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ARTICLE INFO ABSTRACT
Keywords: The derivation of the boundary conditions is the most challenging part of the asymptotic
Elastic strip techniques underlying low-dimensional models for thin elastic structures. At the moment,
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these techniques do not take into consideration the effect of the environment, e.g., a Winkler
foundation, when tackling boundary conditions, and have to be amended. In this paper as an
example we consider an antiplane problem for a thin elastic strip contacting with a relatively
compliant Winkler foundation. Refined boundary conditions at an edge loaded by prescribed

Winkler foundation stresses are established using a properly adjusted Saint-Venant’s principle. They appear to
Boundary layer be useful for advanced structure modelling including analysis of the static equilibrium under
Interior solution self-equilibrated loading.

1. Introduction

In this paper we address the important issue of the formulation of consistent boundary (edge) conditions in the low-dimensional
theories for thin elastic structures supported by a Winkler foundation. The latter is known to be a local model for which the
response of the environment at a considered point is assumed to be proportional to the deflection occurring at the same point, see
original publications (Fuss, 1793; Winkler, 1867; Zimmermann, 1888) along with contemporary ones (Aghalovyan, 2015; Kaplunov,
Prikazchikov, & Sultanova, 2018), concerned with mathematical justification of the Winkler hypothesis. It has been widely used
in soil- and geo-mechanics, fracture mechanics, contact mechanics, etc., e.g., see Argatov and Mishuris (2015), Barber (2018),
Falope, Lanzoni, and Radi (2022), Krasnitckii, Smirnov, and Gutkin (2023), Lou, Wang, Chen, and Zhai (2011), Malikan (2024),
Matysiak and Pauk (2003) and Shugailo, Nobili, and Mishuris (2023) and references therein. Recently, the Winkler model has
become revitalised in modelling of micro and nano structures, where similar approximations prove to be useful in both local and
nonlocal versions (Gholami & Ansari, 2017; Li, Li, Tan, Fan, & Wang, 2024; Stempin, Pawlak, & Sumelka, 2023).

The derivation of consistent edge conditions is arguably the most involved procedure within the asymptotic theories for thin
elastic structures. It is remarkable that the vast majority of publications dealing with these theories mainly consider the equations
of motion, with only very few ones oriented to the boundary conditions, see Goldenveizer (1994, 1998), Gregory and Wan
(1985), Mathtina (1989) and Wilde, Surova, and Sergeeva (2022). The aforementioned procedure relies on the decay of boundary
layers characteristic of the original equations in the theory of elasticity, see monographs (Aghalovyan, 2015; Goldenveizer, 1976;
Kaplunov, Kossovich, & Nolde, 1998) and references therein. For a semi-infinite elastic strip, see Gregory and Wan (1984), Kaplunov,
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Fig. 1. Semi-infinite strip supported by a Winkler-type foundation along two sides.

Prikazchikova, and Alkinidri (2021) and Gusein-Zade (1965), the related decay conditions are apparently the best illustration
of the classical Saint-Venant’s principle (Love, 2013). They state that for edge in-plane or out-of-plane static loading all stress
resultants as well as the longitudinal stress couple have to be equal to zero in order to ensure the stress field to be localised over
the vicinity of order of the strip thickness. For arbitrary geometry, the decay conditions for a semi-strip have to be subject to
perturbation in the small geometric parameter typical of thin structures in order to evaluate plane and antiplane boundary layers,
e.g., see Goldenveizer (1976, 1994, 1998). More recent examples related to perturbation of the decay conditions for an elastic semi-
strip involve low-frequency dynamics and high contrast layered composites, see Babenkova and Kaplunov (2004) and Prikazchikova
(2022), respectively. We also note that calculation of boundary layers, especially in nonlinear setting, usually relies on extensive
direct numerical techniques, see Mishuris, Miszuris, and Ochsner (2007a, 2007b), Mishuris and Ochsner (2005), Mishuris et al.
(2005), Miszuris and Ochsner (2013) and Sonato, Piccolroaz, Miszuris, and Mishuris (2015).

All the existing examples of decay conditions consider a semi-infinite elastic strip with traction-free sides, modelled by Neumann-
type boundary conditions. At the same time, numerous applications inspire analysis of more general conditions along the sides,
taking into account a contact with environment, including the above mentioned Winkler elastic foundation. Its presence leads to
mixed Robin boundary conditions along the sides. As a result, numerous ad-hoc formulations for thin structures resting on Winkler
foundations, e.g., see Fryba (2013) and Kaplunov, Prikazchikov, Rogerson, and Lashab (2014), have to be ideally revisited returning
back to the original 3D framework based on the aforementioned mixed conditions. This issue has been recently addressed for the
equations of motion governing bending of elastically supported beams and plates in Erbas, Kaplunov, and Elishakoff (2022) and
Erbas, Kaplunov, and Kili¢ (2022a), see also Erbas, Kaplunov, Nobili, and Kili¢c (2018), assuming that the structural stiffness is much
greater than that of the foundation. However, the effect of a Winkler foundation on the boundary conditions along structure edges
has not yet been studied.

