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Abstract

To perform variable selection in expectile regression, we introduce the elastic-net penalty into
expectile regression and propose an elastic-net penalized expectile regression (ER-EN) model.
We then adopt the semismooth Newton coordinate descent (SNCD) algorithm to solve the pro-
posed ER-EN model in high-dimensional settings. The advantages of ER-EN model are illus-
trated via extensive Monte Carlo simulations. The numerical results show that the ER-EN model
outperforms the elastic-net penalized least squares regression (LSR-EN), the elastic-net penal-
ized Huber regression (HR-EN), the elastic-net penalized quantile regression (QR-EN) and con-
ventional expectile regression (ER) in terms of variable selection and predictive ability, espe-
cially for asymmetric distributions. We also apply the ER-EN model to two real-world applica-
tions: relative location of CT slices on the axial axis and metabolism of tacrolimus (Tac) drug.
Empirical results also demonstrate the superiority of the ER-EN model.
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1. Introduction

In statistical modeling, regression analysis is an effective tool for exploring the relationship 
among variables. According to loss functions used in optimization, we distinguish three types of 
regressive methods including: (1) mean regression (or OLS) based on the quadratic loss

, (2) quantile regression based on the asymmetric absolute loss
, and (3) expectile regression based on the asymmetric quadratic loss

. Both τ and θ determine the degree of asymmetry of the loss func-
tion. Expectile regression proposed in [1,51] is an extension of the classical linear regression

a,b a a c d

l(u) = u2

l(u) = u ⋅ (τ − I(u < 0))
l(u) = ⋅ θ − I(u < 0)u2 ∣∣ ∣∣
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model that allows for different weights on positive and negative residuals called asymmetric
least-squares regression. This estimator shares good properties such as homogeneity, mono-
tonicity with respect to weight level θ and translation invariance, see [51].

In mean regression problems, we are interested in �inding important covariates to predict the
response variable. With the study of the high-dimensional problems being enthusiastic, regres-
sion model with variable selection is very valuable in practice. For example, it is very important
to consider high-dimensional regression in X-ray tomography and medical clinical trials �ield,
etc. Several classical penalized methods, including the least absolute shrinkage and selection
operator (LASSO, ) of [65], the smoothly clipped absolute deviation (SCAD) of [22], the elas-
tic-net penalty of [93], the adaptive LASSO of [92], and the minimax concave penalty (MCP) of
[88], are widely used in variable selection. In many practice, we need to select groups of vari-
ables rather than individual variables. To this end, there emerges variable selection in a group
manner or group variable selection methods, such as the group LASSO of [87] and the adap-
tive group LASSO of [72]. [53] introduce a novel variant of such method called the adaptive si-
multaneous variable selection (SVS), which is closely linked with the adaptive group LASSO. In
addition, two MCP-based penalization approaches are proposed by [49] for marker selection
under the heterogeneity models. [4,5] present a Bayesian stochastic search variable selection
method for subset selection based on a heteroscedastic linear regression model.

As an alternative to mean regression, quantile regression proposed by [39] can reveal the com-
plete distribution of a response conditional on covariates information, which provides more
useful information for decision making. Since then, quantile regression has drawn more and
more attention from both academics and practitioners. There has been a large number of clas-
sical models, such as the local linear quantile regression of [86], the single-index quantile re-
gression of [77], the composite quantile regression of [94], the CAViaR of [20], the exponen-
tially weighted quantile regression of [64], the dynamic additive quantile (DAQ) model of [29],
and the quantile regression on panel data in [42]. To solve high-dimensional problems, penal-
ized methods have also been introduced into quantile regression. For example,  penalized
quantile regression model is developed in [8,40,42,46,79] via the LASSO approach. In
[6,54,58,76], variable selection for quantile regression is implemented by the SCAD and adap-
tive LASSO penalties. In [10], the elastic-net method is used to identify important covariates for
quantile regression. In [50], both the convex (e.g. LASSO and elastic-net) and nonconvex penal-
ties (e.g. SCAD and MCP) are considered. Under the Bayesian framework, regularized quantile
regression is conducted with the LASSO, group LASSO and the elastic-net methods in [44], with
the adaptive LASSO in [2,3]. As for nonlinear quantile regressions, [43] propose a kernel quan-
tile regression, where the kernel trick is used twice, one is for nonlinear �itting and the other is
for smoothness penalty. [11] develops a quantile regression neural networks (QRNN) model,
where large weights are penalized using a quadratic penalty term. In addition, additive quantile
regression models are estimated by the LASSO and total variation roughness penalties in [38],
the two-fold SCAD penalty in [47], and the boosting method in [24]. Recently, wild residual
bootstrap inference is proposed by [71] for penalized quantile regression.

Similar to quantile regression, expectile regression is also able to investigate heterogeneous ef-
fects of covariates on the distribution of the response variable and provide its complete distri-
bution information. According to [36,84], there exists an one-to-one mapping from expectiles
to quantiles, i.e. for each θ-th expectile, there is a corresponding τ-th quantile. The attention de-
voted to expectile regression has increased substantially in recent years. In [70], they �ind that
expectile regression tends to have less crossing and be more robust for heavy-tailed distribu-
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tion. In [7,13,15,64], they relate the expectile to the expected shortfall (ES) and develop the
conditional autoregressive expectile (CARE) model to measure ES risk. Moreover, [41] apply
the CARE model to measure VaR risk, [78] develop a varying-coef�icient expectile model for es-
timating VaR, and [32] propose a dynamic autoregressive expectile model for portfolio selec-
tion. Besides point prediction, forecast evaluations on expectile regression are comprehen-
sively studied in [19,31]. For applications, a multivariate expectile regression model has been
successfully applied by [12] to analyze the tail events of large cross-sectional and spatial data.
In nonlinear situations, [37] consider a type of nonlinear expectile regression models and
study the consistency and asymptotic normality of the estimates, a geoadditive expectile regres-
sion is considered by [60,61,67,68], an expectile regression neural network (ERNN) model is
developed by [35] through adding a neural network structure to the expectile regression ap-
proach, a nonparametric CARE model is advanced by [80] via neural network, a �lexible non-
parametric expectile regression is considered by [81] using the kernel trick, and [23] propose
an SVM-like expectile regression. Recently, expectile regression on high-dimensional data has
received increasing attention and many penalized expectile regression methods have been de-
veloped. [74] introduce an  penalty into an expectile regression with a Whittaker smoother
to better model accelerometer data. [14,30,48] consider the sparse expectile regression under
high dimensions with the LASSO (  penalty), adaptive LASSO, and nonconvex penalties. In
[89,91], they propose a penalized linear expectile regression with the SCAD penalty and show
the oracle properties of the estimator. Moreover, [90] develop a partially linear additive expec-
tile regression using nonconvex penalties such as SCAD and MCP. In [57,63], a semi-parametric
expectile regression with penalized splines is developed to �it smooth expectile curves.
Furthermore, [62] apply the semi-parametric expectile regression with penalized splines to
model spatio-temporal effects beyond the mean, facilitating the interpretation of main effects
and interactions between space and time.

We consider the elastic-net penalty of [93] as regularization to solve a major limitation of the
expectile regression in that it cannot automatically select relevant variables. The elastic-net
penalty is a convex combination of the LASSO penalty of [65] and the ridge penalty of [33], i.e.

. As a penalization technique, it combines the strengths of the LASSO penalty and the
ridge penalty, and effectively solves both continuous shrinkage and automatic variable selec-
tion simultaneously. The main difference between elastic-net penalty and SCAD penalty is that
elastic-net penalty is convex, which has some advantages in calculation and it is particularly
useful in the p>n situation, or any situation where there are many correlated predictors. For
example, in [16], the elastic-net penalty is added on the loading vectors of principal component
analysis to identify the few stable regions in brain images. [45] propose an iterative algorithm
to solve the generalized elastic-net regularization problem. [5] propose the Bayesian elastic-net
for single index quantile regression for estimation and variables selection. [73] propose the
weighted elastic-net to deal with the variable selection of generalized linear models on high-di-
mensional data and give the theoretical properties of the proposed method with a diverging
number of parameters.

