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Abstract

We describe the sixth worst singularity that a plane curve of degree d > 5 could
have, using its log canonical threshold at the point of singularity. This is an exten-
sion of a result due to Cheltsov (J Geom Anal 27(3):2302-2338, 2017) wherein
the five lowest values of log canonical thresholds of a plane curve of degree
d > 3 were computed. These six small log canonical thresholds, in order, are 2/d,
d —3)/(d — 1% @2d — 1)/(d*>—d), 2d —5)/(d*> —3d + 1), 2d — 3)/(d*> —2d)
and 2d —7)/ (d*> —4d +1). We give examples of curves with these values as their
log canonical thresholds using illustrations.

Keywords Log canonical threshold - Plane curves - «-invariant of Tian singularity

Mathematics Subject Classification 14H20 - 14H50 - 14J70 - 14E05

1 Introduction

Let C; C P? be a reduced plane curve of degree d over C and P be a point on Cy.
We aim to address the following question:

Question 1.1 Given a curve Cy of fixed degree d, what is the worst singularity that the
curve can have at the point P?

We can use various parameters to measure the singularity at the point P, such as
multiplicity of the curve at P, multp(Cy), Milnor number, w(P), or log canonical
threshold of the curve at P, Ictp (IP’Z, Cy). In this paper, we will use Ict P(]P2, Cy) to
answer the above question. Recall that

lctp(IP’z, Cg) = sup {A € Q | the log pair (]P’z, ACyq) is log canonical at P}.
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Fig.1 (i) C3:xy(x —y) = 0; (i) C3: y(x2 — y) = 0; (iii) C3 : x2 — y3 = 0; (iv) C3 :xy(x — 1) =0
By [4, Exercise 6.18] and [4, Lemma 6.35], we have

1
—  Cletp(PECy € ———
multp o S o s e

This implies that the smaller the value of Ict p (P%, C,), the worse the singularity of the
curve Cy at P.

In order to answer Question 1.1 for d < 4, the values of log canonical threshold of
a given reduced curve C; at P were computed.

Example 1.2 If d = 1 or d = 2, then Ictp (P2 Cy) = 1.

Example 1.3 1f d = 3, then lctp(]P’z, C3)isoneof {1,5/6,3/4,2/3}. The worst singu-
larity corresponds to Ict p (P2 C3) = 2/3 and in this case, Cy is a union of three lines
intersecting at P (example of such a curve is xy(x — y) = 0). Examples of curves with
the given values of log canonical threshold (2/3,3/4,5/6, 1, resp.) are illustrated in
Fig. 1.

Example 1.4 (Erik Paemurru) Let C4 be a quartic curve. Then lct p(P% Cy) is
oneof {1,5/6,3/4,7/10,9/14,5/8,2/3,3/5,7/12,5/9, 1/2}. The worst singularity
occurs when lctp (P2 Cy) = 1 /2 and in this case C4 is a union of four lines passing
through P (example of such a curve is xy(x — y)(x + y) = 0) as illustrated in Fig. 2.
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1218 N. Viswanathan

Fig.2 Cs:xy(x2—y%)=0

Fig.3 (i) Ca:y(x2 —y3) = 0;(ii) Ca: (x +x2 +y)(x +y2) =0

For curves C, withd < 3,Ict p (P% Cy) corresponds uniquely to a type of singularity
of Cy at the point P. When d = 4, this is not the case. For example, both the curves
illustrated in Fig. 3 have Ict p (P2 Cy4) = 5/8 but have very different singularities at P.

All the three parameters mentioned earlier give the same answer to Question 1.1,
since multp(Cy) < d, n(P) < (d — 1% with multp(Cy) = d, w(P) = (d — 1)?
if and only if Cy is a union of d lines. The following theorem proves that computing
the log canonical threshold of the curve at P also gives the same answer to the above
question.

Theorem 1.5 ([2, Theorem 4.1]) One has 1CtP(]P2, Cq) = 2/d and the equality holds
if and only if C4 is a union of d lines passing through P.

We can then ask the following question:
Question 1.6 What is the second worst singularity at the point P?

While examples given above answer this question for curves of degree d < 4, [1]
answers this question for degree d > 5 curves. To present this answer, we intro-
duce certain types of singularities in Sect. 2 and we call these types of singularities
K,, T, K, T,, M,, M, Mn, where n = multp(Cy). In [1], the following result was
obtained.

Theorem 1.7 Suppose d > 5 and 2/d < letp(P% Cg) < (2d — 3)/(d* — 2d). Then
the curve Cy has singularities of type Tg—1, Kg—1, Ta—1, Ky—1 at P and the values
of their log canonical thresholds at P are 2d — 3)/(d — D2 < 2d — 1)/(d2 —d) <
d —5)/(d?> —3d + 1) < (2d — 3)/(d* — 2d), respectively.

