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Asynchronous PID Control for T-S Fuzzy Systems
Over Gilbert-Elliott Channels Utilizing Detected
Channel Modes

Yezheng Wang, Zidong Wang, Lei Zou, Quanbo Ge, and Hongli Dong

Abstract—This paper is concerned with the H, proportional-
integral-derivative (PID) control problem for Takagi-Sugeno
fuzzy systems over lossy networks that are characterized by the
Gilbert-Eillott model. The communication quality is reflected by
the presence of two channel modes (i.e., “bad” mode and “good”
mode), which switch randomly according to a Markov process.
In the “bad” mode, packet dropouts are governed by a stochastic
variable sequence. Considering the inaccessibility of channel
modes, a mode detector is utilized to estimate the communication
situation. The relationship between the actual channel mode and
the estimated mode is depicted in terms of certain conditional
probabilities. Moreover, a comprehensive model is constructed
to represent the probability uncertainties arising from statistical
errors in channel mode switching, packet dropouts, and mode
detection processes. Subsequently, a robust asynchronous PID
controller, based on the detected channel mode, is proposed.
Sufficient conditions are then derived to ensure the mean-square
stability of the closed-loop system while maintaining the desired
H. performance. Finally, the efficacy of the proposed design
approach is demonstrated through a simulation example.

Index Terms—Fuzzy system, proportional-integral-derivative
control, Takagi-Sugeno fuzzy model, Gilbert-Elliott channel,
asynchronous control.
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I. INTRODUCTION

The Takagi-Sugeno (T-S) fuzzy technique emerges as a
potent tool for addressing the challenges of identification,
control, and filtering in nonlinear plants. This technique relies
on simple linear submodels to establish the local input-output
relationship of the nonlinear dynamics through T-S fuzzy
modeling. Consequently, the global system is approximated
via fuzzy blending. T-S fuzzy models/systems not only achieve
the requisite approximation accuracy for a wide array of
complex nonlinear functions, but they also feature a clear
and comprehensible structure, thereby garnering increasing
research interest. For instance, nonlinear systems have been
represented by a class of affine T-S fuzzy models in [1],
where the H, control problem has been addressed through an
effective non-synchronous fuzzy controller. Additional notable
contributions can be found in [1]-[9].

Fuzzy control, a fundamental aspect of control theory,
focuses on developing appropriate fuzzy controllers to fulfill
specific performance criteria in controlled nonlinear systems.
To date, various mature fuzzy control strategies have been
established which predominantly encompass state-feedback-
based and output-feedback-based control methods. The output-
feedback controller, in contrast to its state-feedback counter-
part, is deemed more practical due to its reliance on system
measurement outputs, which are readily obtained via sen-
sors. The proportional-integral-derivative (PID) controller, a
prevalent form of output-feedback controller, boasts significant
advantages such as robustness, fault-tolerance, and a well-
established systematic parameter tuning theory, which has led
to its widespread adoption in diverse industrial processes [10]—
[13]. In recent years, the fuzzy PID control problem has
attracted increased attention, with research efforts concentrated
on enhancing system performance and addressing complexities
in systems, see e.g. [14]-[18].

Networked control systems (NCSs) have recently found
widespread applications in various domains including smart
homes, automated traffic control, and geological exploration.
Utilizing wireless communication techniques, these systems
interconnect components like sensors and controllers through
shared networks. This approach offers benefits such as ex-
tended transmission distances, high feasibility, and reduced
costs [19]-[22]. From a system design standpoint, the primary
challenges in analyzing NCSs arise from network-induced
phenomena (NIP) which include, but are not limited to,
channel fadings, packet dropouts, and transmission delays.
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NIP significantly complicates the transmission process, being a
principal factor in degrading NCS performance. Consequently,
these challenges have gained special attention within the
control community [23]-[34]. Particularly, the fuzzy control
is not only capable of modeling complex nonlinearities but
also provides a proper framework of dealing with kinds of
NIP, and thus has proven to be effective for nonlinear NCSs
(11, 121, [7].

Packet dropout is a prevalent NIP in NCSs arising from var-
ious factors. Firstly, in communication networks with limited
capacity, bandwidth constraints can result in data congestion
when there are simultaneous and numerous network access
requests. This congestion often leads to the failure of data
packets to reach their intended destinations. Secondly, the open
nature of NCSs exposes them to cyber threats such as denial-
of-service attacks. In these scenarios, a deluge of interfer-
ence signals is intentionally directed into the communication
channels, deliberately causing data congestion. In addressing
these issues, the Bernoulli-type model has been extensively
adopted in the literature to characterize packet dropouts. This
model serves as a foundation for tackling numerous control
and filtering challenges in NCSs, see e.g. [35]-[37].

In real-world scenarios, packet dropouts in NCSs are in-
tricately linked to the fluctuating channel conditions that are
often impacted by a dynamic and sometimes abruptly changing
communication environment. Consequently, the probability of
packet loss varies across different time periods. The traditional
Bernoulli-type model, which assumes a constant packet loss
probability, does not fully capture this variability. In contrast,
the Gilbert and Elliott model, introduced in [38], [39], offers
a more comprehensive representation. This model effectively
characterizes burst errors in wireless communication by de-
scribing the channel condition through two distinct modes:
“good” and “bad.” The “good” mode represents a channel state
free of data losses, whereas the “bad” mode is characterized
by burst errors leading to data losses with certain probabilities.
By accounting for the temporary nature of channel conditions,
the Gilbert-Elliott model provides a more realistic depiction of
communication in NCSs.

