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Abstract

In this paper, the recursive quadratic filtering problem is investigated for a class of linear non-Gaussian systems with dynamical
bias and amplify-and-forward relays. The stochastic bias, characterized by a dynamical process with certain non-Gaussian
noises, is incorporated into the system state equation. An amplify-and-forward relay is utilized in the sensor-to-filter network
channel to enhance signal transmission performance. The transmission powers of the sensor and relay are governed by two sets
of random variables. Particular attention is given to the design of a quadratic filter in the presence of the dynamical bias, the
amplify-and-forward relay, and non-Gaussian noises. For this purpose, an augmented system is constructed by aggregating the
augmented state (comprising the original state and the associated bias) and its second-order Kronecker power. Consequently,
the addressed quadratic issue for the underlying non-Gaussian system is reformulated as a linear filtering problem for the
augmented system. Using difference equations, the filtering error covariance is derived and subsequently minimized through
the design of an appropriate gain matrix. Moreover, sufficient conditions are established to ascertain the existence of the lower
and upper bounds on the filtering error covariance. Finally, the effectiveness of the designed quadratic filtering algorithm is
demonstrated through a numerical example.
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1 Introduction

State estimation or filtering, which is a fundamental
topic in signal processing and control theory, has re-
cently attracted increasing research attention due to its
promising applications in areas like target tracking [3],
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aerospace [14], environmental monitoring [43,44], and
vehicle control [42], among others. At its core, state es-
timation/filtering endeavors to reconstruct the system
state from available measurements, which may be com-
promised by noise. To address various system require-
ments and achieve desired performance, a myriad of so-
phisticated filters have been introduced in the literature,
and notable examples include the Kalman filter [8,35],
the extended Kalman filter [7], the unscented Kalman fil-
ter [48], the Ho, filter [11,17,25,37,40], set-membership
filter [22,23], and the particle filter [26,45].

While many existing algorithms make the assumption of
Gaussian noises due to its simplicity and the ease of al-
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gorithmic derivation, this assumption often falls short in
practical engineering scenarios. As such, there has been
significant effort dedicated to developing filtering meth-
ods suitable for non-Gaussian noises [1,9,32,41,46]. No-
tably, the quadratic filtering approach has emerged as a
rather popular method whose aim is to deduce system
states by harnessing more comprehensive information
from state/measurement vectors and leveraging higher-
order statistics of non-Gaussian noises. For instance, a
feedback quadratic filter tailored for a non-Gaussian and
unstable system has been introduced in [4]. Similarly, a
suboptimal quadratic filter has been proposed in [24] for
linear uncertain systems equipped with uniform quanti-
zation and non-Gaussian noises. When juxtaposed with
the recursive linear filtering technique, the quadratic fil-
tering approach showcases a superior ability to enhance
filtering accuracy while maintaining ease of implemen-
tation [2,3,5,6,47].

In practical scenarios, inevitable perturbations in system
dynamics can arise from various factors including un-
modeled dynamics and unforeseen external excitations.
These factors can complicate system modeling and anal-
ysis [10, 18, 19]. Stochastic bias, a specific type of un-
known perturbation, is commonly represented by a dy-
namic equation with a particular white noise. The asso-
ciated filtering challenges posed by this bias have gar-
nered significant interest in recent research [13,15,33].
For instance, for multi-rate systems affected by dynam-
ical bias, a recursive filter has been introduced in [33] to
estimate both the system state and any faults concur-
rently. More recently, a novel distributed filter has been
crafted for complex networks in [13]. This filter, rooted
in the delay-prediction-compensation method, has ad-
dressed dynamics marred by bias, communication de-
lays, and fading observations, where an upper bound
has been derived for the filtering error covariance, and
the monotonicity relationship between fading probabili-
ty and filtering accuracy has also been elucidated. How-
ever, to date, scant research has been undertaken on the
quadratic filtering problem in the presence of dynamical
bias, and such a gap serves as the primary impetus for
our current research endeavors.

A foundational presumption in the previously discussed
filtering algorithms is that sensors can transmit sig-
nals across vast distances without hindrance. Unfor-
tunately, this assumption often proves unrealistic in
communication systems, especially when considering
the limited transmission capabilities of sensors. These
limitations can arise from technical or physical con-
straints, particularly with budget-friendly sensors. To
address these transmission challenges, the integration of
relays has recently seen burgeoning interest with aim to
enhance the performance of long-range signal transmis-
sions. Common relay models encompass amplify-and-
forward relays, compute-and-forward relays, compress-
and-forward relays, and filter-and-forward relays,
see [12,28, 30, 31, 34, 38] for more details. Recent ex-
plorations have ventured into filter design within the
context of amplify-and-forward relays [12, 36, 39]. For

instance, the study in [20] tackled the Kalman filtering
problem for linear time-varying systems operating un-
der the assumption of deterministic transmission power
in the amplify-and-forward relay.

As energy harvesting technology gains traction, a chal-
lenge that emerges is the inherent unpredictability of
transmission power in energy-harvested sensors or re-
lays, which is because power sourced from the envi-
ronment tends to exhibit natural variability [29]. To
model this phenomenon, stochastic variables, which ad-
here to specific probability distributions, have been em-
ployed, see some recent literature illuminating insight-
s into scenarios involving random transmission power-
s [16,26,27,36]. For example, the centralized /distributed
auxiliary particle filter has been introduced in [26] for
multi-sensor systems, which accounts for both amplify-
and-forward and decode-and-forward relay mechanisms
in transmission links. Concurrently, innovative filtering
techniques have been proposed, such as a recursive fil-
ter for complex networks [16] and a distributed Ho, fu-
sion filter for nonlinear systems [27]. However, it is note-
worthy that research on the quadratic filtering challenge
remains fragmented, especially when incorporating con-
cerns related to amplify-and-forward relays.