This result and Theorem 1.5 give the five worst singularities of the curve Cy. In this
paper, we describe the sixth worst one. To be precise we prove
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Fig.4 C with a K, singularity at P and its blow-up at P

Theorem 1.8 Suppose d > 5 and

24 — letp (P2 Cg) < —22—7
_— < A < ———7-—-—.
d(d —2) P VN " 4d 1

Then the curve C4 has singularity of type My_1, Md—l or Md—l at the point P with
letp (P2 Cy) = (2d — 7)/(d? — 4d + 1).

In the case of d = 5, one can hope to determine all possible values of log canonical
threshold of quintic curves, like in the case of d = 4 this was done in Example 1.4.

In Sect. 3 we present preliminary results used in the Proof of Theorem 1.8, while
the proof itself is given in Sect. 4.

2 Cusps and other singularities

Let C be a reduced curve on a smooth surface S and P be a point on C. We are
interested in singularities of the curve C at the point P. In this section, we introduce
various types of singularities which we denote by T,,, K,,, Tn, Kn, M, M and Mn,
where n = multp (C). We aim to describe geometric properties of the curve C having
one of these types of singularities at P.

Let fi: S; — S be the blow-up of S at the point P. Let C' be the proper transform
in S of the curve C and E be the exceptional divisor of the blow-up.

2.1 Singularities of type K, (cusps)

A curve C having singularity of type K,, can be defined with the help of its geometric
properties as given below. These singularities are also called cusps.

e multp(C) =n > 2,

e CINE 1= P1,

e Clintersects E; tangentially at Py and is smooth at this point (Fig. 4).

Recall from [5, Theorem 1.1] that the log canonical threshold of a cuspidal curve
is
1 1

letp(S, C -+ —
ctp(S,C) = i 1
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Fig.5 C with a T, singularity at P and its blow-up at P

Remark 2.1 Suppose S = P2 Let C be a curve of degree d > 3 having a K, singularity
at P. Thenn <d —1.If n = d — 1, then the curve C is irreducible. Such curves do
exist. For example, the curve given by zx?~! 4 y¢ = 0 has singularity of type K;_
atthe point P =[0:0:1].

2.2 Singularities of type T,

A curve C having singularity of type T, at P can be defined using the following
geometric properties:

e multp(C)=n > 3,
e Cln E| = Py,
e the point P is an ordinary double point of C! (Fig. 5).

Remark 2.2 Suppose S = IP? and C is a curve of degree d. Let L be a line in P? passing
through P, whose proper transform L' in S| passes through Py. If the curve C has
singularity of type T,, then C = L 4 Z, where Z is an irreducible curve of degree
d — 1 that does not contain L as an irreducible component. Since if not, then

d>LC=d—-1+2=d+1

which is absurd. Thus, C = L + Z and L N Z = P where Z has singularity of type
K4—»> at the point P.

2.3 Singularities of type ’Tl",,

A curve C having singularity of type 'f‘,, at P can be defined using the following
geometric properties:

multp(C) =n > 4,

C'NE; ={P, 01},

the point P; is an ordinary double point of C,

C!intersects E; transversally at Q; and is smooth at this point (Fig. 6).

Remark 2.3 Suppose S = P2 and C is a curve of degree d. Let L be a line in P? passing
through the point P, whose proper transform L! in S| passes through the point P;.

@ Springer



Lowest log canonical thresholds of a reduced... 1221

E1

Fig.6 C witha ﬁn singularity at P and its blow-up at P

Cl
C

Fig.7 C witha ]Kn singularity at P and its blow-up at P

Similar computations as in Remark 2.2 imply C = Z + L so that L N Z = P, where
Z is an irreducible curve of degree d — 1 that does not contain L as an irreducible
component and Z has singularity of type K;_; at the point P, which is introduced in
the next subsection.

2.4 Singularities of type ]I'i,,

A curve C with singularity of type KH can be defined using the following geometric
properties:

multp(C) =n > 3,

C'NnE;={P, 01},

C! intersects E; tangentially at the point P; and is smooth at this point,

C!is smooth at Q; and intersects E; transversally at this point (Fig. 7).

Remark 2.4 Suppose S = P? and C is a curve of degree d. Then C with a Ky_i
singularity at P exists. Such a curve can be reducible, for example, y(x¢ =2 —y?=1) = 0
or can be irreducible, for example, xd’zy + yd + x4 = 0. If C is reducible, then
C = L + Z where Z is a curve of degree d — 1 which does not contain L as an
irreducible component and has singularity of type K;_» at the point P.

