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Abstract

Flotation is a conceptually simple operation; however, as a multiphase process with in-

herent instability, it exhibits complex dynamics. One of the most efficient ways to increase

flotation performance is by implementing advanced controllers, such as Model Predictive

Control (MPC). This type of controller is very dependent on the model that represents the

dynamics of the process. Although model development is one of the most crucial parts in

MPC, flotation models have been mainly developed for simulation purposes (i.e. analysis

and design) rather than control purposes. This paper presents a critical literature review on

modelling for froth flotation control. Models reviewed have been sub-classified as empirical,

phenomenological and hybrid according to their characteristics. In particular, it is high-

lighted that models have so far primarily focused on the pulp phase, with the froth phase

often neglected; when the froth phase is included, kinetics models such as those used for the

pulp phase, are commonly used to represent it. Froth physics are, however, dominated by

processes such as coalescence, liquid motion and solids motion, which have been previously

modelled through complex, steady-state models used for simulation purposes, rather than

control purposes. There remains a need to develop appropriate models for the froth phase

and more complex models for the pulp phase that can be used as part of MPC strategies.

The challenges associated with the development of such models are discussed, with the aim

of providing a pathway towards better controlled froth flotation circuits.
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1. Introduction

Froth flotation is the largest tonnage separation in mineral processing by which valuable

mineral is separated from waste rock. Advances in control and optimisation of the froth

flotation process are of great relevance since even very small increases in recovery lead to

large economic benefits (Ferreira and Loveday, 2000; Maldonado et al., 2007a). However,

the implementation of advanced control and optimisation strategies is not always completely

successful in flotation. This is because flotation performance is affected by a great number

of variables that interact with each other (Arbiter and Harris, 1962; Laurila et al., 2002),

while unmeasurable disturbances in the process further complicate the implementation of

efficient strategies (Cubillos and Lima, 1997).

Froth flotation is affected by several variables, such as the flowrates into the flotation

cell, i.e. feed, air and froth wash water, as well as the addition rate of the various chem-

ical reagents; the slurry density and solids content as well as the slurry level in the tank;

electrochemical potentials such as pH, Eh and conductivity; ore mineralogy and the size,
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distribution and liberation of the particles; the bubble size distribution and the velocity

and stability of the froth; and the mineral concentration in the feed, concentrate and the

tailings (Laurila et al., 2002). In terms of process control, these variables are classified as

manipulated, disturbance, controlled, and internal state variables.

Manipulated variables are defined as those that can be modified to change the internal

states of the model; disturbance variables are those that cannot be modified or controlled

and, only in some cases, can be measured or estimated; controlled variables are the objective

of the control; and state variables are internal variables that define the models (Sbarbaro

and del Villar, 2010). Particularly for flotation, control variables are usually classified as

follows (Hodouin, 2011; Jovanović et al., 2015; Shean and Cilliers, 2011) (as shown in Fig.

1):

• Inputs (or independent variables):

– Manipulated variables: air flowrate, reagent addition rate, tailings flowrate, feed

mass florwate, wash water flowrate (specially in columns), frother addition rate.

– Disturbances: particle size distribution, solids content, head grade, volumetric

flowrate, particle properties (size distribution, mineralogy, shape, degree of liber-

ation), froth properties, electrical potentials in the pulp (i.e. pH and Eh).

• Outputs (or dependent variables):

– Controlled variables: pulp level, froth depth, grade, gas hold-up.

– Internal states: froth properties, such as bubble size, bursting rate, coalescence

rate, particle settling velocity, liquid content, among others. For intermediate

cells: grade, recovery, total solids, flowrates, mass pull.

It is worth mentioning that there tend to be discrepancies in the classification of flotation

control variables. For example, Lynch et al. (1981) considered the reagent addition points

and the concentrate collection points as manipulated variables. These variables, however,

are likely part of the circuit design and should not be considered as manipulated variables
3
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Figure 1: Classification of flotation variables. (Adapted from Lynch et al. (1981); Hodouin (2011); Jovanović

et al. (2015))

for control purposes (Oosthuizen et al., 2017). Another discrepancy is that the target for

concentrate grades in the intermediate cells, in some cases, could be also considered as a

controlled variable.

It must also be noticed that for some researchers, such as Lynch et al. (1981) and Hodouin

(2011), pulp level set point in each cell or bank is considered a manipulated variable, while

others (Bergh and Yianatos, 1994; Laurila et al., 2002) define the pulp level set point as a

controlled variable, since it changes as a consequence of manipulating the tailings flowrate

and air flowrate, instead of being directly manipulated. Tailings flowrate may be also set

as a ratio of the cell feed flowrate and, thus, the concentrate flowrate can be defined if no

wash water is added. A summary of the control variables used in the studies discussed in

this literature review manuscript is shown in Table A1, in the Appendix.

It should also be noted that with improved process instrumentation some of the control
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variable categories may change. Problems with the available instrumentation may be con-

sidered as one of the biggest challenges at industrial scale (Laurila et al., 2002; Carr et al.,

2009; Shean and Cilliers, 2011; Bergh and Yianatos, 2011), and it could directly affect the

performance of any type of controller. For example, Bergh and Yianatos (1996, 2003) stated

that accurate on-line estimation of concentrate grades using an XRF analyser, generally

demands a significant amount of work in maintenance and calibration. Additionally, Bergh

and Yianatos (2003) also highlight that in a number of flotation plants worldwide, the con-

centrate grade and recovery data usually have a large variability. It must be emphasised,

however, that this literature review is not focused on instrumentation itself, and the reader

is referred to Laurila et al. (2002) and Shean and Cilliers (2011) for a full description of

instrumentation in froth flotation plants.

The most conventional controller is the so-called Proportional-Integral-Derivative (PID),

which has been widely used in many types of processes, including froth flotation. PIDs are

often used as regulatory controllers and are designed to maintain the most important oper-

ating variables in their set points. Although PIDs have been considered as a robust strategy

for regulatory control, its performance decreases when the process is under disturbances that

continuously change the optimal operating conditions. This problem arises from the fact

that PIDs do not explicitly use a process model nor constraints, making it more difficult to

adapt to changes. Another disadvantage of PID controllers is their high sensitivity to the

interaction between process variables. For processes with very complex dynamics, as is the

case of froth flotation, PIDs are not sufficient to maintain the plant in its optimal conditions

as it is a SISO controller (single-input single-output) and, therefore, only one controlled

variable can control one manipulated variable, neglecting the effect of interactions from the

other process variables.

These problems can be addressed by complementing the PIDs (regulatory control) with

advanced control techniques, such as expert control systems, based on image analysis, Ar-

tificial Neural Networks (ANN), Fuzzy Logic (FL), and Model Predictive Control (MPC),

among others. In particular, it has been widely accepted that MPC is one of the advanced

control techniques that is capable of dealing with complex processes, such as froth flotation,
5



due to its ability to cope with multivariable systems, considering several process constraints

(Desbiens et al., 1994, 1998; Bouchard et al., 2009; Sbarbaro and del Villar, 2010; Bergh and

Yianatos, 2011). The MPC technique is addressed in more detail in Section 2.

Expert control systems are based on human experience, using heuristic rules, and knowledge-

based or expert opinions. The main idea of this type of controller is to take adequate

decisions and control the process by imitating the reasoning from experts (Jovanović and

Miljanović, 2015). Flotation control strategies have been implemented as expert systems

to control metallurgical objectives (i.e. grade and recovery), via the manipulation of froth

depth, air flowrate and wash water flowrate set points (Mckay and Inchausti, 1996; Bergh

and Yianatos, 1996; Bergh et al., 1999). Expert controllers are commonly implemented as

an alternative in the absence of mathematical models required by other types of advanced

controllers (Bergh et al., 2013), and they can also form a higher level control on top of more

conventional control strategies. However, these controllers have some disadvantages as they

are based on decision making on local set points between steady states, without considering

either the process dynamics or process constraints (Bergh and Yianatos, 2003; Bergh et al.,

2013). Their efficiency is still debatable and their performance could be improved if robust

and sufficient instrumentation were available (Shean and Cilliers, 2011).

Advanced flotation controllers based on froth image analysis have been developed in

recent years. Machine vision can, for example, determine some characteristics of the froth

surface at the top of a flotation cell, such as the number of bubbles, bubble size, bubble

shape, density, speed and stability (Fu and Aldrich, 2019). Aldrich et al. (2010) classified

process control strategies that are based on image analysis into four groups: (i) based on the

appearance of the froths to take specific control actions (Moolman et al., 1994, 1995a,b,c,d,

1996; Cipriano et al., 1998; Holtham and Nguyen, 2002; Wang et al., 2003; Bartolacci et al.,

2006); (ii) based on froth features that allow operating conditions in the process to be

inferred (Niemi et al., 1997; Hyötyniemi and Ylinen, 2000; Ventura-Medina and Cilliers,

2000; Bonifazi et al., 2001; Citir et al., 2003); (iii) based on the detection of rare behaviour

in the process and its consequent adjustment by using “process maps” or “control charts”

that are capable of identifying the nature of the problem (Liu et al., 2005); and (iv) based
6



on the use of image variables as input for classical control strategies (Bartolacci et al., 2006;

Liu and MacGregor, 2008; Jahedsaravani et al., 2016; Riquelme et al., 2016). Although

image analysis techniques have numerous advantages such as their consistency across all cells

monitored, the possibility of linking to plant data, and a high frequency of measurements

(Forbes, 2007), some features, such as the estimation of mineral concentration in the froth

phase have not been fully implemented yet at industrial scale (Aldrich et al., 2010; Fu and

Aldrich, 2019). For a comprehensive literature review on the topic of online monitoring and

control for flotation, the reader is referred to Aldrich et al. (2010).

An artificial neural network (ANN) is a mathematical structure that is used to identify

relationships between input and output data that have complex, nonlinear characteristics

(Hsu et al., 1995). In the case of flotation, models to represent relevant phenomena by using

ANN have been proposed (Gupta et al., 1999; Al-Thyabat, 2008; Mohanty, 2009; Chelgani

et al., 2010; Massinaei and Doostmohammadi, 2010). For flotation control, models based on

ANN must be capable of maintaining operating conditions that yield the desired metallur-

gical objectives, i.e. recovery and/or concentrate grade, through the adequate manipulation

of the system’s set points (Shean and Cilliers, 2011). Gupta A., Yan D.S. (2006), for ex-

ample, carried out a study based on ANN modelling to control the collector addition rate

in order to maintain the recovery set point, while Cubillos and Lima (1997), implemented

hybrid-neural modelling, a schematic of which is shown in Figure 2, for both adaptive iden-

tification and optimisation of the flotation system, using models at steady state. Although

the number of adjustable parameters (network weights) needed to develop models based

on neural networks are few compared to other systems, there are still issues related to the

possibility of over-fitting due to the many associated degrees of freedom, as well as to the

availability of sufficient appropriate training data.