In this paper we are aiming at extending the canonical Saint-Venant’s principle to a semi-infinite strip interacting with a relatively
soft Winkler foundation. Similarly to Kaplunov et al. (2021) and Prikazchikova (2022), a perturbation approach, using a small
parameter corresponding to the relative stiffness of the foundation is developed. For the sake of simplicity, we restrict ourselves to
a scalar antiplane problem. Both one- and two-sided foundations are considered.

In the paper the leading order decay condition corresponding to self-equilibrated shear edge stress is corrected by incorporating
higher order terms taking into account the effect of the foundation. Explicit three-term asymptotic expansions are derived. They
are implemented to formulate the consistent higher order boundary conditions for 1D equilibrium equations governing long-scale
shear deformation of the semi-strip. The derivation of these equations is more straightforward and can be found in Appendix. It
readily adapts the asymptotic procedure exploited in the theory for plates and shells since long ago, e.g., see Goldenveizer (1976),
Goldenveizer, Kaplunov, and Nolde (1993) and Kaplunov, Erbas, and Ege (2022), as well as more recent papers (Erbas et al., 2022,
2022a) taking into account the presence of the Winkler foundation. The obtained results are useful for assessment of the traditional
approach ignoring the effect of the foundation on the boundary conditions. In particular, it appears that the established boundary
conditions incorporating this effect are suitable for evaluating the asymptotic interior solution due to a self-equilibrated edge loading.

We also remark that the problem in antiplane elasticity studied in the paper is governed by the same Laplace equation with
Robin boundary conditions as its counterpart in the theory of heat or mass transfer. In those cases, the classical Fourier or Darcy
laws support a similar effect as the contact with a Winkler foundation, see for example Marusi¢-Paloka and Pazanin (2022).

2. Two-sided Winkler foundation
2.1. Statement of the problem

Consider antiplane shear of a semi-infinite elastic strip (0 < x; < +o0, —h < x, < h) interacting with a Winkler-type foundation
along its horizontal sides, see Fig. 1. The strip equilibrium is given by
doy; 003

=0, (€))]

ox, 0x,
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with

J .
03 =} a—:_, i=12, (&3]
1

where o3; = 03;(x}, x,) are shear stresses, y is a Lamé parameter and u = u(x|, x,) is an out-of-plane displacement.
The mixed boundary conditions modelling the strip contact with the foundation are taken as

63 =Fku  at x, = th, 3)
where k denotes the stiffness of the foundation. We also assume that the shearing stress p(x,) is prescribed at the strip edge, i.e.
031 = p(x,) at x; =0. (€]
2.2. Classical low-dimensional model and associated small parameters
In engineering applications the formulated 2D problem (1)—(4) is often approximated by 1D problem, e.g., see Goldenveizer

(2014) dealing with more general setup by averaging the displacement and stress over the strip cross-section. In this case, the
average displacement v(x,) and the stress resultant S(x,) are given by

h h
1
v(x)) = —/ u(xy, x)dx,,  S(xp) :/ 031 (X1, x5)dx,. (5)
2h J_p -h
As it follows from (2), these quantities are related by
s =2un 22 ®)
dx,

while Eq. (1) after integrating over x, and taking into account the boundary conditions (3) can be written as

ds
. —k(u(xl,h)+u(x1,—h)) =0. %)

The latter, using the trapezoidal rule, see Atkinson (1991), transforms to

42 _okv=kh®R,, ®)

29°
Ry(xp) = 50—‘;<x1,y(x1>>, 7 € (=h,h),
X2

with some unknown function y(x,). Thus, the homogeneous equation corresponding to (8) has the truncation error of O(h%/L?),
where L is a typical length scale.
As a result of this trivial consideration, we may also arrive by differentiating (8) at a limiting 1D problem given by the
second-order equation
d’s  k dR

£2 K §—knt—t, 9
dx% ph dx, ©

or at leading order

2
@ _kg_n (10)
dx1 uh

The boundary condition to this equation at the edge x, = 0 takes the form

h
50) = / P2, a1

This condition follows from its 2D counterpart (4) due to the classical Saint-Venant’s principle, generally assuming traction free but
not elastically supported semi-infinite sides of the strip; for the former, k = 0 in the formulae above. In this case, 1D formulation in
terms of the shear stress resultant .S, given by the equilibrium equation
dsS
E =0 (12)
following from (8), subject to boundary condition (11), is the exact consequence of the initial 2D setup.