Given the aforementioned analysis, our objective is to
tackle the recursive quadratic filtering problem for a
class of linear non-Gaussian systems that incorporate
dynamical bias and amplify-and-forward relays. Unlike
the constant and undetermined bias, we introduce a dy-
namical equation with non-Gaussian noises to depict the
stochastic dynamical bias. An amplify-and-forward re-
lay, equipped with random transmission power, is uti-
lized in the sensor-to-filter network channel so as to en-
sure the quality of signal transmission. We propose a u-
nique yet easy-to-implement quadratic filter for an aug-
mented system, which leverages second-order Kronecker
products of the augmented state, and encompasses both
the original state and the dynamical bias, as well as its
measurements. Then, the filtering error covariance is as-
certained and subsequently minimized by choosing the
appropriate gain matrix. We also provide sufficient con-
ditions to guarantee the boundedness of the filtering er-
ror covariance. The challenges we foresee include: 1) ana-
lyzing the statistical properties of the random variables,
which are influenced by transmission powers and the en-
hanced process/measurement noises; 2) constructing a
recursive quadratic filter in the context of the dynamical
bias, the amplify-and-forward relay, and non-Gaussian
noises; and 3) examining the boundedness of the filtering
error covariance. Given these challenges, we perceive the
quadratic filter design problem to be notably intricate.

The core contributions of this paper can be encapsu-
lated as follows: 1) the statistical properties of random
variables (induced by transmission powers) and the ex-
panded process/measurement noises are examined; 2)
a novel recursive quadratic filtering paradigm is devel-
oped for linear non-Gaussian systems in the presence
of the amplify-and-forward relay with random transmis-
sion powers, which is coupled with a thorough analysis



of the filtering error covariance; and 3) sufficient con-
ditions, grounded in system parameter information, are
provisioned to ensure the boundedness of the filtering
error covariance.

The structure of this paper is organized as follows. Sec-
tion 2 delves into the quadratic filtering problem for lin-
ear systems by taking into account the dynamical bias,
the amplify-and-forward relay, and non-Gaussian nois-
es. In Section 3, we explore the stochastic properties of
the augmented noises and discuss the quadratic filter de-
sign problem. Section 4 presents a simulation example
to demonstrate the efficacy of the proposed quadratic
filter. Section 5 concludes the paper with key findings
and insights. Lastly, the Appendix provides a proof con-
cerning the stochastic properties of augmented noises.

Notation. R!is the [-dimensional Euclidean space. P{x}
stands for the occurring probability of the event x. E{x}
denotes the expectation of random variable x. Sym{x}
means * + x* . diag{x} is the block diagonal matrix. RT
is the transpose of the matrix R. vec(R) represents the
vectorization of the matrix R. st(R) denotes the opera-
tion that transfers vec(R) to R. ® is the Kronecker prod-

uct. qﬁim) means the mth-order moment of z. S,.(u ® v)
denotes u ® v +v ® u with v € R” and v € R".

2 Problem Formulation

Consider the following discrete linear time-varying sys-
tems with the dynamical bias and non-Gaussian noises:

Ti41 = Atxt + Btwt =+ EtEt (1)

where z; € R" is the system state, wy € R™ is the
non-Gaussian process noise, and ; € R"< represents the
random bias which satisfies the following dynamics:

€41 = Frer + & (2)

Here, ¢g € R™ and & € R" denote non-Gaussian ran-
dom sequences, and A;, B, E;, and F; are given time-
varying matrices with compatible dimensions.

The measurement model is described as
Yyt = Crxy + Dyvy (3)

where y; € R? is the measurement vector, vy € R™ is
the non-Gaussian measurement noise, and C; and Dy
denote known matrices of suitable dimensions.

In this paper, the measurement y, is sent to the remote
filter via an amplify-and-forward relay, and the corre-
sponding measurement obtained by this relay can be
given by

Gt = V01 ®ry: + (4)

where ®;, £ diag{®1,, ®24,--,Ps,} with ®;, being
the ith channel coefficient, o, is the non-Gaussian noise
in the sensor-to-relay channel, and l; denotes the trans-
mission power of the sensor obeying certain probability
distribution

P{lt—lzt} zt7 i:1727"'7p (5)

_ po_
where li,t Z O, 0 S li,t S 1 and E li,t = 1.
i=1
Considering that the amplify-and-forward relay can am-
plify the received g; and further forward it to the remote
filter, the real measurement acquired by the filter is de-
scribed by

2 = O /M Vi3 + G (6)

where 6; means the amplification factor, m; is the trans-
mission power, ¥, £ diag{W; ;, Vo, -, ¥, } with ¥, ,
being the ith relay-to-filter channel coefficient, and ¢; de-
notes the non-Gaussian noise in the relay-to-filter chan-
nel. Moreover, the probability distribution of m; satisfies

P{mt:mi,t}:mi,h Z:1727 » q (7)
where m;; > 0, and m;; are known scalars with 0 <
a
ﬁliyt S 1 and Z miyt =1.
i=1
Before proceeding further, the following assumption is
made in this paper.