It is well known that the pathwise optimization is a primary scheme to solve penalized regres-
sion models. The classical algorithm is the Least Angle Regression (LARS) of [18], which is
based on the residual error of the target. However, the LARS is extremely sensitive to the sam-
ple noise. As an alternative, the coordinate descent (CD) algorithm of [66] performs better in
the pathwise optimization problem, for example, LASSO penalized least squares in [25], elastic-
net penalized generalized linear models (GLM) in [26], and nonconvex penalized least squares
and logistic regression in [9]. Unfortunately, the coordinate descent algorithm needs a longer
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computing time especially in high-dimensional data, see [82,83]. Furthermore, superlinear con-
vergence of a Newton-type method is established by [55] for solving �inite-dimensional non-
smooth equations, and hereinafter called semismooth Newton algorithm (SN). Moreover, [85]
combine the strengths of the coordinate descent algorithm (CD) and the semismooth Newton
algorithm (SN), and develop a semismooth Newton coordinate descent (SNCD) algorithm. The
superiority of SNCD to CD lies in two folds, refer to [9,26,59], among others. First, the SNCD al-
gorithm updates a regression coef�icient and its corresponding subgradient simultaneously in
each iteration, which makes it run much faster in practice. Second, the SNCD algorithm general-
izes coordinate descent to work on a wider class of models where the loss functions, like the
Huber loss regression of [34], only need to be �irst-order differentiable. In general, the SNCD
algorithm always converges quickly and outperform the CD algorithm, especially in high-di-
mensional cases.

In this paper, we propose a novel elastic-net penalized expectile regression (ER-EN) model. The
ER-EN model is similar to but different from that of [85] in terms of the used loss functions.
Actually, in [85], they use the Huber loss and the asymmetric absolute loss to do mean regres-
sion and quantile regression. However, we consider an asymmetric quadratic loss, which yields
expectile regression. To a certain extent, the asymmetric quadratic loss can be viewed as a
combination of the asymmetric absolute loss and the (symmetric) quadratic loss. In this regard,
we further introduce the elastic-net penalty into the asymmetric quadratic loss to construct the
ER-EN model. This is a major innovation of the paper. In terms of statistical properties, the
quantile regression only considers the position (or order) relationship in the data without con-
sidering the distance, while the expectile regression can take into account both of them. The
quadratic loss function brings computational advantages and estimation effectiveness to expec-
tile regression, where the estimation of the covariance matrix does not need to estimate a con-
ditional density function. Thus expectile regression has more excellent properties than quantile
regression, and we focus on expectile regression here. In addition, the ER-EN model also dif-
fers from [83] in two aspects. First, the multiple expectile regression of [83] is a nonparametric
model, while our ER-EN is a parametric one. Second, the nonparametric multiple expectile re-
gression model is solved by a regression tree-based gradient boosting estimator named as ER-
Boost, while the ER-EN model is solved via the SNCD algorithm for its computational advan-
tages in high-dimensional settings.

This ER-EN model is highly ef�icient and scalable in high-dimensional settings, and has at least
three advantages. First, since it uses an asymmetric quadratic loss function, the ER-EN model
can describe complete distribution of a response conditional on covariates information.
Second, the ER-EN model is suitable for data in the presence of outliers or heterogeneity, has
excellent stability and robustness in high-dimensional data applications particularly. Third, the
ER-EN model is faster in computing, which is a vital merit of the ER-EN model when dealing
with high-dimensional data. We �irst compare the ER-EN model with other models, including
the elastic-net penalized least squares regression (LSR-EN), the elastic-net penalized Huber re-
gression (HR-EN), the elastic-net penalized quantile regression (QR-EN) and conventional ex-
pectile regression (ER), and illustrate the advantage of the proposed ER-EN model through ex-
tensive Monte Carlo simulations. The numerical results show that the ER-EN model outper-
forms the others in terms of variable selection and predictive ability, especially for asymmetric
distributions. We then apply the ER-EN model in two real-world applications to predict relative
location of CT slices on the axial axis and metabolism of tacrolimus (Tac) drug. The empirical
results also indicate that the ER-EN model is superior to several popular models for processing
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high-dimensional data in the medical �ield. The ER-EN model can not only select important vari-
ables to enhance the interpretability of the response but also improve the prediction accuracy
of related diseases.

This paper proceeds as follows. Section 2 brie�ly reviews some elastic-net penalized linear re-
gression. Section 3 presents a novel ER-EN model and discusses its modeling techniques.
Simulation experiments are conducted in Section 4 to illustrate the ef�icacy of the proposed the
ER-EN model. In Section 5, we consider real applications and report the empirical results of the
ER-EN model. Section 6 summarizes and concludes the paper.

2. Penalized linear regression review

In this section, we brie�ly review the classical linear regression and its penalized versions in
high-dimensional settings.

2.1. Linear regression

In regression analysis, the classical linear model relates y to p-dimensional  with

(1)(1)

where , , , and ϵ is the random error.

The regression coef�icients in  can be estimated through optimizing the following empirical
loss or cost

(2)(2)

where  a generic loss function. In practice, commonly used loss functions include: (1) the
quadratic loss  with , which yields mean regression or least squares re-
gressions; (2) the asymmetric absolute loss  with , which
yields quantile regressions; (3) the asymmetric quadratic loss  with

, which yields expectile regressions; (4) the Huber loss

 with a threshold γ and , which yields Huber

regression.

As we all know, mean regression is an ef�icient tool and estimates the conditional expectation
of dependent variable given the values of independent variables. However, it is not suitable for
data in the presence of outliers or heterogeneity in practice, see [13,17,56,75]. By contrast,
quantile regression as well as expectile regression can provide comprehensive information

x

y = + β + ε,β0 xT
i

y ∈ R x ∈ Rp β ≡ ( , ,… , ∈β1 β2 βp)T
Rp

β

l( − − β),min
β

1
N

∑
i

N

yi β0 xT
i

l(⋅)
l(u) = u2 −∞ < u < ∞

l(u) = u ⋅ (τ − I(u < 0)) 0 < τ < 1
l(u) = ⋅ θ − I(u < 0)u2 ∣∣ ∣∣

0 < θ < 1

l(u) ={ ,u2

2γ

u − ,∣∣ ∣∣
γ

2

if |u| ≤ γ

if |u| > γ
(−∞ < u < ∞)
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about conditional distribution. In addition, the asymmetric quadratic loss function of expectile
regression has the nature of continuity and smoothness and yields computational advantages.
Huber regression is the same as mean regression for small residuals, but allows large residuals
as the Huber loss provides a smooth transition between absolute and quadratic errors [11].
For this reason, Huber regression has attracted considerable attentions, see [52,80].

2.2. Penalized linear regression

In the high-dimensional case where p>n, we should consider variable selection of the model
since it is often sparse with small proportion of nonzero coef�icients. It is therefore important
to identify and estimate the nonzero coef�icients. As an alternative way to subset selection and
information criteria, the penalized method is able to perform variable selection and model esti-
mation simultaneously.

For a generic penalty function , we consider a penalized regression

(3)(3)

where  is the tuning parameter. The choice of penalty functions is important in the penal-
ized regression. When using the ridge penalty of [33], regression coef�icients are shrunken to-
wards zero, but will never become exactly zero. Thus the ridge penalty will not provide a
sparse model that is easy to interpret, refer to [26]. The LASSO penalty of [65] reduces the
variability of the estimates by shrinking the coef�icients and at the same time produces inter-
pretable models by shrinking some coef�icients to exactly zero. The SCAD penalty of [22] is
symmetric and nonconvex, which can produce sparse solutions. However, its iterative algo-
rithm runs slowly, which is not suitable for the situation of large amount of data. The MCP pen-
alty of [88] has minimax optimality. Just like SCAD, the MCP penalty poses a challenge to the nu-
merical calculation in �itting model because of its nonconvexity. The elastic-net penalty of [93]
combines the advantages of LASSO penalty and ridge penalty, which can effectively solve the
problems of continuous contraction and automatic variable selection. The elastic-net penalty is
particularly useful when the number of predictors  is much bigger than the number of ob-
servations .

