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ARTICLE INFO ABSTRACT

The Keywords: The Hall-Petch relationship relates the yield strength (YS) of metallic materials to grain diameter (d), but for
Hall-Petch relation alloys with dendritic grains, secondary dendritic arm spacing (1) provides a better fit. This manuscript un-
Al binary alloys derscores the significance of considering a perimeter-associated parameter (p’), rather than relying solely on d or
E:::‘z:er A2, to account for strength contribution from morphological changes in various alloys. We propose a generic Hall-

Petch relation expressed as ¢ = 6, + k”/ \/[7, where p’ is the area per unit perimeter which can be accurately
measured using digital imaging tools and k” is the Hall-Petch constant. To validate this approach, controlled
solidification experiments were conducted on Al-Si and Al-Ce alloys across cooling rates from 0.000167 °C/s to
0.34 °C/s. The degree of primary a-Al grain complexity was manipulated through solute additions (Si or Ce),
revealing a nonlinear relationship between 12 and p’, both experimentally and theoretically. This underscores the
critical importance of incorporating the perimeter-associated parameter p’ as a fundamental strength metric in
the Hall-Petch relation. Hardness changes were analysed alongside evolving grain morphologies. Experimental
data from various morphologies (facetted, rosette, dendritic) fit more effectively with the proposed generic Hall-

Interfacial area

Petch relationship than conventional models.

1. Introduction

Hall and Petch [1,2] independently, observed the influence of grain
size on the yield strength (YS) of low carbon steel and iron, following the
relation

0:60+k/\/a (€8]

where, oy is the stress required to generate dislocation also known as the
friction stress, k is the constant known as Hall-Petch (HP hereafter)
constant and d is the average diameter of grains. Although widely
accepted, this relation is fairly scrutinized [3,4] with the reported value
of the average grain diameter’s (d) exponent varying from as low as 0.2
to as high as 1, though 1/2 is the most commonly observed value across
a broad range of polycrystalline materials.

The Hall-Petch relationship was established on the basis of theoret-
ical framework on the pile up of dislocations against the grain boundary
presented by Eshelby et al. [5]. However, several theories have been
proposed to explain the physical significance of this relation [6-8] with
pile -up theory being the most widely accepted.

* Corresponding author.
E-mail address: Shishir.Keerti2@brunel.ac.uk (S. Keerti).

https://doi.org/10.1016/j.msea.2025.148764

In this theory, it is assumed that a dislocation source at the centre of
the grain emits multiple dislocations when external load is applied. The
grain boundaries act as an obstacle to the movement of these disloca-
tions, resulting in a local stress concentration due to piling up of dislo-
cations, leading to the generation of dislocations in the adjacent grain
(Fig. 1(a)).

In HP relationship, the distance between the dislocation source and
grain boundary (d/2) remains constant. In practicality, non-equiaxed
grain morphologies ranging from rosette to dendritic are common in
materials, where the distance between dislocation source and the grain
boundary spatially varies (Fig. 1(b)) and the parameter d in Eq. (1) needs
to be altered to accommodate this effect.

For materials with dendritic grains, HP type empirical relationship
between the strength and microstructural features like secondary den-
dritic arm spacing (12) [9-11], average lamellar spacing [12-14] are
reported. Morphology of a grain is known to influence the YS of a ma-
terial [15,16]. In a comprehensive review article by Cordero et al. [17],
the importance of considering grain boundary structure on the grain size
strengthening has been highlighted as it still remains a fertile territory
for future work. One such attempt is made in a recent study by Jiang

Received 30 September 2024; Received in revised form 20 June 2025; Accepted 3 July 2025

Available online 4 July 2025

0921-5093/© 2025 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://orcid.org/0000-0002-7657-3759
https://orcid.org/0000-0002-7657-3759
mailto:Shishir.Keerti2@brunel.ac.uk
www.sciencedirect.com/science/journal/09215093
https://www.elsevier.com/locate/msea
https://doi.org/10.1016/j.msea.2025.148764
https://doi.org/10.1016/j.msea.2025.148764
http://creativecommons.org/licenses/by/4.0/

S. Keerti et al.

et al. [18] by using dislocation dynamics simulation to investigate the
effect of three different morphologies of copper grains on the YS. A
generalized form of HP relationship was presented incorporating the
effect of grain shape through a shape factor associated with the area
swept by the dislocation and average dislocation loop length pointing
out the importance of grain morphology consideration in grain bound-
ary strengthening.