Fuzzy logic (FL) control is based on knowledge gained by experience that is represented

by numbers between 0 and 1 (Gupta A., Yan D.S., 2006), depending on the degree of truth.

The relationship between variables, in terms of process control, can be written using “IF-

THEN” logical rules. Fig. 3 shows a schematic of the fuzzy control strategy. A number

of different FL based control strategies have been discussed in the literature (Bergh et al.,
7
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1998; Osorio et al., 1999; Hodouin et al., 2001; Liao et al., 2011), with these being tested

using simulators. A recent example of FL control applied in a flotation system is the study

carried out by Jahedsaravani et al. (2016), in which an FL controller for a batch-flotation

system was designed using empirical data and froth images. Parameters were calibrated by

evaluating the system behaviour at several discrete operating conditions due to the lack of

reliable dynamic flotation models suitable for control purposes.

While Jahedsaravani et al. (2016) report that satisfactory results were obtained, there

still remains a need for an efficient method that can deal with a large number of parameters

without the need for these to be manually tuned (Lewis, 1997), since this makes FL a very

time-expensive type of controller (Bergh et al., 1998).

To deal with the complex dynamics of the flotation process, a major focus on model-based

predictive controllers (MPC) has been undertaken, generating considerable recent research
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Figure 3: Schematic representation of fuzzy control (Adapted from Gupta A., Yan D.S. (2006)).

interest. As previously mentioned, MPC is ideal for implementing in multivariable processes

such as froth flotation, in which several process constraints must be taken into account

(Desbiens et al., 1994, 1998; Bouchard et al., 2009; Sbarbaro and del Villar, 2010; Bergh

and Yianatos, 2011). The most crucial part of MPC strategies is the model development

itself (Desbiens et al., 2000; Maldonado et al., 2009; Sbarbaro and del Villar, 2010; Bergh,

2016), which must ensure that models accurately describe non-linear processes, such as those

occurring in flotation (Hodouin et al., 2001). Flotation modelling is a particularly difficult

task as it is affected by a great number of variables to different extents (Arbiter and Harris,

1962; Laurila et al., 2002), as well as due to its complex dynamics caused by the interaction

between phenomena in both the pulp and froth phases (Neethling and Brito-Parada, 2018).

A number of literature reviews focused on flotation control have been published in recent

years, though none of these has focused on either model-based controllers or the dynamic

modelling required when implementing such strategies. For example, an overview of process
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control in the mineral processing industry - including key aspects for the flotation process -

was presented by Hodouin (2011); while an overview of control and simulation implemented

specifically in flotation columns can be found in Bouchard et al. (2009). In the latter, a sub-

classification of flotation models was made according to their use, as those used for (i) models

to predict recovery, (ii) models to study the dynamics of the process, and (iii) models used

as soft sensors. Nonetheless, whereas Bouchard et al. (2009) mentioned the most important

models used in flotation column studies, no further analysis of models used for flotation

control was made. Shean and Cilliers (2011), on the other hand, discussed advanced control

strategies implemented in mechanic flotation cells. Another literature review on flotation

control is that of Jovanović et al. (2015), in which the hierarchical levels in flotation control,

with an emphasis on model predictive control and intelligent control (expert control and

machine vision), were discussed.

The aim of this manuscript is, therefore, to critically analyse and classify, for the first

time in the literature, the existing froth flotation models that are amenable to be used for

control purposes, as well as to highlight the modelling areas that require further research to

be effectively implemented into MPC strategies.

The analysis of the literature reveals that the most commonly used models for MPC are

the empirical models, which have demonstrated good performance at laboratory and pilot-

plant scale. However, the presence of disturbances that continuously change the process

conditions means that the process can move beyond the conditions over which the models

were originally calibrated. Purely empirical models thus typically perform badly when ex-

trapolating to predict performance. A wider range of disturbances can be reliably predicted

by implementing phenomenological models. Most of the existing phenomenological models

are based on the kinetics of the flotation process, assuming well-mixing conditions or plug

flow, and have been used to represent both the pulp and froth phases. While kinetic de-

scriptions provide good approximations for pulp phase behaviour, they are not adequate to

model froth phase behaviour.

The froth phase is neither close to being well mixed nor plug flow conditions, with

complex relative motions between phases. This is further complicated by the influence of
10



bubble coalescence and bursting, which is hard to predict due to its complex interrelationship

with the flotation chemistry, particle properties and flow behaviour. The importance of

including the froth phase into control strategies is that froth stability is related to the

mobility of the froth, and therefore, to the overall solids recovery. Additionally, bubble size

in the froth determines the amount of water recovered in the concentrate, which is directly

linked to the entrained solids, and thus, to the concentrate grade.

In the following section, a brief overview of Model Predictive Control (MPC) is presented

for a better understanding of this strategy, as well as to provide insight into the importance

of modelling for control purposes.

2. Model Predictive Control

Model-based predictive control (MPC) is a wide set of different strategies that have in

common the use of an explicit model of a process and the minimisation of an objective

function (Camacho and Bordons, 2007) to maintain the controlled variables at the desired

set-point with optimal trajectories. All MPC strategies need to have: (1) a prediction model,

(2) an objective function, and (3) a control law. The prediction model is, in fact, the most

crucial part of MPC. This model must represent the dynamics of the process as accurately

as possible and, at the same time, it must be simple enough to be solved in the shortest

possible time.

The general form of the objective function is given in Eq.(1), in which the future output

(ŷ) should follow a given reference trajectory (r), and the necessary control changes (∆u),

which can be weighted, as follows:

J (N1, N2, Hc) =
N2∑
j=N1

ω(j)[ŷ(t+ j|t)− r(t+ j)]2 +
Hc∑
j=1

λ(j)[∆u(t+ j − 1)]2, (1)

where N1 and N2 are the minimum and maximum prediction horizons, Hc is the control

horizon. The coefficients ω(j) and λ(j) are functions that consider the future behaviour.

This coefficients can be set to cover a wide range of control options, from smoother control

to tighter ones (Camacho and Bordons, 2007). r(t + j) is the reference trajectory. The
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control law is obtained by minimising the objective function (Eq.(1)) in order to calculate

the values for the control u.

The objective functions of different MPC strategies that have been developed for flotation

are shown in Table 1. As can be seen, these objective functions can vary from the general

form presented in Eq.(1) in different ways. For example, Zaragoza and Herbst (1989) used

an economic approach as objective function. This economic approach considered the price

of the copper (PCu), a penalty for concentrate grade less than a constraint value (Ppen), and

the reagent costs (i.e. price for the frother (PFr) and collector (PCo)). Additionally, their

objective function considered also performance aspects, such as the metallurgical recovery

(R), the concentrate grade (g), and the operating variables: copper mass flowrate (MCu),

frother flowrate (MFr) and collector flowrate (MCo).

A structure more similar to that of Eq.(1) is found in Putz and Cipriano (2015). In this

case, they considered the final tailings grade (y4(k)) as output, which must follow a given ref-

erence (r(k)). The changes in the position of output control valves (∆u1(k),∆u2(k),∆u3(k))

was also considered in their objective function. A similar approach was taken by Maldonado

et al. (2007a) and Maldonado et al. (2009). In their objective function, while the tracking

error (i.e. the difference between the trajectory (r̂j(k + i/k)) and the predicted controlled

variables (ŷj(k+ i/k) were weighted by the term wj, the control changes on the manipulated

variables (∆up(k + i)) over the control horizon Hc, were weighted by the term λp. In addi-

tion, Maldonado et al. (2007a, 2009) added a third term to the objective function (ρjνj) in

order to “soften the output constraints” (Maciejovski, 2002). In Maldonado et al. (2007b)

the objective function was stated as the minimisation of the tailings copper grade in each

bank. However, although the tailings grade (gTCuj) is generally easy to measure, it must be

noted that maximising recovery by reducing the tailings grade could be considered as an

oversimplification of the economic maximisation calculation.

Camacho and Bordons (2007) describe several advantages that MPC has over other

control strategies:

• Tuning is reasonably easy, particularly for non-trained personnel, since control con-
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Table 1: Objective functions used in MPC strategies for the flotation process.

Study Objective function

Zaragoza and Herbst (1989) J = PCu ·RMF
Cu − Ppen · (gpan − g)− PFr ·MFr − PCoMCo

Perez-Correa et al. (1998) J = ∑p
i=1 ê

′
k+iΓêk+i +∑C

i=1 ∆u′k+i−1Λ∆uk+i−1

Maldonado et al. (2007a, 2009) J = ∑Ny
j=1

∑HP
i=HS

{
wj · (r̂j(k + i/k)− ŷj(k + i/k))2

}
+∑Nu

p=1
∑HC−1
i=0 λp∆up(k + i)2 +∑Ny

j=1 ρjν
2
j

Maldonado et al. (2007b) J = Q (gCCN − ĝCC)2 +R
∑N
j=1 g

2
TCy

Putz and Cipriano (2015) J = ∑N−1
i=0 ‖y4(k + i+ 1 | k)− w(k + i | k)‖2

Q + ‖∆u1(k + i | k)‖2
R) + ‖∆u2(k + i | k)‖2

p + ‖∆u3(k + i | k)‖2
S)

Tian et al. (2018) J = ∑N−1
j=0 [< x(z, k + j | k), Qx(z, k + j | k)〉+ < ū(k + j + 1 | k), Rū(k + j + 1 | k) >]+ < x(z, k +N | k), Q̄x(z, k +N | k) >

cepts are very intuitive;

• it can be used in any kind of process, even those with complex dynamics or which are

unstable;

• it can be used as a multivariable controller;

• it has intrinsic delay compensation; and

• plant constraints can be simply included during the design of the controller.

A reliable dynamic model is needed to implement an MPC strategy. Dynamic models,

of the form presented in Eq.(2), are needed as they allow the prediction of future plant

responses under given operating conditions (Bergh and Yianatos, 2011):

dx
dt

= f(x,u,w,θ, t), (2)

where x is the vector of states, f is a set of nonlinear process functions, u is the inputs

vector, w is the process noise vector and θ is the model parameters vector (Herbst et al.,

1992). In the case of flotation, conservation of mass usually forms the basis for the dynamic

models. Modelling for flotation control is extensively reviewed in Section 3 in this paper.

An MPC strategy can be carried out through the implementation of models to predict

the future response of the plant over a finite time horizon. This finite control horizon is used

to apply the first control signal, as well as to repeat each of the following steps, by using

new measured variables (Camacho and Bordons, 2007; Bordons, 2000), as follows:
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1. At each instant t, the outputs of the process are predicted by using the plant model

proposed for a given horizon Hc.

2. For j = N1...N2 the predicted outputs ŷ(t + j|t) (this notation refers to the value of

the variable at instant t+j that is predicted at instant t) depend on the known values

from the past (up to t) and on the future control signals u(t + j|t) for j=0...(Hc − 1)

that are calculated and sent to the system.

