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Abstract

This paper focuses on the study of robust two-stage quadratic multiobjective opti-
mization problems. We formulate new necessary and sufficient optimality conditions
for a robust two-stage multiobjective optimization problem. The obtained optimality
conditions are presented by means of linear matrix inequalities and thus they can be
numerically validated by using a semidefinite programming problem. The proposed
optimality conditions can be elaborated further as second-order conic expressions for
robust two-stage quadratic multiobjective optimization problems with separable func-
tions and ellipsoidal uncertainty sets. We also propose relaxation schemes for finding a
(weak) efficient solution of the robust two-stage multiobjective problem by employing
associated semidefinite programming or second-order cone programming relaxations.
Moreover, numerical examples are given to demonstrate the solution variety of our
flexible models and the numerical verifiability of the proposed schemes.
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1 Introduction

The data or system parameters of practical decision making problems are often noisy
or fluctuating because of errors in estimation, prediction or misinformation. Robust
optimization has become a powerful deterministic approach to handle effectively such
uncertain real-life decision making models, see e.g., [3, 4, 8, 10, 13, 20, 22] and the
references therein. Adjustable robust optimization [2], where some decision variables
can be adjusted after the realization of uncertain parameters, is known as an extension
of robust optimization. The adjustable robust optimization handles flexibly dynamic
decision-making models under data uncertainties by allowing some decision variables
to evolve over time in phases/stages based on the updated information of uncertainty
data. This is often seen in practice, for instance, the cost of producing a product is
just an estimated value until the product is actually made [23], and so the production
decision maker needs to wait and possibly adjust the investment strategy according
to the actual production cost. More generally, the decision variables of such a model
would depend on the uncertainty factors and a robust counterpart of the underlying
model is called a robust fwo-stage (or more general multi-stage) decision making
problem [2, 5, 11, 14-16, 27, 33].

Furthermore, many real-world decision making problems are in the face of
two-stage/multi-stage nature with multiple objectives (called two-stage/multi-stage
multiobjective optimization programs) such as the integrated community management
model [26], the reliability growth planning problem [25], the problem of energy retrofit
of buildings [18, 19] or the electric-vehicle charging station placement problem [31].
As an illustration, in the operation of coordinated gas and electricity networks, the sys-
tem operators may face the conflicting benefits between the demands of the natural gas
network and the electricity network under an uncertain environment evolving over time
[34]. Therefore, a more flexible two-stage multiobjective procedure was employed to
schedule the coordinated community energy systems (see [26]). One important fea-
ture of the above-mentioned models is that, beside (standard) here-and-now decision
variables, the problem data also contain wait-and-see decision variables that can be
adjusted after some of uncertain parameters have revealed their values. These obser-
vations motivate us to investigate the forthcoming two-stage multiobjective problems
involving data uncertainties.

An uncertain quadratic multiobjective problem is given (see e.g., [13]) by

min {(f1(x,v), ..., fin(x,0) | gi(x,v) <0, j=1,...,n}, (P)

xeR4
where v € V is an uncertain parameter, V. C R’ is a nonempty compact uncertainty

set,and f; : R xR" - R,i=1,...,m,g; :RI xR = R, j=1,...,nare
quadratic functions defined by, for x € R and v := (vy,...,v,) € V,
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fitev) ==xTQx + EDx + B+ w(E ) x +B).

=1

g v) i=x"Qx + &) T+ B3+ Y u(E ) x+ B 6))
=1

with 0} = 0,0} = 0,& e R7, &/, e RY, &/ € RY, &, € RY, ] € R, B}, € R,
B eR,,Bil eR,i=1,....m, j=1,...,n1=1,...,rfixed. Here, the notation
A > 0 means that the matrix A is positive semidefinite.

We study an uncertain two-stage quadratic multiobjective program of (P) as follows

min (106, 0) + @) @), S0, 0) + O Ty () (UT)
stgi (v +O) Ty <0, j=1,...,n,

where x € R? is the first-stage or here-and-now decision variable, y : V. — R? is
the second-stage or wait-and-see decision variable and 6; € R?,i = 1,...,m and

92/ e R?, j =1,...,n are given parameters. Note that the wait-and-see variable y is
adjustable and it is depending on uncertain values.

According to the two-stage terminology of (scalar) programming problems (cf.
[2, 33]), the first-stage variable x is determined before the uncertain parameter v is
realized, while the second-stage variable y is determined after some of uncertainties
have shown up their values. As the wait-and-see variable y is an arbitrary map involving
uncertain parameters from a general uncertainty set V, examining numerically the two-
stage multiobjective program (UT) is generally challenging and moreover, expected
optimality criteria would not be tractable/verifiable. To this end, we assume that the
uncertainty set V is a nonempty compact set, which is of a spectrahedral form (see
e.g., [28]) given by

V= v::(vl,...,v,)eR’|A+Zv1A1z0 , )
=1

where A, A;,l = 1,...,r are symmetric (mg x mg) matrices and the second-stage
variable y is an affine rule (cf. [2, Page 356] or [33, Equation (8)]) given by

y(v) == yo +Yv,veV,
where y € R” and Y € RP*" are nonadjustable variables.

A robust two-stage multiobjective problem is defined via the robust counterpart of
(UT) as

min (max{fi(x,v) + @) y@)}, ..., max{ fn (x, v) + M Tyw)}) (RT)

xeRY,y0eRP, YeRP*r ~ veV

stgiv) + @) Ty <0, j=1,....n,y0) =y + Yv,Yv e V.
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Note that, in the model (RT), the constraints are stipulated for all possible values of
the uncertain parameter v within the corresponding uncertainty set V.

To state the solution notions of worst-case efficiency in multiobjective optimiza-
tion (see e.g., [17, 24]) for our robust two-stage multiobjective setting, we put
Fi(x,y0,Y) = ma&({fi(x, U)+(9f)T(y0+Yv)}, i=1,...,mforx e R?, y0 e RP

ve

and Y € R”*" and denote by C the set of all feasible points of problem (RT), i.e.,

C = {(_x,yo, Y) eR‘]+P+1’xr | gj(X,U)-F(Qz])Ty(U) SO,] — ]"..’n’

y(v):yO+Yv,Vve V}.

Definition 1~.1 (Weak/Efficient Solutions) For the problem (RT), let (X, 370, Y )eC.
1) x, }O, Y) is said to be a weak efficient solution of (RT) if there does not exist
(x, yo, Y) € C such that

Fix, Y0 0) < @Y, i=1,...,p.

(i) (%, 30, Y) is called an efficient solution of (RT) if there does not exist (x, y°, Y) € C
such that

Fix, 3% ) < FE,Y), i=1,....p and
.7-',~(x,y0, Y) < .75(35,?0,17) forsomei € {l1,..., p}.

Despite there is a great deal of recent research on robust two-stage (scalar) opti-
mization (see e.g., [2—4, 6, 9, 15] and the references therein), an answer to a question
on how to establish verifiable optimality conditions as well as associated methods for
solving numerically a nonlinear robust two-stage multiobjective optimization problem
such as (RT) is currently unavailable, which is because of the numerical nontractabil-
ity inherent in multiobjective and multi-stage structures. In this paper, we provide an
answer to the above question by examining tractable optimality conditions and asso-
ciated relaxation schemes for solving numerically the robust two-stage multiobjective
program (RT). A deeper understanding on these optimality conditions and relaxation
schemes could help us improve modeling formulations and corresponding computa-
tional methods for solving a broader class of nonlinear robust two-stage multiobjective
optimization problems.

More precisely, the first aim of this paper is to establish new necessary and sufficient
optimality conditions for the robust two-stage multiobjective optimization problem
(RT). An advantage feature of the obtained optimality conditions is that these optimal-
ity criteria are linear matrix inequalities and hence they can be numerically validated
by using a semidefinite programming problem. It is also shown that such optimal-
ity conditions can be elaborated further as second-order conic expressions for robust
two-stage multiobjective optimization problems with separable functions and ellip-
soidal uncertainty sets. The second aim of this paper is to propose novel relaxation
schemes that allow one to calculate a (weak) efficient solution of the robust two-stage
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multiobjective problem (RT) by means of semidefinite programming (SDP) or second-
order cone programming (SOCP) relaxation problems. The third aim of this paper is
to provide numerical examples, which demonstrate that the proposed SDP or SOCP
relaxations can be employed to locate (weak) efficient solutions of concrete robust
two-stage multiobjective problems including those arisen from practical applications.
In particular, these numerical examples also illustrate the solution variety of the con-
sidered models and the numerical tractability of the associated relaxation schemes.
The interested reader is refered to [12] for some related results for an adjustable robust
linear multiobjective optimization problem.

The structure of this paper is as follows. In Sect. 2, after providing basic definitions
and notations, we first present necessary and sufficient linear matrix inequality optimal-
ity conditions for the robust two-stage multiobjective optimization problem (RT). We
then expound second-order cone optimality conditions for a special robust two-stage
multiobjective optimization problem. Section 3 shows how (weak) efficient solutions
of the two-stage multiobjective optimization problem (RT) can be calculated by using
associated SDP or SOCP relaxation problems. In Sect. 4, we present numerical exam-
ples including those emerged from practical applications. Section5 is devoted to
providing conclusions and research perspectives.

2 Optimality for Two-stage Multiobjective Problems

In this section, we provide necessary conditions and sufficient conditions for (weak)
efficient solutions of the robust two-stage multiobjective optimization problem (RT).

Let us start by providing notations and definitions. We denote by R? the Euclidean
space whose norm is denoted by || - || for each g € IN := {1,2,...}. We use 0 to
denote the origin of a space, but 0, is sometimes used for the origin of R? for more
clarification. For each k € {1, ..., ¢}, eZ is the unit vector in R? whose kth element
is one and the others are all zero. The inner product in RY is defined by (x, y) :=x "y
for all x, y € R?. For a nonempty set 2 C R?, conv 2 denotes the convex hull of 2
and cl 2 stands for the closure of 2, while int2 is the interior of .