However, at k > 0, the presence of the remainder R, in the right-hand side of Eq. (8) necessitates special consideration. It is
rather obvious that R, is small over the interior of the semi-strip (x; > h) when h < L, while near the edge (x; ~ h), when h ~ L,
the adapted above trapezoidal approximation is not robust.

It might be expected that the restoration of the 2D solution of the original problem (1)—(4) from a 1D formulation assumes a
similar asymptotic insight as for a strip with free sides.

At the same time, the traditional asymptotic scheme underlying dimension reduction in mechanics of thin elastic structures,
e.g., see Goldenveizer (1976) and Kaplunov et al. (1998), usually assumes Neumann-type boundary conditions along the sides. It
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ideally has to be revisited for the structures interacting with a Winkler foundation, see recent papers (Erbas et al., 2022, 2022a)
considering the equations of motion only. The effect of a Winkler foundation on the boundary conditions including the corrections
to the canonical formulation of the Saint-Venant’s principle has not been yet investigated.

Below we perform an accurate asymptotic analysis of the simplest 2D setup given by (1)-(4) in order to justify and refine the
1D model (10)—(11). The main focus is on the dimension reduction of the boundary condition (4) taking into consideration the
variation of the prescribed edge stress p(x,) across the thickness of the strip.

As a preliminary observation we remark that for a self-equilibrated p(x,) the formula (11) corresponds to a homogeneous
boundary condition justified for traction free sides (k = 0). However, it is clear intuitively that it should not be the case in presence
of a foundation (k > 0), see also papers (Kaplunov et al., 2021; Prikazchikova, 2022) dealing with perturbations of static decay
conditions for a semi-strip with traction free sides.

As a small parameter we adapt a properly dimensionalised ratio of the Winkler foundation stiffness and the strip shear modulus
given by

e=kh oy, 13)
U
This parameter is similar to that in papers (Erbas et al., 2022a, 2018) supporting thin plate bending in presence of Winkler
foundation. We also know that the formula (13) rewritten for \/E can be presented as

Ve=2 <, 14

where the length scale is given by

_ [
L= = (15)

If (13) or (14) are violated, then the strip is not thin enough or the Winkler foundation is not soft enough to allow the dimension
reduction.

2.3. Scaling for the original 2D antiplane problem

In what follows we use the dimensionless variables

X X2
= and =22, 16
¢ , ¢ 7 (16)
as well as the dimensionless quantities
% 03i . P . u
== == d =—. 17
o3; p p p and "=~ 17)
Relations (1)—(4) then become
doy do’
31 32
=0, 18
5 + c (18)
and
. ou* . ou*
=G R= g (19)
subject to
05*2 = Feu* at ¢ ==+1, (20)
and
o3 =p"() at £=0. (21

In terms of dimensionless displacements the problem can be rewritten as

out | *u*

+ =0, 22
oz Yo (22)
subject to
0;; = Feu* at ¢ ==+1, (23)
and
ot _
SESPr©  at g=o. (24)
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2.4. Decay conditions and a boundary layer

We begin with the asymptotic generalisation of the Saint-Venant’s principle corresponding to the mixed boundary conditions
along the sides, see (20) or (23). In what follows we derive corrections to the well-known decay conditions for traction free sides
(e =0), e.g., see Gusein-Zade (1965), dictating the self-equilibrium of the prescribed load p(x,). In this case we assume

6*1 -0 and u* =0 as & — oo. (25)

3

First, integrating Eq. (18) over the domain 0 < ¢ < 00, —1 < ¢ < 1, we obtain

1 0
/ p*dC+E/ (u*
-1 0

As might be expected, the last formula at ¢ = 0 gives the aforementioned decay condition expressing the Saint-Venant’s principle.
Now, expand p* and «* in asymptotic series as

+u*
(=1

§=—1) dé=0. (26)

P =py+ep; +62p; + o,

. 2 27
Ut = Uyt euy + Uy + e
where Py isa self-equilibrated load satisfying
1
[ rac=o. 28)
-1

while p¥, i = 1,2, ..., are, in general, non self-equilibrated ones. Without loss of generality, the latter may be assumed to be constants.
Indeed if p;(¢{) is not a constant, it can be represented as a sum Pi©) and p; , where the former is self-equilibrated (and thus is
accounted for by p(’;(é‘ )), while the latter is a constant.

