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Abstract

This thesis investigates the dynamic characteristics of electroencephalography (EEG)

signals using graph signal processing (GSP), focusing on modeling spatial and temporal

variations in brain connectivity. Conventional approaches often rely on static graph struc-

tures, which do not adequately capture time-varying, task-specific, and subject-specific

relationships among brain regions. To address these limitations, this thesis proposes a

dynamic graph representation framework for EEG signals. This framework allows EEG

signals to be represented with a broader set of spatial frequency components derived from

multiple graphs.

A unified spatiotemporal frequency representation is developed to reflect how spatial

patterns evolve over time by combining temporal frequency components with graph-based

spatial frequencies. The proposed methods are evaluated in the contexts of imagined

speech classification and biometric identification. The effects of clustering strategies and

eigenvector selection are systematically examined, and their influence on classification

performance is demonstrated.

The thesis also introduces a graph-based EEG data augmentation method designed to

preserve channel-wise correlations while generating artificial EEG trials. The feasibility of

using dynamic graph representations for biometric identification is further evaluated. Ex-

perimental results demonstrate that individual differences in EEG graph representations

enable reliable subject identification, achieving 100% classification accuracy.
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Chapter 1

Introduction

Interacting with devices and systems generally requires muscle movements. Whether one

is typing on a keyboard to control a computer, using the steering wheel of a car, inter-

acting with the touchscreen of a smartphone, or using a television remote to rewind an

on-demand TV show, these actions all rely on physical interactions. Translating thoughts

into commands that devices can interpret requires muscle movements to generate corre-

sponding responses. In most cases, the hands serve as the main interface for interacting

with devices. This constraint limits human productivity because the hands are often al-

ready engaged in other tasks. Even performing a quick internet search on a smartphone

requires physical proximity to the device and manual interaction. This process is con-

siderably slower than the speed of thought and does not permit the execution of tasks

in parallel. Voice assistant applications partially mitigate these limitations. However,

they do not fundamentally address the problem. Instead, they enable users to issue basic

natural language commands for simple actions, such as initiating a call to a contact listed

in a mobile phone.

Developing Brain-Computer Interfaces (BCIs) is an active research area in which vari-

ous data types, such as speech imagery and motor imagery, are investigated to assess their

applicability for enabling direct interaction with devices and systems without muscular

involvement. Achieving device control at the speed of thought, without muscle move-

ments, and with the ability to execute tasks in parallel remains an ambitious goal that

is beyond the reach of current technology. However, these aspects are being investigated

separately, and this reflects the direction in which the research area is progressing.

An important aspect of data collected from brain signals is the spatial relationships

among different brain regions. Since the data does not lie in Euclidean space and exhibits

a non-Euclidean structure, as explained in Section 1.3, treating it as if it were defined on

a regular grid structure or as spreadsheet-style data neglects the spatial relationships

and interconnectivities across different brain regions. For these reasons, it demands

different tools to analyze not only temporal relationships in different regions but also

spatial relationships, and it is essential to use the right tools to take those relationships
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into account.

Signal processing on graphs has received significant attention from researchers over

the last 10 years, as more and more data are collected, and new tools and data structures

are required to analyze and process these data. Social networks, road maps, biological

networks, infrastructure networks, chemical structures, and computer networks can all

be represented with graph structures. Graph Signal Processing (GSP) is the effort to

carry the knowledge and intuition of the well-established area of Signal Processing (SP)

to the graph domain. One of the data types that can benefit from GSP is brain activity

data, as it also resides on a non-Euclidean domain, which we explain in Section 1.3. This

work focuses on applying GSP to brain activity data to analyze and model brain waves

and interconnectivities of different regions of the brain, in order to propose a model for

representing the network. Instead of analyzing data captured from different regions of

the brain separately and analyzing the signals in the traditional way, GSP provides a

framework to analyze the signals defined on a network structure through graph signals

and graph frequencies. This is particularly important, as different regions of the brain

are responsible for different tasks, and depending on the task, different regions exhibit

different levels of activity. Thus, network activity changes depending on the task.

1.1 Graph Signal Processing

Every day, billions of people around the world generate data, even if they engage in

no deliberate activity beyond mere existence. Credit scores, social media presence or

absence, participation in healthcare systems, expenses, Wi-Fi routers detected by mobile

phones during casual movements, emails, photos and numerous other factors collectively

contribute to the big volumes of data collected globally. As a result of technological

advancements over the past three decades, both the volume of data and the computational

power to collect and process it have reached to unprecedented levels. On the other hand,

these tools and advances are relatively recent. Further advancements and methodological

developments are needed to represent, process, visualize, cluster and analyze those data

to gain insight into what they represent. For these reasons, academic fields focused on

big data, networks, and signal processing are expected to have a significant role in the

development of analytical tools for big data and data residing on irregular domains.

Analyzing and processing the data generated by billions of people around the world

requires sophisticated data structures and advanced tools [1]. Data arising from complex

network structures reside on a non-Euclidean domain [2], and it is not feasible to treat

these data as if it were tabular data. The complexity of big data requires a different

approach [3]. Graphs can be used to represent the complex network structures and

relationships between different entities.

Conventional signal processing (SP) provides a well-established theory to work over
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continuous or discrete signals that are defined over time or space. The applications of SP

are everywhere in our lives through communication, image processing, control, sensing

and many others. Unlike the regular domains that SP deals with, much of today’s data

reside on a non-Euclidean domain, and classical tools have shortcomings to deal with this

non-regular, complex nature of the data [4].

Graphs are mathematical tools for encoding pairwise relationships among different

objects to model network structures [5, 6]. Graphs can model the relationships between

people, social networks, academic collaborations, infrastructure networks, biological net-

works, chemical structures, road maps and any other network where we can represent

the networks as pairwise connections between different objects [7,8]. Academic fields like

network science and network processes analyze the graphs themselves [9,10]. Their focus

is not analyzing the signals on graphs. GSP brings the knowledge and intuition from the

well-established area of SP to the graph domain to process the signals that are defined

on graphs [10, 11]. The need for using graphs as mathematical structures to represent

data came after an enormous amount of data was collected with the advancements in

technology [1]. Representing big data and processing its complex nature require complex

data structures [2].

Graph theory was first investigated by the Hungarian mathematician Dénes Kőnig [12]

during the 1930s. Compared to graph theory, GSP has a short history, having emerged

in the 2010s with the publication of [4, 13, 14] and [15]. It became popular in both the

SP and machine learning (ML) communities [11].

If we think about the main reasons behind the advancements of those tools, we can

count two major advancements that happened in the last 35 years, namely the internet

and general-purpose GPU computing. The internet became mainstream at the start

of the 1990s and there is no need to mention how it became the main source of data

collection. Another important advancement in technology was graphics cards and how

they evolved to be used for general purpose computing. Graphics cards were initially

designed to be used for playing computer games. Most of the objects in computer games

and other graphics-heavy applications require matrix calculations. How those objects

were presented, their positions and their movements were all represented using vectors

and matrices. Obviously, they were not limited to just vectors and matrices. Vectors and

matrices are one-dimensional and two-dimensional instances of tensors, and graphics cards

were designed to make calculations on tensors. Graphics cards do those linear algebra

operations fast and efficiently in parallel. At the end of the 1990s, researchers started

using graphics cards to accelerate scientific computations. Tensors are in general the main

data structure for scientific computing, therefore graphics cards were perfect devices to

be used for scientific calculations. So, the devices that were first designed to make fast

linear algebra operations for computer games, started to be used for accelerating scientific

computing, which was called general purpose GPU computing. At the end of 2000s, with
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the release of the CUDA platform by Nvidia, it became easy to directly use graphics

cards for general-purpose GPU computing, which not only accelerated the linear algebra

calculations, but also accelerated the research that depends heavily on linear algebra.

The internet provided the tools to collect data from billions of users around the world

and graphics cards provided tools to make linear algebra operations on those big datasets

to process and analyze the data fast and in parallel.

As more and more data were collected, advancements to improve the representation of

the data became necessary. The collected data that we analyze is not basic tabular data

that can be checked in a spreadsheet application like Excel. Not only is processing the

data difficult, but even just visualizing it is a challenge [4, 10]. The work on graphs and

processing signals on graphs therefore became crucial to address the issue of representing

the complex nature of the collected data and processing signals on graphs that represent

complex network architectures.

Although the tools of GSP are crucial to process and represent big datasets [1], they

are not limited to big data. Noticeably, in any application where spatial relationships

between different entities matter, the tools of GSP can be effectively leveraged. One

important use case of this is EEG signals [10].

1.2 Electroencephalography

Electroencephalography (EEG) is a non-invasive method to record postsynaptic poten-

tials using the electrodes placed on top of a subject’s scalp [16, 17]. EEG data is a

multi-channel signal that is recorded with multiple EEG sensors, which are placed at

different parts on top of the scalp. Therefore, each channel collects signals from a dif-

ferent part of the brain. When analyzing this data, spatial relationships between those

channels are important as they represent the relationships between different regions of

the brain. Each channel can have different characteristic and exhibit different activities

across different frequency bands, and analyzing those channels can give insight into the

undertaken task [18]. However, analyzing those channels separately ignores the channel-

wise relationships, and therefore neglects the relationships between different regions of

the brain. There is a lot of research on EEG applications [19–24], however most of the

research in EEG applications does not take the spatial relationships into account. Graph

modeling for brain signals acquired in EEG has been used in several past works [25–30],

but they were used separately to get the spatial relationships without incorporating them

with temporal features. GSP provides spatial frequencies, but these are calculated for a

fixed time instant [4, 10, 14]. This means we get the spatial relationship only for a single

time instant. However, these relationships evolve through time, and they change through

task. Calculating both temporal and spatial frequencies together is vital to analyze the

signals, how different regions of the brain network change through the time for different
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tasks.

The main advantage of GSP is representing spatial features of signals on graphs.

The conventional tools of SP give us tools to analyze the temporal frequencies of a

system [31–33]. On the other hand, GSP provides us with the tools to analyze the spatial

frequencies of a system [4, 34, 35]. Neither of them alone can provide both temporal and

spatial frequencies together, so there is a tradeoff when using one or the other [9]. For

any multi-channel signal, when we use GSP to analyze spatial frequencies, we can only

calculate them for a fixed time instant, and when we analyze time frequencies of a signal

using SP, we don’t factor in the spatial relationships between neighboring channels. Some

works use spatial features with temporal features as in [28], however, they were used as

separate inputs for machine-learning-based classification methods. This again does not

analyze the spatiotemporal relationships between different channels. Instead, it gives

them as separate inputs to a neural network for classification tasks without providing a

unified representation of spatial and temporal features.

1.3 Geometry of EEG Data

The terms “Euclidean” and “non-Euclidean” frequently appears in relevant literature

[2–4] and will recur throughout this text. It is important to clarify why EEG data

are considered as an example of non-Euclidean data [2]. If we summarize Euclid’s five

postulates [36]:

1. Any two points can be connected with a straight line segment.

2. Any straight line segment can be extended indefinitely as a straight line.

3. A circle can be drawn using any straight line segment as the radius and one of its

endpoints as its center.

4. Every right angle is congruent to any other right angle.

5. If two lines intersect a third line such that the sum of the inner angles on one side

is less than two right angles, those two lines will intersect on that side if the lines

are extended far enough.

Euclidean geometry refers to the geometry that satisfies all those postulates. Euclid’s

fifth postulate [36, 37], also known as the “parallel postulate”, was not proven by math-

ematicians even though it appears self-evident, as illustrated in Figure 1.1. Mathemati-

cians questioned whether it is fundamental and tried to derive it from the first four but

they couldn’t prove it, and later it was shown that alternative geometries can be cre-

ated by altering the fifth postulate. The term “non-Euclidean geometry” was used by
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Figure 1.1: Euclid’s fifth postulate (figure created by the author).

Gauss to refer to a geometry that does not use the fifth postulate [37]. Two mathemati-

cians, János Bolyai from Hungary and Nikolai Lobachevsky from Russia, independently

developed such a system, which is called Bolyai-Lobachevsky geometry, during the nine-

teenth century [37]. Later, famous mathematicians Bernhard Riemann from Germany and

Ludwig Schläfli from Switzerland, proposed another system as an alternative. In 1871,

the German mathematician Felix Klein systematized those variants and gave the names

“parabolic”, “hyperbolic”, and “elliptic” for the systems of Euclid, Bolyai-Lobachevsky,

and Riemann-Schläfli geometries [37].

A good illustration of hyperbolic geometry is the woodcut Circle Limit III [38], created

by the Dutch artist M. C. Escher as shown in Figure 1.2. Strings of fish creates a

tessellation of the hyperbolic plane where they get smaller as they reach to the edges of

the circle which represents infinity. Escher, who was a family friend of prominent geometer

H. S. M. Coxeter, was inspired by hyperbolic geometry and used it in his works [39].

Figure 1.2: Escher’s Circle Limit III [38].

6



Images are an example of Euclidean data where pixels are arranged in a grid-like

structure. However, if we think about EEG data, which is a set of sensors placed on

top of the scalp, the geometry of the data changes as it is not on a plane any more. To

give an example, Figure 1.3 illustrates an octant of a sphere, representing one of its eight

equal parts. The spherical triangle shown has three right angles, which is impossible in

Euclidean geometry. This becomes more intuitive when considering the Earth. If we

start from the North Pole and travel along a meridian heading south until we reach the

equator, then turn east or west along the equator at a right angle, and go straight for a

quarter of the length of the equator, later turn again at a right angle to go north along

another meridian, we would eventually return to the starting point, forming a spherical

triangle with three right angles.

Figure 1.3: Octant of a sphere [40].

1.4 Imagined Speech

There are different data sources and scenarios for BCI implementations. For a BCI

system, different types of data can be used such as imagined speech or motor imagery. In

imagined speech, subjects imagines speaking a word, a vowel, a consonant or any other

sound without making any movements. In motor imagery, subjects imagine moving their

muscles, i.e. moving their feet, without actually making any movements. The goal of a

BCI application is to process and analyze signals from a subject’s brain to interact with

computers or other devices, without depending on muscle movements. Imagined speech

is one of these applications where brain activity data collected during subjects imagine
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speaking a word or making a sound without actually speaking or moving their muscles,

and the collected data is used for various control applications.

Creating imagined speech signals has some advantages over motor imagery signals.

When subjects imagine moving their limbs or making a sound, same regions of their brain

becomes active and signals created through imagination can interfere with the signals

created by actual movements. For example, when driving a car, a subject is making actual

movements to control their car while they are also trying to control another application

through imagining making some limb movements, it will be difficult for the subject to

imagine making different limb movement than the actual movements and it would also be

difficult to analyze and discriminate the signals created by actual movements and signals

created by imagining movements. This would limit the subject’s mobility while using a

BCI system. On the other hand, imagined speech would allow the subject to still use the

car and imagine speaking a word or making a sound to control another device.

For silent communication cases where subjects need to communicate without making

any sound, this again wouldn’t be a constraint as the subject will not be speaking while

using an imagined-speech-based BCI system. For example, in a combat scenario where

a soldier quietly moving with a rifle while using a BCI system to communicate with

other soldiers, it would be favorable to allow the subject to freely use their limbs to

engage with their arms and surroundings. When they are supposed to be quiet but need

to communicate, an imagined-speech-based BCI system would allow them to effectively

communicate without revealing their position and without limiting their mobility.

BCI systems are also crucial for the cases of people with brain damage or amyotrophic

lateral sclerosis (ALS) where the subjects are “locked-in” as they still have their cognitive

activity but cannot control their muscles [41–43].

1.5 Motivation

It is important to emphasize that studying the nervous system and brain function falls

outside the scope of this thesis. That would not be appropriate, and any conclusions

would lack credibility, as such an investigation would require expertise from a different

area. What we are interested in here is the network structure of the captured brain

signals and representing the relationships between signals captured from different regions

of the brain.

Analyzing different channels of EEG signals separately provides information about

the area each sensor is located on. However, it is also important to consider how those

signals change relative to other brain regions, and how those pairwise relationships change

relative to other pairwise relationships between nodes. The focus of this work is the

mathematical tools used to model those relationships, and representing the signals defined

on the network of different regions of the brain.
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There are shortcomings in the current graph representation methods in the literature

[10,11]. Graphs are used to represent the network structure of the brain. However, those

graphs are static; they do not change through time, task, or individual.

There are standard sensor placement methods [44, 45], and they exist to ensure very

similar sensor placement across different individuals, so that the same sensors stand on

top of the same brain regions. Using spatial proximities between sensors to create graphs

result in constructing almost identical graph structures for every individual. Furthermore,

using that static graph based on the spatial proximities of the sensors also results in every

application using the exact same graph, regardless of the research area. Consequently, the

same graph is used across all applications and subjects, and it does not change over time.

This approach is problematic, as it neglects subject-wise and activity-wise dependencies.

To address these limitations, this thesis investigates the research questions listed in

the next section, focusing on dynamic-graph-based representations of EEG data and their

applications to imagined speech classification and biometric identification tasks, in order

to address the dynamic nature of EEG data.

1.6 Research Questions

This thesis investigates the following research questions:

1. How can the dynamic nature of EEG data be modeled using graph-based repre-

sentations that capture temporal and task-related variations in the relationships

among different brain regions?

2. How can spatial and temporal variations in EEG signals be integrated to extract

spatiotemporal frequency features from graph-based EEG representations?

3. Do dynamic-graph-based EEG representations enhance imagined speech classifica-

tion performance in comparison to static graph models and current state-of-the-art

methods?

4. How do clustering strategies and eigenvector selection methods affect the perfor-

mance of dynamic-graph-based EEG representations in imagined speech classifica-

tion tasks?

5. How do different neural network architectures affect imagined speech classifica-

tion performance, and how can artificial EEG data be generated while preserving

channel-wise relationships among different brain regions?

6. Can individual differences in dynamic-graph-based EEG representations be used

for biometric identification in imagined speech tasks?
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1.7 Aims

The aims of this thesis are:

1. To develop a dynamic-graph-based modeling strategy for EEG signals that captures

evolving spatial and temporal relationships among different brain regions.

2. To evaluate the effectiveness of dynamic-graph-based EEG representations in imag-

ined speech classification and biometric identification.

1.8 Objectives

The objectives of this thesis are:

1. To propose a method for constructing dynamic graph representations of EEG data

that model the time-varying, task-specific, and subject-specific relationships among

different brain regions, independent of their physical proximity.

2. To extract and analyze spatiotemporal frequency features from the constructed

dynamic graph representations of EEG signals.

3. To apply the proposed method to imagined speech classification and evaluate its

performance against state-of-the-art methods and conventional static graph ap-

proaches.

4. To investigate the effect of different clustering and eigenvector selection strategies

on the performance of dynamic graph modeling of EEG signals.

5. To investigate the impact of different neural network architectures on imagined

speech classification performance, and to propose a method for generating artificial

EEG data while preserving channel-wise relationships.

6. To evaluate whether individual differences in dynamic graph representations can

be used for biometric identification in imagined speech tasks, and to compare the

performance against state-of-the-art methods and conventional static graph ap-

proaches.

1.9 Contributions to Knowledge

1. A novel framework for dynamic graph representation of EEG signals is proposed,

which captures time-varying, task-specific, and subject-specific inter-regional rela-

tionships, overcoming the limitations of static graph models.
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2. A unified spatiotemporal frequency representation is introduced, enabling joing

analysis of spatial and temporal dynamics of EEG data across different brain re-

gions.

3. The proposed dynamic graph framework is applied to imagined speech classification,

achieving superior performance compared to existing state-of-the-art methods and

static graph-based approaches.

4. A comprehensive evaluation of clustering strategies and eigenvector selection meth-

ods is conducted, providing insights into their effect on classification performance.

5. A graph-based EEG data augmentation method is developed, preserving inter-

channel relationships while increasing robustness in training neural networks.

6. The discrimination ability of dynamic graph representations is demonstrated in

biometric identification tasks using EEG, achieving 100% classification accuracy

across two different datasets.

7. A critical evaluation is provided regarding the limitations of EEG-based biomet-

ric systems for real-world deployment, outlining practical considerations for future

research and applications.

1.10 Publications

The following publication has resulted from the work presented in this thesis and has

been submitted for publication.

• Cengiz Selcuk and Nikolaos V Boulgouris, “Dynamic Graph Representation of EEG

Signals for Imagined Speech Recognition,” Journal of Neural Engineering, submit-

ted, May 2025.

The following publication is also based on the work presented in this thesis and will

be submitted for publication.

• Cengiz Selcuk and Nikolaos V Boulgouris, “Dynamic Graph Representation of EEG

Signals for Biometric Identification”, to be submitted, July 2025.

1.11 Structure of the Thesis

This thesis is structured into six chapters. Each chapter builds on the previous one,

beginning with the theoretical foundations and literature review, progressing through the

development of a dynamic graph representation methodology and its applications, and

concluding with a summary of contributions, findings, open issues, and future directions.
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Chapter 2, Literature Review, presents the theoretical foundations used in this

work and shares the relevant details. The chapter provides a thorough analysis of related

work, identifies the literature gap, explains how this work addresses the research gap,

outlines its expected impact, and describes the methodological approach. This chapter

also presents the basics of GSP theory and explains the necessity of GSP tools, their

relevance to this work, and how they can be applied to EEG data.

