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Abstract

In this thesis, we investigate new control variates for simulation-based pricing of options
where the option price is a function of the sum of (or integral of ) lognormal random variables.
We use two different approaches: one is the use of Hermite polynomial approximation of
the relevant function and another is the use of upper and lower bounds on the option
prices obtained using the properties of Brownian motion. We provide detailed numerical
experiments to illustrate the use of these approaches for accurate and low variance pricing
basket and Asian options. First order Hermite polynomial approximation also gives a
reasonable direct approximation to the basket or Asian option price for at the money and

in-the-money options.
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Chapter 1

Introduction

1.1 Overview

Basket and Asian options are exotic options whose payoff depend on the sum of prices of
underlying asset/s. If the prices are assumed to be lognormal, weakly path dependent options
on a single asset generally admit a closed-form representation, however, pricing basket and
Asian options is analytically intractable even when the underlying asset price follows a
lognormal distribution. The most accurate way of pricing basket and Asian options is by
the use of Monte Carlo methods. However, Monte Carlo is computationally very intensive
and, without the use of specialized variance reduction methods, leads to estimates with very
high variance. Most of the analytical work in this area has to do with price and bounds
estimations (as in the works of Milevsky and Posner in [28], Gentle in [I3], Curran in [§]),
while most numerical methods involve the use of control variates (Korn in [22], Dinge¢ in

[11], Shiraya in [36]), in an effort to achieve low variance estimates of the option prices. In

11



the remaining chapter, we look at the general theory on basket and Asian options and review

existing literature on them.

1.2 Basket Options

A basket option is a type of financial derivative where the underlying asset is a group of
assets, commodities, securities or currencies. Some examples of basket options include index
options and currency baskets etc. Basket options have a similar payoff structure to standard
options, since they depend on the final value of the asset or groups of assets. Given a basket

of assets, whose final value is S(T") at a maturity time T, its payoff is given by

(s(r) - K>+, (1.1)

for a nonnegative strike K.

Basket options are typically traded over-the-counter and are customized depending on the
buyer’s requirements. Besides being able to efficiently and simultaneously hedge risk on
several assets at the same time, basket options are also relatively low-priced compared to
buying options on each of the individual assets in the basket. However, the downside of
holding such a financial derivative is liquidity. If an investor holding a call/put basket

option wanted to get rid of his position, he/she would have to purchase a put/call option.

Some of the benefits of basket options are

1 Basket options are more cost-effective than purchasing individual options on each asset

in the basket.
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2 Basket options hedges exposure more efficiently than options on the individual assets

in the basket.

3 They are customized to suit investors needs/requirements.

4 Low transaction costs: Transactions costs are lower since a basket option is a single

transaction compared to purchasing inidividual options on the assets in the basket.

Some of the drawbacks of basket options include:

1 Liquidity problems: Given that a call/put basket option is customized based on
investors preferences, they would need to purchase a put/call option to get rid of

this position.

2 Basket options are difficult to price because there is no closed-form formula to price

them.

The most popular type of basket options is the currency option which is typically used by
multinational corporations to mitigate numerous currency exposures.

Despite the payoff of a basket option being similar to that of a standard option, the behaviour
of the basket differs from that assets constituting the basket. As a result of this, pricing
a basket option is quite different from pricing standard options and in fact, basket options
have no known closed-form solution. This is because the basket of assets have no known
distribution and thus density. Under the assumption that the individual assets in the basket

follow a geometric Brownian motion (GBM) model and using no arbitrage arguments, the
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price of a basket option at an earlier time 0 with maturity 7" is given by

e TR [ ( zn; w;iSi(T) — K> i

where n is the number of assets in the basket, S;(7") is the price of the ith asset in the basket

(1.2)

at time 7', K is the nonnegative strike. Each asset S;(T") is lognormally distributed and S(T')
is the sum of n lognormally distributed random variables, which is in fact not lognormal or
known to follow any distribution.

Most of the analytical work on pricing basket options in existence are approximations,
since the distribution of the basket of assets is unknown. Analytic approximations are
obtained by using a random variable whose dynamics closely match that of the basket.
Kemna [20] and Gentle [I3] obtained closed-form approximation for the price of a basket
option using the geometric mean of the assets in the basket. This was done using the fact
geometric mean of a sequence are a lower bound on the arithmetic mean of the sequence.
Moreover, the geometric mean of the assets are lognormally distributed and can give closed-
form estimates. This approach was found to generally under value basket option prices.
Milevsky and Posner [28] obtained closed-form estimates for the basket option price, by
observing that the distribution of the sum of infinite lognormal random variables can be
approximated by the reciprocal gamma distribution. The only drawback is that it was found
to under-price out-of-the-money call options when compared to Monte Carlo prices. Ju [19)]
used Taylor series expansion to price basket and Asian options. Another form of closed-form
approximation for pricing basket options is methods of moment-matching. This involves
finding a suitable lognormal random variable with first and second moments similar to those
of the basket of assets, thus obtaining suitable parameters for which the basket option can be
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priced under the assumption that it is lognormal. Methods of moment-matching were used
by Brigo [5] and Henriksen [I5] to approximate the price of a basket option. Paletta [? | also
used exact moment-matching and Hermite expansion to price and hedge basket options with
shifted jump-diffusions. Curran [8] used conditional moment-matching by conditioning on
the geometric mean to obtain closed-form estimates for the basket option price. Alternatively,
bounds estimation was used in the absence of closed-form analytic solutions and these were
lower and upper bounds on the price of basket options. Rogers-Shi [35] found a lower
bound on the payoff of the sum of lognormal randomm variables conditioned on a suitable
random variable. More recently, Xu and Zheng [39] obtained good estimates for the basket
option price using a weighted sum of the lower bound and conditional second moments
using local volatility jump-diffusion models. Despite several analytical approximations to
pricing basket option, Monte Carlo simulations remain the most accurate way of valuing
such options. The major drawback of this approach is the high variance of its estimates.
De Luigi [9] used adaptive numerical techniques to price low-dimensional basket options and
found that this technique served as good control variates in the pricing of high dimensional
ones. Dingec [11] used control variates and conditional Monte Carlo to price basket options.
They found that using the geometric average as a control variate, together with conditional
Monte Carlo, yielded more efficiency than solely using the geometric price as a control
variate. Korn [22] proposed the use of a limiting geometric mean as an approximation to
arithmetic mean to obtain closed-form estimates for the basket option price. Also, the use of
this limiting geometric mean as a control variate provided efficient Monte Carlo estimates.

Xu and Zheng [39] used control variates to price basket option under jump diffusion models.
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This was extended to stochastic volatility models with jumps using asymptotic expansion as
control variates by Shiraya [36]. This method of asymptotic expansion was also previously
used by Xu and Zheng[39], with Forward Partial Integral Differential Equation (PIDE)
to approximate the basket option price. Dinge¢ [10] proposed new control variate models
using time-changed Brownian motions for pricing and sensitivity analysis of Basket options.
Shiraya [37] proposed a class of control variates for pricing basket options driven by Lévy
processes with the use of subordinated Wiener processes and was extended by Zhang [40] to

exponential subordinated Wiener processes.

1.3 Asian Options

An Asian option also called an average option refers to an option whose payoff is based on
an average value of the asset during some time period of the options lifetime. It is an option
whose payoff depends on the time average of the underlying asset price over the lifetime of
the option. Asian options are exotic or path-dependent options. Typically, this average is

either sampled on a discrete or a continuous basis. The payoff of a European Asian call

1" ’
(T/O S(u)du—K> , (1.3)

option is given by

in the continuous case and

+

M1+ 125(@) K|, (1.4)

for the discretely monitored case and t; € [0, 7] such that t; = z% Vi=1,.., M.
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This averaging feature of Asian options makes them less likely to be significantly affected
by manipulation of the underlying asset price. They are very similar to standard options
because they have similar payoff structures and differ mainly in the sense that standard
options are lognormal and Asian options have no known distribution or closed-form solution.
This makes them difficult to price analytically and the most accurate way of pricing Asian
options is by Monte Carlo simulations. However, this approach to pricing Asian option is
very computationally intensive.

Asian options are difficult to price since they do not follow any known distribution, despite
the underlying asset’s distribution being lognormal. This is because the sum/average of
lognormal random variables is not lognormal. Most of the research into Asian option can
be divided into three main categories. The first one can be categorized as focusing mainly
on closed-form estimates/approximations of Asian options. This typically involves finding
a distribution that closely resembles that of the random variable as seen in the work of
Geman-Yor [12], Kemna [20], Milevsky [28], Curran [8] to mention but a few.

This also includes methods of moment-matching which involves approximating the average
value of the asset with a lognormal random variable. This is done by matching the first
two moments of a lognormal random variable with those of the average value of the asset.
This provided a basis for Asian options to be priced under the assumption that they are
approximately lognormal. Some of the research on this was carried out by Brigo [5], Levy
[26], Henriksen [15] and Tunaru [25] etc. The second is the method of bounds estimation.
Given that the average value of an asset has no closed-form solution, finding suitable bounds

on the actual price is important for an investor. One of the most popular bounds on Asian
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was discovered by Rogers-Shi [35].

The third method is a numerical approach and this is done by using appropriate numerical
methods such as control variates to obtain efficient Monte Carlo estimates of the price of an
Asian option. Most of the recent work done (Lai [24], Shiraya [36], Zhang [40] etc.) in the
pricing of Asian options is in developing new control variates, to obtain accurate, efficient
Asian option prices.

More recently, Fourier and Laplace transform based models have gained wide acceptance
in their use for pricing exotic options (particularly basket and Asian options). This is due to
their efficiency in dealing with complicated payoff structures by using the characteristic
functions of the underlying asset(s) to reduce the pricing problem to that requiring an
inversion of a transformed density. This approach was first explored in the seminal works
of Geman-Yor [12] to price continuously-monitored Asian options. Some of the more recent
excursions of this approach in pricing basket and Asian option can be seen in the works of

Bayer [I], Bayer [2] and Zhang [42].

1.4 Statement of the Problem

Despite basket and Asian options being different in the sense one depends on the value
of a group of assets and the other depending on its average over a time period, they are
quite similar in terms of the pricing structure. Under the geometric Brownian motion model
(GBM), asset prices are lognormal but the distribution of the basket of assets or the average
value of an asset is not lognormal and this is due to the fact that the sum of lognormal random

variables is not lognormal. Without loss of generality, the associated pricing problem can be
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stated as: given n normal random variables z1, ..., x, with a non-negative number K such

that

/(e’Cl + ...+ — K)Q(dxy...dxy,), (1.5)

where A = {(z1, ...z) : iezi > K}.

The density Q(dz;...dz,) is unknown and is generally not lognormal. As a result of this,
options of this functional form have no known closed-form solution even though the work
of Milevsky in [28], suggested that the sum of infinite lognormals follows an inverse gamma
distribution. Monte Carlo methods remains probably one of the most accurate way till date
of pricing basket and Asian options. However, its implementation is usually computationally
intensive and the estimates are usually inefficient due to their high variance. Despite the
plethora of literature and work available on the pricing of options on a single underlying
asset, it is a well-known fact there is no closed-form solution for the price of a basket option,
and accurate basket option prices are obtained using Monte Carlo methods. This is because
the value of the underlying basket of assets is not lognormal and in fact has no known
distribution. The possible existence of an analytical solution for a call option on a basket
of assets was pointed out by Hobson [I16], but further stated that such a solution would be
difficult to obtain. Many of the available methods for valuing basket options in closed-form
are either analytical or numerical approximations.

In this thesis, we model the underlying asset(s) using a Geometric Brownian Motion
(GBM) model. Despite the existence of more sophisticated models such as the Stochastic
Volatility Models (SVM) and jump-diffusion models which can capture volatility skew. In
practice asset price volatilities are quoted in terms of Black-Scholes implied volatility and
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the GBM model remains the basis on which practitioner theories are built. Furthermore, the
GBM model is analytically tractable and does not suffer from over-fitting of the parameters.
This analytical tractability allows us to keep our modelling approach at the center stage
without having to make unrealistic simplifications/assumptions. As a result of this, we
provide good analytic approximations for the price of basket and Asian options, using first
order Hermite polynomials. In the basket option case, this approach leads to a reformulation
of the representation of the value of the basket, resulting in a Black-Scholes type solution.
While in the Asian option case, our approximations for the average value of the underlying is
an evaluation of a function of Gaussian random variables. We also provide good bounds on
the option prices using the distributional properties of the underlying Brownian motion(s)
and the convexity of the option payoff. Finally, we apply use these price estimates and bounds
as control variates to obtain fast, accurate, low variance Monte Carlo prices of basket and
Asian options. These result are benchmarked against standard control variates such as the
(modified) Geometric lower bound which is famous Kemna and Vorst [20] approximation in

the Asian option case, and the Gentle’s [I3] approximation for the Basket option.

1.5 Organisation of Thesis

This thesis is organised into seven chapters. This chapter introduces the general theory
and literature on pricing basket and Asian options and a formal statement of the associated
pricing problem. Chapter 2 incorporates basic results in probability and martingale theory,
and thereafter derive some results which we shall use in later chapters. Some of these

results include convergence of maximum and minimum of independent Brownian motions,
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joint distributions of a Brownian motion and its running maximum (or minimum), joint
distribution of a Brownian bridge and its running maximum (or minimum), joint density
of running maximums or minimum of a Brownian motion. These results are later used in
Chapter’s 3 and 4, to derive analytic bounds on the price of basket and Asian options.
Chapter 3 presents the dynamics of basket option under the assumption that the individual
assets follow a Geometric Brownian Motion framework and its time-changed representation.
We derive closed-form approximations for basket option in a Gaussian and a lognormal
framework. In the Gaussian approach, we approximate the value of the basket by approximating
the martingale component of the assets for small time periods, which then leads to closed-
form basket option prices. In the lognormal approach, we estimate the value of the basket
using first order Hermite polynomials and its parameters are estimated using third order
Taylor series expansions, and the lognormal estimate is then used to price basket options.
However, this approach is limited to pricing low-dimensional portfolios, as a result we suggest
an analytical adaptation which allows us to price reasonable large portfolios. We also derive
bounds on the basket option price using convexity arguments of the payoff function of the
basket option. Further analytic bounds are obtained on the basket option price are obtained
by replacing the underlying Brownian motions with there joint maximum or minimum.
These bounds are generally not analytically tractable and requires integrability conditions
or conditioning arguments, which we provide to obtain explicit closed-form results. Chapter
4 presents analogous methods used to estimate the price of basket options and its bounds
to Asian options. We estimate the price of an Asian option by estimating the martingale

component of the underlying assets using first order Hermite polynomial, then using this
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approximation to work out the average value of the asset and its option price. We also derive
the bounds on the average value of the underlying by replacing the underlying Brownian
motion with its running maximum or minimum, and consequently the bounds on the Asian
option price using several different approaches. Chapter 5 covers the general methodology
of control variates. We provide algorithms for the control variates (for both basket and
Asian options), which we use for our numerical experiments. These control variates are
estimates and bounds on basket and Asian option price derived in chapters 3 and 4. We
also include another control variate for pricing Asian options which we term ”future-valued
basket” (FVB), which we refer to in Chapter 6. In Chapter 6, we present and compare
the numerical results from Monte Carlo simulation for basket and Asian call options for a
variety of positions of moneyness and maturity times. For basket options, assets’ volatilities
are obtained from real world market indices and we simulate the option prices for two and
five-asset baskets, for different strikes and maturities. Simulations are also carried out to
obtain Asian option prices for different maturities and strikes. Chapter 7 summarises our

results and findings. We also suggest possible future research in this area.
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Chapter 2

Control Variate Methodology &

Mathematical Premliminaries

2.1 Overview

The control variate methodology is a variance reduction method used obtain efficient Monte
Carlo estimates. A lot of work of work in the pricing of basket and Asian options employ
this approach to achieve option prices as in the works of [30], [37] and [41]. In this chapter,
we show the importance of correlation in the choice of a suitable control variate and on
variance reduction. We also introduce the concept of martingales and Brownian motions.
We provide a few known results of martingales which are essential to our arbitrage free
pricing framework. Brownian motions are stochastic processes with almost surely continuous
sample paths, which are used to model asset prices. Understanding the distribution of such

a stochastic process is key to effectively pricing and hedging such assets/derivatives.Later in
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this chapter we derive distributional properties of Brownian motions, which we will employ
in chapter 3 and 4 in the pricing of path-dependent options, as well as in finding suitable

bounds on them.

2.2 Control Variate Methodology

The control variate method is a technique used to reduce the variance of Monte Carlo
estimates and provide an efficient estimate. The main idea behind this approach is approximating
a random variable with a similar known distribution, and using the knowledge of the known
distribution to reduce the error of the Monte Carlo estimates.

Consider a random variable Y| which is a function h(X) whose distribution is not known,
but the distribution of X is known. We can estimate the value of Y, by using a random
variable Z = h*(X) whose distribution is known by using the random variable W which is

an estimator of Y such that
V=Y -\(Z-E(2)), (2.1)

where A is a constant and Z is referred to as a control variate of Y (see Glasserman [14]).
By generating samples for Y; and Z; for a considerable sample size n, it can be observed that
for large n that,
li@izlim—x<lizi—E(2)> LE(Y). (2.2)
i3 i i3

Alternatively, this can be written as

lim P (
n—oo

% Xn: U, — ]E(Y)’ > e> =0, (2.3)
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for any € > 0.
This shows that W is an estimator of Y. To see how W is an efficient estimator, we observed

the variance of ¥ | which is given by

Var(¥) = Var(Y) + X*Var(Z) — 20Cou(Y, Z). (2.4)

To minimize the variance of ¥, we take its partial derivatives with respect to A and set it to

zero to obtain

Cov(Y, Z)

o= —— 2 2.5
Var(Z) (2:5)

Substituting A* back into to obtain a reduction in the variance given by

Cov(Y, Z)?
Var(V) =Var(Y) - ———— 2.6
ar(W) = Var(y) - g2 55 (26)
Thus making the expression of ¥ given below

V=Y -\(Z-E(2)), (2.7)

to be an efficient estimator of Y.

To achieve significant variance reduction in the (Monte Carlo) estimates, there must be
strong control correlation between the variable we wish to price Y and the chosen control
variate X. To see the role of correlation in variance reduction, we have provided an analytic

working showing this relationship. To prove this, we observe the variance function [2.6] and
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see that

B Cov(Y, Z)?
V(J/T(‘II) = VCLT(Y) — VT(Z)’ (28)
[ Cov(Y, Z)?
= Var(Y — 2.9
ar(Y) i Var(Y)Var(Z)] (29)
[ 2
Cov(Y,Z
= Var(Y) [1- Ofg .2) _ (2.10)
Var(Y)"*Var(2)"
Y, Z
where the object given by Coﬁg .Z) 7 is the correlation p(Y, Z) between the variables
Var(Y)"*Var(Z)

Y and Z. This shows that the stronger the correlation between the variables Y and Z,
the greater the variance reduction. This relationship can also viewed from a regression

standpoint, i.e. given a regression model of the form:
Y =a+ 7 +e¢, (2.11)

where € is the random error process, « is the intercept, and [ is the coefficient of the linear
regression. It turns out that the optimal § in [2.11] estimated by minimising the sum of

squared errors is given by

~ Cov(Y,2)
-~ war(Z)

*

(2.12)

which is identical to the optimal A in 2.5] The performance of the regression model is
evaluated by its K2, which measures the proportion of variation in the dependent variable
Y that can be attributed to the independent variable Z. Also, the R? is also given by the
square of the correlation between Y and Z, i.e. R? = p*(Y,Z). Hence, the higher the R?

the higher the correlation and the greater the variance reduction achieved. An alternative
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representation for the R? is given by

1
2 _ 2
= var(Z) Jvar(Y) (213)
= AZ%, (2.14)
Ozy

where 5%, represents the normalised variance of Z with respect to that of Y.
In chapter 5, we provide different control variates used to obtain efficient Monte Carlo prices
of basket and Asian options, as well as their numerical implementation schemes. We also

provide the optimal values for the parameter A\ for our control variates in chapter 6.