Given the above discussion, we use the elastic-net penalty function with the form

(4)(4)

which is a convex combination of the LASSO penalty ( ) and the ridge penalty ( ). In
Equation (3), when using the (symmetric) quadratic loss and the elastic-net penalty, we obtain
the elastic-net penalized least squares regression (LSR-EN)

P (⋅)

l( − − β)+ λP(β),min
β

1
N

∑
i

N

yi β0 xT
i

λ ≥ 0

(p)
(n)

P(β) ≡ (β) = α ∥ β +(1 − α) ∥ β , 0 ≤ α ≤ 1.Pα ∥1
1
2

∥22

α = 1 α = 0
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(5)(5)

When using the Huber loss and the elastic-net penalty, we obtain the elastic-net penalized
Huber regression (HR-EN)

(6)(6)

When using the quantile loss and the elastic-net penalty, we obtain the elastic-net penalized
quantile regression (QR-EN)

(7)(7)

As for regression equations and mathematical properties, there are many similarities between
quantile regression and expectile regression. In addition, the objective function of expectile re-
gression is an asymmetric quadratic loss function, which is continuous and smooth, then the
optimization and calculation are more convenient than quantile regression. In this regard, we
intend to study expectile regression with the elastic-net penalty in the next section.

3. Elastic-net penalized linear expectile regression

In this section, we introduce a novel ER-EN model. We then provide its estimation method via
the SNCD algorithm. In addition, we discuss model selection and model evaluation for the ER-
EN model.

3.1. Model setup

Consider the asymmetric quadratic loss

(8)(8)

(β) = ( − − βmin
β

fs

1
2N

∑
i

N

yi β0 xT
i )

2

+ λ(α ∥ β +(1 − α) ∥ β ), 0 ≤ α ≤ 1.∥1
1
2

∥
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2

2

(β)min
β
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N
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i hγ yi β0 xT

i
∥1 1

2
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2
2

0 ≤ α ≤ 1.

(β)min
β
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i ρθ yi β0 xT
i ∥1 1

2
∥∥
2
2
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l(u) ≡ (u) = ⋅ θ − I(u < 0) ,ρθ u2 ∣∣ ∣∣
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where  is the indicator function,  is the weight on positive and negative residuals,
which determines the extent of asymmetry of the loss function, with  denoting median
or expectation value. It is not hard to �ind that the quadratic loss is a special case of the asym-
metric quadratic loss function when .

Now the asymmetric quadratic loss is used to expectile regression (ER) in [51]. Suppose that
we have observations  for , the ER estimators are obtained
by minimizing the empirical loss

(9)(9)

where  is a conformable vector of parameters related to θ,
for �ixed values of θ in .

[51] prove that the ER estimator has good properties and asymptotic normal distribution. ER
models the conditional expectile rather than the conditional mean of the response given the
values of covariates. For heterogeneous data, the functional relationship between the response
and the covariates may vary in different segments of the conditional distribution. By choosing
different θ, ER provides a powerful technique for exploring data heterogeneity in addition to
outlier robustness.

In the regularization and variable selection framework, we add the elastic-net penalty into the
empirical loss in Equation (9) to obtain the ER-EN model

(10)(10)

where λ is the tuning parameter. It is obvious that ER-LASSO and ER-ridge are two special cases
of the ER-EN when  and , respectively.

3.2. Model estimation

In Equation (10), the objective function is composed of two parts: an expectile loss and an elas-
tic-net penalty. The expectile loss is convex and differentiable, see [91]. In addition, the elastic-
net penalty of [93] is a convex function since it is a convex combination of the LASSO and ridge
penalty. Thus the objective function of Equation (10) is also a convex one.

In [85], they study the elastic-net penalized Huber loss regression. To solve the model, a semis-
mooth Newton coordinate descent (SNCD) algorithm is developed. The SNCD is demonstrated
to be a convergence and ef�icient algorithm to ultra-high dimensions.

I(⋅) θ ∈ (0, 1)
θ = 0.5

θ = 0.5
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L(θ) = ( − − β(θ) ,
1
N

∑
i

N

ρθ yi β0 xT
i )

2

β(θ) ≡ [ (θ), (θ),… , (θ)β1 β2 βp ]
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It is well known that the Huber loss is the combination of a quadratic loss and an absolute one.
In particular, when the γ approaches to in�inity, the Huber loss degenerates into the quadratic
loss. Additionally, the expectile loss is actually an asymmetric quadratic loss, which shares some
properties (e.g. differential at the origin) of the (symmetric) quadratic loss. In this regard, it is
nature to use the SNCD algorithm to solve our ER-EN model de�ined in Equation (10). We
present its solution procedure as below.

Step 1, set s = 0 and initialize .

Step 2, implement SNCD to sequentially update  and  for ,

1. using ;

2. using .

Step 3, let  and repeat the step 2 until convergence.

3.3. Model selection

There are two tuning parameters, α and λ, in ER-EN model. For α, the status  corresponds
to the LASSO penalty and  to the ridge penalty. The larger the α, the stronger the variable
selection ability, and fewer variables to be selected. Conversely, the weaker the ability, more
variables selected in the model. We consider three representatives  for discus-
sion. Due to space constraints, we only report the results of  here, which is in consistent
with [85].

For λ, in the ER-EN model, in order to ensure global convergence and actually implement the
algorithm, selecting a good tuning parameter λ is essential in high-dimensional cases. Cross val-
idation is a generally applicable way to predict the performance of a model on a validation set
using computation in place of mathematical analysis. It combines averages of prediction error
to derive a more accurate estimate of model prediction performance, see [27,28] for more de-
tails. In this paper, we adopt the widely used 10-fold cross validation to conduct model selec-
tion. Moreover, we use 1SE (Standard Error) criteria to determine the optimal λ. The 1SE crite-
ria is a commonly used one in cross-validation and gives the most regularized model such that
error is within one standard error of the minimum, see [69].

3.4. Model evaluation

3.4.1. Variable selection Following [21], we use three measures, FP, FN and NZ, to evaluate the
performance of variable selection.

1. FP: The number of false positive, i.e.  when the true component .
2. FN: The number of false negative, i.e.  when the true component .

3. NZ: The total number of variables that are not equal to zero, i.e. .

( , , ,… , )β
(s)
0 β

(s)
1 β

(s)
2 β(s)

p

β0 βj j = 1, 2,…, p

= arg ( , , ,… , )β
(s+1)
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fE β0 β
(s)
1 β

(s)
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= arg ( ,… , , , ,… , )β
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j minβj

fE β
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0 β
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3.4.2. Coefficient estimation Following [91], we use  to appraise the accuracy of coef�i-
cient estimation. Here,  is the estimator,  represents the true values of the regression coef�i-
cients, and  denotes the 2-norm.

3.4.3. Prediction ability To evaluate the predictive ability of the models, we consider

1. The root mean square error (RMSE) de�ined as

(11)(11)

where  is the estimated value of true expectile  of 

conditional on . In general, the smaller value of RMSE is, the better the model performs.
2. The mean absolute error (MAE) de�ined as

(12)(12)

Similarly, the smaller value of MAE is, the better the model performs.
3. The expectile-based prediction error (EPE) de�ined as

(13)(13)

Thus the smaller value of EPE is, the better the model performs.

4. Simulation experiments

In this section, we demonstrate the superiority of the ER-EN model through Monte Carlo simu-
lations. All numerical experiments are conducted on two Intel Core i5–2400 (3.10 GHz) proces-
sors and 8 GB RAM. All computations are implemented through R coding. Speci�ically, the R
package ‘hqreg’ is used and modi�ied to solve models.
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4.1. p<n

4.1.1. Data generation We generate the data from the following linear model:

(14)(14)

where  comes from a multivariate normal distribution, i.e.  with  and
, ; σ is a scale parameter to control signal-to-noise ratio. We

consider two different types of random errors:  and , for ϵ. This data generation
process (DGP) has been considered in many works, see for instance [22,65,76,92]. In addition,
we set the scale parameter , sample size n = 1200 and repetition k = 500.

4.1.2. Simulation process We design the entire simulation process as follows.

Step 1: Generate data. We generate a data set with 1200 observations. The �irst 1000 observa-
tions are used as in-sample data, while the remaining 200 observations are used as out-of-sam-
ple data.

