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A B S T R A C T

The derivation of the boundary conditions is the most challenging part of the asymptotic
techniques underlying low-dimensional models for thin elastic structures. At the moment,
these techniques do not take into consideration the effect of the environment, e.g., a Winkler
foundation, when tackling boundary conditions, and have to be amended. In this paper as an
example we consider an antiplane problem for a thin elastic strip contacting with a relatively
compliant Winkler foundation. Refined boundary conditions at an edge loaded by prescribed
stresses are established using a properly adjusted Saint-Venant’s principle. They appear to
be useful for advanced structure modelling including analysis of the static equilibrium under
self-equilibrated loading.

. Introduction

In this paper we address the important issue of the formulation of consistent boundary (edge) conditions in the low-dimensional
heories for thin elastic structures supported by a Winkler foundation. The latter is known to be a local model for which the
esponse of the environment at a considered point is assumed to be proportional to the deflection occurring at the same point, see
riginal publications (Fuss, 1793; Winkler, 1867; Zimmermann, 1888) along with contemporary ones (Aghalovyan, 2015; Kaplunov,
rikazchikov, & Sultanova, 2018), concerned with mathematical justification of the Winkler hypothesis. It has been widely used
n soil- and geo-mechanics, fracture mechanics, contact mechanics, etc., e.g., see Argatov and Mishuris (2015), Barber (2018),
alope, Lanzoni, and Radi (2022), Krasnitckii, Smirnov, and Gutkin (2023), Lou, Wang, Chen, and Zhai (2011), Malikan (2024),
atysiak and Pauk (2003) and Shugailo, Nobili, and Mishuris (2023) and references therein. Recently, the Winkler model has

ecome revitalised in modelling of micro and nano structures, where similar approximations prove to be useful in both local and
onlocal versions (Gholami & Ansari, 2017; Li, Li, Tan, Fan, & Wang, 2024; Stempin, Pawlak, & Sumelka, 2023).

The derivation of consistent edge conditions is arguably the most involved procedure within the asymptotic theories for thin
lastic structures. It is remarkable that the vast majority of publications dealing with these theories mainly consider the equations
f motion, with only very few ones oriented to the boundary conditions, see Goldenveizer (1994, 1998), Gregory and Wan
1985), Mathúna (1989) and Wilde, Surova, and Sergeeva (2022). The aforementioned procedure relies on the decay of boundary
ayers characteristic of the original equations in the theory of elasticity, see monographs (Aghalovyan, 2015; Goldenveizer, 1976;
aplunov, Kossovich, & Nolde, 1998) and references therein. For a semi-infinite elastic strip, see Gregory and Wan (1984), Kaplunov,
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Fig. 1. Semi-infinite strip supported by a Winkler-type foundation along two sides.

Prikazchikova, and Alkinidri (2021) and Gusein-Zade (1965), the related decay conditions are apparently the best illustration
of the classical Saint-Venant’s principle (Love, 2013). They state that for edge in-plane or out-of-plane static loading all stress
resultants as well as the longitudinal stress couple have to be equal to zero in order to ensure the stress field to be localised over
the vicinity of order of the strip thickness. For arbitrary geometry, the decay conditions for a semi-strip have to be subject to
perturbation in the small geometric parameter typical of thin structures in order to evaluate plane and antiplane boundary layers,
e.g., see Goldenveizer (1976, 1994, 1998). More recent examples related to perturbation of the decay conditions for an elastic semi-
strip involve low-frequency dynamics and high contrast layered composites, see Babenkova and Kaplunov (2004) and Prikazchikova
(2022), respectively. We also note that calculation of boundary layers, especially in nonlinear setting, usually relies on extensive
direct numerical techniques, see Mishuris, Miszuris, and Öchsner (2007a, 2007b), Mishuris and Öchsner (2005), Mishuris et al.
(2005), Miszuris and Öchsner (2013) and Sonato, Piccolroaz, Miszuris, and Mishuris (2015).

All the existing examples of decay conditions consider a semi-infinite elastic strip with traction-free sides, modelled by Neumann-
type boundary conditions. At the same time, numerous applications inspire analysis of more general conditions along the sides,
taking into account a contact with environment, including the above mentioned Winkler elastic foundation. Its presence leads to
mixed Robin boundary conditions along the sides. As a result, numerous ad-hoc formulations for thin structures resting on Winkler
foundations, e.g., see Frỳba (2013) and Kaplunov, Prikazchikov, Rogerson, and Lashab (2014), have to be ideally revisited returning
back to the original 3D framework based on the aforementioned mixed conditions. This issue has been recently addressed for the
equations of motion governing bending of elastically supported beams and plates in Erbaş, Kaplunov, and Elishakoff (2022) and
Erbaş, Kaplunov, and Kiliç (2022a), see also Erbaş, Kaplunov, Nobili, and Kılıç (2018), assuming that the structural stiffness is much
greater than that of the foundation. However, the effect of a Winkler foundation on the boundary conditions along structure edges
has not yet been studied.

In this paper we are aiming at extending the canonical Saint-Venant’s principle to a semi-infinite strip interacting with a relatively
soft Winkler foundation. Similarly to Kaplunov et al. (2021) and Prikazchikova (2022), a perturbation approach, using a small
parameter corresponding to the relative stiffness of the foundation is developed. For the sake of simplicity, we restrict ourselves to
a scalar antiplane problem. Both one- and two-sided foundations are considered.

In the paper the leading order decay condition corresponding to self-equilibrated shear edge stress is corrected by incorporating
higher order terms taking into account the effect of the foundation. Explicit three-term asymptotic expansions are derived. They
are implemented to formulate the consistent higher order boundary conditions for 1D equilibrium equations governing long-scale
shear deformation of the semi-strip. The derivation of these equations is more straightforward and can be found in Appendix. It
readily adapts the asymptotic procedure exploited in the theory for plates and shells since long ago, e.g., see Goldenveizer (1976),
Goldenveizer, Kaplunov, and Nolde (1993) and Kaplunov, Erbaş, and Ege (2022), as well as more recent papers (Erbaş et al., 2022,
2022a) taking into account the presence of the Winkler foundation. The obtained results are useful for assessment of the traditional
approach ignoring the effect of the foundation on the boundary conditions. In particular, it appears that the established boundary
conditions incorporating this effect are suitable for evaluating the asymptotic interior solution due to a self-equilibrated edge loading.

We also remark that the problem in antiplane elasticity studied in the paper is governed by the same Laplace equation with
Robin boundary conditions as its counterpart in the theory of heat or mass transfer. In those cases, the classical Fourier or Darcy
laws support a similar effect as the contact with a Winkler foundation, see for example Marušić-Paloka and Pažanin (2022).

2. Two-sided Winkler foundation

2.1. Statement of the problem

Consider antiplane shear of a semi-infinite elastic strip (0 ≤ 𝑥1 < +∞, −ℎ ≤ 𝑥2 ≤ ℎ) interacting with a Winkler-type foundation
along its horizontal sides, see Fig. 1. The strip equilibrium is given by

𝜕𝜎31 +
𝜕𝜎32 = 0, (1)
𝜕𝑥1 𝜕𝑥2

2 
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with

𝜎3𝑖 = 𝜇 𝜕𝑢
𝜕𝑥𝑖

, 𝑖 = 1, 2, (2)

where 𝜎3𝑖 = 𝜎3𝑖(𝑥1, 𝑥2) are shear stresses, 𝜇 is a Lamé parameter and 𝑢 = 𝑢(𝑥1, 𝑥2) is an out-of-plane displacement.
The mixed boundary conditions modelling the strip contact with the foundation are taken as

𝜎32 = ∓𝑘𝑢 at 𝑥2 = ±ℎ, (3)

where 𝑘 denotes the stiffness of the foundation. We also assume that the shearing stress 𝑝(𝑥2) is prescribed at the strip edge, i.e.