2.5 Singularities of type M,

A curve C with singularity of type M, at P can be defined using the following
geometric properties:
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Fig.8 C with an M, singularity at P and its blow-up at P

multp(C) =n > 5,

C'NE; ={P, Q1. R},

C! is smooth at the points Q1 and R; where it intersects transversally with E1,
the point P; is an ordinary double point of C! (Fig. 8).

Remark 2.5 Suppose S = P? and C is a curve of degree d. A curve having singularity
of type My_ at P exists, for example, x(x2 — y2)(x?=* — y4=3) = 0. It is reducible
and thus C = Z + L where L is a line in S that contains the point P so that its proper
transform L' in S| contains the point P; and Z is an irreducible curve of degree d — 1
which does not contain L as an irreducible component.

2.6 Singularities of type 1\71,,

A curve C with singularity of type Mn at P can be defined using the following
geometric properties:

multp(C) =n > 5,

C'NE;={P, 01},

P) is an ordinary double point of C! with (CLE Dp=n—2,

C! intersects E; tangentially at the point Q1 with (Cl.El)Q1 = 2 and is smooth
at this point (Fig. 9).

Remark 2.6 Suppose S = P? and C is a curve of degree d. Then n = d — 1 is possible
and a curve with singularity of type My exists. For example, y(zx? + y) (44 +
x?73) = 0 has an M,_; singularity at the point P = [0:0:1]. In this case, C is
reducible and thus, C = L 4+ Z where L is the line in S containing P such that
its proper transform L' passes through the point P; in S} and Z is a d — 1 degree
irreducible curve that does not contain L as an irreducible component.

2.7 Singularities of type Mn

A curve C with singularity of type Mn at P can be defined using the following
geometric properties:
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Fig.9 C with an Mn singularity at P and its blow-up at P
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Fig.10 C with an I\?JI,, singularity at P and its blow-up at P
e multp(C)=n =15,
e C'NE, ={P, 01},
e Py is an ordinary double point of C! with (Ci1.Ey)p, =n—2,
e Q) is an ordinary double point of C! with (C1.E1), = 2 (Fig. 10).

Remark 2.7 Suppose S = P? and C is a curve of degree d with singularity of type
M at the pomt P.Thenn = d — 1is possible, for example, C given by x(zx44 +

d 3)(z 24 x4) = 0 has an Md_l singularity at the point P = [0:0: 1]. That is,
C = L + Z where L is a line in S that passes through the point P whose proper
transform contains the point P; and Z is an irreducible curve in S of degree d — 1
which does not contain L as an irreducible component.
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2.8 Defining equations

In this section, we describe a curve C having any of the above types of singularities
using local equations. These descriptions actually are not essential to prove Theo-
rem 1.8. Up to analytic change of coordinates, the equations of the curve C with the
respective singularities are given below:

n+1
o K,:x" +y" 4 Z aix'y"T17 L HO.T. = 0,
i=1

n+1
Ty: x<xn_l '+ Z aixi_ly”“_i + H.O.T) =0,

i=2 .
o T x(y(y”] — ")+ Z aix! =y t=i 4 H.O.T) =0,
i=2
n+1
o Kuiy(" ' =y 4+ ax'liy"t '+ HO.T =0,

i=1

M, :x ((x2 — VA" =y + Z ajxtyrti—i +H.O.T) =0,

i=2,i#3
n—1 n+1
. Mn:y((x2+y3)(y"_3+x"_2)+2 aix'y" I+ ) byt ’+H.O.T) =0,
i=1 i=0,i#n—-2
n n
o M,: x((x”‘3 +YHO? x4 Y Ty Y Ty
i=0,i#1 i=0

n+2
Z cixiThynt3=i 4 H.O.T) =0.
i=0,i#5

The above set of equations comprise an exhaustive list of curves C of a given degree
with the various types of singularities, up to analytic change of coordinates and include
the curves missing from the list in [1, Definition 1.9], as pointed out by the referee.

3 Preliminaries

Let S be a smooth surface and P be a point in S. Let D be an effective non-zero
Q-divisor on the surface S. Then,

-
D= Z a;C
i=1

where each C; is an irreducible curve on S and a; € Q>0
Let 7: § — S be a birational morphism such that S is smooth. One can then
conclude that r is a composition of n blow-ups of points. For each C;, we denote its
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proper transform by C; and the exceptional curves of the blow-up by Fy, Fa, ..., F,.
Then,

r n
Ks+Y aCi+Y bjFj ~qa*(Ks+ D)
i=1 j=1

where b; € Q. Suppose > ;_, Ci+ Z?:l Fj is a divisor with simple normal crossings
(SNOC).