Step 2: Estimate models. We estimate the ER-EN model based on the optimal λ selected through
the 10-fold cross validation. For comparison purposes, we also estimate other models includ-
ing the elastic-net penalized least squares regression (LSR-EN), the elastic-net penalized Huber
loss regression (HR-EN), the elastic-net penalized quantile regression (QR-EN) and the conven-
tional expectile regression (ER).

Step 3: Evaluate performance. We evaluate the model from three aspects: variable selection, co-
ef�icient estimation, and prediction ability.

Step 4: Compare results. Repeat the above three steps 500 times and report the average and
standard deviation.

4.1.3. Comparison results In this section, �ix  when selecting the tuning parameter λ. We
perform tuning parameter selection based on the 10-fold cross validation and use the 1SE
(Standard Error) criteria to select the optimal λ in four models. Here we present in Table 1 the
selection results of λ across different θ s.

y = β + σε,xT
i

x x ∼ (0,Σ)Np =Σi,j ρ|i−j|

ρ = 0.5 β = (3, 1.5, 0, 0, 2, 0, 0, 0)T

N(0, 1) (2)χ2

σ = 3

α = 0.9

05/10/2024, 17:34 An elastic-net penalized expectile regression with applications - PMC

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC9041692/ 11/36

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC9041692/table/T0001/


Table 1.

Optimal	values	of	λ	in	the	ER-EN	model	via	10-fold	cross	validation	with	p<n.

θ

	 λ 1SE λ 1SE

0.1 0.047 0.548 0.028 0.628

0.3 0.046 0.533 0.027 0.625

0.5 0.045 0.530 0.026 0.622

0.7 0.043 0.527 0.024 0.621

0.9 0.041 0.525 0.023 0.617

We then compare the performance of �ive models, namely LSR-EN, HR-EN, QR-ER, ER-EN and
ER. Following [85], we consider three values of γ in the HR-EN model, i.e. IQR(y), IQR(y)/2,
IQR(y)/10, where IQR(y) is the inter-quartile range of y. We report the simulation results for
the two different random errors in Tables 2 and 3, respectively. Table 2 shows the results of the
simulation experiment for the case of  with p<n. We �ind that the ER model without
variable selection functioning is inferior to the LSR-EN, HR-EN, HR-EN and ER-EN models in this
case.

ε ∼ N(0, 1) ε ∼ (2)χ2

 
ε ∼ N(0, 1)
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Table 2.

Simulation	results	for	the	case	of	 	with	p<n.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.168 0.220 0.276 0.184 3.173 1.123 0.000 0.239

  (0.042) (0.026) (0.012) (0.010) (0.009) (0.352) 0.000  

HR-EN 0.91 0.188 0.185 0.214 0.195 3.406 1.154 0.000 0.387

  (0.073) (0.056) (0.046) (0.054) (0.139) (0.966) 0.000  

 0.455 0.189 0.190 0.213 0.187 3.859 1.067 0.000 0.365

  (0.084) (0.059) (0.048) (0.050) (0.140) (0.980) 0.000  

 0.091 0.180 0.196 0.220 0.186 3.742 1.044 0.000 0.390

  (0.087) (0.057) (0.049) (0.057) (0.147) (0.952) 0.000  

QR-EN 0.1 0.267 0.285 0.305 0.191 3.220 1.175 0.000 0.357

  (0.051) (0.059) (0.055) (0.063) (0.060) (0.065) 0.000  

 0.3 0.238 0.273 0.284 0.185 3.287 1.138 0.000 0.381

  (0.059) (0.052) (0.058) (0.068) (0.065) (0.067) 0.000  

 0.5 0.251 0.255 0.280 0.186 3.275 1.162 0.000 0.355

  (0.050) (0.051) (0.053) (0.069) (0.060) (0.069) 0.000  

 0.7 0.267 0.260 0.287 0.170 3.236 1.137 0.000 0.325

  (0.058) (0.055) (0.056) (0.065) (0.069) (0.066) 0.000  

 0.9 0.242 0.264 0.296 0.181 3.507 1.149 0.000 0.370

  (0.056) (0.057) (0.055) (0.066) (0.067) (0.067) 0.000  

ER-EN 0.1 0.178 0.223 0.303 0.187 3.230 1.107 0.000 0.226

  (0.061) (0.050) (0.020) (0.010) (0.005) (0.809) 0.000  

 0.3 0.179 0.227 0.302 0.176 3.226 1.165 0.000 0.207

  (0.054) (0.043) (0.016) (0.018) (0.006) (0.508) 0.000  

 0.5 0.168 0.220 0.276 0.184 3.173 1.123 0.000 0.239

  (0.042) (0.026) (0.012) (0.010) (0.009) (0.352) 0.000  

 0.7 0.169 0.264 0.281 0.157 3.268 1.144 0.000 0.202

  (0.028) (0.020) (0.013) (0.009) (0.007) (0.195) 0.000  

 0.9 0.170 0.265 0.290 0.163 3.295 1.108 0.000 0.218

  (0.037) (0.025) (0.014) (0.008) (0.008) (0.208) 0.000  

ER 0.1 0.369 0.383 0.355 0.227 8.000 5.000 0.000 0.295

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions;
(2) Time shows CPU computing time (in seconds).

ε ∼ N(0, 1)

∥∥β̂

− β

∥∥2
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Table 3.

Simulation	results	for	the	case	of	 	with	p<n.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.164 0.620 0.481 0.144 3.029 1.080 0.000 0.230

  (0.052) (0.036) (0.018) (0.014) (0.017) (0.355) 0.000  

HR-EN 0.88 0.215 0.558 0.445 0.119 3.979 1.264 0.000 0.462

  (0.085) (0.063) (0.054) (0.055) (0.143) (0.965) 0.000  

 0.44 0.218 0.626 0.557 0.220 4.352 1.205 0.000 0.469

  (0.096) (0.067) (0.053) (0.057) (0.155) (0.948) 0.000  

 0.088 0.222 0.651 0.572 0.223 4.365 1.059 0.000 0.440

  (0.097) (0.068) (0.057) (0.058) (0.141) (0.946) 0.000  

QR-EN 0.1 0.148 0.632 0.580 0.191 3.220 1.257 0.000 0.380

  (0.065) (0.060) (0.063) (0.063) (0.062) (0.063) 0.000  

 0.3 0.147 0.607 0.569 0.182 3.157 1.238 0.000 0.381

  (0.062) (0.067) (0.060) (0.068) (0.064) (0.060) 0.000  

 0.5 0.140 0.595 0.567 0.180 3.205 1.206 0.000 0.387

  (0.060) (0.064) (0.064) (0.066) (0.068) (0.062) 0.000  

 0.7 0.133 0.567 0.451 0.175 3.202 1.200 0.000 0.375

  (0.061) (0.066) (0.063) (0.067) (0.063) (0.064) 0.000  

 0.9 0.146 0.585 0.555 0.189 3.148 1.219 0.000 0.370

  (0.069) (0.063) (0.068) (0.068) (0.067) (0.062) 0.000  

ER-EN 0.1 0.165 0.615 0.563 0.198 3.088 1.117 0.000 0.219

  (0.077) (0.041) (0.027) (0.015) (0.015) (0.807) 0.000  

 0.3 0.164 0.602 0.461 0.180 3.050 1.145 0.000 0.218

  (0.063) (0.033) (0.023) (0.017) (0.012) (0.503) 0.000  

 0.5 0.164 0.620 0.481 0.144 3.029 1.080 0.000 0.230

  (0.052) (0.036) (0.018) (0.014) (0.017) (0.355) 0.000  

 0.7 0.000 0.231

  0.000  

 0.9 0.158 0.568 0.473 0.178 3.027 0.957 0.000 0.229

  (0.040) (0.023) (0.013) (0.012) (0.011) (0.207) 0.000  

ER 0.1 0.360 0.789 0.585 0.184 8.000 5.000 0.000 0.387

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.
(2) Boldface denotes the best performance. (3) Time shows CPU computing time (in seconds).

