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ABSTRACT For future wireless networks, including 6G, the ability to accurately model and predict network
behaviour is essential for meeting stringent quality of service (QoS) requirements. This paper addresses
a critical need in future wireless communication systems, particularly for 6G networks, by providing a
comprehensive mathematical framework for modelling network geometry in regular cell deployments.
Accurate modelling of network geometry is essential for ensuring high QoS and precise localization. While
both regular (e.g., square) and irregular (e.g. Poisson Point Process (PPP)) cell-deployment models have
been studied, regular deployments, which are crucial for wireless and optical wireless communications
(OWC), have received less attention. This paper proposes a mathematical framework to analyse the distance
distribution in various regular cell deployments, including line, square, and hexagon configurations. It derives
the probability density function (pdf) of the horizontal (2D) and vertical (3D) distances between a user
equipment (UE) and the closest node. The framework reveals inaccuracies in previous assumptions made
in the literature regarding distance distribution. The exact pdf of the 2D distance between a randomly
located UE and the closest node is derived, considering parameters such as inter-node distance and system
dimensions (e.g., width). The framework is extended to study the 3D distance, accounting for both fixed and
random height differences between the UE and nodes. The coverage probability (CP) is also derived using
the proposed framework, providing a more accurate representation of network performance. The results
confirm the accuracy of the proposed analysis and compare it with existing works in the literature. The
paper highlights that some of assumptions in these works lead to significant errors, such as a 4dB error in
signal to noise ratio (SNR) in square deployments. The proposed framework offers a more precise approach
to capturing the system characteristics, leading to better network planning and performance optimization.

INDEX TERMS Coverage probability (CP), distance distribution, hexagon deployment, line deployment,
optical wireless communications (OWC), regular deployment, signal to noise ratio (SNR), square
deployment.

I. INTRODUCTION
Cell deployment models are extensively used to model dif-
ferent cellular networks and optical wireless communications
(OWC) in indoor and outdoor environments. Both regular
(e.g. square model) and irregular (e.g. passion point process
(PPP)) cell-deployment models are used for addressing
different aspects such as system design, system performance,
localisation and coverage. The irregular cell-deployment
model has received significant attention due to its tractability
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and suitability for some of the practical scenarios [1], [2],
[3], [4], [5], [6], [7], [8], [9], [10], [11]. The irregular model
is often used to capture some of the randomness in network
geometry due to certain infrastructure constraints [12]. How-
ever, it is not suitable for all real-world cell deployments [13].
For instance, many real scenarios, such as outdoor and
indoor environments (e.g., OWC systems), are more likely
to exhibit regular patterns, as these have been proven to
offer better performance where infrastructure constraints are
relaxed [14], [15]. Although regular deployments are widely
popular in literature and system design, limited work has
been done to accurately model the distance distribution
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and the impact of network geometry on various system
aspects. Most papers studying system parameters in regular
cell deployments have not precisely captured the effect
of network geometry (e.g., distances). They typically rely
on simplified models and/or simulations to incorporate the
network geometry’s impact on system performance. This
paper aims to fill this gap by providing an accurate model
that captures the effect of network geometry on system
performance in different regular deployments.

Most of studies addressing different aspects in wireless
communications have used three approaches to model the
distances between a UE of interest and the nodes in regular
cell deployments. In the first approach, it is assumed that the
UE is located at a fixed distance from the serving node [19],
[20], [21], [22]. For instance, the authors in [19] highlighted
the capabilities of light-fidelity system (Lifi). It was shown
that scalability is considered as one of the main features
in this system for short and long-range communications
when the distance between the transmitter and receiver
was assumed to be fixed. In [20], a new access scheme
was proposed in which the frequency-division multiple
access for the uplink is considered to collect medical data.
The performance of the proposed scheme was analysed
for a fixed distance (e.g. 3m) between the receivers and
transmitters. In [21], the trade-off between the energy and
spectral efficiency was investigated in non-linear orthogonal
frequency-division multiplexing (OFDM) system of visible
light communications (VLC). The authors tried to capture
the impact of different system parameters (e.g. network
geometry) on the system performance. However, the distance
distribution was not taken into consideration. In [22] the
co-channel interference in one and two-dimensional Lifi
networks was investigated by taking into consideration the
inter-cell distance (d) and field of view (FOV) when the
distance between a UE of interest to the serving node is fixed.
Although this approach can show the impact of other system
parameters on the system performance, it offers very limited
insights regarding the locations and network geometry.

In the second approach, simulation tools have been used
to address the regular cell-deployments [23], [24], [25], [26],
[27], [28], [29], [30], [31], [32], [33], [34]. Different system
performance aspects have addressed in regular deployments.
For instance, the achievable rate, power allocation, inter-
ference management and the channel gain difference have
been addressed in the VLC systems [23], [24], [25], [31].
The hybrid Lifi and wireless fidelity (Wifi) networks have
also received attention where different aspects have been
addressed such as mobility and load balancing [26], [28],
[29], [30], and energy efficiency [27]. Furthermore, a system
performance comparison between the regular and irregular
cell deployments were presented by using simulations to
avoid analysis complexity [32], [33], [34]. The drawback of
this approach is the modelling limitations, and the results of
simulations can sometimes be difficult to interpret, especially
if the system’s behaviour is highly non-linear or involves

many interacting components. It can be challenging to isolate
the effects of individual parameters or fully understand the
underlyingmechanisms.While simulations are used to model
complex systems and provide numerical results based on
repeated runs or varying conditions, they sometimes fail to
clearly present the underlying assumptions. This contrasts
with mathematical modelling, where readers can validate the
analysis and assumptions made. We recognize that providing
mathematical models is not always feasible due to the
complexity of analysis. However, our goal is to offer a math-
ematical model to study one of the key parameters in wireless
communication systems—the distance distribution in regular
deployments. This model could serve as a foundation for
accurately studying various distance-dependent parameters
and aspects of wireless communication.