Leading order approximation
Taking into account (28), p’é can be written as

%@=§Mw%@+§&m%ﬂ >

where

2n—-
==
The coefficients in (29) take the form

a, = nx, B, (30)

1
A, =/ p(’g cos(a,$)d¢, n=12,..., (31)
-1
and
1
B, = / p; sin(B,$)d¢, n=12,.. (32)
-1
Also, we have from (22)-(24) and (27)
ut ut
0 0
+ =0, 33
2t an (33)
subject to
dua 0 1
% at ¢ ==+l, (34)
and
0u8’ . 3
g =Dy at £=0. ( 5)
The solution of the boundary value problem is given by
- A < B
* 1 o= %E cos — 1 o= Pné i
uy 25, e cos(a, &) ,,zf 5, e sin(f,$). (36)

First order approximation
At next order, we obtain from (26) a formula for the correction to the leading order decay condition (28) in the form

1 0
/ p’lkd§+/ (ug
-1 0

+u*‘
¢=1 0fg=—1

) de=0. (37)
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On inserting (36) into this condition we obtain

[

—1)"A
PT:Z( ) " (38)

The constant p; can also be expressed as

1
=1 /_ O (-3)ae 39)
At this order we can also determine «} from the following boundary value problem

02uT + 0214’1‘ =0 (40)

082 o2 7
subject to

o

E = Fu, at ¢ ==+1, 41)
and

ou} )

SE=h At e=o (42)

This problem, in contrast to the leading order one, involves non-homogeneous boundary conditions along the sides, cf. (34) and
(41).
Let us present ] in the series form as

ut = Z {E, cos(a,{)e™ ¢ + F, sin(B,{)e Pré + G, sin(a, )¢

n=1

(43)
+H,¢ cos(B,0)e P + I,& cos(a,$)e™ ™ + K, & sin(B,0)e™Pié )

where E,, F,,G,, H,,1, and K, are sought for constants. Four of them can be found by substituting (43) into (40) and (41). They
are

— — An — — Bn
G,,—I,,—E, H”——K,,——F. (44)
Remaining constants E, and F, follow from (42), which becomes
> {U, = a,E,) cos@, &) + (K, = B, F,) sin(B,0) — @,G,i¢ sin(a, &) — B, H, ¢ cos(B,0)} = . (45)
n=1
Next, we expand ¢ sin(a,¢) and ¢ cos(f,¢) into series having
(n) o 00
Esin(@,d) = ==+ 35, cos(@ ). Ceos(B,0) = Y B sin(Bi). (46)
k=1 k=1
where
_ 1\ _ 1\ 1
s = Il i s = / ¢ sin(a, &) cos(a£)de, (47)
a, n _1
and
1
7= [ ceosposingoac. (48)
-1
The integrals in (47) and (48) can be evaluated as
1 1 .
- = fk=
w | 24 T2k iHhe=n.
Sk = 2(_1)k+nan 2(_1)k+nn . (49)
= , ifk#n,
ai - a2 n(k? — n?)
and
ﬁ = ﬁ, lf k= n,
() ko ALK
Pk” = _2(_1)k+nﬂn _ (—1)k+”(2l’l _ l) " ;é ) (50)
p2 - p2 T xk+n-Dk—n) '

Then substituting expansions (46) back into (45), we finally derive

_ 1 An < Ak (k) _ 1 Bn < Bk (k)
E"_a<a2_zaksn - E=g ﬁ3+zﬁkP" . (51)

n n k=1 k=1
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Thus, the term u} has now been fully defined.

Second order approximation
At second order, we have from the condition (26)

1 o
/ p;dC+/ (zfl<
-1 0

Substituting u’l‘, found at the previous step, see (43), we obtain for the sought for constant p;

o0 [se]
" =" [ 24, Ar o
1’2=_21 2 < 2 _Za_ksn : (53)
prn

Xy * k=1

=1 + uﬂ{:—l) de=0. (52)

This expression can also be rewritten as

1 b 4 2, 13
pz—ﬁf_lpom(—c —20%+ 12 ) de. (54)

Finally, combining the decay conditions obtained above at zero, first and second orders, by adding Eq. (28), (37), and (52),
multiplied by " with n =0, 1,2, respectively, and using the asymptotic expansions for p* in (27), we obtain

1 2
M £ 2 1 I3 4 2 13
1= - £ 202 - 2 =
/_IIJ(C){ 2<C 3)+24(C +2¢ 15)}0’C 0, (55)
where O(e?) terms have been neglected.

2.5. Derivation of boundary conditions for 1D equilibrium equations

Let us apply decay condition (55) for derivation of the boundary conditions to the 1D Eq. (A.13) for the out-of-plane displacement
of the mid-strip, derived in Appendix. Consider the edge of a semi-infinite strip x; = 0 subject to an arbitrary shearing force g(x,).
In this case, the 2D boundary condition, see the original formulation (21) in Section 2.3, can be written as

G;1|5=o =q"(), (56)

where ¢}, is given by (19) and ¢* = q/u. Generally, ¢* may not obey (55).

