocofdy f(x,7)|T € T(X)}

3 2
+ Y picoldgi(X, ui) | ui € Vi) + Y NE: C)),
i=1 j=1
uimax gi(x,u;) =0,i=1,2,3,
u; €V

which show that the necessary optimality conditions in Theorem 3.1 hold for the
problem (EP1).

Let us state a robust Karush—Kuhn—-Tucker (KKT) condition for the problem (RP).

Definition 3.2 Let x be a feasible point of problem (RP). We say that the robust (KKT)
condition is satisfied at X if there exists (i1, ..., ip) € Ri such that

p m
0 €cofde f(F.T) [T € T+ Y pico{degi (%, ui) | ui € i@y + Y N& C)),
i=1 j=1
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uimax gi(x,u;) =0,i=1,..., p.
u;€V;

Remark 3.2 With the assumptions as in Theorem 3.1, it can be seen that if the condi-
tion (CQ) satisfies at an optimal solution x of problem (RP), then the robust (KKT)
condition holds at Xx. However, if the robust (KKT) condition is satisfied at a feasible
point X of problem (RP), we may not conclude that X is an optimal solution of the
problem as the following example shows.

Example3.2 Let f : R? x T — Rand g : R? x V| — R be defined by

fx,7):= xf + rx% —3x1x2, g(x,u) := u(x% ~|—x%),

2
where x = (x1, x2) € R 1eT := [g, 1] and u € V; := [—3, 0]. Consider the
following problem

mqmgﬂmm|xecbgnmgavMew} (EP2)

xeR2 " 1€

with the geometric constraint C; := {x € R? | x% + x% <1}
Let x = (0, 0) be a feasible point of problem (EP2). By direct computation, we
obtain

F(x) :=maxf(x,1) = xf’ +x§ — 3x1x2, G(x) := maxg(x,u) =0, x € R?,
teT uev]

O f(x, 1) = {(0,0)}, 9xg(x,u) ={(0,0)} and N(x; C1) = {(0, 0)}.

Observe that the robust (KKT) condition satisfies at x. However, X is not an optimal
solution of (EP2) as F(x) =0 > —1 = F(X), where x = (—1, 0).

Inspired by [7], we define the following generalized convexity. For the conve-
nience in the sequel, we employ the notations F(x) := ma% f(x, 1), and G;(x) :=
TE

max g;(x,u;), i =1, ..., p, forx € R".
u;eV;

Definition 3.3 The combination (F, Gy, ..., Gp) is called generalized convex at X €
m m m
() Cj,if forany x € () C;, there exists w € ( Y. N(¥; C;))° such that
j=1 j=1 j=1
f(x7 T) - f(fa T) Z (X*a w> VX* € axf(fv T)a VT [S T(E)v
gi(x,up) — gi (X, u;) = (xj', w) Vxi € degi(x,u;), Yu; € Vi(x), i = 1,..., p,

where 7' (x) and V; (), i = 1, ..., p, are defined as in (3.1).

We can verify that if the functions f(-,7), t € Tand g; (-, u;), u; € Vi, i =1, ..., p,

are convex, then the inequalities in Definition 3.3 are automatically satisfied at any
m m

X € () C; by letting w := x — X for each x € (1) C;. However, the reverse is not
j=1 j=1

true in general as the following example shows.
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Example3.3 Let f :Rx T — Rand g : R x V| — R be given by

f(x,r):=x2+t,xeR,teT,
ux* if u e v\ {0} and x € R,
glx,u) = % if u=0andx >0,

2x if u=0andx <0,

where T := [0, 1] and V| := [0, 2].
Denote F(x) := ma;( f(x,7) and G(x) := ma%/x g(x,u) for x € R. We consider
TE uevy

Ci:=[-2,0]and x = 0 € Cj. It holds that
T'(x)={1}, Vi(x) :=1[0,2], 0, f(x, 1) = {0},

deg(x, u) = {0} foru € Vi \ {0}, 8,g(x, 0) = {%, 2} and N(¥; C1)° = (=00, 0].