2.3 Mathematical Preliminaries

In this section, we develop the theory of the random variables whose densities will be used

in the analytic pricing and bounds estimation of both basket and Asian options.

2.3.1 Martingales

A martingale {X () }o<t<r is a stochastic process defined on a probability space (€2, F,P)

satisfying the following properties

1 X(t) is integrable i.e. E[|X(¢)|] < oo.

2 E[|X(4)||F(s)] = X(s) Vs < L.

3 I E[X(¢)||F(s)] > X(s) then {X(t)} Vs <t is a submartingale.

4 T E[|X(t)||F(s)] < X(s) Vs <t then {X(¢)} is a supermartingale.
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Theorem 2.3.1. Martingale convergence theorem: Let X (t) be a martingale bounded in L',

then lim X (t) = X (o0) P — a.e and in L.

t—o00

Theorem 2.3.2. Martingale representation theorem: Let g € L*(F(t)) and X(t) be an

F(t)-martingale, then X (t) admits a representation of the form

X(t) = X(0)+ / g(s)dW (s). (2.15)

Theorem 2.3.3. [to’s Lemma: Let f(t,W(t)) € C'?, then f has the following stochastic
dynamics given by

1 9%f
2 ddW?

_of of
df = St + 5dW(t) +

(dW (1)), (2.16)

such that dtdW (t) = (dt)* = 0 and (dW (t))* = dt

2.3.2 Derived densities and distributions of Brownian motions

In this section, we shall derive some key results of (functions of) Brownian motions

which we will employ in chapters 3 and 4, in pricing and obtaining analytic bounds on basket
and Asian option price. Let (€2, F, Q) be a fixed probability space, equipped with a filtration
{F(t)}+>0, generated by n independent Brownian motions. For a fixed time ¢ > 0, we define
M, (t) and m,(t) as a sequence indexed on n, of the maximum and minimum respectively of

n independent Brownian motions.

Proposition 2.3.1. The densities ¢(arny of the mazimum M, (t) and ¢(m ) of the minimum

mn(t) of n independent Brownian motions Wi(t), ..., W, (t) are respectively given by

w2 () o (2)”
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and
NG AYAYEAN
i) =72 (55) (2 (-37))
for anyy € R and n € N.

Proposition 2.3.2. For a fized time t > 0, the sequence {M,(t)}n>2 is a non-decreasing

sequence and JF,(t)-submartingale in n.

Proof. For any fixed time 0 <t < T, {M,,(t)}»>2 is continuous and F,(t)-adapted, since the
underlying Wiener processes are continuous and measurable with respect to F ().

To show integrability, for a fixed t and n > 2, we use the following inequality to obtain,

BIM 0 < B SIw501) <. (217

To show the submartingale property in n, we define F,(t) as the filtration up to time ¢,

observing n independent Wiener processes. Also, we simplify M, (t) by the following

M, (t) = max (M, _1(t), W,(t)), (2.18)
= My_1(t) + (Wa(t) — M1 (t)". (2.19)
Therefore,
E[M,(t) | For(t)] = E [ My 1 (t) + (Wa(t) = My (8) T Faa(t)] (2.20)
= My, 1 (t) + E[(Wa(t) = My ()T Foa(t)] (2.21)

Since, (W,,(t) — M,,_1(t))* > 0, we obtain that
E[M,(t) | Fr-1(t)] > M,—1(2). (2.22)
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Proposition 2.3.3. For a fized time t > 0, the sequence {m,(t)}n>2 is a non-increasing

sequence and J,(t)-supermartingale in n.

Proof. For a fixed time ¢ > 0, {M,,(t)},>2 is continuous, adapted and is F,,(t)-measurable,
since the underlying Wiener processes are measurable with respect to F(t).

We show integrability for n > 2 and for a fixed time ¢, by the following inequality to obtain

E (|m,(t)]) < E(Zwvj(m) < o0. (2.23)

To show the supermartingale property in n, we define F,,(t) as the filtration up to time ¢,

observing n Wiener processes. Also, we simplify m,,(¢) by the following

my,(t) = min (m,_1(t), W,(t)), (2.24)
= my—1(t) = (Mo (t) = Wa(t)) " (2.25)
Therefore,
E (mn(t) | Faor(t) = E [ma-1(t) = (ma-a(t) = Wa ()" [Faa (8] (2.26)
— ma(8) — E [(maa(t) = Wa() T [Fa (], (2:27)
< m(t). (2.28)
O

Proposition 2.3.4. The mazimum M,(t) of n Brownian motions converges P-a.e. and in

LY to My (t) asn — oo.
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Proof. To prove this, it sufficient to show that E [| My (t)|] < oo since M,,(t) is an increasing
sequence in n.
We prove this using proof by induction. By integration by parts, we find that E [|M,,(t)|] < oo

is true for n = 2 and 3. Assuming this is true for n = k, this implies that

Ty g (Y
E|[|M(t)|] = yko (—) ) (—) dy, 2.29
here ¢ < i > L [0) < Y > and A =1 L is the alisation factor over the positi
wher — ) =—¢|==] an =1—-—1i normalisation r over the itive
Vit A Vit 2n P
half-line.
Forn =k +1,

dy, (2.30)

)
- /Oooy(k +1)¢ (%) o* (\%) dy, (2.31)
() e [ (e e
) oh-1 %) dy + /Oooygf? (\%) o (%) dy,  (2.33)

L™ [y y
=E[|My@)|] + — | ® | == ) dy, 2.34
[124(0) A/qub 2o (L) a (2.34)
V2+1
=E[|M(t 2.35
MO+ == (2.35)
This suggests that M (t) is bounded for all k£ and supE [|Mj(¢)|] < oco. Thus, My(t) is
keN
bounded in £' and by monotone convergence theorem increases to M, (¢). O

Proposition 2.3.5. The minimum m,(t) of n Brownian motions converges P-a.e. and in

LY to muo(t) respectively as n — oo.

Proof. The proof of this is quite similar to the case of maximum of Brownian motions. [
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Proposition 2.3.6. Given the running mazximums and minimums of n independent Brownian
motions, the density of their joint mazimum M (t) of the running mazimums and the joint

minimum of the running minimums m? (t) are respectively given by

P (y) = 277%? <\%) <2<I> (\%) - 1>n_1 Yy >0

Do) (Y) = %é (%) (1 - 29 <\%>)n_l y <0,

and

for any y € R.

Proof. To prove the above, we make use of their distributional properties. The joint distribution

of the running maximum of n independent Brownian motions is given by
QM (1) <y) = (Q(M;(t) <y))" (2.36)
= D n(y) (2.37)
We then take the derivatives of the above distribution with respect to y to obtain,

St my(y) = 3/—7%¢ <\%> (2@ (%) . 1) " Ly > 0. (2.38)

For the running minimum of n independent Brownian motions,
1-Q(my(t) Zy) =1-(Q(m"(t) =2 y)", (2.39)

Taking derivatives of the distribution ®(,-,) of the joint minimum with respect to y to

obtain the density ¢« »), we get that

Gy () = f/—"ﬁ (%) (1 — 20 <\%>)nl y < 0. (2.41)

32



Proposition 2.3.7. The maximum of the running maximums of n independent Brownian
motions is a non-decreasing sequence in n and t, forn > 2 and t > 0 and is an {F(t)}-

submartingale.

Proof. 1t is fairly obvious that the maximum of the running maximums is a continuous,
adapted and non-decreasing sequence, since its underlying running maximums are non-
decreasing, adapted and continuous as well.

We can show integrability of this joint maximum of running maximums as follows

E<|M;(t>|> < E(iw*w) < . (2.42)

To show the submartingale property, for any 0 < s <t we have

B3| ) = B(M300) - b205) + (6|70 ), (2.43)

= M(s) + E(M;: (t) — M (s) f(s)), (2.44)
> M (s). (2.45)
O

Proposition 2.3.8. The minimum of the running minimums of n independent Brownian

motions is a non-increasing sequence in n and t, forn > 2 and t > 0.

Proof. 1t is fairly obvious that the maximum of the running maximums is a continuous,
adapted and non-decreasing sequence, since its underlying running maximums are non-
decreasing, adapted and continuous as well.

We can show integrability of this joint minimum of running minimums by
E(\m;(t)y> gE(Zm;(zﬁ)\) < 00. (2.46)
j=1
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To show the supermartingale property, for any 0 < s <t we have,

(0| 7(6) ) = B (o) — o) + (6] 7(0) ), (247)
= (9)+ B (mi 1) = (9] 7)), (2.48)

< my,(s). (2.49)

.

In general for any time t > 0, W(t) satisfies the following inequality
W(t) < W@ AM(E) < [W(t)][ Vv M), (2.50)
where W(t) and M(t) is an F(¢)—Brownian motion and its running maximum respectively.

Proposition 2.3.9. The density op(y) of the minimum of the absolute value of a Brownian

motion and its running mazximum is given by

ouly) = 1{y = 0} [as (%) p (%)] |

for any y > 0.
Proof. We define R(t) = min(|W (t)|, M(t)). The distribution of R(t) is given by

Q(R(t) <y) =1-Q(R(t) 2 y), (2.51)

=1-Q(M(t) Zy, [W(t)| = y). (2.52)
Also,
QM(t) =y, [W(t)| Zy) = /0 y /y c>O¢<M,w>(mw)dwdm+ /O y /_ :¢<M,w>(m,w)dwdm,
(2.53)
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where ¢(a,wy(m, w) is the joint pdf of a Brownian motion and its running maximum.
y oo y -y
We set [, = / / dwy(m, w)dwdm and I = / / wy (m, w)dwdm.
0 Jy 0 —00

Also, we set p(m,y) = / S r,wy (m, w)dw.
Yy

We take partial derivatives of Iy with respect to y so that,

03/ // daw)( mwdwdm = /qzﬁ(MW)mw (2.54)

= ¢(y, y)+/0 a—yw(m ,y)dm, (2.55)

where
o(5.1) / S (v, w)dw, (2.56)
— _\% ’ <§> b (\%) dz, (wherez =2y —w) (2.58)

Also,

) a Y
/0 a—ygp(m,y)dm = _/o daw)(m,y)dm, (2.60)
_ _/0002(2;"\/; v, (Qm\/g y) dm, (2.61)
1

R
—0. (2.63)
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We take the partial derivatives of Iy with respect to vy,

g(/ / Cb(MW (m, w)dwdm) =0y, y) +/ aggp(mhy)dm, (2.64)
o YY
_ OOQ(Q?J—UJ) 2y —w yg
_/0 i ¢( 7 )dw+/08y90(m,y)dm
(i) + [ 2 stman (2.65)
2/t 0 8y¢ .y )
2y ["2mty) (2mty
_ﬁ¢(ﬁ) /0 NG ¢( i )dw,
1 3y Y
(M) Vi (¢ (%) ¢ (7})) | (2.66)
Combining the partial derivatives of I; and I, and substituting back into to obtain,

Q(R(t) € dy) = 1{y > 0}% <¢ (i—%) ¢ (%)) dy. (2.67)

Furthermore, the density Q (min(R(t), ..., R,(t)) € dy) of the joint maximum of the minimum

of running maximum and the absolute value of a Brownian motion for n independent

Brownian motions is given by

Qmin(Rat). . o) € d) = (8 (22) ~ 0
() o(2)) o
Il

Proposition 2.3.10. The density 0,,(y) of the mazimum of the negative path of a Brownian

motion reflected below the z-axis and the running minimum of a Brownian motion is given

by

Sl =
| ——
ASH
AN
Sl
~
|
S
A~
S
S~
 E—

Om (y) =



where y < 0.

Proof. We can use the the fact — |W(t)| Vv m(t) = —R(¢) and is the reflection of R(t) below

the x-axis and we obtain above density.

]

Proposition 2.3.11. The joint density fz g+ of a Brownian bridge and its running mazimum

have the following form

z z

2 2 o 1
fa.5+(m,w) = exp (—Tw — T) (:Z—\/ﬁw) exp <_2_t(2m — w)2) ,

forw <m, m >0 and z € R.

Proof. We define a Brownian bridge at a time ¢ over the interval [0, 7] by

B(L,T) = W(t) — %W(T).

If we fix W(T') = z, we see that the conditional distribution of 3(¢,T") given W(T') = z is a

t
drifted Brownian motion and conditionally normally distributed as A/ <_T2’ t).

Furthermore, we define an equivalent measure Q, which is absolutely continuous with respect

to Q, such that W (t) is a Brownian motion with no drift.

We define a change of measure variable 6(t) such that

and

(2.69)

(2.70)

(2.71)



The joint pdf gs g- of B(t,T) given that W (T') = z and its running maximum 5*(¢,7") under

Q is given by

. ~22m—w)  (2m—w
gp.p+ (M, w) = i ) ( 7 ) , (2.72)

where w < m and m > 0, which is in fact just the joint density of a Brownian W (t) and its
running maximum M ().

The conditional distribution under Q is given by

Q (ﬁ(t, T) < w, ﬁ*(t>T) < m|W(T) = Z) =E [1{5(t7T)§w75*(t7T)§m}] ) (273)
~ 1
=E [mﬂ{ﬂ(msw*(ﬁ)sm] : (2.74)

We simplify this further to obtain that,

QA T) < w,B*(t,T) < m|W(T) = z) = / / e"“y—%“TQ(2t”j7E v, (%‘Ey) drdy,

[e.9]

(2.75)

z
where o = ——

T
To obtain the conditional density gg g« of a Brownian bridge 4(¢,T") and its running maximum

B*(t,T) in the Q—measure we take derivatives to w and m, which yields,

gp.p+ (M, w) = eayéO‘QTwT—\/gw)(b <\/Lg(2m — w)) , (2.76)

and thus its unconditional density fz - is given by

Jasrtmew) =exp (2= Z) 22 (Ln-w)o(Z). e
on{jo 5) P G )e(). o
— exp (—%w - %2) <27:\/%“) exp (Zit(zm - w)2> (2.79)



which is the required results. O

Proposition 2.3.12. The joint density gg g« of a Brownian bridge B(t,T) and its running

minimum B(t, T) have the following the form
z 22\ (w —2m) 1
gﬁﬁ(m; 'lU) = exp <_Tw - T) W exXp (—ﬁ(w — 2m)2) ,
forw >m and m < 0.

Proof. The proof of this is very similar to the density of a Brownian bridge and its maximum.

We use the fact that for any process W (),

max W(s) = Jin, —W(s). (2.80)
Substituting this identity into [2.79, we get the required results. O

Proposition 2.3.13. The running maximum of a Brownian motion satisfies the following

stochastic dynamics

dM(t) = L{W (t) > M(t—)}dW (t) + %dLM(t),

where LM (t) is the local time of the Brownian motion W (t) at its running mazimum M (t)

at a time t.

Proposition 2.3.14. The running minimum of a Brownian motion satisfies the following

stochastic dynamaics
1
dm(t) = L{W(t) < m(t—)}dW (t) + 5dLm(t),

where L™(t) is the local time of the Brownian motion W (t) at its running minimum m(t) at

a time t.
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Proposition 2.3.15. The density of ZciM(ti) is given by

i=1
Q E CkM(tk) c dy — _/ elpy/ / 6lp(C1Z1+CzZ2+-..+cnzn)
2T
k=1 —00 Zn—1 0
G|
X H —q (ty — th1, 2k — 2—1) dzpdpdy,
1 %k
k=1
. 2 Rk — Rk— 2 T
where§ =V 0l =tz ) = 2o [ v =k

Vk <n.

Proof. We consider a partition of time 7" such that 0 =, < t; <t, < ... <t, 1 <t, =T

and the distribution of chM (t) is given by

Q (i M (tg) < y) =K lﬂ{i ceM(ty) < y}] , (2.81)

and we take its derivative with respect to y, to obtain its density. To do this, we first work

out the joint density of M(t1), ..., M(t,).

Q (M(tl) S de‘l, ceey M(tn_l,tn) € dl’n) = Q (M(tl) S de‘l, ceey M(tn> - M(tn_l) S dlL‘n),

n—1

2 2 :Uiﬂ ]
= —— | exp|———""—|drpsq.
(W(tkzﬂ — tk)) l 2ty — i) |

For simplicity, we set

=t = (i) o [

40



The distribution of ), ¢, M (t;) is given by,

Q (Z e M (tg) < y) / / / e M(ty) + ... + e M(t,) <y}

XQ tl edxl,M(tl,tg) Ed&?g,...,M(tn 1,1t ) edxn),

/ / / H{cixy + oz +20) + oo+ ez + .+ 2,) <y}

X q(t1, x1)q(ta — t1,x2)...q(ty, — to_1, Ty )dx1dxs. . d2) (2.82)

Setting c1xq = 21, co(x1 + x2) = 29,..., and ¢, (z1 + 22 + ... + ) = 2, and transforming the

RHS of 2.82] using Jacobian transforms so that

(chMtk <y> // /]1{21+22+ +Zn<y}H

X q(t1,21)q(ts —t1, 20 — 21)..q(tn — tu1, 2n — Zn_1)dz1d2s...d2y,

and its corresponding density is given by

@ (kZICkM(tk) Edy) :/Z 1/Z 2/0 d—yﬂ{21+22+...+2n Sy}g[%
= n—1+ Zn— =1

X q(t1, 21)q(ta — t1, 22)...q(tn, — tn-1, 2,)dz1d2s...d2z,dy,

/ / / (z14+ 224+ o+ 2, — y)
Zn—1 Zn—2

X q(t1,21)q(ta — t1, 20 — 21)...q(ty — tu_1, 2n — 2n_1)dz1d2s...dz,dy.

wwl —

(2.83)
Using the Fourier representation of a delta function which is given by
r—a)= L OOeip(z’o‘)d]o (2.84)
21 ’



for any o € R.