ε ∼ (2)χ2

∥∥β̂

− β

∥∥2

0.155 0.487 0.357 0.082 3.011 0.790

(0.035) (0.025) (0.017) (0.010) (0.010) (0.190)
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In Table 3, we present the results for the case of  with p<n. The advantage of the ER-
EN model is obvious when the random error is asymmetric. It is superior to the other models
in terms of variable selection and predictive ability. First, the ER-EN model selects the number
of variables that are not equal to 0 more closely to the real number than the LSR-EN, the HR-
EN and the QR-EN models in terms of NZ, while the ER model is invalid for variable selection.
As for FP and FN, the ER-EN model also outperforms the other models especially when

 in that all signal variables are selected, which means that our selected model contains
the underlying true model. Second, the ER-EN model gets better �itting effects at different quan-
tiles especially when  in terms of the averages of RMSE, MAE and EPE. In addition, the
difference between  and the best  is relatively large. For example, 
changes from 0.164 to 0.155 by decreasing 5.49%, and RMSE changes from 0.620 to 0.487 by
decreasing 21.45%.

The superiority of the ER-EN model at the best  can be veri�ied more intuitively through
the out-of-sample performance. The detailed comparisons with setting , ,

, and  are shown in Figures 1–3, which present the boxplots of the RMSE,
MAE and EPE for different models. The boxplots indicate that the ER-EN model is superior to
the LSR-EN, HR-EN, QR-EN and ER models in terms of accuracy and robustness of prediction.
We �ind that the prediction biases of ER model is signi�icantly higher than those of the other
four models.

Figure 1.

Boxplots of out-of-sample RMSE for the case of  with p<n.

ε ∼ (2)χ2

θ = 0.7

θ = 0.7
θ = 0.5 θ = 0.7 − β∥∥β̂ ∥∥2

θ = 0.7
γ = IQR(y) θ = 0.7

α = 0.9 ε ∼ (2)χ2

ε ∼ (2)χ2
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Figure 2.

Boxplots of out-of-sample MAE for the case of  with p<n.

Figure 3.

Boxplots of out-of-sample EPE for the case of  with p<n.

To sum up, the numerical results show that the ER-EN model, as well as the LSR-EN, HR-EN, QR-
EN models, performs well when the random error is symmetrically distributed. However, its
advantage is prominent when the random error follows an asymmetric distribution. It outper-
forms the LSR-EN, HR-EN, QR-EN and ER models in terms of variable selection, prediction accu-
racy, and computing time. In this case, the QR-EN model performs relatively better than the
LSR-EN and HR-EN models because the former is also suitable for asymmetric error distribu-
tion. In addition, the ER-EN model is able to provide more precise and robust predictions for
out-of-sample testing.

4.2. p>n

4.2.1. Data generation We still use model (14) to generate data with the same settings as the
case of p<n. The differences are in the following two aspects.

ε ∼ (2)χ2

ε ∼ (2)χ2

05/10/2024, 17:34 An elastic-net penalized expectile regression with applications - PMC

https://www.ncbi.nlm.nih.gov/pmc/articles/PMC9041692/ 16/36

https://www.ncbi.nlm.nih.gov/core/lw/2.0/html/tileshop_pmc/tileshop_pmc_inline.html?title=Click%20on%20image%20to%20zoom&p=PMC3&id=9041692_CJAS_A_1787355_F0002_OC.jpg
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC9041692/figure/F0002/
https://www.ncbi.nlm.nih.gov/core/lw/2.0/html/tileshop_pmc/tileshop_pmc_inline.html?title=Click%20on%20image%20to%20zoom&p=PMC3&id=9041692_CJAS_A_1787355_F0003_OC.jpg
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC9041692/figure/F0003/


First, we consider p = 100 and n = 80 for the case of p>n.

Second, we consider three different high-dimensional situations with 15%, 10% and 5% active
variables. To this end, we set the coef�icient vector  with 100 entries as follows:

Situation 1: 15% active variables. The �irst 5 entries in  are (3, 1.5, 2, 2.5, 1), the second and
the third 5 entries are the same, while the left entries are zeros, i.e.  for

.

Situation 2: 10% active variables. The �irst 5 entries in  are (3, 1.5, 2, 2.5, 1), the second 5 en-
tries are the same, while the left entries are zeros, i.e.  for .

Situation 3: 5% active variables. The �irst 5 entries in  are (3, 1.5, 2, 2.5, 1), while the left en-
tries are zeros, i.e.  for .

4.2.2. Simulation process The simulation process is similar to the case of p<n, the main differ-
ence is that the �irst 60 observations are used as in-sample data, while the remaining 20 obser-
vations are used as out-of-sample data. In addition, the ER model is not applicable for the p>n
case and we do not consider its performance in this case.

4.2.3. Comparison results Table 4 presents the optimal values of the tuning parameter λ in the
ER-EN model with p>n via 10-fold cross validation in Situation 1. In addition, we report in
Tables 5 and 6 the simulation results for the cases of  and , respectively.
Overall, the numerical results also show that the ER-EN model outperforms the LSR-EN, HR-EN
and QR-EN models in terms of variable selection, prediction accuracy, and computing time, es-
pecially for the asymmetric error distribution. In this regard, we only present in Figures 4–6
the boxplots of out-of-sample RMSE, MAE and EPE for the case of . The superiority of
the ER-EN model is also obvious in out-of-sample testing.

Figure 4.

Boxplots of out-of-sample RMSE for the case of  with p>n in Situation 1.

β

β

= 0βj

j = 16, 17,…, 100

β

= 0βj j = 11, 12,…, 100

β

= 0βj j = 6, 7,…, 100

ε ∼ N(0, 1) ε ∼ (2)χ2

ε ∼ (2)χ2

ε ∼ (2)χ2
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Figure 5.

Boxplots of out-of-sample MAE for the case of  with p>n in Situation 1.

Figure 6.

Boxplots of out-of-sample EPE for the case of  with p>n in Situation 1.

ε ∼ (2)χ2

ε ∼ (2)χ2
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Table 4.

Optimal	values	of	λ	in	the	ER-EN	model	with	p>n	via	10-fold	cross	validation	in	Situation	1.

θ

	 λ 1SE λ 1SE

0.1 0.053 0.659 0.036 0.759

0.3 0.054 0.658 0.037 0.747

0.5 0.056 0.657 0.038 0.742

0.7 0.057 0.660 0.039 0.741

0.9 0.058 0.661 0.040 0.740

ε ∼ N(0, 1) ε ∼ (2)χ2
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Table 5.

Simulation	results	for	the	case	of	 	with	p>n	in	Situation	1.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.328 0.600 0.465 0.193 15.446 2.206 0.000 0.341

  (0.133) (0.145) (0.134) (0.151) (0.151) (0.538) 0.000  

HR-EN 0.95 0.322 0.591 0.448 0.196 15.453 1.258 0.000 0.517

  (0.160) (0.150) (0.142) (0.136) (0.229) (0.989) 0.000  

 0.475 0.339 0.587 0.456 0.252 15.375 1.581 0.000 0.533

  (0.121) (0.148) (0.136) (0.141) (0.241) (0.977) 0.000  

 0.095 0.336 0.572 0.462 0.288 15.366 1.433 0.000 0.538

  (0.178) (0.151) (0.138) (0.140) (0.229) (0.936) 0.000  

QR-EN 0.1 0.342 0.589 0.513 0.212 15.391 2.364 0.000 0.395

  (0.150) (0.149) (0.149) (0.146) (0.148) (0.148) 0.000  

 0.3 0.345 0.597 0.474 0.204 15.275 2.999 0.000 0.419

  (0.147) (0.150) (0.147) (0.152) (0.159) (0.152) 0.000  

 0.5 0.331 0.603 0.467 0.198 15.206 2.281 0.000 0.426

  (0.148) (0.148) (0.151) (0.148) (0.146) (0.147) 0.000  

 0.7 0.346 0.606 0.465 0.191 15.220 2.262 0.000 0.432

  (0.151) (0.151) (0.148) (0.144) (0.151) (0.150) 0.000  

 0.9 0.347 0.607 0.457 0.197 15.212 2.281 0.000 0.439

  (0.149) (0.146) (0.147) (0.151) (0.146) (0.147) 0.000  

ER-EN 0.1 0.379 0.537 0.510 0.207 15.589 2.144 0.000 0.356

  (0.161) (0.132) (0.149) (0.135) (0.139) (0.798) 0.000  

 0.3 0.347 0.534 0.468 0.188 15.433 2.162 0.000 0.334

  (0.150) (0.141) (0.146) (0.154) (0.153) (0.499) 0.000  

 0.5 0.328 0.600 0.465 0.193 15.446 2.206 0.000 0.341

  (0.133) (0.145) (0.134) (0.151) (0.151) (0.538) 0.000  

 0.7 0.335 0.601 0.463 0.154 15.225 2.164 0.000 0.338

  (0.155) (0.150) (0.154) (0.150) (0.160) (0.379) 0.000  

 0.9 0.337 0.586 0.446 0.185 15.159 2.179 0.000 0.326

  (0.158) (0.148) (0.143) (0.141) (0.142) (0.287) 0.000  

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.