The third approach included making some assumptions
regarding the distances to the serving nodes [12], [15], [35],
[36], [37], [38]. In these studies, mathematical models were
proposed to address number of important aspects in cellular
and OWC networks such as the system performance, rate and
coverage, optimising the inter-node distance and quality of
coverage in regular cell-deployment (mainly hexagon, square
or line deployments). However, these studies assumed that
the shape of the cell is disc and the probability density
function (pdf) of the distance to the closest node is fR(r) =

2r/R2max for two-dimensional deployment (hexagon- and
square-deployment) [12], [15], [36], [38] and fR(r) = 2/Rmax
for one-dimensional deployment (line-deployment) [35], [37]
where Rmax = d/2 and d is the inter-node distance. Fur-
thermore, [37] assumed that the pdf of R in two-dimensional
deployment (hexagon-deployment) is obtained by fR(r) =

12r/d2
√
3. Although, these studies addressed either square

or hexagon-shaped cells, they assumed that the shape of
the cell is a disc when modelling the distances between
the UEs and nodes. As a result, the pdf of the distance
becomes a linear function. In fact, the pdf of the distance
in a regular shape (non circle) is not a linear function as
shown in Figure 1. The disc-shaped cell assumption ignores
the fact that the UEs can also be located at the cells’ edges
which may cause misleading information when studying the
system performance and system design. UEs located at the
edges of cells typically experience performance degradation
due to reduced signal strength, increased interference, and
inefficient mobility management. Therefore, employing an
accurate model is crucial for system design and optimization.

Furthermore, the studies addressing one-dimensional
deployment (line-deployment) did not take into consideration
the impact of other system parameters on the distribution
of the distance. For instance, the width of the environment
(w) was not taken into account when deriving the pdf of
the distance to the closest node. Ignoring the width of
the environment (w) causes inaccuracy regarding the UEs’
locations as it will be shown later in this paper.

On the other hand, the three-dimensional (3D) distance,
which often refers to the actual spatial separation between
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FIGURE 1. Simulation. pdf in square model shows the pdf of the distance
between randomly located UE and the nearest node where the node
inter-distance (d ) is 10. pdf in line model shows the pdf of the distance
between randomly located UE and the nearest node where the node
inter-distance (d ) is 10 and the width of environment (w) is 5.

a transmitter and a receiver considering differences in
horizontal and vertical distances, is crucial for calculating
signal attenuation and system performance. The 3D distance
has often been neglected in wireless communication systems
due to the significant difference between cell size and height
variation. However, in dense networks and indoor wireless
systems (e.g., OWC), the 3D distance cannot be overlooked.
This is because considering only the horizontal distance
(or two-dimensional (2D) distance) in these environments
can significantly affect the accuracy of the analysis [18].
We also believe that any proposed model must account
for the characteristics of newly emerged technologies, such
as drones. For instance, drones can operate at varying
heights, making it crucial to factor in this dimension when
evaluating system performance. Some studies [12], [15],
[35], [36], [37], [38] have considered 3D distance to analyse
system performance, but these analyses were based on
the assumption of circular-shaped cells and fixed height
difference.

This paper addresses the need for accurate mathematical
models to fill the gaps left by existing methods and
approaches. Specifically, it proposes a comprehensive mathe-
matical framework that clearly demonstrates the relationship
between various system parameters, thereby addressing
some of the limitations associated with simulation tools
discussed earlier in the paper. Our work also considers
future trends in wireless networks, such as high densification,
as well as the inclusion of additional system parameters.
These trends and parameters have been partially or entirely
overlooked in many simplified models found in the literature,
leading to potentially misleading conclusions about system
performance. In this paper, we propose a framework to
derive the pdf of the horizontal distance to the closest node,
accounting for actual cell shapes, cell edges, and other
system parameters, such as the environment width (w) in line

deployments. This framework is further extended to derive
the pdf of 3D distance. Additionally, the coverage probability
(CP) is derived to illustrate the improvement in modelling
accuracy. To ensure accuracy, we derive the exact pdf for 2D
distance and extend this to 3D in two scenarios: one where
the height of the UE is fixed, and another where height is a
random variable. This approach supports various applications
and technologies in regular deployments.

The contribution is summarized as follows:

• We propose a framework to study the distribution of the
distance between any randomly located user equipment
(UE) to the closest node in a regular cell-deployment.
An exact pdf of the horizontal distance is derived in a
line cell-deployment by taking into consideration that
the UEs can be at the cell edges (the cell edges refers to
the boundaries or outer limits of cells). This framework
also considers other system and environment parameters
such as the node inter-distance d , height of UEs h and the
width of the environment w.

• Similarly the exact pdf of the horizontal distance
between the UE of interest and the closest node
is derived in a S-sides cell-deployment (e.g. square,
hexagon) where S represents the number of sides
that the shape of cell has. For instance, the results
become the exact pdf of the distance in square and
hexagon shaped-cells if the S parameter is set to 4 and
6 respectively. The results in our paper match the
pdf of the distance in the circular-shaped model when
assuming the maximum distance between the UE and
the closest node is half of the inter-node distance (d/2)
and the S parameter is ignored. This aligns with the
assumptions made in many studies in the literature.

• Due to the importance of the 3D distance in dense and
indoor environment, the results are extended to address
and derive the exact pdf of the 3D distance between a
randomly located UE and the closest node in different
regular cell deployments.

• In order to confirm the analysis of this paper and
to provide a more accurate representation of network
performance in the OWC system, CP is derived by using
the proposed framework. CP in OWC system is defined
as the probability that the received signal to noise ratio
(SNR) at a receiver location is above a certain threshold.

The rest of this paper is structured as follows: Section II
describes the system model and derives the pdf of 2D
distance in regular deployment models. The pdf of 3D
distance is derived in Section III. In Section IV, the coverage
probability in OWC system is investigated. The accuracy of
our analysis is validated through simulations in Section V.
In Section VI, an overview of future research directions is
provided. Conclusions are drawn in Section VII.

II. SYSTEM MODEL
Consider UE of interest randomly located within the system.
This paper examines the distance distribution in regular cell
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FIGURE 2. Regular deployments. (a) line deployment, (b) square
deployment and (c) hexagon deployment.

deployments, focusing on line, hexagonal, and square-shaped
cells due to their practical importance. For instance, line
deployments are particularly relevant for practical applica-
tions such as trains and long corridors (e.g., metro stations,
hospitals). We assume that the inter-node distance, which
is the distance between any neighbouring nodes, is denoted
by d . The width of the environment (e.g., the width of
trains or corridors) is represented by w, and the height
difference between the level of UEs and the level of nodes
in the system is denoted by h, as illustrated in Figure 2.
Since the UE is randomly distributed within the system,
the distance to the closest node is a random variable.
Determining the exact distribution of this distance requires
careful consideration of several system parameters. The
most relevant parameters include the horizontal distance (2D
distance) R, the inter-node distance d , the environment width
w, and the height difference h. The horizontal distance R
between the UE and the closest node (or the serving cell) can
be expressed as:

R = ∥U −N0∥ (1)

where ∥.∥ represents Euclidean distance and, U and N0 rep-
resent the location of UE and the location of the closest node
at the UE’s level respectively. The next Definition is used to
derive the 2D distance in regular deployment models.
Definition 1: LetA be the total area of interest and centred

at Y . The cumulative distribution function FX (x) is the
probability that a randomly chosen point lies within a radius
x. This is the ratio of the total disc area D(Y ,X ) inside A to
the total area of interest A:

FX (x) = P(X ≤ x)

=
D(Y ,X ) ∩A

A
where D(Y ,X ) is the disc with radius X and centred at Y .

