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On K-stability of One-nodal Prime Fano Threefolds of Genus 12
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To Professor Yuri Prokhorov on the occasion of his 60th birthday

Abstract. We show that general one-nodal prime Fano threefolds of genus 12 are
K-polystable.

1. Introduction

1.1. Singular Fano threefolds of genus 12

Let X be a Fano threefold with terminal Gorenstein singularities. By [7,[12], X — X
has a smoothing and &; for t # 0 is a smooth Fano threefold with Picard rank p(X)
and anticanonical degree (—Kyx)3. Unless mentioned otherwise, a prime Fano threefold
of genus 12 will refer to a terminal Gorenstein Fano threefold with Picard rank 1 and
anticanonical degree 22. Recent advances in the theory of K-stability show that there is a
projective moduli space M?SS whose closed points over C parameterize K-polystable Fano
threefolds of anticanonical degree 22 that admit a smoothing (see [16] as a reference on
the general theory of K-moduli).

Let X be a prime Fano threefold of genus 12, then X is Q-factorial precisely when X
is smooth [11]. Smooth prime Fano threefolds of genus 12 form a 6-dimensional family,
which contains both K-polystable and strictly K-semistable members |2, Section 7.1]. A
precise description of which smooth prime Fano threefolds of genus 12 are K-polystable or
semistable is still conjectural. Denote by M the (non-empty 6-dimensional) component of
M?g; parametrizing those K-polystable Fano threefolds of anticanonical degree 22 with a
smoothing to a prime Fano threefold of genus 12.

Prokhorov classifies prime Fano threefolds of genus 12 with one node and shows that

they form four 5-dimensional families [14]. The goal of this note is to show

Theorem 1.1. A general one-nodal prime Fano threefold of genus 12 is K-polystable.
There are four boundary divisors of M parametrising K-polystable degenerations of one-

nodal prime Fano threefolds of genus 12.
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We now describe the geometry of the four families of one-nodal prime Fano threefolds

of genus 12 briefly.

Theorem 1.2. [14] Let X be a prime Fano threefold of genus 12, and assume that
rk C1(X) = 2 (or equivalently that Sing(X) consists of precisely one ordinary double point).
Then X is the midpoint of a Sarkisov link

Zl X ZQ

where w1 and wo are small Q-factorializations, x is a flop, and fi and fo are K-negative

extremal contractions described as follows:

(1) Z1 = P3 and Zy = P3, f1 and fo are the blowups of curves Iy C Z1 and Ty C Z
respectively. Both T'1 and I's are rational quintic curves that do not lie on quadric

surfaces.

(II) Z1 = Q C P* and Zy = P2, fi is the blowup of a rational quintic curve I'y C Q that
does not lie on a hyperplane section of Q), and fo is a conic bundle with discriminant
0 of degree 3.

(IIT) Zy = V5 a quintic del Pezzo threefold, Zo = P, fi is the blowup of a rational quartic
curve I' C Vi and fo is a del Pezzo fibration of degree 6.

(IV) Z1 = P? and Zo = PY, f1: Ppa(&) — P2, where & is a stable rank 2 vector bundle
and fa 1s a del Pezzo fibration of degree 5.

Remark 1.3. These four families appear in [8, Table 2] under references (12na), (12nb),
(12nc) and (12nd). The blowup of a general member X of Family (I) (resp. (II), (III), (IV))
at its node is a weak Fano threefold X whose anticanonical model admits a smoothing in
Family MMs_19 (resp. MMay_13, MMa_14, MM3_5) in the classification of Fano threefolds
[10].

Theorem 1.4. [2| Proposition 5.66] There is a K-stable member of Family (IV).
In this note, we prove

Theorem 1.5. There exist K-stable members of Families (I) and (II). There is a K-
polystable member of Family (III).
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2. Preliminary results on explicit K-stability of Fano threefolds

All varieties considered are defined over C. Let X be a Fano variety with at most Kawa-
mata log terminal singularities of dimension n > 2, and let G be a reductive subgroup
in Aut(X). Let Z be a divisor over X, that is Z is a prime divisor on a normal vari-
ety X with a birational morphism ¢: X — X. Define B(2) = Ax(Z) — Sx(Z), where
Ax(E) =1+ OYdE(K)}/X) is the log discrepancy of = and

1

=) = " ol (K =)d
s*x<_>—(_l,{x)n/0 vol(¢*(~Kx) — uZ) du

for 7(2) = sup{u € Ry¢ | ¢*(—Kx) — uZ is big }.

Theorem 2.1. |17, Corollary 4.14] Suppose that S(Z) > 0 for every G-invariant prime
divisor 2 over X. Then X is K-polystable.

Recall the definition of the number ag z(X), where Z C X is a G-invariant subvariety:

ag,z(X)
the pair (X, AD) is log canonical at general point of Z for any

=sups A€Q
effective G-invariant Q-divisor D on X such that D ~g —Kx

Then ag(X) < ag z(X).

Lemma 2.2. |2 1.44] Let f: X — X be an arbitrary G-equivariant birational morphism,

let 2 be a G-invariant prime divisor in X such that Z C f(Z), then we have

Ax(E) n+1
Sx(2)

v

ag,z(X).

In particular, in dimension 3, the existence of a G-invariant divisor = over X with
B(E) < 0 and Z C cx(E) implies that ag z(X) < 3/4, so that Z is contained in
Nklt(X, Bx) for some Bx ~g —AKx and rational number A < 3/4.

The next theorem is an application of the general inductive argument developed by

Abban and Zhuang to bound the ratio ’g; ((g)) [1] to the case of smooth Fano threefolds.

Theorem 2.3. [2, Corollary 1.110] Let X be a smooth Fano threefold, let Y be an ir-
reducible normal surface in the threefold X, let Z be an irreducible curve in'Y, and = a

prime divisor over X with Cx(E) = Z. Then

> min{ 1 ! }
Sx(E) — Sx(Y) S(Wie: Z)
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and

S(WY.:2) = (_3X)3 /0 "(P(w)? - Y) - ord (N (w)ly) du

3 T [0.9]
+ (—K)()g’/o/o vol(P(u)|ly —vZ) dvdu

where P(u) is the positive part of the Zariski decomposition of the divisor —Kx —uY , and

N (u) is its negative part.

Remark 2.4. Here, W,Y , is a N? linear series defined as the refinement of the anticanonical
ring
VX =P H(X,-mKx)
meN
by the divisor Y. We refer to [1, Section 2] or [2, Section 1.7] for the definition of W,
and of the associated invariant S (W,Y o;Z). We take the expression in Theorem as a
definition of S(WJ,; Z). Note that an expression for S(WJ,; Z) can be computed in the

more general context of Q-factorial Mori Dream spaces [2, Theorem 1.106].

We recall a few results on nonklt centres of pairs (X, Bx) where X ~ —AKx for A € Q

when X admits morphisms to projective spaces.

Lemma 2.5. [2, Corollary A.10] Suppose X = P? and Bx ~g —AKx for some rational
number X\ < 3/4. Let Z be the union of one-dimensional components of Nklt(X, Bx).
Then Ops(1) - Z < 1. In particular, if Z # 0, then Z is a line.

Lemma 2.6. [2, Corollary A.12] Suppose that X is a smooth Fano threefold, Bx ~q
—AKx for some rational number A < 1, and there exists a surjective morphism with
connected fibers ¢p: X — PL. Set H = ¢*(Op1(1)). Let Z be the union of one-dimensional
components of Nklt(X,A\Bx). Then H - Z < 1.

Lemma 2.7. [2, Corollary A.13] Suppose that —Kx is nef and big, Bx ~g —AKx for
some rational number X < 1, and there exists a surjective morphism with connected fibers
¢: X — P2 Set H = ¢*(Op2(1)). Let Z be the union of one-dimensional components of
Nklt(X,A\Bx). Then H - Z < 2.