(2) Time shows CPU computing time (in seconds).

ε ∼ N(0, 1)

∥∥β̂

− β

∥∥2
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Table 6.

Simulation	results	for	the	case	of	 	with	p>n	in	Situation	1.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.467 0.701 0.611 0.229 15.069 1.134 0.000 0.483

  (0.109) (0.110) (0.130) (0.136) (0.130) (0.408) 0.000  

HR-EN 0.94 0.502 0.663 0.524 0.228 16.004 2.325 0.000 0.696

  (0.124) (0.114) (0.156) (0.155) (0.192) (0.959) 0.000  

 0.47 0.527 0.769 0.642 0.284 15.417 2.257 0.000 0.699

  (0.116) (0.117) (0.114) (0.112) (0.303) (0.998) 0.000  

 0.094 0.275 0.804 0.647 0.320 15.390 2.083 0.000 0.712

  (0.147) (0.115) (0.109) (0.106) (0.195) (0.990) 0.000  

QR-EN 0.1 0.547 0.722 0.609 0.244 15.299 1.301 0.000 0.564

  (0.116) (0.114) (0.114) (0.180) (0.119) (0.118) 0.000  

 0.3 0.536 0.715 0.610 0.236 15.166 1.292 0.000 0.598

  (0.111) (0.116) (0.117) (0.116) (0.117) (0.114) 0.000  

 0.5 0.519 0.707 0.611 0.230 15.263 1.294 0.000 0.585

  (0.120) (0.119) (0.115) (0.114) (0.120) (0.119) 0.000  

 0.5 0.542 0.704 0.588 0.223 15.249 1.257 0.000 0.584

  (0.116) (0.120) (0.120) (0.117) (0.117) (0.120) 0.000  

 0.9 0.545 0.709 0.603 0.229 15.246 1.264 0.000 0.590

  (0.115) (0.111) (0.119) (0.116) (0.120) (0.119) 0.000  

ER-EN 0.1 0.475 0.704 0.602 0.225 15.101 1.167 0.000 0.487

  (0.126) (0.102) (0.121) (0.133) (0.133) (0.858) 0.000  

 0.3 0.470 0.703 0.603 0.228 15.106 1.190 0.000 0.492

  (0.120) (0.114) (0.129) (0.134) (0.131) (0.557) 0.000  

 0.5 0.467 0.701 0.611 0.229 15.069 1.134 0.000 0.483

  (0.109) (0.110) (0.130) (0.136) (0.130) (0.408) 0.000  

 0.7 0.000 0.489

  0.000  

 0.9 0.464 0.702 0.582 0.217 15.075 0.999 0.000 0.491

  (0.101) (0.123) (0.134) (0.132) (0.132) (0.257) 0.000  

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.

(2) Boldface denotes the best performance. (3) Time shows CPU computing time (in seconds).

ε ∼ (2)χ2

∥∥β̂

− β

∥∥2

0.451 0.618 0.486 0.186 15.063 0.842

(0.119) (0.121) (0.136) (0.131) (0.133) (0.149)
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As for Situation 2 and Situation 3, we only report the simulation results in Tables 7–10. It is
clear that the ER-EN model is especially suitable for the case of . Comparing the simu-
lation results of three situations in Tables 6, 8, and 10, we further �ind that as the proportion of
active variables decreases, the error of the estimated coef�icient decreases, and the accuracy of
the ER-EN model increases. Actually, the situation with more active variables is a dense one,
which means that variables tend to be more related to each other. This relatively stronger cor-
relation may lead to a decline in the ef�iciency of variable selection and model estimation. On
the contrary, the situation with less active variables is a sparse one. In this sparse situation, the
relationship between variables is relatively simple for better performance of the model.

ε ∼ (2)χ2
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Table 9.

Simulation	results	for	the	case	of	 	with	p>n	in	Situation	3.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.252 0.524 0.389 0.107 5.270 0.330 0.000 0.282

  (0.109) (0.091) (0.072) (0.077) (0.108) (0.044) 0.000  

HR-EN 0.89 0.247 0.515 0.372 0.120 5.324 0.382 0.000 0.458

  (0.136) (0.126) (0.118) (0.112) (0.106) (0.065) 0.000  

 0.445 0.258 0.511 0.380 0.176 5.305 0.359 0.000 0.474

  (0.097) (0.124) (0.112) (0.117) (0.108) (0.073) 0.000  

 0.089 0.260 0.496 0.386 0.212 5.317 0.357 0.000 0.479

  (0.154) (0.127) (0.114) (0.116) (0.114) (0.070) 0.000  

QR-EN 0.1 0.266 0.513 0.437 0.136 5.328 0.312 0.000 0.336

  (0.126) (0.125) (0.125) (0.122) (0.113) (0.064) 0.000  

 0.3 0.269 0.521 0.398 0.128 5.313 0.323 0.000 0.360

  (0.123) (0.126) (0.123) (0.128) (0.110) (0.058) 0.000  

 0.5 0.255 0.527 0.391 0.122 5.285 0.302 0.000 0.367

  (0.124) (0.124) (0.127) (0.124) (0.112) (0.053) 0.000  

 0.7 0.270 0.530 0.389 0.115 5.297 0.306 0.000 0.373

  (0.127) (0.127) (0.124) (0.120) (0.115) (0.060) 0.000  

 0.9 0.271 0.531 0.381 0.121 5.316 0.325 0.000 0.380

  (0.125) (0.122) (0.123) (0.127) (0.130) (0.057) 0.000  

ER-EN 0.1 0.303 0.501 0.440 0.121 5.325 0.368 0.000 0.297

  (0.137) (0.108) (0.085) (0.071) (0.117) (0.064) 0.000  

 0.3 0.271 0.508 0.392 0.122 5.314 0.346 0.000 0.275

  (0.126) (0.097) (0.082) (0.073) (0.108) (0.068) 0.000  

 0.5 0.252 0.524 0.389 0.107 5.270 0.330 0.000 0.282

  (0.109) (0.091) (0.072) (0.077) (0.108) (0.044) 0.000  

 0.7 0.259 0.532 0.387 0.078 5.296 0.295 0.000 0.279

  (0.091) (0.086) (0.075) (0.074) (0.105) (0.045) 0.000  

 0.9 0.261 0.530 0.380 0.109 5.312 0.301 0.000 0.267

  (0.104) (0.084) (0.073) (0.075) (0.108) (0.043) 0.000  

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.

(2) Time shows CPU computing time (in seconds).

ε ∼ N(0, 1)

∥∥β̂

− β

∥∥2
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Table 7.

