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Abstract— The implementation of renewable energy resources 

(RERs) such as photovoltaic (PV) units and wind turbines (WTs) 

has been intensively used on active distribution networks (ADNs) 

due to their significant environmental, technical, and economic 

benefits. However, their intermittent nature causes some 

fluctuations in the voltage profiles, which lead to increased losses in 

the system. This study presents sequential quadratic programming 

(SQP) optimization method to improve voltage profiles by 

optimizing tap changer positions and reactive power output of the 

inverter of a single PV unit. The proposed optimization is applied 

to the IEEE 34-bus unbalanced distribution test system to validate 

its performance. Optimum voltage profiles are compared with the 

base case conditions where there are no PV sources and voltage 

regulators. The results show that the SQP provides reliable voltage 

profile improvement for various operational conditions.  

Index Terms— Renewable energy resources, active distribution 

networks, sequential quadratic programming, tap changers, voltage 

profiles. 

I. INTRODUCTION

Renewable energy resources (RERs) such as photovoltaic 
(PV) systems and wind turbines (WTs) are known for their 
intermittent nature and unpredictability. One of the main reasons 
for voltage fluctuations and high losses in distribution networks 
(DNs) is the lack of sufficient RERs or their inappropriate 
penetration into the distribution grid. These fluctuations may 
sometimes result in a violation of the allowable limits [1]. 
Therefore, the relevant analysis must be performed before 
integrating renewable energy resources into the DN.  

Voltage regulators and capacitor banks have been used for a 
long time to control the voltage profiles, and the reactive power 
flows in DNs. However, with the large-scale penetration of the 
RERs, those traditional regulating devices may not be able to set 
the voltage profiles, and power flows to their intended values. 
Moreover, those devices' lifecycle and performance are affected 
by deterioration due to recurring switching actions [2]. 
Therefore inverter-interfaced distributed energy resources 
(DERs) are considered to provide the necessary voltage/VAR 

control to improve the voltage profile and assure the stability of 
the DN. 

In active distribution networks (ADNs), control-related 
considerations improve system operations to achieve better 
efficiency by implementing novel control strategies on the DN 
to coordinate all DERs integrated into the network and result in 
better performance [3]. The management and optimization 
process of ADNs requires solving optimal power flow equations 
to assure minimum production cost for the distributed generation 
(DG) units and minimum values for other objective functions 
[4]. Voltage deviations, active power losses, reliability, and 
renewable energy hosting capacity are the most popular 
objective functions. Multi-objective optimization processes are 
formulated when there are two or more objectives.  

Heuristic solution algorithms in [5-7] or the nonlinear 
programming methods in [8-12] have been proposed to solve 
such optimization problems. The gradient search and interior 
point methods have been used to solve the nonlinear 
programming problem directly. However, such methods require 
higher computation times. Therefore, faster methods, which 
involve linearizing the optimization problem, were proposed. 
The linearized optimization problem, however, may not always 
converge to the optimal solution and will start to oscillate around 
non-optimal points [13-17]. 

This paper focuses on controlling tap changers and reactive 
power injection from a single PV unit in the unbalanced DN to 
improve the voltage profiles. At each time step, the model is 
solved by a proposed Sequential Quadratic Programming 
Method (SQP) to achieve the best voltage profiles with limited 
control parameters. The IEEE 34-bus unbalanced feeder is used 
for implementing the proposed method. The results show that 
the control actions assure more reliable system operating 
conditions.  

The rest of the paper is organized as follows. In Section II, 
the problem formulation is given. Section III provides 
information about the test system and the considered conditions. 
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Section IV is devoted to the simulation results. Finally, the paper 
is concluded on Section V.  

II. PROBLEM FORMULATION

The objective function and constraints of the proposed 
nonlinear constrained optimization problem are given below.  

A. Objective Function (OF)

The main objective of this study is to improve the voltage
profiles of the DN. Mathematically, improving the voltage 
profiles is formulated as minimizing the voltage magnitude 
deviations from a flat value of 1 pu as expressed in (1). 