As usual, e.g., see Kaplunov et al. (2021) and Wan (2000) and references therein, we consider the discrepancy between prescribed
arbitrary stress ¢* and the interior stress g; , given by (A.14), which is polynomial in the transverse variable {. This discrepancy
has to satisfy the decay condition (55) in order to form a boundary layer, localised in a small h-vicinity of the edge. Therefore,

substituting p* = ¢* - ¢}, o into (55), we arrive at the sought for boundary condition for the solution over the interior. It is
dU* 1! £l 2\, € (4 8
== * - (22 )+ = (¢*=2) bac, 57
dE le=o 2/_1“4){ S(@-5)+ 5 (eh-3) fae (57)

where dimensionless mid-plane displacement U* is defined by (A.13) in Appendix. Obviously, only even functions ¢*({) would result
in inhomogeneous boundary conditions (57). As an illustration, we specify the boundary condition (57) for several external loads

@ g =1
AT W
az le=o = T8¢ T 20 (58)
(i) ¢* =¢?
.
av -1 + L&‘ - iez, (59)
dé lé=0 3 90 2520
(>iii) ¢* =1 -3¢2 + 8, where § is a real constant
du* 2 1 o/ 1 7
- (e d9) -2 (s + ) o
dg le=o +£(15+6 “\705 * 120 (60)

As might be expected, the presented formulae, including the last one, corresponding to a self-equilibrated stress ¢* when 6 = 0,
incorporate the derived corrections to the Saint-Venant’s principle.

Numerical results illustrating formula (60) are presented in Figs. 2 and 3. The relative error, e,, of the traditional boundary
condition

dUu*
=5 61
dE leo (61)
with respect to the asymptotically refined condition (60) is calculated by
e =|1- d X 100% (62)
T e Zerdae-a(Lils)|
15 6 105 120
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Fig. 3. The relative error of the canonical boundary condition (¢ =0 in (60)) versus to the refined one (60) for 6 > 0.

At 5 = 0 the last expression gives e, = 100%, whereas at § < ¢ < 1 ¢, ~ 100%. It is worth noting that at §/¢ = —2/15 the denominator

in the formula (62) degenerates at leading order resulting in e, > 100%, see Fig. 2, where 5/¢ = —=2/15 at € = 0.0075, ¢ = 0.03 and
e =0.1 for § = -0.001, 6 = —0.004 and 6 = —1/75 ~ —0.013, respectively. Physically it means that non self-equilibrated loads at 5 < 0
may not induce an inhomogeneity of the same magnitude in boundary condition (60). This observation does not hold true for § > 0,

when e, < 100%, see Fig. 3.

3. One-sided Winkler foundation

3.1. The boundary value problem

Below we extend the problem considered in the previous section to a more technical setup of a semi-infinite elastic strip supported

by a Winkler foundation along the side x, = —h only, see Fig. 4. The problem formulation is the same as that for a two-sided

foundation, see (1)—(4), except the boundary conditions (3) along the sides now taking the form

03, = ku at x, =—h, 03, =0 at x, =h. (63)
For one-sided setup the 1D engineering model is also similar to that presented in Section 2 and is given by
d>s  k h
— - —5=0, S(0)=/ (x5)dx,5. (64)
a2 2uh R
As might be expected, the coefficient at the second term in the first Eq. (64) is twice less than its counterpart in Eq. (10).
In what follows, as before, the goal is to justify and refine the elementary engineering framework.
In the dimensionless form, now we have instead of (20)
« _ ou” *
O3 = o =eu” at {=-1,
ou* (65)
.
632=E=0 at §=1.

Other relevant formulae, including (18) and (21), presented in Section 2, stay the same.
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Fig. 4. Semi-infinite strip supported by a Winkler-type foundation along one side.

3.2. Decay conditions

Integrating Eq. (18) over the domain and using conditions (21) and (65) we now obtain

§=_1d§ =0.

1 0
/ p*d§+£/ u*
-1 0

(66)

As might be expected, the leading order solution is identical to that in Section 2.4 for a two-sided Winkler foundation, including

formulae (29) and (36) for p; and u(’;, respectively.
At first order we obtain from (66)

1 0
Sk *
/ pldC+/ ”0(
-1 0 ]

By substituting (36) into (67) we get

1
-=—2< 1>"<a2" ﬂ2"> %/_lpgm(cz—zc—%)dc,

where «,, f,, A, and B, are defined in (30)-(32).

__de=o.

The first order boundary value problem for the displacement becomes

02u’i‘ 02u’1‘
—_— + = ,
YD)
subject to
()u’f | ()u’f 0 |
L=y at ¢=-1, —L1 =0 at ¢=
T u, ¢ T ¢
and
du*t

1
gzp'ﬂ; at 520

Taking u} in the form

uf = z {E, cos(a,{)e™ " + F, sin(B,0)e™Prf + G, sin(a,O)e™ ¢ + H, ¢ cos(B,¢)e e

n=

(67)

(68)

(69

(70)

(71)

(72)

+1, cos(a,)e™™* + K, &sin(B,0)e™ "< + L, sin(a,{)e™* + M, cos(B,{)e™Pé}

and using Egs. (69)—(70) we determine six out of eight unknown constants, namely

. .. A, o _ B
Gn=1n=_Ln=T‘2’ anMn Hn
n

I’l

2ﬂ2
Then, the boundary condition (71) gives

©

> A{d, -

n=1
—B,H,¢ cos(B,$) — a, L, sin(a,$) — p,M, cos(8,0)} = p}.