𝜎31 = 𝑝(𝑥2) at 𝑥1 = 0. (4)

2.2. Classical low-dimensional model and associated small parameters

In engineering applications the formulated 2D problem (1)–(4) is often approximated by 1D problem, e.g., see Goldenveizer
(2014) dealing with more general setup by averaging the displacement and stress over the strip cross-section. In this case, the
average displacement 𝑣(𝑥1) and the stress resultant 𝑆(𝑥1) are given by

𝑣(𝑥1) =
1
2ℎ ∫

ℎ

−ℎ
𝑢(𝑥1, 𝑥2)𝑑𝑥2, 𝑆(𝑥1) = ∫

ℎ

−ℎ
𝜎31(𝑥1, 𝑥2)𝑑𝑥2. (5)

As it follows from (2), these quantities are related by

𝑆 = 2𝜇ℎ 𝑑𝑣
𝑑𝑥1

, (6)

while Eq. (1) after integrating over 𝑥2 and taking into account the boundary conditions (3) can be written as
𝑑𝑆
𝑑𝑥1

− 𝑘
(

𝑢(𝑥1, ℎ) + 𝑢(𝑥1,−ℎ)
)

= 0. (7)

he latter, using the trapezoidal rule, see Atkinson (1991), transforms to
𝑑𝑆
𝑑𝑥1

− 2𝑘𝑣 = 𝑘ℎ2𝑅ℎ, (8)

where

𝑅ℎ(𝑥1) =
2
3
𝜕2𝑢
𝜕𝑥22

(𝑥1, 𝛾(𝑥1)), 𝛾 ∈ (−ℎ, ℎ),

with some unknown function 𝛾(𝑥1). Thus, the homogeneous equation corresponding to (8) has the truncation error of 𝑂(ℎ2∕𝐿2),
where 𝐿 is a typical length scale.

As a result of this trivial consideration, we may also arrive by differentiating (8) at a limiting 1D problem given by the
second-order equation

𝑑2𝑆
𝑑𝑥21

− 𝑘
𝜇ℎ

𝑆 = 𝑘ℎ2
𝑑𝑅ℎ
𝑑𝑥1

, (9)

or at leading order

𝑑2𝑆
𝑑𝑥21

− 𝑘
𝜇ℎ

𝑆 = 0. (10)

The boundary condition to this equation at the edge 𝑥1 = 0 takes the form

𝑆(0) = ∫

ℎ

−ℎ
𝑝(𝑥2)𝑑𝑥2. (11)

This condition follows from its 2D counterpart (4) due to the classical Saint-Venant’s principle, generally assuming traction free but
not elastically supported semi-infinite sides of the strip; for the former, 𝑘 = 0 in the formulae above. In this case, 1D formulation in
terms of the shear stress resultant 𝑆, given by the equilibrium equation

𝑑𝑆
𝑑𝑥1

= 0, (12)

following from (8), subject to boundary condition (11), is the exact consequence of the initial 2D setup.
However, at 𝑘 > 0, the presence of the remainder 𝑅ℎ in the right-hand side of Eq. (8) necessitates special consideration. It is

ather obvious that 𝑅ℎ is small over the interior of the semi-strip (𝑥1 ≫ ℎ) when ℎ ≪ 𝐿, while near the edge (𝑥1 ∼ ℎ), when ℎ ∼ 𝐿,
the adapted above trapezoidal approximation is not robust.

It might be expected that the restoration of the 2D solution of the original problem (1)–(4) from a 1D formulation assumes a
similar asymptotic insight as for a strip with free sides.

At the same time, the traditional asymptotic scheme underlying dimension reduction in mechanics of thin elastic structures,
e.g., see Goldenveizer (1976) and Kaplunov et al. (1998), usually assumes Neumann-type boundary conditions along the sides. It
3 
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ideally has to be revisited for the structures interacting with a Winkler foundation, see recent papers (Erbaş et al., 2022, 2022a)
considering the equations of motion only. The effect of a Winkler foundation on the boundary conditions including the corrections
to the canonical formulation of the Saint-Venant’s principle has not been yet investigated.

Below we perform an accurate asymptotic analysis of the simplest 2D setup given by (1)–(4) in order to justify and refine the
D model (10)–(11). The main focus is on the dimension reduction of the boundary condition (4) taking into consideration the
ariation of the prescribed edge stress 𝑝(𝑥2) across the thickness of the strip.

As a preliminary observation we remark that for a self-equilibrated 𝑝(𝑥2) the formula (11) corresponds to a homogeneous
boundary condition justified for traction free sides (𝑘 = 0). However, it is clear intuitively that it should not be the case in presence
of a foundation (𝑘 > 0), see also papers (Kaplunov et al., 2021; Prikazchikova, 2022) dealing with perturbations of static decay
conditions for a semi-strip with traction free sides.

As a small parameter we adapt a properly dimensionalised ratio of the Winkler foundation stiffness and the strip shear modulus
given by

𝜀 = 𝑘ℎ
𝜇

≪ 1. (13)

This parameter is similar to that in papers (Erbaş et al., 2022a, 2018) supporting thin plate bending in presence of Winkler
foundation. We also know that the formula (13) rewritten for

√

𝜀 can be presented as
√

𝜀 = ℎ
𝐿

≪ 1, (14)

where the length scale is given by

𝐿 =
√

ℎ𝜇
𝑘

. (15)

If (13) or (14) are violated, then the strip is not thin enough or the Winkler foundation is not soft enough to allow the dimension
reduction.

2.3. Scaling for the original 2D antiplane problem

In what follows we use the dimensionless variables

𝜉 =
𝑥1
ℎ

and 𝜁 =
𝑥2
ℎ
, (16)

as well as the dimensionless quantities

𝜎∗3𝑖 =
𝜎3𝑖
𝜇

, 𝑝∗ =
𝑝
𝜇

and 𝑢∗ = 𝑢
ℎ
. (17)

Relations (1)–(4) then become
𝜕𝜎∗31
𝜕𝜉

+
𝜕𝜎∗32
𝜕𝜁

= 0, (18)

and

𝜎∗31 =
𝜕𝑢∗

𝜕𝜉
, 𝜎∗32 =

𝜕𝑢∗

𝜕𝜁
, (19)

subject to

𝜎∗32 = ∓𝜀𝑢∗ at 𝜁 = ±1, (20)

and

𝜎∗31 = 𝑝∗(𝜁 ) at 𝜉 = 0. (21)

In terms of dimensionless displacements the problem can be rewritten as

𝜕2𝑢∗

𝜕𝜉2
+ 𝜕2𝑢∗

𝜕𝜁2
= 0, (22)

subject to

𝜕𝑢∗

𝜕𝜁
= ∓𝜀𝑢∗ at 𝜁 = ±1, (23)

and
𝜕𝑢∗ = 𝑝∗(𝜁 ) at 𝜉 = 0. (24)

𝜕𝜉

4 
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2.4. Decay conditions and a boundary layer