𝑂𝐹 = 𝑁𝑜𝑟𝑚 [𝟏 − 𝑽] (1) 

where the vector 𝑽 = [𝑉1, 𝑉2, …,   𝑉𝑛]𝑻
 comprises the voltage

magnitudes of feeder buses for all phases, and 1 denotes the 
vector of the same dimension whose all entries are 1. Note that n 
is 165 for the 34-node system. More details are provided in Sec 
III, B. The term "Norm" denotes the Euclidean norm of a vector. 

B. Equality Constraints (EC)

These constraints refer to the unbalanced power flow
equations. The iterative forward-backward sweep method 
(FBSM) is used in this paper to solve the power flow equations 
[18]. Equation (2) shows the relationship between the constraints 
and the control variables; 

𝑽 = 𝑃𝑜𝑤𝑒𝑟𝐹𝑙𝑜𝑤 [𝑿] (2) 

where X is the control vector, comprising the reactive power 
output of and transformer tap positions. Assume a part of a radial 
feeder, as in Fig. 1, whose nodes are enumerated from 1 (starting 
point) to n (endpoint). For the known voltages of the endpoint 
bus, all the remaining bus voltages of the feeder can be computed 
using Kirchhoff's law as in (3) 

Fig. 1. One phase simple radial system. 

�̇�𝑖−1 = �̇�𝑖 + �̇�𝑖−1,𝑖 ∗ 𝐼�̇�−1,𝑖   ;    𝑖 = 1,2,3, … . , 𝑛   (3) 

where �̇�, 𝐼,̇ and �̇� denote the bus voltage, branch current, and
branch impedance phasors, respectively. The subscript i and (i-1) 
denote the consecutive bsses along the same phase. The voltage 
calculations continue up to node-1. This is a direct approach to 
solve the power flow problem, but it may not converge in radial 
DN with high R/X ratios. This case can be overcome by using a 
direct approach. Equation (4) shows the approach used to solve 
the power flow in radial and weakly meshed networks [19-21]; 

𝐼�̇� = [
𝑃𝑖+𝑗𝑄𝑖

�̇�𝑖
]

∗

 (4) 

Then the relation between the branch currents and equivalent 
current injections can be found by applying Kirchhoff's current 
law. 

∆𝑉𝑖 = BCBV ∗  BIBC ∗  İ  (5) 

𝑉𝑖
𝑘+1 = 𝑉𝑖

𝑘 + ∆𝑉𝑖  (6) 

where BCBV is the branch current to bus voltage matrix, and 
BIBC is the bus injection to branch current matrix. After this 
step, the backward sweep starts from the starting node until the 
convergence criteria are satisfied. 

C. Inequality Constraints (IC)

Inequality constraints are the limits of bus voltage
magnitudes. The feeder bus voltage magnitudes are desired to 
be between 0.95 and 1.05 pu. A valid formulation for the IC is 
to check whether the node voltage magnitudes at each time 
violate the allowable limits as expressed in (7). 

𝐺𝑖
𝑗(𝑉𝑖) = {

0.95 − 𝑉𝑖 𝑖𝑓   𝑉𝑖 < 0.95
0 𝑖𝑓   0.95 ≤ 𝑉𝑖 ≤ 1.05

𝑉𝑖 − 1.05 𝑉𝑖 > 1.05
}  (7) 

where the subscripts 1 ≤ 𝑖 ≤ 165 and 1 ≤ 𝑗 ≤ 96 denote the 
node number and a 15-minute resolution of a 24 hour 
simulation time, respectively. A conventional way to deal with 
IC while optimizing a problem is to express them as a penalty 
term when the limits are violated. A valid expression is 
presented in (8). 

G𝑗(𝐕) = ∑ 𝐺𝑖
𝑗(𝑉𝑖)

165
𝑖=1   𝑗 = 1,2, … ,96  (8) 

So, the final formation of the constrained optimization 
problem for any time (j) is formulated in (9). 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝑂𝐹 = Norm [𝐈 − 𝐕]

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜
𝑽 = 𝑃𝑜𝑤𝑒𝑟𝐹𝑙𝑜𝑤 [𝑿]

G𝑗(𝐕) ≤ 0

  (9) 

D. Control Variables (CV)

There are two types of control variables that are optimized
to achieve minimum objective function value. 