FIGURE 3. Line deployment. First area where UE is located at distance R
and R ≤ w/2.

A. LINE MODEL
First, we consider the line deployment where the node
inter-distance is represented by d and the width of the system
area is represented by w as shown in Figure 2(a). Figure 1, 3,
4 and 5 show that the distance between UE and the closest
node N0 takes any value in the range (0 ≤ R ≤ m)
where m =

√
d2/4 + w2/2. Before deriving the pdf of

the 2D distance in the line deployment, the distribution of
the 2D distance in different areas of the cell needs to be
investigated.

Assume that d > w, from observation, the cell of interest
can be divided into three areas. The first area is where UE
located at distance R and R ≤ w/2 as shown in Figure 3.
From Definition 1, the probability of UE being at R distance
where R ≤ w/2 can be interpreted as the ratio of area of
the disc D(N0,R) to the total cell area Ac where D(N0,R) is
the disc of radius R and centred at the location of the closest
node N0:

F (1)
R (r) =

A1R(r)
Ac

=
πr2

Ac
0 ≤ r ≤

w
2

(2)

whereAc = dw is the total area of the cell andA1R is the area
of the disc D(N0,R). UE can also be located in the second
area when R is greater than w/2 and, equal or smaller than
d/2 (w/2 < R ≤ d/2) as shown in Figure 4. In order to find
the distribution of R in the second area of the cell, the outside
area (AO2) needs to be obtained. AO2 is defined as the area
belongs to the ring R(N0,w/2,R) that does not belong to the
area of cell of interest (Ac), where R(N0,w/2,R) is the area
of the ring centred atN0,w/2 is the inner radius,R is the outer
radius (w/2 < R ≤ d/2).

AO2 ∈ R(N0,w/2,R), AO2 /∈ Ac (3)
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FIGURE 4. Line deployment. Second area where UE is located at distance
R and w/2 < R ≤ d/2.

Assume a2 is the area bounded by the points P1, P2 and
P3 as shown in Figure 4. a2 can be obtained by:

a2 =
απR2

360
−

w
√
R2 −

w2

4

4
(4)

where απR2
360 is the area of sector S(N0,R, α) centred at

N0 with radius R and angle α, α = cos−1( w2R ) obtained from

the triangle T(N0,P1,P2) and
w

√
R2−w2

4
4 represents the area

of triangleT(N0,P1,P2). The outside areaAO2 can be found
as:

AO2 = 4 a2 (5)

The probability of UE located at distance R where w/2 <

R ≤ d/2 can be obtained by:

F (2)
R (r) =

A2R(r)
Ac

=
πr2 −AO2 −A1

Ac
(6)

where A1 =
πw2

4 is the maximum value of the first area.
Similar to the second area, we need to obtain the outside
area AO3 in order to find the probability of UE located in
the third area. AO3 is defined as the area belongs to the ring
R(N0, d/2,R) that does not belong to the area of cell of
interest (Ac), where R(N0, d/2,R) is the area of the ring
centred at N0, d/2 is the inner radius, R is the outer radius
(d/2 < R ≤ m) and m =

√
d2/4 + w2/4. UE is in the third

area at distance R where d/2 ≤ R ≤ m as shown in Figure 5.

AO3 ∈ R(N0, d/2,R),AO3 /∈ Ac (7)

Assume that a31 is the area bounded by points P1, P2 and
P3 as shown in Figure 5. a31 can be obtained by:

a31 =
απR2

360
−

w
√
R2 −

w2

4

4
− max a2 (8)

FIGURE 5. Line deployment. Third area where UE is located at distance R

and d/2 < R ≤

√
d2/4 + w2/4.

where απR2
360 represents the area of sector S(N0,R, α) centred

at N0 with radius R and angle α, α = cos−1( w2R ) obtained

from the triangle T(N0,P1,P2) and
w

√
R2−w2

4
4 represents the

area of T(N0,P1,P2). max a2 represents the maximum area
that a2 can take. From Eq. (4), a2 is 0 when R = w/2 and
it becomes maximum when R = d/2. Therefore, max a2 can
be obtained by:

max a2 =
cos−1(wd )πd

2

1440
−

w
√

d2
4 −

w2

4

4
(9)

Furthermore, a32 represents the area bounded by points P4,
P5 and P6 as shown in Figure 5. a32 can be obtained similar
to a31:

a32 =
βπR2

360
−

d
√
R2 −

d2
4

4
(10)

where βπR2

360 represents the area of sector centred at N0 with
radius R and angle β (S(N0,R, β)), β = cos−1( d2R ) obtained

from the triangle T(N0,P4,P5) and
d
√
R2− d2

4
4 represents the

area of T(N0,P4,P5). The total outside area AO3 can be
expressed by:

AO3 = 4 (a31 + a32) (11)

The probability of UE located at distanceRwhere d/2 ≤ R ≤

m can be obtained by:

F (3)
R (r) =

A3R(r)
Ac

=
πr2 −AO3 −A2 −A1

Ac
(12)

where A2 = πr2 −AO2 −A1 at r = d/2.
The pdf of the distance R in a line cell deployment is

obtained in the next Theorem.
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Theorem 1: The pdf of the distance between UE and the
closest node (R) can be obtained by:

fR(r)

=



2πr
Ac

ζ1

1
Ac

(
2πr −

πr
45

cos−1 ( q
2r

))
ζ2

1
Ac

(
2πr −

πr
45

(
cos−1 ( q

2r

)
+ cos−1 ( b

2r

)))
ζ3

(13)

where ζ1 represents 0 ≤ r ≤
q
2 , ζ2 represents q

2 < r ≤
b
2 ,

ζ3 represents b
2 < r ≤ m, Ac = qb, m =

√
q2/4 + b2/4,

q = w and b = d if d > w, and q = d and b = w if w > d .
Proof:See Appendix A

B. S-SHAPED MODEL
The two dimensional deployments such as square and
hexagon are vital of importance in the other indoor and
outdoor applications. Next, S-shaped cells are addressed
where S represents the number of sides that each cell has.
For instance, in the square deployment model each cell has
4 sides. It is assumed that the all inter-node distance are equal
and represented by d . The pdf of distance in cells of S-sided
shape is obtained in the next Theorem.
Theorem 2: The pdf of the distance between UE and the

closest node (R) in S-sided shape model can be obtained by:

fR(r) =


2πr
Ac

0 ≤ r ≤
d
2

πr
Ac

(
4 −

S cos−1
( d
2r

)
90

)
d
2
< r ≤ m

(14)

where Ac = SLsn/2 is the total cell area, S is the number of
sides that the shape has (e.g. the square has 4 sides and the
hexagon has 6 sides), Ls is the length of one side, n is the
apothem.
Proof: The pdf of R can be obtained by the derivative of the

cdf:

fR(r) =
d
dr
FR(r) (15)