Definition 3.1 ([4, Definition 6.16]) The log pair (S, D) is said to be log canonical at
P if the following conditions are satisfied:

e a; < | forevery C; such that P € C;,
e b; < 1 forevery Fj such that w (F}) = P.

Similarly, the log pair (S, D) is said to be Kawamata log terminal at P if

e a; < 1 forevery C; such that P € C;,
e b < 1forevery Fj such that w (F}) = P.

Letm;: S1 — S be the blow-up of § at the point P and E be the exceptional curve of
the blow-up. Let D! be the proper transform of the divisor D on the surface S after
blow-up. Let

D' = D' + (multp(D) — 1)E;.
This is called the log pull-back of the log pair (S, D). Observe that
Ks, 4+ D' 4 (multp(D) — ) E| ~q nf(Ks + D).
This implies that the log pair (S, D) is not log canonical at P if multp(D) > 2, and

is not Kawamata log terminal if multp (D) > 2.

Remark 3.2 The log pair (S, D) is log canonical at the point P if and only if (S1, D5!)
is log canonical at every point in Ej. Similarly, the log pair (S, D) is Kawamata log
terminal at the point P if and only if (1, D5!) is Kawamata log terminal at every point
in E;.

Lemma 3.3 ([4, Exercise 6.18]) Suppose (S, D) is not log canonical at P, then
multp(D) > 1. Similarly, if (S, D) is not Kawamata log terminal at P, then
multp (D) > 1.

Let Z be an irreducible curve on S that contains the point P and is smooth at P.
Suppose that Z is not contained in Supp (D). Let i be a non-negative rational number.

Theorem 3.4 ([3, Theorem 7], [4, Exercise 6.31], [6, Corollary 3.12]) Suppose the log
pair (S, wZ + D) is not log canonical (not Kawamata log terminal, resp.) at P and
w<1(u<l,resp.). Then multp(D.Z) > 1.
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1226 N. Viswanathan

Lemma 3.5 If (S, D) is not log canonical at P and multp (D) < 2, then there exists
a unique point in E1 such that (S1, D3V) is not log canonical at it. Similarly, if (S, D)
is not Kawamata log terminal at P, and multp (D) < 2, then there exists a unique
point in E1 such that (Sy, D5 is not Kawamata log terminal at it.

Proof Suppose (S, D) is not log canonical at P and multp (D) < 2 and suppose there
exist two distinct points P; and P, in E; at which (S, Dsl) is not log canonical.
Then,

2 > multp(D) = D'.E; > multp (D' E;) + multp,(D'E;) > 2

by Theorem 3.4. Thus, Remark 3.2 proves the first assertion. Similarly we can prove
the second assertion. O

Lemma 3.6 ([1, Lemma 2.14]) Suppose (S, D) is not Kawamata log terminal at P,
and (S, D) is Kawamata log terminal in a punctured neighbourhood of the point P,
then multp (D) > 1.

Proof Suppose multp (D) < 1. Let us seek for a contradiction. Since (S, D) is not
Kawamata log terminal at P, we have that (S', D! + (1 — multp(D))E)) is not
Kawamata log terminal at some point P; € Ej. From Lemma 3.5 we have that this
point Pj is unique. This implies that multp (D) > 1, by Lemma 3.3, which in turn
contradicts our assumption. O

Let Z| and Z; be irreducible curves on the surface S such that Z| and Z, are not
contained in Supp(D) and P € Z; N Z,. Also, suppose that Z; and Z; are smooth at
P and intersect transversally at P. Let ;1 and pu be non-negative rational numbers.

Theorem 3.7 ([3, Theorem 13)) If the log pair (S, u1Z1 + u2Z, + D) is not log
canonical at the point P, and multp (D) < 1, then multp(D.Z1) > 2(1 — w2) or
multp(D.Z3) > 2(1— 1) (or both). Similarly, if the log pair (S, u1Z1+u2Zr+ D) is
not Kawamata log terminal at the point P, and multp (D) < 1, then multp(D.Z;) >
2(1 — wo) ormultp(D.Z2) = 2(1 — 1) (or both).

