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Abstract

This paper presents arobust framework for handling a conic multiobjective linear optimization
problem, where the objective and constraint functions are involving affinely parameterized
data uncertainties. More precisely, we examine optimality conditions and calculate efficient
solutions of the conic robust multiobjective linear problem. We provide necessary and suffi-
cient linear conic criteria for efficiency of the underlying conic robust multiobjective linear
program. Itis shown that such optimality conditions can be expressed in terms of linear matrix
inequalities and second-order conic conditions for a multiobjective semidefinite program and
a multiobjective second order conic program, respectively. We show how efficient solutions
of the conic robust multiobjective linear problem can be found via its conic programming
reformulation problems including semidefinite programming and second-order cone pro-
gramming problems. Numerical examples are also provided to illustrate that the proposed
conic programming reformulation schemes can be employed to find efficient solutions for
concrete problems including those arisen from practical applications.
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1 Introduction

Conic optimization problems are constrained optimization models in which their constraints
are defined via certain closed convex cones, see e.g., [4, 9, 16]. Conic optimization problems
have been intensively studied by many researchers as they belong to a wide class of structured
decision making optimization problems that encompass all important prominent classes of
mathematical models including numerically tractable classes of linear programming, second-
order cone programming and semidefinite programming problems [8], as well as a more
general class of convex optimization problems because any convex optimization problem can
be reformulated as a conic optimization problem [31].

In the real-world, many decision-making models not only admit multiple objectives (cf.
[2, 3, 17, 28]) that are possible in conflict but also involve uncertain data (cf. [5, 7, 34])
because of, for instance, the lack of information, measurement errors or unknown future
developments. So, discovering new frameworks or classes of multiobjective optimization
problems, tangible approaches as well as associated methods that are capable of dealing with
uncertainty data, has emerged as a crucial aim of research in multiobjective optimization.
Such multiobjective optimization (called robust multiobjective) models are able to generate
(weak) Pareto solutions, which are immune from uncertainty data, see e.g., [1, 12, 18-20, 24,
25, 35] and other references therein.

Arecent trend in robust multiobjective optimization is to identify classes of robust multiob-
jective problems whose optimality conditions are numerically verifiable or their relaxation
problems can be reformulated and solved by means of linear programming, second-order
cone programming or semidefinite programming problems [10, 11, 13, 14, 21, 22, 26, 27].
In particular, by using an alternative theorem for a robust linear inequality system, the paper
[10] provided necessary and sufficient optimality conditions for weak Pareto solutions of a
robust multiobjective linear programming problem. Recently, the authors in [14] developed
tractable optimality conditions as well as semidefinite reformulation schemes to identify
robust (weak) efficient solutions for quadratic multiobjective problems under data uncer-
tainty. The interested reader is referred to [26, 27] for approximate approaches to solve a
subclass of robust convex polynomial multiobjective optimization problems.

This paper aims to study a broad class of conic uncertain/robust multiobjective linear
programming problems defined as follows.

Conic Multiobjective Linear Optimization Programs. A conic uncertain multiobjective
linear problem is defined by
m%él {('@HTx + B ", ... P @) x + pPP)) | Aw)x —b(v) € =K}, (UC)
X€E n
where u/ € Uj,j=1,...,pand v € V are uncertain parameters, U; CR®, j =1,..., p
and V. C R% are uncertainty sets that are assumed to be nonempty and compact, A :
R — LR",R™),b : R — R™ are affine maps, K C R™ is a closed pointed (i.e.,
K N (=K) = {0}) convex cone with the nonempty interior (i.e., int K # @), and ¢/ : R® —
R", B/ :R* - R, j =1,..., p are affine maps defined respectively by

s s
Wy =cl+Y uld, plw)=p5+> ulp (1.1)
i=1 i=1

for u/ = (u{,...,u!) e R with ,Bl.j € ]Randcij e R* fixed for j = 1,...,p,i =
0, 1, ..., s.Note that the notation L (R", R™) stands for the space of all linear transformations
from R” to R™.
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To tackle the conic uncertain multiobjective problem (UC), we consider its robust coun-
terpart as follows:

min {( max (taHTx+8 by, ..., max {cp(up)Tx+ﬂp(Ltp)}) | A(v)x —b(v) € =K, YveV ;.
xeR"? ulet uPelp,

(RC)

To proceed, let us define the notions of robust (weak) efficient solutions in the sense
of minmax robustness (cf. [1, 25]) for multiobjective optimization problems. For the sake
of simplicity, we use the notation f;(x) := max {c¢/ wHTx + g/ W}, j=1,...,pfor

uel;

x € R" and denote F := {x € R" | A(w)x — b(v) € —K, Yv € V} the set of all robust
feasible points of problem (UC). This enables us to align notions of Pareto optimality in the
robust case with those for their non-robust counterpart. We note that the direct computation
of the functions f; is inefficient in practice.

Definition 1.1 (Robust weak/efficient solutions) For the problem (UC), let X € F.

(1) One says that x is a robust weak efficient solution of problem (UC) if it is a weak
efficient solution of problem (RC); i.e., there is no other x € F satisfying

fix) < fijx), j=1,...,p.

(i) One says that x is a robust efficient solution of problem (UC) if it is an efficient solution
of problem (RC); i.e., there is no other x € F satisfying

fix) < fjx), j=1,...,p and f;(x) < f;j(x) forsome j € {1,..., p}.

The model (UC) or its robust counterpart (RC) encompasses a broad class of uncertain
multiobjective optimization problems including uncertain multiobjective linear programs
and standard conic uncertain multiobjective linear optimization problems. In particular, if
K is the nonnegative orthant of R" (i.e., K := R’), V is a spectrahedron (see [36] or
(2.17) below) and there are no affine maps 8/, j = 1,...,p (e, B/ :=0,j =1,...,p),
then the problem (RC) collapses to a robust multiobjective optimization model studied in
[13]. Moreover, if there is no uncertainty in the objectives (i.e., cl./ = 0, bi/ =0, =
1,...,p,i = 1,...,s), the resulting problem further reduces to a robust multiobjective
model examined in [10]. The problem (UC) includes popular conic uncertain multiobjective
linear programs such as uncertain multiobjective semidefinite programming problems and
uncertain multiobjective second-order cone programming problems, which we will examine
in the forthcoming sections. It also covers other uncertain multiobjective linear programs
such as those discussed in [22] by appropriately specifying the data of K, A,band U;, j =
IL...,p.