In this setting, we can verify that the generalized convexity of (F, G) is satisfied at X,
while g1 (-, 0) is not a convex function.

The next theorem supplies sufficient conditions for the optimality of problem (RP).

Theorem 3.2 Suppose that the robust (KKT) condition holds at a feasible point X
of problem (RP). If (F, Gi, ..., Gp) is generalized convex at X, then X is an optimal
solution of problem (RP).

Proof As X satisfies the robust (KKT) condition, we can find (i1, ..., itp) € Rfi and

x* ecoldy f(F.7) | T € T®)}, xF € cofdegi (X, ui) | ui € Vi(®}, i=1,....p
(3.16)

such that
P m
- (x* + Zu,-xi*) €Y NG C)), (3.17)
i=1 j=1
wimax gi(x,u;) =0,i=1,..,p. (3.18)
u;eV;
By (3.16), there exist A; > 0, xl* eonfx, ), ueTX),l=1,..,11; €N,

k
Wik > 0, xjy € 0 gi (X, uir), uix € Vi(x), k =1,....,k;, ky € Nsuchthat ) uy =
k=1

i

It
1,> A& =1and
=1

I ki
x* = Z)‘lxl*’ X = Zuikxfk, i=1,..p.
=1 k=1
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Therefore, we get from (3.17) that

I p ki m
Do mx D D max | € Y ONGC)). (3.19)
I=1 i=1 k=1 j=1

Assume on the contrary that X is not an optimal solution. Then, there exists a feasible
point X of problem (RP) satisfying

F&) < FX). (3.20)

where F(x) := ma%( f(x, 7) for each x € R".
TE
By the generalized convexity of (F, Gi, ..., G,) at X, for the above X, one can find

m
we (Y N C)))° such that
j=1

le )4 ki
0< Zkz(xz*, w) + ZMi(ZMik(x;kk» w))
=1 i=1 k=1
Iz p ki
=D MU E W = FE )+ (Y ik R i) — g wie)) ),

=1 i=1 k=1

where the first inequality holds due to (3.19) and the definition of polar cone. This
gives us

Iz P ki
DonfE )+ Y i | Y mingi (%o uin)
=1 i=1 k=1

ki

Iz 14
<Y MG A Y | D kg (& uir) | - (3.21)
=1 i=1

k=1

It is worth noting that from the definition of max functions F(x) and G;(x), i =
I, ..., p, we arrive at f(/x\s ) = .7:(3(\), gi(f, uig) =< gi(f), f&x )
FX), gitx,ujx) =Gix)forl =1,..,1;,l; e NygeTX),k=1,..,k, k €
N, ujr € Vi(x). So, it follows by (3.21) that

p ki P ki
FE+ Y ) wietiGi(®) < F@ + )Y pamiGi®.  (322)

i=1 k=1 i=1 k=1
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Note that G;(x) < 0 fori = 1, ..., p and by (3.18) that ;G; (x) = 0. Therefore, the
inequality (3.22) shows that

Fx) < FX),

which entails a contradiction to (3.20), and so the proof is complete. ]

Remark 3.3 Theorem 3.2 develops [19, Theorem 2.4] with m = 1. In the case, where
there are no geometric constraints, we refer the interested reader to [17, Proposition
2.1] for a necessary and sufficient condition for robust optimal solutions of a robust
convex optimization problem.

The next example shows how one can utilize Theorem 3.2 to verify an optimal solution.

Example 3.4 Let f : R?> x T — Rand g : R> x V; — R be defined by

X1 X2 .

— +—+u if x;+x >0,
fx, 1) = |x] +x§+rlt2 and g(x,u) =13 2 2

x1+xp+u if x;1+x <0,

where x := (x1,x2) € R2, 7 := (t1,2) € T :={(11, 1) € R2 | 71 =0, 1o >
0, 112 + r22 < 1} and u € V; := [-2, 0]. Consider a robust optimization problem:

inf {maxf(x,7) | x € C; N Cy, g(x,u) <0}, (EP3)

xeR2 " teT

where the geometric constraints C; and C, are described by
Ci=R2and Cs :={x e R? | xyxp < 1}.