4 Proof of the main result

Let us now prove the main result of the paper. Let C; be a reduced curve of degree
d > 5 on a smooth surface S such that P € Cy4 and let my = multp(Cy). Suppose
(2d —3)/(d*—=2d) < Ictp(S, Cgq) < (2d —7)/(d* — 4d + 1). This means that there
exists A < (2d — 7)/(d*> — 4d + 1) such that (S, ACy) is not Kawamata log terminal
at P. Let us also assume that mo # d and thus Cy is not al union of,fl lines. We want
to show that the curve Cy has singularity of type My_1, My_1 or My_; at the point
P. Itis important to notice that the arguments presented below are very similar to the
arguments in [1]. Also, these are local arguments, i.e., it is not necessary for the curve
C, to be smooth everywhere outside of P. We assume that the respective divisors
on the surface § at various levels are Kawamata log terminal (or log canonical) at a
punctured neighbourhood of P.
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Lemma 4.1 The following inequalities are used in the proof of the main result:

i) % <2/(d—1),
@) A < 2k+ 1)/kd , fork € Z~o such thatk < d — 3,
(i) A < Rk +1)/(kd + 1) for k € Z~¢ such thatk < d — 5,
(iv) A < 3/d,
V) % <2/(d-2),
(vi) L <6/(3d —4),
(vil) A <5/2d.

The proof is straightforward.

We will now introduce some notations. Let § = Sy = P2 and D = (P% ACy).
Consider a sequence of blow-ups f;: S; — S;—1 such that f] is the blow-up of
Py = P, f; is the blow-up of the point P;, and so on, i.e., f; is the blow-up of the
point P;_1 € S;_1. We have

coe = Sk —)fk+| S —> -~ ﬁ) S3 ﬁ) Sz£> S i> So.-
Also,let f: Sgy1 — S be the composition of the blow-ups, i.e., f = fiofr0---0 frt1.
The f;-exceptional divisor during each blow-up is denoted by E;. The proper transform
of the exceptional divisors E; in §; is denoted by E]’ for all j < i. Also, after the f;
blow-up, the curve Cy is denoted by C (i, in S;. The divisors comprising of the curve
and the exceptional curves on every floor S; are together denoted by D5. We will
explicitly describe how each of these points of blow-up are chosen.

Since (S, ACy) is not Kawamata log terminal at the point P € C4, by Remark 3.2

one has that (57, )»C} + (Amgo — 1) E1) is not Kawamata log terminal at some point in
E1. Let this point be Pj.

Lemma4.2 Amg < 2.

Proof Since mg < d — 1, we have Amg < A(d — 1). Using Lemma 4.1 (i), we get
Amg < 2. O

From Lemma 3.5 this implies that the point P; is a unique point on Ej at which

(S1, D), that is, (5], ACdl + (Amg — 1)E1) is not Kawamata log terminal.
Let L be the line in P> whose proper transform, L' in §;, contains the point P;.

Lemma 4.3 Suppose my = d — 1. Then L is an irreducible component of Cg.

Proof Observe that
Cy~q fi(Cq) —moEy.
If L is not an irreducible component of the curve C,, then we have
my < CYLL' = Cy.L —moE;.L' = d —my, (1)
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where m| = multp, (C},). Thus we have mg +m; < d. P; € C}, since if not, then
(S1, (Amg — 1)E1) is not log canonical at the point Py, which is not possible since
Amg — 1 < 1 from Lemma 4.2. Since my = d — 1, my = 1. Therefore, C:, is smooth
at P;.

Let k = multp, (Cé.El). We claim that k > d — 3. Indeed, suppose k < d — 3.
Since (S, DSl) is not Kawamata log terminal at the point P; € Ep, we have that
(S, DSZ) is not Kawamata log terminal at some point in E», where

D% = AC% + (Md — 1) = )E? 4 (Ad — 2)Es.

Let this point be P,. Note that all the coefficients of the curves in D5 are less than 1.
In particular, we have

d—2

M—2=—5——"— <1
d? —4d +1

Thus, by Definition 3.1, (S3, D%3) is not Kawamata log terminal at some point in E3.
Let this point be P3. Thus, f is the blow-up of P € C I'nE, f3 is the blow-up of
P> € C2N E,, and so on. One then has the sequence as mentioned in (i).

We require k + 1 blow-ups to ensure simple normal crossing of the elements of the
divisor over the point P. Here the points of blow-up are such that P, = C' N E; and
using the notations described earlier, we have

Ks,,, +ACET 4 (ud — 1) — HEF!

()
+(d —2)EST - (kd — 20 Exy1 ~q fF(Ks + 1Cy).

Let the coefficients of E;‘H in (2) be denoted by b;. Then since

k
ACKH 4 Z bi EXTN 4 by Epy

i=1

is a divisor with simple normal crossings over P, at least one of b; > 1 or by4 > 1.
But the coefficients b; are such that b; < b; for all j < i and we have

d*—5d+6

kd — 2k < L7200
L _4d+1

from Lemma 4.1 (ii). That is, in particular b; < by < 1forall j <k + 1.
This contradiction implies that k > d — 3. We also know that

k =multp (CL.E1) < (CLE))=mo=d — 1.