3. The objective function is optimised by staying as close as possible to the “reference

trajectory” (r(t+j)), which refers to the set point (or an approximation of it).

4. Step 1 is repeated when the next sampling instant y(t + 1) is known. The control

signal u(t|t) is sent to the process, while the future control signals are discarded.

Fig. 4 presents the basic structure of an MPC implementation. While models of the

process are used to predict the future plant outputs based on the proposed future control

signals, the optimisation is done by minimising a cost function and considering plant con-

straints based on manipulated and/or controlled variables (Camacho and Bordons, 2007;

Maciejovski, 2002; Rossiter, 2003; Veselý and Rosinová, 2010). The control signals are

calculated according to the optimisation cost function and plant constraints; if inequality

constraints exist, numerical methods with more calculation load are needed. In general

terms, MPC strategies differ from each other in the particular models used to describe the

process, how disturbances are estimated, and the cost function used to optimise the process

(Camacho and Bordons, 2007).

Although MPC has had some successful implementations at industrial scale, specially

in petrochemical plants (Qin and Badgwell, 1997), it has not been effectively implemented

in every industry due to the need to have relatively simple, dynamic models of the process

(Bordons, 2000) that are accurate enough to represent the process behaviour. Minerals pro-

cessing is not an exception in terms of lack of implementations of MPC, and it is particularly

challenging for froth flotation as it has complex dynamics that are difficult to be accurately

represented using simple models. While detailed flotation models have been developed for
14
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Figure 4: Basic structure of an MPC implementation. (Adapted from Bordons (2000))

design and analysis purposes, they are not tailored for process control. The models used for

flotation control are classified and analysed in the following section.

3. Modelling froth flotation for control purposes

Models can be classified in different ways, depending on their characteristics and pur-

poses. For example, Gharai and Venugopal (2016) presented a general classification of the

flotation models, identifying two main groups: micro-scale and macro-scale models. Micro-

scale models have been used to describe the chemical and physical relationships among

sub-processes within a flotation cell (Polat and Chander, 2000; Jovanović et al., 2015). Sim-

plifications and combination of micro-scale models form the basis of macro-scale models,

which have been used for the prediction of the behaviour of entire flotation cells – or even

banks– the description of process parameters using experimental data, the design of plant

layout, and the development of control strategies (Polat and Chander, 2000; Rojas and Cipri-
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ano, 2011; Jovanović et al., 2015). Given the massive difference in scale between models for

those for an entire cell or banks, it is important to classify models based on both their scale

as determining their direct utility for MPC.

Another classification was proposed by Hodouin (2011), who postulated that flotation

models can be classified as empirical (used for Principal Component Analysis (PCA), mul-

tivariate regression, Partial Least Squares (PLS), neural-networks, transfer functions) or

phenomenological; steady-state or dynamic; deterministic or stochastic; causal (input-output

model) or non-causal (e.g.: mass conservation constraints); linear or non-linear; based on

mathematical equations or fuzzy rules.

In this paper, models are classified into two main groups according to their purpose:

models developed for (i) simulation purposes (i.e. analysis and design) or (ii) control pur-

poses, as shown in Fig. 5. While empirical and phenomenological models can be found

for both simulation and control purposes, hybrid models have been developed for control

purposes only. Despite the fact that a large number of flotation models have been developed

assuming steady-state, these models have been mostly used for design, simulation and off-line

optimisation instead of control (Bergh and Yianatos, 2011; Bergh et al., 2013).

It should be noticed, however, that a strict classification of flotation models cannot be

proposed, since models can combine aspects of different approaches in order to improve

their overall utility (Jovanović et al., 2015). In fact, although there is not a clear distinction

between phenomenological and empirical models, the models presented in this paper were

classified according to the characteristics that represent them better. The form of empirical

models can be influenced by phenomenological considerations, whereas many of the unknown

parameters within phenomenological models can be obtained by empirical means. This paper

will only focus on froth flotation models for model-based controllers. Reviews on flotation

modelling for simulation purposes rather than control can be found in Varbanov et al. (1993);

Herbst and Harris (2007); Alves dos Santos et al. (2014); Jovanović et al. (2015); Wang et al.

(2015); Gharai and Venugopal (2016); Dinariev and Evseev (2018); Prakash et al. (2018);

Wang et al. (2018), among others.

Modelling for control purposes is a difficult task since most of the models developed so
16



Flotation	models

Simulation Control

Empirical Phenomenological Hybrid

DynamicSteady	state

Up	to	3	spatial	dimensions Up	to	1	spatial	dimension

Figure 5: Classification of flotation models according to their final purpose. Flotation models for control

purposes must be dynamic, and can be sub-classified as empirical, phenomenological and hybrid (highlighted

in solid red lines).

far have physical parameters that cannot be adequately measured (or even estimated) in a

plant. Additionally, the complexity of flotation is due to its stochastic behaviour as well as

the lack of reliable instrumentation, which makes it more difficult to develop simple models

for control purposes that can be calibrated with either industrial (Perez-Correa et al., 1998;

Casali et al., 2002; Maldonado et al., 2007b; Putz and Cipriano, 2015) or laboratory-scale

(Bascur, 1982; Maldonado et al., 2007a, 2009, 2010; Shean et al., 2017, 2018) data.

It should also be noted that most of the models that have been developed for flotation

control have focused on the pulp phase. Simplification of the froth phase (or even completely

neglecting it) has been the approach of several authors for flotation process simulations

(Bergh et al., 2013). A deeper discussion of the models used for MPC in froth flotation is

presented in the following sections. A summary of the models used to represent the each

flotation variables mentioned in this literature review manuscript is presented in Table 2.
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Table 2: Summary of models of equations used to represent flotation variables as part of different type of

models discussed in this literature survey.

Variable
Equation number

Empirical model Phenomenological model Hybrid model

Attached particles in the froth phase (81)

Attached particles in the pulp phase (79)

Attachment rate constant in the froth phase (27)

Attachment rate constant in the pulp phase (23)

Bias rate (21)

bubble surface area flux (17)

Bulk fluid velocity due to drainage (30)

Collection rate constant (6)

Concentrate grade (12)

Detachment rate constant in the froth (29)

Detachment rate constant in the pulp (28)

Drainage rate constant (4), (7)

Flotation rate constant (3), (5) (34), (35)

Gas hold-up (20) (72), (74)

Impeller power (26)

Liquid holdup (22)

Pulp level (39), (42), (65), (66), (67) (70)

Sauter mean bubble diameter (19) (18)

Solid mass concentrate flowrate (10)

Solid mass in the froth phase (46), (48), (50), (51)

Solid mass in the pulp phase (37), (38), (40), (45), (47), (49), (53), (54)

Solid mass in the tailings (43)

Tailings flowrate (16) (41)

Tailings grade (44)

Turbulent aggregate velocity (24)

Unattached particles in the froth phase (80)

Unattached particles in the pulp phase (78)

Upward gas velocity of the bubble in the pulp (75)

Volume of liquid in the froth (69)

Volume of liquid in the pulp (68)

Volumetric concentrate flowrate (9) (15)

Water drainage (32)

Water entrainment (31)

Water in the concentrate (33) (58)

18



3.1. Empirical models

Empirical models are developed from data analysis through statistical methods that re-

late input-output measurements from the plant (Shean and Cilliers, 2011). Multiple linear

regression methods or spline regression methods are commonly used for such analysis (Mu-

lar, 1972; Whiten, 1972; Lynch et al., 1981), from which parameters with limited physical

meaning are obtained (Polat and Chander, 2000).

The collection of data for the development of empirical models can be done via online or

off-line methods. Online data is obtained via online instrumentation that allows updating

the empirical parameters in the model. Off-line collection methods can be based on either

daily operating data or from a previously planned campaign (Lynch et al., 1981).

Shorter model development time in comparison with other types of models is one of the

main advantages of empirical models, specially when the final purpose of the model that

is being developed is previously known. These models are, however, valid only under a

certain range of operating conditions and must be used for a particular plant, which treats a

particular type of ore, under a well-known operating range. Purely empirical models typically

decrease in accuracy rapidly if the conditions move outside the calibration range. Although

empirical flotation models have been proposed since the late 60s by Faulkner (1966), Pitt

(1968) and Smith and Lewis (1969), these need to be adjusted for each new mineralogical

conditions and plant layout to which they are to be applied.

An example of an empirical model used for flotation control is the one developed by Perez-

Correa et al. (1998). Flotation kinetics (Kp) and drainage constants (Ke) were empirically

determined, by relating them to the effect of collector and frother addition rates. As a result,

polynomial relationships (Eqs.(3) and (4)) between these variables were obtained as follows:

Ki
p = ai1Q

3
col + ai2Q

2
col + ai3Qcol + κicol,0, (3)

Ki
e = κie0 + bi1Qcol + bi2Qf , (4)

where Qcol is the collector addition rate, and Qf is the frother addition rate. The empirical
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parameters (a1, a2, a3, κcol,0, κe0, b1 and b2) were determined for each mineralogical class. In

the study by Perez-Correa et al. (1998), the mineralogical classes considered were (1) “rich

mineral”, mainly chalcopyrite, and (2) “poor mineral”, mainly gangue. Since experimental

data showed that the amount of iron in the poor classes in the feed stream directly affected

the rougher concentrate grade, the flotation rate constant of the poorest mineralogical class

was instead represented by the Eq.(5). A more comprehensive study would include more

mineralogical classes as the iron can be present in more than one mineral or as mixed mineral

grains, which would further complicate the model of the flotation rate constant.

Ki
pf = κip (1 + 0.1 (gFe − gFe,0)) , (5)

where Ki
pf is the flotation rate of the poorest mineralogical class modified by iron content, κip

is the flotation rate of mineralogical class i from Eq.(3), gFe is the iron grade, and gFe,0 is the

initial iron grade. It should be noted that this flotation rate model is rather unconventional,

and it was not found in any other study analysed in this literature survey.

Interestingly, despite the fact that the frother and collector flowrates were originally

defined as manipulated variables by Perez-Correa et al. (1998), these variables were in the

end considered as disturbances in three of the four simulated cases, and only the pulp

level was considered as a manipulated variable when implementing the control strategies.

Additionally, the accuracy of the models was not reported as the focus of the study was to

compare different control strategies rather than to develop and test control models.

While the models for the above mentioned kinetic constants (i.e. Eqs.(3) and (4)) were

developed for different mineralogical classes i, Putz and Cipriano (2015) extended these

models to consider not only a change in each mineralogical class, but also in each cell j,

and for each granulometry class k, as shown in Eqs.(6) and (7). Neither Perez-Correa et al.

(1998) nor Putz and Cipriano (2015) reported the value of any of the adjustable parameters

in the models.