Chapter 3, Dynamic Graph Representations of EEG Signals, presents a novel

method of dynamic graph representations of EEG signals. The chapter illustrates how

spatial variances change with different spatial frequencies, addresses the shortcoming of

GSP, how GSP represents spatial frequencies only at a fixed time instant, and why this

lacks the ability to capture spatiotemporal variations. The chapter also addresses the

problem of using fixed Euclidean distances between EEG sensors and how this leads to

almost identical graph structures across EEG applications for calculating graph frequen-

cies. This chapter also discusses how the correlations between different brain regions vary

through time and task, and why this is problematic.

Chapter 4, Machine Learning Architectures and Data Augmentation for

EEG Signal Classification, applies the proposed dynamic graph representation the-

ory to imagined speech classification. A thorough investigation is conducted to explore

the effect of different numbers of clusters, different eigenvector selection strategies, and

different neural network variations. The chapter presents experiment results reflecting

the outcomes of these different experimental setups. Two baseline models, one without

any graph operators and one with independent component analysis (ICA), are included

to control how much of the accuracy and performance can be attributed to the dynamic

graph representations. Additionally, the lack of EEG data availability, the challenges of

creating big EEG datasets, and the necessity of data augmentation in EEG applications

are discussed. The chapter also addresses the problem of preserving the channel-wise

relationships between different channels, which is a critical constraint in the generation

of artificial EEG data.

Chapter 5, Graph Signal Processing for Biometric Identification, applies the

dynamic graph representation theory for biometric identification using EEG data. Two

different imagined speech databases are used to identify the subjects from their EEG

signals. Furthermore, limitations of current state-of-the-art methods in the literature

and obstacles to making this a real-life application are discussed. The chapter addresses

the difficulties of implementing EEG-based subject identification in real-life scenarios and

discusses its shortcomings compared to other biometric identification methods, such as

fingerprint-based subject identification.

Chapter 6, Conclusion, presents the concluding remarks on GSP and EEG appli-

cations, summarizes the findings of this thesis, and outlines open issues and potential

future directions that can follow this work.
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Chapter 2

Literature Review

Although graph signal processing (GSP), electroencephalography (EEG) and its applica-

tions, machine learning (ML) and other related areas are vital parts of this thesis, their

details are way beyond the scope of this work. So, while we give a quick overview about

the main concepts related to those areas, we keep them brief so that this work is neither a

repetition of very well-known details of those very popular subjects, nor unnecessary de-

tails beyond the scope of this work. As we mentioned in Chapter 1, studying the nervous

system and brain function also falls outside the scope of this thesis, as that would require

the expertise of a different area. What we are interested is mainly the mathematical tools

to represent the network structure and pairwise relationships between different regions of

brain, and using those mathematical tools to investigate how to incorporate spatial and

temporal variations of those graph signals.

We briefly, go over GSP and EEG to provide relative information that is required to

understand the next chapters, and why we use GSP and EEG instead of other signal

processing and data recording methods, how they are required and relative to our work.

We briefly go over the common feature extraction methods even though we do not rely

on them to show why they are not reliable to use instead of dynamic graph representa-

tions and why we do not depend on them. We later present relative machine learning

architectures that we use in this work without focusing on the details of machine learning

itself and what the advantages of different architectures are. We also go over different

validation schemes as it is crucial to follow a really specific, thorough validation scheme

to work on very limited data. Most important downside of working on EEG data is the

size of the datasets. It is difficult to create large EEG datasets, and therefore the test

results have too much bias. To have a strict validation scheme can give almost unbiased

results and we give those vital details of machine learning algorithm validation schemes

for small EEG datasets. Finally, we provide the details of related work in literature and

refer to what they accomplished and why they are important in the related work section.
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2.1 Graph Signal Processing

Graphs are mathematical entities to represent pairwise relationships between different

objects to model network structures [5, 6]. Graphs have been used to represent social

networks, road maps, biological networks, infrastructure networks, chemical structures,

computer networks, as these can be represented with graph structures [7,8]. Graphs give

us the ability to store those relationships and also visualize the relations between different

objects [2]. We can store the relations in a graph model and each connection can have a

direction and weight.

For example, connections of airports can be modeled with graphs. One way to model

it is to treat each airport as a vertex and if there is a flight between two airports there

can be a connection between those vertices. In small cities there will not be many flights

to different airports and instead they will be connected to a hub airport on a bigger city

and there will be more flights from the hub airport to bigger cities. In that setup, small

cities will have less connections and hub airports will have more connections. In the same

way social networks can be modeled as each user can be a vertex and if one user follows

another one there can be a vertex from one user to another and that relationship can

be one way or two-ways [4, 9, 10]. Also drawing graphs by itself is a subject in graph

theory as there are multiple ways to plot the same graph; and two different graphs can

be isomorphic which would make them the same but look drawn different [5].

Graph theory and other academic fields like network science and network processes,

focus on graphs themselves but not the signals that residing on graphs [9, 10]. Graph

Signal Processing (GSP) is the adaptation of the theory and intuition of the Signal

Processing (SP) to the graph domain to analyze the signals defined on graphs.

Just as SP and its advancements through last 75 years [11], graph theory also have a

long history as they were first investigated by Hungarian mathematician Dénes Kőnig [12]

during 1930s. Compared to SP and the graph theory itself, GSP is very new as it emerged

after 2010s. After 2010s, with the collection of enormous data and new computational

advancements, new mathematical tools to represent and process the data that residing

on non-Euclidean domain became a necessity [10,46]. GSP, emerged after 2010s with the

publication of [4, 13, 14] and [15]. It quickly became popular in both signal processing

(SP) and machine learning (ML) communities [2, 11]. It addressed the issues of dealing

with the complex data and carry the intuition from the well-established area of SP to

the graph domain to process the signals that defined over irregular domains instead of

regular domains like time and space.

A complex data structure residing on non-Euclidean domain [2, 3, 47] cannot be pro-

cessed with the classical tools of SP [11]. EEG signals are such cases of those signals and

GSP is the suitable tool to analyze and process the EEG data to factor in the network

structure and spatial relationships of signals from different regions of the brain.
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2.1.1 Algebraic Representation of Graphs

A graph G = {V , E} can be described by its edges E and vertices V = {v0, v1, ..., vN−1},

where N is the cardinality of the vertex set. A graph signal s is an N-dimensional signal

whose values at each time instant are indexed using a graph G [9] as shown in Figure 2.1.

s =
[
s0 s1 . . . sN−1

]T
∈ CN (2.1)

The adjacency matrix A is an N × N matrix that encodes the connections between

the vertices of the graph. The element aij, i, j = 0, 1, ..., N − 1, of the adjacency matrix

indicates whether there is a connection from vertex j to i; aij will be 1 if there is a

connection and 0 when there is no incoming edge [10]. If the graph is weighted, then

aij = wij, where wij is the weight for that edge. If the graph is undirected, then A will

be symmetric, with aij = aji and wij = wji [10].

Assuming A has a complete set of eigenvectors, spectral decomposition of A can be

written as in (2.2) [6, 48]. The matrix V holds the eigenvectors of A on its columns

as in (2.3) and the matrix Λ holds the eigenvalues of A on its diagonal [48] as shown

in (2.4) [49,50].

A = V ΛV −1 (2.2)

V =
[
v0 v1 . . . vN−1

]
(2.3)

Λ =



λ0 0 0 . . . 0

0 λ1 0 . . . 0

0 0 λ2 . . . 0
...

...
...

. . .
...

0 0 0 . . . λN−1


(2.4)

Degree matrix D is a diagonal matrix as shown in (2.5) with each element dii on its

diagonal showing the total number of incoming edges (or weights) to vertex i from other

vertices [49].

D =



d00 0 0 . . . 0

0 d11 0 . . . 0

0 0 d22 . . . 0
...

...
...

. . .
...

0 0 0 . . . dN−1N−1


(2.5)

As aij is an edge from vertex j to vertex i, each element on the diagonal of D shows the

total number of incoming connections or total number of weights [10], and it has all 0s
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on the off-diagonal elements as defined in (2.6).

dij =


∑N−1

j=0 wij i = j

0 i ̸= j
(2.6)

v0

v1

v2

v3

v4

s0

s1

s2

s3

s4a01

a02

a03

a04

Figure 2.1: Signal s = [s0, s1, s2, s3, s4]T is shown on graph G with vertex set
V = {v0, v1, v2, v3, v4}. Weight aij represents the weight for the edge from vertex j
to vertex i (figure created by the author).

Node of interest

One-hop neighborhood

Two-hop neighborhood

Three-hop neighborhood

Figure 2.2: Vertex neighborhood (figure created by the author).

Other than encoding the connections of the vertices of the graph, the adjacency matrix

A is an operator itself [6, 51]. When it is used on a graph signal, it provides the sum

of the neighbor channels. This does not include the value at the vertex itself as long as

there is no self-loop at that vertex, which makes diagonal values all zeros. So, for a graph

signal s, As provides the weighted sum of one hop neighborhood, A2s gives the weighted

sum of the two hop neighborhood and so on [51], which can be seen from Figure 2.1 and

Figure 2.2. Depending on the degree of the operator, the signal at a particular vertex

propagates to its neighbors with the range assigned by the degree of the operator. As

an operator, degree matrix D amplifies the signal at a vertex by the total weight around
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the neighborhood [6], and the Laplacian matrix L, which is defined as L = D−A, gives

a sense of variance for a vertex around its neighborhood [6, 52]. It also depends on the

number of vertices in the vertex neighborhood as it is not normalized. Therefore, when

the Laplacian operator applied to a graph signal, a vertex with higher degree will have a

greater value when the signal at that vertex is different than the neighbor vertices, which

gives a sense of variance.

We can get the eigendecomposition of the Laplacian matrix [10] as

L = UΛUH (2.7)

where (·)H denotes the Hermitian operation and U is the matrix containing the eigen-

vectors of L in its columns [6, 48]. So, the Graph Fourier matrix is given by [6, 10]

F = UH (2.8)

and the graph Fourier transform of a graph signal s, where the signal is indexed by the

vertices of the graph G, can be calculated as [10]

ŝ = Fs (2.9)

A vertex set V = {v0, v1, ..., vN−1} of a graph can be labeled in any order, however, once

it is set, it fixes the graph structure as there can be two graphs with different vertex

labeling but with the same structure which would make them isomorphic graphs [5]. A

graph signal s then can be defined as in (2.10) on the vertices of the graph [9,10,14].

s =
[
s0 s1 . . . sN−1

]T
∈ CN (2.10)

2.1.2 Graph Operators

As in signal processing (SP), we can define a linear graph filter as a linear operator that

acts on the input signal x to get the output y [10, 14,53].

y = Hx (2.11)

where H is an NxN linear graph filter. Below we summarize some of the one-hop

operators and what they accomplish in the vertex domain [6].

Adjacency Matrix

y = Ax (2.12)

y(i) =
∑
j∈Ni

aijx(j) (2.13)
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which is the sum over all the neighbors of vertex i. Note that the sum does not include

the value at the vertex itself.

Random Walk Matrix If we average the sum [6],

y
′
(i) =

1

di

∑
j∈Ni

aijx(j) (2.14)

where di = |Ni| if the graph is unweighted. More compactly [6]

y
′

= D−1Ax = Qx (2.15)

Q = D−1A (2.16)

Q, random walk matrix, replaces the signal entry by the average of its neighbors’ values.

Random Walk Laplacian If we average the Laplacian [6],

D−1L = D−1BBT (2.17)

D−1(D −A) = I −D−1A = I −Q (2.18)

T = I −Q (2.19)

This can be used as a metric for frequency and signal smoothness [6].

Tx = Ix−D−1Ax = x−Qx (2.20)

Tx = x−Qx (2.21)

y
′′
(i) = x(i) − 1

di

∑
j∈Ni

aijx(j)︸ ︷︷ ︸
Qx weighted average

= x(i) − y
′
(i) (2.22)

y
′′
(i) can be seen as a prediction error [6]. If y

′′
(i) is close to the neighborhood average,

then y
′′
(i) will be close to zero [6].

If |Tx| is close to zero, then the signal is smooth, and it is low frequency and if it is

large then the signal is non-smooth and it is high frequency [6].

Using y
′′
(i) as a prediction error would be problematic as it does not depend on the

number of neighbors and their weights [6].
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Combinatorial Laplacian Instead of random walk Laplacian, we can define a weighted

prediction error z(i).

z(i) = di

(
x(i) − 1

di

∑
j∈Ni

aijx(j)

)
(2.23)

or in matrix form

Z = DTx = D(I −D−1A)x = (D −A)x = Lx (2.24)

where L is the combinatorial graph Laplacian and T is the random walk Laplacian [6].

Symmetric Normalized Laplacian When we normalize the Laplacian, the normal-

ization normalizes the rows of the operator and operator loses its symmetry [6].

D−1L = D−1(D −A) = I − D−1A︸ ︷︷ ︸
Loses symmetry

= I −Q = T (2.25)

To preserve the symmetry, we can normalize the Laplacian from both sides, so the com-

binatorial graph Laplacian is defined as [34]

L = D−1/2LD−1/2 (2.26)

and

L = D−1/2LD−1/2 = D−1/2(D −A)D−1/2 = (D1/2 −D−1/2A)D−1/2

L = I −D−1/2AD−1/2 (2.27)

with

Lij = −aij
1√

di
√
dj

, i ̸= j (2.28)

We can use z
′

= Lx as a prediction error at vertex i

z
′
(i) = x(i) −

∑
j∈Ni

aij√
di
√

dj
x(j) (2.29)

Again, the prediction error does not depend on the size of the neighborhood as in random

walk Laplacian (T = I − Q), but the weights have been normalized [6]. Also, unlike

random walk Laplacian, prediction weights do not add to 1 [6].
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As a summary of the graph operators [6],

y = Ax A : Adjacency matrix

y
′

= Qx Q : Random walk matrix

y
′′

= Tx T : Random walk Laplacian

z = Lx L : Combinatorial Laplacian

z
′

= Lx L : Symmetric normalized Laplacian

and
Q = D−1A

T = I −Q = I −D−1A

L = BBT = D −A = DT

L = D−1/2LD−1/2 = I −D−1/2AD−1/2

where B is the incidence matrix.

2.1.3 Graph Frequency Domain

As the goal of GSP is to bring the knowledge and intuition of DSP to graph domain, it is

important to describe filtering operations on graphs [54]. To have a parallelism between

DSP and GSP, we can see the adjacency matrix as a shift operator [9, 10, 54] and define

filter h as in (2.30).

sout = h(z) · sin (2.30)

As we described the graph signal s in (2.10), we can use the matrix notation to describe

the filtering operation as in (2.31) [10,54].

sout = Hsin (2.31)

We are interested in signals that are eigenfunctions of the shift invariant filters, and we

had the eigendecomposition of A as in (2.2) based on the assumption that A has N

distinct eigenvalues and complete set of eigenvectors; we can show that eigenvectors of

A are eigenfunctions of the filter H [10] as in (2.32).

H = h(A) = V h(Λ)V −1 (2.32)

So, if we apply the filter H on nth eigenvector vn as in (2.33), we can see that indeed

vn is an eigenfunction of the filter H [9, 10,14].

Hvn = h(A)vn = V h(Λ)V −1vn (2.33)

Hvn = h(λn)vn (2.34)
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2.1.4 Graph Fourier Transform

If we apply the filter H on the input signal sin, we will have (2.35).

sout = Hsin = V h(Λ)V −1sin (2.35)

Graph Fourier transform (GFT) is defined as (2.36). Applying Fourier transform on

input signal can be represented as a matrix multiplication (2.37). Then the inverse graph

Fourier transform will be straightforward [6, 10, 51] as (2.38), and we can recover the

signal with (2.39).

F = V −1 (2.36)

ŝ = Fs = V −1s (2.37)

F−1 = V (2.38)

s = F−1ŝ = V ŝ (2.39)

We can see (2.35), from right to left with different operations on the input signal sin as

shown in (2.40). We can first take the graph Fourier transform, then we can filter the

signal in graph frequency domain and then using inverse graph Fourier transform, we can

turn it back to vertex domain [10].

sout = Hsin = V

Filtering in graph Fourier space︷ ︸︸ ︷
h(Λ) V −1sin︸ ︷︷ ︸

Fourier transform︸ ︷︷ ︸
Inverse Fourier transform taking it back to vertex domain

(2.40)

In this sense, as the eigenvalues define the graph frequencies; we can define low-pass,

high-pass and band-pass filters. Contrary to frequency definition on DSP, eigenvalues

and therefore, frequencies of the graph are not easily interpreted with their values, which

makes it difficult to carry out the intuition from DSP to GSP [9, 10]. Different eigen-

values have different spectral complexities and depending on the formulation on spectral

variation, if eigenvalues are ordered, defining low-pass, high-pass and band-pass filters is

straightforward [10].

2.1.5 Graph Laplacian and Laplacian Based Frequency Repre-

sentation

As there are different ways to define graph frequencies and each has different advan-

tages and disadvantages, frequency representation of graphs is still an active research

area. Using adjacency matrix has the advantage of being defined for both directed and

undirected graphs, and a directed circular graph can define the shift operation on the
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vertices and taking the Graph Fourier Transform of a signal on circular graph is same as

taking the DFT of the same signal as it is a time-series. In that setup, circular graph

actually encodes the temporal aspect of the signal and with its spatial relations between

its vertices.

Other than adjacency matrix, another popular way to define frequencies of graphs

is based on graph Laplacians. Laplacian matrix is defined as in (2.41) and shown with

its elements in (2.42). As the eigenvalues for spectral decomposition of Laplacian ma-

trix (2.43) are ordered, it is more intuitive to interpret the graph frequencies and the

first eigenvector is constant as DC component. Contrary to adjacency matrix, it is only

defined for undirected graphs. Note that when we mention Laplacian, we refer to the

combinatorial graph Laplacian L. If we normalize the Laplacian, we can get the sym-

metric normalized Laplacian L, which is defined as in (2.26), however that would not

capture the variance based on the degree of the vertex neighborhood, i.e. a vertex with

small number of neighbors and a vertex with a greater number of vertices would have

the same variance value as the variance would be averaged. For this reason, we will use

Laplacian matrix as a metric to measure the variance of a vertex to define the spatial

frequencies.

L = D −A (2.41)

L =



d00 − a00 −a01 −a02 . . . −a0(N−1)

−a10 d11 − a11 −a12 . . . −a1(N−1)

−a20 −a21 d22 − a22 . . . −a2(N−1)

...
...

...
. . .

...

−a(N−1)0 −a(N−1)1 −a(N−1)2 . . . d(N−1)(N−1) − a(N−1)(N−1)



(2.42)

Since the Laplacian matrix is symmetric semidefinite matrix, all its eigenvalues are

real and non-negative. If we get the eigendecomposition of the Laplacian matrix

L = UΛUT (2.43)

with U holding the eigenvectors of the Laplacian on its columns

U =

 u(0) u(1) . . . u(N−1)

 (2.44)
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We can define the graph Fourier matrix F as in (2.45).

F = UT (2.45)

We can define the Laplacian based graph Fourier transform of an input signal s as

in (2.46).

ŝ = Fs = UTs (2.46)

The inverse of the graph Fourier transform (2.45) will be (2.47). Note that we use

the transpose operation instead of Hermitian operation when we are dealing with the

Laplacian. We were using the Hermitian operation when we had the eigendecomposition

of the adjacency matrix A. As we stated before, the Laplacian matrix is symmetric

semi-definite and all its eigenvalues are real and non-negative and therefore it is safe and

practical to use the transpose operation instead of the Hermitian operation.

F−1 = U (2.47)

The inverse Fourier transform to recover the original signal s would be straightforward

as shown in (2.48).

s = F−1ŝ = Uŝ (2.48)

To have an intuition about the Laplacian based graph frequency analysis, we created a

16 by 16 grid graph with the connections of eight nearest neighbors as shown in Figure 2.3.

It can be seen that each vertex is connected to their 8 neighbors with smallest Euclidean

distances, which is known as k-nn graph with k=8. There are 256 vertices in that grid

graph, and we present the eigenvalues of that graph as a stem plot in Figure 2.4, where

the horizontal axis has the indexes of 256 eigenvector/eigenvalue pairs and the vertical

axis shows the eigenvalues. As we stated that Laplacian matrix as a frequency matrix

gives a better intuition to compare with the conventional signal processing (SP), the first

eigenvalue is zero in the plot, however the distance between two eigenvalues cannot be

interpreted as in conventional SP.

To have an understanding and intuition about how the Laplacian based graph fre-

quencies show spatial variations, we showed the graph eigenvectors on the graph vertices

in Figures 2.5, 2.6, 2.7 and 2.8. Figure 2.5, shows the eigenvector 1 (u1) as an example

with its values. Each value of the eigenvector is represented on the respective graph node

with the same index. For simplicity, in Figures 2.6, 2.7, 2.8 we only showed the plots

without the values to illustrate how the spatial patterns change with increasing spatial

frequencies in a regular grid graph. Figure 2.6 presents the first 32 eigenvectors of the

grid graph, where the first eigenvector has constant value and the variation increases as

the graph frequencies increases. Figure 2.7 presents the middle 32 eigenvectors out of
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Figure 2.3: A 16 by 16 grid k-nn graph with k=8. There are 256 vertices and each vertex
is connected to 8 of their neighbors with smallest Euclidean distances. The red point
shows a sample vertex with its 8 nearest neighbors (figure created by the author).

the 256 eigenvectors, and they have more variance compared to first 32 eigenvectors that

we presented in Figure 2.6. Figure 2.8 shows the last 32 eigenvectors of the grid graph.