We begin with the asymptotic generalisation of the Saint-Venant’s principle corresponding to the mixed boundary conditions
long the sides, see (20) or (23). In what follows we derive corrections to the well-known decay conditions for traction free sides
𝜀 = 0), e.g., see Gusein-Zade (1965), dictating the self-equilibrium of the prescribed load 𝑝(𝑥2). In this case we assume

𝜎∗31 → 0 and 𝑢∗ → 0 as 𝜉 → ∞. (25)

First, integrating Eq. (18) over the domain 0 ≤ 𝜉 < ∞, −1 ≤ 𝜁 ≤ 1, we obtain

∫

1

−1
𝑝∗𝑑𝜁 + 𝜀∫

∞

0

(

𝑢∗||
|𝜁=1

+ 𝑢∗||
|𝜁=−1

)

𝑑𝜉 = 0. (26)

As might be expected, the last formula at 𝜀 = 0 gives the aforementioned decay condition expressing the Saint-Venant’s principle.
Now, expand 𝑝∗ and 𝑢∗ in asymptotic series as

𝑝∗ = 𝑝∗0 + 𝜀𝑝∗1 + 𝜀2𝑝∗2 +⋯ ,

𝑢∗ = 𝑢∗0 + 𝜀𝑢∗1 + 𝜀2𝑢∗2 +⋯ ,
(27)

where 𝑝∗0(𝜁 ) is a self-equilibrated load satisfying

∫

1

−1
𝑝∗0𝑑𝜁 = 0, (28)

while 𝑝∗𝑖 , 𝑖 = 1, 2,…, are, in general, non self-equilibrated ones. Without loss of generality, the latter may be assumed to be constants.
Indeed if 𝑝∗𝑖 (𝜁 ) is not a constant, it can be represented as a sum 𝑝∗𝑖0(𝜁 ) and 𝑝∗𝑖𝑐 , where the former is self-equilibrated (and thus is
accounted for by 𝑝∗0(𝜁 )), while the latter is a constant.

Leading order approximation
Taking into account (28), 𝑝∗0 can be written as

𝑝∗0(𝜁 ) =
∞
∑

𝑛=1
𝐴𝑛 cos(𝛼𝑛𝜁 ) +

∞
∑

𝑛=1
𝐵𝑛 sin(𝛽𝑛𝜁 ), (29)

where

𝛼𝑛 = 𝑛𝜋, 𝛽𝑛 =
(2𝑛 − 1)𝜋

2
. (30)

The coefficients in (29) take the form

𝐴𝑛 = ∫

1

−1
𝑝∗0 cos(𝛼𝑛𝜁 )𝑑𝜁, 𝑛 = 1, 2,… , (31)

and

𝐵𝑛 = ∫

1

−1
𝑝∗0 sin(𝛽𝑛𝜁 )𝑑𝜁, 𝑛 = 1, 2,… (32)

Also, we have from (22)–(24) and (27)

𝜕2𝑢∗0
𝜕𝜉2

+
𝜕2𝑢∗0
𝜕𝜁2

= 0, (33)

subject to
𝜕𝑢∗0
𝜕𝜁

= 0 at 𝜁 = ±1, (34)

and
𝜕𝑢∗0
𝜕𝜉

= 𝑝∗0 at 𝜉 = 0. (35)

The solution of the boundary value problem is given by

𝑢∗0 = −
∞
∑

𝑛=1

𝐴𝑛
𝛼𝑛

𝑒−𝛼𝑛𝜉 cos(𝛼𝑛𝜁 ) −
∞
∑

𝑛=1

𝐵𝑛
𝛽𝑛

𝑒−𝛽𝑛𝜉 sin(𝛽𝑛𝜁 ). (36)

First order approximation
At next order, we obtain from (26) a formula for the correction to the leading order decay condition (28) in the form

1
𝑝∗𝑑𝜁 +

∞ (

𝑢∗|| + 𝑢∗||
)

𝑑𝜉 = 0. (37)
∫−1 1 ∫0 0
|𝜁=1 0

|𝜁=−1

5 
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On inserting (36) into this condition we obtain

𝑝∗1 =
∞
∑

𝑛=1

(−1)𝑛𝐴𝑛

𝛼2𝑛
. (38)

The constant 𝑝∗1 can also be expressed as

𝑝∗1 = 1
4 ∫

1

−1
𝑝∗0(𝜁 )

(

𝜁2 − 1
3

)

𝑑𝜁. (39)

At this order we can also determine 𝑢∗1 from the following boundary value problem

𝜕2𝑢∗1
𝜕𝜉2

+
𝜕2𝑢∗1
𝜕𝜁2

= 0, (40)

subject to
𝜕𝑢∗1
𝜕𝜁

= ∓𝑢∗0 at 𝜁 = ±1, (41)

and
𝜕𝑢∗1
𝜕𝜉

= 𝑝∗1 at 𝜉 = 0. (42)

This problem, in contrast to the leading order one, involves non-homogeneous boundary conditions along the sides, cf. (34) and
(41).

Let us present 𝑢∗1 in the series form as

𝑢∗1 =
∞
∑

𝑛=1

{

𝐸𝑛 cos(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉 + 𝐹𝑛 sin(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉 + 𝐺𝑛𝜁 sin(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉

+𝐻𝑛𝜁 cos(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉 + 𝐼𝑛𝜉 cos(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉 +𝐾𝑛𝜉 sin(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉
}

,

(43)

where 𝐸𝑛, 𝐹𝑛, 𝐺𝑛,𝐻𝑛, 𝐼𝑛 and 𝐾𝑛 are sought for constants. Four of them can be found by substituting (43) into (40) and (41). They
are

𝐺𝑛 = 𝐼𝑛 =
𝐴𝑛

𝛼2𝑛
, 𝐻𝑛 = −𝐾𝑛 = −

𝐵𝑛

𝛽2𝑛
. (44)

Remaining constants 𝐸𝑛 and 𝐹𝑛 follow from (42), which becomes
∞
∑

𝑛=1

{

(𝐼𝑛 − 𝛼𝑛𝐸𝑛) cos(𝛼𝑛𝜁 ) + (𝐾𝑛 − 𝛽𝑛𝐹𝑛) sin(𝛽𝑛𝜁 ) − 𝛼𝑛𝐺𝑛𝜁 sin(𝛼𝑛𝜁 ) − 𝛽𝑛𝐻𝑛𝜁 cos(𝛽𝑛𝜁 )
}

= 𝑝∗1 . (45)

Next, we expand 𝜁 sin(𝛼𝑛𝜁 ) and 𝜁 cos(𝛽𝑛𝜁 ) into series having

𝜁 sin(𝛼𝑛𝜁 ) =
𝑆(𝑛)
0
2

+
∞
∑

𝑘=1
𝑆(𝑛)
𝑘 cos(𝛼𝑘𝜁 ), 𝜁 cos(𝛽𝑛𝜁 ) =

∞
∑

𝑘=1
𝑃 (𝑛)
𝑘 sin(𝛽𝑘𝜁 ), (46)

where

𝑆(𝑛)
0 = −

2(−1)𝑛

𝛼𝑛
= −

2(−1)𝑛

𝜋𝑛
, 𝑆(𝑛)