Kijk
col = aijk1 Q3

col + aijk2 Q2
col + aijk3 Qcol + κijkcol,0, (6)
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Kijk
e = bijk1 Qcol + bijk2 Qf + κijke0 , (7)

where Kijk
col is the collection rate constant, and Kijk

e is the drainage constant. Flotation rate

constants were also modelled by Maldonado et al. (2007a), for a rougher flotation control

strategy based on dynamic programming (Bertsekas, 1995). In their implementation, both

phenomenological and empirical models were used. The phenomenological models from their

work can be found in Section 3.2, Eqs.(40) to (44). For their empirical models, flotation

rate constants (Kij) for each mineralogical class i in the flotation bank j, were estimated

as a function of froth depth (hf ), tailings grade (gT ), tailings volumetric flowrate (QT ) and

empirical parameters (p), as shown in Eq.(8). Several sampling tests in a Chilean mine were

conducted to validate the proposed models, with the model parameters determined by using

the standard least squares algorithm.

Kij = f
(
hfj , gTi(j−1) , QTj−1 , p

)
. (8)

The concentrate volumetric flowrate (QC) was calculated as a linear function of froth

height (hf ), as shown in Eq.(9).

QCj = c1j − c2jhfj , (9)

where c1j and c2j are empirical parameters.

Even predominantly empirical models can be influenced in their form by phenomenolo-

gical considerations, as in Eq.(10), in which the concentrate mass flowrate (MSCij) depends

on the empirical flotation constant (Kij, from Eq.(8)). The concentrate mass flowrate was

used to calculate the total solid mass flowrate (MSC , from Eq.(11)) and concentrate grade

(gCij , from Eq.(12)) as follows:

MSCij = KijMSPij , (10)

MSCj =
3∑
i=1

MSCij , (11)
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gCij = 100
MSCij∑3
k=1 MSCkj

, (12)

where MSP ij is the solid mass in the slurry, while the cumulative concentrate solid (MSCij)

mass flowrate was defined as shown in Eq.(13):

MSCCj =
j∑

k=1
MSCk , (13)

and the cumulative concentrate grade (gCCj) was defined as:

gCCj = 100
∑j
k=1 MSC1k∑j

k=1
∑3
i=1 MSCik

. (14)

Regarding the estimation of concentrate volumetric flowrate, Putz and Cipriano (2015)

also presented a model that does not only depend on the froth height, but also on the pulp

level, feed and tailings volumetric flowrate, and logic rules 1 (δ1 and δ2), as shown in Eqs.(15)

and (16):

Qi
C = αiC

(
hiP + hiF − himax

)
δi1δ

i
2 +

(
Qi
F −Qi

T

) (
1− δi1

)
, (15)

where αiC is a tuning constant, hP is the pulp level, hf is the froth height, and hmax is

the total flotation cell height. It is important to note that the froth height was considered

constant due to an absence of advanced models to estimate it.

Qi
T = αiTui

√
hiP − hi+1

P + ∆hi, (16)

where αiT is a tuning constant, ui is the control valve position, and ∆h is the physical height

difference of two consecutive flotation cells. It should be noted that there is usually a minor

difference in height between cells, but a significant difference in pulp level between cells as

the mass is removed down a flotation bank. This model is based on Torricelli’s principle and

depends on the position of the output control valve (ui ∈ {0, 1}). The Torricelli’s principle

relates the velocity of fluid leaving a cylinder (as the flotation tank) to the height of the fluid.

1Logic rules are part of hybrid models, which are addressed in Sec. 3.3.
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In this context, Torricelli’s principle was used to develop a model for the tailings flowrate in

terms of the pulp height (or “fluid height”) and the control valve.

A nonlinear controller for the bubble surface area flux was designed by Maldonado et al.

(2010). The controlled variable was the bubble Sauter diameter and the manipulated variable

was the superficial water velocity that passes through a sparger ring that was installed in the

experimental rig, which allowed to control the bubble size independently from gas velocity.

The sparger ring used was a “frit-and-sleeve” sparger, specially designed by Kracht et al.

(2008), which uses a porous ring and a sleeve to control the bubble size, as described in

Maldonado et al. (2010). The bubble surface area flux (Sb) can be calculated as Eq.(17),

and it can be controlled by manipulating the ratio between superficial gas velocity (Jg) and

the Sauter mean bubble diameter (d32):

Sb = 6Jg
d32

, (17)

where d32 is calculated as:

d32 =
∑Nb
i=1 d

3
BPi∑Nb

i=1 d
2
BPi

, (18)

where dBP is the bubble diameter in the pulp phase, and Nb is the number of bubble size

classes.

As can be seen, Eqs.(17) and (18) are not explicitly time dependant, and therefore, an

online estimation of the Sauter mean bubble diameter, previously proposed by Maldonado

et al. (2008), was implemented. A nonlinear steady-state relationship between Sauter mean

diameter (d32), and superficial water velocity (Jls) was obtained, as shown in Eq.(19).

d32 = 3.706 · J−0.256
ls − 0.226. (19)

The strong influence of frother concentration on bubble size was also subject of flotation

control research by Maldonado (2010), who considered frother concentration as an unmeas-

ured disturbance that directly affects flotation performance due to its impact on bubble size

and froth stability. Maldonado et al. (2009) used electrical conductivity to calculate the gas
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hold-up (εg) in a laboratory scale flotation column, as shown in Eq.(20). Froth height was

also considered constant for the dynamic models used to implement the control strategy.

εg = 100
(

kl − kl−g
kl + 0.5kl−g

)
, (20)

where kl and kl−g are the conductivity for the liquid and liquid-gas mixture, respectively.

The constrained controller implemented in Maldonado et al. (2009) was used to minimise

the tracking error of the gas hold-up (εg) and bias rate (JB), which is defined as the net

downward water flowrate (i.e. bias rate = tailings flowrate (water) - feed flowrate (water))

(Del Villar et al., 1999). The bias rate (JB) was calculated through the empirical equation

shown in Eq.(21), as a function of the fraction of wash water, which is also calculated by using

conductivity (Eq.(22)). In flotation columns, wash-water rate (Jw) is a crucial operating

variable as it is directly linked to froth stability and it is used to enhance drainage, thus

reducing entrainment. This is an important variable to control in flotation columns since a

very high wash-water rate can lead to inefficient froth cleaning action due to increasing in

froth mixing and water short-circuiting to the concentrate, limiting the overall metallurgical

performance (Yianatos and Bergh, 1995). Table 3 shows the six inequality equations that

were implemented by Maldonado et al. (2009).

JB = 0.003966 · εw − 0.03409, (21)

The liquid hold-up (εw) is calculated as:

εw = 100
(
kf − k∗

kf − kw

)
, (22)

where kf is the conductivity of the water in the feed, k∗ is the conductivity of the interface,

and kw is the conductivity of wash-water.

Although the use of sensors based on conductivity was not of major concern to Maldonado

et al. (2009) since these sensors have been satisfactorily tested on plants (Gomez et al.,

2003; Bartolacci et al., 2008), differences in the estimation of bias rate were found when

comparing these measurements to a water balance in the collection zone. This suggests that
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Table 3: Description of operational constraints proposed by Maldonado et al. (2009)

Constraint Description

Jg ≤ Jgmax

To prevent: hydraulic entrainment,

loss of the interface and froth “burping”

Jg ≥ Jgmin To keep solid in suspension

Jw ≤ Jwmax

To avoid: froth mixing and wash-water

short circuiting

Jw ≥ Jwmin

To promote froth stability and to facilitate

transfer of collected particles into the

concentrate

JB ≤ JBmax

To avoid reduction of collection residence

time for valuable minerals

JB ≥ JBmin

To perform cleaning action thus reducing

gangue entrainment
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either the conductivity measurements have an intrinsic error that should be considered when

controlling a flotation column using the proposed models, or that the model relating liquid

hold-up to flowrate is the source of the error.

The fact that froth height has been assumed constant in most models for flotation control

indicates there is an opportunity to enhance these models so that they also take into account

all the phenomena that occur in the froth phase. For example, particle attachment and

detachment processes in the froth phase have been considered in some studies, such as

Zaragoza and Herbst (1989), in which a hierarchical control based on a simplified version of

the models proposed by Bascur (1982) was implemented. In order to simplify those models,

Zaragoza and Herbst (1989) assumed that the attachment and detachment processes are at

equilibrium in the pulp and the froth phases. This assumption is questionable in terms of

application for control since this equilibrium may be affected by dynamic changes in, for

example, particle size, head grade in the feed, and particle liberation.

The rate constants of the attachment phenomena in the pulp phase (KPAT
ij ), can be

modelled as shown in Eq.(23) (Bascur, 1982):

KPAT
ij = κPATj

vBPd
2
iBut

d3
BP

, (23)

where κPATj is a constant which is determined experimentally, vBP is the volume of bubbles

in the pulp phase, diB is the mean size of the aggregate particle-bubble of size i, and dBP
is the bubble diameter in the pulp phase. The turbulent aggregate velocity (ut) can be

estimated using Eq.(24) (Schubert, 2008):

√
∆v′2t ≈ 0.33

ε4/9d7/9
p

v
1/3
F

(
∆ρ
ρF

)2/3

. (24)

where ε is the average energy dissipation, dp is the particle size, vF is the kinematic fluid

viscosity, ∆ρ is the density difference between particle and fluid, and ρF is the fluid density.

The average energy dissipation (ε) in a flotation tank is given by Eq.(25):

ε = Pg
VLP

, (25)
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where Pg is the power drawn by the impeller, and VLP is the volume of liquid in the pulp.

The power drawn by the impeller can be obtained from dimensional analysis, as in Eq.(26):

Pg
P0

= e1

(
QA

NIDI

)e2
(
N2
ID

3
IρL
σ

)e3

, (26)

where P0 is the power input to impeller when no air is added, DI is the impeller diameter

and NI is its speed, QA is the air flowrate, ρl is the density of water and σ is the surface

tension. e1, e2 and e3 are constants.

The rate constant of the attachment process in the froth phase (KFAT
ij ) is modelled as

shown in Eq.(27). This model is a function of collision frequency ( dP
dBF

), and the number of

bubbles across the height of the froth (Bascur, 1982).

KFAT
ij = κFATj QA

(
dp
dBF

)(
hf
dBF

)
, (27)

where κFATj a constant which is determined experimentally, QA is the volumetric air flowrate

in the pulp, dp is the particle size, dBF is the bubble size in the froth, and hf is the froth

height.

The constants rate of detachment phenomena in both pulp and froth phases were also

determined by empirical equations. In the pulp phase, the rate of detachment (KPDT
ij ) is

given by Eq.(28).

KPDT
ij = κPDTj d2

Put, (28)

where dp is the particle size and ut is the turbulent velocity that can be calculated as Eq.(24).