Although we stated that the spatial variance increases with the eigenvectors with higher

eigenvalues, last 32 eigenvectors do not necessarily have greater variance than the middle

32 eigenvectors that we have in Figure 2.7.

Throughout this work, we will use Laplacian based graph frequency definition to assess

the spatial variations of the graphs. We presented the illustrations of eigenvectors to have

an intuition about how the graph frequencies affect the spatial variations between adjacent

vertices. Although we will not depend on Euclidean distances for the remaining part of

this work, it is important to have a visual representation to capture the details of graph

frequencies and how it affects the proximity of different vertices. When the connections

do not depend on Euclidean distances, it is not going to visualize the variations between

adjacent vertices because different vertices in different parts of the brain can have stronger

connections than adjacent vertices. This is because we do not limit the connections based

on their Euclidean distances.

Through the illustration we shared, we showed that low spatial frequencies are asso-

ciated with low spatial variances. The variation between adjacent vertices increases with

graph frequencies however we cannot guarantee highest graph frequencies will represent
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Figure 2.4: Eigenvalues of the 16 by 16 grid k-nn graph with k=8, which is presented
in Figure 2.3. Horizontal axis has the indexes of 256 eigenvector/eigenvalue pairs and
the vertical axis shows the eigenvalues. We can have an analogy with conventional signal
processing as the first eigenvalue is 0 and the graph frequencies are ordered, however, the
ratio or difference between eigenvalues does not represent the change of variation between
different graph frequencies (figure created by the author).

λ1 = 0.96

Figure 2.5: Eigenvector 1 (u1) for the k-nn grid graph shown in Figure 2.3.

higher variation between adjacent vertices compared to middle graph frequencies. Al-

though we try to carry our intuition from conventional signal processing, we do not have

the same ratio of variance between different graph frequencies unlike signal processing.

The difference of eigenvalues does not represent the difference on spatial variances.

In Chapter 3, we build upon those details to present a novel method of dynamic
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Figure 2.6: First 32 eigenvectors (0 to 31) of the sample grid graph. The first eigenvector
has constant value for all the vertices and the variation between vertices increases with the
graph frequencies, i.e., difference between neighboring vertices increases. For the lower
graph frequencies, the neighboring vertices have very similar values, and for the greater
eigenvalues, the difference between the neighboring channels increases (figure created by
the author).
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Figure 2.7: Middle 32 eigenvectors (112 to 143) of the sample grid graph. Compared to
Figure 2.6, the variation between the neighboring vertices is greater (figure created by
the author).
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Figure 2.8: Last 32 eigenvectors (224 to 255) of the sample grid graph. Although we
stated that the variation between neighboring vertices increases with graph frequencies,
it can be seen that the variation of the last 32 eigenvectors and the middle 32 eigenvectors
in Figure 2.7 is not much. In this particular case, it looks like this is also reflected in
their eigenvalues which we presented in Figure 2.4 as the difference between eigenvalues
of the middle 32 eigenvalues and the last 32 eigenvalues is not as great as the difference
between first 32 eigenvalues and the middle 32 eigenvalues, however, this is not always the
case and the ratio between different eigenvalues does not necessarily reflect the difference
in variation as one might expect by their intuition from conventional signal processing
(figure created by the author). 28



graph representations of EEG signals and how to incorporate spatial frequencies with the

temporal frequencies to capture the spatiotemporal variations of graph signals.

2.2 Electroencephalography

There are invasive and non-invasive methods to collect brain data (Figure 2.9, and Fig-

ure 2.10). Different methods offer distinct advantages and disadvantages in terms of

cost, risks and mobility. Electroencephalography (EEG) is a non-invasive method to

capture the postsynaptic potentials through electrodes placed on top of the scalp (Fig-

ure 2.12). It has been in use for more than a century, and its versatility, mobility and

accessibility compared to other methods make it highly popular for a large spectrum of

applications [55,56].

Figure 2.9: Different methods to record electrical activity of brain [57].

Within the brain, electrical signals propagate through neurons as transient changes

in membrane potential, which is the difference in electrical potential across the neuronal

membrane [59]. In the resting state, neurons have a higher negative charge relative to the

outside of the cell. In the event of neurons being excited, a transient change in membrane

potential occurs, and this causes nerve impulses to propagate through their axons [59] as

seen in Figure 2.11.

Independent of the strength of the stimuli, individual nerve impulses have a uniform

shape and amplitude. However, stronger stimuli result in a higher frequency of those

impulses [59].

To carry information through longer distances, axons utilize an elementary unit of

nerve impulses called action potentials. The intensity of the propagating signal is repre-

sented by the frequency of action potentials. Although the frequency of action potentials
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Figure 2.10: A grid of electrodes placed on brain cortex for electrocorticography [58].

is the main method to represent the signal intensity, the timing of action potentials may

also represent significant information [59].

Graded potentials are membrane potentials that change in magnitude continuously.

Synaptic potentials and receptor potentials are two types of graded potentials. Synaptic

potentials are caused by the release of neurotransmitters from presynaptic neighbors

and occur at postsynaptic sites. Receptor potentials are caused by sensory stimuli at

peripheral endings of sensory neurons [59]. Contrary to action potentials, the amplitudes

of graded potentials can change based on the strength of input stimuli and sensitivity of

sensory neurons to these stimuli [59].

Figure 2.11: Parts of a neuron from central nervous system [60].
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EEG enables the real-time monitoring of changes in electrical potentials. However,

it does not measure action potentials, which are current flows from the soma through

the axon, changing its quintessential resting potential value from -70 mV to -55 mV [55].

Action potentials are the greatest potential changes happening in neurons, but their

extracellular amplitudes are so small that a large number of simultaneous action potentials

in neurons is needed to create enough potential change to be detected with EEG. They

happen very fast (approximately 1 ms) and the sum of action potentials cannot create

enough potential, which makes it not possible to capture them through EEG [17]. Unlike

action potentials, which occur rapidly and result in a time window too brief to produce

sufficient potential change for detection, postsynaptic potentials, with their time span of

up to 10ms, create sufficient potential change to be captured through EEG [17].

Figure 2.12: An experimental setup for EEG acquisition and brain activity recording [61].

2.2.1 EEG Feature Extraction Methods

There are various ways to calculate hand-crafted features of EEG signals. Throughout

this thesis, we do not rely on hand-crafted features, and instead use spatial and tempo-

ral frequencies to represent the EEG signals. Although one can argue that calculating

frequencies is also a way of calculating hand-crafted features, what we mean when we

refer to hand-crafted features is mainly statistical features of signals, i.e., mean, variance.

In Chapter 3 and subsequent chapter, we use the dynamic graph representations of the

multi-channel EEG signals, which incorporates the spatial relationships and temporal

variations. This means, we do not limit the information with the hand-crafted features,

but we provide richer representations and details about the nature of the signals that

are not available on the original recording. For example, when we feed the multi-channel
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EEG signal directly into a neural network for a classification task, neural network has no

information about the spatial relationships between different sensors which represent the

pairwise relationships between different regions of the brain (Figures 2.13, 2.14). On the

other hand, using hand-crafted statistical features is very limiting and the information we

feed into neural network would be mainly lost. Nevertheless, we share some very common

statistical feature extraction methods below for the sake of completeness.

Figure 2.13: Broca’s and Wernicke’s areas [62].

2.2.2 Statistical Features

A common feature extraction method for EEG signals is calculating the statistical features

of the EEG signals. Some examples of these statistical features are mean, variance,

skewness, kurtosis, zero-crossings, zero-crossing rate, absolute area under signal, peak

to peak value, amplitude spectral density, power spectral density and power of each

frequency band.

Although we share the details of those features, in this work we avoid using hand-

crafted features. Using hand-crafted features is not efficient. A significant amount of

information is lost when features are used in place of the original signals. Machine-

learning-based methods are more efficient in learning these features than manually hand-

crafting them. Another issue about using the hand-crafted features is doing this per-

channel basis. When we calculate those features, we only calculate them for each channel

separately and this totally ignores the network relationships between different channels

and therefore ignores the pairwise relationships between different regions of the brain.

Most of the work in literature select some of the channels for classification tasks and

later concatenate the features from those channels to get a new representation. This

totally ignores the spatial variations of the EEG signals. Another issue is that this
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Figure 2.14: Sensors on Broca’s and Wernicke’s areas marked on a figure adapted from [45]
for the international 10-10 electrode system. Sensors F5, FT7, FC5, FC3 are placed on
top of Broca’s area and marked with green circles. Sensors TP7, CP5, CP3, P5 are placed
on top of Wernicke’s area and marked with blue circles (figure modified by the author).

approach requires manual selection of channels. Although we can use all the channels,

a common method in literature is to use hand-crafted statistical features for manually

selected channels and selecting different channels for different subjects. In a real-life

scenario, we cannot make per-subject adjustments. If using EEG data for biometric

identification is considered, such as collecting data during visa applications for later use

in border control, the approach should not require per-subject adjustments. It would not

be feasible to select EEG channels for each subject separately. For an application to work

in a real-life scenario, there should not be any per-subject adjustments.

For all these reasons, we do not use any statistical features and we think relying on

those features or making any kind of per-subject adjustments is not a good strategy.

We briefly introduce some of those statistical features with their formulas below.

Generally, those features are calculated for windows of a sequence, which means getting

sequences of windows with those features. At the end of the calculations, the new rep-

resentation becomes sequences of those features for each channel instead of the original

sequences of each channel. This shortens the sequence length too. For example, if we

have 64 channels with the length of eight seconds of recordings and we use a window size

of two seconds with 50% overlap, we would have a sequence of seven values. If we had

a sampling frequency of 1000Hz, that means instead of a sequence of 8000 values, we
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now have only seven timesteps with each timestep having different number of features.

In terms of tensor dimensions, we can represent the original signal as (channels, signals)

where the original signal would be a tensor with the size of (64, 8000) and if we use 11

statistical features with two seconds of windows and 50% overlap as we mentioned above,

the new representation would be (channels, time-steps, features) which would be a tensor

with the size of (64, 7, 11). Most of the time, those features with channels dimensions

are concatenated to have a representation of (time-steps, features), which in this case

would be a tensor with the size of (7, 704), and the training data would be generally in

the form of (samples, time-steps, features) or (batch-size, time-steps, features) when we

feed the input into a neural network as batches of data. These hand-crafted features and

concatenating the channel dimension with the features dimension to get all the features

for a window totally ignores the spatial relationships between different channels. That

is the main reason we avoid using this method. Although we explained the reasons we

avoid using this method, we share their meanings and formulas below for rigor.

Mean A very basic statistical feature is the mean of a sequence, which shows the

average value of the sequence. As we stated above, this is generally used for sequences of

windows alongside other statistical features.

Variance Another very basic statistical feature is the variance which is the average

of squared distance of each element to the mean value.

Figure 2.15: Skewness and kurtosis [63].

Skewness gives a measure to quantify the asymmetry of the probability distribution

around the mean value. In the left-hand side of Figure 2.15, compared to symmetrical

distribution curve, the positive skewness has a mean value that is greater than the peak

of the curve. On the other hand, for the case of negative skewness, the mean value is less

than the peak value.

Kurtosis There are variations of kurtosis, and we will refer to excess kurtosis as

kurtosis because that is the common version used in the literature as a feature to use with

EEG signals. Kurtosis provides a measure to quantify how the outliers in the statistical
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Figure 2.16: Kurtosis [64].

distribution is spread. In Figure 2.16, we can see three cases as leptokurtic, mesokurtic

and platykurtic. The mesokurtic curve corresponds to normal distribution. Leptokurtic

curve has heavier tails and more outliers and represented with a positive kurtosis value

as shown in the right-hand side of Figure 2.15, while the platykurtic curve has lighter

tails which corresponds to a negative kurtosis.

Zero-crossing Zero-crossing gives an idea about the oscillation around the x axis,

which corresponds to how many times the sign of the sequence changes. An important

thing to mention is that depending on the normalization strategy, this feature can vary

too much. If the mean of the sequence is far away from zero, when we normalize the

sequence, the sequence will be shifted and we can get a completely different value instead

of the original one. For example, if we have oscillations around zero and the total number

of zero-crossings is 100 while the mean value is −2, when we subtract the mean from the

original sequence the oscillation will be shifted by 2 and will be around y = 2 line.

Depending on the sequence, this might change the number of zero-crossings from 100 to

0, or it might stay the same. So, when using number of zero-crossings as a feature for

a sequence, it is important to consider how this might be affected by the normalization

method.

Zero-crossing rate Zero-crossing rate is the averaged version of the zero-crossings,

where N is the number of samples in the sequence. We divide by 2N as each sample is

used two times in the calculation.

Absolute area under signal Another common feature used as a statistical feature

for EEG signals is the absolute area under signal using Simpson’s rule.

Peak to peak Peak to peak value just measures the difference between the maximum

and minimum values of a sequence.

Amplitude spectral density Amplitude spectral density provides a measure for the
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amplitude of a signal for different frequencies.

Power spectral density Power spectral density provides a measure for signal’s power

over frequency.

Power of each frequency band Power of each frequency band gives power for a

range of frequencies like alpha band or beta band signals. We summarized the statistical

features for EEG signals in the Table 2.1.

Table 2.1: Commonly used statistical features for EEG signals [18,65].

Statistical features for EEG signals
Feature name formula

Mean µ = 1
N

∑N
i=1 xi

Variance σ2 = 1
N

∑N
i=1(xi − µ)2

Skewness S =
1
N

∑N
i=1(xi−µ)3

( 1
N−1

∑N
i=1(xi−µ)2)3/2

Kurtosis K =
1
N

∑N
i=1(xi−µ)4

( 1
N

∑N
i=1(xi−µ)2)2

− 3

Zero-crossing zc =
∑∞

i=−∞ |sign(xi) − sign(xi−1)|

Zero-crossing rate zcr = 1
2N

∑∞
i=−∞ |sign(xi) − sign(xi−1)|

Absolute area under signal simps =
∫ b

a
|f(x)|dx

Peak to peak peak2peak = max(x) −min(x)

Amplitude spectral density X̂(w) = 1√
T

∫ T

0
x(t)exp−iwtdt

Power spectral density Sxx(w) = limT→∞

(
E|X̂(w)|2

)
Power of each frequency band P = 1

π

∫ w2

w1
Sxx(w)dw

2.2.3 Independent Component Analysis

Independent component analysis (ICA) is a common method to analyze the EEG sig-

nals. It does not reduce the dimensionality, but separates the multivariate signal into

independent components. As an example for illustration, we used the EEG data of the

first subject from Kara One database [66] and applied the ICA to get different compo-

nents from the signals. The original recording has 62 channels, and therefore we had 62

independent components. We used the [67] for calculating and plotting the components.
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Figure 2.17: 2D illustration of the independent components for the subject 1 of the
Kara One database [66] (figure created by the author using the EEGLAB package for
MATLAB [67]).

In Figure 2.17, we shared the two-dimensional version of the independent components

to show how different activity around different regions of the brain changes for different

components.

We also calculated the component spectra for different states of the EEG record-

ings, namely clearing, stimulus, thinking, speaking states. We presented the activity for

different states in different frequencies in Figures 2.18, 2.19, 2.20 and 2.21.

Although ICA is a popular method for analyzing the EEG signals and can give in-

sights, the paper [66] is itself proof that ICA alone does not provide a significant contri-

bution as the authors had only 18% accuracy for a binary classification task where they

only used EEG data without using any audio or video data.

In Chapter 4, we used ICA as one of the baseline methods to be used alone without

any graph operators to see how much of the classification accuracy and the performance
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Figure 2.18: Component spectra during clearing state of the subject 1 of the Kara One
database [66] (figure created by the author using the EEGLAB package for MATLAB
[67]).

Figure 2.19: Component spectra during stimulus state of the subject 1 of the Kara One
database [66] (figure created by the author using the EEGLAB package for MATLAB
[67]).

come from the dynamic graph representations of the EEG signals.
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Figure 2.20: Component spectra during thinking state of the subject 1 of the Kara One
database [66] (figure created by the author using the EEGLAB package for MATLAB
[67]).

Figure 2.21: Component spectra during speaking state of the subject 1 of the Kara One
database [66] (figure created by the author using the EEGLAB package for MATLAB
[67]).

2.3 Machine Learning and Deep Learning

Deep learning [68] is a subfield of machine learning which is itself a subfield of artificial

intelligence [69]. Artificial intelligence can be described as the automation of tasks that
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typically require human intelligence. Although machine learning is an important part of

AI, it was not mentioned in the literature until the 1980s. The definition of AI is very

broad, and it includes symbolic AI which does not include machine learning but instead

hard coded procedures [69]. Machine learning, as a subfield of AI, differs from symbolic

AI. Contrary to symbolic AI, which relies on hardcoded rules to produce results, machine

learning is the process of taking the data as input and getting the rules as output by

inferring rules from data.

Machine learning is a broad subject by itself too and includes different methods to

learn from data. For simple tasks, some basic machine learning algorithms like SVMs are

effective, however, as the data and tasks get more complicated, there is a need for more

comprehensive techniques to learn from data [69].

Another important part of this work is using deep learning for learning network struc-

tures and applying deep learning techniques for classification task regarding brain activ-

ities. Compared to imposing assumed network structures based on the activity (visual,

motor, etc.), it is a better strategy to learn the network structure using deep learning

techniques as it does not induce any bias based on activity type. Deep learning also allows

us to analyze the long-term dependencies on sequences of changing graph activities and

therefore change of graph frequencies. It is important to capture the change of activity

levels for different regions of interest and different network activities as it allows us to

match those activities with different tasks performed by different subjects.

With the development and accessibility of the Internet, the amount of collected data

increased. As the hardware and graphical processing units got better over time it allowed

the execution of much more complicated computational tasks which were not possible in

the past due to the computational cost.

Increased amount of data with higher computational power made using more compli-

cated machine learning algorithms on big data possible. Deep learning is a subfield of

machine learning to learn more complex patterns through data with more complex struc-

tures. The term “deep” does not signify a “deeper” understanding, but instead refers

to the presence of consecutive layers of perceptrons acting on data as cascaded filters to

process the data and extract better representations from the data [68].

Deep learning made it possible to solve problems such as image classification and

other computer vision tasks. As its consecutive layers start with simpler features and

increasingly more complicated features, it provides a better representation of data for

tasks like classification, detection and prediction [68].

Although EEG signals provide data to interpret the processes taking place in the

brain, it is difficult to detect the patterns without using deep learning [70–72].

Detecting long term dependencies in sequence data is difficult as when calculating the

derivatives for the backpropagation, the gradients become either too small or too large

as a result of calculating through chain rule which are referred as vanishing gradient or
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exploding gradient problems. LSTM networks [73] provide a framework to detect long

and short-term dependencies in sequence data effectively.

Since EEG data exhibit temporal dynamics of the long-term and short-term vari-

ations of signals, LSTM networks provide a framework to detect long and short-term

dependencies through sequences of EEG signals.

2.3.1 Convolutional Neural Networks

Convolutional neural networks (CNN) address a shortcoming of the dense layers or fully

connected layers [74]. Dense layers map each input directly without considering the

locality of the features [68]. For example, if we think about a picture, for a dense layer a

specific pixel is a feature and when an object changes its place on a picture, it becomes

a completely different sets of inputs for the dense layer. So, if we get the mirror image of

the original image, the sets of features will be completely different as all the pixels will

change their places, unless the image is symmetric. On the other hand, convolutional

neural networks use kernels for local processing, i.e., they have local filters moving around

the input image and processes each pixel with their adjacent pixels based on the kernel

size [68]. This makes convolutional neural networks more robust against the movement

of the features in the input, i.e., being able to recognize the image even when the object

is at a different part of the input image. As an example, if we want the neural network to

recognize traffic lights in an input video stream, we would like the neural network to be

able to recognize the traffic lights whether they are at the top or the middle section of the

video stream. For these reasons, convolutional neural networks became very successful

in computer vision applications.

2.3.2 Long Short Term Memory Networks

Long short term memory (LSTM) networks are a type of recurrent neural networks [73,

75]. They are used on sequential data, which is a set of data where the order matters. For

example, natural language is sequential data, as the order of the words is important and

the change of the order of the words or sentences can change the meaning of the words

or sentences completely. When dealing with the sequential data, learning both short and

long term dependencies is really important.

However, to process, classify or generate sequential data has an important challenge.

When learning long term dependencies, during the backpropagation process where the

derivatives taken for each parameter, calculating a chain of derivatives creates a vanishing

gradient or exploding gradient problem. While calculating the chain of derivatives, the

gradient can become very small and goes to zero, or it can be too big and goes to

infinity [73]. For these reasons, learning long term dependencies is a challenge. Long
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short term memory networks address this problem and they are robust in learning long

term dependencies. For these reasons, they are used in sequence learning [75].

2.3.3 Attention Mechanism and Transformers

In a machine learning task, some of the input features are more important than the

others [76]. For example, in an image, some sections of the image can be more important

than the other sections. If we think about the way we read a paper, we might go to the

conclusion section first, or we can go through images and results tables before reading

the paper in depth. In a similar way, the attention mechanism helps the network focus

on the most relevant features instead of treating all input features equally [76].