3. Family (I)

Let X be a one-nodal prime Fano threefold of genus 12 that belongs to Family (I) of
Theorem then X is the midpoint of a Sarkisov link associated to a Cremona trans-

formation P? --» P3 which is a degeneration of the cubo-cubic transformation [3]. We
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describe the associated birational geometry briefly, see [3,[5,/14] and [8] for proofs and
precise statements.
X
N
X1 i X2
RN
P3 X P3

Denote by H; = o} (ffOps(1)) for i = 1,2, and by H = n*(—Kx) the pullbacks to
X (or to any of the models) of the ample generators of Pic(P?) and of Pic(X). Given a
curve I' C P?, we (sloppily) denote by |[nH; — I'| the linear system H°(P3, Ops(n) ® Zr) of
surfaces of degree n on which I' lies. The morphism f; is the blowup of a smooth rational
quintic curve I'y C P3 that does not lie on a quadric (|]2H; —TI'1| = )), and there is a unique
quadrisecant line Ly to I';. The curve I'; lies on a cubic surface, |[3H; —I'1| has dimension 4
and Bs |[3H1—T'1| = T'1UL;. The birational map associated to |[3H; —I'1| = |Hs| is precisely
the Cremona transformation P? --» P? induced by the Sarkisov link above. The threefold

X is weak Fano,
—Kx, ~H ~4H, — F;,

where E; = Exc f1, so that the proper transform of L; (still denoted L;) is the unique
flopping curve on X;. The map 7 contracts Lj to a node {xg} = Sing(X) € X.
Let 7: X — X be the blowup of zg, and o1 the induced map to X;. Note that X; and
X,y are the two small resolutions of the node xg, x: X1 --+ X5 is the associated Atiyah
flop and L; = o01(F'), where F' = Excm. Then, X is a weak Fano threefold of p =3 and
we have [8]:
—K¢~H-F~H +Hy

and from
H~4H, — F1 ~4Hy — Ey
we deduce
FEi+FE Fi+FE
H ~ 2(H; + Hy) — % and Hy + Ho ~ %HV.

For future reference, let T7 be a cubic surface containing I'y, and denote by T its proper
transform on X. Since Bs |I3H; —T'1| =T1 U Ly, Ly lies on T} and

T ~ 30} (fiOps(1)) — By — F ~ 3H, — By — F ~ Hy,

so that
~Kg —uTl ~ Hy + Hy — uHs € Zxo[H1) + Zxo[Ha) C Nef(X)
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is nef for 0 <u < 1. For u > 1, —K ¢ — T is no longer nef. If C'is the proper transform
on X of a minimal rational curve contracted by fi, then Hy -C =0 and Hy - C > 0, so
that

~K¢—ul'~Hy-C—(u—1)Hy-C <0.

We may write for u > 1,

*KX —ul ~uH; — (U* 1)(H1+H2) ~uHy — (U* 1)(4H1 — F *F)
~(4-3u)H 4+ (u—-1)(E1+ F)

showing that the pseudo-effective threshold is u = 4/3, and that —K¢ — uT' admits
a Zariski decomposition with nef positive part P(u) = (4 — 3u)H; and negative part
N(u) = (u—1)(E1 + F).

3.1. Construction of a member with Zs X Zs-action

We now consider a special member of Family (I). Let (45 be the image of the embedding
P! — P3 given by

[z :y] = [2° : azy + ba?y® : ba3y? + axy® 1 y°] for a,b e C*;

then C(, ;) is a rational quintic curve that does not lie on a quadric surface for |a| # [b].
The curve C(, ) is invariant under the action of G := Z/27Z x 7./27 on P? defined by

T [x():ml2$2:x3]—>[$3:x2:$1:$0],

To: [xo a1 i x3] = (X0 1 —x1 1 X9 1 —23).

In fact, the action of 71 (resp. 72) on C,p) is induced by that of the involution of P! given
by [z : y] < [y : z] (resp. [z : y] +> [z : —y]). We consider the element of Family (I)
obtained by taking the curve I'y = Cy _y).

Since I'y is G-invariant, L is also G-invariant and X; and X are endowed with a

G-action.

Claim 3.1. The group Aut(X) is finite.

Proof. The curve I'y is not contained in a hypersurface of P3, the stabilizer of I" in Aut(P?)
is Aut(P?;T';) ~ Aut(I'y) ~ Aut(P!). By construction of X, Aut(X) is a subgroup of the
group Aut(P3,T1) ~ Aut(P!) that preserves the four points of intersection I'y N L1, so it
is a finite group. O

We will apply Theorem to prove that X is K-stable. To do so, we first describe
possible centres of G-invariant divisors over X. In what follows, = always denotes a

G-invariant prime divisor over X.
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Claim 3.2. If the centre of = on X is 0-dimensional, it is the singular point c¢x (=) = {xo}.
Proof. There is no point of P? fixed by the action of G. O
Claim 3.3. If the centre of Z on P2 is a line L, then

Azxp + pre =0,
L= Ly =
Azg + pxy = 0.
All G-invariant lines lie on the quadric @ = {x1x9 — zox3 = 0}. Any two distinct G-
invariant lines are disjoint. A G-invariant line L # L, is either disjoint from I'; or meets

I'; in precisely two points.

Proof. Let L C P? be a G-invariant line, and consider any two distinct hyperplanes H; =
{f1 =0} and Hy = {fo = 0} containing L, so that L = Hy N Hy = {f; = fo = 0}. Then,
L = Bs J is the base locus of the pencil 5 = {uf; +vfs = 0;[u : v] € P'}.

The line L = BsJ#Z is G-invariant precisely when G fixes 4, or equivalently when
both 71 and 75 induce involutions on ., and on its base P!. Up to reparametrizing the
pencil J# we may assume that [u : v] = [1 : 0] is a 7e-invariant hyperplane, that is, the

linear form fi(zo,...,z3) is one of
Az + pxe or Axs 4 pxy  for [\:pu] € P

and Hy = {Axo+pxe = 0} or H; = {Azs+pxr1 = 0}. The condition that .7 is G-invariant
is then that 71 - H; is a fibre of the pencil, so that (noting that H; is not fixed by 1)
Azg + pxo = 0,

L=Lpy=HnNn H =
Ars +pr; =0

which gives the desired expression.

Check that Ly, C Q for all [A: pu] € P!, that Ly, N Ly, = 0 for [A:p] # [N = ],
and that Liy,) N T1 = 0 unless [A:p] € {[0:1],[3:1],[=5: 1]} and Ly, NT'1 consists of
2 points, or [A: pu] = [1:1] and L.y = L1 is the unique quadrisecant to I';. O

Remark 3.4. Given that the Sarkisov link of which X is a midpoint is G-equivariant, E5
and I'y = 't are also invariant under the induced G-action. Since the map P? --» P3 is
induced by |Hsz| = [3H; — T'1|, the fibres of Fo — T'9 are the transforms of trisecant lines
of I'1. Since none of these are G-invariant, the action of G on I'y does not fix I'y pointwise

either.

Claim 3.5. Let Hjy,, be a general hyperplane containing Ly,,;. Then Hpy,, N T =
{b1,...,b5} and Hy, N Ly = {bo}, where by, ..., b5 (resp. by, ..., bs) consists of 5 (resp. 6)

points in general position.
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Proof. Fix [\ : pu] € P!, and let J# be the pencil of hyperplanes containing L. We
compute that the general fibre of 7 intersects I'y U L1 in 6 distinct points. Assume
that for some fibre H of 5, 3 of the 5 points of H N T lie on a line (resp. the 6 points
H N (T'1 ULp) lie on a conic). Then, this line (resp. conic) is contracted by the Cremona
transformation P? --» P3 to a point lying on I's. If the points of intersection of a general
hyperplane containing Ly, are not in general position, then we define a dominant rational

map P! -5 T'y from the base of J# to I'y, leading to a contradiction. O

We now turn to the proof that no G-invariant prime divisor = over X with 5(Z) < 0
has 1-dimensional centre Z = cp3(E). If Z is 1-dimensional, then either Z = T'y, or by
Lemma Z is the union of 1-dimensional components of Nklt(P3, B) for some B ~
Ops3(4X) with A € Q, A < 3/4. Then, by Lemma Z can only be a line.

Lemma 3.6. If Z = cp3(Z) is a G-invariant line distinct from Ly, B(Z) > 0.

Proof. We will use Lemma to find a lower bound for B(Z). To this effect, we find an

irreducible normal surface S C X containing Z and use the inequality

>min{ L L }
Sx(E) ~ Sx(8) SWiaZ) )

Let S C X; and S C X be the pullbacks to X; and X of a general hyperplane
containing Z. By Claim S1 C X1 is a del Pezzo surface of degree 4 and S is a cubic
surface. Recall that Fy, and Fo are the f; and fo exceptional divisors, and that F is
the m-exceptional divisor. All these are G-invariant, and Fs is covered by the (proper
transforms of) trisecant lines of T';.