An (m x n) real matrix A is denoted by A € R"*". A € R"*" is symmetric if
AT = A, where A" is the transpose of A. The set of all symmetric (n x n) real matrices
isdenoted by $”.For A € §”, the notation A~ istheinverse of A. Asusual, the symbol
I,, € R™*" stands for the identity (n x n) matrix. A matrix A € S” is said to be positive
semidefinite, denoted by A > 0, whenever x"Ax > Oforallx € R".If x| Ax > Ofor
all x € R" \ {0,}, then A is called positive definite, denoted by A > 0. The trace of a
square matrix A is denoted by Tr(A). Given v := (vy, ..., v,), the notation diag(v) or
diag(vy, ..., v,) denotes a diagonal matrix with entries vy, . .., v, along the diagonal
and zeros elsewhere. Similarly, diag(A1, ..., A,) denotes the block diagonal matrix
with submatrices Ay, ..., A, along the diagonal and zero submatrices elsewhere.

The following theorem states necessary and sufficient optimality conditions for the
robust two-stage multiobjective optimization problem (RT). These optimality condi-
tions are exhibited in terms of linear matrix inequalities (LMIs) and so they can be
numerically validated by using a semidefinite programming problem.
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Theorem 2.1 (Linear matrix inequality optimality) For the problem (RT), let (x, io, Y)
€ RITPFTPXT be q feasible point.

(i) (Necessary optimality ) Assume that the Slater qualification condition holds for the
problem (RT), i.e., there exists (X, 3°, ?) € RITPEPXT sych that

@+ OHTE +Yv) <0, YoeV,j=1,...,n. 3)

Let (X, io, Y) be a weak efficient solution of (RT). Then there exist (ay, ..., 0y) €
R\ {0}, af eRi=1...,ms=1,...,rand Aj zO,A; eR,j=1,...,n,
s =1,...,r such that

m n m n
b+ a0 =0. Y afoi+ Y 230 =0.s=1....r, (4)
i=1 j=1 i=1 j=1

r r
A+ af A= 0i=1,..m A+ Y MA=0j=1,....n (5

s=1 s=1

My %Mz
<%(/\/lz)T M3 ) =0 ©

where My == /L o Q) + Zl A0 My = Y (&l + D EL )+
=

. . . . n .
Yot (b + iy 1381, and My = T @i + Xy ot B0+ X (6 +
j:

Y ABL) — Y e F(E YY) with FE 0, Y) = maxper (fi(F ) +
OHTP+Yv)) fori=1,...,m.

(ii) (Sufficient conditions for weak efficient solutions) Let (a1, . .., ay) € R\ {0},
af eRi=1,....,ms=1,...,randA; 20,)\‘; eR,j=1,....,n,s=1,...,r

satisfy (4)—(6). Then (X, ?0, Y) is a weak efficient solution of (RT).
(iii) (Sufficient conditons for efficient solutions) Let (a1, ..., a,) € intRY, af €
Rii=1,...,m,s =1,...,rand A; > 0,)»‘;. eR,j=1,....,n,s =1,...,r

satisfy (4)—(6). Then (X, ?0, 7) is an efficient solution of (RT).

Proof (i) Let the Slater qualification condition in (3) hold, and assume that (, io, Y)is
a weak efficient solution of problem (RT). Denoting G ; (x, yo, Y) = ma&({g j(x,v)+
ve

(92].)—'—(y0 +Yv)}forj=1,...,nand (x, y?, Y) € RITPTPX" one can verify that

[,y 7) e RITPFEPTE(x )0, 1) — FEYLY) <0,i=1,...,m,
Gi(x,y%.Y)<0,j=1,....n} =4,
where Fj(x, ", Y) := maé({fi(x, V) + @) TGO+ Yv)},i = 1,...,m are defined
ve
as above. Since F;,i = 1,...,mand G, j = 1,...,n are convex functions with

finite values on R?TPTP*" ' we invoke an alternative theorem in convex analysis (cf.
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[29, Theorem 21.1) to finde; > 0,i =1,...,m,A; >0, j =1,..., n,notall zero,
such that

m n
Zo‘i(ﬁ(xvyo»y)—fi(fio,y))+ZAjGj(x,y°, Y)>0 (7
i=1 j=1

for all (x, yo’ Y) € RITPHP If @ = O forall i = 1,...,m, then there exists

n —~
Jo € {1,...,n} such that A ;; > 0. Then, we get by (3) that > )LjGj(Ec\,ﬁo, Y) <.
j=l1

This together with (7) establishes a contradiction. So, there exists ip € {1, ..., m}
such that o, > 0.
Note that (7) can be rewritten as

m

inf { Zoc,- max{ f; (x, Uli) + (gf)T(yO + Yv'i)}
i=1 v

(x,30,Y)eRa+Ptpxr vie

n

+ )k max(g; (e v)) + 03) 100 + Yvé)}} > > @ FiF30.7),

j=1 ©ev i=1

which turns out to be the following inequality

m

inf max {Zai <f,~(x, v+ @D TGO+ ro))

G YOVERITPIPT ey i1, mfeV,j=1,..n Ui

+ 3 (g v + @) TG0+ ng'))} > o F(x 3. 7).
j=1 i=1

®)

Letting Q := V™ x V" and considering a function H : RITPHPXr 5 RUn+mxr _, R
defined by

HED) =Y ai(fie o) + @) TG0+ YvD) + 3 As(g . vd) + 0 TO + Yv)))
i=1 j=1

for ¥ := (x,y%, V) € RITPHPX" and ¥ := (v}, AR v%, V) € Rmtm)xr
we see that €2 is a convex compact set in R+m>r and H is a convex function with
respect to X and is an affine function with respect to v. Thus, we can apply a minimax
theorem (see e.g., [30, Theorem 4.2]) to (8) and obtain that

p
max inf HX,V) = inf  max H(X,?v) > Za,-}"i()_c,yo,Y).

VeQ YeRa+p+pxr YeRa+p+rxr VeQ 1
1=
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Thisallowsustoﬁnd'ﬁ*:;(v}*, e v, v%*, c V), wherev .—(vl 1 ...,v’f‘r)
eV,i=1,...,mandvy" := (vé‘*l,...,vé’*r) € V,] =1,...,n, such that
p
inf  HE® ) > aFxy.Y). 9
_nfHET) = Zl iFi(%. 5. Y) ©)
i=
Fori e {l,...,m},leta; := aiv’i’)“s,s =1,...,r. We get by v’i* € V that

r r
oA+ ZO(?A[ = (A + Z UIE}A
=1 =1

where it is noted that ¢; > 0. Similarly, by letting )Lj. = A; vét, =1,...,r for
j=1,...,n, we can verify that

,
WA+ A =0,j=1,....n
=1

Let Yy, ..., Y, denote the columns of the matrix ¥ € R”*". Then, it holds that
Y e RP foralls =1,...,r and

r r
i . J* J* .
*:ZvileZ,lzl,...,m, Yvy :szﬁlYl,jzl,...,n
=1 =1

and so we can rewrite (9) as

hi(x)+hy°, Yy, ....Y) >0 forall x e RY, y0 e R Y, eRP, s =1,...,7,
(10)

where 1 and A are given respectively by

hy(x) = xT<Zoz,-Q"l + ZA,-Q{);c
i=l1 j=l

.
<Z <0‘151 +ZO‘ & 1> Z <)“ & + Z)‘ng ;))
+y (afﬂ{ + Za,’-ﬂ{,l) + Z (Mﬁ{ + ijﬁ§,5> - Zaiﬁ@ 7.7,

i=l =1 j=I s=1 i=1

=x' Mix 4+ (M) "x + M3, x e R", (11)

m n T
ha (0, Y1, .., Yy = (Zaiei +ij9'z’> »°
i=1 j=1
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r m n T
+Z<Za591+2139z’) Ny eRY, Y, eRs=1.r, (1)
=1 Ni=l =1

where M, = 3L, i Q) + X 103 My = Y7L (il + Yi okl ) +
Z?:NM‘%‘/‘*‘Z;:l A5y Jand Mz = 3T (i B+ 2y of By )+ (A +

Yo M) — Yk i Fi(x Y0, Y).
Since h» is a linear function, (10) entails that

m n m n
Db+ Y 205 =0, Y albf +> 250 =0.1=1,....r
i=l1 j=1 i=1 j=1

and
hi1(x) > 0 forall x € R". (13)

Note further that (13) can be written as the following matrix inequality (cf. [1, Simple
lemma, p. 163]):

M IMm,
(%(Mz)T M; ) = 0.

So the assertions (4)—(6) are valid, which substantiates (i).

(ii) Assume that there exist (a1, ...,a,) € RY\ {0}, of € R,i = 1,...,m,
s = L,...,r and A; > O,A; € R, j = 1,...,n,
s = 1, ..., r such that (4)—(6) hold.