The other advantage of attention is that it can help with understanding the context

[76–78]. For example, when translating a sentence to another language, understanding

in what context a word is used is important. A station can be a radio station or a

train station. To understand in which way the word is used, self-attention uses the

surrounding words in the sentence to calculate a new representation of the original vector

that represents the word. For this reason, when working on sequential data, especially in

natural language processing, it became very popular to use attention mechanism at the

end of LSTM layers or other RNNs [76].

Before the publication of [77], using RNNs with the attention mechanism defined in

[79] and [76] was the popular method, however, after the publication of [77], transformers

became the main architecture to be used for dealing with sequential data. Inspired

by The Beatles song all you need is love, the paper was named attention is all you

need [80]. As the name suggests, transformers use only attention mechanism without

any convolutions or recurrent neural networks. The transformer architecture described

in [77] has received over 140,000 citations, according to Google Scholar. They form the

foundational architecture for modern natural language processing applications, including

widely used chatbots.

Although transformers are very efficient in natural language processing, in other se-

quential data types like EEG time-sequences they are not that popular. In natural

language processing, words are represented as vectors in a pre-defined dictionary [81],

and the available text data is very big because of the Internet. A transformer architec-

ture with multiple head attention [77] can learn distinctive features from data, and that

kind of a large data is available through the Internet. However, EEG datasets are very

small [18,82]. This can cause the neural network to overfit, not learn generalized features

and perform poorly on the test data.
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2.4 Machine Learning Algorithm Validation Schemes

for EEG Classification Tasks

To validate a method, the testing set should be sufficiently large to represent the statistical

distribution of the samples of the training data. When we deal with a small dataset, it is

difficult to ensure that the test set is representative enough to have unbiased test results.

For this reason, we need to validate the results with a more complicated validation method

instead of just randomly choosing some of the samples from the dataset for testing. This

is particularly important when the dataset is very heterogenous and some of the samples

are much different than the others. In that case, difficulty of prediction varies through

different samples and depending on which samples we choose, the test results may vary

too much. As it is not straightforward to label which samples are easy or hard to predict,

we need to use a validation method to ensure that the test set is statistically diverse

enough and does not include a small subset of the dataset where very similar samples

are present in the training set. Two of the very common validation methods are namely

leave one out validation and k-fold cross validation.

2.4.1 Leave One Out Validation Scheme

Leave one out is a very simple validation method that, as the name suggests, excludes

only one sample from the dataset and uses the rest of the dataset for training [66, 83].

That one excluded sample is used for testing. After that, the same procedure is repeated

for each sample in the dataset. Consequently, the results will be binary as the test result

will be either 0% or 100%. Afterwards, the same procedure is repeated for each sample

and the individual test results are averaged.

A huge downside of this is the fact that the number of runs for the experiments

increases to the number of samples in the dataset. However, when the sample size is very

limited, that might not be a concern and depending on the computational resources and

the use case, it can be a viable method to validate the results without having too much

bias.

2.4.2 K-fold Cross Validation Scheme

K-fold cross validation is another common validation scheme where the dataset is divided

into K partitions and each partition is used as a test set while the remaining data is used

for the training [83]. That means we need to run the experiments K times using different

training and testing partitions. This can help with decreasing the bias, as the experiments

are repeated K times with K different subsets of the dataset instead of one time.

To further make sure the testing set is diverse enough to have unbiased results, we
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can shuffle the dataset and repeat the K-fold cross validation multiple times. This also

changes the combination of the samples of each subset that we use for testing and gives

more reliable results. However, this increases the number of times we need to run the

experiments and increases the computational cost. Depending on the use case, if the

dataset has a limited number of samples and we have enough computation resources, it

is a viable option to get more reliable testing results.

2.4.3 Nested Cross Validation and Validation with a Limited

Sample Size

Collecting EEG data is costly, takes time and requires subjects to sit in a controlled

environment. It is not as easy as collecting images from the internet to construct an

image dataset. For this reason, EEG datasets are very limited compared to datasets on

other fields. This raises concerns about the validity and potential bias of the results.

Nested cross-validation [83, 84] addresses this issue by excluding the test data com-

pletely from any kind of calculations, i.e., feature selection and model development, be-

fore the classification phase as shown in Figure 2.22. It suggests that the cross validation

methods should not only be applied for the machine learning classification but also for

all the calculations, feature selections, model development, parameter tuning and other

calculations that come before the machine learning classification takes place. That means

all the calculations before the classification procedure is also repeated K times to make

sure that the test samples are never used at any stage prior to the machine learning clas-

sification phase. According to [83], this gives almost unbiased results on EEG datasets

with a limited number of samples [85].

2.5 Related Work

2.5.1 Graph Signal Processing for EEG Applications

Graph modeling of brain signals acquired through EEG has been used in several past

works [25–30]. All such works construct a graph by determining the graph weights on

the basis of the spatial proximity between the respective vertices, where vertices that

are farther apart are linked by edges with smaller weights. However, since the topology

of the graph in the modeling of EEG signals matches the location (on the head of a

subject) of the EEG electrodes, which remains fixed, the resultant graphs are static and

cannot model different behaviors in situations where signals from different vertices exhibit

varying correlation over time.

Using a static graph is a common method to model and represent EEG signals. A

popular way to assign weights for the graph adjacency matrix is the thresholded Gaussian
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Figure 2.22: Comparison of different validation methods [85].

kernel weighting function [4]. For example, [25] used this method to analyze EEG data

from patients with disorders of consciousness (DOC) using a GSP-based approach. This

method creates a static graph for all subjects and ignores any possible variation.

Similarly, [29] creates a static graph based on Cartesian 3D coordinates of the EEG

sensors and assigns the weights based on the distances between sensor pairs.

As a further example, authors in [28] use a graph-based spatio-temporal attention

neural network for emotion recognition using EEG data. The connections for the graph

are based on the inverse of the Euclidean distances between sensor pairs. This approach

leads to the same static graph for each subject and cannot model dynamic processes. The

neural network architecture proposed in [28] introduces a novel approach where spatial

features and temporal features are processed separately. Specifically, temporal features

are processed using LSTM [73, 75], while spatial features are processed using the multi-

column convolutional neural network (MCNN) [86]. Although they employ both spatial
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and temporal features, they use them as separate inputs to two different neural network

parts and later concatenate the features and feed them into dense layers. This does

not provide a unified representation of spatial and temporal features. Instead, they are

isolated and processed through two different neural network parts before being concate-

nated, which contrasts with our aim of creating a unified spatiotemporal representation

of graph signals. This graph design overlooks the temporal evolution of spatial features.

Several studies have employed GSP for EEG-based classification tasks. For example,

GSP has been applied to EEG data for emotion classification [87], for the detection of

Attention Deficit Hyperactivity Disorder (ADHD) on children [27], and for the cross-

subject mental task classification [88].

In [89], authors used a graph Fourier subspace for the classification of two-class motor

imagery EEG data. The proposed method analyzes the network using a static graph and

represents the graph signals employing a subspace of the Fourier matrix.

Authors in [90] have a GSP framework to classify temporal brain data. They apply

an extension of the Fukunaga-Koontz transform and use these features to train a decision

tree for the classification task on the autism spectrum disorder database ABIDE. They

also use a static graph, with weights assigned as the inverse of the Euclidean distances,

and apply it to resting-state functional magnetic resonance imaging data. They compared

their method with Spatial Filtering Method (SFM) and claimed that they had around

4% increase in performance.

In contrast to EEG-focused studies, authors in [91] use GSP to analyze atrial fib-

rillation. They have a grid of electrodes on the surface of the heart and use 8-nearest-

neighbors to create a graph based on Euclidean distances. They also normalize the

distances so that the largest weight equals one. They use a joint graph and short-time

Fourier transform to demonstrate how the frequency characteristics of the graph change

based on the existence of atrial fibrillation and concluded that spatial variations decrease

during atrial fibrillation as high temporal frequencies reduced. Although this work does

not concern EEG-based data, it demonstrates the typical use case of the static graph

structure explained throughout this chapter with a static k-nearest-neighbor graph with

proximity-based weight assignments.

As an EEG-based classification task, authors in [65] use a 3-layer LSTM network with

an attention mechanism to classify hand movements. They removed non-symmetrical

channels and obtained the average of the signals of symmetric channels to decrease the

number of features. They extracted statistical features such as skewness and kurtosis

for binary classification using the LSTM network and the attention mechanism. They

achieved 96% accuracy with their network and obtained better classification accuracies

than other methods they compared with, which have 76% accuracy. However, the figure

representing the database is not accurate and the number of epochs is reported as 10,

making the results difficult to reproduce.
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Although not directly relevant as a GSP application, a very interesting study in [92],

which follows the paper [93], recreates seen images with generative adversarial networks

[94] from EEG data. In [93], the authors use CNNs to learn a discriminative brain activity

manifold, which is later used as a feature extraction method for capturing features related

to human conception. In [92] they took it one step further to use those features to

regenerate seen images from EEG data.

2.5.2 Imagined Speech

A particular EEG application, which has received relatively less attention, is the recog-

nition of imagined speech, i.e., the interpretation of the specific words “imagined” by a

subject [95–97]. This can have important applications, such as facilitating communica-

tion for coma patients and supporting other brain-computer interface systems. Although

some methods focusing on this application have been proposed in the past [66, 98–102],

these methods typically rely on signal analysis approaches that extract features from each

EEG channel separately. Such analysis neglects the structure of the network of sensors

as well as the spatial relationships between them.

Imagined speech recognition [103], which is the application we focus on in the present

work, is a research area receiving increasing attention. As one of the first works, [66]

used hand-crafted statistical features and classified imagined words and phonemes using

a deep-belief network (DBN) and support vector machines (SVM). Classification was

based on EEG data from subjects who imagine speaking those words without making

any sound or movements. The work in [66] presented five different binary classification

experiments, and reported 18.08% accuracy for the vowel-only vs consonant (C/V) ex-

periment and 79.16% accuracy for the presence of a vowel. This approach has limited

applicability in a real-life scenario, as it is not feasible to manually choose features for

each subject/application. Authors in [102], used the same dataset as [66] and employed

a multi-channel convolution neural network to classify the thought word based on their

grammatical classes.

The specific use of EEG-based GSP for imagined speech has not been widely explored.

The work in [104] uses a graph approach based on a static graph. The database in [98] was

used for training and testing. The works in [29] and [105] use GSP for imagined speech

classification. However, both use static graphs with adjacency matrices constructed based

on spatial proximities between sensor pairs. Other works are those in [99–102], which do

not use graph representations, but use the popular “Kara One” database [66].

Table 2.2 provides a structured comparison of these methods, including the datasets

used, methodological approaches, and performance metrics.

47



Table 2.2: Comparison of directly related methods in literature. [66, 98–101, 103, 104]
are directly used for benchmarking while others are related for graph construction as
explained in Section 2.5.

Performance metrics for short vs long word experiment.
Work Task Method Dataset Performance

metrics
[98] Imagined speech Covariance matrix de-

scriptors
[98] Accuracy

[103] Imagined speech Standardization-
refinement domain
adaptation

[98] Accuracy

[104] Imagined speech Imagined speech func-
tional connectivity
graph

[98] Accuracy

[66] Imagined speech Deep-belief network,
SVM

[66] Accuracy

[99] Imagined speech Restricted Boltzmann
machine

[66] Accuracy

[100] Imagined speech CNN, LSTM [66] Accuracy
[101] Imagined speech Correntropy spectral

density
[66] Accuracy

[102] Imagined speech Multi-channel CNN [66] Accuracy
[28] Emotion recognition GSP and STANN [106] Accuracy
[27] ADHD detection GSP [27] Accuracy
[29] Imagined speech SP and GSP [29] Accuracy
[26] Motor imagery GSP, cross-frequency

coupling
[107] Accuracy

[88] Mental task classification GSP [108] Accuracy,
precision, re-
call, F-score

2.5.3 EEG-based Biometric Identification

Although our main focus is imagined speech, imagined speech datasets are not widely

employed in biometrics applications. For example, in recent EEG-based biometric studies,

[109] and [110] use the DEAP dataset [106] for emotion recognition, while [111, 112]

and [113] use the Physionet database [114]. As the Physionet database contains 109

subjects and has already been used in previous studies, it serves as a more suitable

benchmark dataset for comparing our method with existing approaches in the literature.

For biometric identification tasks, [112,115–118] and [119] use their own datasets. To

enable comparison with state-of-the-art methods, we used the Physionet dataset [114]

alongside the Kara One [66] dataset even though Physionet is a motor imagery dataset.

[119] uses a cognitive event-related biometric recognition method for biometric iden-

tification. They use their own datasets, however, their recordings for different individuals
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are customized, so that each subject can create distinct EEG signals through different

tasks and this works as a “pass-thought”. Although they have reached 100% accuracy,

the dataset itself makes it easier to classify EEG data of different individuals.

Authors in [112] use functional connectivity metrics to identify different individuals.

Their approach is based on graphs, however, they do not employ GSP. Instead, they

calculate individual variabilities through their proposed connectivity metric.

The study in [113] uses a deep learning-based approach to classify the identities of

individuals, while [111] uses ADEN, a feature selection method, on the Physionet dataset

and applies linear discriminant analysis and support vector machines for classification.

These studies highlight current approaches in EEG-based biometric identification.

However, none of these studies employ GSP or utilize imagined speech data for biometric

identification.

2.6 Summary

As discussed throughout this chapter, GSP is not widely employed for the recognition of

imagined speech. Some studies have applied GSP to imagined speech, but they rely on the

proximities of sensor pairs to construct graphs. The graph structures employed in these

studies are all static and based on Euclidean distances (proximities) between different

signal channels. Furthermore, when GSP is employed, creating a unified framework that

integrates both spatial and temporal features is another challenge. This is a significant

area that warrants further investigation.

In addition to imagined speech classification, GSP is also not widely employed for

EEG-based biometric identification. The existing approaches are based on relatively

simple methods such as linear discriminant analysis. However, GSP methods are not

leveraged for EEG-based identification. This presents another area that requires greater

attention and investigation. In the following chapters, we address these issues by employ-

ing a dynamic-graph-based approach to better model the signals defined on a network of

multi-channel EEG recordings.
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Chapter 3

Dynamic Graph Representations of

EEG Signals

3.1 Introduction

Analyzing brain signals and brain activity is a compelling research area. It gives in-

sight into the cognitive activities, consciousness, and affective states. Among different

methods to monitor brain activity, electroencephalography (EEG) is the most popular

method to capture brain signals. It is a non-invasive method that captures postsynaptic

potentials through electrodes placed on top of the scalp [16]. Invasive methods like elec-

trocorticogram and intracranial recordings require medical operations to place sensors on

the surface of the cortex or within the cortical tissue. This makes them impractical and

costly. Other methods like fMRI require subjects to be inside expensive fMRI machines

for long times, and data collection is not feasible when the subject is mobile. EEG has

advantages over those methods as it is non-invasive, does not require expensive medical

devices, and can be used for applications where the subject is mobile.

Processing and analyzing EEG data have a variety of different applications [20, 21].

Some of these applications include disease and neurological disorder classification, sleep

analysis, brain-computer interfaces (BCI), and more generally, human-machine interfaces

(HMI) [23]. Using EEG for cognitive activity classification is one of the research areas

where EEG can be used to identify a subject’s brain state. This can be used for BCI

applications, create control applications to help locked-in patients, control applications

for gaming, silent speech applications [19,22] and many other applications where creating

different EEG signals can be used as an input method to control a variety of applications

[20]. Using EEG signals is convenient not only for patients with stroke or locked in

patients, but also for non-disabled individuals whose hands are already occupied with

another control task or who cannot verbally communicate.

Although there is considerable promise and substantial research on EEG applications,
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they are not yet part of daily life, as many of them are not feasible in practical scenarios.

EEG is practical, however, the trade-off is that the signal captured on the scalp is highly

susceptible to noise and analyzing the multi-channel signals is not straightforward.

One of the challenges of processing and analyzing EEG signals is dealing with its

multi-channel nature. The EEG data resides on a non-Euclidean domain and analyzing

channels separately neglects the spatial features of the signals.

Graph Signal Processing (GSP) [4, 6, 9–11, 14, 120] is still an emerging area where it

can be leveraged to gain insight into spatial features and relations of a network. However,

when GSP is used, it can be used in spatial dimension only, which means it gives the

spatial variations for a time instant and neglects the time-variations.

The application of GSP on brain activity data aims to better analyze and model

brain waves and interconnectivities of different regions of the brain and give a more

accurate model for the representation of signals that have been acquired from a network

of sensors. Such models are particularly suited for brain signals, which tend to have

specific spatial relationships between different regions of the brain. Therefore, instead

of analyzing different regions of the brain individually and analyzing the signals in the

traditional way, GSP provides a framework to analyze the network through graph signals

and graph frequencies.

Most EEG classification tasks depend on statistical hand-crafted features and various

deep learning techniques. Network structure is generally ignored in most of the works.

Graph domain features are typically used in conjunction with time-frequency features,

rather than being employed separately. It is not possible to inspect how much of the gain

comes from graph features.

Two things are crucial to leverage GSP for EEG signal processing and analysis. First,

we need to define a graph to model the network of the different regions of the brain.

Second, we need a methodology to incorporate spatial variations between sensors and

temporal variations through time. Defining the graph itself is the modeling part for

any application where we want to analyze the signals on a network structure. However,

most of the work in the literature overlooks that vital primary part where we define the

graph to model and analyze the EEG signals. If we were dealing with a simple setup

like temperatures of different cities, a simple static graph would be enough for the task,

however, that is not a viable option to model the brain network.

The uniqueness and the dynamic nature of the graph representations of EEG signals

are two important overlooked aspects. There is not one unique graph representation of

EEG signals. As stated in Chapter 2, most of the studies construct graphs based on

similar approaches. However, graph representation of a signal depends on choosing the

graph. Different graphs create completely different models, different eigenvectors, and

different graph frequencies. Therefore, the method of creating the graph itself is the part

where we define the graph frequencies and what kind of signal variations on the graph we
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are measuring. We cannot state that there is a unique subject independent graph EEG

signal representation that depends on Euclidean distances of EEG sensors. That would

require one static graph, which is based on 10-20 [44] or 10-10 [45,121] sensor placement

systems, and use it to model and analyze all the EEG data for all the applications and

all the subjects around the world with all the data ever recorded (Figures 3.1, 3.2, 3.3).

This causes all the applications to have almost the same static EEG graph based on 10-10

or 10-20 system. That would mean using the eigenvectors of the same graph to interpret

EEG signals for all tasks and all subjects (Figure 3.4).

Although one can have variations of that graph representation using different strate-

gies like using different numbers of neighbors with different k-NN graphs (Figure 3.3, 3.5,

3.6), that would still ignore a lot of dynamics of the non-Euclidean data, and how the net-

work structure changes depending on the application. Using the same graph for different

EEG applications like emotion recognition, biometric identification and authentication,

motor imagery and imagined speech classification would ignore the dynamics of the brain

and how different regions of the brain cooperate based on the task, and how the network

structure changes depending on the task. In applications like emotion recognition, again,

one static graph assumes that the network structure is the same when the subject has

different affective states. It is neither realistic nor practical to assume that a subject

has the same brain network structure when they are anxious, bored, angry or irritated.

Moreover, two related regions do not necessarily have to be topographically adjacent to

each other to be correlated. For these reasons, it is important to realize that the graph

representation of EEG signals is not unique for all the applications, and choosing the

graph is the modeling itself.

The second overlooked aspect of the graph representation is that the network structure

and connectivities between nodes are task-dependent. We might have different strategies

to model the network structure, however, it still will be one static graph. Choosing one

graph to model the network throughout an activity like speaking or imagined speech

classification, assumes that the network structure does not change during that activity.

For example, when a subject speaks different words during a conversation, it is unrealistic

to assume that the graph structure remains unchanged over time. For these reasons,

instead of using one static graph, a dynamic graph representation of the brain signals is

vital.

As we stated above, GSP only captures the spatial variations for a time instant. While

we can use GSP to analyze the spatial frequencies, we still need to take the temporal

variations into account. Although GSP is popular and many studies in the literature use

graph features as separate features of a system to analyze EEG signals, they use spatial

and temporal frequencies separately. When spatial features are fed into one neural net-

work block and temporal features into another neural network block, the system actually

does not analyze the signals as a whole, it is not a spatiotemporal graph representation
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of EEG signals. This is a limitation in effectively leveraging GSP. For these reasons,

developing a more robust system to extract spatiotemporal features for the analysis of

EEG signals is of critical importance.

In this chapter, we propose a graph signal representation methodology for the recog-

nition of imagined speech from EEG signals. Our approach is based on multiple graphs,

which allow a set of EEG signals to be represented using different graph models. This

approach is particularly efficient for representing signals that exhibit varying behavior

which cannot be accurately modeled through a static graph model. The EEG signals

represented using the proposed graph representation are classified using machine learn-

ing techniques. The resulting system is shown to have advantages in comparison to

previous methods for imagined speech recognition.

Specifically, the contributions of the present chapter are:

• A systematic approach for the construction of multiple graphs that are jointly used

for the modeling of multidimensional EEG signals. The proposed dynamic graph

representation of EEG data takes into account the time-varying interdependencies

between channels and constructs EEG signal representations that are appropriate

for capturing the underlying brain functions.