We first compute Sx (.5); on X , we have the following intersection numbers:

S3 =1, S?.E; =0, S.E?=—5, E3 = 18,
S2.F =0, S.F?=—1, F3 =2,
S-Ey-F=0, B F? = —4, E? . F =0,

and relations [§]
S~H, ~3Hy—Ey—F, H~AH, — By ~4Hy — By, H—F ~ Hy + Hy.
Define, for u > 0, the divisor

D,=7m"(-Kx)—uS~(1—-uH+uH—-95)~(1—-u)H+u(H2+ F)

H+E
:(1—u)H+u( Z 2JFF),
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then D, is pseudo-effective for u < 4/3, and has a Zariski decomposition with nef positive

part
3u Ey
D, = P(u)+ N(u), where P(u)= 1_Z H and N(u)=wu Z+F
and we compute
1 T 1 [*311(4 — 3u)? 1
- I(7*(=Kx) —uS)du = — — g du=.
Sx(S) L /0 vol(m*(—Kx) — uS) du %/, % u=3

We now show that S (Wf,; Z) < 1 in order to apply Theorem

The surface S is a cubic surface obtained by blowing up a general hyperplane P? at 6
points {bg, ...,bs} in general position. Let £ be the pullback of the generator of Pic(IP?),
and e, . . ., e5 the exceptional curves. The Mori cone NE(S) is generated by ey, ..., €5, by
the proper transforms l; ; = £ — e; — e; of lines through two of the blownup points, and
by the proper transforms ¢; = 2l — ) e; + e; of the conics through any 5 of the blownup
points {bg,...,bs}.

We want to evaluate

S(WeeZ) = (_?’X)g /OT(P(U)2 . S) - ordz (N (u)|s) du

3 T o0
+(KX)3/0/0 vol(P(u)|s —vZ) dv du.

Since there are no G-fixed points, Z C S is one of £ or the lines /; ;. Recall that
Ey; ~ 8Hy — 3E; —4F, and restricting to S gives Fa|g ~ 8¢ —3(e1 + - -+ + e5) — 4eg. From
the description of NE(S),
1=13 ifZCE»,

ordz(Fsls) <2 and  ordz(N(u)|s) < 2

2.
0 otherwise.
The first term of the expression S (Wf,; Z) is bounded by

1 1
c—du = .
2 3

3 (Y3114 — 3u)?

(_1(3)()3/07'(P(U)2S)Ordz(N(u)|S)du§ ﬁ 0 -

Case 1: ZNT1 = 0. In this case, Z ~ ¢, and the Zariski decomposition of
(=7 (Kx) —uS)|s —vZ = P(u,v) + N(u,v);
for u € [0,4/3] is given by

0 forogvgw

N(u,v) =
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and we compute

v? — 8v + Guv + L — 3 411 for 0 < v < A

(u’ U)2 2
! 5(2v—(4-3 3(4-3 4-3
(v(4 ) (su)<”< =1

for

This yields

1 3
S(VV;?,;Z)g§ CEYP // vol(P(u)|s — vZ) dv du
X
1, 3 43 /3‘483“) ) 994  33u
=3t 16 2
4—3u
> 5(2v— (4 —3u))?
+/3(4_3u) 1 dv | du
8

1 53 97
<

=3 1t
which is what we wanted.
Case 2: ZNT1 # (. As Z is one of the bisecant lines of I'y, Z ~ lij =4 —e; —ej for
some 1 <7 < j < 5. We may assume that Z ~ l12. Write the Zariski decomposition of
(—7*(Kx) —uS)|s —vZ for 0 < u < 4/3 we have

0 for 0 <v < W,
N(u,v) = W(Q + e2) for (443u) <o < iz 3“
741}_3([;1_3“) (e1 +e2) + 720_3(24_310 (l34 + U35 + Ly5) for 4=3u 23u <ov< 7(483@'
This time, we compute
S 1 3 T (0.)
S(Woe Z S—l—// vol(P(u)|s —vZ) dvdu
13 B /443“ ) 99u?  33u
<4 =
-3 22 ), 0 16 2
4—3u
2 117?39
—i—/ ’ v? — 8v + 6uv + “ ——u—|—13d
4-3u 16 2
4
5(4—3u) 3u)
—5(4 — 2
+/ (8v — 5(4 — 3u)) dv) du
4—3u 16
2
< 1 i 23 113 <1
3 44 132 7
and this finishes the proof in this case. ]

Lemma 3.7. Let E be a prime divisor over X with cps(E) = Ly then B(E) >
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Proof. By [8], there are precisely 4 lines through zy € X. Since G fixes ¢ and G sends
lines to lines, G sends a line through x¢ to a line through zo. If L 3 ¢ is a line and L
is its proper transform on )?, -Ky - L=0andLisa flopping curve. Let w: X > X
be the blowup of the proper transforms of the 4 lines through zo € X, and denote by
A = Ay + Ay + Ag + Ay its (G-invariant) exceptional divisor. Denote by F = w*F,
Ey = w*E; — A the proper transforms of F' and Fy on X. On )?, we have the intersection

numbers:
1\3:87 AZ'W*F:—47 A'w*(F)Z:O, Aw*(F)w*(El):O,
AWt (E) =4, Aw(B)’ =0, wF=2, W B = 18,

We first show that the Zariski decomposition of w*n*(—Kx) — uF exists and writes
P(u) + N(u), where P(u) is nef and

0 for0<u<l,
(u—1)A for1<wu<3.

N(u) =

We have Ay (F) = 2 and compute

Sx(F) = (K1X)3 /O " vol(w'n* (— K x) — uF) du

_ 1 /122—2u3du+/32(u—3)(u2—3u—3)du _
22\, 1 447

So that B(F) > 0.

Now we assume that the centre of Z over X is one-dimensional, so that Z = ¢ <& C F
is an irreducible curve. The surface F is the blowup of F ~ P! x P! at 4 points, so it is a
del Pezzo surface of degree 4. Let £1 and ¢5 be the pullbacks to F of the two rulings and ey,
€2, es, e4 the exceptional divisors. Then W(ﬁ ) is generated by the proper transforms of
rulings through one of the blownup points (¢;; = {1 —e; or {5 ; = {3 —e;) and by the proper
transforms of (1,1) curves on F through 3 blownup points ¢; j, = {1 + {2 — e; — ej — €.

We use Theorem [2.3| to find a lower bound for 5(Z). We have
3

~ 3 -~
SWEi2) = e /0 (P(w)? - F) - ordz (N (u)] ) du

3 3 oo
+(—Kx)3/o/o vol(P(u)|z — vZ) dv du.

Since Z ¢ {e1,e2,e3,e4} = Ag, ordz(N(u)|z) = 0. By construction, we may write

Z ~ aje + ages + aszes + azeq + Z Ozijﬁi(j)

i€{1,2,3,4}
Jje{1,2}

+ 1230123 + 1240124 + 1340134 + v2340234.
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Since there is no G-fixed point in P? on either side of the link, one of 23, (124, 134, OF
Qo34 is greater than 1. Without loss of generality we assume that aq93 > 1; by convexity

of volume we get the inequality

~ 3 poo 3 poo
SWEk,;z)= 3 / / vol(P(u)|z —vZ) dvdu < 3/ / vol(P(u)|z — vl123) dv du,
’ 22 Jo Jo 22 Jo Jo

so it is enough to show that the last integral is less than 1 to conclude.
We now assume Z ~ {123, and denote by P(u,v) and N (u,v) the positive and negative

parts of the Zariski decomposition of (w*n*(—Kx) — uf)|ﬁ —vZ. Then
e if u € [0, 1] then for 0 < v < u, N(u,v) = v(e; +ez+e3) so that P(u,v)? = 2(u—wv)2.
o if u € [1,2] then
0 for0<ov<u-1,

N(u,v) = (—u+v+1)(e1 +ex+e3) foru—1<wv<1,
(—u+v+1)(e1+e2+e3)+ (v—1)(l1a+Lloy) forl<ov<uH

e if u € [2,3] then

0 for 0 <wv <1,
N(u,v) = (’U — 1)([174 +€2’4) forl <v<u-—1,
(—u+v+1)(e1+ea+e3)+ (v—1)(l1a+Lloa) foru—1<ov<uH

We have
swk, z)

3 8
= 22/0/0 vol(P(u)|z — vli23) dvdu

1 ru 2 u—1
:3<// 2(u—v)2dvdu+/ </ (—2u? + 2uv — v* + 8u — 6v — 4) dv
22\ Jo Jo 1 \Jo
1

u+1

+/ (u2—4uv+2v2+2u—1)dv+/ ’ (1+u—2v)2dv>du
u—1 1

3 1
—i—/ (/(—2u2+2uv—02+8u—60—4)dv
2 0

u+1

u—1
+/ (—2u? + 2uv + v* + 8u — 10v—2)dv—|—/ i (1—|—u—2v)2dv> du)
1 u—1

=— <1
44<
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We see that Sx(F) < 2 and S(VV,F,7 Z) < 1 thus

AX(E) > min 2 1~ >1
Sx(E) = Sx(F) S(WE,; 2) ’
and B(Z2) = Ax(E) — Sx(E) > 0. -

Finally, we exclude the case where Z C I';.