The exploration of optimization, control, and filtering issues
in NCSs operating over Gilbert-Elliott channels has seen
a surge in research interest in recent years, resulting in a
substantial body of literature. A key focus in these studies is
the channel mode or state, which is crucial in determining the
quality of communication. This aspect has been given special
attention in various research endeavors. For example, a mode-
dependent filter has been developed in [40] for multi-rate
systems in sensor networks. In [41], a mode-independent filter
has been proposed to address the challenges posed by packet
dropouts and measurement anomalies. In [42], a distributed
channel access scheme has been designed that is applicable
to both known and unknown Gilbert-Elliott channels. Fur-
thermore, an optimal linear filter has been put forward in
[43] for Gilbert-Elliott channels, specifically tailored to handle
unobservable packet losses.

Upon reviewing the literature related to Gilbert-Elliott chan-
nels, several key observations have been made. 1) A number
of papers have focused on channel-mode-dependent filtering,

operating under the assumption that channel modes are ac-
curately and timely obtained [40]. However, this assumption
often does not hold in complex environments due to difficul-
ties in precisely identifying the channel situation. 2) Mode-
independent methods have been employed to obtain some
results [41], [43], which tend to introduce significant conser-
vatism due to the lack of channel information consideration.
3) In current Gilbert-Elliott models, the probability value of
packet dropouts and mode switching are presumed to be exact,
but such an assumption fails to account for statistical errors
that may arise from experimental data [40], [41], [43], [44]. 4)
The majority of controllers discussed in the literature are of the
proportional type [44], [45], and there appears to be a lack of
comprehensive research on PID control problems, especially
for general nonlinear systems over uncertain Gilbert-Elliott
channels due primarily to complexities in design.

Summarizing the previous discussions, our research focuses
on exploring the H,, PID control problem for T-S fuzzy
systems operating over Gilbert-Elliott channels. The primary
challenges in this area include: 1) developing a viable channel
model that supports the effective implementation of the PID
controller; 2) analyzing the performance of the closed-loop
system particularly in the context of uncertain probability
information; and 3) determining optimal controller gains while
comprehensively considering all complex factors encountered.
In addressing these challenges, the following key contributions
are made in this paper.

1) This study represents the first endeavor to tackle the
fuzzy PID control issue for T-S fuzzy systems over
Gilbert-Elliott channels with multiple uncertain informa-
tion, where the encountered complexities have not been
dealt with systematically in the existing works.

2) A thorough transmission model is proposed, which not
only encapsulates the core characteristics of Gilbert-
Elliott packet dropouts but also accurately represents
the uncertainties associated with data loss probabili-
ties, mode transitions, and mode detection. The pro-
posed method relaxes the strict assumption of accurately
known channel information used in the literature, and
the built model is more general than the existing models
[40]-[44].

3) An asynchronous fuzzy PID controller is developed,
ensuring the H,, performance of the fuzzy system.
Compared to the existing proportional-type (P-type)
controller [4], [6], [23], the proposed controller enjoys
more design freedom which could improve the system
performance under the unknown transmission environ-
ment. In addition, the devised fuzzy controller processes
a flexible structure due to the independent construction
of membership functions for the system and controller.

The structure of the remainder of this paper is outlined
as follows. Section II offers a detailed description of various
components, including the system model, transmission mod-
el, controller structure, and the performance index. Section
IIT introduces two key theorems: the first relates to system
analysis, and the second pertains to controller design. Section
IV provides simulation results to validate the effectiveness of
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the proposed method. Finally, Section V concludes the paper
by summarizing the main findings and implications of this
research.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Discrete-time Fuzzy System

Consider the following class of T-S fuzzy systems:

z(n+1) =Y me(0(n))(Aoz(n) + Bou(n) + Eyv(n))

2(n) = 32 mo(6(n) Ny ()

y(n) = Cx(n) + Du(n)

(D
where n is the sampling time instant; the positive integral o
refers to the total number of fuzzy rules; z(n) € Rle is the
system state; y(n) € Rl is the measurement output that is
collected by sensors; z(n) € R: is the variable controlled
to satisfy certain performance requirements; v(n) € R is
the energy-bounded noise; u(n) € R is the control input;
A,, By, E,, C, D and N, are known matrices with proper
dimensions; 6(n) is the premise variable vector; and m,(6(n))
is the membership function related to the o-th rule with the
following properties:

Zmo(e(n)) =1, my(6(n)) >0, 0=1,2,---,0.

B. Network-Based Signal Transmissions
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Fig. 1: Remote PID control over Gilbert-Elliott channel

The overall system chart is depicted in Fig. 1, illustrating
the process where the measurement outputs are relayed to the
remote controller via a lossy channel, characterized by the
Gilbert-Elliott model. This setup includes the consideration
of packet dropouts. As a result, the transmitted measurement,
which accounts for the effects of these packet dropouts, is
described as follows:

y(n) = é(a(n), Dy(n) + 6(a(n),2)B(n)y(n) ()

where §(n) denotes the information received by the controller,
() is the Kronecker delta function, a(n) € {1,2} is a Markov
chain standing for the channel mode, and 3(n) € {0,1} is
the independent and identically distributed stochastic variable
satisfying:

Prob{A(n) = 1} 23 + Ag,

Prob{3(n) =0} £1 -3 — Ag.