Therefore, these inequalities imply k = d — 1 or d — 2. Thus, when

e k =d — 1, then Cy4 has singularity of type K _1 at P (see Sect. 2.1).

@ Springer



Lowest log canonical thresholds of a reduced... 1229

e k =d — 2, then C, has singularity of type Ky_jat P (see Sect. 2.4).

If the curve Cy has either of the above singularities at the point P, then Ictp (IP’Z, Cy) =
d — 1)/(d?> — d) or lctp(P% Cy) = (2d — 3)/(d*> — 2d), respectively. Since we
assume lctp (P2 C;) > (2d — 3) / (d* — 2d), neither of these values for k are possible.
Therefore, this contradiction implies that L is an irreducible component of the curve
Cy. O

Lemma 4.4 Suppose mo = d — 1. Then Cq has singularity of type Mg, I\Nﬂd_l or
My —1 at the point P.

Proof From Lemma 4.3 we know that L is an irreducible component of the curve Cy,
i.e., we have C; = Cy4—1 + L where Cy4_; is an irreducible curve of degree d — 1
which does not contain L as an irreducible component. Let ng = multp(Cy—1). Since
mo=multp(Cy) =d —1,wehaveng =mo—1=d —2.

Let f1: S§ — S be the blow-up at the point P and n; = multp, (Cgll_l). We have
n; = mp — 1. We also have P; € Cé_l since if not, it would mean that (S, ALY 4+
(A(d — 1) — 1)Ey) is not log canonical at the point P; which is a contradiction since
A<landA(d—1)—1 < 1and L' E; are SNC divisors over P;. Thus, nj > 1.

Consider

m < LLCY_ =d —1—ny,

thatis, ng +n; < d — 1 and since ng = d — 2, we have n; = 1. Thus the curve Cﬂll_1
is smooth at Pj.

Let k = multp, (Cé—l'El)' We claim k > d — 5. Instead, suppose k < d — 5, then
using similar computations as in Lemma 4.3, after k + 1 blow-ups, we get

K, +ACKT AL 4 d — 1) — DEFT!
+ -+ (Akd + 1) = 2k)Exy1 ~q [*(Ks + 1Cy)

where (Si41, D5+1) is not Kawamata log terminal at some point in Ex,1, which we
take to be Piy1. Here again, f is a composition of k 4 1 blow-ups and b; are the
coefficients of £ f“ in the above equation.

Since the curves in the divisor

k
/\Cffj} + ALFH! + Z b; Elk-H + bit1 Er+1
i=1
intersect at simple normal crossing at the point P after k 4+ 1 blow-ups, one of these
coefficients should be such that b; > 1 or br4+1 > 1 but we have

(k+2)d —2k -7
d> —4d +1

akd + 1) — 2k =

from Lemma 4.1 (iii) and the coefficients are such that b; < b; for all j < i. In
particular, b; < by < 1forall j < k + 1. This contradiction implies k > d — 5.
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We also know that
k =multp (C)_1.E1) < (C)_.E1) = multp(Cq_1) =no=d — 2.

Thus, these inequalities imply that k =d — 2 or d — 3 or d — 4. Thus, when

e k =d — 2, Cy has singularity of type Ed_l at P (see Sect. 2.2),
e k =d — 3, C4 has singularity of type T;—1 at P (see Sect. 2.3).

If C; has either one of the above singularities at the point P, then Ictp (P2 Cy) =
2d —3)/(d — 1)?orlctp(P% Cyq) = (2d — 5)/(d?> — 3d + 1), respectively. Since we
assume that lctp(IP’z, Cq) > (2d — 3’)/(d2 —2d), thesef\yalues of k are not possible.
Thus k = d — 4, i.e., C4 has singularity of type M,_1, Mlz_ or Md_l at P. O

Observe that Lemmas 4.3 and 4.4 complete the proof of the main resultif mg = d — 1.
In the remaining part of the section, we will prove that my < d — 2 is not possible. In
particular, we prove the following proposition.

Proposition 4.5 Ifmg < d — 2, thenlctp(S, Cy) = 2/(d — 1).

This in turn proves that for our choice of A and the assumption that (S, ACy) is not
Kawamata log terminal at P, mg < d — 2 is not possible, since A < 2/(d — 1). Let
us prove this proposition by the method of contradiction.

Proof Suppose mg < d — 2 and lct(S, Cy) < 2/(d — 1). Let w = 2/(d — 1). Then
(S, uCy) is not log canonical, in particular, is not Kawamata log terminal at a point,
say P. Let us now obtain the necessary contradiction.