For a given crystal structure, the morphology of a dendrite is gov-
erned by the growth direction. In Al-Zn alloy system, the preferred
growth direction of a-Al dendrites is (100) for up to 25 wt% Zn, and the
preferred growth direction changes to (110) at higher Zn (>60 wt%)
[19]. These observations were confirmed by Friedli et al. [20,21] using
X-Ray tomography and phase field modelling. Similarly, in Mg-Zn sys-
tem, Yang et al. [22] used X Ray tomography and EBSD techniques to
reveal the changes in morphology of a-Mg with increasing Zn content. At
lower solute content (Zn = 0 - 20 wt%) the morphology of a-Mg dendrite
changed from 18 branch with growth direction of primary branches (11
2 0) and (11 2 3) to 12 branch with growth direction along (11 2 3)
when Zn is more than 40 wt%.

Apart from modifying the microstructure by altering the chemical
composition of the alloy, modern external field processing techniques,
such as ultrasonic cavitation, high shearing and electromagnetic stir-
ring, are known to produce complex microstructures [23-25]. The
complexity in the morphology of a grain can be seen in Table 1, wherein
grains with varying morphology and the HP relationship for all cases is
presented. For a fully dendritic structure, conventionally, the HP rela-
tion is reported to translate into a relation between the YS and ;. Pri-
marily, the distance between the dislocation source and the grain
boundary in a dendrite cannot be constant spatially due to the complex
morphology, and the stress induced by the piling up of dislocations at
the grain boundaries in such complex structures should be dependent on
the surface area as higher grain boundary surface area can accommodate
higher number of dislocations. The manipulation of grain structure by
controlling the processing conditions and composition of an alloy [22,
26,27] raises concerns on the accuracy of 1, as the substitute of grain
diameter (d) in an alloy with dendritic structure. In two dimensions, the
interfacial area concentration of a dendrite has been shown to be rep-
resented by the perimeter per unit area [28,29].

Fig. 2 shows a scenario in which an alloy having same A, but with
different size of dendrites which resulting in significantly varied inter-
facial area. This scenario occurs when grain refiner is added [42] and 1,
based HP type relation doesn’t consider this aspect. Similarly, dendrites
with same 1, can have different morphology depending on the solute
content [19] and also presence of nano-particles in the melt can lead to
growth of dendrites with varied morphology [43-46]
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2. Theoretical aspect - correlation between dendrite perimeter
and A,

To utilise the interfacial area associated parameter into HP relation,
visualization of 3-D structure is required via sophisticated in situ mea-
surements [47-50] such as micro CT, high energy X-ray synchrotron
facilities etc. It has been confirmed that the interfacial area concentra-
tion (ratio of dendrite surface area and its volume) has a similar
behaviour with interfacial length concentration (ratio of dendrite
perimeter and projected area) [28,29]. Therefore, as a practically viable
route, to capture the change in interfacial area induced by the change in
morphology of a grain, a two-dimensional inspection can be adopted by
measuring the perimeter of dendrite in a unit area of the micrograph
which are shown to be equivalent parameters [28]. In the HP relation-
ship, YS is associated with a length scale parameter of the grain diameter
(d). To ensure that the new perimeter-associated parameter (p’) remains
within this length scale and to account for changes in grain morphology
in a given area, we consider the ratio of the area of a rectangular en-
velope enclosing a dendrite to the perimeter of the dendrite. Recent
developments in image processing software [51] provides the flexibility
and accuracy in making quantitative measurements to capture change in
perimeter associated with the morphological changes of a grain.

The 2-D shape of primary and secondary arm tips in a dendrite is
conventionally considered as parabolic [52]. Fig. 3 shows a typical
dendrite, which can be divided into two parts i.e. primary and secondary
arm, for geometrical calculations. The perimeter of the dendrite, pyq is
formulated in Egs. (2)—(5) with a and b denoting the primary arm length
and width, and ¢ and e denoting the secondary arm length and width,
respectively.

2 /h2 2
ppn-ma,ymm:% b2 + 16a2 +%ln <4a+b+16a> - % (2)

S e (4 +/e T 167
Dsecondary arm = Z mzi + Z ic In <%> 3)
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c=c <z) (i—1) C)]
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cal = @)
Pea Drotal

Eq. (4) accounts for varied length scale of secondary arms where z is the

(b)

Fig. 1. Illustration of dislocations piling up against the grain boundary in (a) faceted equiaxed grains and (b) dendritic grains in which the length between dislocation

source and the grain boundary varies spatially.
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Table 1
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Ilustration of types of microstructures and the corresponding conventional HP type relations in literature.