Lemma 3.8. If the center Z = cx, (E) is one-dimensional and is contained in E1, 5(Z) >
0.

Proof. Assume that Z C Ej, then since there is no G-fixed point on P3, ¢1(2) = cps(Z) is
the curve I';. Denote by Y; — P3 the blowup of the line L; and by Y; — P! the morphism
induced by the projection P3 --» P! away from L;. Let X+ = Y] be the blowup of the
proper transform of I'y, then Xt -5 Xisa flop, and there is a morphism X — X. Denote
by 1 the composition X=X - Y; — P! and by Z the centre cz(E). If T is a general
fiber of n, T - Z> 5, hence, by Lemmam7 B(=) . O

Lemma 3.9. There is no G-invariant prime divisor = over X with centre a prime divisor

Dx = cx(E) such that f(Z) <0

Proof. By [2, Corollary 1.44], for any divisor E over X, if ag z(X) > 3/4, where Z =
cx(E), then B(Z) > 0. Assume now that there is a divisor = over X with §(Z) < 0 and
cx(E) = Dx a divisor, so that ag p,(X) < 3/4. First assume that ag p, (X) < 3/4,
then Dx is the G-orbit of a minimal log canonical centre of a suitable pair (X , %D) for
D C | — Kx|g a G-invariant linear system. By [2, Theorem 1.52], Dx is a G-invariant

irreducible normal surface with
—Kx ~Q ADx + A X

for Ax an effective Q-divisor and a rational number X > 4/3.
We show that there is no such divisor Dx. Recall that 7: X; — X for ¢ = 1,2 are

small Q-factorialisations so that
—Kx, ~9 A\Dx + Ax

where we still denote by Dy, Ax the pullbacks of these divisors to X;. We have Eff(X;) =
RZO[EI] + Rzo[Eg], and Fy = 8H, — 3FE;. If Dx = Fq, then Ax ~ 4H; — (1 + )\)El, but
this is impossible as (1 + \) > 3/2. If Dx # E4, the image of Dx by f; is a G-invariant

irreducible surface of degree d € N on P, and since

fi(4Hy) ~ Af1(Dx) + fi(Ax)
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we have 4 > Ad, and since A > 4/3, d < 2. Since there is no G-invariant hyperplane of P3,
d =2 and f1(Dx) is a G-invariant quadric. Since I'; doesn’t lie on a quadric, Dx ~ 2H;
and

Ax ~ (4—2\)H, — E1 ~x2H, — F,

for some = < 4/3, which is impossible for an effective divisor.

Now assume that ag p, (X) = 3/4, then since m; is small, ag p, (X1) = 3/4 by (2,
Lemma 1.47], and 5(E) = Ax(Dx)—Sx(Dx) = Ax, (Dx)—Sx,(Dx). Since X is smooth,
as in the proof of [2, Theorem 1.51], assuming that 5(Z) = 0 would imply X; ~ P3, a
contradiction. We conclude that S(ZE) > 0 for all G-invariant prime divisors E with

¢x(E) = Dx a prime divisor on X. O

We now have all the elements to prove
Theorem 3.10 (Main Theorem (I)). The threefold X is K-polystable.

Proof. Assume that X is not K-polystable, then there is a G-invariant prime divisor Z over
X such that 8(E) < 0. Lemma shows that the centre of = on X is not a surface. If the
centre of Z on IP? is a curve other than T'j, by Lemma [2.5] this curve is a line. Lemma [3.6]
shows that this line cannot be a G-invariant line that is not the unique quadrisecant of
T'y, while Lemma excludes the quadrisecant line L;. Lemma [3.8]shows that the centre
of Z on P? is not I';. As there is no G-fixed point on P3, if cx (Z) is 0-dimensional, it is
the singular point zg € X, and its centre on P? is L, so that this case is also excluded by
Lemma O

Since Aut(X) is finite, X is K-stable, and by openness of K-stability [4], this implies

Corollary 3.11. A general one-nodal prime Fano threefold of genus 12 in Family (I) is
K-stable.

Remark 3.12. Liu and Zhao have constructed a K-semistable degeneration of one-nodal
prime Fano threefolds in Family (I), in which the curve I'; is taken to lie on a quadric (this
corresponds to C,p with |a| = |b| above). The resulting prime Fano threefold of genus 12

has (non-isolated) canonical singularities [9)].

4. Family (II)

Let X be a one-nodal prime Fano threefold of genus 12 that belongs to Family (II) of
Theorem then X is the midpoint of a Sarkisov link associated to a rational map
Q C P* —-» P2?; we describe the associated birational geometry briefly, see [6,14] and [g]
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for proofs and precise statements.

X
RN
X, r X9
X P2

Qcpt

Denote by Hi = o5 (f;Oq(1)), by Ho = 05(f50p2(1)), and by H = 7*(—Kx) the
pullbacks to X (or to any of the models) of the ample generators of Pic(Q), Pic(P?) and
Pic(X) respectively. The morphism f; is the blowup of a smooth rational quintic curve
I'1 € Q C P* that does not lie on a hyperplane section of Q (|H; — I'1| = )), and there
is a unique trisecant line Ly to I';. The curve I'y lies on a section of [2H;| on @, that is
on a del Pezzo surface of degree 4, and the linear system |2H; — I';| has dimension 3 and
Bs|2H; — T'y| = I'1 U Ly. The rational map associated to |[2H; — I'1| = |Hz| is precisely
the Q --» P? induced by the Sarkisov link above. The threefold X; is weak Fano,

~Kx, ~H ~3H, — E

where F1 = Exc fi, so that the proper transform of L; (still denoted Li) is the unique
flopping curve on Xj. The map m; contracts Lj to a node {x¢} = Sing(X) € X.

Let 7: X — X be the blowup of zg, and o7 the induced map to X;i, note that
Ly = 01(F), where F = Excm. The threefolds X; and X, are the two small resolutions of
the node z and x is the induced birational map between these (the Atiyah flop associated
to xo € X). Then, X is a weak Fano threefold (=K ¢ is nef and big) with p = 3 and we
have [8]:

—K)A(NH—FNH1+H2

and from H ~ 3H; — E1 ~ Hy + H, we deduce
Hy ~2H, — Ej.

The map f2 is a conic bundle (a Mori fibre space with one-dimensional fibres) and its
discriminant curve § = _f2*(KX2/[P2)2 = —fo,(H — 3H3)? has degree 12.
Denoting by € = ¢9,H, then Xo C P(€) is a section of 2H — 3H,, where, abusing
notation, we denote by H the tautological class of P(£) and by Hs the pullback of Opz2(1)).
Since Hy - Ly = 1, L1 maps to a line £ C P2, Let R = f2_1€ be its preimage on Xo,
and by abuse of notation, also denote by R = o3(f, '¢) its proper transform on X. By
construction, R is the unique section of [2H, — Ey — 2F| = |Ha — F|.
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4.1. Construction of a member with Zs X Zs-action

Let Q@ C P* be the smooth quadric threefold
Q = {223 = 2123 — zoz4}
and let I'; be the image of the embedding P! < P* given by
’)

[:y] = [2°: 20392 +o° 2ty + oyt 2273 + 25 1y

9

I'y lies on @ but on no hyperplane section of Q.
Let w be a primitive cube root of unity, and define an action of G := Z /27 x 7 /37 on

P* by the action of its generators:

T:[xo::rl:xg:x3::v4]—>[x4:$3:x2:x1:x0],

o [xo:my e xywg] = |20 Wlry s wxe x5 w2m4],
and observe that I'; is G-invariant, and that
14 :{IL'OJrl‘g =24+ x1 =29 :0}

is G-invariant and trisecant to I'y (the intersection L; N Ty consists of the image of the
points [1 : —w?] for i = 0, 1,2). The threefolds X, X; and X» are equipped with a G-action
and the Sarkisov link above is G-equivariant. For instance, a G-invariant basis of |Hs| is
Sl = {x% — x% + 2(.%'1 — .%'4) = 0},
Sy = {x% — x?l +2(xg —x3) = O},

S = {(z0 — 22)? + (w4 — ¥2)% + w1 + 23074 + T374 = 273 + (71 — 2)% + (23 — 22)?},

and the only section of |Hs| that is singular along L; is f1(o1R) (which we still call R by

abuse of notation). We have
R ={zox1 + 2x024 + 2374 = 2x§}
The discriminant curve of fy is the smooth plane cubic
& = {29 + 6y5v1 + Syout + yoyrye + 3yT + SyTyz + 6y1ys + 23 = 0} C P2,
Claim 4.1. The group Aut(X) is finite.