To the best of our knowledge, a study of optimality conditions and conic reformulations for
finding robust (weak) efficient solutions of the conic uncertain multiobjective linear program
of type (UC) has not been available in the literature. Such an investigation would be compli-
cated due to the challenges arisen in handling data uncertainties of the objectives and conic
constraints. Furthermore, the obtained optimality conditions and the relaxation/reformulation
schemes for solving the underlying problem would not be numerically verified by virtue of
the general structures of the uncertainty sets. To this end, we assume throughout the paper
that the uncertainty set V is a polytope given by V := conv {¢', ..., 19} with & € R% for
[ =1,...,q (see e.g., [5]), and the uncertainty sets U;, j = 1, ..., p are cone-based sets
(see e.g., [6]) given by

Uji={w :=@],...,ul) eR* | Cjul —d/ € =K} (1.2)
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with C; € L(R*,R™/),d/ e R" and K; CR™,j=1,...,p,where K;, j=1,...,p
are closed pointed convex cones with int K; # (.

The main purposes of this work are to examine robust optimality conditions and compute
robust (weak) efficient solutions for the uncertain conic multiobjective linear problem (UC).
More exactly, we provide necessary and sufficient criteria in terms of linear conic conditions
for robust (weak) efficiency of the uncertain conic multiobjective linear problem (UC). We
establish that these optimality conditions can be displayed by way of linear matrix inequalities
and second-order cone conditions for subclasses of the underlying conic multiobjective prob-
lems such as the class of multiobjective semidefinite programming problems and the class
of multiobjective second-order cone programming problems. With the help of conic opti-
mality conditions, we also show how robust weak/efficient solutions of the uncertain conic
multiobjective linear problem (UC) can be located by solving conic programming reformu-
lation problems including semidefinite programming and second-order cone programming
problems.

To show the verifiability and efficacy of our approach, we give numerical examples that
illustrate how the proposed conic programming reformulation schemes can be employed
to identify robust (weak) efficient solutions for (concrete) uncertain multiobjective prob-
lems inspired by practical applications. The simulation results demonstrate that the proposed
conic uncertain multiobjective problem is capable of modeling practical problems under
data uncertainties. Moreover, the corresponding conic reformulation schemes are able to
generate multiple robust Pareto solutions for such models. As a result, the proposed conic
uncertain/robust multiobjective models and associated conic reformulation schemes not only
empower the decision-maker to more readily identify preferred (optimal) trade-off trends, but
also enable the opportunity to stabily achieve the corresponding (optimal) trade-off values
under uncertainty of the inputs for actual problems.

The rest of the paper is organized as follows. In Section 2, we first establish conic conditions
for robust (weak) efficiency of the uncertain conic multiobjective linear problem (UC). We
then derive corresponding results for the class of multiobjective semidefinite programs and
for the class of multiobjective second-order cone programming problems. Section 3 presents
the conic reformulations and there we develop schemes as to how to calculate robust (weak)
efficient solutions for the problem (UC) via its conic reformulations. In Section 4, we present
numerical examples including those inspired by practical applications. Section 5 concludes
the obtained results with an outlook on conic uncertain/robust multiobjective optimization
problems.

2 Conic optimality conditions

Let us provide some notations and definitions, which will be used throughout this paper.

The notation R” signifies the Euclidean space whose norm is denoted by | - || for each
n e N:=({1,2,...}. The inner product in R” is defined by (x, y) := x "y forall x, y € R".
Foreach j € {1,...,n}, e? is the unit vector in R” whose jth element is one and the other

elements are all zero. We denote by 0 the origin of a space and we also use 0,, to denote the
origin of R" for more clarification. We denote by R’; the nonnegative orthant of R", while
Rﬂr := Ry = [0, 400). For a nonempty set 2 C R", conv 2 denotes the convex hull of Q
and int 2 stands for the interior of 2. As usual, the notation L(W, Z) stands for the space
of all linear transformations between finite dimensional spaces W and Z. The dual cone of
acone K C R™ is given by
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K :={yeR"|y"k>0forallk € K}.

An (n x n) real matrix A is symmetric if AT = A, where AT is the transpose of A. The
set of all symmetric (n x n) real matrices is denoted by S”. A matrix B € S” is said to be
positive semidefinite, denoted by B > 0, whenever x"Bx>0forallx e R". Ifx"Bx > 0
for all x € R"\{0}, then B is called positive definite, denoted by B > 0. The notation S’}
stands for the set of all positive semidefinite matrices in S”. The trace of an (n x n) real matrix
A is defined by Tr(A) = Z'}zl ajj, where aj; is the entry in the jth row and jth column
of A for j = 1,...,n. Note that the space S can be treated as a Euclidean space equipped
with the Frobenius inner product (A, B) := Tr(AB) for A, B € S" (see e.g., [5, Page 150]).
Given v := (v, ..., v,), the notation diag(v) or diag(vy, ..., v,) denotes a diagonal matrix
with entries vy, . . ., v, along the diagonal and zeros elsewhere. Similarly, diag(A1, ..., A;)
denotes the block diagonal matrix with submatrices Ay, ..., A, along the diagonal and zero
submatrices elsewhere.

For a linear transformation A : R” — R™, the adjoint linear transformation, denoted by
AT isthemap AT : R” — R” satisfying

(Ax,y) = (x, ATy) forall x € R", y € R™.

We are now in a position to present necessary/sufficient optimality criteria, which are
exhibited via linear conic conditions for robust (weak) efficient solutions of problem (UC).

Theorem 2.1 For the problem (UC), let x € F.

(i) (Necessary conic conditions) Assume that the strict constraint qualification holds, i.e.,
there exists x0 € R" such that

AW)x’ —b(v) € —intK, Yo e V. (2.3)

Let x be a robust weak efficient solution of (UC). Then, there exist (ay,...,ap) €
Ri\{O},a‘i eRi=1,....,s,j=1,....,pand }l € K*, | = 1, ..., q such that

J4 . s a
D ey + Y aieh+ > (AHTA =0, (2.4)
j=1 i=1 =1

14 ) s q B 14

B+ Y B =Y O =) ajfi %) =0, 2.5)
j=1 i=1 =1 j=1
Cj@j,....a}) —ajd’ e =K, j=1,....p, (2.6)

where Al 1= A(ﬁl) and b' = b(ﬁl)forl =1,...,q.

(i) (Sufﬁcienthnditions for robust weak efficiency) Assume that there exist (ay, . . ., o))
c Ri\{O}, a; eR,i=1,....s,j=1,...,pand \' € K*,1 = 1, ..., q satisfying
(2.4), (2.5) and (2.6). Then, X is a robust weak efficient solution of (UC).

(iii) (Sufﬁcient conditions for robust efficiency) Assume that there exist (a1, ..., ap) €
intRi, a} eRi=1,....8,j=1,....,pand Al € K*,| = 1, ..., q satisfying
(2.4), (2.5) and (2.6). Then, x is a robust efficient solution of (UC).