Here, 3 € (0,1) is a precisely known scalar and Ag is an
unknown scalar representing the uncertainty. It is assumed that
AB < Aﬁfg Aﬁ with éﬁ and Aﬁf being two known scalars,
and 0 < B+ Ag < 1,0 <1—8— Ag < 1. The transition
probability matrix of «(n) is given as follows:
oI [71'1,1 771,2:|
2,1 722

where Prob{a(n + 1) = e|la(n) = p} £ Tpe, Tp1 = Tp1 +
A o = 1—7,1 (p = 1,2, e = 1,2); m,; is known
and AS™ is unknown but satisfies [AS™| < 2, with €, being
known scalars. Clearly, 0 < 7 1 —i—Al(f) <land0 < 1-m,1—
AZ(,W) < 1 should hold, and it is easy to see that 7}, 1 +7p 2 = 1.

Remark 1: The Gilbert-Elliott model (2) serves as a com-
prehensive framework for characterizing lossy communica-
tion channels. This model captures the dynamic nature of
communication quality through a Markov process denoted as
a(n). Within this framework, a(n) = 1 signifies a “good”
channel condition indicating a stable and reliable transmis-
sion environment where data is less likely to be lost, and
a(n) = 2 corresponds to a “bad” channel condition implying
a scenario where the transmitted data is prone to experiencing
losses. Notably, under specific conditions, this model can be
simplified into other well-known forms: 1) if a(n) = 2, the
model simplifies to the Bernoulli-type packet dropout model
[35]-[37], which is a common representation for channels with
consistent data loss; and 2) if B +A5 = 0, the model converges
to the simplified version of the Gilbert-Elliott model [41], [43],
[46], and this variant is particularly relevant for scenarios with
less variability in the channel conditions.

By defining 3(n) £ 8(n) — B — Ap, the output model (2)
can be rewritten by

g(n) = (8(a(n), 1) +6(a(n), 2) (Bn) + B + Ag) ) Ca(n)

+ (8(a(n), 1) + 8(a(n), 2)(B(n) + B + Ag) )
x Dv(n). 3)

C. Fuzzy PID Controller

In practice, it is difficult to measure the channel mode
accurately at each time instant. Thus, we employ a mode
detector to observe the channel mode. Let ¥(n) € {1,2} be
the detected channel mode at the controller side. The relation
between ¥(n) and the real channel mode «(n) is described by

Prob{d(n) = qla(n) =p} £ Fpqe p=1,2, ¢=1,2

where &y g 2 Ky +AP): K, 4 is a known scalar; AP denotes
the uncertainty and satisfies |Af€p )| < 2v, with v, > 0 being
a known scalar. It is assumed that 0 < k4 + A,(f) < 1,
0 <1—Kpqg— A,({p) < 1, Rp1 + Rp2 = 1, and S(n) is
mutually independent with «(n) and ¥(n).

Remark 2: In this paper, we recognize that the probabil-
ity information of stochastic variables is typically obtained
through extensive statistical experiments. However, due to lim-
itations in measurement equipment and calculation methods,
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the derived probability information can often be inaccurate.
To address this issue, our approach incorporates bounded
uncertainties into the modeling of three key processes.

1) The Packet Dropout Process: Here, we acknowledge
and account for potential inaccuracies in estimating the
probability of packet loss, a critical factor in lossy
communication channels.

2) The Mode Switching Process of Channels: This aspect of
the model includes uncertainties related to predicting the
transitions between different channel states (e.g., from
“good” to “bad” modes), which are pivotal for under-
standing and managing data transmission reliability.

3) The Mode Detection Process: In this part, we introduce
uncertainties to reflect the challenges in accurately de-
tecting the current operational mode of the channel, and
this is particularly important given the variable nature
of network conditions and the limitations of detection
technologies.

By utilizing the detected mode ¥(n) and the output 3(n),
we adopt the following fuzzy PID controller:

n—1
7=0
+ Ks ﬂ(n)(i( ) - g(?’l - 1))) (4)

where K\, K ) and K7y, are proportional, integral
and derivative gains, respectively; 0 > 0 is an integer denoting
the number of fuzzy rules; and m,(f(n)) is the membership
function of the controller.

For the purpose of simplifying the system description, an

auxiliary variable is defined as follows:

0, n=>0

Z:—l;[]; g(T), n > O
Then, it can be deduced that
zo(n+1) =) 4(1) = za(n) +y(n).