Next, we expand sin(a,¢) and cos(f,¢) into series

a,E,) cos(a,$) + (K, — B, F,)sin(B,0) — a,G,¢ sin(a,$)

co (n) )

sin(a, &) = . R sin(f),

k=1 k=1

cos(f,8) = OT + Z TIE") cos(a, ),

(73)

74)

(75)



L. Prikazchikova et al. International Journal of Engineering Science 205 (2024) 104152

where

T(") _ 2(_1)n+1 _ 4(_1)n+1

0 B, z2n—1)"

g _ _2CD™E 4 hmE@n— 1)
kT T T 2 2 2\’ (76)

g2 —a? 7 (@n—1)2 — 4k2)

R — 2=y, 8(=1)"*n

k a2 -2 x(4n2—(2k-12)

Using expansions (46) and (75) as well as relation (68), Eq. (74) can be transformed to

(oo 0 o
2 {<in —a,E, = Y, @GS\ - ZﬂkMkT,fk)> cos(a,{)

n=1 k=1 k=1

© I, 77)
+ <K —Fy = Y LRY -3 ﬂkaPn(“) sin(ﬂno} -
k=1 k=1
Finally, we derive
fo L (A S A ¥ B
E,=— 2N ZEs® N “kp® )
" 2a, <a2 ,; a, " ,Z} B " 78)

i (52 E )

At the second order, Eq. (66) gives a similar to (52) condition

1 oo
/ p;d§+/ uil,__ag=o. 79)
-1 0 (=1

Then, we arrive at

1 w 124, @ A o < B 1 (2B A,
e p— e = no_ kgt _ Zk i) — n R(k) P(k) , 80
Py 4;( ){a3<a2 Z“k n Zﬂk" +ﬂ3 ﬂ,% +Zak +Zﬁ (80)

n k=1 k=1 k=1 =1 Pk

which can be rewritten in the form

. 1

1
_ * _ 4 1o
vi= 153 [ P~ +ac - w0+ 2 ac, (8D

Finally, similarly to the consideration in Section 2, we obtain from (28), (67), and (79) the sought for asymptotic decay condition
for a one-sided Winkler foundation. It is given by

1 2
. _E (oo WYL E (g 2 - -
/_Ip(g){1 4(§ 2° 3)+96(c 4% + 1402 = 20¢ >}d§ 0. (82)
3.3. Boundary conditions for 1D equilibrium equations

In this case the interior stress can be found in the form

« du* 1 1 1 1 1 1
Gu=n= e (146 (50-38) +2 (50458 - 50+ 56¢°) |- (83)
see corresponding Eq. (A.23) from Appendix. Next, similarly to the two-sided case, substituting the difference p* = ¢* — q,m 1nt0

decay condition (82), we obtain the boundary condition

s 1 [, e o 2\ E (s 2 . 88
s=o“/_1"@{‘ S(e2-20-3) 4 g (¢ -a0 #1202 - 16 ?)}dcj, (84)

dé
where the mid-plane displacement U* is defined by (A.22) and ¢* introduced in (56).
Below, boundary condition (84) is evaluated for several external loads

2

@ g*=1
au* 1 67 ,
=14+ —e— — 85
e MRV TR (85)
(i) ¢*=¢2
du* 1o 349
Ly 1,38 o 86
¢ le=0= 3% 130° ~ T0080° (86)

10
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(ii) ¢* = 1-3¢2

du* 1 1,

avry 1, 1. 87

dE le=o = 15° 7 28° (87)
iv) ¢ =¢

du* 1 23,

a1 2 o 88

de le=0 = 6% 7 360° (88)
W) ¢ =1-36+¢

d_U* :lg_ﬂg{ (89)

de le=0~30° 7 2520
i) ¢* =1-302-¢

dU* 1 7,

S P 90
¢ le=0= 710+ 2520° (90)

Obviously, due to the violation of symmetry, the corrections in the formulae (85)-(87) are not identical to those in the formulae (58)-
(60), obtained for two-sided Winkler foundation. Also, inhomogeneous boundary condition (88) as well as deviation in boundary
conditions (89) and (90) are specific for one-sided foundation only. The observations for a nearly self-equilibrated load, see (60)
and Figs. 2 and 3 in Section 2.5, are also valid for the boundary condition (84).