Proof Note that V := conv {3}, ..., 77} and we denote A’ := A(¥') and b’ := b(3'), where
vl e R, [ =1,...,q are fixed. For each v € V, there exist y; > 0, quzl y; = 1 such that
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v=>Y1, ', Since A and b are affine maps, it holds that

q q q
AW)x —b) =Y yA@)x =Y b)) =) yi(Alx -

Moreover by the convexity of K, we see that A(v)x —b(v) € —K forallv € V if and only if
—ble—Kforalll=1,..., ¢, and so the problem (RC) is equivalent to the following
problem

min (A@, ... fr0) |Alx bl e K, I=1,....q]}, (AP)
where f;(x) := max {cd W Tx + B/ )}, j=1,..., pforx € R" as above.
uleU;

(i) Assume that the strict constraint qualification in (2.3) holds, and that x is a robust weak
efficient solution of (UC). Letting

Qi={(r1,....rp.y s YD) €RPT Ax e R, fi(x) — fi(¥) <rjj=1,....p,
yV+b e Alx+ K, 1=1,...,q),

we see that @ # @ due to (f1(x°) — fi(X) +e, ..., f,(x°) — f,(X) + € 0ym) € Q for

any € > 0. Observe further that €2 is a convex set and, as x is a robust weak efficient

solution of (UC), it follows that (0,, 04,,) ¢ €2. Using a separation theorem (see e.g.,
[30, Theorem 2.5]), we find 0 # («, A) € R? x RY™ such that

inf {oﬁr 2Ty (ry) € Q} >0, 2.7)

where r := (r1,...,rp) € RPand y := (yl, ..., y?7) € R?". Observe by (2.7) that
=(a,....,ap) eRY and a:= !, ..., a0, M e K*1=1,....,q.

Lete > 0. Since (f1(x)— f1(X)+€, ..., fr(x)—fp(E)+e, Alx=bl, ... Alx—b9) €

2 for each x € R”, we get by (2.7) that

14
Z (fi) = f;) +¢) +Z(x) (Alx =By >0 2.8)

=1

forallx € R". Ifa = 0, there exists [y € {1, ..., g} such that Ao e K*\{0}. Therefore,
by (2.3), we assert (cf. [3, Lemma 3.21]) that (Alo)T (Al x0 — ploy < 0, which ensures
that )7, (A)T(A'x? — b') < 0 due to the fact that A' € K* foralll = 1,...,g. This
contradicts (2.8) and so « # 0.

As € > 0 was arbitrarily chosen, we conclude from (2.8) that

P q 14
Zajfj(x) + Z(}LI)T(AZX b > Zajfj()?) forall x € R",
j= =1

Jj=1

which entails that

eRn je
X u =1

p
inf :Za] max {cf(uf)Tx+,31(uf)}+2(x’)T(A’ 13’)} > fi().
j=1

(2.9)
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By denoting U := Hle Uj, (2.9) reduces further to the following one

)4 S s q
inf  max Zaj ((c{))Tx + Z“;j HTx+p)+ Zu{ﬂl]) + Z(AI)T(A_Ix
j=1 i=1 i=1 I=1

xeR™ (! ur)eU

P
=) e fi®), (2.10)

j=1
where u/ = (u{, ...,u{),j = 1,..., p. Consider a function F : R" x R?® —
R given by F(x,u) := le ai () Tx+ i jul(ehHTx + ]+ X1 ulB) +
Y DT (A — b forx € R" and u := (u',...,uP) € RP*. Since F is an

affine function in variable x and in variable u, (2.10) and a minimax theorem (cf. [33,
Theorem 4.2]) entail that

max inf F(x,u) = inf max F(x, u) > Zalfj(x)

uelU xeR" xeR"* ueU

This shows that there exists i := (@', ..., #"), where @/ := (it], ..., u}) € U}, j =
1,..., p,such that

p
inf F(x,u i (). .
nf FOri) 2 ) e fi®) .11
j=1

Lettingaj ::ajﬁ{,j =1,....,p,i=1,...,s, weclaim that
Ci@},....a}) —ajd/ e =K, j=1,....p. (2.12)
To see this, considerany j € {1, ..., p}.Ifa; =0, thenaj. =O0foralli =1,...,sand
thus (2.12) holds trivially. Otherwise, we have ; > 0. Then, by il e Uj,j=1,...,p,

it holds that
ozjl. o . . .
o C,’ ey, — —d/ :a,(C,-uf—df)e—K,-, (2.13)
; I\ g o ASS ;

which shows that (2.12) holds as well. Now, we derive from (2.11) that

)4 q 14
> e <(c0) x—i—Zu HTx+ 8 +Zufﬁ )+Z(A1)T(A1x—51)—za,-ﬁ(x) >0
j=1

i=1 =1 j=I

for all x € R". This is equivalent to the following conditions

P s q

Z (ajcé + Za?c{) + Z(AI)T)»[ =0

j=1 = =1
p ) s . q P
> (ajﬂé + Zajﬁf) =Y 0HTE = i fi(@) = 0,
j=1 i=1 =1 j=1

which show that (2.4) and (2.5) are valid. So (i) holds.
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(i) Let (ay,...,a,) € RY\{0}, aj. eRi=1,...,5,j=1,...,pand Al € K*,I =
1, ..., g be such that (2.4), (2.5) and (2.6) hold.
Considerany j € {1, ..., p}. By the compactness of U, we claim by (2.6) thatif or; =
0, then oz’j = Oforalli =1, ..., s. Assume on the contrary that «; = 0 but there exists

ige{l,...,s} witha;(’ # 0. In this case, we get by (2.6) that Cj(oc}, .. .,aj?) € —K;.

Take any it/ := (], ..., il) € U;. By definition, Cjii/ —d/ € —K and thus

C;(al +r(a},...,a§.)) —d! = (C;i! —df)+rcj(a},...,a;:) € —Kjforallt > 0.

This means that it/ + ¢(« 11 e, ocj.) € Uj for all t > 0, which contradicts the fact that
(ozj]., R Ol‘;-) # 0y and U is bounded. Consequently, our claim is valid.
Let us take 4/ := (12{, ) e U; and define @i/ := (ﬁ{, ..., @) with

& itey =0,

i = o i=1,...,s.

& ifa; #0,
L s . .

Note by (2.6) that Cj(Z—’,_, e, Z—j) —d’ € —K; whenever o; # 0, and so i/ € Uj.

Then, for any x € R”, we have

. S NT . S NT ,ONT
(ajcé+2a}ci’> x=otj<c{)+2ﬁfcij) xza,,'C’(ﬁ]) x, j=1....p,
i=1 i=
(2.14)

where we remind that if o; = 0, then a’}. =O0foralli = 1,...,s as proved above.