Assumption 1 1) The random sequences o, wy, €, &,
Ve, @ty Sty It and my are mutually independent. 2) xg,
Wy, €, &, v, wr and ¢ are zero-mean white sequences,
and their second-, third- and fourth-order moments are
known.

For ease of notation, we introduce

1V 2EQF), w2 E(mf),
1Y 2E{L},  m{® 2 E{m,},
I LE(17), *<3 2 E{m}},
1Y 2E{12}, mﬁ’éE{mt}, (8)

and, accordingly, z; in (6) can be rewritten as

Zt —915 T (l)l_(l)\lltq)tct.fbt + 17,5 (9)
where

Ut —9,5 \/ \/_ 1)1_(1) \Ijt(I)tOt.It
+ et\/Et\/—t\IJt(I)tDtvt + 0iv/m, Uy + ;.

Remark 1 The randomness of the dynamical bias, at-
tributed to factors such as random frictions, wind resis-
tance, and/or electromagnetic interferences, is deemed
worthy of consideration in the model. In comparison to
the dynamical bias influenced by Gaussian white noise,
non-Gaussian random sequences g and & are introduced
in (2) to characterize the dynamics of the random bias.

Remark 2 Contrary to the deterministic transmission
power model, in this paper, an amplify-and-forward re-
lay influenced by the random transmission powers of the
sensor and relay is introduced in (4) and (6). The ran-
domness of these transmission powers arises primarily
because the energy harvested from the environment is in-
herently random. As a result, the random variables l; and
myg, which follow specific probability distributions, are
employed to characterize these random power levels. The



stochastic properties of these variables will be elaborated
in a subsequent lemma. Furthermore, in (6), the param-
eter 0y is used to represent the amplification factor, and
G 18 introduced to denote the non-Gaussian transmission

noise.
- a Tt N Wy
Tt = , Wt = ’
€t &t

the system (1) and (9) can be reformulated as

Defining

2 1% 4+ B
Tyl _’tfﬁt + Htwt (10)
Zt :Ctilft + UVt
where
R A E, . B, 0
VA R S R
0 I 0 I
o2 | om1 w3, 0).

Based on the definition of f?] = T} ® ¥¢, we immediately
have

= B
where
Wy £ S’n-’r’ﬂs (gtiz"t ® gtu_jt) + ét[z] (u_}f] - ¢’Eﬁ2t))'
[2]

Similarly, the sequence z;™ is given by
27 =GP 1+ 68 + 4, (12)

where 7; £ S, (d&@ ® Up) + UP] - ¢1(7?)'

In light of (10)-(12), we construct the augmented state
and measurement vectors as follows:

and the system (10) can further be converted into

X1 =At Xy + My + Wy (13)
Z =CX + Ny + W,
where

A 0 0 B,
As | o [ M= | o) [ WS .

0 A B¢, Wy

¢, 0 0 i
Ct é ! 4[2] 7~/\/t é (2) 7‘/15 é ’Ut .

0 Cl o7 o

In this paper, a recursive quadratic filter is designed for
the augmented system (13) as follows:

{ ')et+1|t :At?’et\t + M,

)Et+1|t+1 :/?tJrl\t + Jir1(Ze41 — Ct+1)2t+1|t — Nis1)
(14)

where /ﬂﬂ‘t denotes the one-step prediction, )Et+1|t+1 is
the filtered state, and J;41 serves as the gain parameter.

From (13) and (14), the prediction error

Nepaje 2 Xpg1 — /'\?t+1|t
and the filtering error
Ry p1)e41 £ X4 - )Et+1|t+1
are, respectively, expressed by
Ny 1 =ARy + Wi (15)
and
Nep1jer1 =L — Fer1Cep1)Repape — Teg1Vipr. (16)

Furthermore, the associated error covariance matrices
are defined as

%Hl éIEf{?‘zt-i-l\tz‘th.4-1|t} (17>
and
%t+1|t+1 éI['E{z‘zt-',-l|t-|—1N?+1\15+1}- (18)

Our goal is to devise a recursive quadratic filter with the
structure (14) such that, in the presence of the dynamical
bias, the amplify-and-forward relay as well as the non-
Gaussian noises, the filtering error covariance ;1141
exists and is subsequently minimized by designing the
appropriate gain J;1.

Remark 3 [t should be noted that the proposal of the
quadratic filtering algorithm for such a comprehensive
system is made for the first time in this study, distinguish-
ing it considerably from existing filtering schemes under
amplify-and-forward relays. The distinctive features of
the constructed filter in (14) include: 1) the simultaneous
incorporation of information from the dynamical bias, the
amplify-and-forward relay, and the non-Gaussian nois-
es (e.g., high-order moments of random variables) with-
in a unified framework; 2) the expression of the designed
quadratic filter in a recursive form that is both compu-
tationally feasible and easy to implement; and 3) the si-
multaneous estimation of the involved dynamical bias, as
part of the augmented state vector, alongside the system
state.

3 Main Results

In this section, we aim to investigate the recursive
quadratic filtering problem under the dynamical bias,
the amplify-and-forward relay, and non-Gaussian noises.
More specifically, the filtering error covariance R, ;41
is obtained recursively and, furthermore, the bounded-
ness of ;1,41 is analyzed.