𝑘 = ∫

1

−1
𝜁 sin(𝛼𝑛𝜁 ) cos(𝛼𝑘𝜁 )𝑑𝜁, (47)

nd

𝑃 (𝑛)
𝑘 = ∫

1

−1
𝜁 cos(𝛽𝑛𝜁 ) sin(𝛽𝑘𝜁 )𝑑𝜁. (48)

he integrals in (47) and (48) can be evaluated as

𝑆(𝑛)
𝑘 =

⎧

⎪

⎨

⎪

⎩

− 1
2𝛼𝑘

= − 1
2𝜋𝑘

, if 𝑘 = 𝑛,

2(−1)𝑘+𝑛𝛼𝑛
𝛼2𝑘 − 𝛼2𝑛

=
2(−1)𝑘+𝑛𝑛
𝜋(𝑘2 − 𝑛2)

, if 𝑘 ≠ 𝑛,
(49)

and

𝑃 (𝑛)
𝑘 =

⎧

⎪

⎨

⎪

⎩

1
2𝛽𝑘

= 1
𝜋(2𝑘 − 1)

, if 𝑘 = 𝑛,

−
2(−1)𝑘+𝑛𝛽𝑛
𝛽2𝑘 − 𝛽2𝑛

= −
(−1)𝑘+𝑛(2𝑛 − 1)

𝜋(𝑘 + 𝑛 − 1)(𝑘 − 𝑛)
, if 𝑘 ≠ 𝑛.

(50)

Then substituting expansions (46) back into (45), we finally derive

𝐸𝑛 =
1

(

𝐴𝑛
2
−

∞
∑ 𝐴𝑘 𝑆(𝑘)

𝑛

)

, 𝐹𝑛 =
1

(

𝐵𝑛
2
+

∞
∑ 𝐵𝑘 𝑃 (𝑘)

𝑛

)

. (51)

𝛼𝑛 𝛼𝑛 𝑘=1 𝛼𝑘 𝛽𝑛 𝛽𝑛 𝑘=1 𝛽𝑘

6 
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Thus, the term 𝑢∗1 has now been fully defined.

econd order approximation
At second order, we have from the condition (26)

∫

1

−1
𝑝∗2𝑑𝜁 + ∫

∞

0

(

𝑢∗1
|

|

|𝜁=1
+ 𝑢∗1

|

|

|𝜁=−1

)

𝑑𝜉 = 0. (52)

ubstituting 𝑢∗1, found at the previous step, see (43), we obtain for the sought for constant 𝑝∗2

𝑝∗2 = −
∞
∑

𝑛=1

(−1)𝑛

𝛼2𝑛

(

2𝐴𝑛

𝛼2𝑛
−

∞
∑

𝑘=1

𝐴𝑘
𝛼𝑘

𝑆(𝑘)
𝑛

)

. (53)

This expression can also be rewritten as

𝑝∗2 = 1
48 ∫

1

−1
𝑝∗0(𝜁 )

(

−𝜁4 − 2𝜁2 + 13
15

)

𝑑𝜁. (54)

Finally, combining the decay conditions obtained above at zero, first and second orders, by adding Eq. (28), (37), and (52),
ultiplied by 𝜀𝑛 with 𝑛 = 0, 1, 2, respectively, and using the asymptotic expansions for 𝑝∗ in (27), we obtain

∫

1

−1
𝑝∗(𝜁 )

{

1 − 𝜀
2

(

𝜁2 − 1
3

)

+ 𝜀2

24

(

𝜁4 + 2𝜁2 − 13
15

)

}

𝑑𝜁 = 0, (55)

here 𝑂(𝜀3) terms have been neglected.

.5. Derivation of boundary conditions for 1D equilibrium equations

Let us apply decay condition (55) for derivation of the boundary conditions to the 1D Eq. (A.13) for the out-of-plane displacement
f the mid-strip, derived in Appendix. Consider the edge of a semi-infinite strip 𝑥1 = 0 subject to an arbitrary shearing force 𝑞(𝑥2).
n this case, the 2D boundary condition, see the original formulation (21) in Section 2.3, can be written as

𝜎∗31|𝜉=0 = 𝑞∗(𝜁 ), (56)

here 𝜎∗31 is given by (19) and 𝑞∗ = 𝑞∕𝜇. Generally, 𝑞∗ may not obey (55).
As usual, e.g., see Kaplunov et al. (2021) and Wan (2000) and references therein, we consider the discrepancy between prescribed

rbitrary stress 𝑞∗ and the interior stress 𝑞∗𝑖𝑛𝑡, given by (A.14), which is polynomial in the transverse variable 𝜁 . This discrepancy
has to satisfy the decay condition (55) in order to form a boundary layer, localised in a small ℎ-vicinity of the edge. Therefore,
substituting 𝑝∗ = 𝑞∗ − 𝑞∗𝑖𝑛𝑡

|

|

|𝜉=0
into (55), we arrive at the sought for boundary condition for the solution over the interior. It is

𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1

2 ∫

1

−1
𝑞∗(𝜁 )

{

1 − 𝜀
2

(

𝜁2 − 2
3

)

+ 𝜀2

24

(

𝜁4 − 8
5

)

}

𝑑𝜁, (57)

where dimensionless mid-plane displacement 𝑈∗ is defined by (A.13) in Appendix. Obviously, only even functions 𝑞∗(𝜁 ) would result
in inhomogeneous boundary conditions (57). As an illustration, we specify the boundary condition (57) for several external loads

(i) 𝑞∗ = 1
𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1 + 1

6
𝜀 − 7

120
𝜀2, (58)

(ii) 𝑞∗ = 𝜁2

𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1

3
+ 1

90
𝜀 − 41

2520
𝜀2, (59)

(iii) 𝑞∗ = 1 − 3𝜁2 + 𝛿, where 𝛿 is a real constant
𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 𝛿 + 𝜀

( 2
15

+ 1
6
𝛿
)

− 𝜀2
( 1
105

+ 7
120

𝛿
)

. (60)

As might be expected, the presented formulae, including the last one, corresponding to a self-equilibrated stress 𝑞∗ when 𝛿 = 0,
incorporate the derived corrections to the Saint-Venant’s principle.

Numerical results illustrating formula (60) are presented in Figs. 2 and 3. The relative error, 𝑒𝑟, of the traditional boundary
condition

𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 𝛿, (61)

with respect to the asymptotically refined condition (60) is calculated by

𝑒𝑟 =

|

|

|

|

|

|

1 − 𝛿

𝛿 + 2 𝜀 + 1 𝛿𝜀 − 𝜀2
( 1 + 7 𝛿

)

|

|

|

|

|

|

× 100%. (62)

|

| 15 6 105 120 |

|
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Fig. 2. The relative error of the canonical boundary condition (𝜀 = 0 in (60)) versus to the refined one (60) for 𝛿 ⩽ 0.

Fig. 3. The relative error of the canonical boundary condition (𝜀 = 0 in (60)) versus to the refined one (60) for 𝛿 ⩾ 0.

At 𝛿 = 0 the last expression gives 𝑒𝑟 = 100%, whereas at 𝛿 ≪ 𝜀 ≪ 1 𝑒𝑟 ≈ 100%. It is worth noting that at 𝛿∕𝜀 = −2∕15 the denominator
in the formula (62) degenerates at leading order resulting in 𝑒𝑟 ≫ 100%, see Fig. 2, where 𝛿∕𝜀 = −2∕15 at 𝜀 = 0.0075, 𝜀 = 0.03 and
𝜀 = 0.1 for 𝛿 = −0.001, 𝛿 = −0.004 and 𝛿 = −1∕75 ≈ −0.013, respectively. Physically it means that non self-equilibrated loads at 𝛿 < 0
may not induce an inhomogeneity of the same magnitude in boundary condition (60). This observation does not hold true for 𝛿 > 0,
when 𝑒𝑟 < 100%, see Fig. 3.