Similarly, we obtain that o B + Y, /. = o (B + X1, it 1) = o; 7 (@7 for
j=1,..., p.So, we get by (2.4) and (2.5) that

P P q P
el @) x4+ o @)+ Y HT(Ax b =Y ;i fj(X) forall x € R
j=1 Jj=1 =1 j=1

(2.15)

Now, assume that £ € R" is robust feasible for the problem (UC). Then, A’ —b' € —K
forl =1, ..., g, which guarantee that Z?ZI(AI)T(Alx —-bh <o. Evaluating (2.15)
at X, we arrive at Zf:l o (cJ @HTx + gl @’ )) > Z]p':1 o fj(¥) and thus,

P P
D aifi@) =Y e, fi ) (2.16)
j=1 j=1
due to the fact that ; > 0 and f;(%) > ¢/ (@) "% + p/@/) forall j = 1,..., p.
Keeping in mind that (aq,...,a)) € Ri\{O}, (2.16) ensures that there is no other

x € F with

fitx) < fij)forall j =1,..., p.

Consequently, x is a robust weak efficient solution of (UC)..
(iii) Let (a1,...,a)p) € intRY, Al € K*,1 =1,...,ganda’ e R,i =1,...,5,j =
1,..., pbesuchthat(2.4),(2.5) and (2.6) hold. Similarly, following the same argument
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of (ii), we come to the assertion in (2.16). This together with (ay,...,a,) € intRi
entails that x is a robust efficient solution of problem (UC), which completes the proof.
O

Multiobjective Semidefinite Programming Problems. Let us now consider a particular
case of the problem (UC), which is defined by

min (c'@HTx+ B wh). ... cP @) x+ BPWP)) | Bw) = xiAi(v) = 0} :

i=l1

(USP)

where uncertain parameters ul, j=1, ..., pandv,theuncertainty set V :=conv {171‘, .o, v}

with o/ € R forl =1, ..., q are defined as above, the maps ¢/ : R — R", 8/ : R® —

R,j =1,..., p are declared in (1.1), A; : R — Sk i =1,...,n, B : R — S are

affine maps, and the uncertainty sets U;, j = 1, ..., p are spectrahedra (see e.g., [36]) given
by

. . S . .
Uj = {u/ = (ui.....ul) eR | DI+ ulc] zo} 2.17)
i=1
with given matrices D/ e Ski, Cl.j e S%i,i =1,...,s. Note that the spectrahedral sets in

(2.17) encompass almost commonly used uncertainty sets in robust optimization including
ball, box, cylinder and ellipsoid uncertainty data.
The robust counterpart of problem (USP) can be captured as follows:

min { (max '@ x +grahy, ..., max {cP@?)"x + ﬂ”(u”)}) | (RSP)
xeR" ulel; ubelp
B(v) — > xiAi(v) = 0, Yv € v}.
i=1

We are now ready to derive linear matrix inequality (LMI) conditions for robust (weak)
efficiency of (USP).

Corollary 2.2 (LMI optimality conditions) For the problem (USP), let x € {x € R" |
B(v) — Y !  xiAi(v) = 0, Yv € V}. We have the following assertions.

(i) Let x° € R" be such that
n
B(v) =Y x)Ai(v) -0, Vv e V. (2.18)
i=1
Assume that X is a robust weak efficient solution of problem (USP). Then, we can find

af e Rii=1,....,5,j = 1,....p, (e1,...,ap) € RE\{0} and 1! € SK,I =
1,...,q such that
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q
(a + Za ) + 3 (Tr(AfAh, L Te(ALAD) =0, (2.19)
= =1

q
(a,ﬁo +Za B; ) ZTr(BlAl)—Zoz]f](x) >0, (2.20)

=1 j=1

~. ~.
T
M~ 1

a,Df'+Zaj.c{zo, ji=1,....p, 2.21)
i=1

where f;(%) := max {¢/(u/) % + g/ w))},j = 1,..., pand Al := A;(), B! :=
MIGU_,‘

B@).l=1,....q.i=1,....n

(i) Assume that there exist oc’j eRi=1,...,5,j=1...,p (a1,...,0p) € ]Ri\{ }
and M € Sﬁ, [ =1,...,q satisfying (2. 19) (2.20) and (2.21). Then, we assert that x
is a robust weak efficient solution of (USP).

(iii) Assume that there exist Olj- eRi=1,...,5,j=1,...,p (o1,...,ap) € intRi
and ) € Sff_,l = 1,...,q satisfying (2.19), (2.20) and (2.21). Then, x is a robust
efficient solution of (USP).

Proof Consideramap A : R — L(R", S¥) defined as follows: For each v € R*, one has a
linear transformation A(v) : R” — $K given by A(v)x = Z?:l x;A;(v) for x € R", where
A;i(v) € Sk i=1,...,n The maps A;,i =1, ..., n are affine, so is the map .A. Moreover,
for each v € V, it holds that B(v) — > 7, x;A;(v) > 0 if and only if A(v)x — B(v) €
—Sff_. We also consider linear transformations C; : R® — Ski,j =1,..., p defined by
Cjul := =371 ulC/ foru/ € R®, where C] € Ski, j =1,...,p,i =1,....s. Then,
the problem (USP) can be rewritten as the following one

min {(cl(ul)Tx +B WY, P @) x 4 BPWP)) | A(w)x — B(v) € —S{;} . (UAP)
xeRn

where the uncertainty sets U;, j = 1,..., p are given by U; := {uf = (u{, AU uﬁ) €
RS | Cju/ — DJ € —S'7}. This problem lands in the form of problem (UC) with K := SX
and K; := Sij, j=1,..., p. Moreover, the condition (2.18) means that Aw)x® — B() €
—int K for all v € V. We now invoke Theorem 2.1 to assert that there exist (o, ..., ap) €

Rf;\{O},a; eR,j=1,....pi=1,...,sandA € K*= 85,1 =1,..., g such that
(oe +Zoejcl> +Z(Al Tl —
(a,ﬂo +Za B; ) - Z<A’,é’> - Zajfjoz) >0,

j=1

i=1 =1

M= T

1

QN -

](cle o) —a;Dle—Kj, j=1,....p,

where A' := A(i'), B' := B(i),l=1,...,q

Denote Ag = Ai(f)’),l =1,...,q,i=1,...,n. We note that since A/, [ = 1,. .y q
are linear transformations defined by A'x = A@Hx = > lx,Al for x € R”,
the corresponding adjoint operators AT =1,.. .,q are computed by AHTr =
(Tr(AllA), .. .,Tr(Aﬁ,A)) for 4 € S*. Moreover, it holds that (A, B!) = Tr(B'A!) for
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[ =1,...,q and that
S .
a;D’ +Z(x;Cij zO@Cj(a},...,a‘;)—ajD-’ € —K;
i=1

forall j = 1,..., p. Consequently, we arrive at the desired conclusions. O

Multiobjective Second-Order Cone Programming Problems. We consider another special
case of the problem (UC), which is defined by

min {(c' @) x +gl@wh), ..., cP @) x + BPWP)) | A(w)x —b(v) € =Ly}, (UOP)

xeR"

where uncertain parameters u’, j = 1,..., p and v, the uncertainty set V := conv {171,
..., v?} with o e R forl = 1, ...,q,the maps A : R — LR" R™),b: RO — R™
are defined as above, the maps ¢/ : R® — R", 8/ : R* — R, j = 1,..., p are given in