3.1 Preliminary Lemmas

For convenience of subsequent analysis, some lemmas
are first introduced for the quadratic filter design.



Lemma 1 ( [21]) Let £L,U, N andV be known matrices
with £ and N being invertible. Then, one has

(L+UNV) =Lt — 7Y
x N"teveTtuyTtvet (19)

Lemma 2 ff) and mt“ (i =1,2,3,4) appearing in (8)
are computed by

q
iy Eﬁnh,7ﬁ”=2ﬁ%mW
=1
B q
f§2) :Zli,tli,ta m§2) = Zmi,tmi,ta
=1 i=1
p 3 — a 3
i) —Zl? oo m® =" m2 iy,
=1
q
i Zz” o mg = mimie(20)
=1

Proof: The proof, readily derived from the definition of
mathematical expectation, is omitted for brevity. |

Lemma 3 The recursion of the state covariance matriz
Tip1 2 E{X, 1 XL} for system (13) satisfies

Tt-i—l ZAtTt.Af + MtM? + RWt
+ A XM+ M X AT (21)

where Ry, is to be given in Lemma 4 and

0
E{Xt} - |ﬂ§ 2)‘|

Proof: From (13), it is easy to obtain that
Tip1 =AY AL + MMT +E{W, W}
+ Sym{E{AtXtMtT} +E{A AW/}
+ E{M W] }}. (22)

Bearing in mind that xg, ws, ; and & are zero-mean
random sequences, we know E{Z;} = 0. Taking the def-
—[2]

inition of Z;" into account, we further have

E{AtXth} = At/?t./\/lz (23)

In light of Assumption 1, we can verify that
E{A,X W'} =0, E{M W} =0 (24)
which yields (21), and the proof is complete. [ |

On the other hand, recalling the definition of Y;y1, we
know that

T E{lele} E{$t+1($t+1) }
t+1 = !

J[2] o o
E{xu1 tT+1} E{Z t+1(It+1)

[ stef,) st(of)
L6t DT st(el) )

)y Y1441 = St(¢(~3) ) and

Tt41

: (25)

that is, Y1141 = st(¢(2

Tt41
Yoo iy1 = St(¢(4

mt+1)
Let £ 2 [I,0pnxn.], then we have xp4; =
further implies that

st cwﬁLM?
st(qﬁmwl) =Cst(¢ tﬂ)(f@])T’ (26)
St(fbgﬁ)ﬂ) — Tz]st(gbgiﬂ)(ip]):r'

LftJrl ) which

Similarly, defining

EN = [Inu 0n><(n€+(n+ng)2)]

and

Riter1jer1 = B{(er1 — Bop1jer1) (@1 — Begrpesn)” 1

we obtain
£t+1|t+1 :Ei‘tJrl\tJrlu
Rt e41)t41 :E%t+1|t+1£~T- (27)
In what follows, we will concentrate on the stochastic
properties of the augmented noises W, and V;. In oth-

er words, we need to calculate Ry, = E{W, W/} and
Ry, = E{V;V]"}.

Lemma 4 The variances of the augmented noises Wy
and Vy satisfy

Bust(62) B Bst(¢2))(BT
B (st(0S)))T BY R,

R R
RVt _ l ¥1l,t V12,t‘| (29)
RVH,t Rsz,t

Wy —

where
Rivas, 28nn, (Aest(@E)AT @ Bist(6)) BT ) SE,..,
+ B (st(o)) - o) (0SHT ) (BT,
Rvi1e 207 x1, 0,8, Cist(¢2))CF @ W)
+ 02120, @, Dyst(02) DI 9T wT
+ 02U st(32) T +st(¢2),
Ruvi2.e éef’mg”ﬂ 10, Crst (03 (WP o Pl o T ST
b B B st (BB T
+ 03mg W@ Dyst(6) (U] 0 D)
+ 02mPwst(6@) (WP 4 st(6?),
Rmu:&khuw#%% vilePlosiel)) (v ef
x CPNT + 02 (mgVIED)2 (0@, Cist (62)) CF



x oTUT) © ® (67m Q)ﬂQ)W ) Dtst(qS(Q))DtT@T\I!T 3.2 Design of Quadratic Filter

+ 92m§2)\ljtst(¢(2))\IjT + st(¢§2 ))} ! In this subsection, we aim to give the one-step prediction
! error covariance and filtering error covariance in Theo-
+ 0} xs, t\I/ <I>[2]C[Q]st(¢(4))(Ct[Q])T(@?])T(\I/?])T rem 1, which is subsequently followed by selecting a gain

4 st(¢(4)) ot gl (¢(4))(\IJ[2])T B ¢(2)(¢(2))Tparameter Jt+1 in Theorem 2.
L (4)4) tm tm t[ 2] 2] - [2] E’Q'] Yt " Theorem 1 The one-step prediction error covariance
+0my LT D, (¢( ))(‘I’t ¢,” Dy ) Ri11)e and the filtering error covariance Ry 1,41 satisfy
4 SS{(H?XZI D, st (¢ 2))C'T<I>T\I/T) the following difference equations