ALt LA 5_|00_um

Facetted grains (e.g. pure aluminium)
6 =0, +k/Vd [30-33]

Rosette type grains (e.g. Al-2 wt.% Si alloy)
6= 0, + k/Vd [34-36]

Rosette-Dendritic (e.g. Al-5 wt.% Si alloy)

1

Dendritic structure (e.g. Al-8 wt.% Si alloy)

6 =0, +k/Vd [37,38] 6 =0, +K /2 [39-41]

Fig. 2. Illustration of dendrites for a given alloy having same A, but with (a) coarse (b) fine dendritic grains.

number of secondary arms in the dendrite. To generate a theoretical data
set, a dendrite with a length of 5000 pm, width of 100 pm and the
longest secondary arm length of 400 pm is considered. The guideline for
selecting these parameters are based on practically observed values for
dendrites solidified in gravity die casting solidification condition. The
gap between the two consecutive secondary arms is assumed to be 1/4 of
the width of an arm i.e. f = e/4, which corroborates the measured values
of f and e in Al-Si alloys, leading to 1, = e + f, giving A, = 5e/ 4. Fig. 4
shows the relationship between the calculated p.; and 4, for the set of
dendrites with increasing number of secondary arms from 20 to 300. In
this calculation, the length of the primary dendrite a (5000 pm) and the
maximum height of secondary arm, 2c¢ + b (900 pm) are always kept
constant. The ratio between area of the envelope enclosing the dendrite
i.e. A = a(2c + b) and pysq is the new parameter (p ;) and its variation
with 13 is shown in Fig. 4.

The change in A, represents the change in solidification rate and as
can be seen in Fig. 4, there exist a non-linear relationship between A, and
D,y in entire range of solidification conditions. The inset shows rela-
tionship under practical processing solidification conditions with a
consistent non-linearity. This non-linear relationship demands to
replace d or 1, in HP relation to experimentally measured p’ because the
dislocation pile-up takes place at the grain boundary and interfacial area
occupied by the grain boundary is highly dependent on the morphology
of the dendrite structure. In 2-D, this feature can be captured by
measuring the p’ via measuring the perimeter of a grain from a micro-
structure using well established image processing tools. The inverse of p’

reflects the degree of complexity of dendritic morphology in a unit area.

To address the morphological changes on the strengthening of the
alloy, this work aims to study the correlation between the hardness and
perimeter-based parameter (p’) associated with the dendritic
complexity. In order to study this, we have (i) systematically controlled
the solidification rate to affect A, and p’ for a given alloy composition,
(ii) controlled morphology of the grain via solute (Si, Ce) content at wide
range of cooling rates and (iii) used image processing software to
measure p’ and other microstructural features. To minimize the solid
solution and avoid precipitation strengthening contribution, the low
solubility elements such as Si (maximum solubility 1.65 wt%) and Ce
(maximum solubility 0.0005 wt%) were used to control the grain
morphology. To assess the potential change in the preferential growth
direction of the a-Al, which in turn affects the HP constant, we have
devised the directional solidification for Al-Si alloys with various Si
solute content.

3. Experimental procedure
3.1. Samples under controlled growth conditions

To conduct the series of solidification experiments, several large
batches (2 kg) of Al-Si alloys with 0, 2, 5, 8, 12.6 wt% Si compositions
and Al-5 wt.% Ce alloy were produced in an electrical resistance furnace,
by adding appropriate quantities of Al-20 wt% Si and Al-30 wt% Ce
master alloys to 99.99 % purity molten aluminium. For each alloy
composition Ty and T3 in Fig. 5 were chosen to be (Tiiguidus +5°C) and
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Fig. 3. Illustration of a dendrite.
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Fig. 4. The relationship between calculated p,; using Eq. (7) and A, showing
non-linearity in wide range of cooling conditions. Inset shows the consistency of
non-linearity in the practical casting conditions.

(Teutectic —5°C), respectively. The values of T; and T, for each alloy
composition is given in Table 2.

The cooling rate between T; and Ty is precisely controlled by Euro-
therm 2416 thermal controller. To minimize temperature fluctuation,
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the crucible is placed in thermally insulated assembly and a thermo-
couple was placed 2 mm away from melt surface to monitor tempera-
ture. The resultant microstructure, shown as in-set to Fig. 5, revealing a
significant variation in grain size ranging from few centimetres to mil-
limetres. To obtain a sample with a cooling rate of 0.34 °C/s, the melt is
solidified outside the furnace and the cooling rate is monitored by
placing thermo-couple in the melt. In order to enhance the cooling rate
further, another solidification experiment was conducted in a copper
wedge mould. The cooling rate for three different specific locations were
measured to be 10, 48 and 80 °C/s and sections of samples from these
three locations were used in this study. A summary of alloy compositions
and solidification conditions with corresponding cooling rates are pre-
sented in Table 3.