We can simplify to become

n n 1
Q (Z ceM(ty) € dy) / / / / ip(z1+2z2+...42n) =
k‘=1 Zn—1 Zn—2 k:1 Ck

X q(t1, z1)q(ta — t1, 20 — 21)...q(tn — tho1, 2n — Zn—1)dz1d2s...d2,dpdy

oo oo o oo 1
/ eP(zitzat. tzn) —
2

o0 Zn—1Y Zn—2 k

n

2 2 1 [ zZpr1 — 2k )2
X —_— | exp|—= | ——— dz1dzy...dz,d
H (W(fkﬂ - tk)) P [ 2 (\/tk—i-l — e P

k=1

(2.85)

Thus, we are able to show the required results. O]

Proposition 2.3.16. The density of chm(tk) is given by
k=1

& 1 o0 Zn—1  [Zn—2 0
Q ZCkm(tk) < dy = _/ e—zpy/ / / ezp(zl+z2+...+zn)
2r | - N .

k=1

n

H tk — tk 1, Rk — Rk— 1) dzkdpdy,

where ¢ (tk —tk—1, 2K — Zk—l) =

S exp [—M],i:ﬁ and b :k:%

W(tk — tk,1 Q(tk — tk,1
VE <n.
Proof. We consider a partition of time 7" such that 0 =ty < t; <t < ... <t,1 <t, =T

and the distribution of chm(tk) is given by
k=1

Q (i cem(ty,) < y) =K [ﬂ{zn: cem(ty) < y}] , (2.86)

k=1 k=1
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and we take its derivative with respect to y, to obtain its density. To do this, we first work

out the joint density of m(t1), ..., m(t,).

Q (m(ty) € dxy,...om(t,) — m(tn-1) € dx,) = Q (m(t1) € dxy,...,m(t,—1,t,) € dx,),

2 2 Thi1 ]
— ) exp || dTpy1.
(W(tlm - tk)) [ 2t —te)]

k=0

n—1

For simplicity, we set

1
2 2 x2
"ty — tproag) = | —— s |-
q ( k k laxk) (ﬂ'(tk — tk1)> €Xp [ 2<tk — tkl)]

The distribution of ), m(tx) is given by,

Q (Z crm(ty) < y) = / / / Herm(ty) + ... + cam(t,) <y}

X @ tl) & dl’l, (tl,t2> € d.TQ, ,m(tn 1,1 ) < dlEn) ,

/ / / ez + co(z1 +x2) + o+ enlxy + .o +2,) <y}

X q(t1, x1)q(ts — b1, 2)..q(tn — tn1, Tn)dzr1dzs...dxy,. (2.87)

Setting c1xq = 21, co(x1 + x2) = 29,..., and ¢, (21 + 22 + ... + ) = 2, and transforming the

RHS of 2.87 so that

n 0 0 0 n
Q <Z crm(ty) < y) = / / / Mz + 20+ ... 4+ 2, < y}l_[ci2
h=1 TeeviTee v k=1 F

X q'(t1,21)q (t2 — t1,20 — 21) g (b — tn1, 20 — 2n_1)dz1d29...d2y,
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and its corresponding density is given by

Q (chm(tk) = dy) = / / / d—y]l{z1+z2+...+zn Sy}H%
k=1 zZn—1¢ Zn—2 0 k=1

X ¢ (t1,21)q (ta — t1, 22)..q (tn — tn—1, 2n)dz1d2o...dzpdy,

/ / / (214 22+ .. —l—zn—y) 1

X q'(t1,21)q (ta — t1, 22 — 21)..q'(tn — tu—1, 20 — Zn—1)dz1d22...d2,dy,

/ / / / ip(z1+22+...+2n) i
2
k:

k=

X q'(t1,21)q (ta — t1, 20 — 21).q'(tn — tn_1, 20 — 2n_1)dz1d22...d2,dpdy,

/ / / / lp(Z1 +2zo+...+2n) 1

o0 oo o0 oo k
(=)

k=1

2 L ( kil T ) dz1dzs...dzyd
— | exp|—= | — 21dzs...dz,dp.
T(tes1 — ti) P13 Vit — tk e b
(2.88)
Thus, we are able to show the required results. O

2.4 Summary

In this chapter, we have observed the general framework and methodology of control variates.
We have also shown the role of played by correlation in the reduction of the variance of
estimates when using control variates. In regressional analysis, this can be viewed in terms

of the R? of the model, which we have been able to express in terms of the optimal A\ and
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the normalised variance of the control variate with respect to that of our variable of interest.
We have also derived the dynamics of (functions of) Brownian motions and their densities
which we use later on to obtain analytic estimates for the price of basket and Asian options,

as well as their bounds.
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Chapter 3

Basket Options

3.1 Overview

Under the Black-Scholes framework, assets follow a Geometric Brownian motion model i.e.
they are lognormally distributed. However, the same cannot be said about a basket of assets.
In this chapter, we study the behaviour of a basket of assets in the Black-Scholes framework
and obtain suitable approximations for the price of a basket option. In section 3.2, we observe
the dynamical features of the basket of assets such as it stochastic dynamics, moments and
its time change representation. In section 3.3, we obtain a lognormal approximation for
the basket, allowing for closed-form approximation of a basket option in the aforementioned
setting. We also make a generalisation for a large number of assets in the basket, specifically
for use as a control variate for simulation purposes. In section 3.4, we demonstrate the
Gaussian behaviour of the basket in small time intervals, leading to closed-form solutions

for short maturity basket options. Despite basket options not having an analytical formula,
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much work has been done in obtaining closed-form bounds (Kemna [20], Gentle [13], Xu
and Zheng [39]). We derive closed-form bounds on the price of a basket option using the

distributional properties of a Brownian motion, which is covered in the rest of the chapter.

3.2 Basket Option Dynamics

We assume the existence of a filtered probability space (2, F, F(t),Q) and the filtration
{F(t)} is generated by d independent Brownian motions. The basket comprises n assets
whose price processes at any time ¢ are given by S1(t), Sa(t), ..., S, (t) and satisfy the Black-

Scholes dynamics given by

dsi(t)
Si(t)

d
=rdt+ Y oydW(t), (3.1)

j=1

for each i and the value S(t) of the basket of n assets at any time ¢ is given by

S(t) = wiSilh), (3.2)

n

where w; are non-negative portfolio weights of the assets in the basket such that Zwi =1,
i=1
and 7 is a constant, risk-free interest rate. The value of the basket S(t) satisfies the following

SDE
2 — rdt + AdW (t), (3.3)

where W (t) is an {F(t)}-Brownian motion such that

Wu%i[%E:EJW%%%%WMm, (3.4)

i=1 k=1

47



and A is the volatility of the value process {S(t)} of the basket satisfying the relation

A2 — S%@)ZZZwiiji(t)Sj(t)aikajk. (3.5)

i=1 j=1 k=1

The distribution of the basket satisfying the above dynamics can be estimated by studying

the conditional /unconditional moments of the value of the basket.

Proposition 3.2.1. The first and second conditional moments of the basket in evolves
respectively according to the following ODFEs
OHE[S(t)] = rEs[(1)],
OE,[S*(t)] = (7“ + A2) E,[S?(1)].
with initial conditions Ey[S(s)] = S(s) and E,J[S?(t)] = S2(s)e" A=) whose respective
solutions are given by
E,[S(t)] = S(s)e""™,
E[S2(t)] = S2(s)e =) yo < s <t

where Eg[—] is the conditional expectation with respect to F(s) and 0.(.) is the partial

derivative with respect to time.

Corollary 3.2.1. The conditional variance V (s,t) of the basket is given by
Vs, t) = 5%(s)e" %) [eAQ _ er(tfs)] .

Given the representation of the basket in [3.3] we can see that A has the functional form
A = A(t,S(t)), due to its dependence on the price level of the basket at time ¢. This suggests
that basket options would be suitably priced using local volatility models as done by Xu and
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Zheng in [39]. Despite this above representation, we in fact see that GBM models are quite
adequate and useful for pricing options on a group of assets. To demonstrate this, we begin
by setting Y (t) = fot AdW (s), which is simply the integral of the the second factor on the
RHS of [3.3] This process Y(¢) is an F(¢)—continuous local martingale. The continuity of
Y () is fairly obvious, since the underlying randomness is generated by independent Brownian
motions which are continuous P—a.e. The quadratic variation (Y'); of such a process Y (t) is

given by

(Y), = /Ot A%ds. (3.6)

By a direct application of the Dubin-Dambis-Schwarz theorem, we can rewrite the process

Y(t) = W(n), (3.7)

Proposition 3.2.2. The stochastic differential equation satisfied by the basket at any time

t satisfies the following dynamical equation given by

as(o)

S(t) = rdt + dW(Tt),

where W () is an F(r)-Brownian motion such that 7, = inf{t : fg A%du > t}.

This above representation of the stochastic dynamics of the basket in fact suggests that, we
can rewrite its dynamics in terms of a Geometric Brownian Motion whose volatility is unity.
Given these features of the basket given above, we attempt to provide a suitable lognormal

approximation for the price of a basket option.
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The price of the basket call option at an earlier time 0 with maturity date T denoted

Cg(0,T, K) is given by
Cp(0,T,K) = e ""E°[(S(T) — K)"], (3.8)

where K is the nonnegative strike price of the basket option. The price of the basket call

option Cg(t,T, K) at any earlier time ¢ prior to the maturity date T is given by
Cy(t, T, K) = e "TIE((S(T) — K)*|F(t)]. (3.9)

To obtain the expectation in [3.§ and [3.9) we require the distribution of the basket which is

generally unknown.

3.3 Lognormal Approach to Basket Option Pricing

Given assets which follow a Geometric Brownian motion model, being able to consistently
price the basket of assets in a lognormal framework is extremely desirable. This was the
main motivation behind methods of moment-matching (Brigo [5], Henriksen [15], Paletta
[7 ]). In this section, we estimate the price of a basket option using first order Hermite
polynomials in attempt to fit suitable parameters, which allow our basket option to be price

in the lognormal framework.

3.3.1 First Order Hermite Polynomial Approximation

We know for a fact that S(t) is lognormal for n = 1 and Cg(0,7") is available in closed-

n
form in terms of Black-Scholes formula. If we can approximate the summation ) w;S;(t)
i=1
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by a lognormal random variable with a known finite variance in closed-form, we can obtain
a Black-Scholes type solution of the price of the basket call option. Instead of trying to
approximate S(t) directly e.g. using moments, we construct a linear approximation of y(t) :=
In(S(t)) in terms of In(S;(t)), using Hermite polynomial basis. Given a filtered probability
space (2, F, F(t),Q), {F(t)} represents the filtration generated by d independent Brownian
motions Wi (t), ..., Wy(t) and Q is the risk neutral measure. We assume the asset prices .S;(t)

are F(t)-measurable and follow a Geometric Brownian Motion (GBM) model given by

1 d
S;i(t) = 5;(0) exp [(T — 502-2) t+ Zaijﬂfj(t)] , Yi=1,..,n, (3.10)

and satisfy the SDE in [3.1] The price C(0,T, K) of a basket call option at a time 0, with a

nonnegative strike X and maturing at time 7" is
C(0,T,K)=e""E?[(S(T) — K)*]. (3.11)

Given the function 1, which is the log of the terminal value of the basket, we can re-write

as a function of standard normal variables such that
Y(u) = log (S(T)), (3.12)
= log ZwlSz(O) exp ((7’ - 50'12>T+ ZO'”W](T)> s (313)
i=1 Jj=1

n d
1
= log E w;Si(0) exp ((T — 501-2>T +VT g O'ijUj) . (3.14)
i=1 j=1

where u; ~ N(0,1) Vj.

We can transform nonlinear functions of Gaussian random variables into a linear combination
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of standard normal random variables using Hermite polynomials. Suppose ¢ belongs to a

class of functions ) such that

— {¢(u) : /O; d(u; 0, Ip* (u)du < OO,Vj},

where ¢(u;0, 1) is the density of a standard normal vector u = (uq, ...,

matrix /. We define the first order Hermite polynomials {h§1)(u) d_ as

WY (u) = (-1)%%1@; ,0,1),

= Uy.
where h;o)(u) =1 Vj, which satisfy the orthogonality condition

/ WY (W) (w) (s 0, Idu = &,

1, if j =k,
where 0;;, =

0, otherwise.

We can express ¢(u) as
d

1

~ Sl
=0
d

= bo + Z bj’u]'.

j=1
To obtain by, multiply by ¢(u) and integrate over u

/_Zw(u) du—bo/ o(u du+Zb/ w;(u

- bo.
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(3.15)

uq) with covariance

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)



Thus,

by = /_ " )b (u)d (3.22)

To obtain b;, we multiply by wuy f(u) and integrate over u to get

/ Z urth(u)p(u)du = by / Z wp(u)du + ]z;bj / Z wjupd(u)du, (3.23)
B Zd:bﬂ";j’f’ (3.24)
=1
yielding,
bj = /_OO wib(u)p(u)du, 1< j<d. (3.25)

Proposition 3.3.1. The closed-form estimate of the basket option price at a time 0 is given

by

cnr[en (3o (S22558) o (2525)]

(3.26)
Proof. We can then approximate the price at time 0 of a basket option maturing at time 7',
whose assets satisfy [3.2] by

C(0,T, K) ~ ¢ TE® [(eW) - K)+] . (3.27)
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The approximate terminal payoff is given by

B2 [(e*™ — K)'] = /_ : ("™ — K)" g(y)dy, (3.28)
_ /1::( (ew(u) — K) g()du, (3.29)
_ l /m OZ 40 g ()i — K 1:; g(w)dz/,] , (3.30)
(e
K@ (bo_:/lgnK) , (3.31)

where g(1)) is the density of ¢(u) given by

9(4) = = (M =h), (3:32)

d
where y = Var(y(u)) = be
=1

Thus, the approximated price of the basket option is given by

o1 o (-] (H1525) o (28]

(3.33)

O

This closed-form approximation for a basket option price is analogous to Black-Scholes
representation for the price of a single asset. We demonstrate through examples for two-
asset case (which can be generalised to more assets in the basket) that this yields good
approximations for a variety of underlying parameter values and very short maturities.

Also, this closed-form estimate can be used as a control variate for pricing basket options.
However, the computational complexity of calculating the basket option price increases as
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the number of assets in the basket increase. To overcome this, we suggest an adaptation to
the previously mentioned method, to allow for its use as a control variate for pricing basket
options with sufficiently large assets in the basket.

In general,

In(1+8;(T)) < Si(1), (3.34)

where S;(T) = w;S;(T). Taking sums of . over 7, we can deduce the following inequality

n (ﬁ SZ(T)> < Zln (1 + 5T ) ZS (3.35)

We can simplify the weighted products of assets as

— (H m> exp [(nr — %Zaf) T] exp (Z Zoijo(T)> , (3.36)

and its logarithm can be becomes

et
W

n (E&(T)) =1In (ﬁm) + ( r—lz )T+ZZ% (3.37)

1= =1 j5=1

=7+ oy Wi(T), (3.38)

i=1 j=1

where S;(T) = w;S;(T) and v = In (Hl 1 5:(0 > (m’ - —ZO’ )

We define a new function ¢(u) by simply replacing S(T') in 1) with and the strike K of
the basket with In K such that

= In <ln (ﬁ S(T))) (3.39)

=In <7 + i i Uz'jo(T)>

i=1 j=1

=In <7 + ﬁi Zn: o—ijuj> (3.40)

i=1 j=1
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where u; ~ N(0,1) V4. Since 1(u) € Y, we can approximate ¢ similar to ¢ as
P(u) =bo+ > bjuy, (3.41)
j=1

where the parameters Bj’s are estimated as b;’s in 1) and 1) but are estimated by
replacing 1 instead of ¢ for all 0 < j < n.
We can estimate the parameters of l;j’s in 1) using third order Taylor series approximation

of ¢ of u;’s about 0 given by

e Lo~ &
W) =90+ 3G wty Y DG ww
j=1 u;=0 =1 k=1 uj=up=0
d n n 7
1 Y
4+ — § ujukul. (342)
6 j=1 k=1 I=1 aUJUkUZ uj=ur=u;=0

Thus, the coefficients of the parameters of ¢ are

d n n
Bg =In~vy— %;ZZZO—UJIW" (343)

=1 i=1 k=1

—In~y — %;ZZM (3.44)

k=1 i=1

where A is the volatility matrix and

n 3 n n n 3 d n n n
IR D 3 3D ST G0 1 3D 9) 3) DL
R v i=1 =1 m=1 v k=1 i=1 =1 m=1
(3.45)
forall 1 <7 <n.

We denote the price at time 0 of an option on the logarithm of the product of weighted
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assets in the basket with a strike In K, maturing at time T as C/(0,T,In K) is given by

C(0,T,InK) = ¢ "TE2 [(m (ﬁ S(T)> —In K) ] . (3.46)

Using the lognormal approximation for In ([]}_, S(T')) in (3.40), we can obtain the option
price C'(0,T,In K) in a lognormal framework. Thus, the option price C(0,T,In K) is given

by

C(0,T,InK) = e'7 [exp (% (V+ 22;0)) o (%) _ o (Bo :/lvnff)

where K =In K and V = ZB?
j=1
Given that we have the price of the option C’(O,T, In K) in closed-form, we have all the

essential ingredients necessary to use this method for pricing basket options, using the first

order Hermite polynomial as a control variate for a large number of underlying assets.

3.4 Gaussian Approximation For Short Maturity Basket
Options

Despite assets being lognormally distributed, we can find simple Gaussian approximations

for the price of a basket option for small maturities. Given an n- asset basket, we can rewrite

B.2 as

S(t) = wiSi(0)e" Zi(t), (3.48)
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where Z;(t) is a Q-martingale which can be represented as

d

Zi(t) =1+ / Zi(3) > _oydWi(s). (3.49)

J=1

For small maturities ¢ and for any ¢ > 0, we assume that |Z;(s) — 1| < € for all 7 and

0 < s < t. Using this we consider a simplification of the value of the basket, so that

becomes
n d
S(t) = y_wiSi(0)e (14 )_ouWi(0). (3.50)
i=1 j=1
=) wSi(0)e" (1 + R-(t)), (3.51)
i=1
d d
where P;(t) = ZaijVVj(t), is normally distributed with mean 0 and covariance tZoijokj.
J=1 j=1

This leads to a basket which follows a Gaussian distribution, allowing for closed-form approximation
of the price of basket option on it. To understand the accuracy of this Gaussian estimation

of the basket, we observe the error process F(t) of the difference between and [3.50]

Proposition 3.4.1. The error process E(t) is a martingale with zero mean and its variance

Vi(t) is a nonnegative submartingale given by

Val(t) = eQrtZZZwiwkSi(O)Sk(O) lAlzk (exp (tAy) — 1) —t],

i=1 k=1 j=1

d
which is an increasing function of time, where A;, = E aijajT,C.
Jj=1

Proof. E(t) is given by
E(t) = / DN w00 (Zi(s) — 1) 0iydWi(s). (3.52)
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which is an Ito integral with zero mean and its variance V() is given by

t) = B / ZZZwlwkS ) (0)(Zi(5) — 1)(Zi(s) — 1)ds | , (3.53)

i=1 k=1 j=1
— et / ZZszwkS )Sk(O)E [(Zi(s) — 1)(Zi(s) — 1)] ds. (3.54)
i=1 k=1 j=1
Using the fact that E[Z;(s)] = E[Z(s)] = 1, Vi, k and E[Z;(s) Zk(s)] = exp (sZa” 3k>
can simplify Vg(t) to obtain
n d d
/ SN s 00510 e (3 ot | <1 ) (5.59
i=1 k=1 j=1 j=1

zrtzzzwzwké” )Sk(0) [ﬁ <exp <t20w ]k> — ) —t] ,

i=1 k=1 j=1
(3.56)
which concludes the first part of the proof. To prove that the variance Vg(t) is an increasing

function of time, it sufficient to show that

1
9 (exp (tAy) — 1) —t | = (exp (tAy) —1)—1>0, Vt>0. (3.57)
ot \ A
]
Given that our Gaussian approximation for the value of a basket is valid for small time

intervals, we now look to obtain the price of a basket option for very short maturities within

this framework.