Rev1p =AR AL + Ry, (30)
@ (W@ Dist (@) ) D W) + (67 x1,4V e r _t'} Bl — FoCon)
% @tCtst(qﬁ(Q))C’T(I)T\I/T) ® st((bf)) t41]t+1 t+1Ct+1 Tt+1|t t+101+1
(2) 2\, T 2' =+ \775+1RVt+1\7t+1 (31)
+ (67my ‘I’tSt(¢( ;) @ St(¢( )) o .
i (9t oD Clst(o 2))C'T<I>T\I/T) Proof: Substituting (15) into $,4|;, we have
(\I]tst((b(z))\IIT) 92 - 2)i(2)\11t %t+1|t —]E{AtNt‘tNt'tAzﬂ} + AtE{Nt|tWtT}
x &, Dyst(¢2) DI OTUT @ st(¢(?) E{WR{ JAL + E{W, W}, (32)
4)12) T T .
+ (01, \I]tq)tDtStw piefv) Noticing E{X; W'} = 0 and E{X;,W,} = 0, it is easy
® (\I/tst(¢(w22)\I/tT)}ST + Sym{@f)ﬁ t\IJ[Q] to verify that E{X,, W/} = 0. Therefore, the dynamics

@{210[2] @) +62m 2)\11[2] @ of the one-step prediction error covariance satisfies (30).
(b ((b ) O ((b ) In view of the expression of N, 1|;41 and the definition

+ 0} xa <I>[2]C[2]¢ ((;55) ) (\IJ[Q]CI)[ ]D?]) of ;4 1)441, we obtain
[2] ~[2] 2T
+0ixs 007 ) 2% (¢( ()" Reprje1 =1 = Ter1Cor ) E{R 1) Ry (T = TeaCogn)”
_(4)5(2 2

+0im VP el Dt oD ()T ()T —E{(I = Jit1Cri1) N1t ViIi 3 T
+ 9?m<2)f(2)\11[ ¢(2) ((b Nt - g7t+1E{‘/t+1Nt+1‘t(I — Ji1Cep1)
+ 8. |0xa, mg)lﬂ)\lfﬂ oloPst(oh) + T E{Vin Vi 1 T (33)
><( @[Q]O )+ 0t t\IJ?]q)?]Ct[Q](b(Q)(gb(Q))T Since the noises e4y1, wsr1 and g1 are indepen-

(I)[Q]D[] 9 1\11[2](1)[2]0[2] ?;) 1();) T dent of Nt+l\t7 we derive E{Nt+l\t{)?+1} = 0 and
X( )T O U@ Cy ¢z, (b, E{R; 1011} = 0, from which we further obtain
X (W]

) +0; XGt[(‘I’ (I)tCtSt(¢(2))CT‘I’tT‘I’tT) E{R;1:V41} = 0. Accordingly, the evolution of the
(\I]tq)tDtSt(¢vt )D! (I)T\IJT)ST} + O (0, ®, filtering error covariance’s dynamics is given as

T
« CusO)CTOTUT) & (wisg@DST]] ) Rt = = TrCor BN} = TosaCon)

s + Fi B{Vi Vi YT (34)
wi
which yields (31). This proof is complete. |
i AP — (RO, ekt (3L This "
Xo.t ém?’l‘?’ - 3m§1)lfl)m§2)l_§2) + 2(m§1)lf1))3, Theorem 2 The filtering error covariance Ry )41 in
Xs.¢ ém(“)l_(“) = (1)1‘(1) = (3)1‘(3) (81) is minimized by designing the gain matriz as follows:
+ 6(m (1)lﬂ))2 D1 — 3(mVi)4, Jier = RipiCin CorRip1iCly + Rviyy) ™ (35)
Xax 2 (4)1‘(4) = §1)z§1)m§3>i§3> = (2)[(2)( = (1)[(1))2, g%nd the cqrresponciir(zig mimmallﬁltermg error covariance
- - t+1)t4+1 15 computed recursively as
X5t _m§4)li2) gl)@l))sz) +m2 )( (1)111)) ) )
_ (1)111) (3)113) W7~ (2)112) Roripr1 =Req1pe — Ter1 (Co1Rep1)Cigy + Ry ) T -
X6,t = (m my by my ), (36)
X7t = (1)1‘(1)( (3)1‘(1) - gl)l‘gl)m?))_ .
Proof: By means of the completing-the-square method,
Proof: See Appendix. u R 11)¢41 in (31) can be calculated as follows:
Next, we focus our attention on the derivation of the Roprper =Reprpe + [«7t+1 - %tJrl\th-l(Ct—i-l%tJrl\th-l

filtering error covariance R, |;41 and the gain matrix

Jt+1-

+ RVHl)_l} (Ct+1§Rt+l\tCtj;rl + R‘/t+1) [‘-7754-1



- g%tJrl\tC,:TH(Ctﬂ%tﬂ\tCtTH + Rypy)

— Ry 1:Cir Corr R 116 Cliy + Rviyy) ™
X Ct+1%t+1|t' (37)
Consequently, it is straightforward to see that $, 1441
is minimized by choosing the following gain matrix
Tt = Ri16Ciir CoraRig1bCliy + Ry )

which, together with (37), leads to (36). The proof is
now complete. |

Remark 4 The one-step prediction error covariance
and filtering error covariance have been established in
(30) and (31), and the gain matriz J;41 has been ob-
tained in (85). It is observed that the filtering error
covariance relies on Ay, Ci, Rw, and Rvy,, which in-
dicate that the influences from the dynamical bias, the
amplify-and-forward relay, and the non-Gaussian nois-
es have all been reflected in the design of the quadratic

filter. To be specific, F} in A, accounts for the effect from
the dynamical bias, 0; and x;.(i = 1,2,---,7) reflect

the influence of the amplify-and-forward relay, and ¢g3,

qﬁvt , ¢(J) and ¢§f) (j = 2,3,4) in Ry, and Ry, cater
for the impact of high-order moments of non-Gaussian
noises on Ry 1j¢41-

3.8 Boundedness Analysis

In this subsection, we examine the boundedness of the
filtering error covariance R, 1j¢41-

Assumption 2 There exist positive scalars qq, 4, des
q,. 4, and G satisfying
AtA? S Qala -A;[-At 2 gala
C/Cr < I, Ry, > g1,
4,1 <Rw, < qul.