By substituting (4) into the fuzzy system (1) and using
the special augmentation method, we derive the closed-loop
system as follows:

En+1) ;;mo ) (B(n ))(( (), 0(m)
(B0 + B8)C 0 )60 + (E20000
(30 + 8) 723 )00 )

and
B =3 moBn)ALE(n) ©)
where -
) 2 [27(n) al(n) 7" (n-1)]"

0,s A %97(7‘2):119)(") b KIS v 7 KS o
Atm) o) = o) 0 :
Aa(n) 0 0
120 oy 2 Ao+ 6(a (B KLy C + BOKfﬁ(n)C)

1)
+6(OL(’H,), )ﬁ(BO 919(n)C+BK919(n)C)7
AZY 25(a(n),1)C + 8(a(n), 2)5C, A% = A%,

o | Camom 00 X

CO‘(”) 9(n) - (5(&(71),2)0 0 0, No = [No 0 0] ,
[6(av(n),2)C 0 0

Cot o 20(a(n),2)(BoK Ly, C + BoKD, (mC),

0,s A 50"(”') 9(n) _

Ey o 2 |0(a(n), 1)D + d(a(n),2)3D | ,
|3(a(n), 1)D + 6(ev(n),2) D

Evin o = Eo+8(a(n), 1)(BOKfﬁ(n)D + BoKﬂg(n)D)

+6(a(n),2)B(BoK Ly D + BoK Ly, D),

5(a(n),2) (BOKM(”)D n BOKM(”)D)
d(a(n),2)D
d(a(n),2)D

(1>

0,8
L a(n),9(n)

For the considered nonlinear systems subject to energy-
bounded noises over Gilbert-Elliott channels with multiple
unknown information. Our purpose is to design a fuzzy PID
controller such that the desired stability and robustness can be
achieved, i.e.:

1) the closed-loop system (5) is mean-square asymptotical-
ly stable in the absence of external noises; and

2) given a scalar v > 0, for any energy-bounded noises
v(n) # 0, the following H,, performance requirement
is satisfied under the zero initial condition:

S () m) | s
E{Zﬁwﬂmmm}<”' @

IIT. MAIN RESULTS

The following lemma is introduced before presenting the
main results.

Lemma 1: [47] Given any real number ¢ and any square
matrix P, the following inequality holds for any matrix 7" with
proper dimension:

e(P+ Py <1+ PT'PT,

In Theorem 1 given below, we present sufficient conditions
that ensure the mean-square stability as well as the prescribed
H ., performance for the controlled system with given specific
controller parameters.

Theorem 1: Consider the fuzzy system (1) and the fuzzy
PID controller (4). Let the parameters K[, K! and K[,
be given. Then, the closed-loop system (5) is mean—square
asymptotically stable and the H, performance is achieved if,
for o,s =1,2,---,0, p,q = 1,2, there exist symmetric posi-
tive definite matrices P, € Rl=*2lv T, € ROUa+2ly)+1s M, e
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§5ilm+2ly)+lzs Ryq € REF20Fm and 5, € Ri=F2Fm such X <(¢42’(8n),19(n) + (B( )+ Aﬁ)ca(n) (n)>5(n>
a
T
Tp1(PL— P2) + Py + 1, <M, (8 + ( Z’(Sn)ﬁ(n) + (B(n) + Aﬁ)]:a(n) ﬁ(n)) (n )) P,
~ T -
Ao ) M,ASY — R, , <0 9 ~
( p7q) A T ©)) % ((AZS TR (B(n) + AQ)CZ(‘; n))f(n)
Kp1(Rp1 — Rp2) + Rp2+ S, <0 (10)
where + ( atmy.omy T (B(n) + Ag) For ﬁ(n)) ( )>
P, &diag{P,,--- ,P,, I},
p = doetl B l) — €7 (1) Pag )l () o) = p} (1)
T, 2T, + (P — P)T, ' (Py — Py), where
A s .
2B+ Bazce: 0 Fo® 2 T
10,8 2 3 4A2 Fo-s -
Arg 2 \[?4 m}-” S From (11), one can further obtain that
0,8 0
p7q
0 VB gos E{V(n+1,a(n+1)) = V(n,a(n))[{(n), a(n) = p}
2 Yp,q _

N, _ o & N
Sy 2035+ (Ros = Rya)S, (R — Bpa) + T, E{ 2, 2 moAm)m0)) ) Ry (5 oo
Fp édiag{_Ppa _721}7 B £ B + Aﬁ - (B +AB)2

Proof: Choose the following mode-dependent Lyapunov
function candidate:

V(n,a(n)) £€" (1) Pamé(n).

0,5 T
The conditional mathematical expectation of the difference + AB)]: ) (n )> — & (M) PE(M)[E(n), a(n) = p}
of V(k,a(n)) is calculated by

F A0 )e + (855 + (500 + 407z otm)
X ((Ag;; + (B(n) + Aﬂ)cg;;)g(n) + (5;;;; + (B(n)

E{V(n+1,a(n+1)) = V(n,a(n))n), a(n)} —E{ZZM ) (B(n anq(fT )((Azn)T

=E{V(n+La(n+1)lEn), a(n)} - V(n,a(n) s

—E{&7(n+ 1) Pagui€(n + D), aln)} X Py + B (C) TR Cr + ARG BC
_CT( ) a(n)C( ) +26( )(A;;)TPPC;}:;—FQA (.AOS)TP Cos+2ﬁ( )

] o % (Cora)T ooy )€ m) + 0T () (€5 T oty + B2 ()
—E{;;;;mo ms 9( ))mz(e(n))m](e(n)) (]_-os)TP ]_-oa_'_AQ(]_-os)TP ]:05+2B( )(5;,):;)T-Pp
% ( (A% o + (B + B5)C2 o )EM) X e+ 20alE) R+ 2B AT ffpfii’?)
v(n) + 267 () (A5 Bps + Blm) (Aps)T P