As shown in the proof of (i), (6) is equivalent to the inequalities /1 (x) > 0O for all
x € R", where h is given as in (11). Therefore, by taking (4) into account, we arrive
at

hi(x) +ha(°, Y1, ..., Y,) >0 forall x e RY, YO e RP, Y, eRP, s =1,...,r,
(14)

where h7 is given as in (12) and Yq,..., Y, stand for the columns of the matrix
Y € RPX7",

Consider any i € {1, ..., m}. As V is a compact set, we assert by (5) thatif o; = 0,
then af = 0forall s = 1,...,r. Indeed, suppose by contradiction that o; = 0 and
there exists so € {1, ..., r}suchthat afo # 0. Then, we getby (5) that > ) _, afAl > 0.
Taking v := (vy, ..., v,) € V, we see that

r r r
A+ @ +yahA = <A + ZmAl> +y Y ol = 0forally > 0,
=1 =1 =1

which shows that v + y(ail, ...,aj) € Vforall y > 0. This contradicts the fact that

(ozil, ...,al) # 0and V is a bounded set. So our assertion above must be valid. Let
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us take ' := (0}, ..., %) € V and define vi* := (vl oo v1 *) by
vi* . /U\% ifOl,' = 0, . -
l,s *— Ol_l if o 0 ] s Iy
o ifa # 0,
which by virtue of (5) shows that vi* e Vando] =a; ”li*v’ s=1,...,r. Similarly,
we can denve from (5) and the bounded property of V that for each jefl,...,n},
there exists v2 : (v2 1o U2,r) € V such that k; = A; ”2,3’5 =1,...,r. Now

(14) is rewritten as

> i (il o) + @D TG0 + Yoi) +ZA (g0, v + @D TGO+ Yuih)
i=1

j=1

m
—E:mfxzyﬁ?)zoﬂnﬂlxeR%yoeRKYeEVW. (15)
i=1

To proceed let (x,5°, Y Y) e Rq“"’ TPXI be an arbltrary feasible point of problem (RT),
ie., (X, y Y) € C. Then, gj(x v )+(9])T(y +Yv " < Oforj=1,...,nandso
we estimate (15) at (%,5°, Y) to arrive at Y ei( i@ v+ ODTEY+ ?v’i*)) >
> o; F;(x, ¥, Y). This in turn entails that

m m
Y wFE ) =Y @ FiE50,Y) (16)
i=1 i=1
inasmuch as o; > 0 and F; (X, y°, f’\) = ma‘}{fi(?, v) + (Gf)T('fO + ?v)} for all
ve

i=1,..., m/.\By virtue of (aq, ..., ay) € Rﬁ \ {0}, (16) implies that there does not
exist (X, 3%, Y) e C such that

FEV. V) <FEEF.Y), i=1,...,m,

which means that the triple (x, io, Y) is a weak efficient solution of (RT).

(iii) Let (aq, ..., o) € intR?, otl.s eRi=1,...,ms=1,...,rand X; >
0, )\‘; eR,j=1,...,n,s =1,...,rbesuchthat (4)—(6) hold. Similarly to the proof
of (1), we are able to arrive at the assertion in (16). Granting this, we conclude by
(g, ...,0y,) € intRﬂ that (x, io, 7) is an efficient solution of problem (RT), which
completes the proof of the theorem. O

In the following example, we show that the Slater qualification condition (3) is
essential for obtaining the neccessary LMI optimality in (i) of Theorem 2.1.

Example 2.1 (The role of Slater qualification) Let us consider an uncertain two-stage
multiobjective problem:

I)Tcli;l{(xl + x5 — 1, 3x1 +v2) [ vixg + (2 +2)x2 <0, x1 +60 y(w) < 1}, (ED
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where 6 := (2,2) is fixed, x := (x1,x2) € R2 is the first-stage variable, y is the
second-stage variable, v := (v, v2) € R2 is an uncertain parameter, which resides in
an uncertainty set V. In this setting, we assume that the uncertainty set V is defined
by

2 2
2,1, Y
Vi={v:i=(v,1n)eR |?+Z<l}

and the second-stage variable y is given by
y) =y +Yv, veV,

where y? € R? and ¥ € R?*? are nonadjustable variables.
Consider now a robust counterpart of problem (E1) that is given by

. 2
min max{x| + x5 — v}, max{3x; + v vix] + (va +2)x <0, (R1
xe]Rz,yOeRz,Ye]szz{(UEV{ | +x3 — v} 1}EV{ 1+ v2)) [ vixn + (2 +2)x2 <0, (R1)

x1+0Tyw) <1, yw) =y +Yv, Vv e v}

Clearly, the problem (R1) is of the form of problem (RT), where 911 = 912 = 621 = 03,
922 =0, fi: RZx R > R,i = 1,2,8;: R?2 x R?2 — R, j = 1,2 are defined

00
by 0 := (0 1), 0f = 02x2, & = (1,0), & 1= (3,0), &, ==&, == 05,/ =
12,8} =B =B, =B, :=0,8],:=—1, B, = land 0} := 03 := 022,

£ =025, =&, =08, =& =(1,0,8,:=0,0D, =5, =
,321’2 = ,3%’1 = ,3%2 =0, ,322 := —1, and V is a spectrahedron described by

500 0 0 1 00 0
A=[0 4 o), Ar:=[0 0 0], 4,:=]0 0 1
0 0 1 1 00 01 0

Denoting X := 7y := 0, and Y := 0342, we claim that (x, ?0, Y) an efficient solutign
of (R1). Otherwise, we would find a feasible point of (R1), denoted by (X, ?0, Y),
such that

max{X; +55§ —v1} < max{x; +)_c% —v1}, max{3Xx] + v2} < max{3x;| + v},
veV veV veV veV

)
~ ~ ~ — -2 —
(rlpeag{xl + X — v}, max{3%; + 0}) # (rgleavx{xl +X3 — v}, max(3%; + 0}).
(18)

As (%, 7Y, Y) is a feasible point of problem (R1), it follows that v1X] + (v2 +2)X, < 0
for all v := (v, v2) € V. This guarantees that X; = 0 and X, < 0. Hence, we get by
(17) that X, = 0, which contradicts (18).
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In this setting, we show that the assertions in (4)—(6) are not valid at (x, yo, Y).
Otherwise, one can find («ay, ap) € Ri\{O},ai’ eRi=12r=12and2; >
O,A; eR,j=1,2,r =1, 2 such that

2 2 2 2
Db+ Y 265 =0, ) alof +> 20 =0.1=1.2, (19)
i=1 j=1 i=1 j=1
2 2
A+ Y A =0i=1,2 LA+ Y MA=0.j=12 (20)
=1 =1
M 3M;
<%(/\/12)T 2/\/13 > =0, @D

where M = Y7 Q) + Z?:l)‘j 0, My = Y (k] + Yl )+
S+ M D and My = Y (@Bl + X ol B )+ 51 (B +
Yo VB )= Y e F(E 5 Y) with Fy (7,50, Y) 1= maxyey (1 +53 — v} =
V5 and Fr (X, ?0 Y) := max,cy{3X] + v2} = 2. Observe that (20) is equivalent to
the following inequalities

22
@)? | (@)? - ap* ()
T+T§(az),l—1,2, 5 + 1

<)%ji=12 (22
We get by (21) that

@13 + (@1 + 30y + ) +2)x1 + @i + 2 Dx0 —al + a3 — iy — V5a =207 > 0
for all x; € R and all x, € R. This implies, in particular, that

(a1 ~|—3052+)»% + A2)xq —Otll +a%—)»2—«/§a1 — 200 >0 forall x; € R,
(23)

a1x3 4+ Qi 4+ Ax —al +af —ro — V5a; — 20 > 0 forall x; e R, (24)
Observe now by (23) that o1 + 3 + )\{ + A2 = 0and
—ocll +a§ — A2 —«/3051 — 2ap > 0.
Furthermore, it is easy to see that —all — \/gotl < |0l11| — «/3011 < 0, where the

validation of the last inequality is due to (22). Similarly, it holds that a% —2ap <0,
and so we arrive at

—a}+a%—k2—\/§a1—2a2§0

by virtue of A, > 0. Consequently, —a{ + a% — X2 — /501 — 2a = 0. This, together
with (24), ensures that 21| + A% =0.
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Next, we substitute A} = —Xy — o] — 3y and )»% = —2A; into (22), we arrive at
(A2 + a1 + 3a2)? < 0, which is impossible as (1, ) € R2\{0} and A> > 0.

In conlusion, the linear matrix inequality conditions in (19)—(21) go awry for the
above Pareto solution (X, yo, Y). This is because the Slater qualification condition (3)
is violated for this setting.

Second-Order Cone Optimality Conditions. We now consider a special setting
of the robust two-stage multiobjective optimization problem (RT), where the objec-

tives fi,i = 1,..., m and the constraints g;, j = 1,...,n are separable quadratic
functions in the first-state variable defined by, for x := (x,...,x;) € R? and
vi=wi,...,v) €V,

q r
fieov) =)ol ED T+ B+ u(E DT+ BL).

k=1 =1

q . . . r . .
g v) =Y o xF+ED B+ u(E ) x+p,) 29
k=1 =1

withe| , > 0,0), > 0,& =&, ... . &) e R & == &)..... &) eRI,
: 1 - . 1 ; . .

g =, ....5) eRL &, = (&).....&)) R eR By, €R,

,Bé eR,,Bil eRk=1,...,q,i=1,....m,0l=1,...,r,j=1,...,nfixed, and

the uncertainty set V is given by the following ellipsoid

Vi={veR |v'Ev<1] (26)

with a symmetric (r x r) matrix £ > 0. Let E? be an (r x r) matrix such that
E = (EYTE“.

In this framework, we obtain necessary/sufficient optimality conditions by way of
second-order cone (SOC) expressions for the robust two-stage multiobjective prob-
lem (RT).

Corollary 2.1 (SOC optimality) Consider the problem (RT), where fi,i = 1,...,m
and gj, j =1,...,nin (1) are replaced by those in (25), and V in (2) is replaced by
the one in (26). Let (X, 7°,Y) € RITPHP*" be q feasible point of this problem.

(i) (Necessary optimality) Assume that the Slater qualification condition (3) holds for
this setting. If (x,5°,Y) is a weak efficient solution of this problem, then there exist
(ar,....,an) €e RE\N{0}, af e Rji =1,....m,s =1,...,7r, &; > O,)Lj. e R,
j=1...,n,s=1,....,randty >0,k =1,...,q such that

m n m n
Zai0f+ZAj92’ =0, Zafé)HZ,\’jezf =0,l=1,...,r, (27)
i=1 j=1 i=1 j=1
1 1
«; )‘j
El s || <ai=1,...om, ||[E*| 1 || <2, j=1,....n, (28)
ol AL

! J
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(aiﬁi " Zaﬁﬁi,,) + 3 (mpd+ ijﬂis)
=1 s=1

=1 j=1

1

m q
- i FEY, V) =) i =0, (29)
i=1 k=1
n

m m r
(1= (Laroha+ Xonsade ) 3 (wnel + Yo dels )
i=1 Jj i=1

i=1 =1

n r
J.k s 5.k
DN E
j=1 s=1
m ) n .
tk+ZO‘iwll,k+Z)‘jwé,k’ k=1,...,q, (30)
i=1 j=1

where Fi(x,7°,Y) = max{ f; (¥, v) + OHT '+ YV fori=1,...,m.

ve
(ii) (Sufficient conditions for weak efficient solutions) Let (a1, . . ., ay) € R\ {0},
o eRi=1,....ms=1,...,ri; > O,A; eR,j=1,....,n,s =1,...,r
andty > 0,k =1, ..., q satisfy (27)—-(30). Then, we assert that (x, ?O, Y) is a weak
efficient solution of this problem.
(iii) (Sufficient conditions for efficient solutions) Let (ay, ..., oy,) € intRY, of €
Rii=1....,ms=1...,r,1; > 0,)\‘;. eR,j=1,...,n,s = 1,...,r and
t >0,k=1,...,q satisfy (27)—(30). Then (x, YO, Y) is an efficient solution of this
problem.