It is clear that X := (0, 0) is a feasible point of problem (EP3). Denote F(x) :=
ma%( f(x,7)and G(x) := ma%/x g(x, u) for x € R2. By direct calculation, one has
€ uev

r® = (555

3 f(X, 1) =[=1, 1] x {0} for T € T(®)

, Vi(x) = {0},

11
and 3, g(x, u) = {(5, E)’ (1, D} foru € Vi (¥).
Then, we can verify that the robust (KKT) condition of problem (EP3) is satisfied at
X.

To verify the generalized convexity of (F, G) at X, take arbitrarily x := (x, x3) €
C1 N Cs. Then, by taking w := (0, 2x1 + 2x2) € (N(X; C1) + N(¥; C2))° = R2, we
have

fx, )= fix, ) > W w) Yu*ed,f(X,1), VT € T(X),
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glx,u) —glx,u) > (v*, w) Yv* € d,g(X,u), Yu € Vi(%),

which show that (F, G) is generalized convex at x. Now, applying Theorem 3.2, we
claim that X is an optimal solution of the considered problem.

4 Duality in Robust Optimization

In this section, we propose a dual problem to the uncertain optimization problem (UP)
and examine some robust duality relations for the pair of primal and dual problems.
For the sake of convenience, we recall here the notations
F(y) :==maxf(y, 1), Gi(y) := maxg;(y,u;), i =1, ..., p,
teT ui €V
T(y)={teT | f(y,1)=F(y)} and
Viy) :={ui € Vi | gi(y,ui) =Gi(»}h i=1,...p,

where y € R”.
For the uncertain optimization problem (UP), we address an uncertain dual
optimization problem as follows:

max {f(y,7) | (y,n) € Sp}. (DU)

where 7 € T and the feasible set Sp is defined by

Soi={we(CHxRL10e  coloef(n )| T e TG
j=1

P
+ ) micoldgi (v, ui) | u; € Vi(y)}

i=1

" P
+ ZN()’? ¢, ZM[G[()’) > O}.
i=1

j=1

We investigate the problem (DU) by analyzing its robust (worst-case) counterpart:
max {max f(y, 7) | (v, 1) € Sp}. (DR)

Note that a point (¥, ) € Sp is a solution of (DR) if F(y) < F(3) for every

(y, 1) € Sp.
The first theorem in this section provides a weak duality relation between (RP) and

(DR).

Theorem 4.1 (Weak duality) Let x be afeasible point of the problem (RP) and let (y, 1)
be a feasible point of the problem (DR). If (F, Gy, ..., Gp) is generalized convex at y,
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then we have
Fx) = F(y).
Proof Let (y, ) € Sp. This means that p := (@1, ..., ip) € Ri and there exist

x*ecofox f(y. )T € T(M}, X7 € coldrgi(v.ui) | ui € i)} i=1,...p
4.1

such that

P m
—~ (x* + me;*) €Y N@:C, 4.2)
i=1

Jj=1

P
> 1iGi(y) = 0. 43)

i=1

m
Assume that the family (F, G, ..., G,) is generalized convex at y. Then, for x € N C b
j=1
m

above, we find w € ( Z N(y; Cj) ) such that

f, )= fr.1) = W w) Yu*edf(y, 1), VT € T(y),

gi(x,up) — gi(y,uj) = (v, w) Yv* € dcgi(y,u;), Yu; € Vi(y), Vi=1,...p
(4.4)

We assert by (4.1) that there exist A, > 0, y/ € o f(y,m), ©u € T(y),l =

I
w1y, I; € N, such that )" A = 1 and
=1

I
= Z)»zyl*-
=1

Therefore, from (4.4), we have
I
(x*, w) = sz OFw) < D e m) = £, ).
=1
Since f(x,77) < F(x)and f(y, ) = F(y) forallt; € T(y), [ =1, ..., 1, we arrive
at
Iz
(x*, w) <Y M(F @) = F) = Fx) — F(y). 4.5)
=1
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Similarly, we can verify that for each i = 1,..., p, there exist ujx > 0, k =