3. One-sided Winkler foundation

3.1. The boundary value problem

Below we extend the problem considered in the previous section to a more technical setup of a semi-infinite elastic strip supported
by a Winkler foundation along the side 𝑥2 = −ℎ only, see Fig. 4. The problem formulation is the same as that for a two-sided
foundation, see (1)–(4), except the boundary conditions (3) along the sides now taking the form

𝜎32 = 𝑘𝑢 at 𝑥2 = −ℎ, 𝜎32 = 0 at 𝑥2 = ℎ. (63)

For one-sided setup the 1D engineering model is also similar to that presented in Section 2 and is given by

𝑑2𝑆
𝑑𝑥21

− 𝑘
2𝜇ℎ

𝑆 = 0, 𝑆(0) = ∫

ℎ

−ℎ
𝑝(𝑥2)𝑑𝑥2. (64)

As might be expected, the coefficient at the second term in the first Eq. (64) is twice less than its counterpart in Eq. (10).
In what follows, as before, the goal is to justify and refine the elementary engineering framework.
In the dimensionless form, now we have instead of (20)

𝜎∗32 =
𝜕𝑢∗

𝜕𝜁
= 𝜀𝑢∗ at 𝜁 = −1,

𝜎∗32 =
𝜕𝑢∗

𝜕𝜁
= 0 at 𝜁 = 1.

(65)

Other relevant formulae, including (18) and (21), presented in Section 2, stay the same.
8 
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Fig. 4. Semi-infinite strip supported by a Winkler-type foundation along one side.

3.2. Decay conditions

Integrating Eq. (18) over the domain and using conditions (21) and (65) we now obtain

∫

1

−1
𝑝∗𝑑𝜁 + 𝜀∫

∞

0
𝑢∗||
|𝜁=−1

𝑑𝜉 = 0. (66)

As might be expected, the leading order solution is identical to that in Section 2.4 for a two-sided Winkler foundation, including
formulae (29) and (36) for 𝑝∗0 and 𝑢∗0, respectively.

At first order we obtain from (66)

∫

1

−1
𝑝∗1𝑑𝜁 + ∫

∞

0
𝑢∗0
|

|

|𝜁=−1
𝑑𝜉 = 0. (67)

By substituting (36) into (67) we get

𝑝∗1 = 1
2

∞
∑

𝑛=1
(−1)𝑛

(

𝐴𝑛

𝛼2𝑛
+

𝐵𝑛

𝛽2𝑛

)

= 1
8 ∫

1

−1
𝑝∗0(𝜁 )

(

𝜁2 − 2𝜁 − 1
3

)

𝑑𝜁, (68)

where 𝛼𝑛, 𝛽𝑛, 𝐴𝑛 and 𝐵𝑛 are defined in (30)–(32).
The first order boundary value problem for the displacement becomes

𝜕2𝑢∗1
𝜕𝜉2

+
𝜕2𝑢∗1
𝜕𝜁2

= 0, (69)

subject to
𝜕𝑢∗1
𝜕𝜁

= 𝑢∗0 at 𝜁 = −1,
𝜕𝑢∗1
𝜕𝜁

= 0 at 𝜁 = 1, (70)

and
𝜕𝑢∗1
𝜕𝜉

= 𝑝∗1 at 𝜉 = 0. (71)

Taking 𝑢∗1 in the form

𝑢∗1 =
∞
∑

𝑛=1

{

𝐸̃𝑛 cos(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉 + 𝐹𝑛 sin(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉 + 𝐺̃𝑛𝜁 sin(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉 + 𝐻̃𝑛𝜁 cos(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉

+𝐼𝑛𝜉 cos(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉 + 𝐾̃𝑛𝜉 sin(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉 + 𝐿̃𝑛 sin(𝛼𝑛𝜁 )𝑒−𝛼𝑛𝜉 + 𝑀̃𝑛 cos(𝛽𝑛𝜁 )𝑒−𝛽𝑛𝜉
}

,

(72)

and using Eqs. (69)–(70) we determine six out of eight unknown constants, namely

𝐺̃𝑛 = 𝐼𝑛 = −𝐿̃𝑛 =
𝐴𝑛

2𝛼2𝑛
, 𝐾̃𝑛 = 𝑀̃𝑛 = −𝐻̃𝑛 =

𝐵𝑛

2𝛽2𝑛
. (73)

Then, the boundary condition (71) gives
∞
∑

𝑛=1

{

(𝐼𝑛 − 𝛼𝑛𝐸̃𝑛) cos(𝛼𝑛𝜁 ) + (𝐾̃𝑛 − 𝛽𝑛𝐹𝑛) sin(𝛽𝑛𝜁 ) − 𝛼𝑛𝐺̃𝑛𝜁 sin(𝛼𝑛𝜁 )

−𝛽𝑛𝐻̃𝑛𝜁 cos(𝛽𝑛𝜁 ) − 𝛼𝑛𝐿̃𝑛 sin(𝛼𝑛𝜁 ) − 𝛽𝑛𝑀̃𝑛 cos(𝛽𝑛𝜁 )
}

= 𝑝∗1 .

(74)

Next, we expand sin(𝛼𝑛𝜁 ) and cos(𝛽𝑛𝜁 ) into series

sin(𝛼𝑛𝜁 ) =
∞
∑

𝑅(𝑛)
𝑘 sin(𝛽𝑘𝜁 ), cos(𝛽𝑛𝜁 ) =

𝑇 (𝑛)
0 +

∞
∑

𝑇 (𝑛)
𝑘 cos(𝛼𝑘𝜁 ), (75)
𝑘=1 2 𝑘=1

9 



L. Prikazchikova et al.

w

f

International Journal of Engineering Science 205 (2024) 104152 
where

𝑇 (𝑛)
0 =

2(−1)𝑛+1

𝛽𝑛
=

4(−1)𝑛+1

𝜋(2𝑛 − 1)
,

𝑇 (𝑛)
𝑘 = −

2(−1)𝑛+𝑘𝛽𝑛
𝛽2𝑛 − 𝛼2𝑘

= −
4(−1)𝑛+𝑘(2𝑛 − 1)

𝜋
(

(2𝑛 − 1)2 − 4𝑘2
) ,

𝑅(𝑛)
𝑘 =

2(−1)𝑛+𝑘𝛼𝑛
𝛼2𝑛 − 𝛽2𝑘

=
8(−1)𝑛+𝑘𝑛

𝜋
(

4𝑛2 − (2𝑘 − 1)2
) .

(76)

Using expansions (46) and (75) as well as relation (68), Eq. (74) can be transformed to
∞
∑

𝑛=1

{(

𝐼𝑛 − 𝛼𝑛𝐸̃𝑛 −
∞
∑

𝑘=1
𝛼𝑘𝐺̃𝑘𝑆

(𝑘)
𝑛 −

∞
∑

𝑘=1
𝛽𝑘𝑀̃𝑘𝑇

(𝑘)
𝑛

)

cos(𝛼𝑛𝜁 )

+

(

𝐾̃𝑛 − 𝛽𝑛𝐹𝑛 −
∞
∑

𝑘=1
𝛼𝑘𝐿̃𝑘𝑅

(𝑘)
𝑛 −

∞
∑

𝑘=1
𝛽𝑘𝐻̃𝑘𝑃

(𝑘)
𝑛

)

sin(𝛽𝑛𝜁 )

}

= 0.