Proposition 3.4.2. Given the value of a basket with short maturity t which satisfies

the price of its corresponding basket option at a time 0 with strike K 1is given by

C(0,t, ) ~ e [V(t)¢ <%Z@) + (m(t) — K)® (m(‘t/)T_)K)] | (3.58)
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n n n d

where m(t) = ZwiSi(O)eTT, V3(t) = 62”ttZZZwiwkSZ~(O)Sk(O)crijcrkj and ¢(.) is the
=1 i=1 k=1 j=1

standard Gaussian density and ®(.) is its corresponding distribution,

Proof. We define the variance V2(t) of S(t) as

V() = E[(S(t) — m(t))?], (3.59)

_ R ZZZZwiwkSi(O)Sk(())aijaklﬂ/j(t)l/l/l(t)] , (3.60)

| i=1 k=1 j=1 i=1

=™K ZZZwiwkSi(O)Sk(O)Uijalef(t)] ) (3.61)

| i=1 k=1 j=1

n n d
= 1) Y wiwiSi(0)Sk(0)o0m. (3.62)

i=1 k=1 j=1

Using the representation of S(¢) in [3.50} the density of S(¢) is given by

Q(S(t) € dy) = Vtt)qb (y ‘VZ‘)@) dy. (3.63)

The price of a basket option at a time 0 with small maturity and strike K si given by

C(0,t,K) =e "E[(S(t) — K)"], (3.64)
R 6_”/: (y — K)Q(S(t) € dy), (3.65)
B /K N (y — K) Vtt)gb <y ;/Zb)(t)> dy, (3.66)
_ /K N (y — K) Vtt)qﬁ (y ;Z)(t)) dy. (3.67)
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—m(t
Set z = yV—ZL)() and we take its derivative with respect to y. We substitute for y to obtain,
C(0,t,K) ~ G_Tt/ (m+ 2V (t)) o(z)dz — Ke_”/ o(z)dz, (3.68)
RN Raon
_ t)— K m(t) — K
— et () = k)@ (OB g (MO KN | 3.6
e mte) - 0y 0 (MDY v (M (3.60)

O

Furthermore, [3.50] suggests that using a first order Taylor expansion of the exponential
martingale term in an asset under a GBM model might be a good estimate for pricing short
maturity basket options, since for small maturities higher orders of the Taylor terms and

their sum go to zero.

3.5 Bounds On The Price Of A Basket Option

The option price on the geometric lower bound of a basket of assets as in [I3], is the most
popular bound on basket option prices and is also used as a benchmark in comparing the
performance of other lower bounds. It involves using the arithmetic mean of a sequence

being bounded below by its geometric mean. For a basket of n assets, its geometric mean

G(T) is given by

G(1) = [TIS(TN* < Y _wiSd(D). (3.70)

The geometric mean G(T') is lognormally distributed and the price of a European call option

on it can be obtained in closed-form. The price of a European call option on G(T') given by
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C(0,T), with strike K and maturity 7" at a time 0 is given by

Ce(0,T,K) = =T [@5 exp (%v) o (i\ﬁ) ~ KO <_ln—(@_ﬁ)>] . (3.7

where © = [, (5;(0)“, v =Var(ln®), 8 =37 w; (r—1c?)T .

3.5.1 Direct Upper and Lower Bounds on Basket Option Price

In this section, we obtain tight (lower and upper) bounds on the price of a basket option
by a direct application of the Jensen’s inequality due to the convexity of the payoff of the

basket option.

Proposition 3.5.1. A basket option has a direct upper bound Ug(0,T, K) on its price at

time O prior to time T, which is given by

Up(0,T,K) =e"" i w;E (Si(T) — K) +.

i=1

Proof. The expected payoff of the basket option Cg(0,7, K) at its maturity is bounded

above as shown below by
Cp(0,T,K) =E(S(T) - K)™, (3.72)

=1

=E (i w;Si(T) — Kzn:wZ) : (3.74)

i=1

< i wiE <SZ-(T) - K> " (3.75)

CB(O,T, K) — TR (S(T) B K)+ < e—TTZwZ- (SZ(T) — K>+ = UB(O,T, K) (376)



]

The upper bound Ug(0,T, K) on the basket option price is the same as holding n options of

different assets with the same strike K. The price of such a fictitious portfolio Ug(0, T, K)

is given by
Us(0,T,K) = e " [S;(0)e"@(h) — K&(h; )], (3.77)
=1
In (%97 + LT
where h; L =

O'Z'\/T
Proposition 3.5.2. A basket option has a direct lower bound Up(0,T,K) on its price at

time t < T, which s given by
Up(0,T,K) = S(0) — Ke "7,

provided S(0) > Ke™"7.

3.6 Distributional Bounds on a Basket Option Price

Some of the research into finding suitable bounds on the price of a basket option involve
using the properties of its payoff function such as in Rogers-Shi lower bound [35]. In this
section, we derive new upper and lower bounds on a basket of assets and their corresponding

option price by using the distributional properties of Brownian motions.

3.6.1 Lower And Upper Distributional Bounds Of A Basket Option

In general, we can obtain an upper bound on the basket of assets[3.2]and the price of a basket
option by replacing the independent Wiener processes with their joint maximum. Also,
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we can obtain lower bounds on the basket and its option price by using the joint minimum

of the independent Brownian motions in the basket.

Proposition 3.6.1. The value S(t) of the basket of assets at any time t is bounded above by

d
sz :(0) exp ( r— %0?)75) exp <Md(t)ZUij>, (3.78)
j=1
and bounded below by
d
Zwl ;(0) exp ( r— %0?)15) exp (md(t)ZJij), (3.79)
j=1

where My(t) = max W;(t), mg(t) = min W;(t) and provided ) o;; is nonnegative for
1<5<d 1<j<d j=1

1< <n.

Proof. The price S(t) of a basket of assets at a time ¢ is the solution, which satisfies the SDE

in [3.3] which has the following form

d
1
sz 5(0) exp [ (r — 50?)25] exp (Zmﬂﬂ@»(lﬁ)), (3.80)
j=1
where 0? = ZO’U, ) and Wy(t) are independent Brownian motions for j # k.
For any asset 1, we setup the following inequalities
d
ZU” 1211£1dW ) < Zaw ) < Zaw 1r£1a<)§1W : (3.81)
<j<
j=1
d
Zammd < ZJMW < Z%Md ), (3.82)
d d
ma(t)Y oy < Z%Wk < My(t)) o, (3.83)
Jj=1 Jj=1 j=1
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where M;(t) = max Wy (u)) and mq(t) = min W;(2).

1<j<d 1<j<d
So that,

d d

d
ma(t)Y oy <Y oy Wilt) < Ma(t)Y o3 for all i (3.84)

J=1 Jj=1 Jj=1

Thus, the price of the asset at time t is bounded by

Si(t) = im exp (m(t)a;) < S(t) < iYieXp (M(t)a;) = Su(b), (3.85)

d

where o} = ;UU and Y; = w;S;(0) exp {(r — %Uf) T]. O
These bounds on the value of the basket given by S,(t) and S;(t) are analytically intractible
and are of a similar problem type as the the basket of assets. To this end, we can estimate
options on S, (t) and Sj(t) by using their respective geometric means, as suggested by Gentle
[13]. Given the representation for the distributional upper bound on the value of a basket of
n assets at a time 7' given by S,(T') and S;(T) respectively in proposition [3.6.1] Let us call
G.(T) as the geometric mean of which then has the following representation

Go(T) = f[ S,(0) exp l(r - %af)T] exp (Mdmzd:aij) % | (3.86)

i=1 j=1

Given the representation of G,(T') above, we can use it to estimate the price of an option

on S,(T'), which is an the upper bound on the basket option price.

Proposition 3.6.2. The price Cg,(0,T) at time 0 of an option on the geometric mean

G.(T), maturing at time T with nonnegative strike K is given by

canm - v () (o(3) w1 (o (5))
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n n n d
where ay = HSi(O)%, B1 = exp [(T — %Z%) T]; = %ZZUU and
" ,

i= i=1 j=1
K = i In ( K >
4! a1

Proof. We can simplify the expression for G,(7T') in to become

n 1 1 o2 1 n d
G.(T) = H (SZ(O)) exp [(r ~3 z; g> T | exp ( E z; ; U,]) . (3.87)
=1 1= 1= =
The price Cg, (0,T) of the option on G,(7T) at a time 0 is given by
Ce,(0,T) = e E [(G,(T) — K)'], (3.88)

o[l () () e

— Ke 1-— <<I> (ﬁ)) : (3.90)

This completes the proof. n

Similarly, given the geometric mean of S;(T") in|3.79, we can derive the price of an option on

it with the same strike K. We can define the geometric mean G;(7) on as

1

6(0) - TT | 500 (-~ 1) esp (mar32m) | - oo

=1 Jj=1

Proposition 3.6.3. The price C¢,(0,T) of the option on Gi(T') maturing at T at a time 0

with nonnegative strike K is given by

00 1 ~ d
K
caom e [ (8) () wene (o ()]
n 1 n n d
where ay = Hsi( , Bi=exp [( - 51 ) T]; N = —ZZ% and

i=1 j=1
~ 1 K
K=—1In ( )

4! a1

“l\)

=1
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Hence, we are able to use the bounds and on the value of the basket to obtain
closed-form estimates on the basket option price using their respective geometric mean.
Alternatively, we can obtain more accurate option prices on the distributional bounds of
the value of the basket using Curran’s method [8]. This is achieved by conditioning the
price using [3.78| and on their respective geometric mean which we carry out in the next

proposition.

Proposition 3.6.4. The estimated option price C}(0,T), on S, (T) with strike K, at a time

0 prior to its maturity T using Curran’s conditioning arguments is given by

C8(0,T) = e TR [S,y(T)1{Gu(T) > K}] + Ke~'7 [(cp <i1n ( K )))d _ 1] (3.92)

94! a1

where S, (T) is as defined is |3.78, a1 = HSi(O)%, f1 = exp [(r— 120—12> T, 1 =
L i=1 2 i—1
S
i=1 j=1
Proof. The price at a time 0 an option on S,(7") prior to the maturity 7" is given by
Cu(0,T) = e "E[(S.(T) — K)'], (3.93)
— ¢ TE [E | (Su(T) — K)7|Gul(T) = ], (3.94)
K
= e‘TT/ E [(SU(T) - K)" ‘GU(T) = y] Q(G.u(T) € dy)
0
+eT / E[(S(T) = K)" [GulT) =y| Q(Gu(T) € dy).  (395)
K
We use the fact that
K
/ E [(5.(7) ~ K)* [Gu(T) = 4] Q(GulT) € dy) = 0. (3.96)
0
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Substituting [3.105[in [3.104] to obtain,

CE(0,T) /OOE - K)" ‘GU(T) = y] Q(Gu(T) € dy) (3.97)
IE K‘G y] Q (Gu(T) € dy) (3.98)
— ¢ TE[S,(T)1G,(T) > K] = Ke"Q (G, (T) > K) (3.99)
T T 1 K \\*
= e TR [S(T)L{GW(T) > K}] — Ke ™" |1 — (cb n (mﬁl)) )] (3.100)

Thus, we are able to obtain the required results. O]

The option price given by C}%(0,7) is an upper bound on the basket option price in m
Next, we shall proceed to work out the lower bound on the basket option price using similar

conditioning arguments.

Proposition 3.6.5. The estimated option price C5(0,T), on Sy(T), with strike K at a time

0 prior to its maturity T using Curran’s conditioning arguments is given by

CL(0,T) = e TE[S((T)1{G\(T) > K}] + Ke'" [(cp (_i In ( K )))d] (3101

n 1 n 2
where S|(T) is as defined is|3.79, a; = HSZ-(O)%, B1 = exp [(7’— = %) T], "M o=

1 n d
153

i=1 j=1

68



Proof. The price at a time 0 an option on S;(T") prior to the maturity 7" is given by
Cy(0,T) =e ""E[(S(T) — K)*], (3.102)
— ¢ 'TE [E [(SI(T) — Ky ‘Gl(T) - y]] , (3.103)

s / P [(S1(1) = K)*|Gi(T) = y| QGU(T) € dy)

+eT / E[(S,(T)—K)*’GZ(T) y]Q(Gl(T) € dy). (3.104)

K

We use the fact that

/ E|(S(T) = K)* [Gu(T) = y| Q(Gu(T) € dy) ~ 0. (3.105)

Substituting [3.105] in [3.1704] to obtain,

Cp(0,T) = e"”T/:E [(Sz(T) - K)" ‘Gz(T) = y] Q(G(T) € dy) (3.106)
— T :E [SZ(T) - K’GZ(T) — y] Q (Gy(T) € dy) (3.107)
= e "TE[SY(T)1G|(T) > K] — Ke "'Q (Gy(T) > K) (3.108)
= e "TE[S(T)1{G|(T) > K}] + Ke™"" (@ (—% In <0f@1))>d] (3.109)

Thus, we are able to obtain the required results. O

Given the analytic intractibility of the bounds S;(¢) and S, (t) on the value of a basket at any
time ¢, we can impose integrability conditions on the the volatility parameters which will

allow for closed-form evaluation of options on these bounds. These integrability conditions
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leads to further bounds on the value of the basket given by

Si(t) = Z Yiexp (ma(t)om) < Si(t) < () < Sult) < Z Yiexp (Ma(t)on ) = Su(t),

(3.110)

d

where af = ;agj, oM = 112%); of and o0, = 12111%1” or.

In general, the process My(t) can be replaced with the maximum of the running maximums or
the maximum of the minimum of the absolute value of a Brownian motion and its running
maximum of independent Brownian motions. These are themselves upper bounds on the
underlying Brownian motions and vice-versa to obtain different bounds on the value of the
basket and the option price. With these new upper and lower analytic bounds on the value

of the basket given by S, (t) and Sj(t) respectively, we are able to work out the density and

the corresponding distribution of these bounds.

Proposition 3.6.6. Given the lower bound Si(t) on the value of a basket S(t) at a time t,

its density and distribution is given by

QSit) € o) = s <1ﬁ " (%» [1 - <1ﬁ ) @)l v

and
_ 4 _ 1 g !
Q(S() <y) =1 [1 ) <0mﬁln (19)” ,
respectively, where ¥ = ZwiS,-(O) exp [(r - %af)T] .

=1

Proposition 3.6.7. Given the upper bound S,(t) on the value of a basket S,(t), its density
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and distribution is given by

o em =zt (L (5)) (o (van (1)) o

and
_ 1 "
oo (e )
respectively, where ¥ = ZwiSi(O) exp [(r — %af)T] .

i=1
Proposition 3.6.8. Given a basket of assets, which has the bounds as specified in ([3.110))

such a basket has the following bounds on the price of the basket option at a time 0 given by

e oG () e (G5

(3.111)
and
ley; - y v V)" 7 \]"
t=net S oo (J) (-0 (55)) e hi-o ()]
(3.112)
where Y; = w;S;(0) exp [(r — %0’?) T], £ = élnﬁ and T = ilnﬁ.

Theoretically, a basket of assets can contain any number of assets in the basket and would
require an increasing number of maximum or minimum of Wiener processes. For a large
number of assets in the basket, it can be computationally challenging to work out the bounds
on the basket, and thereafter, the bounds on the basket option. For a large number of
assets, we can obtain overall bounds on the basket and its corresponding option price using
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proposition [2.3.4] and [2.3.5| and these bounds are independent of the number of assets in the

basket.

Corollary 3.6.1. The distributional bounds on the price of a basket option using the maximum

and minimum of Brownian motions is given by
SV e
— K 3
Up=e | E [ eomv (i) o <i) dy — = (1 — 2 (—)) 3.113

and

independent of n, which follows from proposition |3.6.8,

Proposition 3.6.9. The upper Uy and lower Lo bounds on the basket of asset at time 0

given that the maximum of the running maximums and minimum of the running minimums

(o))

of n independent Wiener processes is given by

Zane

o))

rT

ﬂ{y > 03"V (

Sls
Sls

and

rT

Zyzne *Ooﬂ{y < 0}e7 g (%) (1 - 20 (%))_1 %

t Ke T (1 — 2% (\%))n

1 1 K
respectively. Where Y; = w;S;(0) exp [(r — 50?) T], &=—In and
1 K

T :—ln

Zz 1Y
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Proposition 3.6.10. The upper Uz and lower Ls bounds on the basket of assets at time 0

giwen that the mazimum of the running mazximums of n independent Wiener processes by
=3 [z a(e () -o (7)) (%) -+(%)-
Pretyr oY Vi Vi Vi Vi) )"

(o (5)2(5))

and
5oy s (o(2)-o(2))” () ()

+ Ke ' (@ <\Tﬁ) — P (%))n

1 1 K
respectively. Where Y; = w;S;(0)exp | [ r — =02 | T|, & = — In —=—— and
2 oM iy Y
1, K
= —In =
Om 2 Vi

All of these bounds can easily be evaluated in closed-form for n = 2, 3. For quick approximations
of the bounds, we can use numerical methods or other approximations for n > 3. It is easy
to see in the case of a single asset, that the natural bounds of any asset at a time t < T
is obtained by substituting the underlying Brownian motion for its running maximum to
get its upper bound or its running minimum to get its lower bound. We can also obtain
suitable estimates for the bounds by using suitable Taylor series expansion of the exponential
component of the integrand.

Alternatively, we can use N (y) < 1Vy € R to obtain reasonable simplifications of these

bounds.
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3.7 Summary

We have derived closed-form estimates for the price of a basket option in a Gaussian
framework and in a lognormal framework using first order Hermite polynomials. The
accuracy of the first order Hermite polynomial method in pricing basket option would depend
on the choice of order of Taylor series order estimates of . However, we do not focus
solely on the accuracy of the estimates of this lognormal approach, but also on whether it
is a good control variate for obtaining efficient Monte Carlo estimates. For the Gaussian
approximation, we see that the accuracy reduces as the maturity of the option increases,
and is only valid for short maturity options and as a control variate for longer dated ones.

We also obtained several analytic bounds on the price of a basket option, namely the
direct and distributional bounds are obtained. The direct upper and lower bounds provides
tight bounds on basket option price which follow from the convexity of its payoff. The
distributional bounds are obtained by replacing the underlying in dependent Brownian
motions with their overall maximum (or minimum) to obtain bounds on the basket option
price. These bounds are estimated by either using (Curran’s) conditioning arguments or
imposing suitable integrability conditions on the volatility parameters of the underlying

assets in the basket.
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Chapter 4

Asian Options

4.1 Overview

In this chapter, we begin by studying the general dynamics of an Asian option by looking
at the behaviour of the underlying asset and thereafter the relevant equation governing the
price of an Asian option. We then obtain estimates and bounds on the price of an Asian
option. We estimate the price of an Asian option using first order Hermite polynomial, using
a similar approach to the one used in estimating the price of a basket option. While for the
bounds estimation we use the notion of distributional bounds to estimate the upper and

lower bounds on the price of an Asian option.