• A methodology for the spatiotemporal representation of these graph signals and

the formulation of compact, highly discriminative features suitable for subsequent

classification.

The structure of the chapter is as follows:

• Section 3.2 presents the representation of EEG signals using graphs.

• Section 3.3 presents the dynamic graph representation of EEG signals.

• Section 3.4 presents the spatiotemporal representations of the graph signals to

demonstrate the analysis of the time variations of dynamic graph frequencies.

• Finally, the conclusions are drawn in Section 3.5.

3.2 Graph Representation of EEG Signals

Let S be a matrix representing EEG data with N channels, where each row of S includes

the signal captured by an EEG electrode.

S =


Channel 0

Channel 1
...

Channel N − 1


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Although each channel exhibits significant temporal variations, analyzing each channel

individually ignores the spatial relationships between different nodes. Therefore, a multi-

channel EEG signal s can be represented as a sequence of graph signals for each time

frame (vectors) that include the signal samples from all channels at time t. A time frame

representing the signal at time t is defined as

s(t) =
[
s
(t)
0 s

(t)
1 . . . s

(t)
N−1

]T
∈ CN (3.1)

where t = 0, . . . ζ − 1 is the temporal index of the respective time frame and ζ is the

total number of time frames. The sequence of signal vectors for all time indices can be

represented as

S =

 s(0) . . . s(t) . . . s(ζ−1)

 (3.2)

For each time frame t, the respective Graph Fourier Transform (GFT) frequency vector

is obtained as

ŝ(t) = Fs(t) (3.3)

Therefore, the final GFT representation of the entire EEG data is a temporal sequence

of consecutive graph frequency vectors, which can be compactly expressed as

Ŝ = FS =

 ŝ(0) . . . ŝ(t) . . . ŝ(ζ−1)

 (3.4)

These details are explicitly shown to emphasize that the graph Fourier transform does not

capture temporal variations. It is calculated for each individual time frame, applied on a

snapshot of the data at a specific time instant. This would not be a problem if the data did

not exhibit significant temporal variations. If we were measuring the temperatures from a

server room and wanted to check for a variation between neighboring sensors, we wouldn’t

care much about the time variations, and a high graph frequency or a high Laplacian

value for a node could mean a faulty sensor or an anomaly at that point [6]. However,

for a dynamic system like the brain, temporal relationships are critically important as

information flows through different regions. Graph frequencies at a single time instant

do not convey sufficient information about the system. In contrast, observing how the

graph frequencies evolve over time provides insight into the temporal dynamics of the

spatial frequency components.
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Figure 3.1: An illustration of the international 10-10 electrode system according to [45]
and [121].

In the ensuing section, we describe our proposed method for dynamic graph represen-

tation and modeling of the brain signals. Such modeling and representation are suitable

for imagined speech recognition.

3.3 Dynamic Graph Representation of EEG Signals

To define and analyze the graph G, the connections between graph nodes should be spec-

ified. Different connections between nodes and different weights for those connections

result in completely different network structures. There are several methods to construct

a graph and set the connections such as using a thresholded Gaussian kernel weighting

function [4]. This can model a network where the neighboring nodes have high correla-

tions, such as temperature in neighboring geographical locations. However, such modeling

would not be suitable in cases where the connections and correlations between different

nodes do not always depend on geographical distances between nodes. EEG data is an

example of such a case, where the connections between different brain locations may not

depend on the proximity between those locations. For this reason, modeling the network

structure of the brain requires a different approach.

In addition to determining the connections and weights of the graph G, a further

modeling challenge is that the graph structure is not static and depends on the undertaken

brain activity. A static graph can model a network where the connections between the

nodes do not change through time, such as routes between different airports in different
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Figure 3.2: Sensor placement for Subject 1 of the Kara One database [66]. Left figure
shows the channel names, and the right figure shows the channel numbers (figure created
by the author using the EEGLAB package for MATLAB [67]).

(a) (b)

Figure 3.3: (a) A sample graph using the EEG sensor locations for the first subject of
the database [66]. (b) eigenvector 1 u1 for the same graph (figures created by the author
using the PyGSP package for Python [122]).

cities. However, when a graph is used to model brain signals, one has to consider that

brain activity depends on the brain task undertaken and, therefore, different network

structures may need to be used for different underlying brain activities. For this reason,

we do not rely on one static graph to model the brain. Instead, we use a dynamic graph

representation to model the brain connections by creating multiple graphs to represent

the network structure. It should be noted that our dynamic graph modeling, based

on multiple graphs, is different from “hypergraphs” [5, 123], where an edge can connect

multiple vertices at once instead of connecting two vertices, and therefore edges can have
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Figure 3.4: First eight eigenvectors (0 to 7) of the k-nn graph with k=8 for the first
subject of the database [66]. There are 62 channels and eigenvectors are ordered from
eigenvector 0 to eigenvector 61. First eigenvector shows the DC component where all the
values are the same and equal to 1/

√
N and variance between the adjacent nodes increases

with higher graph frequencies (figure created by the author using PyGSP package for
Python [122]).
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(a) (b)

Figure 3.5: (a) shows a graph signal on Broca’s area. The sensors on top of Broca’s area
of the brain have the value one and the other sensors have the value zero. (b) shows the
graph Fourier transform of the signal. Although the signal itself is localized at a small
area and all zeros elsewhere, its graph Fourier transform counterpart is not localized and
has a range of values which corresponds to reflections onto the eigenvectors of the graph
(figure created by the author using [122]).

(a) (b)

Figure 3.6: (a) shows a graph signal on Wernicke’s area. The sensors on top of Wernicke’s
area of the brain have the value one and the other sensors have the value zero. (b) shows
the graph Fourier transform of the signal. Although the signal itself is localized at a small
area and all zeros elsewhere, its graph Fourier transform counterpart is not localized and
has a range of values which corresponds to reflections onto the eigenvectors of the graph
(figure created by the author using [122]).
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(a) (b)

Figure 3.7: (a) One of the two graphs for 2-cluster dynamic graph for the first subject of
database [66]. As we assign different weights for all the combinations between different
nodes, the graph is dense. (b) shows the same graph only with the connections with
weights greater than 0.75 to show the strong connections (figure created by the author
using [122]).

any cardinality. We also avoid using the term “multigraph” as it is a term reserved for

graphs that can have multiple edges to connect the same two vertices instead of one edge

to represent the pair-wise relationship [5].

The modeling of an EEG signal using K graphs requires the identification of K distinct

correlation patterns within the graph signal. To this end, we use a sliding window to slice

the multi-channel EEG signal into M temporal segments τm,m = 0, ...,M − 1. For the

EEG matrix S ∈ RN×L, where N is the number of EEG channels and L is the number

of time samples, the mth temporal segment is defined as τm = [t
(m)
1 , t

(m)
2 ]. The mth signal

segment from channel i is z
(m)
i ∈ Rn, with z

(m)
i = (Si,τm)T, where n = t

(m)
2 − t

(m)
1 + 1.

Subsequently, for each temporal segment, we calculate correlations between channel

pairs. In our graph modeling, the correlation values between channels are directly used

as weights in adjacency matrices. If zi, zj represent signals from two channels, the (i, j)

element of the correlation matrix P (m) for the mth segment is calculated as

ρ
(m)
ij = corr(zi, zj) = 1

2
(

zizj
|zi||zj | + 1) (3.5)

and represents the correlation between channel i and channel j for temporal segment

τm. As each N -channel signal is divided into M segments, M correlation matrices of size

N × N are obtained from each multidimensional signal, representing cross correlations

between different channels for each of the temporal segments. Note that we define the

correlation between two signals as (3.5) to keep the range of the values between 0 and

1 as we later use those values as weights in adjacency matrices, and we want to avoid

having complex eigenvalues and eigenvectors (Figures 3.7, 3.8).

The varying correlations between the channels of a multidimensional signal (e.g., an
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Figure 3.8: Two-dimensional version of the Figure 3.7 for one of the two graphs for 2-
cluster dynamic graph for the first subject of database [66]. Only connections with weight
greater than 0.75 are kept and the plot shows the top view of the scalp (figure created
by the author using [122]).

EEG signal) indicate that multiple adjacencies may need to be taken into account for

the graph modeling of EEG signals. To capture the varying correlation between channels

over time, we cluster the correlation matrices from different temporal segments using the

k-means algorithm [124] and calculate K correlation centers C(k), k = 0, . . . , K − 1. For

each experiment, we use all the available training data (all subjects and trials) to create

K global graphs. In particular, in intra-subject experiments, we use all the training data

from the subject, and in cross-subject experiments, we use all the training data from all

subjects to create K global graphs based on correlation patterns.

For creating multiple graphs, we use the correlation centers to define K adjacency

matrices A(k), k = 0, ..., K − 1, as

A(k) = C(k) − I for k = 0, . . . , K − 1 (3.6)

where diagonal elements were set to zero to prevent self-loops in the graphs. To analyze

the graph spectrum of different graphs, we use the Laplacian matrices

L(k) = D(k) −A(k) for k = 0, . . . , K − 1 (3.7)

where the diagonal matrix D(k) is the degree matrix for correlation cluster k, the elements

of which are calculated as in (2.6).

For each graph, we get the eigendecomposition

L(k) = U (k)Λ(k)(U (k))
H

for k = 0, . . . , K − 1 (3.8)
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Figure 3.9: First eight eigenvectors (0 to 7) of the first cluster of the dynamic graph for
the first subject of the database [66]. There are 62 channels and eigenvectors are ordered
from eigenvector 0 to eigenvector 61. Since the connections are not based on proximities
and may include links between nonadjacent nodes, the resulting graph structures and
their visual representations are not as intuitive as those of proximity-based graphs (figure
created by the author using PyGSP package for Python [122]).
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with eigenvectors

U (k) =
[
u
(k)
0 u

(k)
1 . . . u

(k)
N−1

]
for k = 0, . . . , K − 1 (3.9)

In general, our dynamic graph modeling involves K(N − 1) + 1 eigenvectors. This

is because each of the K different graphs G(k) produces N eigenvectors. However, we

discard the constant vectors from all graphs except the first one resulting in K(N−1)+1

eigenvectors overall. The larger set of eigenvectors can capture a wider set of graph

frequencies (spatial patterns) because the dynamic representation takes into account the

varying channel-wise correlations over time (Figure 3.9).

To simplify the above representation, from each correlation cluster we select ∆ eigen-

vectors, indexed e
(k)
0 , e

(k)
1 , . . . , e

(k)
∆−1. Then we use the selected eigenvectors from each

cluster to form the dynamic graph eigenvector matrix Ω.

Ω =

[
u(0)

e0
u(0)

e1
. . .u(0)

e∆−1︸ ︷︷ ︸
from first cluster

. . .u(K−1)
e1

. . .u(K−1)
e∆−1︸ ︷︷ ︸

from last cluster

]
(3.10)

The eigenvectors in Ω represent different graph frequencies from all graphs within a

dynamic graph representation. These graphs capture the dynamic relationships between

vertices. By projecting each original N -dimensional signal s onto the eigenvectors of the

dynamic graph eigenvector matrix Ω, we obtain the new representation ŝ = ΩHs. For

the entire original EEG signal (N-dimensional time series), the new representation is

Ŝ = ΩHS (3.11)

where Ŝ is a K∆-dimensional series of graph frequency coefficients. The resultant rep-

resentation is passed as input to the neural network architecture, which is thoroughly

explained in Section 4.2.

We presented different adjacency components for different setups from Figure 3.10

through Figure 3.13. As illustrated in the figures, the differences between the adjacency

components decrease. In general, using a larger window size increases the similarity

among adjacency components, undermining the objective of having a variety in adjacency

components. Additionally, we observed that using overlap does not affect the results but

increases computational cost; therefore, we avoid using overlaps while setting the window

size to 16 ms.
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Figure 3.10: Dynamic graph adjacency matrices for four clusters when the window size
is set to 16ms. Using a smaller window increases the difference between different clusters
compared to larger windows (figure created by the author).

Figure 3.11: Dynamic graph adjacency matrices with four clusters when the window size
is set to 100ms (figure created by the author).
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Figure 3.12: Dynamic graph adjacency matrices with four clusters when the window
size is set to 4800ms. A very large window size increases the similarity of the clusters
compared to smaller window sizes (figure created by the author).

Figure 3.13: Dynamic graph adjacency matrices for eight correlation clusters (figure
created by the author).
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3.4 Spatiotemporal Representation of the Graph EEG

Signals

The graph-based modeling defined in Section 3.3 produces time series of coefficients

representing spatial frequencies (spatial patterns) over time. To account for temporal

variations in the spatial frequency components, we calculate the STFT magnitude of

each graph frequency coefficient time series separately as shown in Figure 3.14. The

resultant Dynamic Multiple Graph Fourier (DMGF) representation expresses the original

multidimensional signal with respect to how its spatial patterns change over time.

Original EEG Signals G0 : (U (0)H )

Graph eigenvectors

G1 : (U (1)H )

GK−1 : (U (K−1)H )

Channel 0
Channel 1
Channel 2

Channel N − 1

Graph frequency coefficients DMGF

...
...

...
...

Figure 3.14: Spatiotemporal representation of EEG signals. EEG signals are projected
onto the eigenvectors of different graphs and spatial frequency components obtained from
each graph. We calculate the STFT of each component separately to get the Dynamic
Multiple Graph Fourier (DMGF) representation that captures frequencies both in graph
space and time (figure created by the author).

In order to prepare the DMGF for neural network classification, we offset STFT

magnitude values by 1 to make the smallest magnitude equal to 1. We then apply log-

normalization to ensure that the STFT magnitude values remain within a numerically

stable range for the neural network. In this way, the minimum log-magnitude is 0 while

small magnitudes, such as 10−20, are represented as approximately 0. The resultant

representation is graphically shown in Figure 3.15.

3.5 Conclusion

In the first part of this chapter, we introduced the graph representations of EEG signals

by constructing an 8-nearest-neighbor (k-nn) graph from EEG sensor positions, similar

to the grid graph presented in Section 2.1. Section 3.2 included illustrations of the

graph itself and its eigenvectors, analogous to those provided in Section 2.1. Additional

visualizations were provided to demonstrate how spatial variance changes with increasing
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Figure 3.15: A sample DMGF (Dynamic Multiple Graph Fourier) representation that is
input to the neural network. Multiple such representations are input simultaneously, one
per graph frequency coefficient sequence (figure created by the author).

spatial frequencies. This simple representation constitures the main method used in the

literature to model the network of sensors with one static graph based on Euclidean

distances between sensor pairs, and to process signals defined on such graphs. This

causes all the EEG applications to have almost the same graph structure for calculating

the graph frequencies. Creating a single graph using Euclidean distances of sensors on

the scalp based on the international 10-20 or 10-10 placement systems, results in almost

identical graphs structures for all the applications, i.e., imagined speech classification,

emotion recognition, biometrics, motor imagery. We address the shortcoming of this

approach and how the graph structure of the sensors on top of different regions of the

brain changes through time and task and why this is problematic. Depending on the

individual, the type of activity, and its duration on the activity, the graph structure may

vary, as it represents the pairwise relationships between different regions of the brain.

Although there are variations of the Euclidean distance based static graphs, i.e., using

two neighbors instead of eight, they remain fundamentally similar, as all are static and

derived from sensor proximity.

This chapter provided the theoretical foundations for the following chapters, which

are the applications of the theory represented in this chapter. One of our aims was to

develop a dynamic-graph-based modeling strategy for EEG signals that captures evolving

spatial and temporal relationships among different brain regions. To address those issues

of using static graphs for the representation of EEG signals, in Section 3.3, we proposed

a novel method for constructing dynamic graph representations of EEG data that model

the time-varying, task-specific, and subject-specific relationships among different brain

regions, independent of their physical proximity. Our proposed approach can model the
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dynamic nature of the EEG signals to capture different network structures that change

throughout the activities, subjects and duration.

We address the shortcoming of GSP as it gives the spatial variation for a fixed time

instant, and we presented all the mathematical operations of EEG signal to explicitly

show how the GSP represents the spatial frequencies only for a fixed time instant and

how the multi-channel signals turn into a sequence of spatial-frequencies. This lacks the

temporal variations. We address that we cannot take advantage of GSP by itself as it

lacks the spatiotemporal variations by itself. In Section 3.4, we provided our proposed

spatiotemporal representation of graph signals to extract and analyze spatiotemporal

frequency features from the constructed dynamic graph representations of EEG signals.

In the ensuing chapters, we used this dynamic graph representation of the EEG signals

for imagined speech classification and biometric identification applications.
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Chapter 4

Machine Learning Architectures and

Data Augmentation for EEG Signal

Classification

4.1 Introduction

In Chapter 3, we presented the dynamic graph representation of graph signals and how

to represent the spatiotemporal variations of the graph signals to capture both spatial

and temporal variations of the graph signals. To use the resulting representations for any

kind of applications like imagined speech classification or brain computer interface (BCI)

applications, we need to feed the spatiotemporal representation of graph signals as inputs

to a neural network architecture. However, using a machine learning based classifier itself

is not straightforward as the performance and accuracy of neural network architectures

depend on the task and data type. Furthermore, depending on the chosen number of

clusters to represent the graph signals, the classification accuracy will change. The main

points that we aim to investigate are optimizing the number of clusters and eigenvector

selection process, choosing the suitable neural network architecture for the classification

task, and data augmentation to increase the number of samples to make the training

phase more robust and increase the classification accuracy.

As we stated in previous chapters, there are various applications [20, 21] of elec-

troencephalography (EEG) signals. We stated some of them as classifying diseases and

neurological disorders, sleep analysis, and brain-computer interfaces (BCI), or in general

human-machine interfaces (HMI) [23]. A particular EEG application, which has received

relatively less attention, is the recognition of imagined speech, i.e., the interpretation

of the specific words imagined by a subject. This application can have important ap-

plications, such as communication for coma patients or other brain-computer interfaces.

Although some methods focusing on this application have been proposed in the past,
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these are mostly based on signal analysis approaches that extract features from each

EEG channel separately. Such analysis neglects the structure of the graph of sensors as

well as the spatial relationships between them. To jointly assess EEG signals, one would

need a different representation, based on Graphs.

We used our proposed dynamic graph representation of EEG signals that we described

in Chapter 3 for the imagined speech classification and used a machine learning based

classification method to classify different imagined words. We presented the details of

the experiments and the results in Section 4.3 in detail, and we present the overview

of the method in Figure 4.1. As we mentioned the importance of the graph structure

Dynamic
Graph

Representation
STFT ML Classifier

EEG
Signals

Classification
Decision

Figure 4.1: Method overview (figure created by the author).

and the channel-wise correlations between different sensors and how important it is to

incorporate the spatial and temporal variations of graph signals; we want to point out

the gap in literature about creating augmented EEG data without modifying the graph

structure and channel-wise relationships. For this reason, we also introduced a novel

EEG data augmentation method to increase the number of samples without changing

the channel-wise relationships of EEG sensors.

The main contributions of the present chapter are:

• The application of the theory of dynamic graph representations for EEG signals, as

proposed in Chapter 3, to imagined speech recognition.

• An LSTM-based machine learning architecture for the classification of imagined

words.

• An investigation of the impact of different neural network architectures on the

performance of imagined speech classification.

• An investigation of the effect of different clustering and eigenvector selection strate-

gies on the performance of dynamic graph modeling of EEG signals.

• A novel graph-based method for generating artificial EEG data that preserves

channel-wise relationships to increase the number of training samples.

• A thorough comparison of the resulting system with current state-of-the-art systems

in imagined speech recognition.

and the structure of the chapter is as follows:
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• Section 4.2 presents the neural network architecture that we used for our method.

• Section 4.3 presents extensive ML experiments conducted to evaluate the effective-

ness of the dynamic graph representation of EEG signals. Various strategies for

selecting the properties of the dynamic graph representation, such as the number of

clusters and the indices of selected eigenvectors, are explored. The section details

the databases employed in the experiments and describes the experimental proce-

dures used for the assessment of our method. The effect of different numbers of

clusters on the classification accuracies is analyzed, alongside an evaluation of dif-

ferent eigenvector selection strategies. Several neural network architecture variants

for the classification task are introduced, and their respective advantages and disad-

vantages are compared. Results obtained on the dataset from [98] are reported and

compared with the benchmark studies. Results from both intra-subject and cross-

subject classification tasks are presented, demonstrating improved performance of

the proposed model in a subject-independent setup. Additional results are pro-

vided using the Kara One database [66] to further evaluate the effectiveness of the

method.

• Section 4.4 introduces a novel method to generate artificial EEG data without

altering the graph structure or the channel-wise relationships. The section presents

the experiment results with our proposed EEG data augmentation method and

compares them with the results without augmented EEG data.

• Finally, conclusions are drawn in Section 4.5.

4.2 Neural Network Architecture for Imagined Speech

Classification

For the classification task we used a three-layer LSTM network with attention mechanism

as shown in Figure 4.2. The input signal is projected onto the eigenvectors of the dynamic

graph representation, yielding a set of graph frequencies for each of the different graphs.

The subsequent STFT of each graph frequency time series captures the variations of

dynamic graph frequencies through time. The resultant DMGF coefficients are used

as inputs to LSTM network. To simplify the representation and reduce the number of

features input to the LSTM network, we calculate the average of every four temporal

frequency component of each graph frequency. The number of features input to the

LSTM network is the number of graph frequencies multiplied by the number of temporal

frequencies.