Theorem 3 Under Assumption 2, there exists a positive
scalar 8 such that

Riv1je41 > BI (38)
for everyt > 0, where

A1, -1yl
é—(gw +chv) :

Proof: By means of Lemma 1, R, ;4 can be reorga-
nized as
~1

Repapea = (R, + CEaRy,,, Cern) (39)
Noting
Rosrp > R, 2 q, 1 (40)
we have
éRtJrll\tJrl éRtJrll\t +Cl Ry, Con
<(¢,' +aq I (41)

which implies that

Rije41 = (g, +ch Wl EprI (42)

for every t > 0. |

Theorem 4 Under Assumption 2, there exists a positive
scalar Bi41 such that

Riv1je41 < Beaad (43)

where

t
ﬂO £ /\max(%O\O)a ﬂtJrl ﬂOthrl + qu Z (le

Proof: This theorem is proved by the mathematical in-
duction method. It is obvious that Rojg < Amax(Rojo)1.
Suppose that %, < F;I holds, we need to prove
Rir1)e01 < Beaal

It follows from (36) that
Ritijer1 SR = AR AL + R,

<ﬂtL7aI + QwI
ﬂOthrl + quw Z qa
2Bl (44)
which ends the proof. |

We notice from Theorem 4 that, if g, < 1, then the
matrix R, 1,41 also satisfies

Qv _yr

Rir1)i41 < (Boda + T
— qa

Furthermore, if g, > 1, we are interested in establish-
ing the corresponding sufficient condition on the upper
bound of %t+1|t+1'

Theorem 5 Under Assumption 2, if there exist positive
scalars g, qu, B, B andr such that the following inequal-
ities

t+1
Z 10T (it + 1)6?73‘2161,9(2',1% +1) >3, t>r
i=t—r+1
(45)
Be1 < B, 0<t<r—1 (46)

hold for all t > 0, then the filtering error covariance
Rip1)e41 satisfies

Riirjep1 < BI (47)
where
(E21+qug,' B0 QU+ 1,t+1) 21,
EATTAZ AT < t). (48)



Proof: For 0 < t < r — 1, we can conclude that
Rep1pp1 < Bl < BIL

Based on Assumption 2 and (30), we obtain that
Ropipe =Ae[Rye + A R, (A7 TAT
SA Ryt + g B Ry AT

=(1+ qug, "B ARy AT . (49)
Substituting (49) into %;Jrlll , leads to

—1 _p—1 T -1
§Rt+1\t+1 _§Rt+1\t + Ct+1Rw+1ct+1

2CTNA TRy A+ CL Ry Co
2CPATALR AL A
+CTATTCI R CGAT + CLL R
t+1 _
> > ¢ e+ )CT Ry GO+ 1)
i=t—r+1

>4 (50)

Cit1

Therefore, we can derive that R 1,41 < BI when (45)-
(46) hold. The proof is complete. |

Remark 5 The uniform lower bound BI and the upper

bound B1 of the filtering error covariance ;1441 have
been given, respectively, in Theorems 3-4, from which we
can observe that the scalars 5 and 3 are closely related to
the augmented system matrices and the augmented noises
covariance matrices.

Remark 6 Thus far, the quadratic filtering issue has
been addressed for linear non-Gaussian systems equipped
with an amplify-and-forward relay possessing random
transmission powers. Given the dynamical bias and the
amplify-and-forward relay, both a recursive quadratic
filter and its filtering error covariance have been derived.
Moreover, the influence of system coefficients on the
filtering performance has been elucidated. Contrasting
with extant filtering outcomes related to the amplify-and-
forward relay/dynamical bias, the filtering methodology
presented in this study boasts several unique attributes: 1)
the quadratic filtering challenge explored is pioneering,
especially given the simultaneous presence of dynamical
bias, non-Gaussian noises, and an amplify-and-forward
relay influenced by random transmission powers; 2) the
devised quadratic filtering method is innovative, delv-
ing into the stochastic nuances of the non-Gaussian
noises/transmission powers while shedding light on the
interplay between the filtering error covariance and the
aforementioned determinants; and 3) the analysis result
of boundedness is new that offers both the lower and
upper boundaries for the filtering error covariance.

4  An Illustrative Example

In this section, some experiment results are provided
to demonstrate the validity of the presented quadratic
filtering algorithm.