4.2 Asian Option Dynamics

Given a filtered probability space (€2, F, F(t),Q), where F is the sigma algebra, {F(t)}+>0

is the filtration generated by one or more independent Brownian motions and Q is the risk-
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neutral measure. We assume that the asset price is adapted to the Brownian filtration {F(¢)}
and follows a geometric Brownian motion model given by

dS(t) = rS(t)dt + o S(£)dW (¢), (4.1)

where {W (t): t € [0,T]} is a Brownian motion under the risk-neutral measure Q, r is the
lending/borrowing rate. The average value of an asset A(0,7T") over the time interval [0, 7]

is given by
T
A@ﬂ:l/Swm. (4.2)
T 0

Alternatively, A(0,T") can be written in discrete form as

R S ] 49

=1

This averaging feature is essentially what makes Asian option less prone to manipulation.
Also, Asian options are path-dependent unlike standard options which are markov. The
price of an Asian option at any time ¢, depends not only on the time ¢ and its value S(t) at
time ¢ but also the history of S(¢) up to time ¢. If we define an {F(t)}-measurable process

Y (t) for 0 <t < T such that

dY (t) = S(t)dt. (4.5)

The pair S(t) and Y (t) form a 2-dimensional markov process, so that there exists some

function h(t,z,y) such that
h(t, S(t),Y(t) = e "TIE[(A0,T) — K)"|F )], (4.6)
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for 0 <t < T. Furthermore, the price of an Asian option at an earlier time ¢ prior to its

maturity 7" is governed by the following partial differential equation which is given by
Ly
hi(t,z,y) + ravg(t, x,y) + zv,(t, ©,y) + 302 Ve (b, 2, y) = ro(t, 2, y) (4.7)

for z > 0 and y € R, subject to the following boundary conditions

+
ht,0,y) =T (L - k) (4.8)
lim v(t,z,y) =0, (4.9)
yy—oo
o(T,a,) = (% - K>+ (4.10)
b ) T

for 0 < t < T. This function h(t,S(t),Y(t)) can be estimated numerically. The price

C4(0,T) of Asian call option at a time 0 which matures at a time 7" is given by

(%/TS(u)du - K) 1 : (4.11)

where K is a non-negative strike K and its price C4(t,T) at an earlier time ¢ < T is given

Cx(0,T) =R

by

CL(t.T) = " T-IE [(% /  S(wdu— K)+

]—"(t)] . (4.12)

4.3 Closed-form Approximation Of Asian Options

Under the GBM framework, we can decompose the price of an asset S(t) into a deterministic
component and an exponential martingale which is lognormal, resulting in the lack of closed-
form solution of an Asian on the asset S(t). To overcome this, we can approximate the
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exponential martingale as a polynomial or linear combination of Gaussian random variables,
which will allow us to price an Asian options within the Gaussian framework. In general,
given a Brownian exponential martingale Z(t), we can approximate the martingale Z(t)
using Hermite polynomials to obtain the identity given below,
oo
977,

exp (QW(t) _ %e%) = > W) (4.13)

n=0

where h,,(t, W(t)) is the n-th order Hermite polynomial.

The first few Hermite polynomials are given by ho(t, W(t)) = 1,hy(t, W (t)) = W(t) and
ho(t,W(t)) = W?2(t) — t. Furthermore, for each n we observe that h,(t, W(t)) is a Q -
martingale. We can obtain a closed-form Gaussian approximation of A(0,7) by using the
first order Hermite polynomial approximation for the exponential martingale identity in |4.13]

and then estimate the price A(0,7") of the Asian option.
Proposition 4.3.1. The price of an Asian option has the approzimation given by

CA(0,T) ~ e T {(X—K)(P (X_K> —oxd (K_X)],

S(0) 75(0)

T 2
- <€rT _ 1) and ox = T (/0 (erT — e”)st) , using the first order

where X =

r

Hermite polynomial approximation for average value of an asset over the interval [0, T].
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Proof.

— %/ e’ exp W(t) — %aQt> du, (4.14)
~ @/ (1+ oW (1)) du, (4.15)

~ ST/O [1—|—a/ AW (s )] du, (4.16)
_ @ [ /0 eyt /0 ' /0 ’ e”‘dW(s)du]. (4.17)

Re-arranging the double integral above we get,

400.7) ~ 20 lerT —! +0/0T /ST e’”“dudW(s)] , (4.18)

T | v
_ @ leT T— 1 +g/0 (erT _ 6Ts)dW<S)] 7 (4.19)
_ AL0,7). (420

This first order Hermite approximation of A(0,7) which we dub A}(0,7T), is Gaussian

2 2
with mean %(GTT — 1) and its variance Urng ) /0 (e'T — e"%)?ds, obtained by a direct

application of the Wiener-I1to isometry. To obtain the approximate value of the Asian option,

we define a standard normal random variable z such that

/ (e — ™) dW (s)

z= ) (4.21)

(/ (erT — e”’)st)

and a random variable X given by

X =X+oxz, (4.22)
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where X and ox are the mean of AL (0,T) and variance of AL (0,T) respectively. We can
also define a critical value of z* such that,

K-X

z > =z". (4.23)

OXx

Using equations 4.23], the approximate price of an Asian option price is given by

Ca(0,T) = e ""E[(A(0,T) — K) '], (4.24)
~e T / *OO (X +oxz— K) ¢(2)dz, (4.25)

=T [(X — K)o (XU_XK> —oxé <KU_XX>] : (4.26)

O

An alternative approach to estimating the price of an Asian option, is by using first order
Hermite polynomials method which we have previously used for pricing basket options, see

section [3.3.1. We can think of Asian options as continuously monitored basket options by

Y(u) = log <%/ S(u)du) : (4.27)

and the coefficients by and b; are given by and such that

setting our ¥ to be

where by is given as in [3.22| and b; is as given as in Similar to the basket option case,
we can estimate 1 using Taylor’s series expansion of v around 0. We can estimate the price

of the Asian option by
Ca(0,T) = e ™'E [(ed’(“) — K)+] :
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whose solution is given by |3.33|

4.4 Bounds Estimation of Asian Option Price

Owing to the difficulty in pricing Asian options, numerous research has been carried out in
finding suitable bounds on its prices (as in the works done by Curran in [§], Rogers-Shi in

[35], Xu and Zhang in [39]). Trivially, we can find an upper bound an Asian option given by
(A(0,t) — K)" < A(0,t) < A(0,t) + K, (4.29)

for some nonnegative strike K. In this section, we provide analytical bounds on the payoff
of Asian options using the properties of Brownian motion in the underlying asset, which
follows a geometric Brownian Motion (GBM) model. We shall later rely on some of these

bounds as control variates for the pricing of Asian options using Monte Carlo simulations.

4.4.1 Direct Bounds on Asian Options

In this approach, we obtain a not so direct upper and lower bounds on the price of an
Asian option using the unconditional and conditional version of the Jensen’s inequality on
the expected payoff of the Asian option price, which is due to the convexity of the payoff

function.

Proposition 4.4.1. The price C4(0,T) of an Asian option is bounded above by Cg(0,T)
which is the time average of options with different maturities over the interval [0, T]| and is
given by

% /0 (SON(d+) — e""TK/\/'(d_))du. (4.30)
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The price C4(0,T) of an Asian option given by has an upper bound given by

Ca(0,T) = e "E (% / (S(U) _ K) du) (4.31)
< e_”T%/ E[(S(u) — K)"]du (4.32)
— %/0 (SO./\/(d+) — e_TTK./\/'(d_))du (4.33)

In (S(0)e™/K) + to*u
a\/u

average upper bound (AU B), will be used later on.

where di = . This upper bound given by |4.33| which we shall call the

Furthermore, this upper bound Cg(0,7T") on the price of an Asian option is bounded above
by the price at a time 0 of a European call option on underlying asset S(t) is maturing at

time 7" with the same strike K. To see this,

Cs5(0,T) = e”’% /0 " [(S(u) — K)*] d, (4.34)
_ e”‘% /0 £ [(e " VE[S(T)|F.] - K)*] du, (4.35)
< e-rT% /0 & [(B[S(T)|F.] — K)*] du, (4.36)
= e—”’% /0 TE [(E[S(T) — K|F,))"] du, (4.37)
< e_TT% /0 'E ((S(T) — )] du, (4.38)
=e "E[(S(T) - K)"]. (4.39)

The result is generally known and provided for completeness.

Proposition 4.4.2. The price of an Asian option is bounded below by Cr(0,T), which is
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given by

S(0 i
Cr(0,T) = ( (0) (1—e") = KeTT) : (4.40)
rT
TK
and is nontrivial provided that S(0) > TT T
67" —

4.4.2 Distributional Bounds on Asian Options

Given the average value A(0,t) of the asset S(t) over the interval [0, t], we seek to derive an
upper bound on it using the distributional properties of the underlying noise process, and
eventually an upper bound on the price of an Asian option. We can find an upper bound
on A(0,¢) which we call A’(0,¢), using the properties of the Brownian motion W () over the

fixed interval [0, ¢].

Proposition 4.4.3. There is an upper bound A'(0,t) on A(0,t) given by

A'(0,1) = p(t) exp (0 M (1)),

—L1o%) -1
where p(t) = S(0) <exp (r fg ) >, M(t) = sup W(u), and A’(0,t) is real-valued
50

0<u<t

1
provided r # 502 and t > 0.

83



Proof.

A(0,t) < %/ S(0) exp _(T — 502)11_ exp (0’ Os<u£) W(s))du, (4.41)
_ % / S(0)exp | (r — %JQ)U_ exp (oM (u))du, (4.42)
e 1, ]
< ;/ S(0)exp | (r — 29 Ju | exp (o M (t))du, (4.43)
= exp (O’M(t))%/ S(0) exp [(r - %UQ)uﬁ du, (4.44)
— S(0) exp (e M(1)) [exp (r= %"Z) -1 (4.45)
(r—gz02)t |
A0, 1) < u(t)exp (o M(t)), (4.46)
= A'(0,1). (4.47)
[

Proposition 4.4.4. The upper bound A’'(0,t) on the time average A(0,t) of the asset S(t)

has the following distribution and density given by

Q(A(0,1) < y) = 20 (Wln (ﬁ)) —1, y>0,

and

QA0 € )= 1y > ) 7= Zo0 (o (1) )

respectively, provided o > 0.

Similar to the distributional upper bound on the time-average value of an asset, we can also
obtain lower bounds on it, using the distributional properties of a Brownian motion.
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Proposition 4.4.5. Given the time-average of an asset A(0,t) over the interval [0,t], we

can obtain a lower bound A.(0,t) on A(0,t) which is given by

A,(0,£) = 5(0) <eXp E: — 2‘;; z - 1) exp (om(t)),
where m(t) = inf W(u)
Proof
A(0,1) > % /0 '5(0) exp l(r _ %O—Q)u: exp (a g;wg)) du, (4.48)
_ % /0 tS(O) exp l(r - %UQ)u: exp (om(u)) du, (4.49)
> %exp (om()) /0 tS(O) exp | (r - %az)u] du, (4.50)
= pu(t) exp (om(?)) (4.51)
— A,(0,1), (4.52)
where p(t) = S(0) (eXp E; - izz; i - 1). O

Proposition 4.4.6. The lower bound A.(0,t) on the average asset price A(0,t) has the

following distribution and density given by

Q(A.(0,1) < y) = 2N (min (o, % In (ﬁ») ,

and

QA0,0) € dy) = Ly < ult)) 50 (# In (i)) dy.

u(t)
Having looked at the the distributional bounds on the price of an Asian option, as well as

the density /distribution of these bounds. We then proceed to obtain the price of options on
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these bounds, which naturally will be bounds on the price of an Asian option, provided they

have the same nonnegative strike K. That is
A,(0,1) < A(0,t) < A(0,1),
implies
Ca.(0,1) < Ca(0,t) < Ca(0,0),

where Cy,(0,t) and C4/(0,t) are the the respective lower and upper bounds on the price of
an Asian option C4(0,t). We can work out these bounds on the price of an Asian option

since we know their densities.

Proposition 4.4.7. The distributional upper bound on the price of an Asian option is given

by

Cu(0,t) =2e" [u(t) exp Ga?t) (1 - N ((—a\/{f) V(v — o\/z?)> ) — K(l - NV m)] :

where v = # In (ﬁt))

Proof.

Cu(0,1) = ¢ ™E [(A(o, £) — K)*] , (4.53)

_ e-rt/;“(t) (y — K)Jiy%qs (# In (ﬁ)) dy. (4.54)

We can decompose the above expression into I; and [, such that
R ) 1 y
I, = / ——0 (—ln <—)> dy, (4.55)
KV}L(t) O-y \/% O-\/i /"L(t)
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and

We can simplify I; to obtain

ne [ e Gam ()

Setting w =

vl (u(t)

o/t
= 2u(t) exp /cb —0\/

— 2u(t eXp( ) |18 (-0 )v@_a¢gﬂ.

L = /mgiaﬁu(t) exp <w0\/i> o(w)dw,

To obtain I,
> 1 2 1 y
I = K__¢<__mc_))@,

5 et G i)

Using w = Vi and taking its derivative with respect to y I becomes,
o
2K 1 1
I = d(w)p(t)ov't exp(wov/)dy,
ove ¥ i’
=2K / o(w)dw
0vVou

—2K[1-N(OVv)].
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L), and taking its derivative with respect y, I; becomes,

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)



Combining I; and I, and re-arranging them to obtain,

Ca(0,t) = 27" [u(t) exp <%(72t) [1 - N((—o—\/{) V(v — a\/i))] ~K[l-N(0Vv)]]|.
(4.66)

O

Proposition 4.4.8. The distributional lower bound on the price of an Asian option is given

by

Ca, (0,t) =" [Q;L(t) exp (%UQT) (j\/'(,u(t) —oVt) = N(K — m/%)) — K(l — 2N (u))] ,

where v = Fl (%)

Proof.

Cu(0,1) = e B[ (A.(0,) — K)T ], (4.67)

_ o / > Kyt <n0) 13 2o (i (5 ) ) oo

. / :1{K<y<u(t)}(y—K)Uiy\%¢<ai/ ( Z()))azy, (4.68)

o[ e )

Decomposing the above expression for the lower bound on A(0,t) to I3 and I, such that,

Iy = /;(t)ygiy%qs <% In (ﬁ)) dy, (4.70)

M9 1 y

and



1
Using w = —=1n (L), and taking its derivative with respect to y, I3 is simplified to
oVt \pu(t)

obtain,
’ 1
I3 = QM(t)/ exp <§02t> P(w — ov/t)dw. (4.72)
Setting £ = w — o4/t and d§ = dw, 1, is simpified to obtain
1
Combining I3 and I, and re-arranging them the required result follows. O]

Given the respective lower and upper bounds, A,(0,¢) and A’(0,t) on A(0, t) using the overall
running maximum or minimum of a Brownian motion, we can also find more conservative

bounds using the distributional properties of a Brownian motion satisfying the following

inequality
A, (0,1) < A(0,1) < A(0,t) < A(0,t) < A'(0,1), (4.74)
such that
1 t
A(0,t) = 7 / S(u)du, (4.75)
0
and

A(0,1) = % / S(u)du. (4.76)

where S(u) = S(0) exp [ (r — $02) u] exp (¢ M (u)) and S(u) = S(0) exp [ (r — 102) u] exp (om(u)).
These bounds A and A in and respectively are tighter, making them more ideal as
suitable bounds and could potentially lead to better closed-form bounds on the price of an

Asian option.
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We begin by defining an {F(t)}-adapted processes S(t) and S(t) which we dub the fictitious

assets which have the following representations

() = S(0) exp Kr - 30—2) t] exp (o M(1)), (4.77)
and
S(t) = S(0) exp l(r - %02) t] exp (om(t)). (4.78)

Proposition 4.4.9. Given the representations of S(t) and S(t) m and . S(t) and

S(t) have the following stochastic dynamics

dS(t) 1, 1
) = (r + 50" (I{W () > M()} - 1)) dt + o 1{W () > M()}dW (t) + SodL}",

(4.79)

and

@_ r 102 m - o m la m
50 _< +5 (I{W(t) <m(t)} 1)> dt + o 1{W(t) < (t)}dW(t)+2 dL", (4.80)

respectively.

Proof. By a direct application of It6’s lemma to [£.77 and the required result follows. [

We can observe trivially that Q (5 t)<St) <8 (t)) = 1, and the resulting fictitious Asian
options from each of our fictitious assets is a bound on the actual Asian option price for the
same strike K.

So evaluating the price of a fictitious Asian option C4(0,¢) with the same strike K as an
Asian option in will always yield an upper bound on the price of an Asian option and

vice-versa. The price of such a fictitious Asian option at a time 0, maturing at 7" is given by

C1(0,7) = e E [([1(0, T) — K)+] . (4.81)
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However, estimating C';(0,7T") leaves us with a problem of a similar type to finding a closed-
form solution of an Asian option C4(0,T"). This is because, despite knowing the distribution
of M(t), the distribution of / "M dt is largely unknown for some o > 0. To overcome this,
we use Jensen’s inequality to define a geometric lower bound G(0,T) on A(0,T) which is

given by

G(0,T) = exp (%/ In S’(u)du) , (4.82)

or
~ n—1 %
Go(0,T) = (H S(ti)> , (4.83)
where S(t;) = S(0) exp [(r — 30)t; + oM (t;)] and satisfies the following relation
G(0,T) < A(0,T). (4.84)

Proposition 4.4.10. The estimated price of a fictitious Asian option C;(0,T') at a time 0,

maturing at time T is given by the following

C4(0,T) =~ e_TT%/ S(to)ey/ e_ipy/ / e'P(erteat i) HQ(tk —th1, 2k — Z-1)
S* —00 Zn—1 0

k=1

1 oo oo ‘ oo o0 ‘
X dzkdpdy—KerT—/ / elpy/ / ePartzet tzn)

2m

Gk —00 Zn—1 0
X H q(ty — tr_1, 2K — 2x_1) dzrdpdy, (4.85)
k=1
n—1
t 1 K
where a; = S(0) exp ((r — 30%) %), B = %, and ¢x = Eln (alS(to))
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Proof. By definition,

Gul0.7) = S(t) <exp [<r - %w—t]) Cesp [ I3 () - M) |,

n—1

= auS(to) exp | Y e (ty) |, (4.86)

k=0

where co=1—n, ¢, =1for 1 <k <n—1and oy and 3 are as defined above.

The price of the option on the geometric average G (0,T) is given by

n—1 +

Co(0.T) =E | [ aS(to)exp | Y exdi(t) |- K| | (4.87)

k=0

—_

3

Using the density of » ¢, M(tx) we have derived in [2.83] we are able to obtain the required
0

result. O

B
Il

In general, it is not particularly clear if the estimate Cs(0,7") for the price of the fictitious

Asian option C'4(0, 7)) is really an upper bound on the price of an Asian option.