3.2. Directional solidification

A refractory material based cylindrical mould, with 15 mm diameter
and 40 mm height, was constructed for directional solidification ex-
periments. To eliminate radial heat-dissipation, the mould was wrapped
in 5 cm thick insulation material and this assembly was preheated to
10 °C higher than the pouring temperature of the liquid metal to
establish isothermal condition across the radius. To extract heat direc-
tionally from the melt, a cold copper block was inserted at the bottom of
cylindrical mould. Once the mould is filled with liquid metal, the top is
covered with pre-heated insulating material to minimize heat radiation
loss. The macro-etched cross-section, shown in Fig. 17, confirms the
columnar growth along vertical thermal gradient driven by directional
solidification condition.

3.3. Microstructures and hardness

For macro-etching, ferric chloride was used and for optical micro-
scopy inspections samples were anodized in Barker’s reagent (5 mL of
48 % HF with 195 mL of distilled water) for 60-120 s at room temper-
ature. The anodized surface was observed under the polarised light to
identify the primary Al grains. The average primary Al grain size was
measured as per ASTM E112-13 standard (linear intercept method). The
perimeter of the dendrites was measured using the Freehand selection
tool, as shown in Fig. 6, in the ImageJ software. To minimize the error in
measurements, at least 5 images at different magnifications from each
sample were processed, which covered an area of ~600 mm? in total.
Two directional castings were produced for pure Al, Al-2 wt.% Si, Al-5
wt.% Si, Al-8 wt.% Si and Al-12.6 wt% Si alloys. The samples for
EBSD measurements were carefully prepared by standard metallo-
graphic process followed by vibration polishing at 100 Hz using Qpol
Vibro equipment at 80 % power for 8 h. EBSD analysis of the longitu-
dinal cross section for Al, Al-5 wt.% Si and Al-8 wt.% Si were performed
on Zeiss Supra 35 SEM with high sensitivity Hikari EBSD camera (20 kV
voltage, 10-15 mm working distance). The data recording and indexing
were performed using EDAX Teams software. ATEX software [53] was
used for the acquired EBSD data analysis. Examined area for assessing
the dendrite growth orientation are 2.8 mm x 2.6 mm with step size of 4
pm. For hypereutectic alloys, up to 7 locations have been analysed. The
misorientation [54] between the (100) direction and the primary
dendrite growth direction is extracted from an average of ~30 direc-
tionally solidified grains in the longitudinal cross section (solidification
direction (SD) - transverse direction (TD)). Brinell hardness tests were
conducted with a spherical steel indenter with a diameter 5 mm, at a
load of 250 kgf and dwell time of 10 s. On an average, 6 indentations
were performed to obtain average Brinell hardness number (BHN) and
the standard deviation.
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Fig. 5. Schematic of (a) temperature profile used for solidification under controlled cooling conditions, macro etched images for Al-2 wt.% Si are shown for three
different cooling rates (b) copper wedge mould showing cooling rate at different positions.

Table 2

Values of T; and T, for each alloy composition.
Alloy T, (°C) Ty (°C)
Al 665 655
Al-2 wt.% Si 653 572
Al-5 wt.% Si 635 572
Al-8 wt.% Si 615 572
Al-12.6 wt% Si 582 572
Al-5 wt.% Ce 657 619

Table 3

Solidification conditions with corresponding cooling rates.

Solidification
condition

Alloys investigated Cooling rate

Controlled
cooling

Al Al-2 wt.% Si, Al-5 wt.% Si, Al-8 wt.%
Si, Al-12.6 wt% Si and Al-5 wt.% Ce

1224.0 °C/h
(0.340 °C/s)
60.0 °C/h
(0.0167 °C/s)
47.0°C/h
(0.0133 °C/s)
6.0 °C/h
(0.00167 °C/s)
0.6 °C/h
(0.000167 °C/s)
Al-8 wt.% Si Top 10 °C/
Middle s
Bottom 48 °C/
S
80 °C/
s

Copper wedge
mould

4. Results and discussion
4.1. Microstructure observation

The morphology of a-Al dendrites (Fig. 7) is observed to be strongly
dependent on cooling rate and Si content. For a constant cooling rate of
0.000167 °C/s, the value of 1, decreases from 1100 pm to 509 pm when
Si content increased from 2 to 8 wt%. This trend was prevalent at other
cooling rates as well. The refinement of 1, of dendrites with increasing
solute content by the virtue of retarded growth velocity due to reduced
constitutional undercooling [55,56] is a well discussed phenomenon
and is clear in the microstructures. Similar observations were made in
Al-5 wt.% Ce alloy (Fig. 8). The measured 1, as a function of cooling
rate, T, is shown in Fig. 9(a) and is well described by Az T rela-
tionship, where n is the coarsening exponent, which is reported to be 1/3
[57]. The theoretical approach for the prediction of 1, as a function of
solute composition and cooling rate was proposed by Kattamis and

Fig. 6. Freehand tool to measure perimeter of dendrite in ImageJ software.