Consider a square model and similar to line model, the area
of the cell can be divided into two areas. For instance, when
the node inter-distance is d , the first area forms a disc centred
at N0 with radius of d/2. From Definition 1, the probability
that UE is located within an area of circle with radius Rwhere
0 ≤ R ≤ d/2 can be expressed as:

FR(r) =
πr2

Ac
(16)

where Ac = d2 is the total area of the cell. Furthermore, the
UE can also be located in the second area at distance R from
the closest node where d/2 < R ≤ m and m is the distance
between the node and any vertex (for instance, m = d/

√
2

when the shape of the cell is square). From Definition 1, the
probability that UE located at distance R in the second area
is:

FR(r) =
πr2 −A1 − AO2

Ac
(17)

where A1 = πd2/4, AO2 = 8 a2 and a2 is obtained similar
to Eq. (4). The cdf of R can be represented mathematically:

FR(r) =


πr2

Ac
0 ≤ r ≤

d
2

πr2 −AO2 −A1

Ac

d
2
< r ≤ m

(18)

the pdf of R is obtained by the derivative of the cdf. When
considering S-sided shape model, The results in Eq. (14) is
reached. ■

1) SPECIAL CASES
The result in Eq. (14) is the pdf of the distance between
a random point and closest node in S-sided model. Below
are some of the important special cases for the practical
scenarios:

• When 0 ≤ R ≤ d/2, the results represents the pdf of the
distance in a cell of circle shape with radius of d/2. The
pdf of the distance to the closest node is simplified to:

fR(r) =
2πr
Ac

(19)

whereAc = πd2/4 is the area of the disc. The results in
Eq. (19) are equivalent to the pdf of R used by different
studies in literature [12], [15], [36], [38].

• When S = 4, the results in Eq. (14) represent the pdf of
the distance in the square model:

fR(r) =


2πr
Ac

0 ≤ r ≤
d
2

4πr
Ac

(
1 −

cos−1
( d
2r

)
90

)
d
2
< r ≤ m

(20)

where Ac = d2 is the area of the cell and m = d/
√
2.

Note that the results in Eq. (20) also represent the pdf of
distance in line model when d = w.

• When S = 6, the results in Eq. (14) represent the pdf of
the distance in hexagon model:

fR(r) =


2πr
Ac

0 ≤ r ≤
d
2

2πr
Ac

(
2 −

cos−1
( d
2r

)
30

)
d
2
< r ≤ m

(21)

where Ac = 3
√
3d2/8 is the area of the cell and m =

√
3d/4.

Note that the results in (14) represent the distance
distribution for any regular shape, including cases where
S > 6. However, two special cases—when S = 6 and
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FIGURE 6. 3D distance.

S = 4—are highlighted due to the practical importance of
these shapes.

III. 3D DISTANCE
For simplicity, the 3D distance between UE and the nodes is
ignored when studying cellular systems due to the significant
difference between the cell size and the node height in
low density networks. However, the distances to cells are
shortened significantly in dense networks. Therefore, it is
essential to address the 3D distances when addressing
dense networks such as small cells networks and indoor
OWC [18]. In this section, the results in the previous section
is extended to derive the pdf of 3D distance in regular
cell-deployments.
Definition 2: Let X be a random variable with pdf fX (x).

If we have transformation Y = g(X ), where g is a function,
then the pdf of Y can be found:

fY (y) = fX (g−1(y))
∣∣ d
dy
g−1(y)

∣∣
where fY (y) is the pdf of the transformed random variable Y ,
g−1 is the inverse function of g and

∣∣ d
dyg

−1(y)
∣∣ is the absolute

value of the derivative of the inverse function evaluated
at y.
Theorem 3: The pdf of 3D distance between UE and the

closest node in the line model is obtained by:

fZ (z) =



2πz
Ac

ζ1

zπ
Ac

(
2 −

1
45

cos−1 (
2κq

))
ζ2

zπ
Ac

(
2 −

1
45

(
cos−1 (

κq
)
+ cos−1 (

κb
)))

ζ3

(22)

where κq =
q

2
√
h2−z2

, κb =
b

2
√
h2−z2

, ζ1 represents h ≤

z ≤

√
h2 +

q2
4 , ζ2 represents

√
h2 +

q2
4 < z ≤

√
h2 +

b2
4 ,

ζ3 represents
√
h2 +

b2
4 < z ≤

√
h2 +

b2
4 +

q2
4 , q = w and

b = d if d > w, and q = d and b = w if w > d .

Proof: See Appendix B
In some scenarios, the height difference between the UEs

and nodes is not fixed. For instance, flying drones can be at
different heights. Next, the pdf of 3D distance is obtained
when the height difference is randomly distributed.
Definition 3: Let W = g(X ,Y ) be a function of

two random variables X and Y with pdf fX (x) and fY (y)
respectively. W is also a random variable with pdf of fW (w)
and is obtained by:

fW (w) =
d
dw

Fw(w)

where FW (w) is the cumulative density function of W and
obtained by:

FW (w) = P(W ≤ w)

= P(g(X ,Y ) ≤ w)

=

∫ ∫
fX ,Y (x, y)dxdy

where fX ,Y (x, y) is the joint pdf of X and Y .
Theorem 4: The pdf of the 3D distance between UE and

the closest node when the height difference is a random
variable, is obtained by:

fZ (z)

=


4πz2

Achdif
ζ1

2πzπ
Achdif

(
4z−S

( zπ
2

−
2z2

d
E(sin−1(

d
2z

),
d
2z

)
))

ζ2

(23)

where hdif = hmax − hmin, ζ1 represents hmin ≤ z ≤√
d2
4 + h2dif , ζ2 represents

√
d2
4 + h2dif < z ≤

√
d2
2 + h2dif ,

hmin is the minimum height, hmax is the maximum height and
E(.) is the incomplete elliptic integral of the second kind.
Proof: See Appendix C

IV. COVERAGE PROBABILITY IN OWC
In this section, we use the proposed framework to derive the
CP in different deployments of OWC. The CP in an OWC
system can be defined as the probability that the received
signal to noise ratio (SNR) at a receiver location is above a
certain threshold (γ ). Mathematically, it can be expressed as:

CP = P(SNR ≥ γ ) (24)

where SNR represents the signal to noise ratio and can be
calculated by:

SNR =
Pt (µ+ 1)Adet cosµ(φ) cos(ψ)GconTs

2πZ2NB
(25)

where Pt represents the transmitted optical power by indi-
vidual LED, µ = −log10(2)/log10(cos(θ)) is the Lamertian
order of emission, θ is the semi-angle at half power, Adet
is the detector physical area, φ and ψ are alignment of
the transmitter and receiver, Gcon is the gain of an optical
concentrator, Ts is gain of an optical filter, Z =

√
R2 + h2
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is the 3D distance between the transmitter and receiver, R is
the 2D distance, h is the height difference, B is the system
bandwidth, and N is the noise power spectral density. When
cos(φ) = cos(ψ) = h/Z , the received SNR is expressed by:

SNR =
Pt (µ+ 1)Adethµ+1GconTs

2πZµ+3NB
(26)

Incorporating the 3D distance significantly impacts the SNR,
especially in dense indoor environments where the height
difference between transmitters and receivers can no longer
be ignored. This is particularly relevant in scenarios with
ceiling-mounted transmitters and ground-level receivers.
Ignoring the height difference in such cases can lead to
substantial performance discrepancies. The 3D distance
affects both the path loss and the received signal strength,
as shown in Eq. (26). This can degrade the SNR, coverage,
and overall system performance. The error in path loss in dB
can be expressed as:

PLerror = 10 log10
(
Zµ+3

)
− 10 log10

(
Rµ+3

)
= 10

(
µ+ 3

)
log10

(Z
R

)
= 10

(
µ+ 3

)
log10

(
1 +

( h
R

)2)
(27)

The final result is derived from the relationship Z =√
R2 + h2. This demonstrates that the path loss error is

negligible when R is much larger than h, but becomes
significant when R is comparable to h. For instance, if h/R =

1/10, the error is as low as 0.15dB. The error increases to
10.8dB when h/R = 1. Overlooking the 3D distance leads to
an overestimation of the SNR and errors in the overall system
performance, particularly in dense and indoor environments.
Therefore, CP is obtained by:

CP = P
(
Pt (µ+ 1)Adethµ+1GconTs(BN )−1

2πZµ+3 ≥ γ

)
= P

(
Z ≥

( 2πγ
Pt (µ+ 1)Adethµ+1GconTs(BN )−1

) −1
µ+3

)
= FZ

(( 2πγ
Pt (µ+ 1)Adethµ+1GconTs(BN )−1

) −1
µ+3

)
(28)

According to Eq. (25), CP is function of Z which is the
3D distance between the UE and serving node. Since Z can
be represented in terms of R (Z =

√
R2 + h2), CP can be

represented in terms of Z as shown in Eq. (28) or in terms of
R as shown in Eq. (29):

CP = FR

(√( 2πγBN
Pt (µ+ 1)Adethµ+1GconTs

) −2
µ+3

− h2
)

(29)

V. RESULTS
The results in this section demonstrate the accuracy of our
analysis, along with the impact of various parameters and
environmental characteristics. MATLAB is used to simulate
the distance distribution in different regular deployments. The
environment is assumed to be covered by a grid of cells

with regular shapes (square, hexagon, rectangle), as shown
in Figure 2. Nodes (or anchors) are located at the centres
of the cells at positions N1,N2, . . . . The inter-node distance
is set to d , the height difference is set to h, and the width
of the environment is set to w. The location of the UE is
randomly chosen within the system repeatedly, and each
time, the distances to the nodes are calculated based on
the UE’s current position. The distances to all nodes in the
system, when the UE and nodes are assumed to be on the
same plane (h = 0), are denoted as R1,R2, . . . , where
R1 = |U − N1|. The distance to the closest node is given
by R = min(R1,R2, . . . ), and the closest node N0 is the
one with the minimum distance (R) to the UE’s location.
These distances are used to compute and plot the pdf of the
distances (both 2D and 3D) in different regular deployments.
2D distances (horizontal or R) are computed from the UE’s
position to the nodes, ignoring the height difference h, while
3D distances account for the height difference between the
UE’s and nodes’ planes. The 3D distance (Z ) is calculated
using Z =

√
R2 + h2. It is assumed that the physical area of

the detector is Adet , the optical filter and concentrator gains
are Ts and Gcon respectively, the transmit power for each
node is Pt , the semi-angle at half power is θ , the system
bandwidth B, and the noise power spectral density is N .
The received SNR at the UE’s location is calculated using
Eq. (26). Note that Sim represents the results obtained from
simulations, Exact Form (EF) refers to the results derived
using the proposed framework in this paper, and AssumX
represents the results based on assumptions made in previous
studies when considering Xmodel (note, X takes a value of L,
S or H when the model addressed is line, square or hexagon
model). The table below summarizes the various parameters
used, unless otherwise specified.

Simulation Parameters
Parameters Value
Noise power spectral density (N ) 10−20A2/Hz
Bandwidth (B) 20MHz
Semi-angle at half power (θ) 70◦

Transmitted optical power (Pt ) 10 Watt
Detector physical area (Adet ) 10−4m2

Gain of optical filter (Ts) 1
Gain of optical concentrator (Gcon) 1
Height difference (h) 3m
Corridor width (w) 2m
Node inter-distance (d) 4m

Figures 7, 8, 9, 10 and 11 show pdf and cdf of the 2D
distance to closest node R in the line model when d > w,
the line model when w > d , the square model and the
hexagon model. These figures confirm the analysis in this
paper and show a comparison between the actual distribution
of the 2D distance and some assumptions made in literature.
For instance, Figures 7 and 8 show that some papers assume
that R has a uniform distribution, however, it is not accurate
according to the simulation results. Furthermore, Figures 7

186810 VOLUME 12, 2024



A. Mahbas et al.: Distance Analysis in Regular OWC Deployments

FIGURE 7. The pdf of the 2D distance between UE and nearest node R in
line model when d = 2 w . Sim, EF and AssumL represent simulations,
exact form (our work) and assumption made by other papers respectively.

FIGURE 8. The pdf of the 2D distance between UE and nearest node R in
line model when w = 2 d . Sim, EF and AssumL represent simulations,
exact form (our work) and assumption made by other papers respectively.

and 8 show the pdf of R in the line model when d > w and
w > d respectively. It can be seen that the distribution of
R does not only depend on the inter-node distance (d) but
also on the system dimensions such as the width w. Some
papers have assumed that the pdf of R is solely a function of
d , which is not accurate, as shown in Figures 7 and 8. For
instance, Figure 7 shows that the maximum 2D distance is
around 2.2 m, while Figure 8 demonstrates that the maximum
2D distance can reach up to 4.5 m. Although the results in
both Figures 7 and 8 consider the same inter-node distance
(d = 4), different values of the environment width are
considered: w = 2 in Figure 7 and w = 8 in Figure 8.