Proof Considering (r + 1) x (r + 1) matrices A and A; for! =1, ..., r as

L E-10 L 0 ¢ _
A._( 0 1), A;._<(6;)TO),1_1,...,;’, (31
it holds that the ellipsoid in (26) is in the form of (2) with A, A;,I =1, ...,r in (31).
In this case, for (o, ..., a,) € RY\ {0}, of e R,i =1,...,m,s =1,...,r,0ne
can check that
r a,'l
wiA+Y oA =06 |[E| | <a
=1 air
Similarly, for A ; > O,A‘;. eR,j=1,...,n,s =1,...,r, we have
1
r )Lj
MA+Y MA =0 BN ] =2
=1 )\‘r
J
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Note that our problem here is a particular case of problem (RT), where Q"1 =
diag(a)"lﬁl, el a)’i’q),i =1,...,m, Qé = diag(a)é’l, el wé’q), j=1,...,n,and
V is defined by the matrices A, A;,I =1,...,r in (31).

Now, in view of Theorem 2.1, the proof will be completed if we can show that (6)
in this case is equivalent to (29) and (30) for some tx > 0,k =1, ...,q.

To this end, we first assume that there exist (ay,...,a,) € RY \ {0}, of €
Rii=1,...,ms=1,...,rand A; > 0,)»‘;. eR,j=1,....,n,s =1,...,r

such that (6) holds with Q) := diag(®} |.....®}| ).i = 1.....m and 0} =

diag(a)é - a)é ),j = 1,...,n. We show that there exist #x > 0,k = 1,...,¢q
such that (29) and (30) hold To see this, we consider two possibilities as below

Case 1: Z (xla)l T Z Aj w2k =O0forallk =1,...,q.In this case, (6) entails

that

> (el + Yael,) + 2 (ned + ijs{,s) ~o,
i=1 =1 j=1 s=1
> <aiﬂ{ + Zafﬂi,l) Z (A Bl + stﬂz ) ~ > @ FEx.3°.Y) =0,
=1

=1 j=I i=1

which shows that (29) and (30) hold by choosing #, :=0,k=1,...,¢q _
Case 2: Thereexists k € {1, ..., g} such that Z, 1 alwi’k + Z";:l-)»jwik > 0.In

this case, we denote 7 := {k € {1, ...,q} | >/, oe,-wlyk~|—2?=1 rjwy > 0}, Which
isanonempty set. Observe similarly asin Case I thatif } /| o  +3 77 A, a)é P =
0@G.e., ke { ..., q} \ 7), then (6) guarantees that ) .~ l(aléf s Yo 19 Sl l) +
ijl(xjgz + >0 Ajéz’s ) =0.Foreachk € {1, ..., q}, put

m . r . n . r sy 2
! YEt + Y aleh+ Y (hE + ;A;s{;j)) ifk €7,
- =

m . n . (,_ — i>1, h ( Y
tp == 4(2‘11“"1&*’2 A]”’é.k) i=l =1 i=l
i=1 =1

0 otherwise.

We see that 7, > 0 and
2
1 m I r I n X r X m . n .
" (Z(ai§1=k + Z“f‘fl:b + Z(}‘jégj’k + Z}‘.ngif)) < tk(Za,-w’l,k + ijwé’k) (32)
i=1 =1 j=1 s=1 i=1 j=1

fork =1,...,q.Lettinga := Y /", a,-cu’i’k+z;'~:1 Ajwé‘k andb = %(Z;ﬂ:l(aié'f’k

+Y otfé;?]i’f) +> o ()\ji‘zj’k +y A;Ezjf)) we rewrite the inequalities in (30)
as

[k —a,2b)| =tk +a, k=1,...,4. (33)

@ Springer



Journal of Optimization Theory and Applications

Asa >0and# > 0,k = 1,...,¢q, the inequalities in (33) are equivalent to the
following ones:

b><ta, k=1,...,q.

This shows that (32) and (30) are equivalent to each other. Denote vy :=
: . ik K

(S (eugy™ + iy fer ) + X (&3 + Xy A58k € Z) and con-

sider a diagonal (|Z| x |Z|) matrix M7 := diag(3_;-, “iwli,k + Z?:l )Lja)é‘k, kel).

We get by (6) that

i=1

Mz %vz
Bof Y @ifl+ L alfl )+ X 08+ T bl - T3 | =0 G
= j= S= 1=
By M7 > 0, (34) reduces to the following inequality (cf. [1, Lemma 4.2.1]):

m ) r . n . r . m

> (aiﬁi + Zafﬂi,,) +3° <A,ﬂ£ + Zk‘}ﬂis> =Y @ Fi® 3. Y)

i=1 =1 j=1 s=1 i=1

1 . 1
> Zv}Mz_ v = Ztk,
k=1

which concludes that (29) holds.
Therefore, in all cases, we have shown that (6) under the current setting implies
(29) and (30). The converse implication is similarly proceeded and so we omitit. O

3 Finding Pareto Solutions by Semidefinite Programming Relaxations

This section is devoted to showing how (weak) efficient solutions of our two-stage
multiobjective program (RT) can be calculated by using associated semidefinite pro-
gramming (SDP) or second-order cone programming (SOCP) relaxations.
Semidefinite Programming Relaxations. For each o := (a1, ..., ay) € R \ {0},
one considers a robust two-stage scalarized program of (UT) defined by

m

min {Zai max(fi (e, v) + 0) Ty (@)} | 80, v) + (05) Ty (@) <0, (Py)
i=1

x€R4,y0eRP, Y eRPX"

j=1,..., n, y(v)=yO+Yv,Vv€V},

where f;,i=1,...,mand g;, j =1,...,naregiven asin (1), V is given as in (2),
and@f,i =1,....m and@zj,j =1, ..., n are given as in the definition of (UT).
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We now address a semi-definite programming (SDP) relaxation program for (P,)
that is defined by

m
min Y o (B + ED 2+ 0 Tvo + Tr(Z Q) + Tr(W]A)) (P)
(z,vo,vl,Z,Wf,sz)izl

12! q q r ol P
s.t. 7 >0,zeR?,Ze S, vgeRP, Vv eRPI=1,...,r,
z

Bl + @D+ E DT+ T WiAY =0i =1, omi=1 7,
B+ ED) T+ @) v+ Te(Z Q) + Tr (Wi Ay <0, =1,...n,
ﬁil +OH T + (Szj‘,l)Tz+Tr(W2jAl) —0,j=1,...on,0=1,....r,

Wi=0, Wi es™ W] =0,W] es™0,i=1,...mj=1,...n

The forthcoming theorem describes relationships between (weak) efficient solutions
of the two-stage multiobjective problem (RT) and optimal solutions of the SDP prob-
lem (P), which is a relaxation of the two-stage scalarized problem (P ). This provides
a method to calculate (weak) efficient solutions of the robust two-stage multiobjec-
tive program (RT) by solving related (scalar) semidefinite programming relaxation
problems (P}) with & € R'! \ {0}.

Theorem 3.1 (Calculating Solutions via Semidefinite Programming Relaxations) For

the problem (RT), suppose that there is v := (01, ..., 0,) € R" such that
r
A+ DA =0 (1)

=1

Then, the following statements are valid. _

(i) Let the Slater qualification condition in (3) hold and assume that (x, yo, Y)isaweak
efficient solution of (RT). Then one can finda € R\ {0}, W’l eSS i=1,...,mand
Wﬁ e s j=1,..., n_such that (x, ZO Y., Z, Wll Wé)i:l ..... mj=1,...nl=1,..r IS
a solution of (P}), where Z := x| and Yi,l=1,...,rarethe columns of the matrix
Y.

(i) (Finding weak efficient solutions) Suppose that the problem (P ) admits a solution
of (PY). Then (z, o, Y) is a weak efficient solution of (RT), where Y = (il, L)
is a matrix whose columns are those ofil, l=1,...,r.

(iii) (Finding efficient solutions) Suppose that the problem (Py ) admits a solution for
a € intRY and let (Z, Vo, V', Z, W1, W3)iz1,...m j=1,...n1=1,...r be asolution of (P,).
Then (Z, Vo, Y) is an efficient solution of (RT), where Y := (v', ..., V") is a matrix
whose columns are those ofil, l=1,...,r.
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Proof Let a := (ai,...,a,) € R\ {0} be such that the two-stage scalar-
ized problem (Py) possesses a solution and assume that (x, io, 7) is a solution of
this problem. Let val(P,) and val(P}) denote the optimal values of problems (Py)

and (P}), respectively. We justify that there exist Wll e ™M i =1,...,m and

Wé € Sm07 ,] = 17 ] n SuCh that (f7 yov 7[7 77 Wl] I Wé)l:l,,m,]:l,,n,l:l ,,,,, r IS
a solution of (P}) and

val(Po) = val(P}) = Y (77 Q1% + (6D T + B + (0) T3 + Te (W1 4)), (2)
i=1

where Z := ﬁT_and Y;,l=1,...,r are the columns of the matrix Y.
Since (x, ?0, Y) is a solution of problem (P, ), we see that

val(Po) = Y o Fi (X, 30, 1), 3)
i=1

where F; (x,7°,Y) := ma‘}{f,-(f, V) + @) TG+ Yv)) fori =1,...,m,and that
ve
max(g; (T.v) + @) GO+ Y0} <0, j=1.....n. )
v

Foreachi € {1, ..., m}, we rewrite F; (x,7°,Y) = max{ f; (¥, v) + OHTG +Yv))
ve
as follows

max | > u (€ )TF+ B+ @)V 1 A+ ws =0
=1 =1

= FEYL ) - — ©O) 7Y, ©)

where Xl; =X Q’if+ (Sf)T)_c—i— ,8{ . The condition (1) means that a regularity condition
is valid for the semidefinite programming (SDP) problem in (5). So we can employ a

strong duality in SDP (see e.g., [7, Theorem 2.15]) to find W} € §™0, W} > 0 such
that

x4+ 0D+ Te(W,A) = F (7 5°.7),
Bl + @)Y+ E DTX+Tr (Wi A)=0,1=1,....r. (6)

Similarly, foreach j € {1, ..., n}, we derive by (4) that there exist W} € "0, W} > 0
such that

%+ 0H T + Te(W3A) <0,

Bl + O Y+ (& ) T+T(WIA) =05 =1,....7,
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where 13 ;=X QT + (&)X + 8.