In the froth phase, the rate constant of detachment (KFDT
ij ) is given by Eq.(29):

KFDT
ij = κFDTj ρjd

n
Pu∞, (29)

where ρj represents the specific gravity of species j, n is an adjustable constant, and u∞ is

the bulk fluid velocity due to drainage, which can be approximated by Eq.(30):

u∞ = QR

A3(1− εg)
, (30)
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where QR represents the volumetric drainage rate and A3(1 − εg) represents the effective

cross sectional area of the liquid phase in the froth.

The population balance approach needs to be complemented with hydraulic models as the

liquid distribution between the pulp and froth is required. For this, Bascur (1982) proposed

empirical models that allow the estimation of water entrainment (QE), water drainage (QR)

and water reporting to the concentrate (QC), which can be calculated by Eqs.(31), (32) and

(33), respectively.

QE = a4
QA

d0.75
BP

, (31)

QR = a5

(
QA
A

)0.53
V 0.56
LF A0.4

σ0.24d1.92
BF

, (32)

QC = a6L (hf − hmax)1.5 (1− εg) , (33)

where a4, a5 and a6 are adjustable parameters, L is the overflowing lip length of the cell, hf
is the froth height, hmax is the total flotation cell height, σ is the surface tension, A is the

cross-sectional area of the froth volume, and εg is the gas hold-up. Plant data were used in

order to estimate the parameters required in the aforementioned equations (Bascur, 1982;

Zaragoza and Herbst, 1989).

One major drawback of empirical models is that they are no useful for operating condi-

tions other than those used to develop the model. The operating conditions in an industrial

process, however, usually change, resulting in empirical models having limited accuracy and

robustness. In particular for the flotation process, changes in feed mineralogy, particle size,

reagents, among many other variables, are common and have a large impact in the operation

at industrial scale, and should therefore be considered when modelling for control.

One solution to these model mismatches is the development of phenomenological models

for control. Phenomenological models are based on fundamental aspects of the process

(e.g. physics or surface chemistry), and are able to predict changes in operating conditions,

achieving the robustness necessary to be applied in MPC strategies without the need for
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significant additional model development. Phenomenological models for flotation control are

the focus on the next section.

3.2. Phenomenological models

Unlike empirical models, a phenomenological model is derived from fundamental laws.

While phenomenological models for simulation or analysis purposes have often been sub-

classified as kinetic, population balance and probabilistic (Polat and Chander, 2000; Gharai

and Venugopal, 2016), the latter are not found in the literature pertaining to flotation

predictive control. In this paper, instead, models are classified as kinetic, population balance,

and hydraulic, all of which are discussed below.

It must be taken into account that while several phenomenological flotation models

already exist, most of them have been used for design or analysis purposes since they are

often not simple enough to be implemented into control strategies. Additionally, models for

design and analysis purposes can be steady-state, whereas MPC requires dynamic models.

3.2.1. Kinetic models

Kinetic models are developed by considering processes as analogous to a chemical reac-

tion. Lynch et al. (1981) described this “reaction” in flotation by considering two types of

collisions: (i) between molecules and (ii) between hydrophobic particles and air bubbles in

the pulp. Simple kinetic descriptions, however, may ignore the contribution of the froth to

the overall transport of both the valuable material and the gangue. These kinetic descrip-

tions can therefore be extended to include the transfer of material not just out of the pulp

phase, but also into and out of the froth phase. A schematic of particles transfer from pulp

to froth or vice-versa is shown in Fig. 6. This schematic represents particle transfer from the

pulp phase due to selective attachment or non-selective entrainment, as well as the particle

transfer from the froth phase to the pulp phase due to drainage.

By considering flotation as a chemical reaction, a kinetics model can be derived, as shown

in Eq.(34) (Garcia-Zuniga, 1935; Arbiter and Harris, 1962; Gharai and Venugopal, 2016).

dN

dt
= −KnN

nNm
b , (34)
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Figure 6: Transfer of material between pulp and froth regions in a flotation process (Adapted from Lynch

et al. (1981))

where K is the flotation rate constant, N is particle concentration, Nb is the bubble con-

centration; n and m are their respective kinetic orders. The negative sign is due to the fact

that concentration decreases as particles leave the flotation cell.

Generally, flotation kinetics are considered to be first-order (Gharai and Venugopal,

2016), as shown in Eq.(35) (Kelsall, 1961; Arbiter and Harris, 1962; Yoon and Mao, 1996)),

with the bubble concentration dependency absorbed into the rate constant:

dN

dt
= −KN. (35)

Nguyen et al. (1998) developed a first order kinetics model considering three-components

according to their floatability: non-floating, slow and fast, as shown in Eq.(36):

Rec = 1−mf exp (−Kf t)−ms exp (−Kst)−mn, (36)

where mn, ms and mf are the mass fractions of non-floating, slow and fast floating species,
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respectively; and Kf and Ks are the respective flotation rate constants. More recently,

Neethling et al. (2019) have shown that flotation cells can sometimes experience zero-order

kinetics, and explored the cases when this can happen, carrying out modelling and validation.

In order to model the transition between first and zero order kinetics, assuming that the

cell is well mixed, the “reaction” is considered to be between the particles and the available

bubble surface area flux, the flotation rate was defined as Eq.(37):

Mi = KiCp,iεgχb

(
1− εg

εg,max

)
Vcell, (37)

where Mi is the solid mass of the specie i, Ki is the flotation rate constant, Cp,i is the solid

concentration, εg is the gas hold-up, χb is the bubble surface area, and Vcell is the cell volume.

Although this approach that accounts for this transition kinetics has not been imple-

mented into any control strategy yet, it is amenable to be tested in future studies. Even

though numerous kinetic models have been developed for froth flotation analysis and design,

as discussed in Gharai and Venugopal (2016) and Mesa and Brito-Parada (2019), it is worth

mentioning only those kinetic models used for control purposes are discussed within this

section. Therefore, some of the key aspects of kinetic models – such as K distribution, for

example – are not discussed in this paper.

In terms of flotation control, a study on the optimal control of a rougher flotation circuit

can be found in Maldonado et al. (2007a), based on a dynamic simulator developed by Casali

et al. (2002). The models developed by Casali et al. (2002) are shown in equations 38 and 39.

Mass balance models for the pulp phase of a nine-cells rougher flotation circuit of sulphide

copper ore were implemented, assuming five mineral classes, perfect mixing, and constant

air flowrate.

dMij

dt = −
[
Kij + QTj

(1− εg)ANj

]
Mij +MSij ,

i = 1, . . . , 5j = 1, . . . , 9, (38)
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whereMij is the solid mass of the specie i of the cell j, Kij is the flotation rate constants, QTj

is the tailings volumetric flowrate in the cell j, εg is the gas hold-up, A is the cross-sectional

area of the cell, Nj is the particle concentration in the cell j, and MSij is the solid mass

flowrate. The pulp level hP of the cell j is calculated by Eq.(39:

dhPj
dt =

QFj −QCj −QTj

(1− εg)A , j = 1, . . . , 9, (39)

where QFj is the feed volumetric flowrate to the cell j, QCj is the concentrate volumetric

flowrate from the cell j, and QTj is the tailings volumetric flowrate from the cell j.

Similarly to Casali et al. (2002), Maldonado et al. (2007b) implemented mass balance

models for the pulp phase, but only three mineralogical classes and five flotation cells were

considered. The solid mass in the pulp was calculated using the Eq.(40), while Eq.(41)

was used to describe the tailings volumetric flowrate. It must be noticed that the tailings

volumetric flowrate can also be calculated empirically, as previously shown in Eq.(7). The

models included the time variation for each mineralogical class i in cell j of the solid mass

Mij in the pulp phase, and the pulp level hpj in each cell.

MSPij =
MSTj−1gTi(j−1)(
k̃ij + QTj

Ahpj

) , (40)

where MSTj−1 is the solid mass flowrate in the tailings, gTi(j−1) is the metallurgical grade in

the tailings.

QTj = QTj−1 −QCj , (41)

Froth depth, tailings solid mass flowrate and tailings grade were also implemented into

the MPC strategy tested by Maldonado et al. (2007a), by using phenomenological models

as follows:

• The froth depth (hfj) for each cell was calculated as the difference between the cell
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total height (H) and pulp level (hpj), as shown in Eq.(42):

hfj =
(
H − hpj

)
· 1000(mm). (42)

• The tailings solid mass flowrate for each mineralogical class i in the bank j (MST ij)

was calculated using the Eq.(43):

MSTij =
QTj

Ahpj
MSPij , (43)

where MSPij is the solid mass in the pulp phase.

• The tailings grade for each mineralogical class i in the flotation bank j (gTij) was

calculated by assuming perfect mixing in the flotation cells, using the Eq.(44):

gTij = 100
MSPij∑3
k=1 MSPkj

. (44)

In the same study (Maldonado et al. (2007b)) empirical models were also implemented,

as was previously shown in Eqs.(8) to (14) (Section 3.1). While Casali et al. (2002) and

Maldonado et al. (2007b) have considered the effect of gas hold-up (εg) in their mass balances

(Eqs.(38) and (39)), Putz and Cipriano (2015) developed mass balances that considered the

attachment and detachment processes rather than gas hold-up, as shown in Eqs.(45) and

(46). In this case, i represents the cell number of the bank, j represents the mineral class

(defined as high or low) and k represents the different granulometries in the ore.

dM ijk
p

dt
= M ijk

f +Kijk
e M ijk

f −
[
Kijk
P + Qi

T

V i
P

]
M ijk

P , (45)

dM ijk
f

dt
= Kijk

P M ijk
P −

[
Kijk
e + Qi

C

V i
F

]
M ijk

f , (46)

whereM ijk
p is the mass of solids in the pulp phase andM ijk

f is the mass of solids in the froth

phase. Kijk
e and Kijk

p are the respective flotation rates constants, QT is the tailings flowrate

from the cell i, V i
P and V i

F are the pulp and froth volume of the cell i, respectively. The
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collection and drainage rate were determined empirically, as shown previously in Eqs.(6)

and (7).

Another kinetic balance approach that considers the attachment and detachment pro-

cesses is that in Zaragoza and Herbst (1989). In this work, simplified models for the pulp

(Eq.(47)) and froth phase (Eq.(48)) were proposed in order to implement an advanced

model-based control in a 2-cells flotation circuit.

dMp

dt
=MFD −

(
QT +QE +QA

1− εg
εg

αp
)

· Mp

(1 + αp)VLP
+ KRQR

VLF
· Mf

(1 + αf )
,

(47)

dMf

dt
=− (QRKR +Qc (1 + αf ))

Mf

(1 + αf )VLF

+
(
QT +QA

1− εg
εg

αp

)
Mp

(1 + αp)VLP
,

(48)

where Mp and Mf are the solid mass in the pulp and froth, respectively. MFD is the mass

flowrate in the feed, QT is the tailings flowrate, QE is the entrainment water flowrate, QA is

the air flowrate, εg is the gas hold-up, αp and αf are the equilibrium constant between the

attachment and detachment in the pulp and froth phases, respectively. VLP is the volume

of the liquid in the pulp, VLF is the volume of the liquid in the froth, and QR is the water

flowrate draining back.