(77)

Finally, we derive

𝐸̃𝑛 =
1
2𝛼𝑛

(

𝐴𝑛

𝛼2𝑛
−

∞
∑

𝑘=1

𝐴𝑘
𝛼𝑘

𝑆(𝑘)
𝑛 −

∞
∑

𝑘=1

𝐵𝑘
𝛽𝑘

𝑇 (𝑘)
𝑛

)

,

𝐹𝑛 =
1
2𝛽𝑛

(

𝐵𝑛

𝛽2𝑛
+

∞
∑

𝑘=1

𝐴𝑘
𝛼𝑘

𝑅(𝑘)
𝑛 +

∞
∑

𝑘=1

𝐵𝑘
𝛽𝑘

𝑃 (𝑘)
𝑛

)

.

(78)

At the second order, Eq. (66) gives a similar to (52) condition

∫

1

−1
𝑝∗2𝑑𝜁 + ∫

∞

0
𝑢∗1
|

|

|𝜁=−1
𝑑𝜉 = 0. (79)

Then, we arrive at

𝑝∗2 = −1
4

∞
∑

𝑛=1
(−1)𝑛

{

1
𝛼2𝑛

(

2𝐴𝑛

𝛼2𝑛
−

∞
∑

𝑘=1

𝐴𝑘
𝛼𝑘

𝑆(𝑘)
𝑛 −

∞
∑

𝑘=1

𝐵𝑘
𝛽𝑘

𝑇 (𝑘)
𝑛

)

+ 1
𝛽2𝑛

(

2𝐵𝑛

𝛽2𝑛
+

∞
∑

𝑘=1

𝐴𝑘
𝛼𝑘

𝑅(𝑘)
𝑛 +

∞
∑

𝑘=1

𝐵𝑘
𝛽𝑘

𝑃 (𝑘)
𝑛

)}

, (80)

hich can be rewritten in the form

𝑝∗2 = 1
192 ∫

1

−1
𝑝∗0(𝜁 )

(

−𝜁4 + 4𝜁3 − 14𝜁2 + 20𝜁 + 73
15

)

𝑑𝜁. (81)

Finally, similarly to the consideration in Section 2, we obtain from (28), (67), and (79) the sought for asymptotic decay condition
or a one-sided Winkler foundation. It is given by

∫

1

−1
𝑝∗(𝜁 )

{

1 − 𝜀
4

(

𝜁2 − 2𝜁 − 1
3

)

+ 𝜀2

96

(

𝜁4 − 4𝜁3 + 14𝜁2 − 20𝜁 − 73
15

)

}

𝑑𝜁 = 0. (82)

3.3. Boundary conditions for 1D equilibrium equations

In this case the interior stress can be found in the form

𝑞∗𝑖𝑛𝑡 = 𝜎∗31 =
𝑑𝑈∗

𝑑𝜉

{

1 + 𝜀
( 1
2
𝜁 − 1

4
𝜁2
)

+ 𝜀2
(

−1
4
𝜁 + 1

6
𝜁2 − 1

24
𝜁3 + 1

96
𝜁4
)}

, (83)

see corresponding Eq. (A.23) from Appendix. Next, similarly to the two-sided case, substituting the difference 𝑝∗ = 𝑞∗ − 𝑞∗𝑖𝑛𝑡
|

|

|𝜉=0
into

decay condition (82), we obtain the boundary condition

𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1

2 ∫

1

−1
𝑞∗(𝜁 )

{

1 − 𝜀
4

(

𝜁2 − 2𝜁 − 2
3

)

+ 𝜀2

96

(

𝜁4 − 4𝜁3 + 12𝜁2 − 16𝜁 − 88
5

)

}

𝑑𝜁, (84)

where the mid-plane displacement 𝑈∗ is defined by (A.22) and 𝑞∗ introduced in (56).
Below, boundary condition (84) is evaluated for several external loads

(i) 𝑞∗ = 1

𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1 + 1

12
𝜀 − 67

480
𝜀2, (85)

(ii) 𝑞∗ = 𝜁2

𝑑𝑈∗
|

| = 1 + 1 𝜀 − 349 𝜀2, (86)

𝑑𝜉 |𝜉=0 3 180 10080
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(iii) 𝑞∗ = 1 − 3𝜁2

𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1

15
𝜀 − 1

28
𝜀2, (87)

(iv) 𝑞∗ = 𝜁
𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 1

6
𝜀 − 23

360
𝜀2, (88)

(v) 𝑞∗ = 1 − 3𝜁2 + 𝜁
𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= 7

30
𝜀 − 251

2520
𝜀2, (89)

(vi) 𝑞∗ = 1 − 3𝜁2 − 𝜁
𝑑𝑈∗

𝑑𝜉
|

|

|𝜉=0
= − 1

10
𝜀 + 71

2520
𝜀2. (90)

Obviously, due to the violation of symmetry, the corrections in the formulae (85)–(87) are not identical to those in the formulae (58)–
(60), obtained for two-sided Winkler foundation. Also, inhomogeneous boundary condition (88) as well as deviation in boundary
conditions (89) and (90) are specific for one-sided foundation only. The observations for a nearly self-equilibrated load, see (60)
and Figs. 2 and 3 in Section 2.5, are also valid for the boundary condition (84).

4. Discussion and conclusions

4.1. Refined low-dimensional models

The developed asymptotic framework can be implemented for assessment of the low-dimensional models, see (5)–(11) and (64).
To this end we rewrite the average stress and displacement given by (5) in the form

𝑣(𝜉) = ℎ
2 ∫

1

−1
𝑢∗(𝜉, 𝜁)𝑑𝜁, 𝑆(𝜉) = 𝜇ℎ∫

1

−1
𝜎∗31(𝜉, 𝜁)𝑑𝜁. (91)

First, consider a two-sided Winkler foundation. In this case, the equations in (A.14) for the interior of the semi-infinite strip can
be transformed to

𝑆(𝜉) = 𝜇ℎ
(

2 − 1
3
𝜀 + 23

180
𝜀2
) 𝑑𝑈∗

𝑑𝜉
(92)

nd

𝑣(𝜉) = ℎ
2

(

2 − 1
3
𝜀 + 23

180
𝜀2
)

𝑈∗(𝜉), (93)

where 𝑈∗ is defined by (A.13). It can be easily verified that 𝑆 and 𝑣 satisfy (6).
Using formulae (92) and (93), boundary condition (57) can be recast in the dimensional form as

𝑆(0) =∫

ℎ

−ℎ
𝑞(𝑥2)

{

1 − 𝜀
2

(

𝑥22
ℎ2

− 1
3

)

+ 𝜀2

24

(

𝑥42
ℎ4

+ 2
𝑥22
ℎ2

− 7
5

)}

𝑑𝑥2. (94)

Also, Eq. (A.13) can be presented as
𝑑𝑆(𝑥1)
𝑑𝑥1

− 2𝑘𝑣(𝑥1) = −2
3
𝑘𝜀

(

1 − 4
15

𝜀
)

𝑣(𝑥1), (95)

demonstrating that the remainder in the right-hand side of Eq. (8) is

𝑅ℎ = − 2
3ℎ2

𝜀
(

1 − 4
15

𝜀
)

𝑣(𝑥1). (96)

Thus, we arrive at the asymptotic refinement of the engineering problem (5)–(11) expressed in terms of the averaged stress 𝑆(𝑥1)
nd displacement 𝑣(𝑥1). The truncation error of the derived approximation is 𝑂(𝜀3).