------------------

feasible point of problem (P}). This in turn implies that

val PP < Y (@) + 0D T3 + Tr(W14) = 3 0, Fi (7. 5°.7) = val(Po),
i=1 i=1

(N

where the first equality holds by (6) and the second one holds by (3). .

Let us now justify that val(P,) < val(P}). Assume that (z, vo, v Z, Wi,
W3)izt,...m, j=1,..ni=1,..r is feasible for (P%). Then,z € R, vy € RP, v/ e RP, Z €
84, Wi e S WL =0, W) e S W) =00 =1,....mj=1..,n,
l=1,...,rand

lzT
(Z Z ) =0, (8)
Bl i+OD TV +E DT+ TI(WA)=0i=1...mI=1_..r (9
B+ ED 24+ 0 T+ Te(ZO) + Tr(WjA) <0, j=1,...,n, (10)

Bl + @DV + &) e+ TIWiA) =0.1=1,....r,j=1,on. (1D

Note that for each j € {lI,...,n} and any v := (v,...,v,) € V, Tr[sz(A +
r . r .

Y uA)] = Odueto Wy > 0and A+ Y vA; = 0 and thus, Tr(WyA) >
=1 =1

r .
-y vlTr(sz Aj). Denote Yy := (vl, ..., V") as a matrix whose columns are those
=1

of vi,1 =1,...,r. Then, for any v € V, we derive from (11) that

gz )+ (09) T (vo + Yov) = B + (&))" 2 + Tr(zz ' 03) + ©3) 'vo — Y_ v/Tr(WJ Ap)
=1

< B+ ED T2+ ) v+ Te(Z0)
+Tr(W2iA), j=1...,n, (12)

where we note that Tr(Z Q3) > Tr(zz Q}) dueto Q4 > O and, by (8), Z —zz' > 0.
Now, we conclude by (10) and (12) that

max(g; (z. v) + O)HT (o +You)} <0, j=1,....n,
ve

which means that (z, vg, Yp) is a feasible point of problem (P, ). Hence, it holds that

val(Py) < Y i Fi(z, vo, Yo), (13)
i=1
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where F; (z, vo, Yo) = mea&({ﬁ(z, v) + (Gf)T(vo +Youli=1,...,m
v

Similarly, for any v € V, we can derive from (8) and (9) that

fi(z,v) + (0D (vo + Yov) < B + (€D Tz 4 (0) Tvo + Tr(ZQY)
+Tr(WiA), i=1,...,m,

which guarantees that
Fi(z,v0,Y0) < BL+ ED Tz + 0D Tvo + Tr(ZQ) + Tr(WiA), i =1,...,m.

This together with (13) entails that
m
val(Py) < Z (B + ED Tz + () Tvo + Tr(Z Q) + Tr(W] A)),

and  consequently, val(P,)< val(P}) because (z, vo, V', Z, Wf,

Wy)i=1,...m, j=1,..ni=1,.r Was arbitrarily taken.
Now, in view of (7), we conclude that

m

val(P,) = val(P¥) = Z (%) + O T + Te (W) A)),

which also confirms that (x, io, Y, Z, Wll , Wé)izlwm,jzl,m,n,lzl
tion of (P},). Namely, the assertion in (2) has been justified.

(i) Assume that (x, io, Y) is a weak efficient solution of (RT). Since the Slater
qualification condition (3) is satisfied, we apply Theorem 2.1(i) to conclude that there
exist o = (o, ... am)eR’"\{O}a eRi=1,....m,s = 1,...,r and
Aj >0, )ﬁj'. eR,j=1, ,n,s =1, , r such that the hnear matrix 1nequality
optimality conditions in (4)—(6) are valid.

Recall Fi(x,y°,Y) = ma&({f,-(x,v) + @HTG? + Yvli = 1,...,m for

ve

(x,y2,Y) € RItPHPXT and C the set of feasible points of problem (RT). Note that C
is also the set of feasible points of problem (P, ). Following similar arguments as in
the proof of Theorem 2.1(ii), we employ (4)—(6) to arrive at

- 1s a solu-

,,,,,

m m
Y @V =Y wFi@ YY) forall (75°.7)eC,
i=1 i=1

which means that the triple (_)_c, 70, Y) is a solution of (Pg). _This, as shown above,

guarantees that there exist W} € §™0,i = 1,...,mand W5 € §"0,j =1,...,n
such that (x, y", Y., Z, W’l,Wé),-zl,wm,jzl ..... ni=1,..r is a solution of (P}), where
Y;, Il =1,...,r are the columns of Y and Z := xx .
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(i1) Assume that the problem (P,) possesses a solution for o := (aq,...,®y) €
R% \ {0}. Then, as shown by (2), we have

val(Py) = val(P%). (14)

Let (z, Vo, V', Z, Wll,Wé)izl ,,,,, m,j=1,...n,i=1,...r be a solution of (P}). Then, z €
R?, Ty € RP, 7 € RP,Z € §9, Wy € S™ W, = 0, W) € §™, W) = 0,

i=1,....m,j=1,...,n,l=1,...,r and
m .
val(Py) = Y i (Bl + E) TZ+ (0)) Vo + Tr(Z Q) + Tr(W A)). (15)
i=1
(;%T) >0, (16)
Bl 4+ @)V +E D THTIWA)=0,i=1,....m1I=1,....r, (7
Bl + &)z 4+ 0) v+ TH(Z 0L + Te(WjA) <0,j =1,....n, (18)

Bl +ODTV + &) TATI(WIAN =0, j=1,....n,l=1,....r. (19

Denote by Y = (ﬁl, ... V") amatrix with columns ofi_l, I =1,...,r.Proceeding
as above, we derive froln (16), (18) and (19) that (z, vy, Y) is feasible for (P,). This
also shows that (zZ, Vg, Y) is feasible for (RT). Similarly, we can derive from (16) and
(17) that

Fi@10.Y) < B+ E) Z+ 0) 50 + Te(Z0Y) + Te (W, A), i =1,....m.
(20)

We assert that the triple (z, Do, Y) is a weak efficient solution of (RT). Otherwise, we
would find (%, 3°, Y) € C such that

F&V. V) <FE@v0.Y), i=1,....,m.

It is worth noting here that (X, 3°, ?) is also a feasible point of problem (P ). In view
of (20) and (15), we conclude that

m m
val(Pe) < ) i iR, 5%, Y) < )i Fi(z, %0, ¥) < val(P}),
i=1 i=1

which is absurd by virtue of (14). In conclusion, the triple (zZ, Vg, Y) is a weak efficient
solution of (RT).
(iii) Assume that the prpblem (Py) admits a solution for « = (aq,...,0,) €

intR. Let (z, Vo, v, Z, Wl] , Wé)i:h,,,m,j:] ,,,,, n,i=1,...,r be a solution of (P}). Then,

.....
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(14)—(20) are valid for this setting. Proceeding similgrly as in the proof of (ii), we
come to an assertion that there does not exist (X, y°, Y) € C such that

FEIOV<F@v.Y), i=1,....m

and 73 (%,5°, Y) < Fi(z,vo, Y) for some i € {1,...,m},

which concludes that the triple (zZ, Vo, Y) is an efficient solution of (RT). O

Second-Order Cone Programming Relaxations. We now consider the special robust
two-stage multiobjective optimization problem (RT), where the objectives f;,i =
1,...,m and the constraints g;, j = 1,...,n are separable quadratic functions in
the first-stage variable given by (25) and the uncertainty set V is an ellipsoid given by
(26). It should be noted here that the two-stage scalarized problem (Py) is considered
under the current setting.

In this framework, we address a relaxation problem in terms of second-order cone
programming (SOCP) for (P,) as follows:

m q
min > (Bl ED 2+ 0D v+ Yol o+ v]) (S3)

@vol vl v 242 i k=1
st =, 2zl < T+ mk,z:=(21,....29) R, eRk=1,...,q,
Bli+ @DV +E D+ EDT =0i=1,...mI=1.r,

n
Bl +EDTz+ 0D v+ Y o)ty <OweER, j=1,....n,
k=1

Bl + @DV + &) e+ (BN =0.j=1.....nl=1....r

I <yl <vf, i eR yieR 2 eR,yf eRii=1,....m, j=1,...,n,

where Eld, [ =1,...,r are the columns of the matrix E¢ given as in (26).

In the forthcoming theorem, we present links between (weak) efficient solutions of
the two-stage multiobjective problem (RT) under the current setting and optimal solu-
tions of (scalar) second-order cone programming problem (S},), which is a relaxation
of the two-stage scalarized problem (Py,).