Proof. Since Aut(X) is a subgroup of Aut(X;) = Aut(Q,I'1), and since I'; does not lie
on a hyperplane section of @, Aut(Q,T'1) = Aut(X;) is a subgroup of Aut(I';) = Aut(P!)
by [15, Lemma 2.1]. Consequently, Aut(X) is a subgroup of Aut(P!) preserving the three

points of intersection I'y N Ly, therefore it is finite. OJ
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The intersection numbers associated to the Sarkisov link are

H} =2, H? E; =0, H,-F?=—5, E$ =13,
H} - F =0, H,-F?=-1, F3 =2,
By -F-H =0, Ey-F*=_3, FE?.F =0,
H3 =0, H? H =2, Hy - H? = 12 — deg .

We will apply Theorem to prove that X is K-stable. To do so, we first describe
possible centres of G-invariant divisors over X. In what follows, = always denotes a

G-invariant prime divisor over X.

Claim 4.2. If the centre of Z on X is 0-dimensional, it is the singular point c¢x (E) = {zo}.
Proof. There is no point of Q C P* fixed by the action of G. O

We now consider the case when the centre Z = cg(Z) on @ is one-dimensional. First,
we assume that Z lies on a (smooth) section S of the linear system |Hs| = [2H; — Ey].
As an intersection of two quadrics in P4, S is a del Pezzo of degree 4, and p: S — P? is
the blowup of five points pi,...,ps in general position. Let £ be the pullback of a line
on P2, and eq,...,e5 the p-exceptional curves. Then the Mori cone NE(S) is generated
by £,e1,...,e5,¢;; for 1 <1 < j <5 and g where 4; ; is the proper transform of the line
through p; and p; and ¢ that of the conic through pi,...,ps. For a smooth curve C' C S,
if C ~ kl+ Z m;€;, then

(k—1)(k—2)

degC:—Ks‘CZHl'C:?’k_Zmi and p,(C) = 5 _Z

’I’TLZ(TTLZ — 1)

2

so that without loss of generality, we may assume that 'y = 2¢ — ey and L = g.

Lemma 4.3. If Z = cg(E) is a G-invariant irreducible curve lying on S € |Hs|, and if
Z ¢ T'1 ULy, then B(Z) > 0.

Proof. We use Theorem to bound B(Z) below. Let D, = H —uS on X for u > 0, and
write its Zariski decomposition D,, = P(u) + N(u), where for 0 < u < 3/2, P(u) is nef

and

P(u):H—uS—u<?+F> _ (1—§u> (3H: — By) and N(u):u<€1+F>,

which gives

1 T 1 [3/222(3 - 2u)? 3
= 0 1 * —_ —_ = — —_— = — 1.
S)((S) (_ X)3 /0 VO <7T ( Kx) uS) du 22/0 o7 du 3 <

Note that since Z ¢ (E1 U F), ordz(N(u)|s) = 0.
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We now consider (H — uS)|s —vZ on S and denote by P(u,v)+ N(u,v) its Zariski
decomposition for 0 < u < 3/2. We have

7 ~ al + Z o;e; + Z O[ZJEZ] + Bq
= 1<i<j<5

Since Z ¢ F, Z # q and at least one of the coefficients o, oy, o;; is > 1. If 1 is the

corresponding curve, since Z > 1, by convexity of volume:

3 3 poo 3 3 poo

S

1 Z) = — I(P(u)|z —vZ < — (P = — vl
Wi 2) =55 [ [ volPtlp —vzydvau< o [ vai(Pu)lz = o v

so it is enough to show that the last integral is less than 1 when Z = 1, for each possible 1.
Case 1: Z ~{. For 0 <u<3/2,;and 0 < v < 332“, N(u,v) = vq, and we compute

3/2
S(Wf,; < 22/ / vol(P(u)|s — vf) dvdu
3/2 1—2u 2 _ _
_ / 3 (2u+ 3v — 3)(6u + 5v g)dvdu:i<1.
3 16
Case 2: Z ~ e1. For 0 < u < 3/2, we have
vq for 0 <v < M,
N(u,v) - 4 2(3—2u) 5(3—2u)
v+ (0 =2+ ) (lia + 13 + by + l15)  for =257 < p < 2=
We obtain
g 3
S(Weei Z) < 2 J, u)|ls —ver) dvdu

3 /3/2 < 22 (90 — 3)(6u + 40 — 9)

= — dv
22 3

22 503 — 2u) (10u + 60 — 15
/ 5(3 — 2u) (10u + 6v — )dv>du
2(3— Qu) 6 9

182

= — <1
352 ©

Case 3: Z ~ ey (ore;, i #1). For 0 <u < 3/2, we have
3—2u
vq for 0 < v < =57,

N(u,v) =
vg+ (v—1+ 4)(las + og + l25) for 3524 < v < 2(3%%)

In addition,

S(Woe: 2)
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3

g 32 [ i 5 (du + 30 — 6)2
:/ (/ (2u—3)(2u+2v—3)dv+/ dv) du
22 0 0 3—2u 3

Case 4: Z ~ Ly (or £y1;). For 0 < u < 3/2, we have

0 for0§v§3_32“,

(v =14 22)(b3q + L35 + £a5) for 324 < p < 20229,

3

22

3 (32 s 8

—22/0 (/0 ’ 4u2+§uv—12u—9—4v—02dv

3—2u)
+/3 23 2(4u+3v—§)(2u+v—3)dv>du

Case 5: Z ~ lag (or {;;, i #1). For 0 <u < 3/2, we have

0 for0§U§3_32“,
N(u,v) =14 (v—1+ 27;)545 for 332u <v< 2(3§2u)7

(v—1+27“)€45—(v—2+%“)(€14+f15) for@ﬁvgiﬂ—Qu.

In addition,

3 3/2 poo
S(W2,: Z) / / vol(P(u)|s — vlag) dvdu
' 22 o Jo
3 3/2
—/ 4u—i— uv—12u—|—9—2v—v dv
22 /o
25 2") 2(2u — 3)(10u + 6v — 15) 3-2u
+/ dv—i—/ 2(2u+v—3)2dv) du
% 3 2(3;211.)
111
=— <1
176 <
. . . . 1 1
This finishes the proof, as in all cases we have min {T(S)’ m} > 1. O

Lemma 4.4. If Z = cg(E) is a line other than Ly, S(Z) > 0.
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Proof. Since there is no G-fixed point on @, Z N T'; is empty or consists of two points.
In the second case, Hy - Z = 0, so that Z lies on a section S € |Hs| and S(E) > 0 by
Lemma 431

We now assume that Z is disjoint from I'; and denote by S¢ ~ P! x P! the general hy-
perplane section of () containing Z, and by S its proper transform on X. The intersection
S9N(I'1ULy) = {p1,...,pe} consists of six points, and these points are in general position
because any line through 3 of the points (respectively conic through 6 of the points) would
be contracted by i, the anticanonical map of X7, but the only flopping curve on X is
Li. As S is the blowup of S? at {p1,...,ps}, S a del Pezzo surface of degree 2. Denote by
(1, U5 the pullbacks of the two rulings of S¢ = P! x P!, and by e, ..., eq the exceptional
divisors. The Mori cone NE(S) is generated by /1, /s, e1,...,eq, and by the classes of

the proper transforms ;1) and £;() of rulings through the points p; for 1 <7 <6,

the proper transforms /; ;5 for 1 <1i < j < k < 6 of irreducible conics through 3 of
the blownup points (¢; j = €1 +lo — e; — ej — ey),

the proper transforms r;1) and k) of rational cubic curves though 5 of the p;s
(where k(1) = 201 + 02 — Y e; +¢;) for 1 < j <6,

and the proper transforms g; of elliptic quartic curves through p1, ..., ps, which have
multiplicity 2 at p; for 1 < j <6 (¢; =201 +2lo — > e; — €j).

The Zariski decomposition of 7*(—Kx) — uS writes P(u) + N(u) where P(u) is nef, and
for 0 <wu <1, N(u) = uF. We have
1 1

Sx(S) = 1 /OT vol(m*(—Kx) —uS) du

3
) — _3
(—Kx)3 (1 —u)(u” —17Tu+22) du 2 < 1.

Since Z is disjoint from I'y, without loss of generality we may assume that Z ~ /5.