As seen in Figure 4.2, we used three bidirectional LSTM layers. We chose the LSTM

for such modeling as LSTMs are robust at learning long-term and short-term depen-
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dencies in long temportal sequences, like the ones used in the present work. The small

number of LSTM layers limits the number of parameters in the neural network, reduces

the computational cost, and prevents overfitting. We used 256 parameters for each layer

and did not use any dropout to regulate overfitting, as the model itself converges well and

dropout induces oscillations in the loss function on small validation sets. Each spatiotem-

poral graph frequency in the DMGF representation is used as a different channel/feature

which is input to the first LSTM layer, while the cascaded LSTM layer learns how those

features evolve through time. The attention mechanism at the end of the last LSTM

layer to ensure that the neural network focuses on the most relevant features at the end

of the cascaded LSTM layers.

4.3 Experimental Assessment

4.3.1 Databases

This work focuses on publicly available EEG datasets to make a thorough comparison

with the current state-of-the-art methods. In some cases results might be high because

of the way the data is collected [98, 125]. There are publicly available EEG datasets for

imagined speech [82] for benchmarking and comparing different methods. It is significant

to use those datasets to see how a method performs compared to the performance of other

methods that use the same datasets. The works [66, 98, 126–135] share EEG datasets

publicly. However, they are not all suitable for this work. In this work we focused on

EEG datasets [98] and [66] for a variety of reasons. First, we limit the language prompts

to English. [126], [127] and [128] have Spanish prompts. [132] has prompts in Dutch. [130]

has English and Chinese prompts. Another concern is the number of channels for the EEG

recordings. [129] has only 14 channels. [133] has 16 channels, and [134] has 14 channels.

To apply GSP, we focused on datasets with more than 60 channels and discarded datasets

with a small number of channels. [131] has 64 channels but only has four subjects, which

is not favorable for cross-subject evaluations. For these reasons, for the experimental

evaluation of our method, we focused on [66] and [98] for the imagined speech recognition

experiments as [66] has 12 subjects and 62 channels and [98] has 15 subjects and 64

channels.

The database in [98] includes four different experiments, namely, short word classifi-

cation, long word classification, vowel classification and short word vs long word classifi-

cation. In short word vs long word experiment, the subject sees the short word “in” or

the long word “cooperate” as visual cues on a computer monitor and the subject imagines

speaking those words without moving their lips or any other muscles. The highest accu-

racy reported in [98] came from the short vs long word classification, which we used for

comparison, included only the highest results from [98] in our comparison tables. As only
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a subset of the subjects contributed trials for the short word vs long word experiment,

we represent them as subjects A, B, C, D, E, F instead of their IDs, for clarity.

The second database that we used is the Kara One database [66]. Although the

database also includes video and audio data, we only used the EEG signals collected

while subjects were performing speech imagery. There are 14 subjects performing seven

phonemic/syllabic prompts which are /iy/, /uw/, /piy/, /tiy/, /diy/, /m/, /n/ and four

different words “pat”, “pot”, “knew” and “gnaw”, with around 12 samples per class. For

comparison, we perform the same five binary classification experiments as [66, 99–101],

and in Section 4.3 we compared the results and presented them in Table 4.9.

4.3.2 Experiments

We applied the dynamic graph representation methodology explained in Chapter 3 to

the databases described in Section 4.3.1. To model brain signal activity during imagined

speech tasks, we created multiple graphs by clustering correlation matrices, calculating

multiple adjacencies, and creating a separate graph for each adjacency matrix. For each

EEG trial, we calculated the respective graph frequencies and we applied STFT on the

respective temporal sequences of graph frequencies, producing a Dynamic Multiple Graph

Fourier (DMGF) representation. An example of our DMGF representation is shown in

Figure 3.15. We used this representation as an input to a three-layer LSTM network

[73,75] with attention to classify brain signal activity during imagined speech. A summary

of our main scheme is shown in Figure 4.2.

We concatenated the spatial-frequency and temporal-frequency dimensions of the

DMGF data structure and used the resultant structure as input to the LSTM layers.

The 4D output of the STFT is in the form of (trials × graph frequencies × time fre-

quencies × time) and after concatenation it acquires a 3D shape (trials × graph/time

frequency combinations × time). For intra-subject (subject-dependent, per-subject) ex-

periments, we used a 10-fold cross validation [85] scheme to validate our results. For the

cross-subject (subject-independent, combined data) experiments, we used each subject

separately as test set. Results were averaged across subjects.

4.3.3 Exploration of Different Number of Correlation Clusters

For fine-tuning our dynamic graph representation, we explored the impact of the number

of clusters on classification accuracy. To this end, we used the database [98] and ran

different experiments using one, two, and four clusters. We repeated the experiments on

Subject A and Subject D as Subject A performs worse than other subjects and Subject

D performs better. We present the results in Table 4.1. As seen, using a higher number

of clusters generally improves performance, while using only one cluster performance is

approximately 3% lower.
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Table 4.1: Classification accuracies using different numbers of correlation clusters using
the database [98]. As seen, using more clusters help with classification accuracy. Results
are averaged for all subjects.

Classification accuracies using different number of correlation clusters.
Correlation clusters Long words Short vs long

words
Vowels Short words

1 cluster 71.92±5.27% 85.77±5.87% 52.54±3.44% 55.06±3.32%
2 clusters 73.08±5.43% 86.83±4.51% 53.50±3.71% 56.28±2.83%
4 clusters 74.75±5.36% 88.58±3.91% 55.08±2.59% 57.33±2.52%
[98] 66.18±5.78% 80.05±5.80% 48.96±6.21% 50.07±7.60%
[103] 62.99±4.78% N/A N/A N/A
[104] 71% 70% 46% 44.2%

Chance level 50% 50% 33% 33%

4.3.4 Exploration of Different Eigenvector Selection Strategies

For the purpose of assessing the discrimination capacity of graph frequencies in imagined

speech recognition, we used subsets of graph frequencies. We present the results in Table

4.2, where the representation using the lowest n eigenvectors is denoted as GSPn, i.e.,

GSP20 is a representation using the first/lowest 20 eigenvectors (out of a total of 64).

As seen in Table 4.2, using a subset of eigenvectors yields comparable results to using

all eigenvectors. This means that the coefficients representing low spatial frequencies

carry most discriminatory capacity and can be used reliably for classification of imagined

speech. However, the best performance is achieved when high graph frequencies are also

taken into account, which suggests that high graph frequencies are also useful in imagined

speech.

Table 4.2: Classification accuracies using a subset of the eigenvectors for the short word
vs long word experiment using database [98].

Classification accuracies using a subset of the eigenvectors
Method Subject A Subject D
Raw signal + STFT 61.50 ± 3.20% 70.63 ± 4.00%
Raw signal + ICA + STFT 63.00 ± 4.00% 72.50 ± 5.00%
Dynamic GSP5 + STFT 68.00 ± 3.32% 76.88 ± 4.88%
Dynamic GSP10 + STFT 71.50 ± 5.02% 80.00 ± 3.75%
Dynamic GSP20 + STFT 75.00 ± 3.87% 86.25 ± 3.75%
Dynamic GSP40 + STFT 78.50 ± 3.20% 91.88 ± 4.00%
Dynamic GSP64 + STFT 81.50 ± 3.91% 93.75 ± 4.84%
Benchmark Accuracy [98] 70.3 ± 5.5% 88.0 ± 6.4%

To confirm that the dynamic graph representation leads to improved performance,

we deployed an experimental setup without any graph representations, which served as
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a baseline system (shown in Figure 4.3(a)). The baseline system uses raw EEG signals

as input to the STFT, i.e., no graph representation and no graph frequencies are used.

In addition, we repeated the experiment (on raw EEG signals) using Independent Com-

ponent Analysis (ICA) by using the algorithm defined in [136], and applied the STFT to

produce the data to be fed into the neural network (Figure 4.3(b)). We did not use any

graph representations.

Results using the two baseline methods are presented in Table 4.2. As seen, even using

only five eigenvectors with our 4-cluster dynamic graph representation, it is possible to

outperform the two baseline methods that do not use graph signal representations. This

confirms the suitability and effectiveness of our graph representation for imagined speech

classification.

We later repeated the experiments with high spatial frequencies to see if using only

high spatial frequencies can give comparable results. We present the results in Table 4.3

and show how different eigenvector selections result in different classification accuracies.

In general, using lower eigenvectors give higher results with lower variance, but it is still

possible to reach those accuracies with high spatial frequencies too. This again shows

that the information is spread through all the spatial frequencies. Using a subset of

eigenvectors with low or high spatial frequencies gives comparable results, however, we

lose information when we do not use all the eigenvectors.

Table 4.3: Classification accuracies using a subset of the eigenvectors for the short word
vs long word experiment for subjects A and D using the database [98].

Classification accuracies using a subset of the eigenvectors
Method Subject A Subject D
Lowest 5 eigenvectors (0, 1, 2, 3, 4) 68.00 ± 3.32% 76.88 ± 4.88%
Highest 5 eigenvectors (59, 60, 61, 62, 63) 66.50 ± 3.20% 74.38 ± 5.90%
Lowest 10 eigenvectors (0, 1, ..., 9) 71.50 ± 5.02% 80.00 ± 3.75%
Highest 10 eigenvectors (54, 55, ..., 63) 70.00 ± 4.47% 78.75 ± 3.06%
Lowest 20 eigenvectors (0, 1, ..., 19) 75.00 ± 3.87% 86.25 ± 3.75%
Highest 20 eigenvectors (44, 45, ..., 63) 73.00 ± 4.58% 83.13 ± 2.86%
Lowest 40 eigenvectors (0, 1, ..., 39) 78.50 ± 3.20% 91.88 ± 4.00%
Highest 40 eigenvectors (24, 25, ..., 63) 77.50 ± 2.50% 90.63 ± 3.13%
All eigenvectors (0, 1, ..., 63) 81.50 ± 3.91% 93.75 ± 4.84%
Benchmark Accuracy [98] 70.3 ± 5.5% 88.0 ± 6.4%

4.3.5 Exploration of Different Neural Network Variations

We repeated the experiments using three alternative neural network architectures for

classification. The main reason of choosing an LSTM-based neural network as our main

architecture was their robustness in learning long-term and short-term dependencies in
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Figure 4.2: Main architecture for classification of imagined speech. Multi-channel EEG
signals are projected onto the eigenvectors of each graph and yield timeseries of graph
(spatial) frequency coefficients. These are subjected STFT, producing the proposed
DMGF representation. The resulting DMGF coefficients are fed into an attention-based
BiLSTM network for the recognition of imagined speech (figure created by the author).
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Figure 4.3: (a) Baseline method without any graph operators. (b) Baseline method with
ICA (figure created by the author).

long temporal sequences, which is what we use in this work. However, convolutional neu-

ral networks are also used in clasification of frequency features of imagined speech [102]

and multi-channel convolutional neural networks [137] are used in classification of EEG

signals in some works [28, 102]. As we explained in Section 2.3.3, we avoided using

transformers because of the size of the EEG datasets. For these reasons, we compared

our LSTM-based architecture with a variety of combination of LSTM, convolutions, and

multi-channel architectures to assess how using convolutions and multi-channel architec-

tures perform compared to our single-channel LSTM-based neural network. These are

explained below.

Multi-channel 3-BiLSTM with attention (Figure 4.4(a)) We tested our method-

ology using two separate graphs and separate graph eigenvector sets. We calculated the

STFT of the resulting graph frequencies and provided them as inputs to different LSTM

layers. This approach is similar to the main method, showed in Figure 4.2, but processes

the features of different graphs separately. The attention layers at the end of the LSTM

layers facilitate the selection of the most relevant features for the classification task. The

concatenation of the resulting outputs was fed into a dense layer with a softmax function
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that calculates the probability of each class.

Multi-channel 5-Conv2D with attention (Figure 4.4(b)) This architecture uses

five 2D convolution layers instead of LSTM layers. The low number of LSTM layers and

convolution layers helps keep computational cost low and avoid overfitting.

1-channel 5-Conv2D with attention (Figure 4.4(c)) This architecture uses 2D

convolutional layers on a single channel, taking as input the same graph representation

used by the main architecture.

Results obtained using the above architectures are presented in Table 4.4. As seen

in Table 4.4, the main scheme (Figure 4.2) outperforms the alternative architectures,

providing evidence that the dynamic graph EEG representation combined with a single-

channel LSTM-based neural network is the architecture that yields the best recognition

results.

Table 4.4: Classification accuracy using alternative neural networks for short word vs
long word classification using database [98].

Classification accuracy using alternative neural networks.
Neural network variation Subject A (Low

performer)
Subject D (High
performer)

1-channel 3-BiLSTM + attention 81.50 ± 3.91% 93.75 ± 4.84%
2-channel 3-BiLSTM + attention 79.00 ± 4.36% 91.25 ± 4.15%
2-channel 5-Conv2D + attention 80.00 ± 3.87% 92.50 ± 5.45%
1-channel 5-Conv2D + attention 78.00 ± 5.10% 89.38 ± 5.63%
Benchmark method [98] 70.3 ± 5.5% 88.0 ± 6.4%

Table 4.5: Performance of our 4-cluster method with 3-layer LSTM network and attention
mechanism for short word vs long word classification in comparison to the benchmark
accuracies [98] using the database [98].

Classification accuracy for short word vs long word on database [98].
Subject Proposed method Benchmark method [98]
Subject A 81.50 ± 3.91% 70.3 ± 5.5%
Subject B 89.50 ± 3.50% 71.5 ± 5.0%
Subject C 91.25 ± 5.00% 81.9 ± 6.5%
Subject D 93.75 ± 4.84% 88.0 ± 6.4%
Subject E 81.50 ± 3.20% 79.3 ± 7.9%
Subject F 94.00 ± 3.00% 89.3 ± 3.5%
Average 88.58 ± 3.91% 80.1 ± 5.8%
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Figure 4.4: Neural network architecture variants used with the proposed method. (a)
Multi-channel 3-BiLSTM with attention, (b) Multi-channel 5-Conv2D with attention
and (c) 1-channel 5-Conv2D with attention (figure created by the author).

4.3.6 Results on Dataset [98]

We tested our method for imagined speech classification involving the short word “in”

and long word “cooperate”. Results are presented in Table 4.5, with alternative metrics

provided in Table 4.6 and Table 4.7. As seen, our method not only outperforms the

benchmark method, but also exhibits lower variance across subjects, making it more

suitable for subject-independent applications.

Further, we assessed our system in cross-subject (subject-independent) classification

where data from all subjects are used for system training. In general, EEG classifi-

cation is more difficult when signals from different subjects are used for training and

testing [65], as opposed to using signals from one subject. Our method is inherently
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Table 4.6: Confusion matrix for each subject for short vs long word experiment. Subjects
A, B, E and F have 200 samples, and Subject C and D had 160 samples.

Subject A
Predicted Class 1 Predicted Class 2

Class 1 - Short word (“in”) TP = 80 FN = 20
Class 2 - Long word (“cooperate”) FP = 17 TN = 83

Subject B
Predicted Class 1 Predicted Class 2

Class 1 - Short word (“in”) TP = 92 FN = 8
Class 2 - Long word (“cooperate”) FP = 13 TN = 87

Subject C
Predicted Class 1 Predicted Class 2

Class 1 - Short word (“in”) TP = 75 FN = 5
Class 2 - Long word (“cooperate”) FP = 9 TN = 71

Subject D
Predicted Class 1 Predicted Class 2

Class 1 - Short word (“in”) TP = 73 FN = 7
Class 2 - Long word (“cooperate”) FP = 3 TN = 77

Subject E
Predicted Class 1 Predicted Class 2

Class 1 - Short word (“in”) TP = 79 FN = 21
Class 2 - Long word (“cooperate”) FP = 16 TN = 84

Subject F
Predicted Class 1 Predicted Class 2

Class 1 - Short word (“in”) TP = 92 FN = 8
Class 2 - Long word (“cooperate”) FP = 4 TN = 96

robust in subject-independent classification tasks because the clustering of correlation

matrices from different subjects models task-dependent relationships between different

graph vertices instead of subject-specific traits. Therefore, to emphasize features rele-

vant to imagined speech, we create dynamic graphs by combining data from all subjects

and imagined words. Results are presented in Table 4.8 and show that our method sus-

tains a 75% accuracy in the cross-subject scenario, which confirms the effectiveness of

our approach.
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Table 4.7: Performance metrics for each subject for short vs long word experiment.
Subjects A, B, E and F have 200 samples, and Subject C and D had 160 samples. The
model demonstrates consistent precision, recall, F1 score and accuracy across all subjects,
indicating the robustness of its classification performance.

Performance metrics for short vs long word experiment.
Subject Precision Recall F1 Score Accuracy
Subject A 0.82 0.80 0.81 0.82
Subject B 0.88 0.92 0.90 0.90
Subject C 0.89 0.94 0.91 0.91
Subject D 0.96 0.91 0.94 0.94
Subject E 0.83 0.79 0.81 0.82
Subject F 0.96 0.92 0.94 0.94

Table 4.8: Performance comparison of intra-subject and cross-subject classification in the
short-word vs. long-word experiment using the database in [98].

Classification accuracies for short word vs long word classification.
Task Proposed Benchmark [98]
Intra-subject classification 88.58 ± 3.91% 80.1 ± 5.8%
Cross-subject classification 75.89 ± 2.11% N/A

Table 4.9: Cross-subject classification accuracies on KARA One database [66].

Classification accuracies on KARA One database [66]
Method C/V ±Nasal ±Bilabial ±/iy/ ±/uw/
[66] 18.08% 63.50% 56.64% 59.60% 79.16%
[99] 25.00% 47.00% 53.00% 53.00% 74.00%
[100] 85.23% 73.45% 75.55% 73.30% 81.99%
[101] 86.52% 72.10% 69.08% 75.27% 83.98%

Proposed 90.06±1.98 76.73±1.48 71.71±1.60 89.56±1.47 91.08±1.81

4.3.7 Results on Kara One Database [66]

In addition to the experiments conducted on database [98], we ran five different bi-

nary classification tasks using the Kara One database [66]. These classifications tasks

are: vowel-only vs consonant (C/V), presence of nasal (±Nasal), presence of bilabial

(±Bilabial), presence of high-front vowel (±/iy/), and presence of high-back vowel(±/uw/).

We tested our system in subject-independent classification, where one subject is kept aside

for testing, while the remaining subjects are used for training. The results are averaged

over all subjects and presented in Table 4.9 in comparison to results from relevant bench-

marks. As seen, our results exceed the benchmark accuracies for most experiments. This

shows that our method is robust for subject-independent applications and can be reliably

used for imagined speech classification.
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4.4 Data Augmentation

EEG datasets have very limited sample sizes (less than 200 trials per subject) compared to

datasets on other fields. Most of the EEG datasets have less than 50 trials per subjects and

a lot of them have less than 20 subjects. For example, one of the popular EEG datasets

Kara One database [66] is used a lot as a benchmark to compare different methods on

EEG data and it has only 14 subjects with around 12 samples per class. Another popular

EEG database PhysioNet EEG database [114] has 109 subjects, yet each subject has 15

samples per session with 45 samples in total of 3 sessions. Although EEG epoching is

used to increase the number of samples, it is still limited. For example, one sample in

Kara One database is approximately 5 seconds, and if you extract 9 epochs with 1 second

of recording and 50% overlap, we can increase the number of samples per class from 12

to 108 for each subject. However, even with EEG epoching, the number of trials that

we have is still a small fraction of what we have for image datasets. For cross-subject

experiments, the data from different subjects are combined and that increases the number

of trials per class, however, cross-subject experiments are more difficult by their nature

as the signals vary too much for different subjects. For intra-subject experiments, which

uses data from only one subject alone, that makes the assessment more problematic as

less data means more bias on the results.

Generative Adversarial Networks (GANs) [94, 138, 139], could have been a solution

to address this issue by creating artificial samples. However, since the EEG datasets

themselves are very limited, this can cause overfitting [140]. Artificial trials created by

GANs will not have new information on top of the available brain data captured through

EEG. If the artificial trials are very similar to the existing trials, this can cause overfitting

as the generative network and classification network will not generalize well enough. If

the artificial trials are very different than the original samples, this will not carry any

information not available the original dataset, and it might be just introducing noise.

EEG datasets are not as large as image datasets or natural language datasets. If

a dataset is large enough, there can be enough data to learn the both general features

and individual characteristics. Then, a generative model can create artificial trials with

generalized features with variations of individual characteristics through different com-

binations [141]. This can help increasing the amount of data and help with training.

However, EEG datasets are relatively small [82], and it is challenging to create artificial

trials through GANs, and it would be a different research topic by itself.

There are examples of using GANs for EEG dataset augmentation in literature, how-

ever, published results are not convincing. For example, [142] uses GANs to increase the

sample size of a motor imagery dataset which has only three electrodes. Authors mention

“thousands of” epochs for training, and report that their data augmentation improved

accuracy from 83% to 86%. They also use only one subject for binary classification.
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Similarly, [143] uses GANs for augmenting a motor task EEG dataset. They use only

one channel for one subject and they do not report the accuracies with and without data

augmentation. There are other use cases for GANs to generate artificial EEG data for

motor imagery, motor tasks, and emotion recognition tasks [140]. However, some of them

do not report classification accuracies with and without augmented data, which makes

it difficult to assess the performance of data augmentation, and some of them have only

one subject or less than three channels for their experimental setups.