1,....,k;, k; € N, such that Z Wix = 1, and then
k=1

ki
(x, w) < ka(gi(X) -G =Gi(x) =G (). (4.6)
k=1
Combining now (4.2) with (4.5) and (4.6) gives us

(x*, w +Zul w) < Fx) = f(y)+ZMl(Q,(X) Gi ().

i=1

This shows that

r p
FO) + Y miGi(y) < F&x)+ Y wiGi(x). (4.7)

i=1 i=1

p
Furthermore, > ©;G;(y) > 0dueto (4.3) and G;(x) < Oforalli = 1, ..., p, because
i=1
x is a feasible point of problem (RP). So, we get by (4.7) that

F(y) = Fx),

which completes the proof of the theorem. ]

The following example emphasizes the importance of the generalized convexity
imposed in Theorem 4.1.

Example 4.1 Let f : R?> x T — Rand g : R> x V| — R be defined respectively by
flx,7):= x% —i—xg —3x1x2 + 7 and g(x, uy) := ul(x12 + x%),

where x = (x1,xp) € R2, 7t € T :=[-2,0] and u; € V; := [—1, 0]. Consider a
robust optimization problem:

inf {maxf(x T) | x € Cy, g(x,up) <0}, (EP4)
xeR?

where the geometric constraint C; is given by C1 := {(x1, x2) € R2 | xl2 + x% <1}
Then, the dual problem in terms of (DR) for (EP4) is defined by

max {rpgf(y,r) | (v, ) € Sp}. (ED4)
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11
Let X = (5 5) w = 1landy = (0,0) and denote F(x) := max f(x,7) and
TE

g(x) := ma‘)/( g(x, uy) for x € R2. A direct calculation shows that
uievy

N@; C1)° =R%, T(3) = {0},
Vi(3) = [=1,01, 8 f (7, 7) = {(0, 0)}, 8,:2(F, 7) = {(0,0)},

and so we can check that x is feasible for (EP4) and (x, i) is feasible for (ED4).
Howeyver, it holds that

1
Fx) = ) <0=F(©),
which shows that Theorem 4.1 is not true for this setting. The reason is that the
generalized convexity of (F, G) aty is violated.

In the following theorem, we establish strong duality and converse duality relations
between (RP) and (DR).

Theorem 4.2 (Strong and converse duality) Consider the robust optimization prob-
lem (RP) and its dual problem (DR).

(1) Let assumptions (Al) and (A2) hold at an optimal solution X of problem
(RP). Asssume that the condition (CQ) is satisfied at X and that the equation
vi+ -+ v, =0, where v; € Nx;Cj), j = 1,...,m, has only the trivial

solution vi = --- = v, = 0. If (F, G, ..., Gp) is generalized convex at any
m

y € () Cj, then there exists [t € R‘i such that (x, [x) is a solution of problem
j=1

(DR).

(ii) Let (x, ) be a feasible point of problem (DR). If X is a feasible point of problem
(RP) and (F, Gi, ..., Gp) is generalized convex at X, then X is an optimal solution
of (RP).

m
Proof (i) As X is an optimal solution of problem (RP), it follows thatx € [ C -

Jj=1
According to Theorem 3.1, we can find (no, i1, ..., hp) € RTFI with o > 0 and

P
> wi = 1 such that
i=0

p
0 € pocofdy f (¥, 7) [T € T} + Y picofdegi (%, ui) | ui € Vi(®)}
i=1

+) NG C),

J=1
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uimax gi(x,u;)=0,i=1, .., p.
u;€V;

By dividing the above relationships by ¢, and then setting 1t; := ﬁ, i=1,..,p,
Ko
we obtain that 7z := (i, ..., ) € R} and (x,72) € Sp.

m
Now, let (F, Gy, ..., G,) be generalized convex atany y € N C;.Forany (y, u) €

j=1
Sp, we invoke Theorem 4.1 to conclude that

Fx) = F(y).