(1.1), and L, := {(y1,...,ym) e R" | y1 > ||(y2,...,ym)||} is the second-order cone

or Lorentz cone in R (m > 2), while the uncertainty sets U;, j = 1, ..., p are ellipsoids
given by

Uj:={u eR* | u))TMIu <1} (2.22)

with M7 € §¢ satisfying MJ = 0.Foreach j € {1,..., p}, welet E/ be an (mj xs)
matrix, which is a decomposition factor of M/, i.e.,

M) = (E)HTE. (2.23)
The robust counterpart of problem (UOP) is given by

min {( max {c' @) x + g @hH}, ..., max {cP@P)Tx + BP(uP)}) (ROP)

xeR” ulel,

| A()x — b(v) € =Ly, Yv € V}.

In this case, we obtain second-order conic (SOC) conditions for robust (weak) efficiency
of (UOP) as follows.

Corollary 2.3 (SOC optimality conditions) For the problem (UOP), let x € {x € R" |
A()x —b(w) € =L, Yv e V}.

(i) Let x° € R" be such that
AW)x’ —bw) e =LY, Vv eV, (2.24)
where Lgl = {(yl, ey ym) €R™ Ly > (v, -, ym)ll}. Assume that x is a robust

weak efficient solution of (UOP). Then, there exist (¥§ eR,i=1,....,s,j=1,...,p,

(@1,...,ap) € REN{0} and 1! := (W, ... aL) e R™ AL > [[Ad, ... Al 1 =
1, ..., q such that

@ Springer



758 Journal of Global Optimization (2025) 93:747-776

14 N q

> <oe I+ Zaj.c{) +3 @hTi =0, (2.25)
j=1 i=1 =1

14 q _ P

> <%ﬂo + Za B; ) = > 0HTE = T fi(®) = 0, (2.26)
j=1 =1 j=1
||Ef(a coenaDll =eaj j=10p, 2.27)

where fj(X) = max {c/ /)X + /W), j =1,....,pand A == AQ@"), D =
u/eU_,-

b@h,1=1,...,q ‘

(i) Assume that there exist oz;. eRi=1....,5,j=1,...,p (a1,...,0p) € ]Ri\{O}
and 2= (LA e RMOL > 105, L AL L = 1, ... g satisfying (2.25),
(2.26) and (2.27). Then, )E is a robust weak efficient solution of (UOP).

(iii) Assume that there exzstoz eRi=1,....5,j=1,....p, (a1,...,ap) € intRf_ and

=0l Al e R’” A > ||(A’,...,Afn)||,l =1,...,q satisfying (2.25), (2.26)
and (2.27). Then, x is a robust efficient solution of (UOP).

Proof Consider any j € {l,...,p}. Let C; : R® — R x R" be given by Cj_uj =
0, —E’u’), u’ € R*, and denote d’ := (1,0, ...,0) € R x R™/. Since M/ = (EJ)TE/,
[
mj
we see that u' M/u < 1is equivalent to ||E/u|| < 1 for each u € R®, and therefore the
ellipsoid U; in (2.22) can be rewritten as the following cone-based set

Cju‘i —dj (S] —Kj,

where K; := {(k,y) € R x R™/ | k > ||y[|}. Now, the problem (UOP) lands in the form
of (UC) with K := L,, and the condition (2.24) means that A)xY — b(v) € —int K
for all v € V. We employ Theorem 2.1 to assert that there exist (ap, ..., ap) € Ri\{O},
a; eR,j=1,...,p,i=1,...,sand M € K* = £,,,] = 1,..., q such that

q
<a + Za ) +Y (AahT =0
=1
q B 14
(a,ﬂo + Za B; ) =>70HTH =Y aj fi(®) = 0,
=1 j=1

i i=1
Ci@j,...,a) —ajd) € =K, j=1,...,p,
where f;(x) := max {¢/ /) Tx+p/ ()}, j=1,..., pand Al := A@"), b' := b(¥'),] =

uleU;
1,..., g. Note in this setting that

E (o], ....aDll <aj & Cja],....a}) —a;d) € —K;
forall j =1,..., p, and so the proof is completed by using Theorem 2.1. O

Remark 2.4 1t is worth mentioning that if the cone K in the constraint of problem (UC) is the
nonnegative orthant (i.e., K : R ), and the cones K, j = 1, ..., p in (1.2) are polyhedral
cones (i.e., Kj := {y € R™/ | MJy > 0} for given matrices M i), then the conic optimality
conditions obtained in Theorem 2.1 such as Al € K*,I = 1 ..., q and (2.6) reduce to
classical linear conditions.
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3 Robust efficient solutions with conic reformulations

This section is devoted to showing how robust weak/efficient solutions of the uncertain conic
multiobjective linear programming problem (UC) can be calculated via its (scalar) conic
programming problems. To this end, we examine robust scalarized optimization models for
(UC) as follows.

Conic Programming Reformulations. For o := (ap,...,a)) € Ri\{O}, one considers a
robust scalarized problem of the problem (UC) given by

inf Za, max {c¢/ ) Tx + B/ )} | A(w)x —b(v) € =K, Yv e V }, (Ry)

xeR”? u}eU/

where ¢/ (/) := ¢+ Y 7_ ulc! and B/ (u!) == By + Y i ul B/, j=1,..., paregiven
in(1.1),U;,j =1,..., pare given in (1.2), V := conv {vl, ..., 09} is given as before,
AR — L(R",R™),b:R® — R™ and K are given in the definition of (UC).

Let us define a conic programming reformulation problem for (R,) given by

p
inf Z DTy +Bl+@)HT) 1 Aly b e—K, 1=1,....q, (R%)

(y.zh.z?) =l

(@D y+8{ Ty +pl)—cled =0y er" 2T ekt j=1,....p],

where A! ;= A(¥") and B! := b(¥") forl =1,...,q.

In the following theorem, we present relationships of solutions between the conic uncertain
multiobjective linear programming problem (UC) and a (scalar) conic programming problem
(RY). This shows how to find robust weak efficient and robust efficient solutions of the
conic uncertain multiobjective linear programming problem (UC) by using the (scalar) conic
programming reformulation problem (R},).

Theorem 3.1 (Efficiency with conic reformulations) For the problem (UC), let i/ €
RS, j=1,..., p be such that

Cji/ —d’ € —intK;. (3.1
Then, we have the following assertions.