( a(n) 19(n)+ ( )"‘AB) a(n) ﬁ(n)> ( ))TPa(n+1) +A (AOS)TP ]_—os 5( )(COS)TP gos+ﬂ2( )
(£

_|_

i COSTPJ—_'OS COSTP‘FOS A CosT
XP(‘:OS—I—ﬁ( ) (COS)TP]:OS—I—Aﬁ(CO‘S)TP]:OS)
+ (& o0 T ( B(n )+Al3)]:a(n) 19(71)) (”))

. v(n) = €1 (n)PyE(n)[€(n), a(n) —p}- (12)
— ¢ (n)Pan)C(n)[€(n), an) p.
It follows from the definition of 3(n) that
Using the elementary inequality 2X70Y < XTOX +

YTOY (for any real matrices X, Y and O > 0 with proper E{ﬁ(n)} =E{(n) - 8- As} =0,
dimensions) and letting a(n) = p (p € {1,2}), one has E{B*(n)} = (B+ Ap)(1 — B — Ap)
E{V(n+ 1 a(n+1) - V(n,a(n)&n),a(n) = p) =B+ 05— B — 2805 — A
) =B+ A0p—(B+Ap)?
{z;z;mo ))ms(0(n)) §B+Agf(5+éﬁ)2ié.
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The following inequalities can be established:
§T(n)A%(CSJZ)TPpC§j§ (n)
<M (n)AZ(Ch) T BChaé(n),
T( )AQ(J:O,S)T]B ]_-o,s ( )
V) AR (Fra) T PyFav(n),
5 n)(Ao) By ApFyav(n)
_25 <2Agf1> PAB}"”’ v(n)
€7 (n)(Aps) T PpApsE(n)
n)A2(]_-03)TP]:os ( )
€T(n) s(Ca) T BpEpav(n)
<€ A5G PG iE(n)
VT () ()T Bplpau(n),
sT( ABC) R ()
1
s4 €7 (m)A3(Co)T PyCorat(n)
o)A (F) BuFgge(n),
2€T(n)(A§:Z)TPpABC§:§ (n)
<€7(n) (AT By Agst () + A3 (Con) T BCo ) €(n),
20T (n)Ap(E02)T Py Fosv(n)
S'U ( )((508)TPEOS—I—Aﬁ(J—"OS)TP]:OS) ( )
Furthermore, we have from (12) that
V(n,a(n))|§(n), a(n) = p}
© 3 bl anq((/l” n)
o=1 s=1

T
+ o)) By (Ag;;g(n) T Egav(n)) + ZgT(n)
X (AT By AT e () +

]E{V(n +1la(n+1)) —

ZUT(n)(5;;;)7“15,95;;;1;(71)
+ <2B + ng) €T (n)(Co3) T P,Cos(n) + (28 + 4A2%)
x vT<n>(f;;;)Tpr,;’;;v<n>) CTWBLm). (3)

For the purpose of stability analysis, we first let v(0) = 0
and then obtain from (13) that

E {V(n +Lan+1)-V(n

SZZmOQn

o=1 s=1
x £(n) + ZgT(n)(Ag:Z)Tﬁ’pAZ:Z (n) + (25 + ng)
x €7 (n)(Cora) T Py (n)) — T ()P (n)

0 6 2
er» A&7 ) (45T

ya(n))[§(n), a(n) = p}

( Aos)TPAos

p,q

HMM

X (ﬁp,lﬁl + ﬁp’gﬁg) “Ig:f] - Pp)f(n) (14)

where

0,8
D,q

A= |2+ ARG
ﬁAo,s

2 P.q

P, 2 diag {P,, P,, P,}.

By using Lemma 1, one obtains that
7_Tp,1]31 +7_Tp,2132
= (71';071 + A(W)) ]31 + (]. — Tp,1 — A(W)) [3
—mp1 (P = B) + P+ A (B - B)

=Tp,1 (Pl PQ) + P2 + A(ﬂ-) (Pl PQ)

2
- o = 1
<Tp1 (P1 - P2> + P+ <2Az(;r)> ngl)

+ (B -B) (1) (B~ B)
<mp1 (ﬁl — ]32) + ]32 + egngl)
+ (131 - ]32) (Tél))_l (]31 - ﬁz)
where T)\") € R3:+6ly is the 1 x 1-th block of T, defined by

T(l) *
2 3
T( ) T;S )

A
p

Choose M,, with the following structure:

1
M, 2 [Mzg) *

. M) e R3l+6ly
M}SQ) MZS3)‘| p

Then, by conducting simple matrix manipulation according to
(8), one obtains
TpaPr+ TpoPo < MY,
which leads to
E{V(n +1lan+1)-V(n

SZZmoe 9

o=1 s=1

ya(n))[¢(n), a(n) = p}

pat” () ) (AT

uMw

x MO Ao — p)g(n). (15)
Similarly, choose R, ; with the following structure:
N RS& * (1) lo+21
= } 3|, Ry, eR=Ty,
oS L ay)

Then, it can be deduced from (9) that
E {V(n +1 ;a(n +1)) = V(n,a(n))[€(n), a(n) = p}

< ZZmo ))ms(0(n)€™ (n) (’%p,lei + Fipa Ry

o=1 s=1

~ P, )em).