Corollary 4.4.1. A sufficient condition for the estimate Cg(0,T) of the price of the fictitious

Asian option C'5(0,T) to be an upper bound on the price of an Asian option is

S(T) S(T)
1+1n (é(o,T)> > 0.7 (4.88)

Proof. To prove this, we begin by assuming that Cx(0,7) > C4(0,T). This implies that for

any time 0 <t < T,

G(0,t) > A(0,1), (4.89)

for any nonnegative strike K. By taking logs of the above inequality and then taking its
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derivative with respect to t, we obtain

—% /0 In §(u)du + n 5(t) > _A(?q’ 8 ;S ®) (4.90)
- AS((()?&)' (4.91)

Making further simplifications we can rewrite the above expression as

—In [exp (% / t In g(u)du)] +InS(t) > -1+ A‘?ét)t 7 (4.92)

0

which then becomes,

; ; S(t)
—1 1 > -1 4.
nG(0,t) +1nS(t) > + A(0.9) (4.93)
We thus obtain
o ()
InS(t) —1 t) > —1 4.94
nS(t) —InG(0,t) = T 200" (4.94)
which gives us the required result. O]

Alternatively, we can derive the upper bound on the price of an Asian option using similar
conditioning arguments as done by Curran in [§], to obtain the price of an Asian option.
We can achieve this, by conditioning the price of a fictitious Asian option C'4(0,t) on the

geometric mean G(0,t) of A(0,1).

Proposition 4.4.11. The price at a time 0 of the fictitious Asian option C;(0,T), maturing

at time T with a nonnegative strike K using conditioning arguments on its geometric mean

G(0,T) is given by

5 B 1 oo (o.] o oo '
C;(0,T) =e""E [A(O,T)IL{G(O,T) > K}] — Ke_’"TQ— / / / / eiP(1+zatetzn—y)
m
T* —o0od Zp_1 0

X H q (tk — tg—1, 21 — 2k—1) dzxdpdy,
k=1
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where T = In (
a1S(to)

Proof.

We set I; to become

I = e—'"T/KE [(A(o, T) — K>+ ‘G(O,T) - z] Q (é(o, T) e dz> .

We can estimate I; using its geometric mean G(0,7') and thus, yielding that I; = 0.

We set I, to become,

L= e—’“T/OOE [(A(O,T) - K>+ ‘é(o, T) = z] Q (G(O,T) e dz) .

) and oy s as defined in proposition

/.4.10,

o
o

G

G

(0,T) € dz>

(0,T) € dz) .

Given G(0,T) > K, we can drop the max function so that I, becomes,

I :e""T/OOIE[<A(0 T) ) |G (0,7) _z]@<é(o,T) e dz),

— [A(o, T1{G(0,T) > K}] KeTQ ( (0,T) > K)

To complete the proof we need to show that

onn) [

X H q (ty — tp—1, 2x — 2r—1) dzpdpdy.

k=1
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Therefore,

n—1
~ K
TY > K) = M(ty) >In| —— 4.102
Q(GO.1) > K) =0 ;ck (th) > n(qu(to)> (4.102)
_ i/ / / / eip(zl+zz+...+zn—y)
2 T* —oo Zp_1 0
X Hq (ty — th1, 2k — 2x_1) dzrdpdy. (4.103)

k=1
Substituting the expression for Q (é 0, 7)> K ) into I, we are able to obtain the required
result.

]

Similar to the conservative upper bound fl(O,t) on the average value of an asset over the
interval [0,t], we can construct conservative lower bounds by assuming the existence of a

fictitious asset S(t) whose value at any time ¢ is given by

S(u) = S(0) exp Kr - %&) u] exp (om(u)) | (4.104)

where m(t) = Oi<nf<t W(s). The time-average of the fictitious asset {S(u)}o<u<; over the

interval [0, ] is given by
1 t
A(0,t) = Z/ S(u)du. (4.105)
0
Furthermore, A(0,t) satisfies the following inequality
A,(0,1) < A(0,t) < A(0,1), (4.106)

which leads to tighter and possibly closed-form bounds on A(0,t) than A,(0,¢). The price at
a time 0 of the fictitious Asian option whose underlying is the time-average of S(t), maturing
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at a time 7' is given by
C1(0,T) = ¢ TE [(A(o, T) - K)+] , (4.107)

where K is the nonnegative strike price. Just as with the case of the fictitious Asian upper
bound, we find that estimating [4.107] is difficult because the distribution of A is generally
unknown. To this effect, we can estimate its price using the geometric lower bound G(0,T)

on A(0,T) and this is given by the following approximation

n—1 n
G.(0,T) = Ste) | (4.108)
k=0

where S(t) = S(to) exp (om(tx)) exp ((r — 302)t;) for 1 <k < n.
This is useful because knowing the distribution of the underlying S(#) is sufficient to estimate
the distribution of G(0,T'). With this approximation in mind, we can then proceed to work

out the price of the fictitious Asian option whose underlying is S(t).

Proposition 4.4.12. The estimated price of a fictitious Asian option C5(0,T) at a time 0,

maturing at time T s given by the following

Cz(0,T) =~ erT;_;/ S(to)ey/ eipy/ / e/P(erteat ) Hq/ (te — th—1, 26 — 26—1)
S* —00 Zn-1 0 k=1

R A Bl Bl ey
X dzpdpdy — Ke_TTQ—/ / e—lpy/ / eiP(z1t22+.+2n)
@ Gk —00 Zn—1 0

n

X H q (ty — th_1, 2x — 2x_1) dzpdpdy,
k=1

n—1
t 1 K
where a; = S(0) exp ((r — %02) k;l k), B = %, and ¢x = Bln (alS(to))
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Proof. We can the rewrite Cx(0,7") as

Ce(0,T)=e" / ) (G(0,T) = K)Q (Gn(0,T) € dy), (4.109)

/ / —zpy/ / ip(z1+22+...+2n)

X Hq (tk — tkfl, k— Zkfl) dzkdpdy, (4111)
k=1

where co =1—n, ¢, =1for 1 <k <n-—1and a; and § are as defined above.

[]

We can also derive a lower bound on the price of an Asian option using similar conditioning
arguments as previously carried out for fictitious upper bound C;(0,7). We can achieve

this by conditioning the price of average value A(0,T) of the fictitious asset on its geometric

mean G(0,T).

Proposition 4.4.13. The price at a time 0 of the fictitious Asian option on S(t) maturing

at time T with a nonnegative strike K conditioned on its geometric mean is given by

C4(0.T) = e E[AQ.T)1{G0.T) > K] - K™ L / / / / et

n

X H q (tx — te—1, 2 — 2k—1) dzxdpdy,
k=1

whereTzln( K >
@1S(t0>
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We set I; to become
K
I = erT/ E [(A(O,T) — K7 (G(O,T) - z] Q(G(0,T) € dz) .
0

We can estimate I; using its geometric mean G(0,T) and I; = 0.

We set I, to become,

I = e—’“T/OOE [(A(o, T) - K)* ‘G(O,T) - z] Q(G(0,T) € dz) .

K

Given G(0,T) > K, we can drop the max function so that I, becomes,

I = eTT/OO]E [(A(O,T) - K) ‘(;(o, T) = z] Q(G(0,T) € dz),

K

=e¢""E[A(0,T)1{G(0,T) > K}| - Ke""Q (G(0,T) > K) .

Finally,

Q(G(0.7) > K) =Q (chm(tk) > In (quL(to)))

k=0

1 oo o o oo

— _/ / / / eip(zl+22+---+2n_y)
2 T —ood Zp_1 0
n

X H q (te — th1, 2k — 2x_1) dzpdpdy.
k=1

Using this we achieve the required results.
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4.5 Summary

In this chapter, we obtained closed-form distributional bounds C'4» and C'4, on the price of
Asian option. These bounds are obtained by using the overall minimum and maximum value
attained by the Brownian motion over a finite interval. Furthermore, these bounds can be
improved by simply replacing the Brownian motion with the running minimum or maximum
of a Brownian motion and these bounds can then be estimated in closed-form using their
geometric averages. These bounds allow us to determine whether the Asian option will expire
in or out-of-the-money. For example, if the upper bound expires out-of-the-money, then the
Asian option will certainly expire out-of-the-money. Also, if the lower bound expires in-the-
money, then the Asian option will expire in-the-money.

In the next chapter, we use some of our estimates and bounds on the price of an Asian option

as control variates to obtain efficient Asian option prices.
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Chapter 5

Control Variates For Basket and

Asian Options

5.1 Overview

Monte Carlo methods remains the most accurate way of pricing basket options, but is
inefficient due to the high variance of its estimates. In this chapter, our motivation is
to develop a computational scheme for the efficient pricing of basket options using control
variates. We begin by observing the computational scheme involved in the Monte Carlo
approach for pricing basket and Asian options and the general theory behind control variates
analysis. Finally, we present our computational schemes for the pricing of basket option using

our control variates for variance reduction purposes to obtain efficient Monte Carlo estimates.
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5.2 Monte Carlo Approach For Pricing Basket Options

Basket options are difficult to price because the weighted sum of the assets in the basket has
no known distribution. Monte Carlo simulations are the most accurate way to price basket
options. Consider a basket of assets, which follow a GBM model as in subject to the
aforementioned weighting constraints. Consider a basket option with n underlying assets in
the basket, a strike K and the underlying follows a GBM model. To price the basket option,
we use the following computational scheme.

Despite the high accuracy of the Monte Carlo approach, this method has the main drawbacks
of being computationally intensive and high variance of its estimates. To overcome this,
variance reduction techniques such as importance sampling, antithetic and control variates
are employed, to provide efficient Monte Carlo estimates.

In the next section, we will review the general method of control variates in reducing variance

of Monte Carlo estimates to produce efficient estimates of the price of a basket option.

5.3 Control Variate Algorithms For Basket Options

In this section, we look at the control variates we shall be using for pricing basket call option

and specify their numerical schemes for their implementation as a control variate.
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Algorithm 1: Monte Carlo simulation of basket option price

n: Number of assets in the basket
N: Number of Monte Carlo simulations
d: Number of independent Brownian motions
o, Volatility of asset ¢
T Maturity of the basket option
r: Risk-free rate
Si(k)(T): Simulation k of the asset ¢ at time T, fori =1,...nand k =1,...,N
wy: Weighting of asset ¢
fork=1,...N
fori=1,...n
forj=1,...,d
Generate Z;; ~ N(0,1), Vi, j

d
Set Si(k)(T) = 5;(0) exp <(7’ — 10T+ ZUijZij\/T)
j=1

Set SB/(T) = w;S™(T)
=1
Set AW (0) = e~ max (S®(T) — K,0)

N
A 1
Set Ap(0) = NZAEE)(O)
k=1
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5.3.1 Geometric Lower Bound As a Control Variate For Basket
Option Price

The value of a basket of assets is bound below by its Geometric mean, which can be written

as

G(T) = [T < 3 wiSi(T) = S(T). (5.1)

Gentle [13] proposed the use of the geometric mean of the value of the basket to approximate
the basket option price. Also, such an approximate solution was possible in closed-form
because the geometric mean of lognormal random variables is itself lognormal and thus has
a known distribution. The approximate price (jg(O, T, K) of the basket option using the

geometric mean is given by

C(0,T,K) = ©OXexp (%v) % (#) - Ko <_IHT(U®%)> : (5.2)

where © = [, (5;(0))*, v =Var(ln®©), A =37 w; (r — 307) T and K is the strike price.
We can use the payoff dg(O, T, K) as a control variate to obtain an efficient estimate of the

price of the basket option price. We specify the estimator Cs as
GC’V = G_TT [Ap — (Gp — CG')] s (53)

where Gy is the Geometric control variate estimator, Ap = 3. w; (S;(T) — K)" and

Gp = (I1(Si(T)* - K)".
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Algorithm 2: Monte Carlo Simulation of Basket Option Price Using Geometric

lower bound as control variate

n: Number of assets in the basket
N: Number of Monte Carlo simulations
d: Number of independent Brownian motions
o;: Volatility of asset ¢
T Maturity of the basket option
r: Risk-free rate
Si(k)(T): Simulation k of the asset ¢ at time T, fori =1,...nand k =1,...,N
wy: Weighting of asset ¢
Ag: Control variate parameter
fork=1,...,.N
fori=1,...,n
forj=1,...,d
Generate Z;; ~ N(0,1), Vi, j

d
Set Si(k)(T) = S;(0) exp <(T — 10T+ ZUijZZ‘j\/T)
j=1

Set SW(T) = wiS™(T)
i=1
Set C™(0) = e~"" max (S®(T) — K, 0)

Set G*)(0) = max <H?:1 S® (T — K, O)

Cov(G®(0), AL (0))
Var(G)

N
1
Calculate C'(0) = NZC’(’“)(O) and set \g =
k=1

N . 1
Set G(Ck‘)/ = Ag)(O) - A\a (G — Cg)> and calculate Gy = NG(C{C‘)/
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5.3.2 Direct Upper Bound As a Control Variate For Basket Option
Price

We specify the upper bound control variate Ugy as

Ap — (UB — iwl@)] (54)

where C; = (S;(T) — K)" is the random payout of an option on the underlying asset i and

Uoy =e "

Us =) E(Si(T)—K)".

5.3.3 First Order Hermite Polynomial As a Control Variate For

Basket Option Price

First of all, we estimate the parameters by and b; of the first order Hermite polynomial. We
can then work out the closed-form lognormal approximation H, of the payoff of the basket

option. We specify the Hermite polynomial Control variate Heoy as

HCV = €7TT [Ap - (Hp - CH)] y (55)

where Cp is the closed-form Hermite approximation of a basket in|3.33|, and H fpk) = < exp (bp+

+ ,
Z;l:l bjug-k)) - K) and ug-l) ~ N(0,1) Vj.
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Algorithm 3: Monte Carlo Simulation of Basket Option Price Using Direct Upper

Bound As a Control Variate

n: Number of assets in the basket
N: Number of Monte Carlo simulations
d: Number of independent Brownian motions
o;: Volatility of asset ¢
T: Maturity of the basket option
r: Risk-free rate
Si(k)(T): Simulation & of the asset i at time T, fori=1,....,nand k=1,.... N
wg: Weighting of asset ¢
Ap: Control variate parameter for the direct upper bound
fork=1,...N
fori=1,...n
fory=1,...,d
Generate Z;; ~ N (0,1), Vi, j

d
Set Si(k)(T) = S;(0) exp ((7‘ — 1Y) T+ ZUijZij\/T)

Set S®(T Zwl ) and oLt *®) (0 sz rnax (T) - K, 0)
COV(A(k (0) é<k>(0)) 5 K
Set Ay = P AU =T | A®(0) — My (U — C®(0
o Var(C®)(0)) cv =¢ [ P (0) U( 5 U)]
Calculate Ugy = NU((;@
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Algorithm 4: Monte Carlo Simulation of Basket Option Price Using First order

Hermite polynomial as control variate

n: Number of assets in the basket
N: Number of Monte Carlo simulations
d: Number of independent Brownian motions
o;: Volatility of asset ¢
T Maturity of the basket option
r: Risk-free rate
Si(k)(T): Simulation k of the asset ¢ at time 7', fori =1,...,nand k =1,...,N
wy: Weighting of asset ¢
Ap: Control variate parameter for the Hermite polynomial approximation
fork=1,...,.N
fori=1,...,n
forj=1,...,d

Generate Z;; ~ N(0,1), Vi, j

d
Set Si(k)(T) = S;(0) exp <(T — 10T+ ZUijZZ‘j\/T)
j=1

Set S*) Zwl ) and A (0) = max (S®(T) — K, 0)
Set Ay = Cogarg(.gp( ))(0)) and set Hl(f) as defined above
Set HY) = e [ Af0) = Ay (€ — HY) |

1
Calculate Hpy = NH( oV

\/
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5.3.4 Maximum of a Brownian Motion As a Control Variate For

Basket Option Price

For the purpose of the maximum of Brownian motion control variate estimate, we replace

U with Uy, which is given by

et | e (LYo (PE) K (e (L))

where we have approximated U; by using the fact that N'(y) < 1, for any y € R. We specify

the maximum of Brownian motion control variate estimator by

UBMcy =e™ " [AP — A\uBMm <a — Ul(i))] (5.7)
— A
where U is as defined in (5.6) and Aypy = cov(Ap, Uy) Ul).
var(Uy)

5.3.5 Minimum of a Brownian Motion Distributional Bounds As
a Control Variate

Similar to case of the maximum of a Brownian motion as a control variate, we approximate

the distributional lower bound L} in|3.112| with f/\l which is given by

Lime zN:Y exp (%afnT> o (%) + g <1 — P2 (%)) . (5.8)

We specify the control variate for the distributional lower bound using the minimum of a

Brownian motion as

LBMey = e'T [AP — Appn(Ly — Lg"))] (5.9)

cov(Ap, Ly)

here A =
wnere Arp,pm Ua’l“(Ll)
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Algorithm 5: Monte Carlo Simulation of Basket Option Price Using Maximum

of Brownian motion as control variate

n: Number of assets in the basket
N: Number of Monte Carlo simulations
d: Number of independent Brownian motions
o;: Volatility of asset ¢
T: Maturity of the basket option
r: Risk-free rate
SZ-(k)(T): Simulation & of the asset i at time T, fori=1,...nand k=1,.... N
wy: Weighting of asset ¢
Augn: Control variate parameter for the distributional upper bound
fork=1,..,.N
fori=1,...,n
forj=1,...,d
Generate Z;; ~ N(0,1), Vi, j
Set S™(T) = $;(0) exp ((7‘ — 1) T+ iaijzij\/ﬂ
Set S "(T) = Sy(0) exp ((r — L0®) T + ;;|Zij|\/?)
Set S®)(T) = iwisﬁ)m and A% (0) = max (S®(T') - K, 0)
i=1

d
Set oar = max ), 0y

Cov(Ap(0),U1(0))
Var(Uy)

)

Set U™ (0) = max (z;;l W SI(TY — K, o) and Ay pa =
Set UBM®) = ¢=rT [Ag’?(()) D W (Ul - Uf’“’(O))]

1
Calculate UBMcy = NUBM((;@
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Algorithm 6: Monte Carlo Simulation of Basket Option Price Using Minimum of

Brownian motion As a Control Variate

n: Number of assets in the basket
N: Number of Monte Carlo simulations
d: Number of independent Brownian motions
o;: Volatility of asset ¢
T: Maturity of the basket option
r: Risk-free rate
SZ-(k)(T): Simulation & of the asset i at time T, fori=1,...nand k=1,.... N
wy: Weighting of asset ¢
Mgy Control variate parameter for the distributional lower bound
fork=1,..,.N
fori=1,...,n
forj=1,...,d

Generate Z;; ~ N(0,1), Vi, j

Set S™(T) = $;(0) exp ((7‘ — 1) T+ iaijzij\/ﬂ

Set S’(-k)( T) = Si(0)exp ((r — 206®) T — om|Zij|VT)

Set S®)(T Zwl S®(T) and AW (0) = max (S®(T) — K,0)

Set L™ (0) = max (ZL wS¥(T) - K, o)
Cov(Ap(0), L1(0))
Var( 1(0))

Set LBMY), = ¢=T [Aﬁi“) (0) — Apum ( 0))]

. —d
Om = min ijl oi; and A\ppy =

1
Calculate LBMey = NLBM(C@
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5.4 Monte Carlo Approach For Pricing Asian Options

Given that Asian options are difficult to price analytically because they do not follow any
known distribution, Monte Carlo approach remains the most accurate way of pricing them.
In this section, we develop computational schemes for achieving efficient Asian option prices

using control variates.