(1) Assume that the strict constraint qualification (2.3 ) holds and that x is a robust weak

efficient solutlon of (UC). Then, there exist o € RY \{0} and 7 eR™,j=1,
such that (x,7z', ..., zP) is a solution of problem (R*)

(ii)) (Robust weak efficient solution) Assume that the problem (Ry) possesses a solution
fora e RY 2\{0} and let (w, zL ..., ZP) be a solution of (RY). Then, it holds that w is
a robust weak efficient solution of (UC).

(iii) (Robust efficient solution) Assume that the problem (R,) possesses a solution for
o € inﬂRi and let (w, b, zP) be a solution of (R},). Then, it holds that w is a
robust efficient solution of (UC).

Proof Leta := (a1, ..., ap) € R 1 \{0} and suppose that the robust weighted sum optimiza-
tion problem (R,) possesses an optlmal solution, say x. We denote by val(R,) the optimal
value of (Ry). We claim that there exist 7/ € KJ* j=1,..., psuchthat (x,z!,...,7zP) is
an optimal solution of (R}) satisfying
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P
valRy) = valRY) = > o ((c)) % + B + (@) T), (3.2)
j=1

where Val(R_(’;) denotes the optimal value of (RY). Indeed, since x is optimal for (R, ), we see
that A’x — bl e =K, I =1,...,q and

14
val(Ry) = )~ (%), (3.3)

j=1

where A' := A(d'), b := b(0') and f;(¥) := max {¢/ /) Tx + B/ (u/)} for j=1,..., p.

u/el;

Considering any j € {1, ..., p}, we derive from f;(x) = max {c/ W) % + B/ (u/))} that
u/el;

min (=) Tu/ | Cjul —d/ € =K} =0 — f; (&),
ul eRS

where 7/ := (], ..., #})and ] := (¢/)Tx + B/.i =0, 1, ..., s. Under the strict condition

in (3.1), we invoke a strong duality in conic programming (see e.g., [5, Theorem A.2.1]) to
assert that

i) = fi(0) = max {(—a))T2l | €]/~ =020 € K}),
2 eR"™J

and so there exists 7/ € K]* such that

)Tx+ B+ @) = £,

(eHTx+p].....chHTx+pl)-Cclz =0. (3.4)
Hence, it holds that (x, b ..., zP ) is a feasible point of problem (R}), and so we get by
(3.4) that

p ) ) . ' p

val(R) < > e () "5 + B+ @) T2) =D f3(6) = valRy),  (3.5)

j=1 j=1

where the last equality is valid due to (3.3).

To prove val(R,) < val(R}), assume that (w, z!, ..., zP) is afeasible point of (R¥). Then,
we have w e R", 7/ € K;‘.‘,j =1,...,pand

Alw—be-K, 1=1,...,4q, (3.6)
() Tw+pl ... HTw+p])—cl =0. 3.7)

As V := conv {171, ..., v}, A and b are affine maps, K is a convex cone, arguing as in
the proof of Theorem 2.1, we get by (3.6) that A(v)w — b(v) € —K for all v € V. This
means that w is feasible for the problem (Ry), and so
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p
val(Ry) < Zoejfj(w), (3.8)

j=1

where fj(w) := max (¢ W Tw+ i)}, j =1,..., p. Consider any j € {1,..., p}

ulelj
and any uj‘ € Uj. The later relation means that C jul —d’ € —K. Therefore, we assert that
(Cjuf)TzJ < (dHTz/ duetoz/ € K}" This, together with (3.7), entails that

@) w + gl = () Tw + B + @) T(C] ) < (cf)Tw+ B + @)
Since u/ was arbitrarily chosen in U, we conclude that
f3w) = max {e @) Tw + p/ @} < (@) "w + 5 + @) T2,
ul el

Now, noting that; > 0, j = 1, ..., p and taking (3.8) into account, we arrive at

val(Ry) < > e ((c) Tw + B + (@) T27),
j=1
which guarantees that val(Ry) < val(R}) as (w, zl, ..., zP) was an arbitrary feasible point
of problem (RY).
Invoking now (3.5), we obtain that

p
val(Rg) = val(R}) = Y " aj((c)) "2+ B + (@) TZ),
j=1
which also confirms that (x, L. 7P ) is optimal for the problem (R}). Thus, so our claim
in (3.2) holds.

(i) Assume that the problem (UC) admits a robust weak efficient splution x. Under the strict
constraint qualification (2.3), we employ Theorem 2.1(i) to find (x} eRi=1,...,s,] =

1,...,p,a = (xy, ... otp)eR \{O}andkl K*,1=1,...,q such that
q

( +Za >+Z<A’)W=0, (3.9)
I=1
q B P

(“1:30 +fo ﬁ’) =Y DT =) o fi(®) = 0, (3.10)

i=1 =1 j=1

Cj(ah o)) —ajdl € =K, j=1.....p, 3.11)

where Al := A@)), bl == b@),1=1,.. .,gand f;(X) := max (f W) Tx+pI )}, j =

uieU;
I,..., p. Recall here that 7 := {x € R" | A(v)x — b(v) € —K, Yv € V} is the robust
feasible set of problem (UC) and so F is also the feasible set of problem (R, ). We can derive
from (3.9), (3.10) and (3.11) that

P P
e fih) =D a;fi@
j=1 j=1
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for all x € F, which asserts that x is optimal for the problem (Ry). So, the assertion before

(3.2) tells us that there exist 7 e K}’f, j =1,..., psuch that (x, b z?) is an optimal
solution of problem (R},).
(ii) Letar := (a1, ..., ap) € Rﬁ\{O} be such that the problem (R,,) possesses an optimal
solution. We obtain as by (3.2) that
val(Ry) = val(R}). (3.12)
Assume that (w0, z!, ..., z”) is optimal for the problem (R}). This shows that w € R”, 7 e
K}‘.‘,j =1,...,p,and
val(R}) = Y o ((c)) T + B + (@) T27), (3.13)
j=1
Alw—ble—-K 1=1,...,9q, (3.14)
(ChTm+pl. ... DHTo+p)-Clz/=0.j=1....p. (3.15)
Proceeding as above, we derive from (3.14) that w is feasible for the problem (RP‘)’ and
hence w is robust feasible for the problem (UC). Denoting f;(x) := max {cj wHTx +
u’ EU./'

Blwh}, j=1,..., pforx € R", we get by (3.15) that

fi@) < @)To+pl+@)HTz, j=1,....p. (3.16)

Therefore, we assert that w is a robust weak efficient solution of (UC). Otherwise, there
exists a robust feasible point of (UC), say x, such that

f[i&) < fiw), j=1,....p,

where we should note that x is also feasible for the problem (R, ). By taking (3.16) and (3.13)
into account, we see that

14 14
val(Ry) < D e fj(8) < Y () < val(R}),

Jj=1 Jj=1

which together with (3.12) establishes a contradiction. So, w is a robust weak efficient solution
of (UO).