Simulation	results	for	the	case	of	 	with	p>n	in	Situation	2.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.311 0.593 0.448 0.176 10.261 0.389 0 0.367

  (0.050) (0.032) (0.013) (0.018) (0.109) (0.055) 0  

HR-EN 0.92 0.306 0.574 0.431 0.179 10.357 0.541 0 0.543

  (0.077) (0.067) (0.059) (0.053) (0.121) (0.066) 0  

 0.46 0.317 0.570 0.439 0.235 10.308 0.564 0 0.559

  (0.038) (0.065) (0.053) (0.058) (0.178) (0.047) 0  

 0.092 0.319 0.555 0.445 0.271 10.370 0.612 0 0.564

  (0.095) (0.068) (0.055) (0.057) (0.148) (0.048) 0  

QR-EN 0.1 0.325 0.572 0.496 0.195 10.325 0.347 0 0.421

  (0.067) (0.066) (0.066) (0.063) (0.129) (0.065) 0  

 0.3 0.328 0.580 0.457 0.187 10.322 0.382 0 0.445

  (0.064) (0.067) (0.064) (0.069) (0.125) (0.069) 0  

 0.5 0.314 0.586 0.450 0.181 10.296 0.364 0 0.452

  (0.065) (0.065) (0.068) (0.065) (0.113) (0.064) 0  

 0.7 0.329 0.589 0.448 0.174 10.317 0.445 0 0.458

  (0.068) (0.068) (0.065) (0.061) (0.108) (0.067) 0  

 0.9 0.330 0.590 0.440 0.180 10.315 0.367 0 0.465

  (0.066) (0.063) (0.064) (0.068) (0.124) (0.063) 0  

ER-EN 0.1 0.362 0.520 0.490 0.180 10.318 0.427 0 0.382

  (0.078) (0.049) (0.026) (0.012) (0.123) (0.045) 0  

 0.3 0.330 0.517 0.451 0.181 10.306 0.445 0 0.360

  (0.067) (0.038) (0.023) (0.014) (0.119) (0.059) 0  

 0.5 0.311 0.593 0.448 0.176 10.261 0.389 0 0.367

  (0.050) (0.032) (0.013) (0.018) (0.109) (0.055) 0  

 0.7 0.318 0.581 0.446 0.137 10.291 0.347 0 0.364

  (0.032) (0.027) (0.016) (0.015) (0.102) (0.076) 0  

 0.9 0.320 0.579 0.429 0.168 10.298 0.362 0 0.352

  (0.045) (0.025) (0.014) (0.016) (0.127) (0.064) 0  

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.

(2) Boldface denotes the best performance. (3) Time shows CPU computing time (in seconds).

ε ∼ N(0, 1)

∥∥β̂

− β

∥∥2
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Table 8.

Simulation	results	for	the	case	of	 	with	p>n	in	Situation	2.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.418 0.652 0.562 0.220 10.362 0.385 0.000 0.360

  (0.158) (0.139) (0.119) (0.113) (0.128) (0.087) 0.000  

HR-EN 0.9 0.453 0.614 0.475 0.179 10.403 0.576 0.000 0.573

  (0.173) (0.163) (0.155) (0.154) (0.135) (0.098) 0.000  

 0.45 0.478 0.720 0.593 0.235 10.308 0.318 0.000 0.576

  (0.133) (0.166) (0.153) (0.151) (0.152) (0.057) 0.000  

 0.09 0.226 0.755 0.598 0.271 10.343 0.454 0.000 0.589

  (0.196) (0.164) (0.158) (0.155) (0.240) (0.069) 0.000  

QR-EN 0.1 0.498 0.673 0.560 0.195 10.305 0.452 0.000 0.441

  (0.165) (0.163) (0.163) (0.169) (0.147) (0.067) 0.000  

 0.3 0.487 0.666 0.561 0.187 10.303 0.443 0.000 0.475

  (0.160) (0.165) (0.166) (0.165) (0.142) (0.063) 0.000  

 0.5 0.470 0.658 0.562 0.181 10.301 0.345 0.000 0.462

  (0.169) (0.168) (0.164) (0.163) (0.143) (0.068) 0.000  

 0.7 0.493 0.655 0.539 0.174 10.273 0.278 0.000 0.461

  (0.165) (0.169) (0.169) (0.166) (0.129) (0.069) 0.000  

 0.9 0.496 0.660 0.554 0.180 10.272 0.275 0.000 0.467

  (0.164) (0.160) (0.168) (0.165) (0.125) (0.068) 0.000  

ER-EN 0.1 0.426 0.665 0.553 0.176 10.306 0.418 0.000 0.364

  (0.175) (0.147) (0.128) (0.116) (0.114) (0.087) 0.000  

 0.3 0.421 0.664 0.574 0.179 10.302 0.414 0.000 0.369

  (0.169) (0.135) (0.120) (0.115) (0.105) (0.086) 0.000  

 0.5 0.418 0.652 0.562 0.170 10.362 0.385 0.000 0.360

  (0.158) (0.139) (0.119) (0.113) (0.128) (0.087) 0.000  

 0.7 0.000 0.366

  0.000  

 0.9 0.415 0.603 0.533 0.168 10.255 0.250 0.000 0.368

  (0.148) (0.126) (0.115) (0.117) (0.109) (0.036) 0.000  

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.

(2) Boldface denotes the best performance. (3) Time shows CPU computing time (in seconds).

ε ∼ (2)χ2

∥∥β̂

− β

∥∥2

0.402 0.569 0.437 0.137 10.248 0.213

(0.130) (0.128) (0.113) (0.118) (0.093) (0.038)
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Table 10.

Simulation	results	for	the	case	of	 	with	p>n	in	Situation	3.

Models γ	or	θ RMSE MAE EPE NZ FP FN Time

LSR-EN – 0.392 0.606 0.536 0.144 5.227 0.219 0.000 0.301

  (0.084) (0.065) (0.045) (0.039) (0.104) (0.048) 0.000  

HR-EN 0.87 0.427 0.588 0.449 0.153 5.360 0.353 0.000 0.514

  (0.099) (0.089) (0.081) (0.080) (0.129) (0.074) 0.000  

 0.435 0.452 0.694 0.567 0.209 5.346 0.348 0.000 0.517

  (0.059) (0.092) (0.079) (0.077) (0.158) (0.073) 0.000  

 0.087 0.200 0.729 0.572 0.245 5.352 0.401 0.000 0.530

  (0.122) (0.090) (0.084) (0.081) (0.144) (0.075) 0.000  

QR-EN 0.1 0.472 0.647 0.534 0.169 5.349 0.406 0.000 0.382

  (0.091) (0.089) (0.089) (0.095) (0.137) (0.063) 0.000  

 0.3 0.461 0.640 0.535 0.161 5.346 0.347 0.000 0.416

  (0.086) (0.091) (0.092) (0.091) (0.124) (0.069) 0.000  

 0.5 0.444 0.632 0.536 0.155 5.275 0.299 0.000 0.403

  (0.095) (0.094) (0.090) (0.089) (0.123) (0.064) 0.000  

 0.7 0.467 0.629 0.513 0.148 5.228 0.282 0.000 0.402

  (0.091) (0.095) (0.095) (0.092) (0.120) (0.065) 0.000  

 0.9 0.470 0.634 0.528 0.154 5.225 0.239 0.000 0.408

  (0.090) (0.086) (0.094) (0.091) (0.116) (0.074) 0.000  

ER-EN 0.1 0.400 0.639 0.527 0.150 5.326 0.322 0.000 0.305

  (0.101) (0.073) (0.054) (0.042) (0.105) (0.063) 0.000  

 0.3 0.395 0.628 0.528 0.153 5.240 0.245 0.000 0.310

  (0.095) (0.061) (0.046) (0.041) (0.102) (0.062) 0.000  

 0.5 0.392 0.606 0.536 0.144 5.227 0.219 0.000 0.301

  (0.084) (0.065) (0.045) (0.039) (0.104) (0.048) 0.000  

 0.7 0.000 0.307

  0.000  

 0.9 0.389 0.607 0.507 0.142 5.218 0.214 0.000 0.309

  (0.074) (0.052) (0.041) (0.043) (0.100) (0.042) 0.000  

Note: (1) We present the standard deviation in parentheses below the average value across 500 repetitions.

(2) Boldface denotes the best performance in each column. (3) Time shows CPU computing time (in seconds).

ε ∼ (2)χ2

∥∥β̂

− β

∥∥2

0.376 0.543 0.411 0.111 5.201 0.207

(0.056) (0.054) (0.039) (0.044) (0.107) (0.043)
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5. Practical applications

In this section, we apply our ER-EN model to two real-world applications. The main purpose is
to investigate its interpretation and predictive ability.