Using the same notation as before, for 0 < u < 5/7, we have

0 for 0 <wv < %7
N(u,v) =4 (2v — 4+ 3u)rKg(2) for 433u <v< 534u7

(20 =5+ 4u) 3 ki) + (1 — u)kg) for 25 <o < TP0,
For 5/7 <wu <1, we have

0 for 0 <wv < %,
N(u,v) =1 (2v — 4+ 3u)kg(2) for 4—23u <v< 5_24u7

(2v =5 +4u) Y ki) + (1 — u)kgp) for S < g < Ho9u
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Since Z ¢ F, ordz(N(u)|s) = 0 and
S(Wee: 2) =0 / / vol(P(u)|s — vZ) dv du

5/7 =
/ u? + 2uv — 12u — 6v + 13 dv
T2 0
5—4u

n / 1002 + 14w — 36u + 402 — 220 + 29 dv
4—3u

2

7—5u

+/ ’ (5u+3v—7)(9u—|—4v—11)dv> du

4 2u
23 </ u? + 2uv — 12u — 6v + 13 dv
/ 10u + 14uv — 36u + 4v? — 220 + 29 dv
11 9u
/ 5u+3v—7)(9u+4v—11)dv> du
18969
=—F < 1.
1108811
As above, this completes proof that 3(Z) > 0. O

Lemma 4.5. If cg(Z) = L1, then (Z) >0

Proof. By [8], there are precisely 3 lines through zp € X, and by construction, the set
of lines through xzg € X is G-invariant. If L  xg is a line and L is its proper transform
on )?, —-Kx - L=0and Lis a flopping curve. Let w: X — X be the blowup of the
proper transforms of the 3 lines through 2y € X, and denote by A = A; + Ay + Ag its (G-
invariant) exceptional divisor. Denote by F= w*F, E, = w*FEq1 — A the proper transforms
of F and E; on X , and by R=wR— A, the proper transform of the unique section of
|2H, — Ey — 2F| = |H2 — F|. On X, we have the intersection numbers:

A% =6, AW F =3 AW (F=0, A-wN(F)-w (B =0,
A w*(By) =3, A-w(B1)?=0, WwF=2 WED = —13.

We first show that B(F) > 0. The Zariski decomposition of w*r*(—Kx) — wF can be
written P(u) + N(u), where P(u) is nef and

0 for0<u<l,
N(u) = { (u—1)A for 1 <u <2,
(u—1DA+ (u—2)R for2<u<3.
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We have Ax(F) =2 and

~ 1 T . _
SX(F)_(—I(X)S/O vol(w*n* (= Kx) — uF) du
1 ! 2 3
:22</ 222u3du+/(u+1)(u210u+19)du+/ 3(U3)(2u7)du>
0 1 )
161
- 88

So that S(F) =15/88 > 0.

Now assume that = is not £’ and denote by Z the centre of = on X. By construction,
Z =cg(E) C Fis a curve, and F is a blowup of P! x P! in three points in general position,
so it is a del Pezzo surface of degree 5. We denote by 1, £o the proper transforms of the
two rulings of P! x P!, and by ey, es, e3 the (—1)-curves. The extremal rays of the Mori
cone ﬁ(ﬁ) are the (—1)-curves ey, es, es, the proper transforms ;1) and /;) of rulings
through the blownup points for 1 < ¢ < 3, and the proper transform of the conic through
the three blownup points #1953 = #1 + {2 — €1 — e3 — e3.

We will estimate 5(Z) by considering the flag Z C F C X; we write

~ 3 3
SWEi2) = e /0 (P(w)? - F) - ordz (N (u)] ) du

3 3 poo
+(—KX)3/0/0 Vol(P(u)\ﬁ—vZ)dvdu.

Since cg(Z) is one-dimensional, Z ¢ Alz, and ordz(N(u)|z) = 0 unless Z = Elﬁ

We first assume that Z # §| 7 There are positive integers o, o and 23 so that
Z ~ aje; + ageg + ases + Z aijgi(j) + 041236123.

Since Z ¢ Alz, a;j and ai93 are not all simultaneously 0. Let 1 denote one of the (—1)

curves other than ej, es, eg such that Z > 1, then by convexity of volume:

3 poo 3 roo
S(W2y: Z) = 3/ / vol(P(u)|z —vZ)dvdu < 3 / / vol(P(u)|z — vl) dv du,
’ 22 Jo Jo 22 Jo Jo

so it is enough to show that the last integral is less than 1 when Z =1.
Case 1. Assume that Z ~ f193, and let P(u,v) and N (u,v) be the positive and negative
parts of the Zariski decomposition of (w*m*(—Kx) — uF)|z — vZ. Then, for 0 < u < 1,

N(u,v) =v(e; +ex+e3) for 0 <wv <w;for 1 <u<2

E

N(u, v) 0 for0<v<u-1,
u,v) =
(v—u+1)(e;+ea+e3) foru—1<wv<u,
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and for 2 < u < 3,

0 for 0 <wv <1,
N(u,v) =
(v—1)(e1 +e2+e3) forl<v<4—u.

Putting things together, we get

S(W.ﬁ.; Z)

< 22// vol(P(u)|z — vl123) dv du
= = 2(u — v)2
22(/0/0 (u—v)*dvdu
2 u—1 U
+/ (/ —u2+2uv+6u—02—6v—3dv+/ 2(u—v)2dv> du
1 0 u—1
3 1 4—u
+/ (/ 2uv—v2—4u—6v—|—13dv—|—/ 2(v—2)(v+u—4)dv>du)
2 0 1

29
=—<1
44 ’

and B(Z) >0
Case 2. Now assume that Z ~ £y (or any £;(;)). The positive and negative parts of
the Zariski decomposition of (w*r*(—Kx) — uF)|z
For 0 <u <1, N(u,v) =wvey for 0 <v <w;for 1 <u<2

— vZ are as follows.

0 for0<v<wu-—1,
N(u,v) = (v—u+1)e; foru—1<wv<1,
(v—u+T1)er + (v —1)(lyr) + {301)) for 1 <wv <

In addition for 2 < u < 3,

0 for 0 <wv <1,
N(u,v) = 9 (v =3+ u)(lay + l31)) for 3—u<wv <1,
(v =3+ u)(lony + l3y) + (v —1)er for 1 <v<4—uw.

We have

Swik,; z)

_22// vol(P(u)|z — vly(2)) dvdu
:22</0/0 2u(u —v)dvdu
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2 u—1 1
+/ </ —u2—02+6u—2v—3dv—|—/ —2uv +4u — 2dv
1 0 u—1

+/1u2(2—v)(u—v)dv> du

3 3—u 1
+/‘</ —M—AU—2w+Bdw+/ 2u? + duv + v* — 16w — 14v + 31 dv
2 0 3—u

4—u
+/ 2(u+wv —4)2dv> du>
1
59

= <1
88

This finishes the proof that 5(Z) > 0 when Z # §|ﬁ
Assume that Z = fﬁ]ﬁ, so that ordz(N(u)|z) = 1 when 2 < u < 3. We have

3 /3(P(u)2 F) - ordy (N (u)] =) du = —

(—Kx)* J, S 7]

As before, denote by P(u,v) and N(u,v) the positive and negative parts of the Zariski

(— KX—uF)~—vZ When 0 < u <1, N(u,v) = v(e; + ez + e3)
for 0 <v <wu/2, when 1 <u <2

decomposition of w*m*

0 for0<ov<u-1,
N(u,v) =

(v—u+1)(e1 + ez +e3)

foru—1<wv<u/2,
and finally, when 2 < u < 3,

0

for 0 <v <3 —u,
N(u,v) =
(U—3+U)(€1(1)+€2(1)+€3(1)) fOI'?)—UgUSZ—U/Z
We have
S(Wee: Z)
9
*2— // vol(P(u)|z —vZ)dvdu
9
=— (// (u—v)(u—2v)dvdu
22 22

1

_2—u/2
/ (/ 2uv+02—4u—100—|—13dv+/
<1

(u+2v—4)(3u+ 2v — 10) dv> du)
3—u

u/2
(/ u2+v2+6u—6v—3dv—|—/ 2(u—v)(u—2v)dv)du
+
_3
4

We see that Sx(F) < 2 and S(W,F,, Z) < 1, so that 5(Z) > 0.
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Now we need to consider G-invariant prime divisors = whose centre on @ lies on I';.
Lemma 4.6. If Z = c5(Z) C Ey, then B(Z) > 0.

Proof. Assume that Z C Ej, then since there is no G-fixed point on Q C P4, f1(Z) = c(ZE)
is the curve I';. Denote by @1 — @ the blowup of the line L; and by Q; — P? the
morphism induced by the projection Q C P* --» P? away from L;. Let X+ o Q1 be the
blowup of the proper transform of I'7, then Xt-3Xisa flop, and there is a morphism
X — X. Denote by 1 the composition X5 X Q1 — P2

If T is a general fiber of n, T - Z > 5, hence, by Lemma B(Z) > 0. O

Lemma 4.7. If 2 is a G-invariant prime divisor over X with centre a prime divisor
Dx = ¢x(E) such that B(Z) < 0, then Dx € |Ha|.