This means that (X, i) is a solution of problem (DR).
(i1) As (x, ) € Sp, we have &t := (uy, ...,ﬁp) € Rf_ and

p m

0 € cofdy /@ 1) |7 € T@) + ) Hicoldsgi (F.ui) | ui € Vi@) + ) NG C)).
i=1 j=1

(4.8)

p
D i max g (Fou) 2 0, i =1, .., p. 4.9)
j=1

M,‘GV‘

Let x be a feasible point of problem (RP). Then, it entails that 7z; maé(g,- x,u;) <0
ujevi
foralli =1, ..., p. This, together with (4.9), ensures that

o; maxg;(x,u;) =0,i=1, ..., p.
u;eV;

Namely, the robust (KKT) condition of problem (RP) holds at Xx. To complete the
proof, it suffices to invoke Theorem 3.2. O

We finish this section by giving an example that shows how one can calculate an
optimal solution of a robust optimization problem through its dual counterpart.

Example4.2 Let f :R>x T — Rand g; : R?> x V; - R, i = 1, 2 be defined by

fx, ) =x1l+xl+1-r71,

g1(x, u1) = —x7 4+ 20x2| + u1, g2(x, u2) := us|xy| — 2uz,
where x := (x1,x2) € R, teT:= [1,2], uy € Vi :=[-5,—-3]and up € V, :=
[0, 2].

Consider a robust optimization problem:

inf {maxf(x, ) | xeCiNCy, gilx,u;) <0,i =1, 2}, (EPS)
xeR2 " teT
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where the geometric constraints C and C, are given respectively by
Ci:={(x1,x) € R? | x;1 =0} and Cp := {(x1, x2) € R? | xo >0, x12 —i—x% <1}
Then, the dual problem in terms of (DR) for (EPS) is defined by

max {max f(y, ) | (v, 4) € Sp}, (ED5)
where the feasible set Sp is given by

Sp = {(y, 1) €(C1NC) xR [0e cofde f(y, 1) [T € T(V)}

2
+ Y mico{d,gi (v, ui) | ui € Vi(y))

i=1

2 2
+Y NG C, D miGi(y) = 0}

j=1 i=1

with G; (x) = ma\)/(gi(x, u;), i =1,2forx € R2,
ujevi

Denoting X := (0, 0), we see that X is a feasible point of problem (EPS5). By direct
calculation, we have

T(x) = {1}, Vi) = {-3}, Va(x) = {0},
axf(f’ 1) = [_15 1] X [_13 1]7 8xgl()_C, _3) = {O} X [_27 2]5 ang()_C» O) = {(Os 0)}7
N(x; C) = {(x1,0) e R? | x; € R}and N(X; C2) = {(0, x2) € R? | x, < 0}.

Taking it := (1, 1), we see that (X, ;t) € Sp. Moreover, we can verify that (F, Gy, G»)
is generalized convex at X, where F(x) := ma% f(x, ) for x € R2. Employing now
TE

Theorem 4.2(ii), we assert that x is an optimal solution of problem (EPS).

5 Conclusions

This paper studied arobust optimization problem, where the related data are nonsmooth
and nonconvex functions, and moreover the constraint set involves an intersection of
finitely many closed sets. More concretely, we presented necessary conditions for the
optimality of the underlying problem. Under the additional assumption of generalized
convexity and the robust (KKT) condition satisfying at a given feasible point, we
provided sufficient conditions that allow the referenced feasible point to be optimal.
We also established a dual problem to the robust optimization problem and proposed
their duality relationships.

It would be interesting to see how we can develop numerical schemes based on
the obtained optimality conditions to find optimal solutions or optimal value for the
considered robust optimization problem. When the intersection of finitely geometric
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constraints involves data uncertainties, the investigation of the corresponding robust
optimization problem might become intractable and the current approach would not
be applicable as we encounter an uncertainty setting, where the robust optimization
counterpart inherits an infinite number of geometric constraint sets. Some possible
approaches such as tangential extremal principles for a countable set system in [25,
26] could be developed to study this type of uncertain/robust optimization problems.
Moreover, some appropriate applications to examine other general classes of robust
optimization problems are well worth a further study.
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