These models were also coupled with an overall volume balance in the flotation cells, as

shown in Eq.(68) and Eq.(69), in the next section. Another similar approach, i.e. considering

attachment and detachment processes in the pulp and froth phases, was proposed by Tian

et al. (2018), where dynamic models were implemented into the model predictive control

strategy for a 2-phase flotation column. These models have one spatial dimension in addition

to the temporal dimension for which they were also solved. The pulp and froth phases

were modelled via mass balances, considering the mass concentration of solid particles (free

mineral, locked and gangue) within the “air phase” and “water phase”. Ordinary differential

equations (ODEs) were used to model the solid particles in the pulp phase, as shown in
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Eqs.(49) and (50):

d (εgV Ca(t))
dt

= α1AvfεwV Cw(t)− βεgV Ca(t)−QACa(t), (49)

d (εwV Cw(t))
dt

= −α1AvfεwV Cw(t) + βεgV Ca(t)

+QFCF −QTCw(t) +QwdCwd(0, t)−QwuCw(t),
(50)

where εg is the gas hold-up, V is the volume of the pulp phase in a flotation column, Ca,

Cw, Cwd , Cwu are the mass concentration of solid particles in the air phase, water phase,

downward water phase, and upward water phase, respectively. α1 is the attachment rate

constant and β is the detachment rate parameter, Av is the air-water interfacial area per

unit volume of the flotation column, f is the fractional free surface area of the bubbles, εw
is the hold-up of the water phase, QA is the air flowrate, QF is the feed flowrate, QT is the

tailings flowrate, Qwu is the upward water flowrate, and Qwd is the downward water flowrate.

The froth phase was modelled by using Partial Differential Equations (PDEs), consider-

ing the froth as a Plug Flow Reactor (PFR). The PFR assumption considers that the froth

phase is not mixed in the flow direction, but is perfectly mixed in the direction perpendicular

to the flow. However, it should be noted that modelling the pulp as a plug flow reactor is

only applicable to a column cell and, even there, it ignores the substantial vertical mixing

which may occur in these systems. The solid mass balance for the air phase was modelled

as shown in Eq.(51):

∂
(
εgC

F
a (z, t)

)
∂t

= −
∂
(
UaC

F
a (z, t)

)
∂z

+α1AvfCwd(z, t) + σ1AvfCwu(z, t)− βCF
a (z, t),

(51)

where Ua is the velocity of particles within the air phase. The term αAvfCwd represents

the transfer of particles from the downward water flow to the bubble; the term σ1AvfCwu

represents the transfer of particles from the upward water flow to the babble; and the term

βCF
a represents the particles detachment from the bubble.
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The initial conditions for the collection zone models used by Tian et al. (2018) were:

Ca(0) = Ca0, Cw(0) = Cw0, (52)

while for the pulp phase, two cases were considered: downward water motion and upward

water motion, as shown in Eqs.(53) and (54), respectively:

∂ (εwdCwd(z, t))
∂t

= ∂ [(Uwd + εwdUs)Cwd(z, t)]
∂z

−α1AvfCwd(z, t) + ρ1Cwu(z, t) + kβCF
a (z, t),

(53)

∂ (εwuCwu(z, t))
∂t

= −∂ (UwuCwu(z, t))
∂z

−σ1AvfCwu(z, t)− ρ1Cwu(z, t) + (1− k)βCF
a (z, t),

(54)

where the term ρ1Cwu represents the transfer of particles from the upward water flow to the

downward water flow.

The boundary and initial condition for the PDEs were:

CF
a (0, t) = Ca(t), Cwu(0, t) = Cw(t), Cwd(h, t) = 0, (55)

CF
a (z, 0) = fa(z), Cwu(z, 0) = fwu(z), Cwd(z, 0) = fwd(z). (56)

A discrete controller was designed by Tian et al. (2018) in order to implement it as part

of a flotation column control system. The feed flowrate was used as the manipulated variable

while the concentrate grade was used as the controlled variable. Nonetheless, it has to be

emphasised that this is not a realistic case scenario as in most flotation cells the feed flowrate

is a known disturbance rather than a manipulated variable. To carry out this strategy, the

Cayley-Tustin time discretisation transformation (Humaloja and Dubljevic, 2018) was used

to discretise the coupled ODE-PDEs. A large number of parameters and variables were

considered as constants by Tian et al. (2018) to evaluate their proposed MPC strategy.

Among the variables considered as constants were the height of froth phase and collection

region, the air hold-up, air flowrate, attachment and detachment rate parameters (for a full

list and the values used for constants, the reader is referred to Table 1 in Tian et al. (2018),
36



although no details were provided for the values given to each parameter or variables).

Assuming key variables remain constant is far from optimal, as changes can have a significant

impact on operating conditions. For example, while gas hold-up was assumed to be constant

in both the pulp and froth phases by Tian et al. (2018), this is a variable that is not only

prone to change but also one that is related to pulp height (Shean et al., 2018), as discussed

in subsection 3.2.2, and thus has a direct impact on the overall performance of the flotation

system. Further work is therefore needed to improve the models, so that the impact of

changes in key parameters, such as froth height and gas hold-up, can be predicted.

While Zaragoza and Herbst (1989) also considered attachment and detachment processes

in their balances, Tian et al. (2018) developed a model that was not only a function of

time but also of space (1-dimensional). Since the latter considered ODEs to represent

the pulp phase (only time dependent) and PDEs to represent the froth phase (time and

space dependent), Eqs.(49) to (54) were coupled, with the ODE system providing boundary

conditions for the PDE system. Although both Zaragoza and Herbst (1989) and Tian et al.

(2018) attempted to integrate the phenomenology of the froth phase into control strategies,

their approach was based on kinetic models, rather than the physics of the process. While

kinetics can represent the pulp phase, the froth phase is significantly more complex, and it is

dominated by phenomena such as bubble coalescence and bubble bursting. Kinetic models

are not therefore sufficient to fully represent this phase. Enhancement of flotation control

can be achieved by including more of the important phenomena involved in the process

and, for this reason, including froth physics aspects is essential to develop advanced control

strategies.

The dynamic of the flotation froths has a strong influence on the overall performance

of flotation cells, and thus, its control is difficult to achieve (Neethling and Brito-Parada,

2018). In addition to those controllers based on froth images (such as those mentioned in

the introduction), only a few researchers have addressed the integration of froth perform-

ance into control strategies. One example of this is the study carried out by Shean et al.

(2017), in which an optimisation system was implemented at laboratory scale, based on the

Generating Set Search (GSS) algorithm. This control algorithm was based on maximising
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the air recovery – a measurement of froth stability – which was developed and validated in

a flotation tank at laboratory scale. Air recovery is defined as the fraction of air entering a

flotation cell that overflow as unburst bubbles (Neethling and Cilliers, 2008). Air recovery

can be calculated at steady-state as:

α = vfhfLη

QA

, (57)

where vf is the overflowing froth velocity, which is usually measured through image analysis;

hf is the height of the overflowing froth over the lip, L is the lip length, η is the fraction of

air in the froth, which is usually close to 1, and QA is the air flowrate into the flotation cell.

It has been demonstrated that a peak in air recovery (PAR) is linked to improvements in

metallurgical performance (Hadler and Cilliers, 2009; Hadler et al., 2010). For this reason,

Shean et al. (2017) considered PAR as the objective in the optimisation problem in order to

find the best operating condition (in this study, air flowrate) for the flotation tank. However,

it should be noted that this PAR optimisation was only tested for a single flotation tank,

which is a case far from optimal as flotation tanks at industrial scale are generally connected

in series, and therefore, the performance of tanks down the bank is directly affected by the

performance of those upstream. It should be also noted that the optimisation strategy

was tested in a closed loop, in which the only manipulated variable was the air flowrate,

maintaining reagent conditions constant and pulp flowrates equal to zero, which is clearly

not comparable with flotation at industrial scale.

As flotation froths play an important role in the flotation performance, much research has

focused on modelling the phenomena occurring in this phase, specially focused on simulation

purposes (i.e. analysis and design).For example, foam physics models developed by Verbist

et al. (1996); Leonard and Lemlich (1965) have been further extended to describe flotation

froths (Neethling et al., 2000; Neethling and Cilliers, 2002; Neethling et al., 2002, 2003;

Neethling and Cilliers, 2009). These models aim to describe both internal behaviour and

overall performance.

It must be noted that some of these models are not directly applicable to flotation control
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as they take the form of PDEs and are too complex to solve for control purposes. However,

they have also been simplified to an extent that could make them amenable to control, even

though they were developed assuming steady state. For example, in Oosthuizen and Craig

(2019), the potential use of non-linear flotation models for control has been investigated and

demonstrated. The benefit of such an approach lies in that the concept of PAR implies that

there is an optimal operating point as recovery goes through a maximum when air rate is

varied (i.e. a non-linear model is required). A brief introduction to some simplified froth

models that could be used in future MPC studies for flotation control is presented below.

Water recovery: The simplified models developed in Neethling et al. (2003) are focused on

predicting the amount of liquid collected in the concentrate (i.e. water recovery), which is

directly related to the amount of gangue collected and, therefore, to the grade of valuable

ore in the concentrate. To do so, a model that relates the amount of water collected with

the air flowrate, air recovery and bubble size was developed:

if α < 1
2 : Ql = AJ2

gλ

k1
(1− α)α

if α > 1
2 : Ql = AJ2

gλ

4k1
,

(58)

where α is the air recovery (in most rougher and scavenger cells α is less than 0.5), Ql is

the upwards liquid flowrate in the froth, A is the flotation cell cross-sectional area, Jg is

the superficial gas velocity, and λ is the length of the Plateau borders per volume of froth,

which is related with bubble size as shown in Eq.(59):

λ ∝ 1
d2

BF
, (59)

where dBF is the bubble size in the froth phase. The constant k1is a result of the force

balance between gravity and viscosity, and it is defined as Eq.(60):

k1 = ρpg

3CPBµ
, (60)

where ρ is the pulp density, g is gravity, Cpb is the drag coefficient, which is a function of

interfacial mobility, taking a value of 49 for immobile interfaces, which will be an appropriate

value for many particle laden flotation froths, and µ is the pulp viscosity.
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Entrainment factor: The performance of the froth flotation process is partly determined

by the concentrate grade achieved. This is directly related to the entrainment of gangue

material in the concentrate. It has been demonstrated that the amount of gangue entrained

is proportional to the water recovery presented in Eq.(58). This proportionality is known as

the entrainment factor. Neethling and Cilliers (2009) developed a simplified model for the

entrainment factor as a function of operating conditions, such as froth depth and air rate:

if α < 1
2 : Ent ≈ exp

(
− v1.5

set hf

DAxial
√
Jgα(1−α)

)
if α ≥ 1

2 : Ent ≈ exp
(
− 2v1.5

set hf

DAxial
√
Jg

) , (61)

where α is the air recovery, vset is the settling velocity, hf is the froth depth, Daxial is the

axial dispersion, and Jg is the superficial gas velocity, i.e. Qair/Acell. The settling velocity,

vset, is assumed constant since the solid concentration is generally low. This velocity can be

calculated as in Eq.(62). The axial dispersion, Daxial, is calculated as in Eq.(63).

vset ≈
1
3
g (ρS − ρl) d2

p

18µ , (62)

DAxial ≈
J1.5

g√
k1(
√

3− π/2)Pe
, (63)

where Pe is the Péclet number, which can be assumed 0.15 (Neethling and Cilliers, 2009).