We also remark that for the greater truncation error 𝑂(𝜀2) only the 𝑂(𝜀) term has to be retained in the right-hand side of (95).
n this case, 𝑂(𝜀2) correction can also be neglected in the formula (94).

It is worth mentioning that the developed approach not only enables to derive low-dimensional models but also to restore the
riginal 2D solutions over the interior of the semi-strip within the chosen accuracy.

Similarly, for one-sided foundation we have from (A.23) for the internal stress

𝑆(𝜉) = 𝜇ℎ
(

2 − 1
6
𝜀 + 83

720
𝜀2
) 𝑑𝑈∗

𝑑𝜉
, (97)

whereas the implementation of (84) in terms of original variables results in

𝑆(0) = ∫

ℎ
𝑞(𝑥2)

{

1 − 𝜀
(

𝑥22
2
− 2

𝑥2 − 1
)

+ 𝜀2
(

𝑥42
4
− 4

𝑥32
3
+ 14

𝑥22
2
− 20

𝑥2 − 67
)

}

𝑑𝑥2. (98)

−ℎ 4 ℎ ℎ 3 96 ℎ ℎ ℎ ℎ 5
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In this case, we also obtain from (A.22)
𝑑𝑆(𝑥1)
𝑑𝑥1

− 𝑘𝑣(𝑥1) = −2
3
𝑘𝜀

(

1 − 8
15

𝜀
)

𝑣(𝑥1). (99)

4.2. Higher order decay conditions

The derivation of the asymptotic decay conditions (55) and (82) is an independent important result of the paper. In original
variables they become

∫

ℎ

−ℎ
𝑝(𝑥2)𝑤𝜀(𝑥2)𝑑𝑥2 = 0, (100)

where

𝑤𝜀(𝑥2) = 1 − 𝜀
2

(

𝑥22
ℎ2

− 1
3

)

+ 𝜀2

24

(

𝑥42
ℎ4

+ 2
𝑥22
ℎ2

− 13
15

)

,

𝑤𝜀(𝑥2) = 1 − 𝜀
4

(

𝑥22
ℎ2

− 2
𝑥2
ℎ

− 1
3

)

+ 𝜀2

96

(

𝑥42
ℎ4

− 4
𝑥32
ℎ3

+ 14
𝑥22
ℎ2

− 20
𝑥2
ℎ

− 73
15

)

,

for two- and one-sided Winkler foundation, respectively. These conditions incorporate first and second order corrections to the
traditional formulation of the Saint-Venant’s principle at 𝜀 = 0, given by (100). They demonstrate that due to the presence of the
Winkler foundation a self-equilibrated loading results in a small amplitude non-decaying pattern, see examples in Sections 2 and 3,
in contrast to a strip with traction free semi-infinite sides.

It is obvious that within exponentially small asymptotic error, the derived decay and boundary conditions are also valid for
a finite strip of length 𝐿 ≫ ℎ, e.g., for 𝐿 ∼ ℎ𝜀−1∕2 in accordance with the scaling adapted in Appendix. In the latter case, these
conditions can be easily implemented for the edge at 𝑥1 ∼ 𝐿.

It is worth noting that the developed framework is not restricted to the considered scalar problem in linear elasticity for a
semi-infinite strip in contact with the simplest Winkler foundation. It may be extended to a broad range of the problems for thin
elastic structures interacting with softer environment. In particular, plane and 3D problems for a layer resting on a deformable
foundation can be treated in a similar manner, including a low frequency dynamic behaviour as well as heat and mass transfer
through thin layers and coatings. Novel amendments of the canonical Saint-Venant’s principle will likely follow from the mentioned
considerations.
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Appendix. Asymptotic derivation of higher order equilibrium equations

Consider antiplane shear of an elastic strip of thickness 2ℎ, interacting with a Winkler-type foundation along both horizontal
ides, see Fig. 1. In what follows, we study long-wave deformation along the 𝑥1-axis in order to deduce an approximate 1D equation

for the mid-strip displacement. Thus, we define here different scaling along 𝑥1- and 𝑥2-axes, keeping in mind that 𝜕∕𝜕𝑥1 ≪ 𝜕∕𝜕𝑥2.
ore specifically, we assume that 𝜕∕𝜕𝑥1 ∼

√

𝜀𝜕∕𝜕𝑥2, where the small parameter 𝜀 is given by (13). Instead of dimensionless variables
𝜉 in (16) we use here another variable 𝜒 , expressed as

𝜒 =
𝑥1
√

𝜀
ℎ

, (A.1)

keeping the second variable 𝜁 the same as in the main part of the paper.
The governing Eq. (1) can now be written in term of dimensionless displacement 𝑢∗, see (17), as follows

𝜀 𝜕
2𝑢∗

𝜕𝜒2
+ 𝜕2𝑢∗

𝜕𝜁2
= 0, (A.2)

subject to boundary condition (23). We look for the asymptotic series in the form

𝑢∗(𝜒, 𝜁) = 𝑢(0)(𝜒, 𝜁) + 𝜀𝑢(2)(𝜒, 𝜁) + 𝜀2𝑢(4)(𝜒, 𝜁) +⋯ , (A.3)

where

𝑢(2𝑛)(𝜒, 𝜁) =
𝑛
∑

𝑚=0
𝜁2𝑚𝑢(2𝑛)2𝑚 (𝜒), 𝑛 = 0, 1, 2,… . (A.4)

Further detail on the adapted asymptotic technique can be found in Goldenveizer et al. (1993). By substituting (A.3) into (A.2), and
combining terms with the same powers of 𝜀, we get

𝜕2𝑢(2𝑛)

𝜕𝜒2
+ 𝜕2𝑢(2𝑛+2)

𝜕𝜁2
= 0, 𝑛 = 0, 1, 2,… .

Taking into account (A.4), the last equation reduces to
𝑛
∑

𝑚=0
𝜁2𝑚

(

𝑑2𝑢(2𝑛)2𝑚

𝜕𝜒2
+ 2(𝑚 + 1)(2𝑚 + 1)𝑢(2𝑛+2)2𝑚+2

)

= 0, 𝑛 = 0, 1, 2,… . (A.5)

Then, from the boundary condition (20) we have
𝑛
∑

𝑚=1
2 𝑚𝑢(2𝑛)2𝑚 = −

𝑛−1
∑

𝑚=0
𝑢(2𝑛−2)2𝑚 , 𝑛 = 1, 2,… . (A.6)

It is now convenient to rewrite Eqs. (A.5) and (A.6) as

𝑑2𝑢(2𝑛)0

𝑑𝜒2
+ 2𝑢(2𝑛+2)2 = 0, 𝑛 = 0, 1, 2,… , (A.7)

𝑢(2𝑛)2𝑚 = − 1
2𝑚(2𝑚 − 1)