4. Discussion and conclusions
4.1. Refined low-dimensional models

The developed asymptotic framework can be implemented for assessment of the low-dimensional models, see (5)-(11) and (64).
To this end we rewrite the average stress and displacement given by (5) in the form

1 1
v = g / (EOdE SE© = ph / ARl 1)

First, consider a two-sided Winkler foundation. In this case, the equations in (A.14) for the interior of the semi-infinite strip can
be transformed to

S(&) = ph (2—%” %52) % (92)
and
o(&) = g (2 _ %e + %52) U* (@), (93)

where U* is defined by (A.13). It can be easily verified that S and v satisfy (6).
Using formulae (92) and (93), boundary condition (57) can be recast in the dimensional form as

h x2 1 2 x4 x2 7
S(0) = -2 22 )+8 (242221 ) Lax,. 94
o= [ {i-5(5 1) 5 (R d) po o9

Also, Eq. (A.13) can be presented as

dS(xy) 2 4
dx]l —2kv(x1)=—§ke<1— E£> v(xy), (95)
demonstrating that the remainder in the right-hand side of Eq. (8) is
2 4
Rh—_ﬁf(l_ﬁf) v(x)). (96)

Thus, we arrive at the asymptotic refinement of the engineering problem (5)-(11) expressed in terms of the averaged stress S(x;)
and displacement v(x,). The truncation error of the derived approximation is O(¢?).

We also remark that for the greater truncation error O(e2) only the O(e) term has to be retained in the right-hand side of (95).
In this case, O(¢?) correction can also be neglected in the formula (94).

It is worth mentioning that the developed approach not only enables to derive low-dimensional models but also to restore the
original 2D solutions over the interior of the semi-strip within the chosen accuracy.

Similarly, for one-sided foundation we have from (A.23) for the internal stress

1 83 dUu*

S(E) = uh (2 Ll B 2) , 9

& =u 6€+ 720¢ 4z 97)

whereas the implementation of (84) in terms of original variables results in
h x2 2 [ x4 x3 x2
€ 2 X 1 € 2 2 2 Xy 67

S(0) = 1-2( 2222 )+ (2424142 202 -2 dx,. 98

© /,,,q(xz){ 4<h2 h 3> 96<h4 B R n s } 2 ©8)

11
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In this case, we also obtain from (A.22)

dS(xy)
dx

—ku(xl):—gke(l—%s) o(x)). (99)

4.2. Higher order decay conditions

The derivation of the asymptotic decay conditions (55) and (82) is an independent important result of the paper. In original
variables they become

h
/ p(x)w, (xp)dx, =0, (100)
—h

where

(% 1\ 2(% . .59 13
a=1-5(3-3)+ 5 (52 - B)
£ XZ X 1 82 x4 x3 x2 X 73
wé(x2)=1—Z<h—§—272—§>+%<h—j—4h—§+14h—§—zof—g>,
for two- and one-sided Winkler foundation, respectively. These conditions incorporate first and second order corrections to the
traditional formulation of the Saint-Venant’s principle at £ = 0, given by (100). They demonstrate that due to the presence of the
Winkler foundation a self-equilibrated loading results in a small amplitude non-decaying pattern, see examples in Sections 2 and 3,
in contrast to a strip with traction free semi-infinite sides.

It is obvious that within exponentially small asymptotic error, the derived decay and boundary conditions are also valid for
a finite strip of length L > h, e.g., for L ~ he~'/? in accordance with the scaling adapted in Appendix. In the latter case, these
conditions can be easily implemented for the edge at x; ~ L.

It is worth noting that the developed framework is not restricted to the considered scalar problem in linear elasticity for a
semi-infinite strip in contact with the simplest Winkler foundation. It may be extended to a broad range of the problems for thin
elastic structures interacting with softer environment. In particular, plane and 3D problems for a layer resting on a deformable
foundation can be treated in a similar manner, including a low frequency dynamic behaviour as well as heat and mass transfer

through thin layers and coatings. Novel amendments of the canonical Saint-Venant’s principle will likely follow from the mentioned
considerations.
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Appendix. Asymptotic derivation of higher order equilibrium equations

Consider antiplane shear of an elastic strip of thickness 24, interacting with a Winkler-type foundation along both horizontal
sides, see Fig. 1. In what follows, we study long-wave deformation along the x,-axis in order to deduce an approximate 1D equation
for the mid-strip displacement. Thus, we define here different scaling along x,- and x,-axes, keeping in mind that d/dx; < 9/dx,.
More specifically, we assume that 9/dx; ~ \/Ed /0x,, where the small parameter ¢ is given by (13). Instead of dimensionless variables
& in (16) we use here another variable y, expressed as

.-
v

_ (A1)
keeping the second variable ¢ the same as in the main part of the paper.
The governing Eq. (1) can now be written in term of dimensionless displacement u*, see (17), as follows
2, % 2, %
(L P -0 (A.2)
oy o2
subject to boundary condition (23). We look for the asymptotic series in the form
W (1.0 =uV O+ eu® (o, O + EuP (7, O + (A.3)
where
n
WO =Y MGy, n=0,1,2,... (A4)
=0