Claim 1 The line L is not an irreducible component of the curve Cg.

Proof We shall prove this by contradiction. Suppose L is an irreducible component
of the curve C;. Then Cy = L 4+ C4—1, where Cy4_1 is an irreducible curve of degree
d — 1 in P? and does not contain L as an irreducible component. Let f1: S — S be
the blow-up at the point P in Cy. Let ng = multp(Cy—_1).

Since (S, uCq—1+pL) is notlog canonical at P, we have that (S, /LC;,_I +uL'+
(u(ng 4+ 1) — 1)Ey) is not log canonical at some point in E1. We choose this point to
be Pi. Let ny = multp, (Cgll_l). Consider

d—1—ng= Céfl.Ll > ni
which implies that ng+n; < d — 1. Butng = mo — 1 < d — 3, using our assumption.
Also, 2n1 < ng + np which implies 2n; < d — 1. We can then conclude that

uny < 1. We also have L! and E; smooth at P; and intersecting transversally at Pj.
Thus applying Theorem 3.7, we get

ju(d —1—no) = pCy y.L' > 22 — pu(no + 1)) 3)
which implies that u(d — 1) > 2 or
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puno = pCy_1.Er > 2(1 — ) )

which implies that p(ng + 2) > 2.
The two inequalities in (3) and (4) imply that ;«(d — 1) > 2 which is absurd. Thus,
L is not an irreducible component of C. |

Since L is not an irreducible component of the curve Cy, from the computations in
(1) we can also assume that mqy + m < d.

Since (S, uCy) is not log canonical at the point P and since u < 1, we have that
(81, MC}, + (umgo — 1) Eq) is not log canonical at some point in Eq, say P;. We also
have

2 d—3
—1<pud-2)—-1=—"—@W-2)-1=
pmo n( ) 71" ) 71

<1,

for d > 5. Thus, from Lemma 3.5 there exists a unique point in E», say P, such that
(S, ,u,Cg + (umo — 1)E12 + (u(mo 4+ m1) — 2) E7) is not log canonical at P>.

We know that P, € Cdz, since if not, it would imply (S>, (umo — 1)E12 + (u(mo +
m1)—2)E3) isnotlog canonical at the point P,. This is not possible since umo—1 < 1,
uimg+mp) —2< ud —2 < 1,and Ez, E» are SNC divisors at P».

Claim2 P, ¢ E7.
Proof Suppose P, € E12 Observe that
2 7al!
Cd ~ fz (Cd) —m1Ep
so that C‘%E% = Cé.El — mlEz.E% =mgy—mj.

Also, since P, € Cﬁ N E12 N E5, we have my = mult p, (Cﬁ) < (Cﬁ.Elz). Therefore,
my < mo — mj. Since my < mp, we have 2my < m + my < mg which implies

mo
< —.
my >
From Lemma 4.1 (v), we have
< mo < d—2 |
my<pu—<pu— < 1.
pmy S p— S

We also know that £ 12 and E, are smooth at P, and intersect transversally at Ps.

Since (57, ,uCﬁ + (umo — l)E% ~+ (u(mo + m1) — 2)E») is not log canonical at
the point P», Theorem 3.7 implies w(mo —mp) = /LCdZ.E% > 2(3 — u(mo+my)) or
rmy = )LC[%.EQ > 2(2 — Amg). That is, u(3mg +m1) > 6 or u(2mgo +mp) > 4. We
have

3mo+my =2my+mo+m; <2(d—-2)+d=3d — 4, %)
2mo+m; <d—2+4+d=2d —2. (6)
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Using the above equations (5) and (6), both of the above mentioned inequalities
obtained from using Theorem 3.7 result in contradiction, hence proving our claim
that P, ¢ E?. [
Claim3 P ¢ L2

Proof Suppose P, € L2 Since L is not an irreducible component of Cy, we have
d—mo—my = L2E, > m, and this implies that mg +m +my < d. Also, applying
Lemma 3.3, we get ud > wu(mgy + my + mo) > 3 which results in a contradiction
since ud < 3. Thus, P, # L% N Eo. [
Thus, we have that (S5, MC§+(M(m0 +m1)—2)E>) isnotlog canonical at the point P5.
Then from Remark 3.2, (53, MC3+(u(mo+m1)—2)E§’+(u(mo+m1 +my)—3)E3)

is not log canonical at some point in E3, say P;3.
We have 2m; < mg+m; <d, and

w(mo +my +mo) < u(mo+2my) < pld —2+d) =4. @)
Therefore u(mo +my +mp) —3 < 1.
P; e Cg,since if not, then this would imply that (S3, (,u(mo~|—m1)—2)E§+(u(mo+

m1 + my) — 3)E3) is not log canonical at the point P3. But since the coefficients of
E; <1land Eg E5 are SNC divisors over the point Ps, this is not possible.