Theorem 3.2 (Calculating Solutions via second-order cone programming relaxations)
Consider the problem (RT) and the problem (Py) with fi,i =1,... ., mand g;, j =
1,...,n given in (25), and V given in (26). Then, the following assertions are valid.
(i) Let the Slater qualification condition in (3) hold and let (X, io, Y) be a
weak efficient solution of (RT). Then, we can find a € R}\{0}, Z’i e R,

7"1 e R,i = 1,...,m and Zé e R’ 7£ e R,j = 1,...,n such that
— 0 v = —i —J =i =J . .

G Y L 7 Y T8 Tk=1qui=1 o j=1.ni=1,...r IS @ solution of (S}),
where 1, 1= fi,k =1,....,qand Y, 1 =1,...,r are the columns of the matrix Y.

(ii) (Finding weak efficient solutions) Suppose that the problem (P ) admits a solution
for o € R™\ {0} and let (Z, Vo, V', My, Vi Vs 24y D)kl =l d=1 o
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be a solution of (S}). Then (z, vy, Y) is a weak efficient solunon for (RT), where
Y =@, V") is a matrix whose columns are those of V', 1 =1, ..., r.

(iii) (Flndlng efficient solutlons) Suppose that the problem (Py) admlts a solution
for a € intR" and let (Z, Vo, V', N> VY T D ket i ==
be a solution of (S},). Then (z, Vo, Y) is an efficient solution for (RT), where Y =
(El, ..., V") is a matrix whose columns are those ofﬁl, l=1,...,r.

Proof Let a := (ai,...,a,) € R \ {0} be such that the problem (P,) admits a
solution and assume that (X, yo, Y) is a solution of (P, ) under the current setting. Let
val(P,) denote the optimal value of (Py) and let val(S) denote the optimal value of

(S%). We justify that there exist Z) € R, ' €Ri=1,...,mand ZeR, 7)€

R, j =1,...,nsuchthat(x, 7", Y, nk,yl,)/Z,zl,ZQ)k 1., =l,m,j=1,..nl=1,..,
isa solution of (S}) and

val(Py) = val(S%) Z ,31+(§1)T_+(9)T_0+Zw1k’7k+71) 21

k=1
where X 1= (X1,...,%g), g := X3,k = 1,...,qgand Y;,1 = 1,...,r are the
columns of the matrix Y.
Since (X, io, Y) is a solution of (P, ), we see that
m
val(Py) = Yo Fi(x, 50, Y), (22)

i=1

where F; (x, y‘) Y) = ma&c{fi(f, v) + (9{)T(?O +Yv)}fori =1,...,m,and that
ve
max(g; (. v) + @) (° + Y} <0, j = L....n. (23)
v

Foreachi € {1, ..., m}, we rewrite F; (x, 70’ Y) = r&a&({ﬁ(f, v)+ (Gf)T@O +7Yv)}

as follows

r

q
min { =" w (] )T+ Bl + ODTV) [NIET] =1} =) o (52 + €D TF + 4]
=1 k=1

veR” —
+ )Y - FE Y, 7).
(24)

Letting v := 0, € R’ it holds that |ED] < 1, i.e., the strict feasibility condition
holds for the second-order cone programming problem in (24). Thus, we can invoke
a strong duality result in second-order cone programming (see e.g., [1, Page 81]) to
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findz) e R", 7} € R, ||z} || < ¥' such that

q
Bi+EDTT+ODTY 4+ Dol X+ 7 = FE, 3,7,

k=1
Bl + @)Y+ & )T+ EDZ =00=1,...,r. (25)
Similarly, foreach j € {1, ..., n}, we derive by (23) that there exist 7, € R”, 7} € R,

1731l < 7} such that
q
B+ EDTT+ 0D + ) o) X +7) <0,
k=1

Bl + @D Y+ @) T+ EDH=00=1,...r.

.....

sible point of problem (S ). This in turn implies that

m q
val(83) < > i (B + EDTT+ 0D Y+l i + 7))

i=1 k=1
m
=Y aiFi(x, 3, Y) = val(P,), (26)
i=1
where the first equality holds by (25) and the second one holds by (22). Let us now jus-
tify  that  val(Py)< val(S}). Assume that (z, vy, v, e, yf, y2], z‘i,
) k=1,...qi=1,...m, j=1,..ni=1,., is feasible for (S%). Then, z := (z1,...,24) €

R? vy € R?,v' € R”,me € R, yj € Rz e RN, IIzjll < v{, vd € Rz €
RIZI<y ., k=1,....,q,i=1,....m,j=1,...,n,l=1,...,rand

Bl i+ @)V +E DT+ (ED T =0i=1 . omI=1,...r, (28)
q

Bl+ED 4+ @D T+ o)ty <0.j=1,....n, (29)
k=1

Bl +ODTV + )T e EDTE =0/ =1 nd=1,....r.  (30)

Note that forgach Jj € {l1,...,n}and any v := (vy,...,v,) €V, ||Edv|| < 1. Then,
we get by [|z3 ]| < 3 and the Cauchy-Schwarz inequality that

,
i = IBIE] = @) T (E) = =) (k) 2.
=1
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Denote Y := (vl, ..., V") as a matrix whose columns are those of viii=1,...,r.
Then, for any v € V, we derive from (30) that

r

8@ )+ 0D o+ You) =B + &) 2+ Y ) zi +©0) v — Y w(E) )

k=1 =1
<B+ED Tz 6D v+ ) ) m+ v, 31

k=1
where we note that z,% < nk,k = 1,...,q by virtue of (27). Now, we conclude by

(29) and (31) that
maéc{gj(z, v) + (Qg)T(vo +You)} <0, j=1,...,n,
ve

which means that (z, vg, Yg) is feasible for (P, ). Hence, we obtain that

val(Py) < Y i Fi(z, o, Yo), (32)
i=1

where F;(z, vo, Yp) 1= ma&c{f,'(z, v) + (Gf)T(vo + Yov)},i = 1, ..., m. Similarly,
ve
for any v € V, we derive from (27) and (28) that

q
Fi(z.v0.Y0) < Bi+ EDTz+ 0D v+ Y ol e +yl. i=1.....m.
k=1

This together with (32) entails that

val(Py) < Z (B +EDz+ODT V0+Zw1kﬂk+)/1)

k=1

aqd consequently, val(Py)< val(S}) because (z, v, v, Nks yli , yzj s z’i,

Zé)k=1 ,,,,, gi=1,...m,j=1,...n,I=1,....,r Was arbitrarily taken.
Now, in view of (26), we conclude that

m q
val(Py) = val(S¥) = Z (Bl + EDTT+ O+ Dol i + 7).

k=1

which also confirms that (X, ?0,71,ﬁk,7’i,7é,3’i,fé)k=1 ,,,,, q.i=1,...om,j=1,..nl=1,...r
is a solution of (S},). Namely, the assertion in (21) has been justified.
(i) Let (Y,?O,Y) be a weak efficient solution of (RT). Since the Slater qual-
ification condition (3) holds, we apply Corollary 2.1(i) to assert that there exist
= (g, ...,00) e RY\N{0}, & eR,i=1,....,m,s=1,...,r, % > O,Xj- €
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R,j=1,....,n,s =1,...,rand ttf > 0,k = 1, ..., g such that the second-order
cone conditions in (27)—(30) are valid. Similarly as in the proof of Theorem 3.1, we
can show that (x, ?0, Y) is a solution of (P,). This, as shown above, guarantees that
there exist 7} e R", 7' € R,i =1,...,mand7) € R", 73 € R, j = 1, ...,n such

where 77, 1= J_c,%, k=1,...,qand Y, I =1,...,r are the columns of the matrix Y.
The proofs of (ii) and (iii) are similar to the corresponding ones in Theorem 3.1
specified for this setting and so, they are omitted. O

4 Solving Examples Numerically via Relaxations

In this section, we present numerical examples to illustrate that one can employ the pro-
posed semidefinite programming (SDP) or second-order cone programming (SOCP)
relaxations to find (weak) efficient solutions for the considered two-stage multiobjec-
tive problems including those arisen from practical applications.

4.1 A Numerical Example

Consider an uncertain two-stage multiobjective program:

min (f1(r, v) + @)y, f206,0) + O y), 16 0) +6) y©) - (E)

stgj(xv) + @)y <0, j=1,23,

where 9{ e R3,i= 1,2,3 and 921 € R3, j = 1,2, 3 are fixed parameters, v is an
uncertain parameter, which is residing in the uncertainty set V.C R?, x € R? is the
first-stage decision variable, y : V — R3 is the second-stage decision variable, and
fiiRPxR? > R,i=1,2,3,g; : R3xR?> > R, j = 1,2, 3 are functions, defined
respectively by, for x := (x1, x2, x3) € R3,v:= (v, 1) eV,

f106,0) =227 = (01 +4x1 + (1= v2)xo + x5+ v1 — 1,
gi1(x,v) == —x2 —x3 + vi,

f(x,v) == x7 4 (v — 2)x1 —vix2 +x3 —va + 1,

g (x,v) = Zx% + (v — 4d)x1 4+ voxy — v + 2,

f3x, ) =27 — (1 + 2x1 + (1= v)x +v1 +2,
g3(x,v) = x12 — (v2 4+ 2)x1 +vixp + vy + 1.

Here, the uncertainty set V is given by

v3 <1}

| =

Vi={v:= (v, v2) € R? | v%—}—
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and the second-stage decision variable y is given by
y(v) = yO+Yv, vev,

where y € R? and ¥ € R3*? are nonadjustable variables.
We consider a robust two-stage multiobjective optimization problem that is a robust
counterpart of (E2) defined by

i INT
ey (maxUA G )+ OD Ty ), (R2)
rpea&{fz(x, V) + 6H Ty}, Tea\}{fS(x’ v) + 03 Ty)})

stgi(x )+ @)y <0,/ =123, yw) =y +Yv,Yv e V.