5.1. Relative location of CT slices on axial axis data set

5.1.1. Data CT scans play an important role in medical imaging. It is still a challenging work to
identify important one in tens of thousands of CT scans. Our ER-EN model can effectively solve
the problem of screening important scans. We demonstrate the ef�icacy of ER-EN model with a
dataset: relative location of CT slices on axial axis data set, from the public UCI database
(http://archive.ics.uci.edu/ml/datasets/Relative+location+of+CT+slices+on+axial+axis).

The data are retrieved from a set of 53500 CT images from 74 different patients and consists
of 384 features. The response variable is the relative location of the CT slice on the axial axis of
the human body. We randomly partition the data by 3:2 into two sets, 32,100 observations
used as in-sample data and the remaining 21,400 observations as out-of-sample data.

5.1.2. Variable selection and prediction In order to screen out the most important features from
the 384 image features and reduce the prediction error, we use the elastic-net penalized func-
tion to screen the relative important features and predict the relative location of CT slices on
the axial axis.

We compare the ER-EN model to the LSR-EN, HR-EN, QR-EN and ER models and report the
comparison results in Table 11, where we use  in the elastic-net penalty for all models.
In Table 11, we present the number of nonzero regression coef�icients, the expectile prediction
error (EPE) of out-of-sample and the computing time across 500 repetitions.

α = 0.9
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Table 11.

Analysis	of	the	relative	location	of	CT	slices	on	axial	axis	data	set.

	 	 Nonzero EPE 	

Models γ	or	θ Average Std. Average Std. Time

LSR-EN – 153.412 1.674 43.248 0.949 194.126

HR-EN 26.744 108.347 2.472 44.127 0.849 308.159

 13.372 110.309 2.241 45.346 1.370 341.450

 2.674 110.246 3.745 47.317 1.043 340.052

QR-EN 0.1 121.415 1.529 48.951 0.979 201.694

 0.3 125.364 1.493 48.436 0.975 206.428

 0.5 132.058 1.428 47.521 0.973 217.459

 0.7 139.615 1.674 47.198 0.998 205.320

 0.9 145.692 1.958 46.549 0.986 204.219

ER-EN 0.1 140.437 1.549 44.765 0.942 195.703

 0.3 144.176 1.347 44.007 0.984 198.875

 0.5 153.412 1.674 43.248 0.949 194.126

 0.7 154.760 1.540 42.576 0.920 198.349

 0.9 165.713 1.671 42.207 0.956 195.756

ER 0.1 384.000 0.000 573.208 5.017 267.157

 0.3 384.000 0.000 547.670 4.452 268.383

 0.5 384.000 0.000 485.126 3.754 269.743

 0.7 384.000 0.000 482.462 4.451 273.429

 0.9 384.000 0.000 492.473 4.478 274.482

Note: Time shows the run time of the CPU (in seconds).

In this practical use, we �ind that the ER-EN model is still superior to the other models in terms
of predictive ability and computing time. In addition, the ER-EN model is able to select impor-
tant variables and tends to choose more nonzero variables than the QR-EN model. Taken to-
gether, the results imply that accurate prediction can be obtained by only using a part (about
40%) of variables, not all of them. This means that the complexity of matching can be reduced
by simplifying the number of slice data through variable selection in the ER-EN model.
Moreover, the EPE values and standard deviations at  become smaller, which con�irms
that the data are heterogeneous. It shows that the ER-EN model is able to predict relative loca-
tion of CT slices on axial axis data accurately, especially at upper tails, which plays an important
role in medical imaging.

5.2. Metabolism of tacrolimus (Tac) drug data set

θ = 0.7
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5.2.1. Data In recent years, there has been an increasing demand for analysis of high-dimen-
sional data, especially in the �ield of clinical medicine. The focus of the research is on the rela-
tionship between biochemical indexes and drug metabolism. The main dif�iculty is to solve the

 problem. We can solve this problem effectively by using the ER-EN model and consider
using metabolism of tacrolimus (Tac) drug data set to compare model performance. Tac is an
immunosuppressant drug that belongs to the class of calcineurin inhibitors and has an impor-
tant role in the prevention of allograft rejection in liver transplantation (LT). This data is col-
lected from the China Liver Transplant Registry (CLTR) database
(http://www.cltr.org/pages/statistics/statisticslivercount.jsp).

The metabolism of tacrolimus (Tac) drug data set is a typical high-dimensional data with .
It has 390 biochemical indicators as variables, but only has 180 observations. We randomly
partition the data by 3:2 into two sets: 108 observations are used as in-sample data and the re-
maining 72 observations as out-of-sample data.

5.2.2. Variable selection and prediction The selection of important biochemical indexes can be
realized with using the elastic-net penalty. In this real-world application, it is necessary to con-
sider the ER-EN model since .

In this case, the ER model is invalid and Table 12 only reports the comparison results of the
other four models: ER-EN, LSR-EN, HR-EN and QR-EN. The performance is evaluated via the
number of nonzero regression coef�icients, the expectile prediction error (EPE), and the com-
puting time. Due to the limited space, we only report the result of  for the elastic-net
penalty in all models.

p > n

p > n

p > n

α = 0.9
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Table 12.

Analysis	of	the	metabolism	of	tacrolimus	(Tac)	drug	data	set.

	 	 Nonzero EPE Time

Models γ	or	θ Average Std. Average Std. 	

LSR-EN – 221.429 7.023 149.358 35.741 115.486

HR-EN 56.862 247.896 6.140 185.048 198.064 137.398

 38.431 231.846 7.845 179.478 203.145 158.676

 5.686 228.364 7.830 186.054 206.756 159.063

QR-EN 0.1 226.147 7.659 201.659 137.529 126.756

 0.3 225.256 7.421 195.364 164.474 128.437

 0.5 226.159 6.593 184.250 145.270 126.472

 0.7 214.328 6.478 153.469 149.638 124.326

 0.9 202.365 6.326 180.290 156.986 125.210

ER-EN 0.1 200.124 6.059 141.452 47.230 113.912

 0.3 208.453 6.750 150.434 37.686 117.753

 0.5 221.429 7.023 149.358 35.741 115.486

 0.7 224.593 5.758 131.058 39.120 119.904

 0.9 225.937 5.560 148.367 45.159 115.245

Note: Time shows the run time of the CPU (in seconds).

By comparing the four models, we can see the ER-EN model has the minimum value of EPE,
which illustrates its signi�icant superiority in forecasting ability. In addition, we �ind that this ac-
curate prediction result is achieved by only using a part (about 50%) of rather than all vari-
ables. As for the computing time, the ER-EN model is obviously a dominant one.

Taken together, the ER-EN model can provide accurate and robust prediction of tacrolimus
(Tac) drug metabolism, which is of great signi�icance to understand the metabolism of patients
after liver transplantation.

6. Conclusion

In this paper, we introduce a novel elastic-net penalized expectile regression (ER-EN) model to
perform variable selection in expectile regressions. We then provide its solution scheme via the
SNCD algorithm. The proposed ER-EN model has three signi�icant advantages. First, it is able to
describe complete distribution of a response conditional on covariates information. Second, it
has an excellent stability in solving high-dimensional data and is robust to heterogeneous data.
Third, our ER-EN model runs faster than several competing models.
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We discuss the techniques of ER-EN modeling and conduct Monte Carlo simulations to illus-
trate its strength. The numerical results show that the ER-EN model outperforms the LSR-EN,
HR-EN, QR-EN and ER models in terms of variable selection and prediction ability. More speci�i-
cally, the ER model without variable selection functioning is relatively inferior to the other four
models for p<n and become invalid for p>n. For the case of , the LSR-EN, HR-EN,
QR-EN, and ER-EN models have achieved good performance and none of them is a dominant
one across all measures. But things are different for the case of  where the ER-EN
model is consistently preferred. In addition, the LSR-EN model is a special case of the ER-EN
model when . This nature enables the ER-EN model to be a more general one that can
be used in many �ields.

We then consider two real-world applications and apply the ER-EN model to the predictions of
relative location of CT slices on the axial axis and metabolism of tacrolimus (Tac) drug. The em-
pirical results con�irm our work and the �indings are signi�icant for practical use.
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