The other drawback of the assumptions made in other
studies that the cell’s edge is ignored which affect the analysis
significantly as shown in Figures 7, 8, 9 and 10. Note
that the locations at the cell’s edge need more attention as

FIGURE 9. The pdf of the 2D distance between UE and nearest node R in
square model. Sim, EF and AssumS represent simulations, exact form (our
work) and assumption made by other papers respectively.

FIGURE 10. The pdf of the 2D distance between UE and nearest node R in
hexagon model. Sim, EF and AssumH represent simulations, exact form
(our work) and assumption made by other papers respectively.

these location are more likely to be subject to performance
degradation due to co-channel interference. Ignoring the
actual distance distribution and the fact that UEs can be
located at the cell’s edge, maywaste an important opportunity
to improve the system performance at the cell’s edge. For
instance, in Figure 9, the assumptions made in some of the
studies addressing square model suggest that the UE can not
be at distance greater than d/2. However, the simulation and
exact form results confirm that the UE can be located at
distance greater than d/2. Figure 11 shows the cdf of the
distance between the UE and the closest node in different
deployments. This figure provides a comparison between
various deployment types in terms of the expected distance
between the UE and its serving cell. It is shown that the
1D deployment (line model) is influenced by the value of
w, as explained earlier. Additionally, certain deployments
exhibit different distance distributions compared to others.
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FIGURE 11. The cdf of the 2D distance between UE and nearest node (R)
in line model when d = 2 w , line model when w = 2 d , square model
and hexagon model.

FIGURE 12. The pdf of the 3D distance between UE and nearest node (Z )
in line model when d = 2 w . Sim and EF represent simulations and exact
form (our work) respectively.

For instance, Figures 9, 10 and 11 demonstrates that hexagon
deployment can offer shorter distances to nodes compared to
other 2D deployments (e.g., square deployment), where the
2D distance in hexagon deployment varies within the range
[0, 2.2], while in square deployment, the 2D distance varies
within the range [0, 2.6] for the same inter-node distance
d = 4.
Figures 12, 13, 14, 15, and 16 show the pdf and cdf of

the 3D distance between the UE and the closest node in the
line model when d > w, the line model when w > d ,
the square model, and the hexagon model. These figures
also confirm the accuracy of our analysis by comparing
the exact form with the simulation results. It can be seen
that the distribution of the 3D distance differs from that
of the 2D distance due to the height difference. While
the height difference can be neglected when the cell area
is much larger than the height difference, the results in

FIGURE 13. The pdf of the 3D distance between UE and nearest node (Z )
in line model when w = 2 d . Sim and EF represent simulations and exact
form (our work) respectively.

FIGURE 14. The pdf of the 3D distance between UE and nearest node (Z )
in square model. Sim and EF represent simulations and exact form (our
work) respectively.

Figures 12, 13, 14, and 15 show that the height difference
must be considered in high-density networks. These figures
confirm the analysis presented in this paper, as indicated
in Eq. 27, which highlights the importance of incorporating
the 3D distance when evaluating system performance,
particularly in dense indoor environments where the height
difference between transmitters and receivers can no longer
be ignored. For instance, the minimum 2D distance is 0 m,
and the maximum 2D distances are approximately 2.2 m,
4.5 m, 2.8 m, and 2.3 m in the line model when d > w,
the line model when w > d , the square model, and the
hexagon model, respectively, as shown in Figures 7, 8, 9, 10,
and 11. However, Figures 12, 13, 14, 15, and 16 show that the
minimum 3D distance is 5 m, and the maximum 3D distances
are 4.58 m, 6.7 m, 5.7 m, and 5.5 m in the same models. This
is due to the significance of the height difference between the
UEs and nodes in comparison to the inter-node distance.
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FIGURE 15. The pdf of the 3D distance between UE and nearest node (Z )
in hexagon model. Sim and EF represent simulations and exact form (our
work) respectively.

FIGURE 16. The cdf of the 3D distance between UE and nearest node (Z )
in line model when d = 2 w , line model when w = 2 d , square model
and hexagon model.

Moreover, it is demonstrated that certain deployments can
offer shorter distances to the nodes or bring the UEs closer to
the network. For instance, Figures 14, 15, and 16 show that
although the inter-node distance is kept the same, the hexagon
deployment provides a shorter distance to the serving cell
compared to the square deployment. The maximum distance
in the hexagon model is around 5.5 m, while in the square
model, it is around 5.75 m for the same inter-node distance
(d = 4 m). Furthermore, Figures 12 and 13 confirm the
importance of considering other system parameters, such as
the environment width. The distance distribution is affected
when the value of w changes. The maximum 3D distance
increases from 5.4 m to 6.7 m when w increases from 2 m to
8m. Although the environment width has a significant impact
on the analysis, it has been ignored in most studies addressing
line deployment.

FIGURE 17. The coverage probability (CP) in 2D deployment (e.g. square)
and 1D deployment (line deployment). SimS (SimL), EFS (EFL) and
AssumS (AssumL) represent simulations in square deployment (line
deployment), our results in square deployment (line deployment) and
assumption made by other papers in square deployment (line
deployment) respectively.

Figure 17 presents a comparison of CP between our
work and previous studies. This figure shows the CP in
two different deployments: 2D deployment (e.g., square
deployment) and 1D deployment (e.g., line deployment). The
simulation results confirm the accuracy of the analysis in our
paper for both deployment types. They also highlight how
assumptions made in other studies can impact the accuracy
of the results. For instance, in 2D deployment (e.g., square
deployment), our findings demonstrate that 100% of the
system can achieve 74dB, whereas assumptionsmade in other
studies suggest that 100% of the system can reach nearly
78dB, representing an error of 4dB. These inaccuracies stem
from overlooking the distance distribution and the locations
at the cell edges. Specifically, these simplified models fail to
account for UEs located at the cell edges (i.e., the boundaries
or outer limits of cells), where performance degradation
occurs due to the increased distance from the node compared
to locations closer to the cell centre.

Additionally, our simulations and analysis show a signifi-
cant error in CP at 78dB, where only 80% of the OWC system
can achieve around 78dB. In contrast, simplified models in
other studies suggest that 100% of the system can achieve the
same performance.

