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Robust Stability of Two-Dimensional
Uncertain Discrete Systems

Zidong Wang and Xiaohui Liu

Abstract—in this letter, we deal with the robust stability problem  [6]). It is noticeable that, in one-dimensional (1-D) case, the
for linear two-dimensional (2-D) discrete time-invariant systems jmportant robust stability analysis problem for linear systems
described by a 2-D local state—space (LSS) Fornasini—MarchesiniWith parameter uncertainties has been a hot research topic
second model. The class of systems under investigation involves pa- e
rameter uncertainties that are assumed to be norm-bounded. We 9V€' the last three decades. The rOt_)USt filtering problem for
first focus on deriving the sufficient conditions under which the the 1-D case has also been well studied (see [15]-[17] and the
uncertain 2-D systems keep robustly asymptotically stable for all references therein). However, so far, there are very few results
admissible parameter uncertainties. It is shown that the problem on the robust stabilityanalysis problem for uncertain 2-D

addressed can be recast to a convex optimization one characterizedgy stams (filters), especially for uncertain 2-D systems (filters)
by linear matrix inequalities (LMIs), and therefore a numerically f . -
with overflow nonlinearities.

attractive LMI approach can be exploited to test the robust sta- . ) . . .
bility of the uncertain discrete-time 2-D systems. We further apply ~ In this letter, we first deal with the robust stability analysis
the obtained results to study the robust stability of perturbed 2-D problem for linear 2-D discrete time-invariant systems de-
digital filters with overflow nonlinearities. scribed by a 2-D local state-space (LSS) Fornasini—-Marchesini
Index Terms—tinear matrix inequalities, overflow nonlinear- ~ S€cond model. The class of systems under investigation involves
ities, parameter uncertainty, robust stability, two-dimensional parameter uncertainties that are assumed to be norm-bounded.
discrete-time. We focus on deriving the sufficient conditions under which
the uncertain 2-D systems keep robustly asymptotically stable
for all admissible parameter uncertainties. It is shown that
the problem addressed can be recast to a convex optimization
I N THE PAST decade, the stability analysis problem ffne characterized by linear matrix inequalities (LMIs), and
two-dimensional (2-D) linear and nonlinear discrete Sy$nerefore a numerically attractive LMI approach [4], [9] can
tems (filters) has received considerable attention and varigys employed to test the robust stability of the uncertain linear
Lyapunov approaches have been proposed as effective tg@crete-time 2-D systems. Furthermore, by using the similar
In particular, the constant 2-D Lyapunov equation has begibthod, we tackle the robust stability analysis problem for
investigated in [1] and [7] for the Roesser models. Morgsertyrbed 2-D digital filters with overflow nonlinearities. It
over, the constant Lyapunov-type criterion has been given dRould be pointed out that, in the past few years, linear matrix
[10] to guarantee the asymptotic stability of the 2-D linegpequalities (LMIs) have gained much attention for their com-
Fornasini-Marchesini models and this result has been furth@fational tractability and usefulness in control engineering and
improved in [13]. In [3] and [12], the Lyapunov stability the number of control problems that can be formulated as LMI
problem has been investigated for 2-D digital filters Wi“?)roblems is large and continue to grow [4]. The LMIs can now

more advancely, the feedback control synthesis problem) of

2-D systems has been extensively studied and most relevant Il. PROBLEM FORMULATION

work have been concerned with solving linear polynomials or ) ) ) )
polynomial matrices in two variables (e.g., see [2], [8], and Consider the uncertain 2-D discrete system described by the

I. INTRODUCTION

[11]). 2-D LSS model [14]
On the other hand, since modeling error (implementatiofn; + 1,7 + 1) = (A, + AA;) z(5,5 + 1)
error) is very often the cause of the instability of the 2-D 4 (s + Ado)a(i+1,5) (L)

systems (2-D filters), the robust stability synthesis gtabi-
lization) issue has also begun to draw initial attention (e.g., se#erexz(i, j) € R" is the state vector and;, A, € R"*" are
known constant matrices.
The matricesA A; and A A; represent parametric perturba-
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andM, Ny, andN- are known constant matrices of appropriate Our first result given below shows that the uncertain discrete

dimensions that specify how the elements of the nominal m&a-D system (1) is robustly asymptotically stable if there exists

trices A; and A, are affected by the uncertain parameters ia positive definite solution to a matrix inequality involving a

F(i,7). AA; andA A, are said to be admissible if both (2) andscalar parameter.