1. Reactive Power Support of PV Unit (Inverter)

The PV systems are usually equipped with a smart inverter 
that can provide bi-directional reactive power flow to the feeder 
in addition to its traditional DC- AC conversion task. Every 
control parameter is a three-valued vector (one value for each 
phase) as expressed in (10). Note that the smart inverter 
supports the reactive power from the PV system only when 
there is an actual active power generation, in this study, it was 
assumed so when the generation is over 5% of the rated active 
power as shown in Fig. 4. 

𝑄 = [𝑄𝐴  𝑄𝐵   𝑄𝐶]𝑻 = [𝑋1  𝑋2  𝑋3]𝑻                   (10)

where the phase reactive powers  𝑄𝐴 , 𝑄𝐵 , 𝑎𝑛𝑑  𝑄𝐶  are between
−120 kVAr and 120 kVAr in this study, which is related to the
rating of the PV system and the smart inverter. Note that,
depending on the active power generation of the PV panels,
reactive power consumption/injection also follows the following
power balance equation in (11).

𝑄 = √𝑆2 − 𝑃2  (11) 

2. Tap value of the regulating transformers

There are two regulating transformers (tap changers) 
allocated between nodes 814-850 and 832-854 in the feeder. 

1 
i-14 3 2 i n 
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Their tap positions are included in the optimization problem as 
three-valued vectors as shown in (12). It is worth mentioning 
that the values of the vector will only take integer numbers 
between [-16, 16] because they have fixed positions and at 
every tap action, the voltage level can change by a fixed ratio 
of 0.00625 pu. 

𝑇1 = [𝑋4 𝑋5 𝑋6]𝑇  ,   𝑇2 = [𝑋7 𝑋8 𝑋9]𝑇  (12) 

Where −16 ≤ 𝑋𝑖 ≤ 16

III. TEST SYSTEM

A. IEEE 34-Bus Test System

IEEE 34-Bus Test System is an unbalanced radial system
used for distributed generation. The single-line diagram of the 
system is given in Fig. 2. 

Fig. 2. The IEEE 34 Bus Test Feeder. 

B. Load Profile

There are 3*33=99 prospective load buses in the system,
where the first bus (grid connection point) is assumed to be load 
free. However, there are some loads that are distributed on some 
lines. Therefore, the number of load buses is (165) not 99 because 
the midpoint was added as a new bus during the simulation to 
account for the distributed loads. The nodes comprising the loads 
are given in Table 1. 

TABLE I. DISTRIBUTION SYSTEM SPOT LOADS. 

   Node # 
Active Power (kW) Reactive Power (kVAr) 

  a   b c    a  b c 

825 10 10 25 5 5 10 

833 150 150 150 75 75 75 

842 135 135 135 105 105 105 

846 20 20 20 16 16 16 

848 20 20 20 16 16 16 

852 9 9 9 7 7 7 

At this initial phase of the study, all the nodes are assumed to 
follow the same load pattern illustrated in Fig. 3. However, to 
account for the random behavior of the loads, a 5% random 
deviation from the recorded data is applied in each simulation 
time. That is, the load at any node at any time for any phase is 
randomly assigned a coefficient value between these limits. 

C. Photovoltaic Unit

A 120 kW PV unit is installed at node 890 of the feeder as
this node has the largest undervoltage. Daily active power 
generation data for a 15-minute time resolution is depicted in 
Fig. 4. On the other hand, the reactive power calculated by (11) is 

revised to satisfy a fixed power factor of 0.95 to represent the 
limit of a maximum reactive power that can be applied by the 
PV unit. This revised equation is presented in (13). 

𝑄 = Min{√𝑆2 − 𝑃2 , 𝑃 ∗ tan (𝛷)  }  (13) 

where  𝛷 = cos  −1  (0.95) is the power factor, which is 
assumed to be over 0.95 in this study. The resulting reactive 
power capacity of the PV system is also illusrated in Fig. 4. 

Fig. 3. Scaled load pattern for the distribution system. 

Fig. 4. PV output power for a constant power factor. 