Algorithm 7: Monte Carlo Simulation of Asian Option Price
S(0): Initial value of the asset

M: Number of partitions of the time interval [0, T
N: Number of Monte Carlo simulations
o: Volatility of asset ¢
T: Maturity of the basket option
r: Risk-free rate
Si(t;): Simulation ¢ of the asset at time ¢;, fori=1,...,Nand j=1,...,. M
A: partition size t; —t;_4
A;(T): Average of the asset S(t) over the interval [0, 7] for simulation i
fori=1,..N
forj=1,...M

Generate Z;; ~ N(0,1)

Sz(t]) = S(tjfl) exp ((7’ — %0'2) tj + UZZ']'\/E)
M
_ N A)
Set A;( )_JZOMH
Calculate A(T) = e""T% S A(T)
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The Monte Carlo approach despite being accurate is undesirable, which is due to high
variance of the Monte Carlo estimates. In the next section we look at numerical schemes for

computing efficient prices of an Asian option using control variates.

5.5 Control Variates For Pricing Asian Options

We present our choice of control variates which we will employ for variance reduction purposes
of the Monte Carlo estimates. These control variates are the geometric lower bound, average

upper bound and the distributional lower and upper bounds.

5.5.1 Geometric Lower Bound As a Control Variate

In general, the geometric average of a sequence is less than or equal to its arithmetic average.
This principle also applies to Asian options. This approach was first used by [20], noting that
though it gives a lower bound on the price of an Asian option but the value is close enough
to be an approximation on it. Using G(0,7) to denote the geometric average continuously

sampled over the interval [0, T satisfying,
G(0.T) < A(0,T), (5.10)
where A(0,7) is as previously defined. We define G(0,7) as

G(0,T) = exp [% / In S(t)dt] (5.11)
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. To see that G(0,T) is lognormal, we see that

/ InS(t)dt = (InS(0))T + % (7" — %az> % + a/ W(t)dt, (5.12)
= (In S(0)T + % (7‘ - %&) T + a/ (T — u)dW (u). (5.13)

G(0,T) is lognormal and the price C(0,T) of an option on G(0,7) at a time 0 is given by,

Ce(0,T) =e ™E[(G(0,T) — K)"], (5.14)
T 1 1 3y?
=e (Gr — K)——=exp —5 — =y, (5.15)
G0,T)>K 2ro2T 20°T
:e_rT/ (exp(ln50+<r——a2)T+y)—K)
y*
1 1 3y?
X exp —= 2y : (5.16)
§7m2T 20°T
= S(0)exp [(b—7)T] ®(d;) — Ke " ®(dy). (5.17)
K 1 1 In(S(0)/K)+ (b+ 302)T
wherey* =ln( — | — = (r— =02 | T, d; = 2 G cdy =dy —ocVT,
’ (s<o>) 2( 2) 1 oGVT e
1
oG = \% and b = 3 (r — %aé). This proof is available in books and is shown merely for
completeness.

The numerical scheme for the geometric lower bound as a control variate is as follows:

5.5.2 Average Upper Bound As a Control Variate

Direct upper bound method allows us to use the fact that we can bound the Asian option
price above using the price of a standard call option on the Asian options underlying with
the same strike. The numerical scheme for the direct upper bound as a control variate is as
outlined in algorithm 9.
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Algorithm 8: Monte Carlo Simulation of Asian Option Using Geometric Lower

Bound as a Control Variate.

S(0): Initial value of the asset
M: Number of partitions of the time interval [0, T
N: Number of Monte Carlo simulations
o: Volatility of asset ¢
T: Maturity of the basket option
r: Risk-free rate
Si(t;): Simulation ¢ of the asset at time ¢;, fori=1,...,Nand j =1,...,. M
A: partition size t; —t;_4
A;(T): Average of the asset S(t) over the interval [0, 7] for simulation i
Gi(T): is the geometric average of A;(7T") for simulation i
fori=1,..N
fory=1,... M
Generate Z;; ~ N(0,1)
Si(t;) = S(tj—1)exp ((r — 302) t; + 0 ZijV/A)

Set G;(T) = exp [ln S(O) (7" — l 2) T+ %U\/ZZM]

S(t)) A
Set A(T) zz ) Z Cly = (A(T) — K)* and Cf = (Gi(T) — K)*
Set and A\g = and G¢V = C + \g(Cq — CL)

Calculate GV = + Zfil GV
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Algorithm 9: Monte Carlo Simulation of Asian Option Using Average Upper

Bound as a Control Variate.

S(0): Initial value of the asset
M: Number of partitions of the time interval [0, T']
N: Number of Monte Carlo simulations
o: Volatility of asset 4
T: Maturity of the basket option
r: Risk-free rate
Si(tj): Simulation ¢ of the asset at time ¢;, fori =1,..., N and j=1,...,. M
A: partition size t; —t;_4
A;(T): Average of the asset S() over the interval [0, 7] for simulation i
fori=1,..N
fory=1,... M
Generate Z;; ~ N(0,1)
Sit;) = S(tj—1) exp ((r — 30°) t; + 0 2V A)

Set CL(T) = -+~ S"M (SU(T) — K)*

M+1 24j=0
Lo S S0)
Set A(T) = =>4 , Cy =e " (Ay(T)— K)" and Cg is as defined in
N
Set >\S = % and GICV = 0114 - >\0<CS — Cfg)
ar(Cg

Calculate CSV = % Zf;l GSV

4.33
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5.5.3 Distributional Upper Bound As a Control Variate

The numerical scheme for the distributional upper bound is outlined algorithm 10

5.5.4 Distributional Lower Bound As a Control Variate

The numerical scheme for the distributional lower bound is outlined algorithm 11.

5.6 Summary

Given that Monte Carlo methods are the most accurate way of pricing basket and Asian
options, variance reduction methods i.e. control variates are used to obtain efficient estimates
of basket option prices. Control variate methods involve using a random variable whose
distribution is similar to the basket or average value of the asset and admits a closed-form
solution, to reduce the variance of the option. However, for optimal variance reduction to be
achieved we specify a critical value of \. The value of A varies for different control variate
methods, but is generally close to 1 for assets following a GBM model [I1]. We specified the
numerical schemes for computing Monte Carlo and control variate estimates for the price of
a basket/Asian option. In the next chapter, we will simulate the price of a basket/Asian
option using our numerical schemes and illustrate the accuracy and efficiency of our control

variates.
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Algorithm 10: Monte Carlo Simulation of Asian Option Using Distributional

Upper Bound as a Control Variate.

S(0): Initial value of the asset
M: Number of partitions of the time interval [0, 7]
N: Number of Monte Carlo simulations
o: Volatility of asset ¢
T Maturity of the basket option
r: Risk-free rate
Si(t;): Simulation ¢ of the asset at time ¢;, fori=1,...,Nand j=1,..., M
A: partition size t; —t;_4
A;(T): Average of the asset S(t) over the interval [0, 7] for simulation i
fori=1,..N
fory=1,... M
Generate Z;; ~ N(0,1)
Si(ty) = S(tj—1)exp ((r — $02) t; + 0 ZijV/A)
Set A, (i) = Soexp (V2] [exp ((r — 302)T) — 1]

(r — %0'2) T

Set CA'% =e (A1) — K)T and A\ ap =
Set OV = €y — Ay (CF; — C)

A 1
Calculate Coy = N Zf\;l cev
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Algorithm 11: Monte Carlo Simulation of Asian Option Using Distributional

Lower Bound as a Control Variate.

S(0): Initial value of the asset
M: Number of partitions of the time interval [0, T
N: Number of Monte Carlo simulations
o: Volatility of asset ¢
T Maturity of the basket option
r: Risk-free rate
Si(tj): Simulation ¢ of the asset at time ¢;, fori =1,...,Nand j=1,... M
A: partition size t; —t;_4
A;(T): Average of the asset S(t) over the interval [0, T for simulation ¢
fori=1,..N
fory=1,... M
Generate Z;; ~ N(0,1)
Sits) = S(tj-1) exp ((r — 50%) t; + 0 ZiV/A)
Set Ai(i) = Soexp (~ovT| ) [exp ((r —

(r — %02) T

Set é{% = €_TT(A1(’i) — K)+ and A\y; = V—A

Set €'Y = CYy — A\ar(Ch — Cy)

. 1
Calculate C'¢y = I Zfil C’icv
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Chapter 6

Numerical Experiments and Results

For Basket and Asian Options

6.1 Overview

In this chapter, we carry out numerical experiments to determine the efficiency of our control
variates using Monte Carlo methods for basket and Asian call options. To obtain the
basket /Asian option price using plain Monte Carlo, we use 107 simulations and this price is
used as the benchmark.More specifically, for Asian options we use N = 10* sample paths and
M = 1000 time steps while for basket options we have 107 sample paths. All computations
have been carried out on matlab using an Apple M1 Pro MacBook Pro 2021 with 16GB
of unified memory, and 8-core CPU (with 6 performance cores and 2 efficiency cores) and
14-core GPU.

For basket call options, simulations are carried out using two and five-assets basket for
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all our control variates i.e direct upper bound (DUB), first order Hermite polynomial and
distributional bounds, which are benchmarked against the geometric lower bound (LB)
control variate. We then compare the results obtained with the variance reductions as well
as their computation times. For pricing Asian call options the control variates employed are
the first order Hermite polynomial approximation, the geometric lower bound (GLB), the
average of European options for different maturities (AUB) and a basket of assets with the
same maturity 7" and strike K, but with variable initial values and times to maturity which
we shall call the future-valued basket (FVB). To see the future-valued approach, we consider
a finite partition of the time interval [0, 7] in to m intervals. We begin with an asset whose
initial value is S(0) at time 0, and its values S(¢;) at the time intervals ¢; such that ¢; = ja,
is S(0)e™ and work out the price of a European call option on each of these constructed
assets maturing at the same time 7'. We can form a portfolio of assets whose payoff V (T, T)
at a time T is the average of these assets and use this as a control variate for pricing Asian

options which is given by

 om+

where S(t;,T) is the price at time T of an asset whose initial value is S(t;).

6.2 Numerical Results For Basket Options

We use 522 observations of daily prices from January 1, 2018 to December 31, 2019 of five
market indices namely FTSE 100, FTSE 250, S&P 500, NIKKEI 225 and IMOEX (from

Thomson Reuters Datastream) to obtain daily volatility and covariance estimates.
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FTSE FTSE S&P 500 NIKKEI IMOEX

100 250 225
FTSE 100 7.18 6.90 3.48 1.86 4.40
FTSE 250 6.90 9.29 3.67 2.58 3.75
S&P 500 3.48 3.67 8.60 7.00 3.89
NIKKEI 225 1.86 2.58 7.00 9.57 1.57
IMOEX 4.40 3.75 3.89 1.57 16.31

Table 6.1: Daily covariance estimates of market indices (x107?).

These values of covariances were used to generate simulated basket option prices, for various

values of maturity 1" and strike K.

6.2.1 Lognormal Approximations using Hermite Polynomial

To obtain the closed-form approximations using Hermite polynomials, we estimate 1(u) in
[3.14) using Taylor series expansions of u about 0. Using third order Taylor series and the
covariance results of the FTSE 100 and FTSE 250, we estimate the Hermite polynomials
coefficients in and to obtain the closed-form approximation of the two-asset basket
option for different maturities 7" and across different positions of moneyness. We also

estimate the absolute error percentage in the price of the Hermite polynomial method and
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this is calculated as

|HPPrice — MC Price|

%AbsError = VI Price ;

(6.2)

where M C Price is the price estimate obtained using Monte Carlo simulations while H P Price
is the first order Hermite polynomial estimate for the price of a basket option as given by
3.33. To improve the accuracy of basket option price, we make use of a modified strike K
as suggested by [I3]. The idea is to pick a strike whose expected difference from our first
order Hermite polynomial price estimate is similar to that of the expected difference of the

forward price and strike of the basket. This modified strike K is given by

~

K =&MW _ 5(0)e” + K, (6.3)

where ¢(u) is as defined in with all parameters suitably calibrated using third order
Taylor series. The Monte Carlo price of a basket option is obtained using a sample of 107
simulations.

Table shows the estimated price of a two-asset basket option using Hermite polynomials
for a variety of maturity periods and strikes and the corresponding errors in the estimates.

Next, we look at the result from our Monte Carlo simulation for basket options.

6.2.2 Two-asset Basket Case

In this section, we estimate the price of a two-asset basket call option using control variates in
which we compare the antithetic Monte Carlo (MC) estimate with different control variates
(such as the geometric lower bound (LB), Hermite polnomial (HP) and direct upper bound

(UB)) for different criteria. The prices are estimated using daily volatility estimates of
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T K HP Price  MC Price % Abs Error CI L CIU

60 20.799 20.361 0.438 20.342  20.385
0.5 80 6.740 4.648 2.091 4.629 4.657
100 1.348 0.315 1.033 0.309 0.319
60 21.046 20.987 0.059 20.956  21.017
1 80 6.859 6.658 0.201 6.637 6.679
100 1.362 1.257 0.105 1.248 1.267
60 21.545 22.481 0.936 22.431 22522
2 80 7.108 9.591 2.483 9.567 9.629
100 1.416 3.345 1.929 3.326 3.365

Table 6.2: Hermite polynomial approximation for a two-asset basket option.

FTSE 100 and FTSE 250. For the case of two-assets in a basket, we simulate the price
of the basket option for different positions of moneyness K and maturities T using daily
volatilities obtained from the real world market indices of FTSE 100 and FTSE 250.

In table we look at the results from the Hermite polynomial closed-form approximation
for a basket option of two-assets for different maturities as well as strikes. We observe that
the accuracy is higher when the basket of assets are in-the-money and out-of-the-money
across the different maturity times. Also, for a fixed maturity 7', the basket option price is
a decreasing function of the strike K and for a fixed strike K, the price of the basket is a
decreasing function of the maturity 7T'.

In tables[6.3] [6.4 and [6.5 we compare the price, variance and computation times of our Monte

123



Carlo estimate of a two-asset basket option with the results obtained using the Hermite
polynomial closed-form, geometric lower bound (also known as Gentle’s estimate), direct
upper bound, distributional upper bound and distributional lower bound as control variates.
The variances are normalized with respect to the Monte Carlo variance of the estimate in all
numerical experiments. These are respectively represented as MC, HP, LB, UB, UBM and
LBM in the tables. We also use CI L and CI U to denote the respective lower and upper
confidence intervals of the Monte Carlo estimates throughout the chapter.

We observe that the price estimates using the direct upper bound and the Hermite polynomial
as a control variate are highly accurate and are quite similar to those obtained using Monte
Carlo and the Geometric lower bound as a control variate. The variances of our new control
variates are significantly lower than the Monte Carlo variances. In fact, the Geometric lower
bound and the direct upper bound control variates have the lowest variances and are similar
on average.

Furthermore, we see that among our control variates the Hermite polynomial and direct
upper bound control variates have faster computation times than the Geometric lower bound
and Monte Carlo technique. However, the Hermite polynomial control variate record the
fastest computation time across all strikes K and maturities 7" when compared to other

control variates.

6.2.3 Five-asset Basket Case

For a basket of five-assets, we compare the Monte Carlo estimate with estimates obtained

using different control variates (geometric lower bound and direct upper bound). We obtain
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daily volatility/covariance estimates from five market indices namely FTSE 100, FTSE
250, S&P 500, NIKKEI 225 and IMOEX. We compare the results of the control variates
(Geometric lower bound and direct upper bound) techniques with standard Monte Carlo
estimate for the basket option price.

Tables (6.5 show the basket option price, the variance (normalized relative to the variance
of Monte Carlo estimate) and the computation times across different maturities for the same
range of strikes K = 60, 80, 100.

Similar to the two-asset case, we observe that basket option prices are non-decreasing
functions of time for any fixed position of moneyness and are inversely related with the
strike, for a fixed time.

We observe very similar basket option prices for the different techniques implemented.

The variance estimates from the upper bound control variate are lower variance than the
Monte Carlo estimates, and almost identical variance to the Geometric lower bound control
variance in all cases. The upper bound control variate has faster computational times when

compared to the classical Monte Carlo and Geometric lower bound control variate methods.

6.3 Numerical Results For Asian Options

We simulate the price of an Asian option using Monte Carlo methods. For our numerical
experiment, we set the initial price of the asset to be S(0) = 80 and simulate the price of the
option using strikes K = 60,80 and 100, for the respective in-the-money, at-the-money and
out-of-the-money positions of moneyness across different maturity times 7' = 0.5,1,2. We

simulate the Monte Carlo price(s) for the Asian option using N = 10, 000 sample paths and
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M = 1000 time steps In the next section we observe the accuracy of the first order Hermite
polynomial approximation for the price of an Asian option and then the results from our

control variates.

6.3.1 First Order Hermite Polynomial Approximation For Asian
Options

We observe the accuracy of our closed-form estimate of the price of an Asian option using
first order Hermite polynomial for different maturities for different maturity times 7" and
across different strikes K. We have computed the actual Monte Carlo estimate of the price
of an Asian option using using 1000 time steps and 10000 sample paths. We have used an
initial asset price S(0) = 80, short rate » = 0.01 and volatility o = 20%. The Absolute error
percentage in the first order Hermite polynomial approximation of the Asian option price is
calculated using [6.2], where in this context H P Price is the first order Hermite polynomial
estimate for the price of an Asian option as given by and M C Price is the Monte Carlo
price of the Asian option.

Table shows the estimated price of an Asian option using Hermite polynomials for
different maturity periods and strikes and the corresponding error percentages in the estimates.
The error percentages are calculated using the ratio of the difference between the estimated
Asian option price and the Monte Carlo price to the Monte Carlo price of the Asian option.
We can observe by inspection that for a fixed maturity T, the error percentage increases
from the in-the-money case to the out-of-the-money case. Thus implying that the first order

Hermite polynomial is good as an approximation for the price of an Asian option except in
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the out-of-the-money case.

6.3.2 Control Variate Analysis For Asian Options

In this section, we estimate the price of an Asian call option using different control variate
methods. We look at the numerical results obtained from implementation of control variate
methods, which we compare to the standard Monte Carlo approach (MC). The control
variates we have used for this analysis are Hermite polynomial (HP), average upper bound
(AUB), the future-valued basket F'V B and the geometric lower bound (GLB) (also known
as Kemna-Vorst estimate) which we shall use as a benchmark for our control variates. To
price the assets, we have used a volatility of 20%, which we have obtained from the FTSE
100.

In tables [6.11] and we compare the price, variance and computation times of our
antithetic Monte Carlo estimate of an Asian call option with the results obtained using the
Hermite polynomial (HP), average upper bound (AUB), the future-valued basket F'V B and
the geometric lower bound (GLB) as control variates. The variances is normalized with
respect to the Monte Carlo variance of the estimate for all numerical experiments.

We observe that the price estimates using the average upper bound and the Hermite polynomial
as a control variate are highly accurate and are quite similar to those obtained using Monte
Carlo and the geometric lower bound as a control variate. The variances of our new control
variates are significantly lower than the Monte Carlo variances. In fact, the Geometric lower
bound and the direct upper bound control variates have the lowest variances and are similar

on average.
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Furthermore, we see that besides variance reduction using control variates also reduce
computation times of the estimates as well. The Hermite polynomial and average upper
bound control variates have faster computation times than the geometric lower bound and
Monte Carlo technique. However, the Hermite polynomial control variate record the fastest
computation time across all strikes K and maturities 7.