=22 mo(b(n)m
o=1 s=1
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Note that
Rpa R + Fp2Rl)
- (;W + A;~>) R + (1 — p1 — A§f>) R

<Epi1 (Réli — RS%) + RS% + U?)SI()D

# (R mg2) (s07) 7 (- mi).

Considering the property of fuzzy membership functions
and using condition (10), one obtains

E{V(in+1,a(n+1)) —V(n,a(n))|&(n),a(n) =p} <0.

By taking the mathematical expectation of both sides of the
above inequality, one further has

E{V(n+1,a(n+1)) = V(n,a(n))} <0

which implies that the closed-loop system (5) is mean-square
asymptotically stable.

For analyzing the H., performance, we assume that the
system’s initial value is zero and the noise is energy-bounded.
To proceed, we define an auxiliary variable:

F) 2 37 (T (n)2(n) — 20" (n)o(n))
n=0

Under the facts of V(r+1,a(r+1)) > 0 and V (0, a(0)) =
0, we have from (16) that

(16)

r

1) <37 (ZT()z(n) = 43T ()u(n) + Vi + 1,a(n + 1))

—:V(n7 a(n)))

Then, the following conditional mathematical expectation can
be calculated according to (13):

E{f(r)lﬁ(n)7a(n) = p}

) HWRUBIERCEI wor ((4zzem)

n=0o0=1 s=1

T 5
+Egavm) Py Az + Ervin)) + 267 ()

~ 5 -

X ()T PpAirag(n) + 10T () (Egis) T Pptpu(n)
+ <2B + fA%) €T (n)(Co3)T PyCos€(n) + (28 + 4A2%)
< T (n)(Fga) T PoFosv(n) — €7 (n) Pyé(n)
+ €T ONINLE) 2T ol )

Em) 2 [(n) oT(n)]", B2 Y m.P.

Along a similar line of the stability analysis, the conditions
(8)-(10) ensure

E{f(r)[¢(n), a(n) = p} < 0.

By taking the mathematical expectation on both sides of the
above inequality, and letting r — oo, one finally arrives at

E {Z (ZT(n)z(n) - ’ygvT(n)v(n))} <0,

n=0

which ends the proof. [ ]

In Theorem 1, we have provided a sufficient condition for
evaluating system performance with predetermined controller
gains. This evaluation specifically addresses the effects of
packet dropouts and fluctuating channel modes, particularly in
scenarios with uncertain probabilities. Theorem 1 is essential
for ensuring that the system maintains effective performance
despite the network-induced challenges. Furthermore, Theo-
rem 2 given below will present a sufficient condition related to
the feasibility of the desired controller. This condition, derived
from the inequality criteria established in Theorem 1, is crucial
for determining the practicality of implementing a controller
that meets the specified performance targets.

Theorem 2: Consider the fuzzy system (1) and the fuzzy
PID controller (4). The closed-loop system (5) is mean-square
asymptotically stable and the H., performance is achieved
if, for 0,5 = 1,2,---,0, p,q = 1,2, there exist symmetric
positive definite matrices P, € Rl=*2lv T, ¢ ROUa+2b)+l)
Mp c RB(lIvLQly)Jrlz’ Qp c R5(11+2ly)+lz, Rp,q c Rlx+21y+n,,’

S, € RlaT2lytnv "and matrices Kfq, Kgq, Kqu such that

mp1(PL = Py) + Py + T, — M, x|
{ pl _ pz T, <0 (17)

—Rp,4 * ]
oo <0 (18)

‘Ap?q _Qp:

”p,l(Rp 1 Rp,2) +Ry0+ U?,Sp +T1, *

’ <0 (19
|: Rp,l - Rp,2 _Sp_ ( )
M,Q, =1 (20)

where

A0S 2 [LACST, + LCosh + LEY L + LF I + N,

- 7 0
8 26+ LAZ1
L £ Bl L £ 0 , =11 0],
2 0
0 0
U 0
_I_ r 0 7
0 0
- 0 - 2 A2
Le| |, L2 \/2524%] L L= 1],
Pr 0
L 0 0
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0 0
0 0

- 0 0 . .

No= |y ol L=[f 0 0], L=[0o I 0],
0 0
N, 0
[ A, 0 0]

A0S £ 15(p,1)C +6(p,2)BC T 0| +1{5(p,1)(B,
16(p,1)C +6(p,2)BC 0 0
x KP ¢+ B,KP,C) I, + I 6(p,2)B(B,KL,C
+B,KP2 C)I, + I B,K! ,I, — I B.KP, I,
[0 0 0]

Cos s [6(p,2)C 0 Of +1[6(p,2)(B.KL,C
6(p,2)C 0 0
+B,KP OV, 35[0 0 1],
- e ) A

Ea = (0. )D +0(p,2)BD | + 11 6(p,1)(BoK [, D
[0(p,1)D +4(p,2)6D
+ B,KP D) + I{'5(p,2)3(B.,KE,D + B,KP D),
[0

Foe & \6(p,2)D| + IT6(p,2)(B.KL, D + B,KP, D).
[0(p,2)D

Proof: 1t is easy to see that Ag:‘; = flg;fl. Then, letting

Qp = M, 1 and utilizing the Schur Complement Lemma to
inequalities presented in Theorem 1, (8)-(10) are guaranteed
by (17)-(19), respectively, and the proof is complete. ]
In order to deal with the equality constraint (20), we employ
the well-known cone-complementarity-linearization technique

[48] by defining

— M * - —R *

M,& |P . M, % { Pl },
AT

where the corresponding algorithm (Algorithm 1) is proposed
to provide a feasible method for calculating the controller

gains within the linear matrix inequality framework.