(iii) Assume the problem (R,) admits a solution for some o € intRi, and let
w,z!,...,zP) be optimal for the problem (R} ). Then, (3.12)—(3.16) hold true for this set-
ting. Arguing similarly as above, we come to a conclusion that there is no other x € F
with

fiR) < fiw), j=1,....p
and f;(X) < fj(w) for some j € {1,..., p}. So w is a robust efficient solution of (UC). O

Semidefinite Programming Reformulations. Let us now establish semidefinite program-
ming (SDP) reformulations for finding robust (weak) efficient solutions of the uncertain
multiobjective semidefinite programming problem (USP).

In this case, for each a := (ay,...,ap) € Rﬂ)r\{O}, the robust weighted-sum problem
of (USP) is given by

p n
inf, Zl"‘f .gi{cf(uffwﬂf(uf)} | Bw)— Y x%Ai() =0, Yoe VI, (SRy)
j=

ul ;
i=1
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where ¢/ (u/) := cé +Y0 uljcl] and g/ (u/) := /3({ +Y0 u{ﬂij, j=1,..., paregiven
in(1.1), U, j=1,..., paregivenin (2.17), A; : R — Ski=1,...,n,B:R0 — §k
and V := conv{d', ..., 77} are given as in the definition of (USP). An SDP reformulation

problem for (SR, ) reads as follows:

V4
inf > ai((c) Ty + B+ Tr(DI Z7)) (SR%)
P
j=1

n
| B' =) yiAl=0,1=1,....q,
i=1

yi:()’l,.-.,yn)ER",
)Ty +p +Te(C]27) =0,
ZjeSk-f,ZjzO,j:l,...,p,i=1,...,s},

where A := A;(@"), B' := B(@),1=1,....q.i=1,...,n.

Now, solution relationships between the uncertain multiobjective semidefinite program-
ming problem (USP) and a corresponding SDP reformulation problem (SRY) are described
as in the following corollary.

Corollary 3.2 (Finding solutions via SDP reformulations) A
For the uncertain multiobjective semidefinite programming problem (USP), let w =
(ﬁ{,...,ﬁg) eR, j=1,..., pbe such that

s
DI+ alc! - o. (3.17)
i=1

Then, we have the following assertions.

(1) Assume that the strict constraint qualification (2.18) holds and that x is a robust weak
efficient solution of (USP). Then, there exist « € Ri\{O} and Z) e S5, j=1,...,p
such that (x, Z', ..., ZP) is a solution of (SR},).

(i) (Robust weak Pareto solution) Assume that the problem (SR, ) possesses a solution for
a € REN{0} and let (w, Z', ..., ZP) be a solution of (SR%). Then, it holds that w is a
robust weak efficient solution of (USP).

(iii) (Robust Pareto solution) Assume that the problem (SRy) possesses a solution for « €
intRi and let (w, VAT ZP) be a solution of (SR}, ). Then, it holds that W is a robust
efficient solution of (USP).

Proof Consider, as in the proof of Corollary 2.2, an affine map A : R — L(R", Sy
defined as follows: For each v € R, one has a linear transformation A(v) : R” — $* given
by A(w)x = Z?:l x;Aj(v) for x € R", where A;(v) € Ski=1,...,n. Similarly, we

consider linear transformations C; : R® — Sk, j=1,..., pdefined by
s . .
Cju’ == — Zuljcl] foru’ € R®,
i=1
where Cij € Sk/',j =1,...,p,i =1,...,s are given. Then, for each x € R"” and each v €

V,B(v) — Z?:l xi Ai (v) > 0 amounts to A(v)x — B(v) € —S¥, and so the problem (USP)
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can be viewed in the form of problem (UC) with K := Sf_ and K; := Sij, j=1,...,p.
Consequently, the problem (SR,) lands in the form of problem (R,). Note that K;* =

Sij’j =1,...,p, (D}, 2}y = Te(D/ /) forall Z/ € $%,j =1,..., p and the adjoint

operators of Cj, j = l,...,pareC}r,j =1, ..., p computed by

¢/ 7l = —(Tr(C{Z)), ... Tr(C{ Z))) for 2/ € §%.

So the problem (SRY) can be viewed in the form of problem (R;). Moreover, we see that for

each j € {1, ..., p} the condition (3.17) is nothing else but C;i1/ — D/ e —int K j, which is
in the form of (3.1). Similarly, the condition (2.18) means that AW)x? — B(v) € —int K for
all v € V. To finish the proof, we just invoke Theorem 3.1. O

Second-Order Cone Programming Reformulations. We now derive second-order cone
programming (SOCP) reformulations for calculating robust weak/efficient solutions of the
uncertain multiobjective second-order cone programming problem (UOP).

In this case, for each @ := (ay,...,ap) € Ri\{O}, the robust weighted-sum problem
of (UOP) is given by

P
inf { Zal max {c] W) x + B/ (u!)} | Aw)x — b(v) € =Ly, Yv € V} (SOy)

xeR"

where ¢/ (u/) := cé +>0, uljclj and g/ (u/) := ﬂ({ +>0, ufﬂljj =1,..., pare given
in(1.1),U;,j = 1,..., pare given in (2.22), A : R — L[R*,R™),b : R*® — R",
Lo = [(yl, ) ERT [y = ([02 s y,,,)||} and V := conv {3, ..., 59} are given
in the definition of (UOP).

An SOCP reformulation problem for (SO, ) is captured by

()',)»1 ----- )Lpsyl -----

p
inf {Zal Ty +Bl+1) 1Ay =B € L, I1=1,....q.y €R",
P
j=1

(803)

Ty + 8+ EDTY =0,2) = 1y, 4 eR,yfeR’"f,j=1,...,p,i=1,...,s},

where Elj ,i = 1,...,s denote the columns of the matrix E/ given in (2.23) and Al =
A@Y, B =b@hH,1=1,...,q

The relationships between the robust weak/efficient solutions of (UOP) and a correspond-
ing SOCP reformulation problem (SO} ) read as follows.

Corollary 3.3 (Solutions via SOCP reformulations) Consider the problem (UOP).

(1) Assume that the strict constraint qualification (2.24 ) holds and let x be a robust weak
efficient solution of (UOP). Then, there exist o € R 4 \{0} and A] eR, j/ eRM,j =
l,..., p such that (x, Ay, .. Ap,y s D) lsasoluttonof(SO*)

(i) (Robust weak efficient solutlon) Assume that the problem (SO ) possesses a solution
fora € R? “\{0} and let (w, ... kp, yl, ..., 3P) be a solution of (SO%). Then, it
holds that w is a robust weak efficient solution of (UOP).