Further detail on the adapted asymptotic technique can be found in Goldenveizer et al. (1993). By substituting (A.3) into (A.2), and
combining terms with the same powers of ¢, we get

2. (2n) 2. (2n+2)
Ou™ O o a=01,2,....
ox? 082

Taking into account (A.4), the last equation reduces to

" 2,,(2n)
ZCZm( a;;” +2(m+1)(2m+1)u(22';':22> =0, n=0,1,2,.... s
m=0

Then, from the boundary condition (20) we have

n n—1
Yooml ==Y U, n=12,.. (A.6)
m=1 m=0
It is now convenient to rewrite Egs. (A.5) and (A.6) as
dzu(Zn)
0 42 =0, n=0,1,2,.., (A7)
d}(z 2
222
WL T w2 53 m=23,...n, (A.8)
2m 2m2m—1)  dy?
and
1 n+1 1 n
o__1 o @n+2) _ _ @n+2) 1 (2n) _
u; ——2u0 .U = z;mum > 0u2m, n=12,.... (A.9)
m=. m=|

From (A.7) at n =0 and (A.9),, we arrive at a differential equation for ug)), given by

dZu(O)
0 _,0_g (A.10)
d)(z 0
Next, using (A.7)—(A.10), we can express u(;"), i=1,...,n, in terms of uf)zj _2), j=2,....n, n>2. In particular, we obtain
2@ 2™
0 @, 1 o_ 0 @, 1o _4 o_
W_uo +§u0 —0, d—ﬁ—uo +§M0 —Euo —0, (A.ll)
and
Moo Lo w_1 o (A.12)
2 7 9270 6 0’ 4 T 9470 :
Combining (A.10)-(A.11), we have the following 1D equation for the dimensionless mid-strip displacement U* = u* o =
uéo) + eu(02) + ezu(04) + -
d*U* 1 4 , .
—(1=-=e+— +...>U*=0. A.13
dr? ( 357 85° (A.13)

13
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In addition, from (A.9), (A.12), (A.3), (A.4), and also (2), we derive the expressions for dimensional displacement and shear stresses

in terms of U = hU*. Keeping O(£?) terms we get
) 2(1 2, 1 4)]
=|1-—= - —_ U
u [ 22{ +e 6C +24C
—ulioterp (L Los ]ﬂ
"31_”[1 e (6§ +24§) dx,’
_H_ 2(1 13]
632—h[ el +e (3C+6C) U

(A.14)

Suppose now that a strip is supported by a Winkler foundation along the side x, = —h only, see Fig. 2. In this case, instead of
boundary conditions (3) we use (63). We look for solution of (A.2), (65) in the form (A.3), where

n
WO =Y E ), n=012,...
k=0

By substituting (A.3) into (A.2) and taking into account (A.15), we obtain

2 (2n)
Zg"( + (k+ Dk +2)u jf:;”):o, n=0,1,2,...

From boundary conditions (65) we have

2n-2

2n
Zk”fn) =0, Z( 1 @n) _ Z( Dkl @n-2) n=1.2. ...
k=1

We can rewrite (A.16) and (A.17) as

d2 (2")
y +20"P =0, n=0,1.2...,
x1?
2242
(2n) 1 Yo
U = — — k=2 =2,3,..., k=23,...,n,
k k(k—1) dy?
and
1 n 1 2n—2
o_Lo  en_ @n) k (2n-2)
W= Ju _—Z(Zk— Dy + 5 Z;)(—l) u?"?,
k=2 k=l

2n-2
o__1o on_ en _ 1 k (2n-2)
u; ——Zuo s Uy Zk i Z(—l) u, .
k=0

where n = 2,3, .... By using the equations above, we can express 145(2"), n=12,...

particular, we have

2,(0) 2,.(2)

T _1o_g T Lo lo_,
dy? 270 ’ dy? 270 370 >
dZu(4)

Lo, 1 o_8 o0
- —u’ + -u’ — —u =0,
d}(2 2°0 30 450
and
Moloeo_ o e 1o 1o o__ 1o @w_1 0

Uy 20 4707 2 7 470 60 73 240 "4 960'

Keeping O(£?) terms, we arrive at

a?ur (1 1 8 »
£ (= Ze2)ut =o.
dz (2 3* +455)

Then, the dimensional displacement and shear stresses are given by
_ 1,1 2) 2(_1 Lo, 1.3 i4>]
_[1+6<2§ 4§ *e 4C+6C 24C 568 )1V

oy =u[14e(50-362)+8 (—ge+ - 04 o) 2

dx
m=tleda-o+e(-t+ic-tov i o)u
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