𝑑2𝑢(2𝑛−2)2𝑚−2

𝑑𝜒2
, 𝑛 = 2, 3,… , 𝑚 = 2, 3,… , 𝑛, (A.8)

and

𝑢(2)2 = −1
2
𝑢(0)0 , 𝑢(2𝑛+2)2 = −

𝑛+1
∑

𝑚=2
𝑚𝑢(2𝑛+2)2𝑚 − 1

2

𝑛
∑

𝑚=0
𝑢(2𝑛)2𝑚 , 𝑛 = 1, 2,… . (A.9)

From (A.7) at 𝑛 = 0 and (A.9)1, we arrive at a differential equation for 𝑢(0)0 , given by

𝑑2𝑢(0)0

𝑑𝜒2
− 𝑢(0)0 = 0. (A.10)

Next, using (A.7)–(A.10), we can express 𝑢(2𝑛)2𝑖 , 𝑖 = 1,… , 𝑛, in terms of 𝑢(2𝑗−2)0 , 𝑗 = 2,… , 𝑛, 𝑛 ≥ 2. In particular, we obtain

𝑑2𝑢(2)0

𝑑𝜒2
− 𝑢(2)0 + 1

3
𝑢(0)0 = 0,

𝑑2𝑢(4)0

𝑑𝜒2
− 𝑢(4)0 + 1

3
𝑢(2)0 − 4

45
𝑢(0)0 = 0, (A.11)

and

𝑢(4)2 = −1
2
𝑢(2)0 + 1

6
𝑢(0)0 , 𝑢(4)4 = 1

24
𝑢(0)0 . (A.12)

Combining (A.10)–(A.11), we have the following 1D equation for the dimensionless mid-strip displacement 𝑈∗ = 𝑢∗||
|𝜁=0

=

𝑢(0)0 + 𝜀𝑢(2)0 + 𝜀2𝑢(4)0 +⋯

𝑑2𝑈∗
−
(

1 − 1 𝜀 + 4 𝜀2 +⋯
)

𝑈∗ = 0. (A.13)

𝑑𝜒2 3 45
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In addition, from (A.9), (A.12), (A.3), (A.4), and also (2), we derive the expressions for dimensional displacement and shear stresses
in terms of 𝑈 = ℎ𝑈∗. Keeping 𝑂(𝜀2) terms we get

𝑢 =
[

1 − 1
2
𝜀𝜁2 + 𝜀2

( 1
6
𝜁2 + 1

24
𝜁4
)]

𝑈,

𝜎31 = 𝜇
[

1 − 1
2
𝜀𝜁2 + 𝜀2

( 1
6
𝜁2 + 1

24
𝜁4
)] 𝑑𝑈

𝑑𝑥1
,

𝜎32 =
𝜇
ℎ

[

−𝜀𝜁 + 𝜀2
( 1
3
𝜁 + 1

6
𝜁3
)]

𝑈.

(A.14)

Suppose now that a strip is supported by a Winkler foundation along the side 𝑥2 = −ℎ only, see Fig. 2. In this case, instead of
boundary conditions (3) we use (63). We look for solution of (A.2), (65) in the form (A.3), where

𝑢(2𝑛)(𝜒, 𝜁) =
𝑛
∑

𝑘=0
𝜁𝑘𝑢(2𝑛)𝑘 (𝜒), 𝑛 = 0, 1, 2,… . (A.15)

By substituting (A.3) into (A.2) and taking into account (A.15), we obtain
2𝑛
∑

𝑘=0
𝜁𝑘

(

𝑑2𝑢(2𝑛)𝑘

𝜕𝜒2
+ (𝑘 + 1)(𝑘 + 2)𝑢(2𝑛+2)𝑘+2

)

= 0, 𝑛 = 0, 1, 2,… . (A.16)

From boundary conditions (65) we have
2𝑛
∑

𝑘=1
𝑘𝑢(2𝑛)𝑘 = 0,

2𝑛
∑

𝑘=1
(−1)𝑘+1𝑘𝑢(2𝑛)𝑘 =

2𝑛−2
∑

𝑘=0
(−1)𝑘𝑢(2𝑛−2)𝑘 , 𝑛 = 1, 2,… . (A.17)

We can rewrite (A.16) and (A.17) as

𝑑2𝑢(2𝑛)0

𝑑𝜒2
+ 2𝑢(2𝑛+2)2 = 0, 𝑛 = 0, 1, 2,… , (A.18)

𝑢(2𝑛)𝑘 = − 1
𝑘(𝑘 − 1)

𝑑2𝑢(2𝑛−2)𝑘−2

𝑑𝜒2
, 𝑛 = 2, 3,… , 𝑘 = 2, 3,… , 𝑛, (A.19)

and

𝑢(2)1 = 1
2
𝑢(0)0 , 𝑢(2𝑛)1 = −

𝑛
∑

𝑘=2
(2𝑘 − 1)𝑢(2𝑛)2𝑘−1 +

1
2

2𝑛−2
∑

𝑘=0
(−1)𝑘𝑢(2𝑛−2)𝑘 ,

𝑢(2)2 = −1
4
𝑢(0)0 , 𝑢(2𝑛)2 = −

𝑛
∑

𝑘=2
𝑘𝑢(2𝑛)2𝑘 − 1

4

2𝑛−2
∑

𝑘=0
(−1)𝑘𝑢(2𝑛−2)𝑘 .

(A.20)

where 𝑛 = 2, 3,…. By using the equations above, we can express 𝑢(2𝑛)𝑘 , 𝑛 = 1, 2,…, 𝑘 = 1,… , 2𝑛, in terms of 𝑢(2𝑗−2)0 , 𝑗 = 2,… , 𝑛. In
particular, we have

𝑑2𝑢(0)0

𝑑𝜒2
− 1

2
𝑢(0)0 = 0,

𝑑2𝑢(2)0

𝑑𝜒2
− 1

2
𝑢(2)0 + 1

3
𝑢(0)0 = 0,

𝑑2𝑢(4)0

𝑑𝜒2
− 1

2
𝑢(4)0 + 1

3
𝑢(2)0 − 8

45
𝑢(0)0 = 0,

(A.21)

and

𝑢(4)1 = 1
2
𝑢(2)0 − 1

4
𝑢(0)0 , 𝑢(4)2 = −1

4
𝑢(2)0 + 1

6
𝑢(0)0 , 𝑢(4)3 = − 1

24
𝑢(0)0 , 𝑢(4)4 = 1

96
𝑢(0)0 .

Keeping 𝑂(𝜀2) terms, we arrive at

𝑑2𝑈∗

𝑑𝜒2
−
( 1
2
− 1

3
𝜀 + 8

45
𝜀2
)

𝑈∗ = 0. (A.22)

Then, the dimensional displacement and shear stresses are given by

𝑢 =
[

1 + 𝜀
( 1
2
𝜁 − 1

4
𝜁2
)

+ 𝜀2
(

−1
4
𝜁 + 1

6
𝜁2 − 1

24
𝜁3 + 1

96
𝜁4
)]

𝑈,

𝜎31 = 𝜇
[

1 + 𝜀
( 1
2
𝜁 − 1

4
𝜁2
)

+ 𝜀2
(

−1
4
𝜁 + 1

6
𝜁2 − 1

24
𝜁3 + 1

96
𝜁4
)] 𝑑𝑈

𝑑𝑥1
,

𝜎32 =
𝜇
ℎ

[

𝜀 1
2
(1 − 𝜁 ) + 𝜀2

(

−1
4
+ 1

3
𝜁 − 1

8
𝜁2 + 1

24
𝜁3
)]

𝑈.

(A.23)
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