(3) hold. Theorem 1: Consider the linear uncertain 2-D discrete-time
The system (1) is said to be robustly asymptotically stablelifSS system (1). Assume that the uncertaintde$; and A A,

itis asymptotically stable [with respect to the equilibrium (0,0%atisfy (2)—(3). Then the system (1) is robustly asymptotically

for all admissible uncertainties described by (2) and (3). Thetable if, for some positive scalaksandg satisfyinga+ 3 = 1,

objective of this letter is to determine whether the 2-D discrethere exists a positive scalasuch that the matrix inequality

system (1) is robustly asymptotically stable, i.e., to derive the “H HA. HA HM 0
easy-to-test conditions under which the system (1) remains ro- ATH —Ozf‘lf 0 2 0 NT
: 1 1
bustly asymptotically stable. ATH 0 _BH 0 NI | <0 (@12
MTHT 0 0 —7'T 0
[ll. M AIN RESULTS AND PROOFS 0 N N, 0 e

To begin with, we recall s_eve_ral |mp0rtant_lemmas that W'Has a positive definite solutioHl € R™*™.
be frequently used in the derivation of our main results. The first Proof: It follows from (2) that
one is well known on the asymptotic stability of the 2-D nominal '
discrete systems. [A1+AA; As+AAy]=A+AA=A+ MFN. (13)

Lemma 1: [10]: The nominal 2-D discrete LSS system . .
Then, it is easy to see from Lemma 1 that the uncertain dis-

i+ 1,j+1)=A12(i,7+ 1)+ Asx(i+ 1,5) (4) crete 2-D system (1) is robustly asymptotically stable if, for
some positive scalarsandg satisfyinga + 3 = 1, there exists

is asymptotically stable if there exist arx n symmetric matrix a positive definite matri¥l € R™*" meeting

H > 0, positive scalars andg satisfyinga. + 8 = 1 such that

A+ MFN)TH(A+ MFN) - Q <0. 14
Furthermore, it results from Lemma 3 that, the inequality (14)
where holds if and only if, for some positive scalarsandg satisfying
H 0 a + [ = 1, there exists a scalar> 0 such that
—H ' 4+eMMT A
. T —1NT <0 (15)
The next lemma is the so-called Schur Complement Lemma. A eN'N-Q

Lemma 2: Given constant matriced/, L and R of appro- p55 4 positive definite solutioH € R™*".
priate dimensions wher&/ and R are symmetric and? > 0, Note that the inequality (15) can be rewritten as
thenM + LTRL < 0 if and only if
M LT R L [_H_l y
{ }<Oor{_ }<0. AT —Q

where2 andI" are defined in (10).

“discrete-time system” subjected to the norm-bounded uncelhat the inequality (16) holds if and only if

tainty can be guaranteed by the existence of the positive definite .
solution to a matrix inequality. _HT A M OT

Lemma 3: [18]: Let A € R™", M € R, N € R/*", A —@ 0 N (17)
Q = QT € R"*" be given matrices an& € R/ be any M 0 —e= I 0

] +aro? <o (16)
L —R! T M

matrix satisfyingF’” F < I. Then there exists a positive definite 0 N 0 —el
matrix P > 0 meeting Pre- and postmultiplying the inequality (17) by
diag{H,1,1,1}, tively, yield
(A+ MFN)TP(A+ MFN)+Q < 0 % iag{H,I,1,1}, respectively, yie
] ] ) N o —-H HA HM 0
if and only if there exist a scalar > 0 and a positive definite ATH  —Q 0 NT
' _ <0 (18)

matrix P > 0 such that MTH 0 —eT 0

{—P‘l +eMM” A } 0 ®) 0 N 0 —el

AT e NTN +Q ' which, by means of the definitions (9) and (10), can be expressed

For the sake of simplicity, we make the following definitions@s the following:

Ni=[N: No], AA:=[AA; AA,] ©) ~H  HA HA, HM 0

v ; ATH —aH 0 0 NT

Q. [ i 1\?4 _ [50 qu} (10) ATH 0 —pH 0 NI'|<o0 (19
’ MTHT 0 0 —'1 0
©:=—aH+oNIN,, ¥:=-H+oNIN, (11) 0 N, N, 0 eI
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i.e., (12) holds. This completes the proof of our first resulm  within the same framework developed in this letter. For ex-
Remark 1: It should be pointed out that the characterizeample, it has been shown in [5] that the more involved polytopic

tion condition (12) cannot easily be used, since it involves botlonvex uncertainty can be taken into account by introducing

e~! ande and is therefore not a linear matrix inequality. Thisome LMIs and the corresponding robustness can be guaranteed

brings considerable difficulties in practical application becausenen the solutions to certain LMIs are known to exist. Thus,

the powerful Matlab LMI toolbox [4], [9] cannot be utilized. following along the line of the proof of Theorem 2, we will be

This awkward situation motivates us to further convert (12) intable to further consider the robust stability analysis problem for

an LMI. On the other hand, we may also notice that the matnwore general uncertain 2-D systems in terms of LMIs and the

inequality (12) is not jointly linear o (3 = 1 — «) and H. present techniques can all be applied.

Fortunately, this minor “problem” can be ignoredeas (0, 1),

and we can solve (12) by increasing> 0 with an acceptable  IV. STABILITY ANALYSIS OF 2-D DIGITAL FILTERS WITH

step size. OVERFLOW NONLINEARITIES

The following theorem provides the sufficient conditions for This section aims at showing the applicability of the results

the robust asymptotic stability of the uncertain 2-D discre%e obtained in the previous section. We shall choose the 2-D

system (1) in terms of an LMI. diaital f : . .
. : . . igital filters with overflow nonlinearities as an example.
Theorem 2. The_Z-D d|_scr(_ate-t|me LSS s_ystem (1) with pa- Consider the zero-input 2-D nonlinear digital filters with im-
rameter uncertainties satisfying (2) and (3) is robustly asympt%ﬁ'ementation error as follows:
ically stable if, for some positive scalassand (o + 8 = 1), '

there exist a positive scalar and a positive definite matrix (i + 1,5+ 1) = f[(A1 + AAy) 2(4,5 + 1)

H > 0 such that the following linear matrix inequality 4 (As+ AA)z(i+1,7)] (22)
-H HA, HAy, HM wherez(i,j) € R" is the state vectord;, A, € R*"*" are
Y. ATH C) oN{N, 0 <0 (20) known constant matrices; and the perturbation matrisels
) ATH  oNy N by 0 andAA; (introduced as implementation error) have the same
MTHT 0 0 —ol structure as in (2) and (3). The nonlingar R” — R™ repre-
' . senting overflow effects in 2-D digital filters (22) is defined by
hoIdsP, Wh?“@ andx are defined in (11). _ 1 f(x)=[p(z1),...,¢(zn)]T whereg : R — [—1,1] is piece-
roof: First, for technical convenience, we set= ¢~ -. : : : '
Then, the Schur Complement Lemma (Lemma 2) implies that>e continuous and is defined by [12]
(12) is true if and only if the following inequality L<¢(z;) <Ly, x> 1
QS(:E,L')::E,L', -1 S:El S 1 (23)
—H HAl HA2 HM 0 _L2 S ¢>($z) S _L7 T; < -1
ATH —aH 0 0 NP
ATH 0 —gH o |T|NT where—1 < L < Ly, Ly < 1. o _
MTHT 0 0  —e-l7 0 Remark 4: In practice, finite word-length realizations of dig-

1 _ ital filters often result in systems which are inherently nonlinear,
e [0 N Ny 0]=T <0 @) e asymptotic stability of such filters is of significance. As
holds for some positive scalar(c = ¢~!) and positive definite shown in [12], the class of overflow nonlinearities described in
matrix H , i.e., (20) holds. This proves the theorem. m (23) constitute a generalization of the usual types of overflow
Remark 2: It is clear that, for a given scalar > 0, the in- arithmetic employed in applications such as zeroing, two’s com-
equality (20) is jointly linear on botif ande and therefore the plement, triangular and saturation overflow characteristics.
Matlab LMI Toolbox can be exploited to investigate the robust Reémark 5: Note that when implementing the digital filters, it

asymptotic stability of the discrete-time 2-D system (1). is usually unavoidable to bring some implementation error, and
as follows. since the stability of the digital filters is very sensitive to the