Proof. The centre cx(Z) = Dx is the G-orbit of a minimal log canonical centre of a
suitable pair (X, %D) for D C | — Kx|g a G-invariant linear system, so that Dx is a

G-invariant irreducible normal surface with
—Kx ~g ADx + Ax

for some effective Q-divisor Ax and rational number A > 4/3 (see proof of |2, Theo-
rem 1.52]). We show that then, Dx is linearly equivalent to Ha (here since X; — X is a
small map, we also denote cx, () by Dx).

Recall that Eff(X;) = R>[E1] + R>o[Ha), and Hy ~ 2H; — Ey. If Dx = Fjy, then

3 3
AN3H1 _(1+)\)E1 ~ 5(2]‘[1 —E1)+ <2— (1+/\)> E1

and since A > 1/2, this is impossible.
Now assume that Dy # Ei, so that fi(Dx) is a G-invariant surface on @, and let d

be its degree. Since
3Hy ~ Afi(Dx) + f1i(Ax),

3> Xdand d=1or d=2. As there is no G-invariant hyperplane section, d = 2 and
A~ (3 — 2)\)H1 + ()\ml — 1)E1

where m; is the multiplicity of fi1(Dx) along I';. Since

3—2A 3—2A

Av ~
X 9

(2H, — Eq) + ( +)\m11) Ey,
we see that my > 1 and Dx € |Ha|. O

Lemma 4.8. Let Z = c5(Z) be an irreducible curve that is not contained in Ey. Then,

B(E) > 0 unless cg(E) is a line.
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Proof. By Lemma [4.7] a G-invariant surface containing Z is either F or the G-invariant
element of |Hs|. We have seen that for such Z, B(2) > 0. If Z ¢ Ho, as in the proof of
Lemma there is a surjective morphism X — P2 and Hy - Z < 2. Since Lq is in the
base locus of Ho, this implies that Hy - Z < 1. O

Theorem 4.9 (Main Theorem (II)). X is K-polystable.

Proof. Assume that X is not K-polystable, and denote by = a G-invariant prime divisor
over X with B(Z) < 0. If cx(E) is O-dimensional, it is {z0}, and cg(E) = L, so that
B(E) > 0 by Lemma[d.5 If ¢o(Z) is a curve and lies on a section S of |Hy|, then 5(Z) > 0
by Lemma If cg(2) is a line, then B(Z) > 0 by Lemma and Lemma If c3(2)
is a curve lying on Ep, then S(Z) > 0 by Lemma and if ¢ (Z) is a curve not lying on
E; and such that cg(Z) is not a line, then 3(Z) > 0 by Lemma This exhausts the
cases where cx(Z) is 1-dimensional. Assume now that cx(Z) is a prime divisor. Then, by
Lemma [4.7) 3(Z) > 0 unless cx(E) € |Ha|. We have seen that 3(S) > 0 for S € |Ha| in
the proof of Lemma [£.3] and this concludes the proof. O

As in the case of Family (I), since Aut(X) is finite, X is K-stable and this implies by
openness of K-stability [4]:

Corollary 4.10. A general one-nodal prime Fano threefold of genus 12 in Family (1I) is
K-stable.

5. Family (III)

Let X be a one-nodal prime Fano threefold of genus 12 that belongs to Family (III) of
Theorem is the midpoint of a Sarkisov link associated to a rational map V5 --» P'; we

describe the associated birational geometry briefly, see [6,8,14] for precise statements.
X
N
X1 ™ Xo
N N
Vs X P!

Denote by Hy = o}(ffOv;(1)) and Hy = o5(f30p1(1)), and by H = 7*(—Kx) the
pullbacks to X (or to any of the models) of the ample generators of Pic(Vs), Pic(P') and
Pic(X) respectively. The morphism f; is the blowup of a smooth rational quartic curve
I'; C V5 C P9, and there is a unique bisecant line L; to I';. The linear system |H; —T'1| has
dimension 2, Bs|H; — I'1| = T'; U L, and the rational map associated to |H; — I'1| = |Ha|
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is precisely Vs --» P! induced by the Sarkisov link above. The threefold X; is weak Fano,
and
—Kx, ~H=2H, — E;

where 1 = Exc fi, so that the proper transform of L; (still denoted L;) is the unique
flopping curve on X;. The map m; contracts L; to a node {zo} = Sing(X) € X. Let
7: X — X be the blowup of zg, and o1 the induced map to Xi; x is the Atiyah flop
associated to g € X and L; = o1(F), where F' = Excw. Then, X is a weak Fano
threefold of p = 3 and we have [8]:

—K¢=H—-F~ Hy+ Hy
and from H ~ 2H; — F1 ~ Hy + H, we deduce
Hy ~ Hy — Ej.

The map fz is a del Pezzo fibration (a Mori fibre space with two-dimensional fibres) of

degree H? - Hy = 6. For later reference, the intersection numbers on X are

H} =5, Hf - Ey =0, Hy - E} = —4, E} = —6,
H? - F =0, H, -F*=-1, F3 =2,
E,-F-H, =0, E,-F?= -2, FE?.F=0.

5.1. Construction of a member with G,,, X Zs-action

Recall from |2, Section 5.8] that the quintic threefold V5 C PY can be defined scheme
theoretically by

.
T4Ts — ToTo + :L‘% =0,

T4Tg — X123 + x% =0,
mi — xox3 + x122 = 0,
T1x4 — XoLg — Toxs = 0,

oy — 2375 — w126 = 0,

and is endowed with an action of G = G, X Zg defined by the involution
T: [xozazl:xg:x3:$4:x5:x6]|—>[x3:x2:a:1:J:O:x4:x6:a;5],
and by the automorphisms

Nt [To: @y @3 :ay: x5 xg) = [$5x0 1 S°T1 1 8 a0 1 7wy 1 0wy sty B
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Consider the curve I'y C Vi defined by the embedding P! < P* given by

[z:y] = [0: 23y ixy® 0 0 —a2y?: —zt: —yY]
where i2 = —1, then T'; is a G-invariant rational curve of degree 4. The line L; = {zg =
x1 = x9 = w3 = x4 = 0} is the unique bisecant line to I'y and it is also G-invariant. Note
that I'; lies on {xg = x3 = 0} N V5, and the pencil of hyperplanes containing I'; is the

restriction of

H = {Hp.y = {Awo + pag = 0}; [\ : ] € P}

to V5. Denote by Sy, ) = Hx,) N Vs, and note that for any hyperplane in the pencil,
Ly UT1 C S}y The midpoint X of the Sarkisov link above is endowed with a G-action.
Finally, denote by S = {z4 = 0} N V5 the only G-invariant hyperplane section of V5, and
observe that S has multiplicity 2 along L, so that 5’[)\:”] —H —F,—Fand S=H; —2F

are the proper transforms of Sy, and S on X.

Claim 5.1. The group Aut(X) = G, and in particular, it is reductive.
Proof. Since
G~ Gy, X Zo C Aut(X) ~ Aut(V5;T) C Aut(Vs) = PGL2(C),

by [13], Aut(X) = G or Aut(X) = Aut(Vs) = PGLy(C). The second case is impossible

because I'; is not Aut(Vj)-invariant. O

We will apply Theorem [2.1] to prove that X is K-polystable. To do so, we first describe
possible centres of G-invariant divisors over X. In what follows, Z denotes a G-invariant

prime divisor over X.

Claim 5.2. If the centre of = on X is 0-dimensional, it is the singular point c¢x (Z) = {xo}.
Proof. There is no point of V5 C P% fixed by the action of G. O

We now consider those G-invariant prime divisors over X which have one-dimensional
centre Z = cy; () on Vi. By [2, Corollary 5.39], the G-invariant curves on V; are precisely
the line Ly, the conic C defined parametrically by [z : 3] — [#2:0:0:y% : 2y : 0: 0],
the twisted cubic defined parametrically by [z : y] + [z3 : 2%y : 29?1 > : 0:0: 0] and a
family of sextic curves C., for v € C* in each of the hyperplane sections {z4 = 0} N V5 and
{A\xg + pxs =0} N V.