This discrepancy arises because those studies overlook
the terminals located at the cells edges or boundaries of
cells. Specifically, they fail to accurately model the distance
distribution and account for terminals at the cell edges.
For example, in 2D deployment (e.g., square model), these
studies assume that the UE cannot be located at a distance
greater than d/2 from the serving cell. In reality, the UE can
be situated at a distance greater than d/2. Figure 9 shows
that according to some literature, the maximum distance the
UE can be is 2 m (when d = 4). However, our analysis
and simulations show that the maximum distance can be

VOLUME 12, 2024 186813



A. Mahbas et al.: Distance Analysis in Regular OWC Deployments

around 2.8 m. Furthermore, Figure 11 demonstrates that the
probability of the UE being 2 m or less away from the serving
cell is around 80%, while the probability of the UE being
located more than 2 m away is 20%. Ignoring distances
greater than 2 m and the distribution of these distances can
overestimate SNR and CP. UEs located at the cell’s edge
are more likely to experience performance degradation due
to their greater distance from the serving cells, resulting in
weaker received signal strength.

In contrast, for 1D deployment (or line deployment),
studies that addressed this deployment type used simplified
models that neglected some important environmental param-
eters in distance modelling. For instance, the environment
width w was not considered in distance distribution mod-
elling. However, Figures 7 and 8 show that this parameter
significantly impacts the distance between the UE and
the serving cell. These figures also demonstrate that the
simplified models become invalid when the environment
width w is significant (e.g., in a w > d scenario), as shown in
Figure 8, where the maximum distance can reach up to 4.5 m,
while the models used in those studies suggest the maximum
distance remains 2 m. Since system performance (e.g., SNR
and CP) is significantly impacted by the UE’s location and
network geometry, overlooking the locations of UEs and
mischaracterizing the statistical properties of the distances in
different deployments will lead to overestimation of SNR and
errors in overall system performance, particularly in dense
and indoor environments. This is confirmed by Figure 17.

VI. FUTURE RESEARCH
Recognizing the importance of complementing the math-
ematical framework and simulations with experimental
data, the authors are actively exploring opportunities to
incorporate practical experiments in future iterations of
this work to further validate the performance of OWC
systems. The insights and results presented in this paper
can also be leveraged to develop more accurate models,
thereby enhancing system design and enabling the analysis of
various characteristics of different communication networks,
including wireless communication and OWC systems, with a
focus on mobility management, coverage, and localization.
It is important to note that the stringent requirements of
future wireless communications pose significant challenges
for node deployment and distance measurements in physical
setups. Determining the optimal placement of nodes and
accurately measuring the distances between UEs and nodes
in dense networks is increasingly complex. For example,
achieving centimetre- or sub-centimetre-level accuracy in the
localization process requires meticulous node deployment
and precise distance measurements to minimize errors.
However, with careful planning and the use of supporting
devices and tools, such as laser pointers and 3D plotters,
these challenges can be addressed, thereby improving the
accuracy of node and UE placement and the overall reliability
of distance measurements in such environments.

Studying the distance distribution within a system is
crucial for enhancing performance and avoiding misleading
conclusions regarding various distance-dependent factors,
such as mobility management and localization. Mobility
management significantly impacts user experience and sys-
tem resource utilization, and it is influenced by network
geometry and distance distribution. For instance, when
analyzing performance metrics such as handover rate and
sojourn time, accurately modelling the movement of UE is
essential. The waypoint model has been widely employed for
this purpose [16]. In this model, the movement trace of a UE
is determined by its starting and destinationwaypoints, speed,
and pause time. Both waypoints are randomly selected within
the system, and the UE pauses at the destination point for a
specified time. To evaluate system performance (e.g., uplink
transmit power and user experience), accurately modelling
the distance between the UE and its serving node at these
waypoints—and along the path—is vital [11], [17]. Failing to
model these distances accurately can lead to errors in mobil-
ity management models and misinterpretation of system
performance. Moreover, accurately modelling the distance
distribution is crucial for the design of localization systems.
As demonstrated in [18], the probability of a node providing
a Line-of-Sight (LOS) link, which is essential for accurate
localization, depends on the characteristics of blockages
(e.g., their density and dimensions) and the distance between
the node and UE. This highlights the necessity of precise
distance modelling to ensure reliable localization and system
performance evaluations. The framework we proposed in
this paper provides an accurate method for studying the
distance distribution between UEs and serving cells in regular
deployments, which can be applied to accurately address and
model other aspects of the wireless networks. Due to the
scope of this paper and the need for careful investigation of
other system parameters and scenarios, mobility management
and localisation are left for future work.

VII. CONCLUSION
In this paper, the distribution of the distance between
a randomly located UE and the closest node in regular
deployment models (line, square and hexagon models) is
studied. We proposed a new framework to derive the exact
form of 2D-distance pdf by taking into consideration the
different system parameters such as inter-node distance and
the total area of the cell (UE can also located at the cell’s
edge). The framework was extended to obtain the exact form
of 3D-distance pdf when the height difference between the
location of UE and the location of the closest node is fixed and
random. This is to study different applications and scenarios
as the UE can be a drone which may be at different heights.
Furthermore, the CP, which is defined as the probability that
the received SNR at a receiver location is above a certain
threshold, was derived by using the proposed framework.
The results confirm the analysis in this paper and show a
comparison between the actual distributions of the 2D and
3D distances and some of the assumptions made in literature.
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Many of these assumptions are shown to be inaccurate due to
significant simplifications and the neglect of crucial system
parameters, such as the width of the system in line cell
deployments.

Furthermore, it has been demonstrated that accurate
modelling of the distance distribution is critical for assessing
system performance in OWC systems, particularly in differ-
ent deployments. Our findings indicate that simplifiedmodels
used in other studies can lead to significant inaccuracies.
For instance, in 2D deployments (e.g., square deployment),
our analysis shows an error of 4dB in CP when comparing
our accuratemodel with simplified assumptions. Specifically,
while some studies suggest that 100% of the system can
achieve nearly 78dB, our results indicate that only 80% of
the system can achieve this level, with the rest experiencing
weaker performance, especially at the cell edges. This
discrepancy stems from the incorrect assumption that UEs
cannot be located further than d/2 from the serving cell,
when in fact UEs can be positioned at greater distances,
as demonstrated by our simulations. Similarly, for 1D
deployments, we observed that neglecting key environmental
factors, such as the width of the deployment area, also leads
to significant errors in distance modelling and performance
estimation. Our analysis and simulations reveal that the
maximum UE distance can exceed the double value of
d in wider environments, which is much greater than
d/2 predicted by some simplified models. The results clearly
show that system performance metrics, including SNR and
CP, are heavily influenced by the accurate modelling of UE
locations (accounting for all potential UE positions within the
system, including both the centre and boundaries of the cell)
and network geometry. Failure to account for these factors
leads to an overestimation of performance, particularly in
dense and indoor environments. Our work highlights the
importance of using more accurate distance distributions
to avoid these errors and better predict real-world system
behaviour.