IV. IMPLEMENTATION OF SQP OPTIMIZATION

Sequential Quadratic Programming (SQP) is one of the 
powerful methods to solve constrained optimization problems. It 
linearizes the objective function quadratically and the constraints 
linearly and uses the exterior penalty function (EPF) to solve the 
linearized optimization problem. The proposed constrained 
nonlinear optimization problem formulated in (9) is solved by 
SQP method. The control variable vector comprises PV reactive 
power outputs and regulating transformers' tap ratios. Bus 
voltages are the state variables that are supposed to be within 
specified limits. 

𝑿 = [𝐐𝑇   𝐓1
𝑇   𝐓2

𝑇]𝑻 = [𝑋1 𝑋1 … 𝑋9]𝑻   (14) 

where 𝑸 = [𝑋1 𝑋2 𝑋3]𝑻, 𝑻1 = [𝑋4 𝑋5 𝑋6]𝑻 , 𝑻2 = [𝑋7 𝑋8 𝑋9]𝑻

𝑽𝒎𝒊𝒏 ≤ 𝑽 = [𝑉1 𝑉2 … . 𝑉165]𝑻 ≤ 𝑽𝒎𝒂𝒙  (15) 

The solution steps of SQP implementation are as follows 
[22]: 
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 Step-1: Select an appropriate initial control variable, 𝑿𝟎, and
linearize the objective function around this point. The
linearization is the quadratic expansion of the Taylor Series.
The quadratic linearization of a function 𝐹(𝑋) around a point
𝑋𝑖 can be expressed in (16) [22]:

𝐹(𝑋) = 𝐹(𝑋𝑖) + ∇𝐹(𝑋𝑖)𝑇𝑋 +
1

2
𝑋𝑇∇2𝐹(𝑋𝑖)𝑋  (16) 

where ∇, and ∇2represent the gradient and the Hessian matrices,

respectively. 

 Step-2: Linearize the inequality constraints, G(X), around 𝑋0

as shown in (17) [22].

𝐺(𝑋) = 𝐺(𝑋0) + ∇𝐺(𝑋0)𝑇  (17) 

 Step-3: Use Exterior Penalty Function (EPF) method to solve

the linearized optimization problem in (18) [22]:

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒   𝐹(𝑥) + 𝑟𝑔 (𝑚𝑎𝑥(0, 𝐺(𝑋)))2             (18) 

where, 𝑟𝑔 is the penalty multiplier.  

 Step-4: Update the operating point by adding the solution of

the optimization problem in (18) as expressed in (19)[22].

𝑋𝑖+1 = 𝑋𝑖 + 𝑋𝑠𝑜𝑙          (19) 

where 𝑋𝑠𝑜𝑙   represents the solution vector of (18).

 Step-5: Check the convergence criteria and repeat the process
from Step-1 if it is not met. The convergence criteria may be
based on the change of the solution vector or the change of the
objective function value as presented in (20) [22];

|𝑋𝑖+1 − 𝑋𝑖| ≤∈  or |𝐹(𝑋𝑖+1) − 𝐹(𝑋𝑖)| ≤∈    (20) 

where ∈ represents a small number, such 0.0001.  

V. SIMULATION RESULTS

SQP-based optimum solutions for the 34-bus test system are 
obtained separately for each 15-minute time bin throughout the 
day. The resulting control variables and corresponding voltage 
profiles are illustrated in the Figures (5-8) and Table. 2 below for 
some representative simulation periods. 

A. Simulation at 10t (02:30 a.m.)

There is no active power generation and reactive power
injection by PV unit at this time bin, and the only control 
parameters are the tap positions of the two regulating 
transformers. Optimal control parameters and corresponding 
voltage profiles are illustrated in Table 2 and Fig. 5, 
respectively. As it is an off-peak period, there are a few 
undervoltage violations around bus#96 for the base case 
operating conditions. All those violations are eliminated by 
optimizing the tap positions. However, some post-optimization 
voltage magnitudes approach their upper limits, especially for 
the buses after node 858. 

B. Simulation at 35t (08:45)

The PV system can provide a limited amount of reactive
power at 8:45 a.m. Optimal control parameters and their 
corresponding voltage profiles are illustrated in Table 2 and Fig. 
6, respectively. For this case, all the undervoltage problems of 

the base-case operating conditions are eliminated with the help 
of optimized tap positions and limited reactive power injections 
of PV units. Note that the post-optimization voltage magnitudes 
of buses beyond 858 are now smaller than the previous case-A. 