Table 1
The 2nd, 3rd and 4th-order moments of random variables

E{()*} E{()’} E{()"}

w 1 0 1
ve | 09100 —0.5460  1.1557
e1t | 0.9600  0.3840  1.0752
ex¢ | 0.1875  —0.0938  0.0820
€14 | 07500  —0.7500 1.3125
€4 | 03750  —0.0938  0.1641
@ | 0.3600 —0.5760 1.0512
& | 02100 —0.0840 0.0777

Consider a linear discrete system with the following pa-
rameters:

t:[ 0.6 0.5]’Et:l 0.1 0 ]
—0.1sin(0.2t) 0.8 0.03cos(0.2¢) 0.15
0.05 0.1 0

0.1 0.2] '
Other parameters are set as D; = 0.01, &, =1, ¥, =1

and #; = 3. The probability distributions of the trans-
mission power are given as follows:

P{l; =1} =0.1, P{l; =15} =0.3, P{l, =2} =0.6,
P{m; =1} = 0.2, P{m; = 1.1} = 0.4, P{l, = 1.2} = 0.4.

B =

Cy = [0.2 0.18] Fy =

The initial state xg is supposed to satisfy the Gaussian
distribution with zero mean and covariance 0.0115. The
non-Gaussian random sequences, i.e., w, v¢, €5.¢, &t (1 =
1,2), w; and ¢, are adopted as follows:

Wy = —Pw, + (1 - pwn)v

ve = 0.7py, — 1.3(1 = po,),

€1t = _0'8p81,t + 12(1 - pé‘l,t)’

£24 = —0.75pc, , + 0.25(1 — pe, , ),

S0 =—15pg, , +0.5(1 = pg, ),

52775 = _0'75p52,t + 05(1 - pﬁz,t)?

wr = —1.8pm, +0.2(1 — p, ),

St = _O'7p§t =+ 03(1 - p(t)?

where the random variables p,, , pv,, Pe; > P¢; 4+ P, and
pe, obey Bernoulli distributions

P{pw, =1} = 0.5, P{p,, =1} = 0.65,

P{pe,, =1} =06, P{p.,, =1} =0.25,

P{pe,, =1} =0.25, P{pg,, =1} =04,

P{pe, =1} =01,  P{p, =1} =0.3.
Moreover, the 2nd, 3rd and 4th-order moments of the
involved random sequences are given in Table 1.

Based on the aforementioned parameters, (30)-(31) and
(35), the quadratic filtering algorithm is employed to es-
timate x;, and the associated simulation results are de-
picted in Figs. 1-6. Specifically, Figs. 1-2 illustrate the



trajectories of x1+ and x2 ., along with their estimates
%14 and 29 ;. From these figures, it can be observed
that the proposed filter aligns closely with the actual s-
tates, from which we notice that the proposed filter can
follow the actual states closely. To underscore the supe-
riority of the devised quadratic filtering approach, com-
parisons of the filtering error covariances between the
quadratic and linear filters (the latter utilizing only z;)
are presented in Figs. 3-4. Moreover, Figs. 5-6 showcase
the Mean Squared Error (MSE) trajectories of both the
quadratic and linear filters. It is clear from the graphs
that the covariance/MSE trajectories of the linear filter
consistently exceed those of the quadratic filter, further
attesting to the enhanced filtering accuracy of the pro-
posed quadratic method.

0 10 20 30 40 50 60 70 80 90 100

Fig. 1. x1,+ and its estimation &, 4,

0 10 20 30 40 50 60 70 80 90 100

Fig. 2. w2+ and its estimation Z3

5 Conclusions

This paper has tackled the quadratic filtering chal-
lenge for linear stochastic systems influenced by the
dynamical bias, an amplify-and-forward relay, and non-
Gaussian noises. Random transmission powers of the
amplify-and-forward relay have been represented us-
ing two series of random variables. Utilizing the state
augmentation method, an augmented system has been
constructed, encapsulating high-order moments of the
implicated random variables. From this foundation, a
recursive quadratic filter has been established, and the

Quadratic filter
— Linear filter

0 10 20 30 40 50 60 70 80 90 100

Fig. 3. Comparisons of filtering error covariances between
the quadratic filter and the linear filter for x1 ¢

0.09 T T T

Quadratic filter
0.08 Linear filter

0 10 20 30 40 50 60 70 80 90 100

Fig. 4. Comparisons of filtering error covariances between
the quadratic filter and the linear filter for xs ¢

0.14 T T T

Quadratic filter
Linear filter

0 10 20 30 40 50 60 70 80 90 100

Fig. 5. Comparisons of MSEs between the quadratic filter
and the linear filter for =i ;

filtering error covariance has been derived and then
minimized through designing the optimal gain matrix.
In the subsequent sections, the filtering error covari-
ance’s lower and upper bounds have been computed.
Concluding the study, numerical simulations have been
presented to validate the efficacy of the formulated
quadratic filtering approach. For upcoming research,
the developed quadratic filtering results would be ex-
tended to more general systems, such as multi-sensor
systems and complex networks.
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Fig. 6. Comparisons of MSEs between the quadratic filter
and the linear filter for zs

6 Appendix
6.1 Proof of Lemma 4

Proof: Utilizing the expression of Wy, we compute Ry,
as follows:

E{ By, w! BT} E{Byit, ()T}

Rw, = .
E{ww{ B}  E{w.w{}

] . (51)

For the first term E{B,@,w! BT}, we have

E{B,d,a7 BT} - B, | " i) 0(2) BT. (52)
0 st(eg,)
For the second term E{ By, @T }, we derive
E{B, @7} :E{Et@ [S*ms (4,7, ® By
+ Bl - ¢f§3>r}
= B/E{ ()" (BT (53)

where the conclusion that Z; is uncorrelated with @; has
been utilized.