Fleming [58]. In this model, similar to Oswald ripening, the coarsening
of bigger dendritic arm occurs at the expense of thinner secondary
dendritic arms. The model posits that the coarsening process is primarily
driven by diffusion, as solute atoms migrate from smaller to larger
dendritic arms, remelting the thinner dendritic arm and thickening the
thicker arm in the process. According to this model [58], 4, is given as

12 =5.5(Mt;)" (8)
where

—I'DIn H
M= 9

(1 -K)(C - C,)

Where I is the Gibbs-Thomson coefficient, D is diffusion coefficient in
liquid, I is the slope of liquidus, k* is partitioning coefficient, C, is the
solute composition and Cj, is the composition of the liquid at the base of
dendrite which is reached at the solidification time t;. In a eutectic so-
lidification process, Cj, is equal to the eutectic composition.

By substituting t; = ATjin Eq. (8), where AT is the freezing range of

the alloys, Eq. (9) can be written as
do=MT" 10)

where



S. Keerti et al.

0.0133 °C/s 0.00167 °C/s 0.000167 °C/s

0.0167 °C/s

0.34 °C/s

Materials Science & Engineering A 943 (2025) 148764

Fig. 8. As cast microstructure of Al-5 wt.% Ce at (a) 0.00167 °C/s and (b) 0.34 °C/s.

n
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M=55\ i 1) - )

AT an

The fit parameter M’ in Eq. (10) as a function of Si content is shown as
inset to Fig. 9(a) and agrees with the calculated M values for various Al-
Si alloys from Kattamis and Fleming model. As shown in Fig. 9(b),
similar to the relationship between 4, and T , the relationship between p’
and T is observed to follow p'oT . When the experimental data is fitted
to the curve with m = 1/3, the fit resulted in low regression coefficient
(R?) values (0.82-0.54) for Al-Si alloys. The best fit parameters are

shown in Fig. 9(b) and it is observed that the difference between n and m
increases with increasing Si content (Inset to Fig. 9(b)) due to change in
morphology from highly dendritic structure at higher solute content to
more faceted like structure at lower solute content. At low solute content
the value of m approaches the value of n due to near faceted type grains.
However, at higher solute content, n and m values deviate noticeably
suggesting the importance of considering p’ in HP relation rather than
d or ,.

In general, eutectic Si morphology is changing from coarse rod to
fine needles with increasing cooling rate and their size increases with the
increase in Si content. The presence of primary Si at higher cooling rate
indicates a shift in the eutectic point [59] in Al-Si alloy. In Al-5 wt.% Ce
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Fig. 9. Variation of (a) 1, or d as a function of cooling rate and (b) p’ as a function of cooling rate. Inset to Fig. 9(a) shows M (Kattamis and Fleming model cal-

culations and experimental data) as a function of Si content. Solid lines are the best-fit to 1o 7" and p’chﬁm with the inset of relation between n-m and Si content.

binary alloys, due to negligible solubility of Ce in Al, Ce forms thermally
stable intermetallic Al;; Ces in the interdendritic regions. Although it is a
strong phase (high in hardness), they fail to translate this strength to the
overall strength of the alloy [60]. Lower hardness of the Al;;Ces phase
(8350HVN) [61], compared to that of silicon (1000HVN) contributes to
the lower strength in Al-Ce binary alloys compared to Al-Si alloys.

4.2. Dendrite perimeter

From Fig. 10, it can be noted that the experimentally measured
perimeter (p)in a given area is increasing as the solute content increases
at all cooling rates studied. The rate of change of perimeter is significant
for alloys with higher solute content. This observation coincides with the
nonlinear relationship between 4, and p| ;. Fig. 11 shows experimentally
measured 1, and p’ for Al-8 wt.% Si alloy solidified under wide range of
cooling rates. The data for high cooling rates, in shaded region, were
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Fig. 11. Relation between experimental p’ and 1, showing the nonlinearity in
Al-8 wt.% Si alloy. For comparison purpose, 1/p’ vs 1, is also plotted. Solid lines
are guide to the eye. Shaded region is the data obtained from analysing wedge
mould casting.

obtained by analysing the cross sections of samples obtained from Cu
based wedge mould cast samples. Rapid change in 1/p’ vs 1, at higher
cooling rate (i.e. lower 1) indicates that degree of grain complexity
changes significantly with small change in 5. As demonstrated in Fig. 4,
the non-linearity between the 1, and p’ persists in the experimental data
(Fig. 11) as well and it is the key to relate the strength of a material to the
perimeter of the dendrites, which accounts for changes in morphology,
rather than A,.