The entrainment factor is important to predict the entrained solids recovery from the

estimated water recovery (from Eq.(58)). In Neethling and Cilliers (2009), it was demon-

strated that while particle size has a strong influence on the entrainment factor, there is no

direct dependence of it on the overflowing bubble sizes.

Froth recovery: Froth recovery is defined as the fraction of the material that enters the froth

attached to the bubbles that reports to the concentrate, rather than dropping back into

the pulp (Finch and Dobby, 1991; Neethling and Cilliers, 2008). By including the froth

recovery into control strategies, the performance of predictive control strategies could be

enhanced as it is related to the particle detachment, as well as the behaviour of unattached

particles. Froth recovery could be included into control strategies by using a simplified model
40



developed by Neethling and Cilliers (2008). This simple froth recovery model is a function

of operating variables, such as superficial gas velocity, Jg, air recovery, α, and bubble sizes,

as follows:

if α < 1
2 : RFroth ≈

(
α(1−α)Jg
vset

) f
2
(
db, int
dBF, out

)f
if α ≥ 1

2 : RFroth ≈
(

Jg
4vset

) f
2
(
db, int
dBF, out

)f , (64)

where f is the fraction of material that becomes detached from the bubble interface during

a coalescence event, db,int is the bubble size in the pulp-froth interface, and dBF,out is the

bubble size in the froth phase, overflowing the cell lip.

Although there have been attempts to develop simple froth models, such as those presen-

ted above, there is still a gap in our knowledge on how to include this type of simplified

models into predictive control strategies. It should be possible to include these simplified

models as a complement to an existing dynamic flotation model. Future work is therefore

needed, and it should focus on the implementation of this approach, which could eventually

lead to better performance of flotation MPC strategies.

Another approach that has attracted much attention has been the development of models

based on hydraulic balances, considering variables that are commonly measured in industrial

flotation cells, such as the inlet and outlet pulp flowrates. Hydraulic-based models for

flotation control is the focus of the next section.

3.2.2. Hydraulic models

Hydraulic models are based on the continuity equation. Jämsä-Jounela et al. (2003)

used this principle in order to implement a pulp level control strategy for six flotation cells.

One SISO (single-input single-output) controller and three different MIMO (multi-input

multi-output) controllers were tested. In order to determine which type of controller is more

suitable for pulp levels, simulations in Matlab (Simulink) were performed, finding that SISO

controllers are considerably less efficient in their ability to control the cell levels than MIMO

controllers. Dynamic phenomenological models to predict the pulp levels in the cells, as

shown in Eq.(65) for the first cell, Eq.(66) for the 2nd to (n − 1) cells and Eq.(67) for the
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last one, were proposed. These equations are valid when there is a tailings valve for each

tank, as shown in Fig. 7, and when the cross-sectional area of the cell is constant.

dhp1

dt
=
q −KvCv (u1)

√
hp1 − hp2 + ∆hp1

A1
, (65)

dhpj
dt

=
KVj−1Cv (uj−1)

√
hpj−1 − hj + ∆hpj−1

Aj

−
KVCv (uj)

√
hpj − hpj+1 + ∆hpj
Aj

,

(66)

dhpn
dt

=
KVj−1Cv (uj−1)

√
hpj−1 − hn + ∆hpj−1

An

−
KVCv (un)

√
hpn + ∆hpn

An
,

(67)

where hp1 , hpj , and hpn are the pulp level in the flotation cell number 1, 2 to (n − 1) and

n, respectively. KV is a proportional constant, Cv is the valve coefficient, and u1, uj and un
are the control valve positions for the tailings flowrate from the cells 1, 2 to (n− 1) and n,

respectively. ∆hp is the physical difference between two consecutive cells.

q
h1

h2

h3

h4

h5

u1

u2

u3

u4

u5

Figure 7: Schematic diagram of flotation cells. Adapted from Jämsä-Jounela et al. (2003)

Basic PI-controllers for level in every cell were used to evaluate the control strategies
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proposed, and only the feed flowrate was measured (flowrate into the first cell). In order to

develop these models, the effect of air flowrate on the pulp level was explicitly ignored by

Jämsä-Jounela et al. (2003). It was also assumed that froth height is negligible in comparison

to the pulp level. However, it has been demonstrated that air flowrate directly affects the

pulp level in aerated tanks such as those used in froth flotation (Shean et al., 2018) and,

therefore, the effect of changes in air flowrate should not be ignored in future studies on

flotation control, especially given the recent focus on optimising performance by varying the

air flowrate into the cell.

Similar, but simpler hydraulic balances were proposed by Zaragoza and Herbst (1989),

as shown in Eqs.(68) and (69) for the pulp and froth phase, respectively:

dVLP
dt

= QFD −QT −QE +QR, (68)

dVLF
dt

= QE −QR −QC , (69)

where QE is the flowrate of entrained water, QR is the flowrate of water draining back to

the pulp, QC is the water leaving the flotation tank with the concentrate, QT is the tailings

flowrate, QFD is the water fed to the cell, VLP is the volume of the liquid in the pulp and

VLF is the volume of liquid in the froth. Kalman filters were used to implement the on-line

estimation equations of the simplified models (i.e. Eqs.(47), (48), (68), and (69)) proposed

by Zaragoza and Herbst (1989).

A hydraulic approach was also taken by Putz and Cipriano (2015) to calculate the

dynamics of the pulp level (hpj) for each cell, j. The pulp level was determined from the

hydraulic model developed by Jämsä-Jounela et al. (2003), but with the addition of logic

variables δj1 (i.e. variables that can take a value of 0 or 1, depending on the conditions

previously defined) as:

dhpj
dt

= 1
Aj

(
QFj −QTj −QCj

)
δj1. (70)
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where Aj is the cross-sectional area of the cell j, and QFj , QTj and QCj are the feed, tailings

and concentrate flowrates from the cell j, respectively.

Unlike the model proposed by Jämsä-Jounela et al. (2003), the hydraulic model presented

in Eq.(70) does not include the valve coefficient, and rather integrates logical rules as part

of the hybrid models. In all previous hydraulic models presented, it was assumed that

the change in the pulp level was the result of only the pulp flowrate into and out of the

cell. However, it has been demonstrated that changes in the gas flowrate can also have

an appreciable impact on the pulp height (Shean et al., 2018). These effects are linked to

changes in (1) gas hold-up (Vinnett et al., 2014), and (2) bubble size (Gorain et al., 1995;

Nesset et al., 2006).

The effect of air flowrate on pulp level control was studied by Shean et al. (2018), where

a dynamic model was developed and validated in both a water-only system and a system

with reagents. To carry out the model development, assumptions such as well-mixed tank,

ideal gas law for the gas phase, and hydrostatic pressure within the tank, were taken. The

change in pulp level was determined using Eq.(71). A relation between average gas hold-up

(εave) and the top of the tank gas hold-up (εg) was derived, as shown in Eq.(72).

dVgas
dt

= d (VsystemεAve)
dt

= A
d (hεAve)

dt
, (71)

where:
εAve
εg

= Xε ≈
P0

ρpg (1− εg)hp
ln
(
ρpg (1− εg)hp

P0
+ 1

)
. (72)

Thus:
dVgas
dt

= A
d (hpεgXε)

dt
. (73)

The change in gas hold-up (εg) for each bubble size class i, can be determined by Eq.(74),

which is a function of air flowrate (QA), feed flowrate (QF ), and the total pulp out of the
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cell (Qpulp,out), which is the sum of tailings and concentrate flowrates:

d

dt

(
XρεgiXε

1− εg,totalXε

)
= 1
h0

[
QA

A
− vgasεg,i

]

− 1
h0

[
QF

A
− Qpulp,out

A

] (
εgiXε

1− εg,totalXε

) (74)

where vgas is the upward gas velocity of the bubble from the pulp phase to the interface,

which is a function of gas hold-up and the bubble size in the pulp phase (Eq.(75)):

vgas = gd2
BPρp
18µ [1− εg]1.39 . (75)

The term Xρ is the ratio of the average to surface gas density, which can be calculated as

follows:

ρgAve
ρg0

= Xρ ≈

ρpg(1−εg)hp
P0 ln

(
ρpg(1−εg)hp

P0
+1
) − εg

1− εg
. (76)

For a more in-depth description of the derivation of Eqs.(72) and (76), the reader is

referred to the Appendix A in Shean et al. (2018). It should be noted that Eqs.(73) and

(74) are in fact revised versions of those in Shean et al. (2018) since from Eq.(72) it can be

seen that εAve = ε0Xε, rather than εAve = ε0
X ε

as presented in the original paper. Although

it has been demonstrated that the dynamic model in Eq.(74) presents an improvement in

predicting pulp level changes, it has never been tested as part of a level control strategy. In

fact, Eq.(74) could be implemented for a better control of the pulp level as it considers not

only the effect of the pulp flowrate but also the effect of the air flowrate, specially when this

variable is considered as one that is continuously manipulated. Nonetheless, it should be

noted that only the effect of air flowrate on pulp level was validated at laboratory scale by

Shean et al. (2018), and therefore there is still scope to validate the effect of pulp flowrate

(QF and Qpulp out).

Whereas hydraulic models, such as those proposed by Jämsä-Jounela et al. (2003); Za-

ragoza and Herbst (1989) and Putz and Cipriano (2015), consider the effect of operational

variables (i.e. flowrates) that are typically directly measured, other phenomena within
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the pulp and/or froth phase that are difficult to measure are ignored, such as attach-

ment/detachment processes, bubble coalescence, and liquid and solid, among others. The

attachment/detachment phenomena, however, have been included when population balance

models are taken into account for control strategies. In the next section, the population

balance approach is discussed in detail.

3.2.3. Population balance models

Another approach to phenomenological modelling is the use of population balance mod-

els, which can be applied for both simulation and control purposes (Herbst and Harris, 2007).

Mika and Fuerstenau (1969) described population balances for four states for particles in

a flotation cell, as shown in Fig. 8, which are: (1) free in the pulp phase, (2) attached to

bubbles in the pulp phase, (3) free in the froth phase (i.e. entrained), or (4) attached in the

froth phase.