Algorithm 1: Mode-dependent Fuzzy PID Control

Step 1. Set k = 0. Derive initial values PZE()),TIgO), MISO), 1(,0), RZ()?;’
SO KP o KL o KD, . by solving (17)-(19) and M, > 0.

Solve min tr3°2_ | (MpQYY) + M¥ Qp) subject to (17)-(19)

and Mp, > 0 to derive Pp, Tp, Mp, Qp, Rp.q, Sp, KF, K

s,q0 s,q0
KD,. Set ¢ = |0.5trace (zizl(M,,Qp)) — 5l + 21y) — L.
Substitute obtained matrices into Mp < 0. If it holds and o is
less than a small scalar, then output these variables and exit.
If k > kmax, where kmax is the allowed maximum number of
iterations, exit. Else, set k = k + 1, and Pzgk) = Pp, ngk) =Ty,

k k k k

Mz(> )= My, z(? ) = Qp; Ré,g =Rpq, ng ) = Sp,

P — P I — I D
quk_KS,q’Kq,k_K K

Step 2.

Step 3.

Step 4.

Remark 3: In addressing the H, fuzzy PID control problem
for nonlinear systems operating over Gilbert-Elliott channels,
this study has made significant strides as follows. 1) A mode
detector has been employed to observe and identify the current
state of the channel mode. This tool is crucial for accurate-
ly reflecting the real channel situation, albeit with certain

probabilities. 2) We have incorporated bounded uncertainties
in the model, specifically in the probability information of
data losses, channel mode switching, and mode detection.
This addition enhances the realism and applicability of the
model in dynamic, real-world communication environments.
3) Leveraging the detected channel mode, a robust fuzzy PID
controller has been formulated. This controller is designed to
achieve the desired level of disturbance attenuation, adapting
to the varying conditions of the communication channel. 4)
The main results presented in Theorems 1 and 2 encompass
all elements that influence system dynamics, which include
parameter matrices, probability information, and the bounds of
uncertainties. Such a comprehensive approach ensures that the
controller design and system analysis are robust and reliable,
accounting for a wide range of variables and conditions.

Remark 4: In this work, a robust method has been proposed
for dealing with the inaccurate probability information, where
only the bounds of uncertainties have been used in the perfor-
mance analysis and controller design. Our method is applicable
for all uncertainties within the considered bounds. For the case
of totally accurate probability information, it can be regarded
that all uncertainties are zero which is a special case of what
we have discussed. Thus, the proposed method can deal with
the case of totally accurate probability information.

Remark 5: This work makes distinctive contributions to the
field of Gilbert-Elliott-channel-related research, setting it apart
from existing studies. The key technical contributions are as
follows.

1) Innovative Exploration of H., Fuzzy PID Control Prob-
lem: This research represents the first attempt to inves-
tigate the H, fuzzy PID control problem for nonlinear
systems over Gilbert-Elliott channels by utilizing detect-
ed channel modes. A novel aspect of this study is the
comprehensive consideration and handling of uncertain
probability information, which arises due to statistical
errors.

2) Development of a Special Augmentation Technique: The
study introduces a unique augmentation technique de-
signed to simplify the system’s description. This method
is not only instrumental in facilitating the application
of the fuzzy PID controller under mode-dependent data
loss conditions but also significantly reduces the com-
putational load during the performance analysis process.

IV. SIMULATION EXAMPLE

In this section, we present one application-motivated exam-
ple along with comparative results to validate the effectiveness
of the proposed control approach.

Consider a truck-trailer control system modeled as follows
[16]:

zi(n+1)= (1 — %) z1(n) + %u(n) + 0.1v(n)
xo(n+1) = gar;l(n) + x9(n) + 0.1v(n)

w
xz3(n + 1) =wesin (;—;/xl(n) + @(n)) + x3(n)

where x1(n) is the angle difference between the truck and the
trailer; xo(n) is the angle of the trailer; x3(n) is the vertical
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position of the rear end of the trailer; u(n) is the steering
angle; v(n) is the external disturbance; w = 2.8m is the length
of the truck; W = 5.5m is the length of the trailer; ¢ = 1s is
the sampling time; and w = —0.5m/s is the constant speed
of backing up.

In terms of the key points 0°, £30°, £180° and by using
the standard fuzzy modeling technique, we can obtain the
following discrete-time T-S fuzzy model:

3
2(n+1) = m,(0(n)) (Aoa:(n) + Bu(n) + Ev(n))
o=1

2n
where
-% 0 0 -% 0 0
A 2 ﬁ 1 0f,4, %2 %2 1 0],
[ S we we e
1% 00 o1 (n)
As & e 1 0, z(n)= |z2(n)|,
wVQVT w
L200W?  T00W 1 r3(n)
. o L we . 0.1
B£ 0|, 0n)= —zi(n)+z2(n), E= |0.1
0 2w 0

It is assumed that there is one sensor with C' = [5 -2 1]
and D = 0.3. The measurement outputs are sent to the
controller through the Gilbert-Elliott channel with two modes
a(n) € {1,2}, where mode “1” represents the “good” channel
condition while mode *“2” denotes the “bad” channel condition.
The state transition probabilities for p = 1,2 are assumed to
be

Prob{a(n+ 1) = l|a(n) = p} = m,1 + A,
Prob{a(n+1) =2|a(n) =p}=1—-mp1 — Al(,”),

where 11 = 0.5, moq = 0.5, Al =0.17, A{” = 0 with
known bounds —0.2 and 0.2.