4.3. Correlation between hardness and p’

As shown Fig. 12, the hardness increases with the increasing cooling
rate for all studied alloy systems. The hardness of Al-5 wt.% Ce shows a
similar trend, rather a sharp increase in the hardness was observed as
compared to the Al-Si binary alloys. Since, morphology of Al;;Ces
phase changes to a fine lamellar structure with increasing cooling rate,
the load bearing capacity by eutectic phase is expected to rise.

In Al-Si alloys, as the hardness is known to linearly related with YS
[62-64], here we have measured BHN for all alloys to study the effect of
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Il 0.000167°C/s

BHN

Al Al-2Si Al-5Si Al-8Si  Al-12.6Si  Al-5Ce

Fig. 12. Brinell hardness of all alloys at several cooling rates.

primary Al grain morphological change on the strengthening of alloy
and plotted (Fig. 13) as a function of d, A, and p’ for all studied alloys.
While the Hall-Petch relationship correlates YS with grain size, hardness
testing offers a close estimate of YS, despite limitations arising from
localized deformation beneath the indenter. The data is fitted to HP type
relations (BHN = BHN, 4 + k/+/d, BHN = BHN, ;, + k' /\/22, and BHN =
BHN,; + k'/+/D, where BHN, 4, BHN, ;,, and BHN, ; are the intercepts
and k, k’ and k’’ are the HP constants). Although at first glance the
graphs look similar, the regression coefficients show higher values when
p’ is considered compared to that of d and 4, for all alloys. This dem-
onstrates the importance of considering p’ for accounting the changes in
strengthening of a material associated with the change in morphology of
primary Al grain from spherical to highly dendritic structure. As the
grain boundaries pin the dislocations, the higher the grain perimeter per
unit area, the higher the accumulation of dislocations.

4.4. Strength contribution from a-Al dendrites

The HP constants, denoted as k’ and k’’, exhibit an upward trend as
the Si content increases. This phenomenon is likely attributed to varia-
tions in the eutectic Si content. The strengthening effect emanating from
eutectic colonies is intricately linked to the interlamellar spacing within
the eutectic structure. Empirical evidence substantiates that the strength
contribution adheres to a HP type relationship [12-14,65], providing
experimental validation for this correlation. The hardness of a eutectic
system is given by

BHN, = BHN, .4k, f. A, °° 12)

Where . is the interlamellar spacing , k. is the slope of HP type relation
with A, BHN, . is the intercept and BHN, is the hardness of the alloy with
eutectic composition (Al-12.6 wt% Si), f, is 1 (the volume fraction of
eutectic). A, for alloys with eutectic composition of Al-12.6 wt% Si so-
lidified under various cooling rates is measured from microstructures
using the method reported in Ref. [66]. To obtain k,, the BHN data
shown in Fig. 12 for Al-12.6 wt% Si alloy, has been fitted to Eq. (12). To
extract the hardness contribution associated with the changes in
morphology of Al grains, the contribution from eutectic fraction must be
subtracted from the overall response of alloy. The hardness response
from a-Al matrix is given by

BHN,, =BHN — k. f. ;;°° 13)

Where, BHN,, is the contribution in hardness from a-Al dendrites and
BHN is the hardness of alloy. 4; is the interlamellar spacing of eutectic
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Fig. 13. Relationship between (a) BHN and 4, and (b) BHN and p’. Solid lines are linear fit to the HP type relationships.

structure of a hypoeutectic alloy. Experimentally the average inter-
lamellar spacing /; is observed to be dependent on the composition and
is measured for Al-2 wt.% Si, Al-5 wt.% Si and Al-8 wt.% Si. The true
contribution from a-Al to the measured hardness as a function of 1, and
p’ is shown in Fig. 14 and their HP type relationships are given by

BHN,, =BHN, ;, + k, A*° 14)

BHN,, =BHN ,,y + K, p*° (15)
where BHN,;, and BHN ,; are intercepts; k,, and k;, are the HP con-
stants. The R? values (given in Fig. 14) shows higher value when p’ is
considered in HP relation when compared to that of d or 1, for all alloys.
This again demonstrates that it is important to consider p’ for accounting
the changes in strengthening of a material associated with the change in
morphology of primary Al grain from spherical to highly dendritic
structure. To reiterate the importance of considering perimeter for
practical commercial Al-Si alloy, data for Al-8 wt.% Si (a typical prac-
tical cast alloy) is shown in Fig. 15, where R? is observed to improve
from 0.93 to 0.98 which is very significant change from practical
application view point.