It is easy to see that the problem (R2) is of the form of (RT), where the functions

2 0 0
fi,i=1,2,3andgj, j = 1,2,3aredefinedby 0l :=03:= [0 0 0], 0Q}:=
0 0 0
1 00
03x3, 07 := Q3 == Q3 := |0 0 O], & = (-4,1,1),& = (=2,0,1),
0 00

£ = (=2,1,0), & | == &, = (=1,0,0), &, := & | = &, := (0,—1,0),
£,:=(1,0,0,8 :==1, =18 =2, =18, =6 ,:=0,6 =
LBL =081, :=—1,& = (0,—1,-1), & = (=2,0,0),& = (—4,0,0),
£, =&, =03, :=(1,00), &, =&, :=(0,1,0),&, = (~1,0,0),

Blim 0.3 = LB =2 B = LB, = B3, = B3, i= 0.2 o= —1. B, =
1, and the uncertainty set V is described by

A= LA = LAy =

S O =
SN O
=]
- o O
S OO
SO =
S OO
- o O
S = O

Case I: Two-stage multiobjective programs. Let 6] := 67 := (1, 1, —1), 6} := 03,
07 := (—1,1,-1),0% := (-1, -1, 1) and 65 := (1, —1, 1). We employ the obtained
relaxations from Theorem 3.1 to find (weak) efficient solutions of problem (R2). By
2
choosing v := 0; € R2, it holds that A + Z’E[Al > 0, which means that the
=1
condition (1) holds for this setting.

Foreacha := (a1, ap, a3) € Ri\{O}, we examine a robust scalarized optimization
problem of (R2) given by

3
min o; max 'x,v—i—GiT v ~x,v—|—9jT v) <0,j=1,2,3,
xeRZ,yOERS'YERSXZ{E max(fi (e, v) + O Ty ) 1g;(r.v) + G) () <0,

(E24)

y() = y0 +Yv,Vv e V}.
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By considering the case of o := (ay, a2, ®3) € Ri\{O} with o) = a3, we assert
that this weighted sum problem admits an optimal solution. To see this, just take
x = (1,0, 1),?0 := 03 and Y := 034». Then (X, §0,7) is a solution of problem
(E2y) and the optimal value is val(E2,)= —2a1 + o2 + o3.

The SDP relaxation problem of (E2,) is given by

3

min Y o (B + ED T2+ @) Tvo + Te(Z Q) + Tr(W]A))  (E25)
(o, Z, Wi Wy iy

.
s.t. <iZZ> ~=0,zeR,ZeS3 vpeR3 WV eR =12,

Bl + @DV +E DT+ Tr(WiA) =0,i=1,2,3,1=1,2,
Bl + (&) 2+ 0) Tvo + Te(Z Q) + Tr(WH A) <0,/ = 1,23,
B+ @DV + &) e+ (WS A) =0,/ =1,2.3.1 = 1.2,
Wi=0,Wies W/ =0,Wj es?i=123j=123.

Consider (for instance) o := (1,2,2). We utilize the toolbox CVX (see e.g.,
[21]) to solve the problem (E2%) and obtain the optimal value as 2.0000, which
is nothing else but val(E2,). Furthermore, the solver returns (optimal) variables
as (z, V0, V', Z, Wy, W3)i=123.j=12.3.=12, Where Z = (1.0000, 0.4025, 0.5975),
o = (0.0000,0.0000,0.0000), v' = (—0.2012,0.1006, —0.1006) and v°> =
(0.2012, 0.1006, —0.1006). By denoting Y := (v', 7?) as a matrix with the columns
of 7! and V2, we assert from Theorem 3.1 that (Z, Do, Y) is a weak/efficient solution
of (R2).
Case II: Multiobjective programs. Let 0] := 0} := 0} := 6} := 6} := 65 :=
03. Then, the problem (E2) collapses to an uncertain (single-stage) multiobjective
problem, which lands in the form of (P). By fixing 011 = 6‘21 = 912 = 922 = 9? =
923 := 03 and disregarding redundant variables in (R2), (E2y) and (E2), we obtain
corresponding problems for this case.

In this way, we can use other different vectors of & := (1, a2, @3) € Ri \ {0} with
ar = a3 to locate and compare (weak) efficient solutions for the frameworks in Case
I and Case II.

As we can see from Table 1 that, when scalarizing with a same set of weighted
sum vectors, the two-stage multiobjective problem of Case I provides many different
(first-stage) weak/efficient solutions, while the (standard/single-stage) multiobjective
program of Case II just gives a unique weak/efficient solution.

4.2 An Example Inspired by Bidding Strategies in Electricity Markets

Consider an uncertain two-stage multiobjective program:
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Table 1 Comparison of solutions of Case I and Case II

Vectors: o’s (First-stage) Solutions of Case I: x’s Solutions of Case II: x’s
(0,0.5,0.5) (1.0000, 0.4823, 0.5177) (1.0000, 0.0000, 1.0000)
(0.1,0.45,0.45) (1.0000, 0.4420, 0.5580) (1.0000, 0.0000, 1.0000)
(0.2,0.4,0.4) (1.0000, 0.2878, 0.7122) (1.0000, 0.0000, 1.0000)
(0.3,0.35,0.35) (1.0000, —0.0294, 1.0294) (1.0000, 0.0000, 1.0000)
(0.4,0.3,0.3) (1.0000, —0.0864, 1.0864) (1.0000, 0.0000, 1.0000)
(0.5,0.25,0.25) (1.0000, 0.2996, 0.7004) (1.0000, 0.0000, 1.0000)
(0.6,0.2,0.2) (1.0000, 0.8889, 0.1111) (1.0000, 0.0000, 1.0000)
(0.7,0.15,0.15) (1.0000, 1.0240, —0.0240) (1.0000, 0.0000, 1.0000)
(0.8,0.1,0.1) (1.0000, 0.9151, 0.0849) (1.0000, 0.0000, 1.0000)

(0.9,0.05,0.05)
(1,0,0)

(1.0000, 0.8622, 0.1378)
(1.0000, 0.8837, 0.1163)

(1.0000, 0.0000, 1.0000)
(1.0000, 0.0000, 1.0000)

min (fitx,v) + @Dy, frlx,v) + O Ty), f(x,v) + @) y(v)) (E3)

s.tgj(,v) +0) Ty <0, j=1,2,3,

O<x <xl*, 1=1,..,T,

maxil=1, ..

0<xiqr =x,%,

X1 +xl+T 2 O—4Dl5 l = 15 seey

(33)
(34)
T,
T, (35)

where 0/ € R¥,i =1,2,3,6] e R, j =1,2,3, D e R, [ =1,...,T,04 > O,

x'* and x;"‘“‘ are fixed parameters, v := (vy, ..., V27) IS an uncertain parameter,
which resides in the uncertainty set V C R2T x .= (x1, ..., x27) is the first-stage

variable and y : V — R?7 is the second-stage variable. In this setting, the functions
fi R xRT - Ri=1,2,3,g; : R xRT - R, j = 1,2,3 are defined,
respectively by, for x := (x1, ..., xa7) € R2T and v := (v, ..., vo7) €V,

T 2T
fie v =) (mix] —vix) =M, frlx,v)i= Y (mxi — Cuix),

(36)
i=1 i=T+1
T 2T T
i)=Y mxi+ Y vimxi, gilx,v) =Y (01D; = vix;), (37)
i=1 i=T+1 i=1
2T T
2206, v) 1= Y (02Di7 —vixi), g3(x,v) =Y (03D; — viX; = Viy7XitT),
i=T+1 i=1
(38)
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wheren; >0,i =1,...,2T,M € R,07 > 0,/ = 1,2,3and C € R. The uncertainty
2T
set V is defined by V := [] [Aj,y;], where A; € R, y; € Rare fixedand A; < y;

for j =1,...,2T, and the second-stage decision variable y is given by

2T
Y) =30+ Y wiy vi= (o, vr) €V,

i=1

where yi eRT j=0,1,...,2T are non-adjustable decision variables.
Motivation by Bidding Strategies of Electricity Markets. The study of problem (E3)
is inspired by modeling coal-fired power plants and photovoltaic (PV) systems in the
electricity market. In this scenario, the objective function f; in (36) is to minimize cost
for the coal-fired power stations, where 7; is a day-ahead electricity price at time slot
i. M is the fixed operation cost for coal-fired power plants. x; is the reserved power
generation amount at time slot 7 in the day-ahead market. The objective function f>
in (36) is to minimize cost for the PV systems, where C is the generation cost for
the PV systems. The objective function f3 in (37) is to minimize power purchasing
costs for the customers. In the objective f3, the first term denotes the total cost of
purchasing power from the coal-fired power stations, while the second term indicates
the cost of purchasing power from the PV systems. The first-stage constraints g in
(37) and g, g3 in (38) explain the total power generation from the coal-fired power
stations and the PV systems should satisfy the power demand at every time slot, where
D; is the amount of power demand at time sloti. o7, [ = 1, 2, 3, 4 is scale parameters
for the power demand. The constraints (34) to (35) explain the lower bound and
upper bound of power generation amount for the coal-fired power plants and the PV
systems, respectively, where x'“* is the maximal power output from the coal-fired
power plants and x)/** is the maximal power output from the PV systems. v; is an
uncertain extra electricity price that is applied based on the actual scenarios such as
higher or lower demands of power customers or affected weather conditions on the
PV power generation over the prescribed time periods, while y is an adjustable rule
of reserved power generation amounts that could be implemented and controlled by
6 and 6.