When the channel is in the “bad” condition, the transmitted
signals would suffer from packet dropouts governed by a
stochastic variable 5(n) with the following properties:

Prob{s(n) = 1} = + A,
Prob{3(n) =0} =1—- 53— Ag

where 5 = 0.6, Ag = 0.09 with known bounds —0.1 and 0.1.

On the controller side, the detected channel mode is denoted
by ¥(n) that would be asynchronous with «(n). The relation
between a(n) and ¥(n) is given as follows:

Prob{d(n) = lla(n) = p} = kp1 + Al(f), p=12

where 17 = 0.8, ko1 = 0.2 and Agf) = 0 with known
bounds —0.19 and 0.19.

Note that, only the information of 7, ., kp 4 (P, ¢, € =1,2),
3 and the bounds of uncertainty are available for the controller
designer.

In this example, we aim to develop a fuzzy PID controller in
the form of (4) by utilizing the network-affected measurements
and detected channel modes, such that the considered system

can be stabilized in the mean-square sense with a prescribed
performance index parameter v = 1.2.

Set the simulation length to be my,x = 1000. Assume
that the external noise is v(n) = 0.5sin(n)/n. The desired
controller gains are derived by Algorithm 1, under which sim-
ulation results are presented in Figs. 2—3. The state evolution of
the open-loop system (without any control law) is showcased
in Fig. 2, from which we can see that the original system is
rather unstable and the state goes far away from the origin fast.
By using the proposed control approach, the state evolution
is shown in Fig. 3. It can be seen that all state components
converge to the equilibrium point with a desired speed.

36
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Fig. 2: System state evolution without control
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Fig. 3: System state evolution with fuzzy PID control
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To check the H., performance of the closed-loop system,
we define the following auxiliary parameter:

Mmax Mmax

Z 2T (n)z(n)/ Z vT(n)v(n).

n=0

A
Yreal =

Then, it can be calculated that Ve, = 0.4259 < 1.2, implying
the achievement of the H., performance.

Compared to the traditional P-type controller, i.e., the static
output-feedback (SOF) one, the devised fuzzy PID controller
enjoys more design degrees of freedom and utilizes more
system information, which is reliable in dealing with NIP. To
validate the superiority of the proposed fuzzy PID controller,
some comparative results are given in Table I where the fuzzy
nominal controller (NC) means the design method without
considering unknown information. In this table, the obtained
Yreal 18 listed under different noises, from which one can
observe that the value of 7,¢, under the fuzzy PID control is
smaller than that under the SOF one, reflecting better control
performance. In addition, one can conclude that the fuzzy NC
fails to achieve the prescribed performance requirement as
Yreal > 1.2. These simulation results verify the effectiveness
of the proposed method in dealing with uncertainties.

It is known that adding integral and derivative terms to
the controller could reduce steady state error and improve
response time. In order to show the improvement of the
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TABLE I: Disturbance Attenuation Capability of Different

Control Methods

Noise ’U(?’l) O.SZmn 0.8(;0571, 0.420577, + 0.6sinn
Yreal (fuzzy PID) | 0.4259 0.0568 0.3354

Yreal (fuzzy SOF) | 0.4812 0.0644 0.3644

Yreal (fuzzy NC) 57.87 70.87 35.99

convergence of the system state by using the PID-inspired
multi-variable controller (4), we set the external noise to be
zero and the initial state to be z(0) = [1.2 2 1.5]T. Then,
the comparison figures are given in Figs. 4-6, from which we
can see that the proposed control method has a faster rate of
convergence than the existing method.

)
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Amplitude
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2 . . . .
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Fig. 4: Comparison of the state x1(n)
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Fig. 5: Comparison of the state z2(n)
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Fig. 6: Comparison of the state x3(n)

V. CONCLUSION

In this paper, an H., PID controller has been designed
for T-S fuzzy systems with data transmission over Gilbert-
Elliott channels. The quality of communication has been
modeled by a two-state Markov process by incorporating
uncertain transition probabilities. In the channel’s “bad” mode,
packet dropouts have been handled using stochastic variable
sequences by considering the probability inaccuracies from
statistical errors. The detection of channel modes has been de-
scribed as a hidden Markov process, enhancing the understand-
ing of channel dynamics. The relationship between real and
detected channel modes has been defined through conditional
probabilities. An asynchronous fuzzy PID controller, based

on detected channel modes, has been proposed. Sufficient
conditions, rooted in stochastic analysis theory, have been set
for assessing system performance. The effectiveness of our
developed approach has been validated through a simulation
to demonstrate its practical applicability. One of the future
research directions would be to extend the main results of this
paper to more general systems with more specific application
insights [49]-[52].
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