Eq.(77) is the general population balance equation that represents each of the four pos-

sible states (Herbst and Harris, 2007; Herbst and Flintoff, 2012; Jovanović et al., 2015), for

every mineral particle size i, and mineral particle composition j.

∂V ψj
∂t

= ψj,INQF − ψj,OUTQpulp out −
k∑
i=1

kjiψjV, (77)

where ψj is the concentration of mineral particles, V is the volume of the flotation cell,

QF and Qpulp out are the volumetric flowrate into and out of the cell, respectively, and kji

is the particle transfer rate between the states. Each of the four states established in the

population balance was modelled as shown in Eqs.(78) to (81), as follows:

1. Free particles in the pulp phase: Eq.(78) shows the population balance for unattached

particles in the pulp phase, at time t. This balance indicates that the accumulation of

free particles of size i and mineralogical species j in the pulp phase ( d
dta

(VLPψLPij )) is

a function of the rate of attachment (KPAT
ij VLPψ

LP
ij ) and detachment (KPDT

ij VBPψ
BP
ij )

for particles in the pulp, the feed of particles into the flotation cell (QFeedψ
Feed
ij ), the

flowrate of particles leaving the cell with the tailings (QTψ
LP
ij ), the flowrate of particles
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Figure 8: Four states for particles in a flotation cell: (1) Free particles in the pulp phase, (2) Attached

particles in the pulp phase, (3) Free particles in the froth phase and (4) attached particles in the froth

phase. (Adapted from Herbst and Harris (2007); Jovanović et al. (2015)).

draining from the froth carried by water (KR
ijQRψ

LF
ij ), and the flowrate of entrained

particles into the froth (QEψ
LP
ij ).

d
dt

(
VLPψ

LP
ij

)
= −KPAT

ij VLPψ
LP
ij +KPDT

ij VBPψ
BP
ij

+QFeedψ
Feed
ij −QTψ

LP
ij +KR

ijQRψ
LF
ij −QEψ

LP
ij

(78)

2. Attached particles in the pulp phase: Eq.(79) shows the population balance for particles

that are attached to a bubble in the pulp phase, at time t. This balance indicates that

the accumulation of particles attached to bubbles in the pulp phase ( d
dt

(VLPψBPij )) is

a function of the rate of attachment (KPAT
ij VLPψ

LP
ij ) and detachment (KPDT

ij VBP ) of

particles, the transport of particles attached to bubbles to the froth (QAψ
BP
ij ), and the
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particles attached to bubbles leaving the cell through tailings (QATψ
BP
AT ).

d

dt

(
VLPψ

BP
ij

)
= KPAT

ij VLPψ
LP
ij −KPDT

ij VBP

ψBPij +QAψ
BP
ij −QATψ

LP
ij

(79)

3. Free particles in the froth phase: Eq.(80) shows the population balance for particles

entrained with the liquid in the froth phase. This balance indicates that the accu-

mulation of free particles in the froth phase ( d
dt

(VLFψLFij )) is a function of the rate of

attachment (KFAT
ij VLFψ

LF
ij ) and detachment (KFDT

ij VBFψ
BF
ij ) of particles in the froth

phase, the rate of particles carried due to water entrainment from the pulp (QEψ
LP
ij ),

the rate of particles carried out of the froth due to water drainage (KR
ijQRψ

LF
ij ), and the

rate of non-attached particles in the froth that overflows into the concentrate launder

(QCψ
LF
ij ).

d
dt

(
VLFψ

LF
ij

)
= KFAT

ij VLFψ
LF
ij +KFDT

ij VBFψ
BF
ij

+QEψ
LP
ij −KR

ijQRψ
LF
ij −QCψ

LF
ij

(80)

4. Attached particles in the froth phase: Eq.(81) shows the population balance for those

particles in the froth that are attached to bubbles. This balance indicates that the

accumulation of attached particles in the froth phase ( d
dt

(VBFψBFij )) is a function of

the rate of attachment (KFAT
ij VLFψ

LF
ij ) and detachment (KFDT

ij VBFψ
BF
ij ) of particles

in the froth phase, the rate of particles that are carried by air bubbles from the pulp

phase (QAψ
BP
ij ), and the rate of particles that are attached into bubbles in the froth

that reports to the concentrate (QACψ
BF
ij ).

d
dt

(
VBFψ

BF
ij

)
+ kFDTij VBFψ

BF
ij − kFATij VLFψ

LF
ij

= QAψ
BP
ij −QACψ

BF
ij

(81)

Parameters, such as rate constants, water entrainment/drainage and water into the con-

centrate, can be determined empirically as shown in Section 3.1, in Eqs.(23) to (33). In the

study carried out by Bascur (1982), phenomenological models were developed with a focus

on automatic control, by considering three types of particles: free valuable minerals, free

gangue, and locked particles.
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The aforementioned population balance models are used to represent the attachment

and detachment phenomena, as well as the solids transfer between the pulp phase and froth

phase. However, these models do not fully represent the phenomena that occur in a flotation

cell, specially in the froth phase. To date, physics-based models for the froth phase have not

been developed for control purposes. While phenomenological models based on kinetics and

population balances work well to represent the pulp phase, they do not adequately represent

the froth phase, with the assumption of a well-mixed system being particularly problematic.

They also do not incorporate the important stability effects, such as bubble coalescence and

bursting which are important drivers in the overall performance of froths.

3.3. Hybrid models

Hybrid models are used to represent a process by using both continuous and discrete vari-

ables. The discrete variables are logic rules that represent different operating conditions of

the process (also known as “modes”) that generate changes in the continuous variables. The

first hybrid model predictive control for flotation, based on PWARX (PieceWise AutoRe-

gresive eXogenous) models (Heemels et al., 2001), was developed by Putz and Cipriano

(2015). The PWARX system was used to approximate non-linear process dynamics, such

as the froth flotation process, by using linearised models at different operating conditions

(Sontag, 1981).

In order to implement the hybrid MPC, Putz and Cipriano (2015) defined three modes,

as shown in Fig. 9, as follows: (1) flotation cell with the presence of pulp and froth phases,

but no concentrate overflow, (2) normal operation (presence of the pulp and froth phases,

as well as concentrate overflow), and (3) operation with overflow of the pulp phase (i.e.

no presence of the froth phase). In order to simplify the formulation, only the first two

operating conditions were taken into account, with the third one considered as an operating

(hip 6 himax, i.e. pulp height cannot be greater than the cell height).

In order to implement the hybrid MPC, assumptions were made such as perfect mixing,

constant air flowrate, and constant tank cross-sectional area, and considering two miner-

alogical classes (high and low chalcopyrite grade). This last consideration on mineralogical
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Figure 9: Operating conditions in a flotation tank proposed by Putz and Cipriano (2015). Mode 1 represents

an operation with the presence of both pulp and froth phases, without froth overflow; Mode 2 represents

a normal operation with the presence of both pulp and froth phases, and also froth overflow; and Mode 3

represents an operation with the presence of pulp phase only, with overflow of pulp phase at the top of the

flotation cell.

classes is, in fact, not ideal as the mineralogy have a significant impact on the concentrate

economic value. More realistic results could have been obtained if a distributed mineralogy,

for example, was taken into account instead.

Two logical variables were defined as δj1 and δj2. Depending on the operating conditions,

the logical variables can take the value of 0 or 1. Eq.(82) and Eq.(83) show the logical rules

that were defined to implement the hybrid MPC by Putz and Cipriano (2015).

δj1 =

 1 if hjp 6 hjmax

0 if hjp > hjmax

, (82)

δj2 =

 1 if hjp + hif > hjmax

0 if hjp + hjf 6 hjmax

(83)

where hjp and h
j
f are the pulp height and froth depth of the cell j, respectively. Both logical

variables δj1 and δj2, can be grouped in a vector that contains each value, as
[
δj1 δj2

]
. The

three operating conditions previously defined and their respective logical states are presented
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in Fig. 9. The use of only logical rules, however, was not enough to effectively implement

a model predictive controller. For this reason, empirical (Eqs.(6), (7), (15), and (16)) and

phenomenological models (kinetic balances: Eqs.(45) and (46); hydraulic model: Eq.(70))

were also implemented by Putz and Cipriano (2015).

Simulations were run to test the proposed hybrid flotation models, with the feed flowrate

and the feed grade as the measured disturbance variables. The controlled variable was the

pulp height and the final tailings grade, which was manipulated by controlling the position of

the tailings valve. The effect that air flowrate and regent addition rate were thus ignored in

terms of their influence on the pulp level. The control aim was to minimise the error between

a reference and the final tail grade, while minimising the variations in the manipulated

variables.

Although other hybrid models have been developed for analysis or design purposes, such

as Gupta et al. (1999), to the knowledge of the authors, the hybrid model implemented into

a control strategy by Putz and Cipriano (2015) is the only one of its kind and, thus, no

comparison can be made with other control studies. It should, however, be noted that is

important to identify gaps in knowledge that can lead to further research and, hence, to find

a way to optimally control the flotation process.

4. Conclusions

Numerous studies have established that the efficiency of flotation control can be improved

by using advanced controllers, such as Model Predictive Control (MPC). MPC is a powerful

control strategy for complex processes such as froth flotation. This control strategy optimises

the process by using explicit models able to predict its outputs, minimising a cost function

that depends on process variables and process constraints. The most crucial part of this

control strategy is the model development itself, specially in a complex process such as froth

flotation, due to its dynamic nature and the fact it can be affected by a great number of

variables.

This review has, for the first time in the literature, classified and analysed models used

for flotation MPC strategies, providing a framework for future studies. The models used for
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MPC strategies were classified as empirical, phenomenological or hybrid models. Empirical

models have been mainly developed to determine flotation rate constants, drainage rate

constant, concentrate volumetric flowrate, among other parameters, by using fits to plant

data. Although these models are cost-effective, they can only be used when the process is

under a well-known range of operating conditions and, therefore, their robustness outside

that range is highly debatable. Phenomenological models, as well as hybrid models, can

be applied to into any flotation system since they are derived from first principles. In this

review, phenomenological models were classified into three types: kinetic, hydraulic and

population balance models.

The analysis of the literature on the topic has shown that little evidence on successful

MPC implementation in flotation at industrial scale is available. There remains a need

for further research to enhance modelling for flotation control purposes. To date, MPC

studies have tended to use kinetic models to phenomenologically represent the attachment-

detachment of mineral particles in the pulp phase and the froth phase. While kinetic models

can accurately represent the phenomena in the pulp phase, these models are not suitable for

the froth phase, as more complex phenomena are involved. In fact, froth phase phenomena

such as bubble coalescence, bubble bursting, and liquid and solid motion, are key drivers of

froth performance. There is therefore an important opportunity to develop suitable models

that take into account the physics of the froth phase and can be implemented into MPC

strategies. Addressing the gap between models for the pulp phase and for the froth phase

suitable to be implemented into MPC strategies will pave the way for improving the overall

performance of the flotation process.
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