We observe that, similar to the basket option pricing case, the price of Asian options are
non-decreasing functions of maturity 7" for any fixed position of moneyness and are inversely
related with the strike K, for a fixed T

Also, our numerical experiments yield very similar results for Asian option prices for the
different control variate techniques.

The normalised variance estimates from the average upper bound (AUB), Hermite polynomial
(HP), and geometric lower bound upper bound (GLB) control variate are significantly lower
than the normalised variance from the Monte Carlo estimates. The geometric lower bound
gives the best overall variance reduction, but is very similar to those obtained from the
average upper bound and Hermite polynomial control variates in most cases. Furthermore,
these three control variates namely the average upper bound, Hermite polynomial and
geometric lower bound have faster computation times than the standard Monte Carlo and
the future-valued basket control variate. The future-valued basket control variate yields the
least variance reduction of usually between 10 — 30% and generally has slower computation

times than the standard Monte Carlo simulation.
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6.4 Summary

In this chapter, we observed through numerical experiments the accuracy of our different
control variate methods for pricing basket and Asian call options. For the basket call option,
we observe the accuracy of the Hermite polynomial approximation of a two-asset basket.
Results show that this method is fairly accurate if the basket is deep-in-the-money or at-
the-money. The observed error is found to be the lowest for 7' = 1, when compared to
other maturity times for a fixed position of moneyness. The control variate analysis, we find
that all our control variates yield significant variance reduction. Furthermore, the lower and
upper distributional bounds achieve more variance reduction than the benchmark control
variate in most cases.

For Asian call options, we observe that the first order Hermite polynomial approximation of
an Asian call option gives good estimates when the average value of the underlying asset is
deep-in-the-money or at-the-money. However, for the out-of-the-money case, the estimates
obtained for the price of an Asian option are largely unreliable. This is also similar to the
results obtained for basket options and with those observed by Milevsky [28] and Curran [§],
where the authors stated that closed-form approximation of options on the sum of lognormal
assets where inaccurate when the asset was out-of-the-money. The results from the control
variates yield significant variance reduction with the exception of the future-valued basket.

Similar findings are recorded with the computation times of the control variates.
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K Method Price Variance CI L ClIU Time
MC 20.3633  1.0000 20.3415  20.3850  0.0567
LB 20.3615  0.0001 20.3612  20.3617  0.2320
UB 20.3618  0.0002 20.3614  20.3620  0.0733
v HP 20.3609  0.0225 20.3586  20.3631  0.0068
UBM 20.3581  0.4601 20.3435  20.3626  0.4486
LBM 20.3094  0.0596 20.3042  20.3147  0.0469
MC 4.6431 1.0000 4.6285 4.6567 0.0152
LB 4.6387 0.0001 4.6385 4.6389 0.2362
UB 4.6392 0.0047 4.6382 4.6402 0.0769
. HP 4.6392 0.0285 4.6373 4.6409 0.0869
UBM 4.6374 0.4327 4.6289 4.6403 0.2613
LBM 4.6464 0.0784 4.6424 4.6504 0.0865
MC 0.3122 1.0000 0.3085 0.3159 0.0541
LB 0.3145 0.0004 0.3144 0.3146 0.2355
UB 0.3147 0.0454 0.3139 0.3155 0.0782
100
HP 0.3144 0.1912 0.3127 0.3161 0.0875
UBM 0.3138 0.5194 0.3111 0.3154 0.2853
LBM 0.3127 0.1781 0.3112 0.3142 0.0867

Table 6.3: Basket option prices for a two-asset basket, T=0.5
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K Method Price Variance CI L ClIU Time
MC 20.9871  1.0000 20.9569  21.0179  0.0335
LB 20.9849  0.0002 20.9845  20.9853  0.2036
UB 20.9844  0.0005 20.9837  20.9852  0.0341
v HP 20.9847  0.0194 20.9813  20.9881  0.0435
UBM 20.9844  0.4363 20.9701  20.9997  0.2325
LBM 20.9791  0.0607 20.9716  20.9865  0.0495
MC 6.6758 1.0000 6.6549 6.6966 0.0501
LB 6.6595 0.0003 6.6592 6.6599 0.2364
UB 6.6599 0.0007 6.6585 6.6613 0.0751
. HP 6.6609 0.0185 6.6581 6.6637 0.0857
UBM 6.6631 0.4791 6.6501 6.6771 0.2541
LBM 6.6174 0.0771 6.6115 6.6233 0.0872
MC 1.2449 1.0000 1.2356 1.2542 0.0500
LB 1.2487 0.0006 1.2484 1.2489 0.2356
UB 1.2483 0.0221 1.2469 1.2497 0.0771
100
HP 1.2486 0.0361 1.2469 1.2500 0.0868
UBM 1.2322 0.5101 1.2256 1.2338 0.2620
LBM 1.2359 0.1186 1.2325 1.2391 0.0869

Table 6.4: Basket option prices for a two-asset basket, T'=1
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K Method Price Variance CI L ClIU Time
MC 22.4924  1.0000 22.4509 22,5238  0.0545
LB 22.4834  0.0004 20.4819  22.4845  0.2401
UB 22.4832  0.0009 22.4819  22.4845  0.0810
v HP 22.4839  0.0311 224770 224883  0.0906
UBM 22.2479  0.5278 22.2210  22.2747  0.3034
LBM 22.2396  0.0645 22.2291  22.2502  0.0965
MC 9.5914 1.0000 9.5601 9.6226 0.0574
LB 9.6002 0.0006 9.5994 9.6009 0.2423
UB 9.6019 0.0037 9.5596 9.6039 0.0814
. HP 9.5974 0.0421 9.5930 9.6017 0.0928
UBM 9.4249 0.4424 9.4044 9.4374 0.1918
LBM 9.4150 0.0777 9.4062 9.4238 0.0566
MC 3.3437 1.0000 3.3242 3.3632 0.0375
LB 3.3377 0.0008 3.3371 3.3383 0.2108
UB 3.3467 0.0119 3.3445 3.3488 0.0396
100
HP 3.3531 0.0718 3.3479 3.3583 0.0525
UBM 3.3406 0.4914 3.3374 3.3563 0.2172
LBM 3.2906 0.1152 3.2841 3.2971 0.0601

Table 6.5: Basket option prices for a two-asset basket, T' = 2
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K Method Price Variance CI L ClIU Time
MC 20.3111  1.0000 20.2937  20.3285  0.1401
LB 20.3107  0.0021 20.3099  20.3107  0.3675
UB 20.3082  0.0035 20.3072  20.3092  0.2131
v HP 20.3109  0.3406 20.3007  20.3186  0.2016
UBM 20.3027  0.5521 20.2897  20.3157  0.4189
LBM 20.3107  0.2322 20.3024  20.3190  1.6879
MC 3.7339 1.0000 3.7228 3.7451 0.1352
LB 3.7341 0.0051 3.7334 3.7342 0.3754
UB 3.7237 0.0635 3.7208 3.7265 0.2188
. HP 3.7371 0.3438 3.7284 3.7404 0.2018
UBM 3.7371 0.5701 3.7297 3.7414 0.3795
LBM 3.7371 0.2844 3.7312 3.7431 1.6751
MC 0.0931 1.0000 0.0914 0.0948 0.1446
LB 0.0941 0.0227 0.0939 0.0941 0.3624
UB 0.0909 1.4135 0.0892 0.0917 0.2145
100
HP 0.0945 0.3987 0.0929 0.0948 0.1972
UBM 0.0945 0.6239 0.0931 0.0949 0.3864
LBM 0.0946 0.3917 0.0934 0.0948 1.6667

Table 6.6: Basket option prices for a five-asset basket, T'= 0.5
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K Method Price Variance CI L ClIU Time
MC 20.7163  1.0000 20.6920  20.7407  0.1546
LB 20.7216  0.0047 20.7199  20.7216  0.3869
UB 20.7114  0.0086 20.7096  20.7136  0.2363
v HP 20.7188  0.3712 20.7051  20.7291  0.2222
UBM 20.7141  0.5647 20.7057  20.7221  0.4474
LBM 20.7217  0.2357 20.7101  20.7291  1.7071
MC 5.3851 1.0000 5.3688 5.4015 0.1434
LB 5.3925 0.0103 5.3908 5.3925 0.3682
UB 5.3764 0.0585 5.3724 5.3804 0.2163
. HP 5.3941 0.3191 5.3834 5.3991 0.2019
UBM 5.3853 0.5441 5.3734 5.3911 0.3795
LBM 5.3902 0.2764 5.3814 5.3963 1.7035
MC 0.5749 1.0000 0.5694 0.5893 0.1673
LB 0.5698 0.0309 0.5689 0.5699 0.3891
UB 0.5612 0.5094 0.5572 0.5651 0.6194
100
HP 0.5656 0.4133 0.5609 0.5704 0.2286
UBM 0.5654 0.7069 5609 0.5698 0.6194
LBM 0.5669 0.3771 0.5635 0.5701 1.7383

Table 6.7: Basket option prices for five-asset basket, T'=1
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K Method Price Variance CI L ClIU Time
MC 22.7791  1.0000 21.7453  21.8128  0.1579
LB 21.7702  0.0103 21.7667  21.7702  0.3845
UB 21.7462  0.0126 21.7424  21.7501  0.2341
v HP 21.7692  0.2846 21.7505  21.7723  0.2189
UBM 21.7814  0.5704 21.7907  22.0133  0.2948
LBM 21.7698  0.2427 21.7532  21.7764  1.7223
MC 7.8575 1.0000 7.8320 7.8879 0.1574
LB 7.8367 0.0212 7.8333 7.8367 0.3814
UB 7.8232 0.0529 7.8177 7.8288 0.2303
. HP 7.8402 0.3803 7.8296 7.8504 0.2166
UBM 7.8424 0.5132 7.8269 7.8593 0.3953
LBM 7.8402 0.2925 7.8338 7.8596 1.7361
MC 1.9530 1.0000 1.9659 1.9560 0.0129
LB 1.9419 0.0428 1.9393 1.9419 0.3791
UB 1.9294 0.3107 1.9231 1.9357 0.2309
100
HP 1.9454 0.4719 1.9351 1.9508 0.2153
UBM 1.9394 0.6037 1.9293 1.9421 0.4001
LBM 1.9454 0.3255 1.9351 1.9511 1.7026

Table 6.8: Basket option price for a five-asset basket, T' = 2
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Control Variates | Optimal \| R?
LB 0.9998 0.9941
UB 0.9542 0.9001
HP 0.6892 0.9759
UBM 0.7042 0.6818
LBM 2.6687 0.9383

Table 6.9: R? and optimal Values of A for the Basket Option Control Variates

T K HP Price  MC Price % Abs Error CI L ClU
60 20.1009 20.0912 0.1132 20.0911 20.0912
0.5 80 2.6265 2.6217 0.0254 2.6216 2.6217
100 0.0016 0.0071 0.0018 0.0071 0.0072
60 20.2351 20.1870 0.0902 20.1868 20.1871
1 80 3.7673 3.7378 0.0313 3.7377 3.7379
100 0.0474 0.1082 0.0740 0.1083 0.1083
60 20.6727 20.4561 0.2007 20.4558 20.4563
2 80 5.4275 5.3826 0.0804 5.3824 5.3827
100 0.3738 0.6527 0.2574 0.6256 0.6527

Table 6.10: Hermite polynomial approximation for the price of an Asian option.
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K Method  Price Variance CIL CIU Time
MC 20.1481 1.0000 20.1476 20.1488 0.5891
AUB 20.2004 0.0003 20.2004 20.2004 0.4885
HP 20.0981 0.0043 20.0981 20.0982 0.0567
v GLB 20.1001 0.0003 20.1001 20.1001 0.0595
FVB 20.1087 0.8319 20.1083 20.1092 0.4879
MC 2.6502 1.0000 20.6498 2.6507 0.5422
AUB 2.6567 0.0127 2.6566 2.6568 1.9188
HP 2.6387 0.0031 2.6387 2.6388 0.0534
¥ GLB 2.6211 0.0003 2.6211 2.6211 0.0489
FVB 2.6393 0.6845 2.6390 2.6397 0.8744
MC 0.0066 1.0000 0.0064 0.0068 0.5617
AUB 0.0059 0.2379 0.0058 0.0059 0.5401
HP 0.0063 0.1113 0.0062 0.0063 0.0596
100
GLB 0.0068 0.0131 0.0068 0.0068 0.0526
FVB 0.0057 0.5516 0.0055 0.0059 0.6574

Table 6.11: Asian option prices, T' = 0.5.
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K Method  Price Variance CIL CIU Time
MC 20.1882 1.0000 20.1872 20.1892 0.5333
AUB 20.4183 0.0019 20.4183 20.4184 0.3829
HP 20.2029 0.0073 20.2027 20.2031 0.0305
v GLB 20.2731 0.0005 20.2731 20.2731 0.0279
FVB 20.1121 0.8461 20.1114 20.1129 0.4261
MC 3.7539 1.0000 3.7532 3.7544 0.5342
AUB 3.7822 0.0132 3.7821 3.7823 1.9545
HP 3.7329 0.0086 3.7328 3.7329 0.0531
" GLB 3.7562 0.0007 3.7537 3.7537 0.0471
FVB 3.7362 0.8612 3.7356 3.7367 0.8409
MC 0.1131 1.0000 0.1129 0.1133 0.5478
AUB 0.1195 0.4204 0.1194 0.1194 0.1195
HP 0.1081 0.0567 0.1081 0.1082 0.0529
100
GLB 0.1099 0.0101 0.1099 0.1099 0.0474
FVB 0.1315 0.5456 0.5454 0.5458 0.7134

Table 6.12: Asian option prices, T' = 1.
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K Method  Price Variance CIL CIU Time
MC 20.5549 1.0000 20.5543 20.5553 0.5429
AUB 20.9419 0.0038 20.9418 20.9421 0.4025
HP 20.4576 0.0104 20.4575 20.4576 0.0564
v GLB 20.4945 0.0011 20.4944 20.4946 0.0498
FVB 20.1228 0.8114 20.1225 20.1231 0.5233
MC 5.4036 1.0000 5.4029 5.4042 0.5601
AUB 5.4911 0.0131 5.4909 5.4912 1.8892
HP 5.3762 0.0119 5.3761 5.3765 0.0491
¥ GLB 5.3883 0.0014 5.3883 5.3889 0.0455
FVB 5.3176 0.7862 5.3173 5.3179 0.8124
MC 0.6302 1.0000 0.6299 0.6306 0.5442
AUB 0.6255 0.1394 0.6254 0.6257 0.4343
HP 0.6255 0.0081 0.6255 0.6256 0.0491
100
GLB 0.6399 0.0075 0.6398 0.6399 0.0481
FVB 0.6865 0.8323 0.6864 0.6866 0.7451

Table 6.13: Asian option prices, T = 2.
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Control Variates | Optimal \| R?
AUB 1.0225 0.9851
HP 1.0532 0.9975
GLB 1.0224 0.9989
FVB 0.0422 0.0248

Table 6.14: R? and optimal values of A for the Asian Option Control Variates
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Chapter 7

Summary of Contributions and

Future Research

We proposed new control variates for the pricing of basket/Asian options which are based
off closed-form estimates and bounds on the aforementioned options. The contributions of
this thesis can be summarized into two parts. The first part summarises results pertaining
to pricing basket options and the second part summarises relevant results to Asian option
prices.

The summary of contributions on basket options as follows:

We derived new closed-form estimates for the price of a basket option using first order
Hermite polynomials. This method is fairly accurate for short maturity times for deep-in-
the-money and at-the-money positions of moneyness. This is particularly useful for low-
dimensional portfolios and becomes more computationally involved as the number of assets

in the basket increases. For a large number of assets in the basket, suitable adaptations to
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this method are made to allow for its use as a control variate. We also derived closed-form
Gaussian representation for the price of a basket option for very short maturity times and
its accuracy decreases as maturity of the option increases.

We derived closed-form bounds on the price of a basket option using the distributional
properties of a Brownian motion. This was achieved by replacing the underlying Wiener
processes in the assets with their joint maximum to obtain an upper bound on the basket
of assets and vice-versa. These distributional bounds generally lead to a similar problem-
type as the basket of assets and are evaluated in two ways. Firstly, they can be estimated
using their geometric average allowing for closed-form representation. The second approach
involves imposing integrability conditions on the volatility parameters of the bounds on the
basket, leading to a closed-form estimates of the bounds on the basket option price.

Direct bounds on the basket option price are also obtained due to the convexity of the
payoff function on the option, resulting from a direct application of the Jensen’s inequality.
Furthermore, the direct upper bound is the weighted sum of options on the individual assets
in the basket with the same strike.

In our numerical experiments we simulate the price of a basket option using the first order
Hermite polynomial estimate, the distributional bounds, direct upper bound and geometric
lower bound as control variates. The geometric lower bound which we refer to as the standard
control variate, is used as a benchmark to compare the efficiency of the remaining control
variates. The results from the numerical experiments indicate that all control variates yield
significant variance reduction. The distributional bounds yield the highest variance reduction

compared to all other control variates even outperforming the standard control variate. The
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distributional bounds also have the fastest computation times compared to all other control
variates.

We can summarize our contributions on Asian options as follows:

Closed-form estimates for the price of an Asian option using first order Hermite polynomial
approximation were obtained for the average value of the underlying asset over the required
time period. Similar to the basket options case, good estimates were also obtained for the
in-the-money and at-the-money case across different maturities, except for the out-of-the-
money case. We obtained closed-form bounds on the Asian option price by substituting
the Brownian term with its overall minimum/maximum over the entire time interval. This
leads to relatively large bounds on the Asian option price. To overcome this, we define two
fictitious assets, obtained by simply replacing the Brownian term in the underlying asset
with its running maximum or minimum. These new bounds on the Asian option prices are
estimated using their geometric averages and conditioning arguments. Direct bounds on
the Asian option price are also obtained similar to those calculated for basket options. We
also introduce a control variate which we dub the future-value basket (FVB),which allows us
to capture the dynamics and correlations of the average value of the asset over finite intervals.

Our numerical experiments are carried out using the average upper bound (AUB), geometric

lower bound (GLB), first order Hermite polynomial approximation (HPA) and the future-
valued basket (FVB) as control variates. Significant variance reduction is obtained for all
control variates except for the future-valued basket (FVB). The HPA and GLB have the
highest and very similar variance reduction but the GLB has slightly faster computation

times than the HPA. The FVB recorded the slowest computation times and very little
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variance reduction. It is worth mentioning that all the distributional bounds on the price of
an Asian option while yielding suitable closed-form bounds on the Asian option price, were
unsuitable as control variates due to high bias in the estimated price or the high variance of
results.

We can observe from our numerical experiments of both basket and Asian options, that
estimates or bounds obtained in a Gaussian or log-normal framework serve as better control
variates than those obtained from other distributions such as a ‘half-Gaussian (such as the
ones implied by the running maximum and the running minimum of a Brownian motion)’,
when asset prices follow a geometric Brownian motion model.

For future work and research, asset price model can follow generalisations of the Black-
Scholes model with non-constant volatility or to include jumps. It might be worth exploring
the role of information in the price determination of basket/Asian options given an explicit
representation of the market information as in the Brody-Hughston-Macrina framework. It
is unknown as to whether having an analytic form for the market filtration will provide a

clearer image of what the true distribution of the basket/Asian option should be.
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