Creating bigger EEG datasets would be helpful but it is still costly and have other

obstacles. Recording EEG signals for long periods of time is not practical. Although

EEG is much more practical and costs much less than other data collection methods like

fMRI, it is still not practical to collect hundreds of thousands of samples from a variety of

different subjects. For this reason, when we compare the size of EEG datasets with image

datasets, there is an enormous difference. For example, in computer vision, datasets like

cifar-10 [144] are considered small even though it has 60000 samples. If we think about

the amount of images available on the internet, where millions of users upload image data

voluntarily, the amount of data available to collect is enormous and the cost is very low.

On the other hand, recruiting subjects for EEG data collection, arranging laboratories

and personnel to collect data, preparing subjects and placing EEG sensors on top of each

subject’s scalp is very costly, not that practical and consumes a lot of time.

For these reasons, it is very essential to have data augmentation methods to enhance

the number of trials we have in the current and future EEG datasets. Increasing the

number of trials in an EEG dataset not only can enhance the number of trials, but also can

decrease the cost of recording process as it can be possible to have less recordings for each

subject during the recording process. There are different methods to augment EEG data,

i.e., adding noise, combining different EEG sequences, delaying an EEG sequence and

combining it with different EEG sequences. However, those techniques have limitations

[140].

Data augmentation for EEG signals has one important challenge. When we augment

the data of different channels to create new samples, we lose the channel-wise relationships

between different channels. It is important to preserve the correlations and channelwise

relationships between different channels, otherwise we would change the network structure

of the EEG signals.

To preserve the network structure of the EEG signals, we propose a novel graph-

based EEG data augmentation technique to create augmented EEG signals while we

conserve the channelwise relationships between different channels, without creating an

overfitting problem. Instead of randomly combining different channels with randomly

selected patches of sequences, we use graph operators to combine the channel data with

the neighboring nodes.

If S is a multi-channel signal in the form of a matrix with rows representing channels,
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we create an artificial sample as

S
′

= dk ((αI + βQ)S + θLN ) (4.1)

where Q is the random walk matrix defined as Q = D−1A, L is the symmetric normalized

Laplacian defined as L = D−1LD−1, N is a white noise matrix, d is the delay operator,

and k is the amount of delay. The product QS provides the weighted average of the

neighboring vertices using the weights for each vertex pairs [6]. Constants α, β, θ and k

are parameters to tune the augmentation with α as the weight of the channel itself, β

as the weight of the average of the neighboring channels, θ as the weight of the noise.

We multiply the white noise with the symmetric normalized Laplacian operator L to

amplify the noise by the average variance between the node and its neighbors. We did

this to have more noise when there is more variance between neighboring nodes. We did

not use the combinatorial Laplacian operator L as we did not want to amplify the noise

by the degree of the node. For example, a node with 10 neighbors will have five times

greater value compared to a node with 2 nodes if we use the Laplacian operator. On the

other hand, if we use the symmetric normalized Laplacian as an operator, we will get the

normalized variance between the nodes and their neighbors. This is a better metric to use

to amplify the noise. Lastly, we introduce the delay operator dk with k as the constant

specifying the number of samples to shift. Note that dk is at the outermost part of the

parenthesis as the last operation, since we shift the channels and the neighboring nodes

together after applying the operators to preserve the network structure. We do not shift

the sequences from different channels independently. Figure 4.5 presents the creation of

an artificial sample based on the pair-wise relationships of vertices of a graph.
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Figure 4.5: Creation of an artificial EEG signal by using graph operators as for-
mulized in (4.1). Signal s = [s0, s1, s2, s3, s4]T is shown on a graph with vertex set
V = {v0, v1, v2, v3, v4}. For each vertex i, neighbor j contributes with a value of
(1−α)(qij)sj alongside αsi, which is a portion of the original signal value si, for vertex i
(figure created by the author).

We want to emphasize the fact that to get the augmented version of one channel,

we need to use all the channels to preserve the channelwise correlations. So, to get the
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augmented version of one channel, one needs to use the multi-channel signal first to

create the augmented multi-channel signal and then get the associated channel from the

augmented signal. This is done to preserve the channelwise correlations. Still a subset of

the multi-channel signal can be used to get the augmented channel, as long as we have

the n-hop neighborhood channels, and the degree of the operators are not greater than

n. So, for an augmentation where we have all the operators in first degree, we can only

use the one-hop neighborhood of the channel that we are interested in and calculate the

augmented version of the original signal. This assures the preservation of the relationships

between neighboring channels.

4.4.1 Data Augmentation Experiment Results

Table 4.10: Intra-subject classification accuracies for short word vs long word experiment
with and without data augmentation. Performance is reported for our proposed 4-cluster
method with 3-layer LSTM network and attention mechanism.

Classification accuracies for short word vs long word on database [98].
Subject No augmentation With augmentation
Subject A 81.50 ± 3.91% 82.50 ± 3.35%
Subject B 89.50 ± 3.50% 90.00 ± 3.16%
Subject C 91.25 ± 5.00% 91.88 ± 4.00%
Subject D 93.75 ± 4.84% 94.38 ± 4.38%
Subject E 81.50 ± 3.20% 82.00 ± 2.45%
Subject F 94.00 ± 3.00% 94.00 ± 2.00%
Average 88.58 ± 3.91% 89.13 ± 3.22%

Table 4.11: Intra-subject and cross-subject classification accuracies for the short word vs
long word experiment with and without augmented EEG data.

Classification accuracies for short word vs long word classification.
Task No augmentation With augmentation
Intra-subject classification 88.58 ± 3.91% 89.13 ± 3.22%
Cross-subject classification 75.89 ± 2.11% 76.52 ± 1.65%

Due to the scarcity of EEG data relevant to the taks of imagined speech analysis

and recognition, we introduced artificial trials using the novel methodology presented

in Section 4.4. We used the same experimental setup for imagined speech classification

and compared how the classification accuracies change when we use augmented data.

To generate artificial trials, we introduced 15ms delay with using 90% of the signal by

setting α = 0.9 and β = 0.10 to combine the signal from the proximity of each node.

We used θ = 0.05 to introduce white noise based on the signals within the proximity of
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each node. We used the augmented data only for training and did not use it on test data

to only measure the performance on the original test samples. To assess performance,

we utilized the original test samples. To evaluate the impact of data augmentation, we

applied the same experimental setup for imagined speech classification and compared the

classification accuracies with and without using augmented data. Results are reported in

Table 4.10. As seen, training data augmentation leads to a small increase in recognition

performance accompanied by a decrease in variability. We also conducted cross-subject

experiments using augmented data and observed a similar pattern in performance, with a

small increase in recognition accuracy and a decrease in variability, as shown in Table 4.11.

These experiments suggest that data augmentation is a viable strategy for addressing the

problem of lack of training data.

4.5 Conclusion

To model a dynamic system like brain, where the network structure is not static and

changes through time and task, using a static graph with fixed connections based on

Euclidean distances is a very limiting approach.

One of our aims was to evaluate the effectiveness of dynamic-graph-based EEG rep-

resentations in imagined speech classification and biometric identification. To apply the

proposed method to imagined speech classification and evaluate its performance against

state-of-the-art methods and conventional static graph approaches, we used the dynamic

graph representation of the EEG signals, which we proposed in Chapter 3, to represent the

EEG signals for the imagined speech experiments and showed that our proposed method

is more effective and experiment results surpasses the current state-of-the-art methods

for all our experiments except one. We also showed that our method is more robust

for subject-independent classification tasks. We presented results for another experiment

setup that we combined the data from different subjects for cross-subject experiments,

which was not reported on the benchmark method [98]. We showed that even when

we combine data from different subjects, we can still get similar results to intra-subject

experiments.

To investigate the effect of different clustering and eigenvector selection strategies on

the performance of dynamic graph modeling of EEG signals, we obtained the results for

different setups where we investigated the effect of using different number of clusters,

different neural network variations, different eigenvector selection strategies, and we also

compared them with baseline methods where we do not use any graph operators.

Lastly, to investigate the impact of different neural network architectures on imagined

speech classification performance, and to propose a method for generating artificial EEG

data while preserving channel-wise relationships, we proposed a novel graph-based EEG

data augmentation method to augment multi-channel EEG signals and increase the num-

84



ber of trials for training. We presented the results with and without data augmentation to

show that the proposed method helps with training, increases the classification accuracy

and reduces the bias. We observed that the increase in accuracy is not substantial. The

main reason for this is the fact that augmented data does not provide new information

that is not already available in the dataset. It increases the number of samples. This

makes the training more robust and decreases the variation between different folds as

we use 10-fold cross validation. Althought the increase in the classification accuracy is

not substantial, less variation between different folds results as an increase in classifica-

tion accuracy and a decrease in variation. This means that the augmentation is actually

helping with the robustness of the system rather than providing new information.

85



Chapter 5

Graph Signal Processing for

EEG-based Biometric Identification

5.1 Introduction

In Chapters 1 and 2, we mentioned various electroencephalography (EEG) applications.

One such research area involves EEG-based biometrics, where EEG can be used to iden-

tify an individual with a unique signal generated by the subject’s cognitive activity [145].

There are a variety of biometric identification and authentication methods [146, 147].

Popular biometric authentication and identification methods such as fingerprint and iris

scanning have downsides, as they can be stolen and used against the subject’s will or

without the subject’s consent. Another limitation of using fingerprint or iris scanning is

the inability to verify whether the subject is alive or conscious during biometric authen-

tication or identification [148]. EEG-based biometric systems provide greater security

against identification without consent, and make it difficult for third parties to replicate

the original signal [148]. This approach can be further enhanced by incorporating a vari-

ety of cognitive tasks, as each individual can perform a different imagery task while their

EEG signal is acquired. In this case, the cognitive task becomes part of the biometric

signature as if it is part of a passkey, which is implemented as a “pass-thought” in [119].

Most EEG applications use hand-crafted statistical features [18,149–151] without con-

sidering spatial relationships among EEG signals. For these reasons, it is important to

develope a more robust system that extracts spatiotemporal features from EEG signals

and uses the most discriminative features for biometric identification. Using our method-

ology for dynamic graph representations of EEG signals, presented in Chapter 3, we

propose a novel method to incorporate both graph features and time variations of spatial

frequencies to analyze the multi-channel EEG signals and use in biometric identification.

As in Chapter 4, we adopt the strategy of employing eigenvectors of different graphs to

represent EEG signals for identification. Our approach relies on individual differences of
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projections of EEG signals onto the eigenvectors of the dynamic graph representations.

We use those differences as discriminatory information in identification.

There are two main scenarios where EEG signals can be used as biometric informa-

tion. One is biometric identification and the other is biometric authentication. Biometric

identification is using a biometric input to identify the subject, i.e., using fingerprints in

a crime scene to compare it with a database to identify the subject [112]. On the other

hand, biometric authentication uses the biometric data to verify a user’s identity, i.e.,

face recognition on smartphones, fingerprint recognition in borders to verify a person’s

identity [152]. In this chapter, we focus on biometric identification as an application, that

means we use data from a pool of users to identify the identity of the user.

5.2 Dynamic Graph Representations of EEG Signals

for Biometric Identification

In previous chapters, we presented dynamic graph representations of EEG signals and

their application on imagined speech classification. Using dynamic graph for imagined

speech classification was effective as it allowed us to model changes in the graph structure

during imagined speech. During the imagination of speech, graph structure changes based

on subject and imagined word. Dynamic graph representations address those issues

by representing a graph signal using different graphs. Likewise, using EEG signals for

biometric identification requires capturing the subject-dependent nature of those changes

in spatiotemporal features. When EEG signals are projected onto the eigenvectors of a

dynamic graph, different subjects have different representations, i.e., graph frequencies

which correspond to spatial frequencies. When we analyze the temporal variations of

those spatial frequencies to get the spatiotemporal representations of signals, it creates

different patterns for different subjects, and they provide discriminatory information for

the neural network to classify the subject’s identity.

5.3 Experimental Assessment

5.3.1 Databases

Although our focus in previous chapters was imagined speech, we used the Physionet [114]

dataset alongside the Kara One [66] dataset even though the Physionet is a motor imagery

dataset. To assess the performance of our method, and compare it with other benchmark

methods, it is essential to use benchmark datasets that other methods use. If a dataset

does not have enough subjects, the quality of the recorded data, task or other properties

would not have any significance since the main goal is identifying individuals rather than
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Table 5.1: Experimental procedure for the PhysioNet database. The column “Imagery”
explains which experiments use the imagery data (since we are not interested in actual
physical movements). We use imagery data only where the subject merely imagines
moving their limbs without making any muscle movements.

Experimental procedure during the recording for the PhysioNet database
Run Task Task definition Imagery
Run 1 - Baseline, eyes open
Run 2 - Baseline, eyes closed

Run 3 Task 1 Open and close left or right fist
Run 4 Task 2 Imagine opening and closing left or right fist Imagery
Run 5 Task 3 Open and close both fists or both feet
Run 6 Task 4 Imagine opening and closing both fists or both feet Imagery

Run 7 Task 1 Open and close left or right fist
Run 8 Task 2 Imagine opening and closing left or right fist Imagery
Run 9 Task 3 Open and close both fists or both feet
Run 10 Task 4 Imagine opening and closing both fists or both feet Imagery

Run 11 Task 1 Open and close left or right fist
Run 12 Task 2 Imagine opening and closing left or right fist Imagery
Run 13 Task 3 Open and close both fists or both feet
Run 14 Task 4 Imagine opening and closing both fists or both feet Imagery

the tasks undertaken. Additionally, for a biometric identification experimental setup, it

is important to have a greater number of individuals. This makes the Physionet dataset a

better option to use for benchmarking purposes to see how our method performs relative

to other methods in literature. As listed in Table 5.3, for biometric identification tasks,

[115–119] and [112] use their own datasets. This makes it difficult assess how much of the

performance is coming from the dataset itself. Dataset and the recording method itself

can cause an increase in performance [98]. [109] and [110] use the DEAP dataset [106]

for emotion recognition, while [111,112] and [113] uses Physionet database [114]. As the

Physionet database has 109 subjects, and already used by other methods, it is a better

benchmark dataset for comparing our method with other methods in literature. Also,

since the Kara One dataset includes only 14 subjects, it would not be sufficient for the

assessment of the performance of the method. Therefore, for the application of EEG-

based biometric identification, we also include the PhysioNet dataset alongside the Kara

One database as it is more suitable for testing biometric applications.

PhysioNet database includes four different tasks for each subject recorded through

three different sessions. Each recording starts with two baseline runs with one of them eyes

open and the other one with eyes closed. Since there are 14 different runs, four different

tasks, two different baseline recordings and some recordings have actual movements and

some of them have motor imagery, it becomes difficult to follow. So, we presented the

details in the Table 5.1 to give a quick summary. As presented in Table 5.1, “Run 4”, “Run
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8” and “Run 12”, which are highlighted with magenta, includes imagery data where the

subject imagines opening and closing left or right fist. We combined those three sessions

for one experiment for the biometric identification. It is important to emphasize that

using data from different sessions makes classification tasks more difficult. In a real-life

scenario, any biometric identification or authentication application should work after a

period of time passed from the collection of the original recording. For example, if we had

EEG data for biometric authentication, the subject should be able to verify their identity

even if three months passed from the time the EEG data collected from the subject. Most

of the datasets include only one session. When there is only one session with around 20

subjects, obviously any kind of classification task becomes easier, however, that might

not reflect the actual performance of the system as the results will be biased.

Additionally, as presented in Table 5.1, “Run 6”, “Run 10” and “Run 14”, which are

highlighted with cyan, includes imagery data where the subject imagines opening and

closing both fists or both feet. We combined the data from those sessions for another

experiment. We did not use the remaining runs as they correspond to actual physical

movements. We used two different imagery tasks separately to investigate how they differ

in classification accuracy.

We presented the details of the Kara One database in Section 4.3.1. As we stated

before in Section 4.3.1, again we discard the video and audio data and we only use the

EEG data from the 14 subjects where they imagine speaking 11 different phonemes and

words.

5.3.2 Preprocessing of EEG Signals

We used the PhysioNet dataset described in Section 5.3.1. As the published data is

unprocessed EEG data, we applied a notch filter to remove the 60Hz power line and later

applied a 5th order butterworth bandpass filter to keep the frequencies between 0.5Hz

and 50Hz. We later multiplied the signal by 106 to change the values from mV to V

which would otherwise be problematic as it would be difficult for the neural network to

handle very small numbers. We did not apply any normalization to the raw data before

or after the preprocessing as we wanted to get the short-time Fourier transform without

changing the amplitudes of the signals.

As we described in Chapter 3, in order to prepare the DMGF for neural network

classification, we offset STFT magnitude values by 1 to make the smallest magnitude

equal to 1. We then apply log-normalization to keep the STFT magnitude values within

a range that can be handled by the neural network. This ensures that the minimum log-

magnitude is 0 while small magnitudes, such as 10−20, are represented as approximately

0.

For the Kara One database, the authors shared both processed and raw EEG data.
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To make sure that we use the same input signals, we used their processed signals instead

of processing the raw signals to make sure the preprocessing is not a factor in difference of

classification accuracy. However, as in the case of PhysioNet database, we performed the

log-normalization as another preprocessing step before feeding the input into the neural

network to keep the values in a range where the neural network can handle.
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Figure 5.1: Main architecture for the recognition of the subject’s identity. Multi-channel
EEG signals are projected onto the eigenvectors of each graph and yield timeseries of
graph (spatial) frequency coefficients. These are subjected STFT, producing the proposed
DMGF representation. The resulting DMGF coefficients are fed into an attention-based
BiLSTM network for the recognition of subjet’s identity (figure created by the author).

5.3.3 Intra-session vs Cross Session

One important challenge when EEG signals are used for biometric identification is the

variation between signals from different sessions [119], as recordings taken in different

times can vary too much. However, EEG datasets generally include data from one con-

tinuous session of recordings [119]. This makes it difficult to assess whether the system is

robust enough to achieve identification/authentication when the signals come from dif-

ferent sessions. For example, in a scenario where the user’s EEG data is recorded in a

visa application center, the recording should not vary too much with time for the user to

provide similar EEG data at the border while visa control. In Section 5.3.1, we explained

the details of the two databases used, which are PhysioNet [114] and Kara One [66]. The

PhysioNet database has recordings from three different sessions. We combined data from

three different sessions on PhysioNet database to take session-wise variation into account

and ensure that our results are not session-specific. On the other hand, the Kara One

database includes a continuous recording for each subject, so the respective results do

not reflect session-wise variations.

5.3.4 Experiments

We run three experiments in total, two of them with the PhysioNet database and one of

them with the Kara One database. As we stated in Section 5.3.1, we combined “Run 4”,
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“Run 8” and “Run 12”, which includes imagery data of the subjects imagining opening

and closing left or right fist. This part of the data is used for the first experiment, and

we refer to it as PhysioNet left vs right fist. We combined “Run 6”, “Run 10” and “Run

14”, which includes imagery data of the subjects imagining opening and closing both

fists or both feet. This data is used for the second experiment, and we refer to this data

as PhysioNet both fists vs both feet. Finally, we used the Kara One database for third

experiment where subjects imagine speaking 7 phonemic/syllabic prompts and 4 words.

Contrary to other variations of cross-validations, we used 10-fold nested cross valida-

tion scheme, which we detail in Section 2.4.3. We divide the data from all the users into

training and test sets and we do not use test data in any way for calculating the dynamic

graph representation or normalization. Instead of dividing the data into training and

test sets before feeding them into neural network, we divide the data at the start of the

experiment and make all the calculations for the dynamic graph representations based

on the training set. This increases the amount of calculations, computational cost and

amount of time the experiment takes. However, to get reliable results this approach is

necessary. So, instead of calculating the dynamic graph representations once and running

the machine learning part of the experiment 10 times, we repeat the entire process 10

times.

After dividing the data into training and test sets, we use all the training data for

calculating the correlations between different channels and clustering the correlations to

calculate the dynamic graph representations. We used two correlation centers for this

application and used all the eigenvectors from both graphs. After projecting all the in-

dividuals’ EEG signals onto the eigenvectors of the dynamic graph, we calculated the

STFT of each graph frequency sequence, as we also did in Chapter 4. This gives the tem-

poral variations of the spatial frequencies, which effectively provides the spatiotemporal

variations of the signals on graph as we presented in Section 3.4.

We used the three-layer bidirectional LSTM network with attention for the classifi-

cation presented in Figure 5.1, which was the main neural network architecture that we

used in Chapter 4. We used the same architecture since we have the same DMGF fea-

tures for the classification. As we mentioned in Section 4.3.5, after experimenting with

different neural network architectures, we observed that we had the best classification

performance with our neural network 1-channel 3-BiLSTM + attention as shown in Fig-

ure 5.1, which is described in detail in Chapter 4. We kept the hyperparameters of the

neural network the same with 256 parameters for each layer, which are doubled as they

are bidirectional, and number of parameters on the last dense layer again equals to the

number of classes, which becomes the number of subjects in this experimental setup. We

did not use any dropout regularization as we kept the learning rate 10−5 and the learning

curves converged smoothly for both training and test sets without making oscillations.
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Table 5.2: Identity identification accuracies using two different EEG databases. Phy-
sioNet database includes motor imagery signals, and the Kara One database includes
imagined speech signals. We reached to 100% accuracy on both databases, which is on a
par with the state-of-the-art methods as presented in Table 5.3.