To illustrate changes in hardness associated with friction stress of a
matrix, both BHN and BHN,, data has been plotted in Fig. 16. Two
distinct observations can be made from this graph, firstly the effect of Si
on the intercept i.e. BHN',; for Al-Si alloys is higher than that of pure Al
even after removing the hardness contribution from the eutectic fraction
and secondly the slope, i.e. k}, increases with the Si content.

50
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Fig. 15. HP type relationships [BHN,, vs p’; BHN,, vs A2; BHN,, vs d] for Al-8
wt.% Si alloy solidified at various cooling rates. The legends are experimental
data and the solid lines are linear fit.
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Fig. 14. Relationship between (a) BHN,, and A, and (b) BHN,, and p’. The solid lines are fits to the HP relationships given in Egs. (14) and (15).
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contribution to the hardness can be clearly seen. Increase in k, value with the increased Si content can also be seen.
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Fig. 17. Plot showing the variation of angle between the a-Al growth direction and the principal crystal axis as a function of Si content in directional solidified
samples. A photograph of macro-etched cross-section of directionally solidified Al-8 wt.% Si sample reveal columnar growth induced by directional solidification. The
optical micrographs from anodized samples showing columnar grains as well as change in grain morphology as a consequence of solute presence. Pole figure analysis
on columnar grains, shown as inset, reveals the dendrite orientation transition from (100)for Al to (110)for Al-8 wt.% Si alloys. For Al-8 wt.% Si alloy, 45° side
branching within the columnar dendrite can be observed in the microstructure. Examples of equiaxed grains with(100)and(110)growth orientations generated from

phase field is reprinted from Ref. [21].

The friction stress o, in Eq. (1), represented by the intercept on y-axis
of HP relationship plot, has several components [67]

0o =0crss + 0p + Ao (16)
Where, o¢gss is the critical resolved shear stress, Aoy is the improvement
due to solid solution and o, is the residual stress due to the dislocations
associated with thermomechanical processing.

The first component of friction stress, i.e. ocrss is known to depend
on the slip system activated during deformation. The number of active
slip systems during mechanical test is dependent on the grain orienta-
tion and loading direction. Generally, slip systems with higher Schmid
factor requires small applied stress to initiate slip. Compression [68],
tensile [69,70] tests on Al single crystal showed higher YS for crystals
with [111] orientation than that of [100] and [110] orientations. In as
cast polycrystalline material, the grains are randomly oriented with
respect to applied load and therefore the ocrss contribution remains
unaffected for all studied alloys. Although thermomechanical processing
can have a significant effect on oy in Al alloys [71], the current study
focuses on the as-cast condition and no plastic deformation from ther-
momechanical processing is involved, the dislocation density related
component o, is minimal and can be neglected in these as-cast samples.

The third component A in Eq. (16), can be predicted by Fleischer
model [72]

10

3
Acy =LGbe3 /G, a7

where, L is orientation factor which is 3.06 for FCC material, G is shear
modulus (25 GPa), b is Burgers vector (0.28 nm), c; is the atomic solute
concentration and &g is the lattice strain, which can be given by

&= [eg = Pes| as)
Where ¢ ; is the modulus mismatch parameter and is given by
€;=1/1+0.5¢5 19)

And ¢ is the modulus mismatch and ¢, is the strain mismatch due to
difference in atomic radii of solute and matrix atoms.

Eq. (17) leads to a value of Aoy, = 2.5 MPa which equates to Vickers
hardness number (HVN) of 8 based on the relationship between HVN
and o for Al-Si binary alloy [73]. The enhanced BHN o (ABHN', shown in
Fig. 16(b)), when 2 % Si is added to Al, is originated from solid solution
formation, which has been reported elsewhere [74,75].

By introducing 2 wt% Si in Al, in addition to increase in BHN ,, the

"

HP constant (k;,) value is observed to increase, which can also be
attributed to the Si solute in Al matrix as the experimental conditions are
far from the equilibrium solidification conditions. For multicomponent

alloys, Toda-Caraballo et al. [67] have proposed a general expression for
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HP constant as a function of solute content and it is given by

k=ku+»_ XAk (20
Where, ky; is the HP constant for Al matrix and X; is the solute content
and Ak = (9AG + yAb), where 9 and y are constants dependent on the
magnitude of Burger vector b and shear modulus G [67]. From Eq. (20) it
is clear that k is strongly dependent on the solute content, AG and Ab.
The change in HP constant as function of solute content has been
observed [35,76] in Mg-Zn system and Toda-Caraballo et al. [67] have
successfully fitted the experimental data with Eq. (20). Since, the solu-
bility of Si in Al is < 1.65 wt%, based on Eq. (20), k;, should not increase
for samples beyond 1.65 wt% of Si addition. However, as shown in
Fig. 16(c) and (d), increase in k, is still noticeable in alloys with 5 wt%
and 8 wt% Si.