C. Simulation at 50t (12:30)

The reactive power injection potential of PV system is
around its maximum, and the load is relatively high at this 
period. Optimal control parameters and corresponding voltage 
profiles are illustrated in Table 2 and Fig. 7, respectively. Note 
that the optimum voltage magnitudes are much closer to 1 pu. 
For this time bin. 

Fig. 5. Voltage Profiles at 02:30 a.m. 

Fig. 6. Voltage Profiles at 08:45 a.m. 

Fig. 7. Voltage Profiles at 12:30 p.m. 
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D. Simulation at 80t (20:00)

The load is maximum, but there is no PV active power
generation and reactive power injection at 20:00. The optimal 
control parameters and corresponding voltage profiles are 
illustrated in Table 2 and Fig. 8, respectively. Due to the high 
load level, there are still undervoltage violations for few buses. 
Moreover, post-optimization voltage magnitudes of some buses 
are at their upper limit values. 

Fig. 8. Voltage Profile at 20:00 p.m. 

TABLE II.  OPTIMUM CONTROL PARAMETERS AND THEIR BASE-CASE VALUES 

Q [kVAr] T1 T2 

Phase → a b c a b c a b c 

Base Case 0 0 0 1 1 1 1 1 1 

O
p

ti
m

u
m

 At 02:30 0 0 0 4 1 0 14 11 12 

At 08:45 -21 -21 -21 10 5 4 6 1 5 

At 12:30 -35 -28 -38 12 1 -2 4 10 8 

At 20:00 0 0 0 12 3 4 16 16 16 

E. All day simulation

Optimum control parameters for all-day simulations are
illustrated in Fig. 9. The voltage profiles for the base case and 
optimum operation cases are depicted in Fig. 10 and Fig. 11 for 
some representative buses, respectively. These buses are selected 
among the critical ones, either showing an undervoltage problem 
during the base case operating condition or an overvoltage for 
the optimum operating conditions.  

Fig. 9a. Injected reactive power from the PV unit throughout the day. 

Fig. 9b. Tap 1 positions throughout the day. 

Fig. 9c. Tap 2 positions throughout the day. 

Fig. 10. Base case voltage magnitudes for some representative buses. 

Fig. 11. Optimum voltage magnitudes for some representative buses. 

VI. CONCLUSION

This study has presented SQP implementation to solve a 
nonlinear constrained optimization problem in a radial, 
unbalanced DN. The IEEE 34-bus test system is considered a test 
case for implementing the proposed method. The simulation 
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results for some representative times show that the performance 
of the voltage profile improvement objective depends on the 
available control variables and the load level. In this regard, we 
can decompose the day into three periods. 

For the first period, where the load levels are low (late night-
time –up to 9 a.m.), regulating transformers can regulate the 
voltage magnitude even without any contribution from the PV 
units. However, some bus voltage magnitudes approach their 
upper limits. Voltage magnitude differences get better after 
sunshine with the reactive power support of PV unit. The 
prospective problem of this region is the overvoltages and high 
losses due to insufficient reactive power support.  

Both the load level and the PV output are high during the 
second period (9 a.m. to 5 p.m. for the given load and PV output 
characteristics). The voltage deviations and the losses are 
minimum in this period since the tap positions and reactive power 
injection of PV unit can actively be controlled.  

The third region starts when the PV active power output 
decreases below 20% of the rated value (early evening, around 5 
p.m.). Since the load level is relatively high in this region, there
are severe undervoltages at base case operating conditions.
Voltage regulators cannot eliminate all these undervoltage
problems, instead, their high tap ratios force some feeder buses
to operate at their upper voltage limits. In summary, there are
both the undervoltage and overvoltage problems in this period.
Therefore, power losses are maximum.

Since this method aims to improve the voltage profiles, the 
losses of the system can also be decreased. This will eventually 
reflect as a reduction in the electricity bill at the end of the month. 
The results can be used to improve active distribution 
management to deal with repeated operational actions. 
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