Lemma 5.3. Let = be a G-invariant prime divisor with centre Z = cy, () a curve. Then
Z=1,72=T, 0’)”5(5)>0.
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Proof. Assume to the contrary that §(Z) < 0, then by Lemma Zy = cx,(E) is
contained in Nklt(X>s, Bx,) for some By, ~g —AKx, and rational number A\ < 3/4.
By Lemma the degree Hs - Z3 < 1, and we exclude the curves with H; - Z > 1 by
considering Z; = c=(Z) and its intersections with I'; and Ly. If Z is a rational sextic curve
contained in {z4 = 0} or in {A\zg+puzs =0}, T1NLy =0,s0 (Hy — Ey)-Z1 = Hy- Zy and
I'y N Z consists of at most 2 points, so Hy - Z5 > 1. Similarly, if Z = C is the G-invariant
conic or twisted cubic, C NIy = CN Ly = 0 and Hy - Zo > 1. The only possibilities for Z
are L1 and I'y. O

Lemma 5.4. Let Z be a G-invariant prime divisor with centre Z = c¢(Z) a curve lying
on F, then B(Z) > 0.

Proof. Consider the G-invariant blowup w: X — X of the two flopping lines (these are
the transforms of the lines through the singular point on X), and denote by A = A; + Ag
its exceptional divisor G. Let F = w*F, Hy, = w*Hy and E; = w*E; — A be the proper
transforms of F', Hy and F;. We also have S = w*S — 2A and :S’Vp\:ﬂ] =w* S\, — A

If we write the Zariski decomposition of w*r*(—Kx) — uF = P(u) + N(u), then P(u)
isnef for all 0 < u < 3 and

0 for 0 <u <1,
N(u) =9 (u—1)A for 2 <wu <3,
(u—1)A+ (u—2)S for2<u<3.

We now compute

i 1 T * % -
Sx(F) = (—K)()S/o vol(w*n* (= Kx) — uF) du
1 1 2 3 39
= — /22—2u3du+/ —6u2+6u+20du+/ 2(6 —u)(u —3)*du ) = =.
22 \ Jo 1 5 22

So that B(F) = Ax(F) — Sx(F) =23 =2 >0.

We now assume that Z = c5(Z) C F. The surface F is the blowup of F ~ P! x P!
at two distinct points, that is a del Pezzo surface of degree 6. Let ¢; (resp. f2) be the
full transform of the ruling of class (1,0) (resp. (0,1)) on P! x P!, and let e, e3 be the
two exceptional curves. The Mori cone W(ﬁ ) is generated by e; and es, and by the
(—=1)-curves £;jy = £; — e;.

We have

_ 3 3 -
SWik,: z) :(_KX>3/0 (P(w)? - F) - ordz(N(w)| ) du

3 3 proo
+(—KX)3/0/0 vol(P(u)\ﬁ—vZ)dvdu.
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As there is no G-fixed point on Vs, ¢y, (Z) is not a point and Z ¢ {e1, ez}, so that
Z ¢ Alz. When in addition, Z # g\};, ordz(N(u)|z) = 0. Write

Z~ater+agest+ Y aiili),
i,j€{1,2}

and observe that at least one of the coefficients a;; # 0. By convexity of volume, if the

nonzero coefficient corresponds to the curve 1, we get

- 3 3 roo 3 3 poo
swhiz)=2 / / vol(P(u)  —vZ) dvdu < / / vol(P(u)| = — vl) du du,
0JO 0J0

so it is enough to show that the last integral is less than 1 to deduce a contradiction.
Case 1. Assume that Z # §|ﬁ, and let Z ~ ;(), for i,j € {1,2}. To fix notation,
we consider £;(5). Denote by P(u,v) and N(u,v) the positive and negative parts of the

Zariski decomposition of (w*n*(—Kx) — uﬁ)]ﬁ —vZ.
e For 0 <u<1, N(u,v) =wvey for 0 <v < u.
e For 1 <u <2,
0 for0<v<u-—1,
N(u,v) = (v—u+1)e; foru—1<wv<1,

(v—u+1)er + (v —1)lyqy for 1 <v <.
e For 2 <u <3,

0 for 0 <v <3 —u,
N(u,v) =4 (v—3+u)e; for 3—u<wv<1,
(v—=3+u)er + (v —1)lyqy forl1<v<4d—u.

We have
S(WEr; z)

3 3 oo
< 22/0/0 vol(P(u)|z, — vli(z)) dvdu

3 1 pru
:22</0/0 2u(u —v)dvdu
1

2 u— 1
+/ (/ —v2+4u—2v—2dv—|—/ u? — 2uv + 2u — 1dv
1 0 u—1

+/1u(u—v+2)(u—v)dv> du
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3 3—u 1
+/ (/ 2u2+2uv—v2—16u—60—|—30dv—|—/ (=3 4+ u)(3u + 4v — 13) dv
2 0 3—u

+ /14u(u +v—4)(3u+ v — 10) dv) du>

17
— < 1,
~ 2
which is what we wanted.

Case 2. Now assume that Z = §|ﬁ so that ordz(N(u)|z) =1 on u € [2,3], and

4

3 ~

As before, denote by P(u,v) and N(u,v) the positive and negative part of the Zariski
decomposition of (w*n*(—Kx) — uF) =~ —vZ, so that

e For 0 <u<1, N(u,v) =v(e1 +e2) for 0 < v < u/3.

e For 1 <u <2,

0 forOgvg%_l,
N(u,v) =
(v—u+1)(e1 +ep) for %5t <o < ¥
e For 2 <u <3,
0 forOSvg?’_T“,
N(u,v) =

(v—3+u)(e1 + e2) forg’*T“SngQ—%“.

We now compute

SWk,; 2) = i 43 /3/00 vol(P(u)| 5 — vZ) dv du

= 22(// 2(u — 2v)(u — 3v) dv du
< (u 1)/
u/3

/ (u—2v)(u — 3v) dv) du
(u— 1)/2

+
3 (3 w)
+/ < 2u2+6uv+4v2—16u—24v+30dv
2

—2uv+4v2+4u—8v—2dv

2— 2u/3
+/ +2v—4)(2u+3v—6)dv) du>
(3-u)/2
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and this finishes the proof since

x(5) min 2 !
Sx(2) = {Sx(ﬁ)’ S(Wf,;Z)} -1 -

Lemma 5.5. Let = be a G-invariant prime divisor with centre Z = cx,(Z) a curve lying
on Ey, then B(Z) > 0.

N

[1]

Proof. Assume to the contrary that 3(Z) < 0, then by Lemma Zy = ¢x,(2) is a
one-dimensional component of (Xs, Bx,), where Bx, ~ —AKx, for some A < 3/4. By
Lemma Hy - Zy < 1. This is impossible as Z; = cx, () cannot be mapped to a point
by ¢1 because there is no G-invariant point on Vs, and Hy - Z1 > Hy - Z1 > 4. O

Remark 5.6. For the sake of completion, observe that X itself is divisorially K-polystable.
Indeed, for 0 < u <1,

—Kx, —uk ~Q H —uFE; ~Q 2H, — (1 +U)E1

is a mobile divisor, that is the pullback of a nef divisor on X5, and for v > 1, this divisor

is not effective. We have

1
(*KXl)g . SXl(El) =22 SXl(El) = /0 V01(2H1 - (1 + U)El) du
= /1 (1-w)(—Kx, + 2uH2))3du = /1 (1—w)H + 2uH2)3du
0 0

! 17
= / (1 —u)?(22 + 14u) du = 1
0

so that S(Fy) > 0.

Lemma 5.7. There is no G-invariant irreducible surface Dx such that —Kx ~g ADx +

Ax for some positive rational number A > 4/3 and effective Q-divisor A.

Proof. Let Dx be such a surface, and denote by D1, A; the proper transforms of Dx and
Ax on X;. We have
H ~Q 2H, + F, ~Q AD1 + Aq.

Recall that the pseudo-effective cone Eff (X1) is R>o[E1]+R>o[Ha], where Hy ~g Hy — Ej.
If D1 = Eq, we see that
A1 ~Q 2H> + (1 — )\)El

cannot be an effective divisor. We may now assume that Dy € R>o[H;]+R>o[H2], that is
D), =xH, —yE; for z,y € Nand x > y. Since AD; < —Kx,, Aa < 2, so that a =1 and
b=0or b=1. As D; is mapped to a G-invariant surface of V5, ¢1(D1) is the hyperplane
section {z4 = 0} N V5, and b = 0. Now, A; ~q (2—\)H; — E, but this cannot be effective
as 2 — A< 1. O
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As in the previous two cases, we conclude

Theorem 5.8 (Main Theorem (III)). X is K-polystable.

This time X is not K-stable as Aut(X) = G, X Zg, but using |2, Corollary 1.16] (which

still holds in the case of a nodal Fano threefold), we conclude

Corollary 5.9. A general one-nodal prime Fano threefold of genus 12 in Family (I111) is

K-polystable.
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