Semidefinite Programming Relaxations. For x := (x1, ..., x27) € R2T and v :=
(vi, ..., v21) € V, put

—Xj-3, j=4,...,3+T,
Xj3-1 — X, j=4+T,...,342T,
gj(x,v) = —x;_3_7, j=442T,...,3+43T,

Xj—3-or — X5, j=443T,...,3+4T,

04Dj 347 — Xj_3-47 — Xj-3-37, j=4+4T,...,3+ 5T,
and denote by ¥ := (y',...y?") a matrix whose columns are those of y',i =
1,...,2T. Then the uncertain two-stage problem (E3) can be relabeled as the fol-
lowing one:
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min (fitx,v) +OD) Tyw), Hx,v) + O Ty@), fx,v)+ 6D Ty©)  (A3)

stgi(x,v)+0) yw) <0, j=1,...,3+45T,

where x € R?T y(v) =y +Yvforve V and92j =0y forall j =4,...,3+5T.
Now, consider a robust two-stage multiobjective problem, which is the robust coun-
terpart of (A3) defined by

min (max{fi(x,v) + @) y@)}, max{ f2(x, v) + 67) "y}, max{ f3(x, v) + 6}) "y ()})
(x,)0,Y)  veV veV veV
(R3)
stgj, v +6)HTyw <0, j=1,..., 3457,
xeRT YO eRT Yy e R2TT yv) =0+ Yv, Vv e V.
2T
Note further that the box V := [] [A;, ;] can be written as the following spectrahe-

j=1
dron:

2T
V={v:=@....0r) e R | A+ ) w4 =0}, (39)
=1

2T
where A := diag(—A1,..., —A2r,¥1,..., y2r) and A; = diag < 6162T> 1=
€
1,...,2T. Therefore, the problem (R3) lands in the form of (RT), where the functions
fi.i=1,2,3andg;, j=1,...,3+ 5T are defined by Q} = diag (ZIT:I melzT> ,

0} = ding (T mef"). 0 = Ooraar, & = & = O, & =
—elzT, [=1,...,T,
0or, I=T+1,...,2T,
L 07, l=1,...,T, 3 0or, l=1,...,T,
Sia = —CceT, 1=T+1,...,2T, = mel, 1=T+1,...,2T,
B, = 0.0 = 1,..2T.i = 1,23, Q) = Orsor.j = 1....3 + 5T,
-, 1=1,...,T,
Oy, [=T+1,...,2T,

T
Sl o= a7 o= 808l = |

B, =0,0=1,..2T j=1,...3+5T &, :={

Or, I=1,...,T :
2 . ’ o 3 2T J
= =T 1=1,...,2T, &, = Oor,l =
S {—eIZT, I=T+1,....01, 2 ! S0 7= Oor

1,....,2T,j=4,...,3+5T,
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027, j=1,2,3,

-3ty j=4,...3+4T,
s sy j=4+T, ... 34027,
S SN J=4402T,.. . 3+3T,

s ors j=443T,...,3+4T,

2T 2T .

€347 — €j_3-37> J =4+4T,...,34+ 5T,

T

> oDy, j=1

=1

T

T
Y 03Dy, j=3,

/35: =1
0’ j:4,...,3+T7
__xé’nax ]:4+T,,3+2T7
0, j=4+2T,...,3+3T,
e j=4+3T,...,3+4T,

o4Dj 347, j=4+4T,...,3+5T.

Let us employ the obtained relaxations from Theorem 3.1 to calculate (weak) efficient
solutions of (R3). By choosing v := (M;V‘ e }‘"'2“'") e R?T, it holds that
2T
A+ Y 1A; = 0, which means that the condition (1) holds for this setting.
=1
For each « := (x1, a2, @3) € Ri\{O}, one considers a robust weighted sum opti-
mization problem of (R3) given by

3
{2 e maxtficx, v) + @) Ty} | g0, v) + @) Tyw) <0,
i=1

min
xeR2T R yOeR2T R Y eR2T x2T

(E3)
i=1,..., 3+5T,y(u)=y°+Yv,vUev].
The SDP relaxation problem of (E3,) is given by
min > i (B + ED T2+ 0) Tvo + TH(Z Q) + Te(W] A)) (E3%)

o, 2, Wi W) i
1 T
s.t. (Z ZZ ) >0,zeR7T ZeST vy eRT WV eRT,1=1,..., 27,

Bl + @DV + (& )T+ Te(WjA) =0,i =1,2,3,1=1,....2T,
Bl + ED T+ O Tvo + Tr(Z QL) + Tr(WIA) <0, j =1,...,3+5T,
Bl + @DV + &) e+ TI(WjA) =0,j=1,....3+5T.1=1,....2T,
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Wi=0,Wies wi=0,w es¥,i=1,23j=1,..,3+5T.

According to the obtained relaxation schemes in Theorem 3.1, we assert that, for a
givena € intR3 (resp.,a € R3 2\{0}),if (z, vo, V 17, le Wz), 1,2,3,j=1,...345T,I=1,.
is a solution of (E3},), then (z, vo, Y)isa (resp., weak) efficient solutlon of (R3), where

Y =@, 2T) stands for a matrix with the columns of vi,l =1,...,2T. So,

(Z,7) is arobust solution of (E3), where y(v) = 7°+ Z v forv:= (vi, ..., vo7) €
=1

V.

Numerical Simulations. Our study utilizes a day-ahead dataset provided by the Aus-
tralian Energy Market Operator (AEMO), which features information on electricity
price and demand in the Victoria state of Australia. We extract data from 8:00 to 17:00
on March 2, 2022, as shown in Table 2. In our model, we set the maximal power
output from the coal-fired power plants as x/'** = 71160 MWh, while the maximal
power output by the PV systems is x))** = 1000 MWh. Furthermore, we utilize a
fixed operation cost of AUD $50,000 for coal-fired power plants, and a generation cost
of AUD $40 per MWh for the PV systems. We random the values of 01 , 92 and 01 as
given in Table 3 and set 92 = —911, 922 = —92 and 923 = —9]

Note that the weights of the objective functlons satisfy a1 + oy + a3 = 1, where
the values of a1, a» and a3 range from 0.00001 to 1 with increments of 0.025 up to
0.05, and further increments of 0.075 and so on. To evaluate the effectiveness of the
proposed two-stage model, we conducted simulations using two-stage multiobjective
programs and (single-stage/standard) multiobjective programs. We simulated all pos-
sible combinations of weights and obtained the results presented in Fig. 1, which is an
almost comprehensive set of (first-stage) efficient/Pareto solutions.

The figure presented in the analysis illustrates the varying costs associated with
three different tasks, based on the different weights assigned to three objective func-
tions. In the case of single-stage analysis, the efficient/Pareto solutions for the three
objective functions are consolidated within a single range. However, in the two-stage
analysis, the (first-stage) efficient/Pareto solutions for the three objective functions
are distributed across multiple ranges, highlighting the greater flexibility afforded to
the electricity market operator to adjust costs between different sources of electricity
generation, such as power plant generation, PV generation and market purchasing.
The deployment of a two-stage multiobjective approach presents several advantages,
such as facilitating the increased integration of renewable energy sources into the grid
and reducing reliance on fossil fuels. The flexibility provided by this approach enables
the operator to adjust costs to incentivize the use of surplus electricity generated by
renewable energy sources, and thus promote their utilization and facilitate their inte-
gration into the electricity system. This not only contributes to the achievement of
environmental objectives by reducing greenhouse gas emissions but also supports the
overall stability and reliability of the electricity grid. Consequently, the two-stage mul-
tiobjective approach offers more flexible and efficient means of adjusting electricity
costs than a standard (single-stage) multiobjective approach that leads to far-reaching
benefits for the electricity market and society at large.
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Table3 The values of 6

i 1 2 3 4 5 6 7 8 9 10

0]1 0.547 0.296 0.745 0.189 0.687 0.184 0.368 0.626 0.780 0.081
6]2 0.644 0.379 0.812 0.533 0.351 0.939 0.876 0.550 0.622 0.587
9? 0.311 0.923 0.430 0.185 0.905 0.980 0.439 0.111 0.258 0.409
i 11 12 13 14 15 16 17 18 19 20

611 0.929 0.776 0.487 0.436 0.447 0.306 0.509 0.511 0.818 0.795
012 0.208 0.301 0.471 0.230 0.844 0.195 0.226 0.171 0.228 0.436
913 0.595 0.262 0.603 0.711 0.222 0.117 0.297 0.319 0.424 0.508

Coal-fired power station cost Power purchasing cost Power generation cost

o
=]

120 120
[ One stage [ One stage [ One stage
100 © 100 ! &
> 80 > 80 >
g g g 60
3 60 S 60 =1
o o o
g g 8 40
L 40 L 40 I
20+ 20 20
0 . |
1 2 3 4 5 0 1 2 3 4 05 1 15
Value %1012 Value %10 Value x10°
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Value %1010 Value «10° Value «108

Fig. 1 Solutions of single-stage and two-stage bidding strategies

5 Conclusions with Study Perspectives

We provided verifiable necessary and sufficient optimality conditions for a class of
robust two-stage multiobjective optimization problems. The obtained optimality con-
ditions can be numerically validated by using a semidefinite programming problem as
they are presented by way of linear matrix inequalities. These optimality criteria can
be expressed further as second-order conic conditions for robust two-stage multiobjec-
tive optimization problems involving separable functions and ellipsoidal uncertainty
sets. We addressed relaxation schemes that allow one to locate (weak) efficient solu-
tions for a robust two-stage multiobjective optimization problem by solving related
semidefinite programming or second-order cone programming relaxation problems.
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Given numerical examples have exemplified that our two-stage multiobjective
model is more flexible than a (single-stage) multiobjective version in terms of solution
variety. In more detail, the former produces more (first-stage) efficient solutions than
the latter does when solving them through a same set of weighted sum vectors. Fur-
thermore, the simulation on an example arisen from practical applications has shown
that the two-stage multiobjective approach offers various benefits such as reducing
the dependence on fossil fuels, achieving environmental objectives and supporting the
stability and reliability of the electricity grid. Consequently, this approach presents a
more efficient and flexible mean of adjusting electricity costs than a standard (single-
stage) multiobjective approach that leads to far-reaching benefits for the electricity
market and society.

When dealing with a general two-stage multiobjective optimization problem
in practice, where the problem data involve nonconvex functions, corresponding
scalarized/weighted sum methods often lose their effectiveness in locating (weak) effi-
cient/Pareto solutions. Therefore, a further investigation on how to make use of such
relaxation schemes to solve nonconvex two-stage multiobjective problems would be
of great interest from practical implementations. It is also worth looking at whether
the current approach can be exploited to formulate and solve other real-world uncer-
tain multiobjective models such as integrated energy systems with load uncertainties
(see e.g., [32]), where the decision makers would deal with conflicting demands and
benefits of the energy efficiency and the carbon emissions reduction under load budget
uncertainty scenarios.
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