Recalling the definition of w;, we can easily see that
E{w.wy }
:]E{Sn+n€ (Atftilf,trA (24 Btwt ATB’T)SZ;_,’_,”
2] L2, =2 2] (2 502
+ Ba (@) (B - B o) (05" (B
+ Sym{gmns (A @ Byy) ()T (BT
— Sppn. (AT ® Etwt)(cﬁf,?f)T(Et[Q])T}}
which, together with the properties of #; and w;, leads
to RWQQJ .

(54)

Similarly, we have

v, = (55)

]E{U{Ut } E{ﬁtﬁf}
E{o:07 } E{oiof } |
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For the sake of simplicity, we denote

\/—\/— 1)11)

In light of @, and (8), it is not difficult to derive that
EB{#,0] } =0?E{y?V,®,Ciapaxl CTOTTTY
+02m P12 0,0,D,E{v,0 } DI T 0T
+ O2E{m, Vo] O} + E{as! ). (56)

A tedious algebraic manipulation of (56) yields Ry 11,
Taking @, and ¥ into account, the term E{,%] } can be
expressed as
. T
E{7,57} :E{ﬁt [ss(otft ® ) + 7 — ¢g>] }
—E{5,(C,& @ )" 5T} + E{w, ()7}
2)
—E{5 (7)) (57)
Since Z; is uncorrelated with ; and E{¢}} = 0, (57)
reduces to
E{ﬁtﬁ?} =9§’m§1)f§1)E{72\11t<1>tCtxt(:v?})T
2] 1 [2] ~[2 G S 2
x (WP CPTYST + E{m (@)} (58)
(2]

A combination of ¥;” = ¥; ® ¢; and the properties of
Kronecker algebra leads to

17t[2] éotZ,ytZ\I,?]q)?]Ct[?] (2] + 02m,l, \IJ[Q]CI)[ ]D[Q] [2]
+02m 0P 4 P 4 SS{(9t%‘I’tq’tCt$t)
® (0v/m V10 @, Dyvy) + 0/, ¥y @
071V P, Cravy) @ (Opn/m, W yoy)
\/Et\/—tqjtq)tDtvt) @ (Oiv/m, Wy oy)
0,7/ m V19D, Dyvy) @ <

+(
(0
(
(02 V@ Cra) @ Ct}

+
+
+ (59)
Therefore, we have
{5 (57")7} =E{0{+} ¥ @ Ce(v PHT e Pefc)Ty
+ E{ofmf I ‘I’t‘thtUt(U?] (P el DTy
+E{0)m] Uy ()T (07
+E{s(s)T)
and reorganizing the above formula results in Ry 12 ;.

On the other hand, E{#,o] } is calculated as

(60)

E{#5] } =5, E{(@ft ® )(Cody © 7)" ST
+ P 7Y - o (650"
+ Sym{E{S (Coity @ T) (5T}
—~E{5,(Cid 0 7)(63) "} }



:S’SE{(Ctxt;v 7 & (ataf)}sg
+E{57 (577} — 02 (62"
+ Sym{E{gs(étft ® ﬁt)(aE])T}}. (61)
Furthermore, it is straightforward to derive that

E{ (Cia] ) @ (5 ) §

6‘ Y1 t(mgl)ﬂl)) t2 @£2]C£2]St(¢(4))(\11[2](1){2]01{2])T
+ 02 (VY2 (0,0, Cust (02 CT DT W)
® (93m§2)ﬁ2)\1/t‘1>tDtst(¢§f )Df el v}

+02mP Wit UT + st(62))), (62)
(b 2 _ 92X \I]t @[2]0[2]¢ 2) + 6.2 - 2)\1,[2]¢

+ oI u e D + 62, (63)

and

E{(Cy @ ) (7))

s e

+ 0ixe PR P o (6T (Wl o D)

+ 0ix7 0O PP (02T (W)

+ 01 X6t [(\I]tq)tCtSt((b 2))CT‘I’T‘I’T) (\Iftfthtst(qS( ))

x DI ST W ST] + 0/ x7, [(0:2,Crst(¢P))CF @ W)
® (Uist(02))7)ST]. (64)

For the term E{vt (
E{5 (07)7}
=E{ 017w ol ool ()T ()T (@) (w )T
+0im2e P o D (0T (DT (@) (w )T
+0im v (@) (0 + ()
+ 38, ((ot V20,8, Crayal CTOTUT) © (02myly W, B, Dy
x vv] DY @7 U]) + (0777 ¥, @, Cyayzf CF ] U))
® (07 m Uy () TV ) + (07770, @,y CF W]
® (st ) + (07myly U@, Dyvpol DF O U] @ (si6])
+ (0?2m4, Y, @, Dyvpol DI OTOT) @ (02my Vo] W)
+ (07m Vmr] UF) @ (s )) ST
- Sym{92’7t2\11[2] o2 PPl (02m, 1,0 P 0P Dy

) }, we have

E] )T

e e
+0im? v Cfe P%w?]) ()"
+ 94 lt\ll[z]fb[ ]D[ ] ](w?])T(\P?])T

+602m, 1, 0P o2 p? (65)

[2
Uy
TCOMs
Substituting (62)-(65) into (61) yields Ry a2+, and this
ends the proof. |
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