Biometric identification accuracies using dynamic graph representation.
Database Imagined task Number of

subjects
Identification
accuracy

PhysioNet [114] Moving left or right fist 109 100%
PhysioNet [114] Moving both fists or both feet 109 99.9%
Kara One [66] Imagined phonemes and words 14 100%

Table 5.3: Comparison of identity identification accuracies of different methods.

Comparison of identification accuracies with different methods.
Method Database Number of

subjects
Identification
accuracy

Palaniappan et al. (2007) [115] Self [115] 102 98%
Abdullah et al. [116] Self [116] 10 96%
Chuang et al. (2013) [117] Self [117] 15 22%
Armstrong et al. (2015) [118] Self [118] 45 97%
Ruiz-Blondet et al. (2016) [119] Self [119] 50 100%
Wang et al. (2020) [112] Self [112] 59 92.05%
Khalil et al. (2017) [109] DEAP [106] 20 75%
Cai et al. (2023) [110] DEAP [106] 31 99.21%
Seyfizadeh et al. (2024) [113] [153] 10 99.33%
Seyfizadeh et al. (2024) [113] PhysioNet [114] 109 99.73%
La Rocca et al. (2014) [111] PhysioNet [114] 109 100%
Wang et al. (2020) [112] PhysioNet [114] 109 99.65%
Proposed method PhysioNet [114] 109 100%
Proposed method Kara One [66] 14 100%

5.3.5 Results

We used our proposed method on PhysioNet dataset, described in Section 5.3.1, and

also on the Kara One [66] database, described in Section 5.3.1. In Table 5.2, we present

our results on PhysioNet and Kara One databases, and in Table 5.3, we present our

results alongside other methods in literature for comparison. The Kara One database

has 14 subjects and PhysioNet dataset has 109 subjects. Several works in literature use

fewer than 25 subjects in their experiments. This number is very small for the reliable

assessment of the performance of any method. For this reason, the identification accuracy

in the PhysioNet dataset yields more reliable evaluation of the performance of the method.

Our methodology reached 100% accuracy on both Kara One and PhysioNet datasets for

the biometric identification tasks, which is on a par with the state-of-the-art methods.
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5.4 Conclusion

One of the aims of the thesis was to evaluate the effectiveness of dynamic-graph-based

EEG representations in biometric identification. Regarding this aim, our objectives was to

evaluate whether individual differences in dynamic graph representations can be used for

biometric identification in imagined speech tasks, and to compare the performance against

state-of-the-art methods and conventional static graph approaches. Using the dynamic

graph representation of EEG signals that we presented in Chapter 3, we reached to 100%

accuracy of biometric identification of subjects. This includes two different EEG datasets

with one of them including 109 subjects and their recordings from three different sessions.

We reached the identification accuracy of the state-of-the-art methods and proved that

different eigenvectors of the dynamic graph representation can be used for biometric

identification.

However, to use this technology in real life scenarios like in airport borders, we need to

make it reliable to work with less than 1 second of input. Also, we use all the data for the

training, as of other methods present in the literature. Although current state-of-the-art

methods include all the data from subjects for training, and our method also reaches up

to 100% accuracy with the same strategy, in a real-life scenario it would not be possible

to capture long sessions of EEG recordings from subjects for EEG based biometric identi-

fication. Just like collecting fingerprints of a subject, EEG-based biometric identification

methods should work with a very short sequence of signals. Further, another important

aspect is to be able to make prediction with a limited input, i.e., a partial fingerprint for

biometric identification. To be able to use EEG-based biometrics, the system should also

work with partial input data.

As future work, we can run variations of these experiments with different number of

clusters and different eigenvector selection strategies as we did in Chapter 4 to analyze

which eigenvectors are more discriminatory. We also need to assess those results with a

database that includes siblings, family members and twins [154], so that we can assess

whether the eigenvectors we use for discrimination can work on identifying twins and

family members, and establish how the projections on eigenvectors change for twins.

Another aspect that needs to be investigated is the long-term performance of different

eigenvector selection strategies. For example, a selection of eigenvectors from different

clusters, i.e., lowest eight spatial frequencies from four-cluster dynamic graph, can work

very efficiently and give 100% accuracy. However, this accuracy can change if we use

data from different sessions that are three months apart. To check the robustness of

the system, we need to have EEG datasets with different sessions with varying time

intervals, i.e., one day, one week, one month, three months. This can help us investigate

the robustness of different eigenvector selection strategies for biometric identification over

a period of time. Those are very crucial questions that need to be answered in the future.
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Chapter 6

Conclusions

6.1 Findings of the Thesis

Throughout this work, we investigated how to represent the dynamic nature of the EEG

signals by considering that the network structure is not static. Correlations and connec-

tions between different vertices can change over time and across activities, and exhibit

varying characteristic traits for different individuals. We conducted a systematic inves-

tigation to answer the research questions we listed in Section 1.6. For this investigation,

we had two important aims as we described in Section 1.7, and to reach these aims we

had six objectives as we described in Section 1.8. This thesis contributes to the literature

by proposing a novel dynamic graph representation framework for EEG signals, utilizing

a unified representation of spatial and temporal frequency features, and demonstrating

applicability in imagined speech recognition and biometric identification tasks. This the-

sis also proposes a novel method to produce artificial EEG trials without altering the

channel-wise correlations and preserving the correlations between different sensor pairs

without altering the network structure.

The first aim was to develop a dynamic-graph-based modeling strategy for EEG signals

that captures evolving spatial and temporal relationships among different brain regions.

This aim corresponded to research questions one and two, and was addressed through

objectives one and two.

The first objective was to propose a method for constructing dynamic graph repre-

sentations of EEG data that model the time-varying, task-specific, and subject-specific

relationships among different brain regions, independent of their physical proximity. In

Chapter 3, we proposed dynamic graph representations of EEG signals to address the

limitations of using static graphs for representing EEG signals. We provided a framework

based on the eigenvectors of different graphs instead of a single static graph. This allows

the signal to be projected onto different spatial frequency components derived from a

variety of graphs. This addresses the problem of having a limited set of graph frequency
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components for different applications, without considering the change in network struc-

ture and correlations between different brain regions across tasks. This answered the

first research question of how the dynamic nature of EEG data can be modeled using

graph-based representations that capture temporal and task-related variations in the re-

lationships among different brain regions, and established the theoretical foundation for

the applications presented in the following chapters.

The second objective was to extract and analyze spatiotemporal frequency features

from the constructed dynamic graph representations of EEG signals. In Chapter 3, in

Section 3.4, we provided our proposed spatiotemporal representation of graph signals.

We addressed the limitation of traditional representations that provide spatial frequency

components only at individual time instants, and we proposed a framework to repre-

sent spatial and temporal frequencies in a unified way. This framework provides the

temporal frequency components of each spatial frequency component, representing how

different spatial frequency components evolve over time. This provided the answer to the

second research question regarding how spatial and temporal variations in EEG signals

can be integrated to extract spatiotemporal frequency features from graph-based EEG

representations.

The second aim was to evaluate the effectiveness of dynamic-graph-based EEG rep-

resentations in imagined speech classification and biometric identification. This aim ad-

dressed research questions three, four, five, and six, as listed in Section 1.6. Objectives

three through six were defined to achieve this aim and provide answers to those research

questions, as described in Section 1.8. To meet these objectives, we conducted extensive

experiments in Chapter 4 for the third, fourth, and fifth objectives, and in Chapter 5 for

the sixth objective. These experiments demonstrated the effectiveness of the proposed

approach in classification and identification tasks, as discussed in detail below.

The third objective was to apply the proposed method to imagined speech classifi-

cation and evaluate its performance against state-of-the-art methods and conventional

static graph approaches. In Chapter 4, we investigated the application of dynamic graph

representations of EEG signals to imagined speech recognition by classifying different

words imagined by subjects. We showed that our method surpasses current state-of-the-

art approaches in most cases. We compared our results with both graph-based methods

and other methods using the same datasets. This demonstrated the effectiveness of dy-

namic graph modeling in imagined speech classification and provided the answer to the

third research question regarding whether dynamic-graph-based EEG representations en-

hance imagined speech classification performance in comparison to static graph models

and current state-of-the-art methods.

The fourth objective was to investigate the effect of different clustering and eigenvector

selection strategies on the performance of dynamic graph modeling of EEG signals. In

Section 4.3.3 and Section 4.3.4, we conducted a thorough investigation using different
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clustering and eigenvector selection scenarios to examine the effects of these strategies

and to identify the most effective clustering and eigenvector selection strategies. We

showed that using multiple clusters helps with classification accuracy and obtained the

best results when using four clusters. We conducted experiments with different numbers

and subsets of eigenvectors and presented the results of our investigation in detail. We

found that using a subset of eigenvectors can still provide comparable results. Low spatial

frequencies generally provided better classification accuracy than high spatial frequencies,

although the difference was not substantial. We achieved the best classification results

when using all the eigenvectors together, which suggests that the relevant information is

distributed across different spatial frequency components. This provided the answer to

the fourth research question regarding how clustering strategies and eigenvector selection

methods affect the performance of dynamic-graph-based EEG representations in imagined

speech classification tasks.

The fifth objective was to investigate the impact of different neural network architec-

tures on imagined speech classification performance, and to propose a method for gen-

erating artificial EEG data while preserving channel-wise relationships. In Section 4.2,

we used different neural network architectures to examine their effect on classification

performance. We concluded that using both convolutional neural networks and long

short-term memory networks yielded comparable results, although LSTMs were found

to be more suitable. We therefore used a 1-channel 3-layer bidirectional LSTM network

with attention for the rest of the experiments after conducting different experiments to

compare the performance of different neural network architectures. We used the atten-

tion mechanism as it helps with selecting more relevant features for the classification

task, allowing the neural network to focus on those features instead of factoring in all

the information equally. At the end of Chapter 4, in Section 4.4, we proposed a graph-

based EEG data augmentation method to create augmented EEG data by preserving

the channel-wise relationships of the EEG signals. We provided different parameters to

tune the augmentation process, and we presented experiment results with the augmented

EEG data. We showed that data augmentation led to a modest increase in classification

accuracy. We also showed that the variance between different folds decreased, so that the

variation between results decreased with the augmented data, which means the training

and testing phases are more robust. We observed that the augmented data improves the

robustness of the training phase, as the number of samples in EEG datasets is limited

and this increases the variance between different folds for validation and makes the train-

ing harder for the neural network. Augmented data addresses this issue to increase the

number of samples and make the training more robust. However, we also observed that

this does not result in a substantial increase in classification accuracy. We concluded that

the information in the data is limited and augmentation does not address that issue but

helps provide enough information between different folds to increase the robustness of the
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training which results in a lower variation and higher classification. This provided the

answer to the fifth research question regarding how different neural network architectures

affect imagined speech classification performance, and how artificial EEG data can be

generated while preserving channel-wise relationships among different brain regions.

The sixth objective was to evaluate whether individual differences in dynamic graph

representations can be used for biometric identification in imagined speech tasks, and to

compare the performance against state-of-the-art methods and conventional static graph

approaches. In Chapter 5, we investigated whether the individual differences between

the dynamic graph representations of EEG signals can be used to discriminate different

subjects. We applied our proposed method for the biometric identification of subjects by

using two different EEG databases where one of them has 109 subjects and recordings

from three different sessions. We achieved 100% identification accuracy from the classifi-

cation experiments that took place. We did not run the experiments for authentication.

However, it is important to note that authentication is an easier task than identification.

For authentication, if we ignore the weights/number of different subjects, we have a 50%

chance of giving the correct answer, since the task is to either verify the subject’s iden-

tity or deny access. So, in that scenario, we have a one-versus-all case and the output is

binary. On the other hand, for the identification task, the chance level accuracy is 1/N

where N is the number of subjects. For this reason, we did not run any experiments for

the authentication case as it is a much simpler case. Ultimately, we showed that dynamic

graph representations of EEG signals contain discriminative subject-specific features for

biometric identification. When we reflect the EEG signals onto the eigenvectors of the

dynamic graph, different subjects produce distinct reflections. Those differences not only

provide discriminatory information to classify what the subjects think, but also discrim-

inatory enough to identify the identity of the subjects. We compared our results with

other methods in the literature and showed that our method is on a par with the cur-

rent state-of-the-art methods. This provided the answer to the sixth research question,

whether individual differences in dynamic-graph-based EEG representations can be used

for biometric identification in imagined speech tasks.

We concluded with a comparison and critique of current state-of-the-art methods and

our proposed method, highlighting why these approaches are not yet feasible for deploy-

ment in practical biometric systems. Our method, like other approaches in the literature,

requires the use of all the EEG data for training and testing. This requirement limits

its applicability in a real-life scenario. In contrast to other methods like fingerprint scan-

ning, EEG acquisition typically takes at least half an hour, and there is also considerable

variance between different recording sessions. We conducted a similar experimental setup

and achieved 100% classification accuracy, which is on par with current state-of-the-art

methods. However, this level of accuracy does not imply that the approach is suitable for

practical applications such as visa control or biometric identification systems. For a de-
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ployment scenario to be feasible, the amount of data needed to train the neural network

must be substantially reduced. Also, it is important to consider that it is possible to

use a partial fingerprint to identify a subject. Therefore, for the training phase, to have

a comparable system to the current state-of-the-art approaches, it is acceptable to use

the whole EEG sequences for training. However, to have a comparable system to other

biometric identification methods like fingerprint-based identification, the system should

also be able to identify the subjects based on partial EEG recordings. All these details

are important factors to make the EEG-based identification and authentication viable in

practical settings.

6.2 Open Issues and Future Work

Unlike the graph theory itself, Graph Signal Processing (GSP) has a relatively short

history and remains an emerging area. There are still some basic concepts that do not

have definitive answers in GSP. For example, there are multiple definitions of frequency,

which actually should be very straightforward, and they do not fit into our intuition from

the conventional signal processing (SP). However, it still addresses several limitations of

conventional signal processing even though it has its own shortcomings. Some works in

the literature take those concepts for granted, as if the Laplacian-based frequency is the

only way to define frequency and they consider it as if it is a well-established area as if all

meaningful developments have already been achieved, which is not accurate. Graphs are

not unique, and different applications and different data types require different modeling

strategies. Depending on the task and application, we can create different graph models

to represent a network. Since the sensor placement system is standardized, this modeling

strategy results in nearly identical graphs across subjects, as sensor locations on top

of their scalp will just vary slightly based on the size and shape of each subject’s head.

However, different people can have different connections between different regions of their

brain and those relationships do not necessarily depend on their contiguity.

GSP provides various interesting and beautiful representations that can be elegant in

some cases and chaotic in others. If we consider a ring graph and use the eigenvectors of

the adjacency matrix, we can derive the whole conventional discrete signal processing for-

mulas from scratch and we can see the conventional signal processing as a subset of GSP.

In that case, the frequency definition also matches conventional SP definition because the

ring graph becomes the time sequence. On the other hand, it makes life very complicated

if we use adjacency-based frequency for other graphs as dealing with complex eigenvalues

and eigenvectors will not be as simple as dealing with the SP formulas, frequencies would

not be ordered, and many other inconveniences would be waiting for us. Even this by

itself is an issue as almost all the research in GSP applications is based on symmetric

graphs with Laplacian-based frequency definitions just to limit the calculations to real
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values. This does not completely refer to the complex nature of the data we deal with.

Hopefully, in the next decade, there will be much more interesting use cases of GSP

and some other mathematical developments to address some of the shortcomings of the

theory.

As we stated before, academic fields like network science and network processes focus

on and analyze the graphs themselves, not the signals on graphs. GSP focuses on pro-

cessing the signals represented on graphs and aims to carry the knowledge and intuition

from the well-established domain of SP to process the signals defined on graphs. As a

downside, GSP analyzes the signals at a time instant, not through different time-steps.

EEG signal processing and EEG based brain computer interface (BCI) applications

will be popular in the next decades. Right now, smartphones are the mainstream devices

that everybody uses around the world, but new BCI applications with wearable devices

can be mainstream alongside smartphones or they can take their place altogether in the

future. To have a mainstream, low-cost, intuitive BCI application, the interface should

not be invasive. Asking every user to have medical operations to cut their skull and

place an electronic device on top of their brain cortex or within the cortical tissue is not a

feasible strategy. For these reasons, EEG can be a reliable, non-invasive alternative. Nev-

ertheless, there remain many challenges to overcome for using EEG for these applications.

The noise that is captured while having EEG recording is an issue. Also, the amount

of data and the resolution of data need to increase. We need big datasets with more

participants, recorded through different and longer sessions, including family members

and twins as participants. In addition, further mathematical theory must be developed

to better analyze the EEG recordings. When we get the EEG recordings, the signals

related to basal metabolism, all the emotions of the participant, endocrinological compo-

nents, sensory mechanisms, and numerous other physiological and psychological factors

are included. We cannot simply record only the components that we are interested in.

Methods like independent component analysis are too simple to address those issues. On

the other hand, all those issues mean that there is a lot of room for improvement.

One of the main issues in using EEG for biometrics is the lack of appropriate datasets.

To analyze which traits/features of the signals are feasible to be used for biometric iden-

tification and authentication applications, we need datasets that include twins and other

family members. We need to investigate how the classification accuracies change among

the family members. A particular application may discriminate unrelated individuals but

might fail when twins, siblings, or other family members are present in the dataset. On

the other hand, a setup to discriminate the relatives might fail in discriminating a large

pool of users including non-relatives.

The number of different sessions is also an important subject in dealing with EEG

data. To use EEG data for biometric identification and authentication, just like in many

other EEG applications, we need to have a robust system to work after a period of time.
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The signals created by users can vary after a period of time. If we have a recording from

a user for biometric authentication, it should be able to verify the identity of the user

after a few weeks or months. If the signal varies too much and the system cannot verify

the identity, it would not be a reliable method to be used for biometric authentication.

Having data from different sessions from different days, weeks and months can help us

investigate those issues. On the other hand, if we modify the system to make it more

robust for dealing with signals from different times, we need to check how this changes

the accuracy of the system. A modification to the system to make it work after a long

period of time can decrease the accuracy and it may grant access to unauthorized users

when it should not.

All those issues depend on each other and there can be tradeoffs between the robust-

ness of different aspects of the system that we mentioned above. For these reasons we

need more complex datasets to investigate all those issues together. Currently available

datasets are very limited. Most EEG datasets include only one session, and they do not

have twins and other family members as different subjects. Also, most of them have

less than 20 subjects, which is not a reliable way to test the robustness of an applica-

tion. To have large datasets with the properties that we mentioned above, there needs

to be investment, and those datasets should be public, so that researchers from different

institutions can use those datasets to validate and compare their methods.

Currently, collecting EEG data as a PhD project would not be a feasible way to

address those issues we mentioned above. An EEG dataset to address those issues would

require much more workforce, time, participants and funding. Collecting EEG data

independently also has disadvantages. The performance of a particular application may

result from the dataset itself. To compare and validate different methods proposed by

different researchers, EEG datasets must be public and available to those researchers, so

that we can use them as benchmarks.

Furthermore, the variance of EEG signals based on the effect of emotional states

is another issue. Currently, EEG applications about emotion recognition are based on

binary classification of emotional states. Differentiating emotional states of a user in

binary classification settings is already a difficult task, and it becomes even harder to

do more complex classification tasks when the emotions vary. We need to consider how

the performance of EEG-based biometric identification and authentication methods vary

based on the emotional state of the users. Emotional states will affect the brain state

and hence the EEG signals recorded from the subject. Therefore, the signals used for

identification and authentication processes can vary too much. It is important to have

a system that is robust against the variations of signals based on the change of users’

emotional states, otherwise the system would not be reliable to be used in the first place.

Users may be denied access to a system if they experience intense emotional states. For

example, in a time-sensitive scenario where a user is under threat and needs immediate
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access to their home or their car, the system may deny access because the user is frightened

and had an adrenaline rush. Such failures would be a big problem and undermine the

reliability of EEG-based biometric authentication systems. Therefore, it is essential to

ensure that EEG-based identification and authentication systems can work reliably when

the users are under stress or when they have different emotional states.

Numerous open issues remain in GSP, graph representations of EEG signals, EEG

dataset development and EEG-based biometric identification and authentication. These

areas are expected to remain active research fields in the coming decades. Continued con-

tributions to their advancement will be of significant scientific and practical importance.

101



Bibliography

[1] A. Sandryhaila and J. M. Moura, “Big Data Analysis with Signal Processing on

Graphs: Representation and processing of massive data sets with irregular struc-

ture,” IEEE Signal Processing Magazine, vol. 31, no. 5, pp. 80–90, Sep. 2014.

[2] M. M. Bronstein, J. Bruna, Y. LeCun, A. Szlam, and P. Vandergheynst, “Geometric

Deep Learning: Going beyond Euclidean data,” IEEE Signal Processing Magazine,

vol. 34, no. 4, pp. 18–42, Jul. 2017.

[3] M. M. Bronstein, J. Bruna, T. Cohen, and P. Veličković, “Geometric Deep Learning:
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