* Give an initial valuex > 0, which can be small enough. filter paramfeteLs. _Thuls, we mt_roduce th\?vthem]il andA‘éZ .
« Solve the LMI (20) forc > 0 and H > 0 by using to account for the implementation error. When the perturbations

the LMI Toolbox. If there are a positive scalarand a disappear (i.eAA; = 0 andA4, = 0), the system (22) will

positive definite matrixd solving (20), then the uncertain "€¢OVe the .one.studleq |n.[12]. . o

2-D system (1) is robustly asymptotically stable, and the Our goal in this sec_tl_on is to establish the co_ndltlons for the
procedure stops; if there are no solutions, then increa: é)ust Lyapunov stability of the perturbed nonlinear 2-D filter
a > 0 by an ac,ceptable step size, and s,olve LMI (2 2). To do this, we first introduce the following result which
again ' ffers the stability conditions for theominal2-D filter (22).

« If « approaches one eventually, then it means that the Lfn_Lemma 4: [12]: Consider the nominal zero-input 2-D non-

certain discrete-time 2-D systenmstrobustly asymptot- Inear d'g't_al filter (2.2.) (settl_ngAAl - 0 an(ixAnAQ = 0).
ically stable. If there exists a positive definite matriilf € R such that

T(, ; v , n n . n .
Remark 3: It is worth mentioning that although the uncer: (i)i{-ff(j)lf) ‘;nglm (forallz € R", > ¢ D" := {z € R" :

tainty in this letter is assumed to be norm-bounded, it is not dif-~ =
ficult to consider more general description of the uncertainty ATHA-Q <0 (24)
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where A and Q are defined in (6) andt + 8 = 1 (o« > 0,
£ > 0), then the equilibriunx,. = 0 of thenominal2-D digital
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trix inequalities and are therefore easy to test. Furthermore, to
show the application potentials of the results obtained, we have

filter (22) is globally asymptotically stable.

Now, let us consider thperturbednonlinear 2-D filter (22).
The following theorem establishes the sufficient conditions for
the robust global asymptotic stability of the trivial solution of
(22) in terms of an LMI. Hence, using the Matlab toolbox, it
is straightforward to test whether the perturbed nonlinear 2-D
system (22) remains globally asymptotically stable.

Theorem 3: The equilibriumz. = 0 of the perturbed non-
linear 2-D filter (22) is globally asymptotically stable if, for
some positive scalarsands (a+ 3 = 1), there exist a positive
scalaro and a positive definite matrikl = [h;;] such that

(1]
[2
(3]

§ [
(14 L)hi; > 2 Z | hij |

i=1,...,n (25)
G=1,j#i [5]
and (6]
—H HA, HAy, HM -
TH 0 oNINy, 0
1 1 2
ATH oNIN, % o | <0 (8
MTHT 0 0 —ol (8]

where® andy. are defined in (11). 9]
Proof: The proofis a combination of Lemma 1 and Corol- [10]
lary 2 of [12] and Theorem 2 in the previous section and is thus
omitted. [ |
Remark 6: In application, when we test the robust global
asymptotic stability of the perturbed nonlinear 2-D filter (22), [12]
the procedure is similar to that given for the linear case. The
only difference is that, in the nonlinear case, we should firs{13]
solve the LMI (26) for a givenx and also check if there is a
solution H > 0 meeting (25). Therefore, the approach devel- 114!
oped in this section is numerically practical. [15]

V. CONCLUSION [16]

This letter has studied the robust stability analysis problem
for a class of uncertain discrete 2-D systems. We have first corn7)
sidered the linear case. Sufficient conditions have been derived
to ensure the robust asymptotic stability of the uncertain 2'[f18]
systems, which are given in terms of the solutions to a linear ma-

investigated the robust stability for a class of perturbed 2-D dig-
ital filters with overflow nonlinearities.
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