Claim4 P; ¢ E3.
Proof Suppose P; € E3. Observe that
Cj ~q f5(CJ) — maEs.
We thus have
C3.E3 = f{(C3.E2) — my(E3.E3) = my — my.
Therefore, Theorem 3.4 implies
p(my —ma) 4 (u(mo +my +ma) —3) = (WC3 + (wlmo +my +ma) —3)E3).E3 > 1,

which implies p(mo + 2m1) > 4. From (7) we know that u(mo + 2m1) < 4. This
contradiction proves our claim. |

Therefore, the log pair (S3, /LC; + (u(mo + my + my) — 3) E3) is not log canonical,
at the point P3. Thus from Remark 3.2, (S4, uC3 + (u(mg + my + my) — 3)E§ +
(u(mo + my + my + m3) — 4)Ey) is not log canonical at a point P4 € E4. We have

my +m3 < 2my <mo+my <d.
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Thus,

2
p(mo +my+ma +m3) < pQ2mo +m)) < ——2d <. ®)

Claim5 P, ¢ Ef.

Proof Suppose Py € Eg‘. From inequality (8), mo + m1 4+ 2my < 5/p. Also, observe
that

Cj~q fi(C) —m3Es
so that C;}.E;L = my — m3. Then from Theorem 3.4 we have
(WC + ((mo + my +ma +m3) — 4 Eq).ES > 1,

which implies
mo+mp +2my > —.
7

This contradicts inequality in (8). Thus P4 ¢ E5. [ ]

Thus, (S84, MC“} + (u(mo + my + my + m3) —4)E4) is not log canonical at the point
P4. From Lemma 3.6, we have

pumultp, (C3) + ((mo +my +my +m3) —4) > 1,

which implies
4 5
muth4(Cd)—|—m0~|—m1 +my +m3 > ; )

Now using (9) and a geometric construction of a special curve in S we will try to arrive
at a contradiction. We may assume that the line L is givenby x = 0and P = [0:0:1].
Let C be the conic in P? that is given by

xz—FAxy—FBy2 =0,

where A, B € C and B # 0. Then C is smooth and is tangent to the line L. Denote
the proper transform of € in St by C! 1t follows from Claims 2, 3, 4 and 5, that there
exist A and B # 0 such that C on S contain P; fori = 1,2, 3. So we can assume
that A, B are chosen this way. Then we have

C*~2L* + E} +2E5 + E5.

Thus the pencil |€*| does not have base points.
Also, let £ be a pencil of conics in P? given by
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sx2 +t(x + Axy + Byz) =0,

where s, ¢ € C. It is generated by 2L and C.

Let ¢|eq4: §* — P! be the morphism defined by the pencil |C*|. Similarly, let
¢, : P2 ——» P! be the rational map defined by the pencil £. These make the following
diagram commutative:

P2 S sy 12 S, /3 S5 Ja S,

A bie4

Choose a curve Z* in |@*| that passes through the point P4. Then Z* is a smooth
irreducible curve. Let the proper transform of Z* in P? be denoted by Z. Thus Z is a
smooth conic in the pencil L. Suppose Z is not an irreducible component of the curve
C,4, then we have

2d — (mo +my +my +m3) = C3.Z* > multp, (C). (10

Equations (9) and (10) result in a contradiction since u < 5/(2d).

Thus, Cj = Z + C4—» where Cy4_5 is an irreducible curve of degree d — 2 which
does not contain the conic Z as an irreducible component.

Let C}l_z, Cfl_z, Cs_z, C;‘_z be the proper transforms of the curve Cy_> on
the surfaces Sp, S», S3 and S4, respectively. Denote by ng = multp(Cy—2), n; =
multp, (C}_,), ny = multp,(C3_,), n3 = multp,(C3_,), and ny = multp,(C3_,).
Thus (Sy, qu}_z + nZ* 4+ ((w(ng +ny + na 4+ n3 +4) — 4)E4) is not log canonical
at Py.

Applying Theorem 3.4 to the above gives u(2(d — 2) — ng — ny — np — n3) +
u(no+ny+ny+n3+4) —4 > 1, which implies u > 5/(2d). But u < 5/(2d) and
thus this contradiction proves the proposition. O

This in turn proves that my < d — 2 is not possible for the chosen value of X, hence
completing the Proof of Theorem 1.8.
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