APPENDIX A
The pdf of R can be obtained by the derivative of the cdf:

fR(r) =
d
dr
FR(r) (30)

when d > w, the cdf of R can be interpreted as the probability
that U is inside the disc D(N0,R) of radius R centred at
N0 as noted in Definition 1. From Eq. (2) (Figure 3), Eq. (6)
(Figure 4) and Eq. (12) (Figure 5), cdf of R can be represented
mathematically:

FR(r) =



πr2

Ac
0 ≤ r ≤

w
2

πr2 −AO2 −A1

Ac

w
2
< r ≤

d
2

πr2 −AO3 −A2 −A1

Ac

d
2
< r ≤ m

(31)

whereAc = wd ,A1 = πw2/4,A2 = πr2−AO2−A1 at r =

d/2, AO2 is obtained in Eq. (5), AO3 is obtained in Eq. (11).
The pdf of R is obtained by the derivative of the cdf of each
area of the cell. The pdf of distance in each area becomes:

f (1)R (r) =
d
dr
F (1)
R (r)

=
d
dr
πr2

Ac

=
2πr
Ac

0 ≤ r ≤
w
2

(32)

f (2)R (r) =
d
dr
F (2)
R (r)

=
πr2 −AO2 −A1

Ac

=
1
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(
2πr −

πr
45

cos−1 ( w
2r

)) w
2
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(33)

f (3)R (r) =
d
dr
F (3)
R (r)

=
πr2 −AO3 −A2 −A1

Ac

=
1
Ac

(
2πr −

πr
45

(
cos−1 ( w
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)
+ cos−1 ( d

2r

)))
×
d
2
< r ≤ m (34)

The pdf of distance in line deployment when d > w is
obtained by:

fR(r) =



2πr
Ac
1
Ac

(
2πr −

πr
45

cos−1 ( w
2r

))
1
Ac

(
2πr −

πr
45

(
cos−1 ( w

2r

)
+ cos−1 ( d

2r

)))
(35)

where the limits for the first line is 0 ≤ r ≤
w
2 , second line

w
2 < r ≤

d
2 and third line d

2 < r ≤ m. In order to consider
different scenarios such as the width of the environment being
greater than the inter-node distance w > d , parameters q and
b are introduced. For instance, q takes the value of w and b
takes the value of d when d > w. q takes the value of d and
b takes the value of w when w > d . The results in Eq. (13) is
reached.

APPENDIX B
Assume that the height difference between UE and any node
is h as shown in Figure 6, hence, the 3D distance to the closest
node can be expressed as:

Z =

√
R2 + h2 (36)
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Since R is a random variable and its pdf is shown in
Theorem 1, Z is also a random variable. The minimum value
of Z is h when R is 0, and the maximum value of Z is
√
h2 + m2 when the 2D distance R = m =

√
d2
4 +

w2

4 is
maximum. From Definition 2, the pdf of Z can be obtained
by:

fZ (z) = fR(g−1(z))
∣∣ d
dz
g−1(z)

∣∣ (37)

where g−1(z) =
√
z2 − h2 obtained from Eq. (36). From

the results in Theorem 1 Eq. (13) and g−1(z) =
√
z2 − h2,

fR(g−1(z)) is expressed by:

fR(g−1(z))

=
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√
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(38)

The pdf of Z in Eq. (37) becomes:

fZ (z)

=
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where ḡ =
∣∣ d
dz

√
z2 − h2

∣∣. when considering the limits for
each case, for instance, when 0 ≤ r ≤

q
2 ,

q
2 < r ≤

b
2

and b
2 < r ≤ m, h ≤ z ≤

√
h2 +

q2
4 ,

√
h2 +

q2
4 < z ≤√

h2 +
b2
4 and

√
h2 +

b2
4 < z ≤

√
h2 +

b2
4 +

q2
4 . With further

simplifications, the final results in Eq. (22) are obtained.

APPENDIX C
Assume that UE can be at any height between hmin and hmax
in Figure 6. The 3D distance between UE and the closest node
is obtained by:

Z =

√
R2 + H2 (40)

where R is the 2D distance and H is the height difference.
Since both R and H are random variables, Z is also a random

variable and its pdf can be obtained by using Definition 3.

FZ (z) = P
(
Z ≤ z

)
= P

(√
R2 + H2 ≤ z

)
=

∫ ∫
fR,H (r, h)drdh (41)

where fR,H (r, h) is the joint pdf. If we assume that R and H
are independent, the join pdf becomes:

fR,H (r, h) = fR(r)fH (h) (42)

where fR(r) is obtained in Eq. (14) when considering 2D
deployment (e.g. square or hexagon deployments). Since H
can take any value between hmin and hmax , it is assumed to
have a uniform distribution (fH (h) =

1
(hmax−hmin)

). Thus, the
joint pdf (fR,H (r, h)) becomes:

fR,H (r, h) =


2πr

Ac(hmax − hmin)
πr

Ac(hmax − hmin)

(
4 −

S
90

cos−1(
d
2r

)
)
(43)

where Ac represents the cell area, S is the number of sides that
each cell has and d is the inter-node distance. The pdf of Z is
obtained by:

fZ (z) =
d
dz
FZ (z)

(a)
=

d
dz

(
P
(
z ≥

√
r2 + h2

))
(b)
=

d
dz

( ∫ z

−z

∫ √
z2−h2

−

√
z2−h2

fR,H (r, h)drdh
)

(c)
=

∫ z

−z

d
dz

( ∫ √
z2−h2

−

√
z2−h2

fR,H (r, h)dr
)
dh

(d)
=

∫ z

−z

z
√
z2 − h2

(
fR,H (

√
z2 − h2, h)

+ fR,H (−
√
z2 − h2, h)

)
dh

(e)
=

∫ z

−z

z
√
z2 − h2

fR,H (
√
z2 − h2, h)dh (44)

where (a) is derived from FZ (z) = P
(
z ≥

√
r2 + h2

)
, (b)

follows from Definition 3, with the integral limits obtained
from r =

√
z2 − h2, (c) results from changing the order

of integration, (d) is obtained by differentiating the integral
limits ( z√

z2−h2
) and substituting the integral limits into the

joint probability (fR,H (
√
z2 − h2, h) + fR,H (−

√
z2 − h2, h)),

and (e) comes from the fact that Z ≥ 0. The results in Eq. (23)
is reached when solving Eq. (44).
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