4.5. Influence of dendrite growth direction on Hall-Petch constant

Several studies [77,78] have attributed the change in HP constant,
on the active deformation modes which are dependent on the grain
orientation and loading direction. In HCP materials, thermomechanical
processing is observed to alter the crystallographic texture [79] which
affects the k value [80-82] significantly. For instance, k value measured
under tension for friction stir processed AZ31 magnesium alloy was 160
MPa pml/ 2, whereas, for its hot extruded counterparts, k value was 303
MPa pm'/2 [83]. In another study, the variation of k value from 228 to
158 and 411 MPa ym'/2 was observed, when the tension direction varies
from 0° to 45° and 90° away from the normal direction of a hot-rolled
AZ31 plate [81], respectively. In FCC materials, although relatively
lesser studies are available, this effect was reported in electrodeposited
Ni with different grain orientations [84]. In the current study, no specific
effort was made to alter orientation of grains and the grains are expected
to be randomly oriented. The only variable in present study is the solute
content and solute induced dendrite orientation transition (DOT) is
known to occur in Al and Mg alloys due to the weak anisotropy of
solid-liquid interfacial energy [19,22,85,86]. Gonzales et al. [85]have
observed change in the growth morphology of Al from (100) to (110)
growth directions as Zn content was increased from 25 wt% to 60 wt%.
Similar observations were made in Al-Ge systems, where primary
dendrite arms were found to be growing in (100) direction in Al-20 wt%
Ge alloys, (110) direction in Al-46 wt% Ge, and both (100) and (110)
directions growing simultaneously at an intermediate composition of
Al-29 wt% Ge [87].

As can be seen in Fig. 17, for pure Al sample, the measured growth
direction is consistent with reported (100) [86], whereas with
increasing Si content, the preferred growth orientation has deviated
progressively from (100) to close to (110) in Al-8 wt.% Si alloy. Though
the permanent mould casting employed here to investigate HP-type
relation leads to randomly oriented grains, however, the preferential
growth of individual dendrite will follow the tendency presented in
Fig. 17 in which the Si content has strong influence on preferential
growth direction.

Dislocation dynamics simulation on the textured FCC grains [18]
with different morphologies has been confirmed to affect the HP con-
stant strongly. On the other hand, the reported HP-type relation in this
study is analysed based on randomly oriented bulk material. Although to
our best knowledge the effect of change in dendritic growth direction on
the HP constant in such situation is not reported in literature, based on
the theoretical study from Jiang et al. [18], it is likely to affect k values.

5. Conclusions

Hall and Petch observed that the difference between the flow stress
of a polycrystal and that of a single crystal is directly proportional to the
inverse of the square root of the average grain diameter. Over the last six
decades, this relationship has undergone extensive discussion across a
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spectrum of metallic materials and has found application in computa-
tional alloy design approaches. The distance between the dislocation
source and the grain boundary is deemed to be half the diameter of the
average grain size. Given that non-equiaxed grain morphologies,
ranging from rosette to dendritic, are prevalent in materials where the
distance between the dislocation source and the grain boundary radially
varies, our manuscript underscores the significance of introducing a
perimeter-associated parameter to accommodate changes in grain
morphology. We have proposed a generic Hall-Petch relation ¢ = o, +
k' /\/P/, wherein p’ represents the area per unit perimeter, a parameter
that can be accurately measured experimentally using digital image
processing tools. To validate this, a series of Al-Si and Al-Ce binary alloys
with a range of dendritic morphologies were synthesized and analysed.
The key conclusions are as follows:

e For dendritic grain morphology, p’ exhibits a nonlinear relationship
with 1, over a broad range of cooling rates, substantiated both
mathematically and experimentally. This non-linearity becomes
more pronounced with the increasing complexity of dendritic
structures, underscoring the importance of considering grain
perimeter in predicting YS.

e The generic Hall-Petch type relationship yields a superior coefficient
of regression (>0.97) for alloys with diverse grain morphologies
compared to the conventional Hall-Petch relationship, which relies
on either d or ..

o The Hall-Petch constant is observed to increase with rising Si con-
tent, attributed to the shift in the preferential growth direction of
a-Al dendrites from (001) to (110) when Si concentration increases
to 8 wt%.

This enhanced generic Hall-Petch relation offers a more accurate and
comprehensive description of the intricate interplay between grain
morphology complexity and material strength. As modern image pro-
cessing tools can precisely measure grain perimeters, incorporating this
generic relation into computational alloy design approaches holds
promise for enhancing accuracy.
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