(iii) (Robust efficient solutlon) Assume that the problem (SO,) possesses a solution for
o € 1ntRp and let (W, A1, ... AP, 31, ..., ¥P) be a solution of (SO}). Then, it holds
that w is a robust efficient solution of(UOP).
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ProofA For any j € {l," .., phletC; iR — R x R™ be given by Cjuf = (0, —E’ub)

for u/ € R®, where E/ is the (m; x s) matrix satisfying (E)YTEJ = M7 as above, and let

d’) :=(1,0,...,0) € R x R™. As shown in the proof of Corollary 2.3, the ellipsoid U; in
———

mj
(2.22) can be rewritten as the following cone-based set

Cjuj—dj G—Kj,

where Kj := {(k, y) € RxR"™/ | k > ||y||}. Then, the problem (UOP) can be regarded as the
problem (UC) with K := L,,, and so the problem (SO ) lands in the form of problem (R,,).
Note that K§ := K, j = 1,..., p, and for any Z/ = (hj,y)) € R x R™ we have
(dj)sz = Xj,j = 1,..., p. In this case, the adjoint operators of C;, j = 1, ..., p are
computed by

C/z) =—(ENTy forz/ := (A, y)) e R x R™.

Thus the problem (SO})) can be viewed in the form of problem (R?). Moreover, the condi-
tion (2.24) means that A(v)x® — b(v) € —int K for all v € V, which lands in the form of
(2.3). By taking i/ := 0y, j =1, ..., p, we see that

0 —dl e —intK;
Cju’ —d’ € —intKj,

i.e., (3.1) is valid. So the proof will be completed by invoking Theorem 3.1. O

4 Solving examples with conic reformulations
In this section, we show how the proposed conic programming reformulation schemes can be
employed to calculate robust (weak) efficient solutions for idealised but concrete uncertain

multiobjective optimization problems involving an uncertain multiobjective optimization
problem arising from practical applications.

4.1 A numerical example

Let us first consider an uncertain multiobjective optimization problem of the form:

min {(hl(x, u), ha(x, uz), h3(x, u3)) [ 24+ vixg + vaxy > ,/4x12 +x22], (EU2)

xeR?

where u/ = (u'{, ué) € Uj,j=1,2,3and v := (vy,v2) € V are uncertain parameters
and i, j = 1, 2, 3 are functions given by

h(x, ul) = —2u}x1 + u%xz + 1+ u{ — u%, hy(x, uz) = u%xl + 31/!%)62 —1- u% + u%,

ha(x,u’)

X1+ u%xz + u? - u%, x = (x1,x3) € R2.
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Here, the uncertainty sets U;, j = 1,2, 3 and V are given respectively by

w? | wh?
2 3
Uy = {u? := (uf,u3) € R* | w))? + u3)* < 1,u} < 0},
SN
4 9

V :=conv{(0, 0), (0, 1), (1, 1)}.

Uy = {ul = (u},ué)eR2| Sl,uiio},

Us == {u’ = (u?, u;) eR 1, M% = 0},

Consider affine maps A; : R> — §2,i = 1,2 and B : R — S given by

B(v) = (é(Z’),Al(v) = (2_0”1 _20_v1),

Ar(v) = (__”12 __v]z> for v == (v1, v2) € R%.

Note that for a, b, ¢ € R, the following equivalence holds

ab
<bc> >0&a+c>|(a—c,2b).

Then, for each v := (v;, v2) € V and each x € R?, we see that

2
24 vix] + voxo > 4)512 +x§ < B(v) — inAi(v) > 0.
i=1
Now, the problem (EU2) can be expressed in terms of problem (USP), where the uncer-
tainty sets U, j = 1, 2, 3, are described respectively by

2000 0010 0000
1. |o300 1 _ 3. |0000 3. loo010
bo=1oo10 | €1=C = 1000 2=%2= 0100

0000 0001 0000

1000 0010 000 0 4000

0100 0000 001 0 0900
2._ 2. 2. 3.
b™=1oo10| 1= 1000 2= |0100 |'? = ]o010]|

0000 0000 000 -1 0000

and the maps ¢/ : R? — R2, 8/ : R? - R, j = 1,2, 3 are given respectively by c(]) =
g =c} = 1(0,0),¢c] := (=2,0),¢c) :==¢3 == (0, 1), ¢ :=(0,3),¢3 =} := (1,0),
ﬂ& = ﬁll = /322 = ﬂ13 =1, ,83 = ,812 = /321 = ﬁg = -1, ﬂg := 0. This means that
the problem (EU2) is rewritten in our multiobjective semidefinite programming model as the
following one:

2
min, ('@ x+ g ah), Fuh)Tx + 2w, @) Tx+ B wh)) | Bo) = Y xiAiw) =0
Xe€ i=1

(EUP2)

Let us now employ the proposed reformulation schemes in Corollary 3.2 to find a robust
(weak) efficient solution of problem (EU2). Taking ' := 43 := (1, 0) and 42 := (0, —%),
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it holds that D/ + Z?:l ﬁ{ Cl.j > 0,j = 1,2, 3. This means that the condition (3.17) of
Corollary 3.2 is fulfilled for this setting.

Leta := (a1, a2, @3) € Ri\{O}, and consider a robust scalarized problem of (EUP2) as
follows:

3
inf ZO{/
xeR2 i=1 u’ i

2
max {c/ () Tx + B/ W))} | B) = ) xiAi(w) =0, Vo e Vi, (Ed)
eU;

i=1

where we should note that the problem (E, ) admits a solution as its feasible set is nonempty
and compact and its objective function is a continuous function.
In this case, an SDP reformulation problem of (E,) is described by

3
o 122 (@) Ty + By + T(D ZD)) | (E)
Y, N N .
j=1

2
B' = yiAl=0,1=123,

i=1

(HTy+p! +Te(C]z)) =0,

Zles* 72l =0,j=1,23,i=1,2y:=(y.y) e R*},

where B! = B2 = B3 = <g (2)) and

o (20 ; 10 ; 0 -1\ 5 (-1-1
A%:A%:<0—2)’A?:(0—3)’A%:(-1 o)’A2: %:(—1—1)

We use the toolbox CVX in Matlab (see e.g., [23]) to solve the SDP problem (E}) with
(forexample) o := (1,1, 1) € intR3+ and obtain a solution of (E¥) as (¥, ZY, 7%, 73), where
y = (0.4201, 0.6547). By Corollary 3.2 (iii), we assert that y = (0.4201, 0.6547) is a robust
(weak) efficient solution of problem (EU2).

4.2 An example coming from practical applications

We now consider an uncertain multiobjective optimization problem of the form:

xeRT’}yeRT’gﬁg,deRueRT (fitx, v, zow), fa(x, y,2), f3(x, d, o)) (EU3)
stx™t < x; < XM =1,..,T, (4.18)

Xipl — X <R" 1=1,..,T—1, (4.19)

Xt — Xl <R r=1,..,T -1, (4.20)

d"" <d, <d™*, 1=1,..,T, 4.21)

P < <MY =1, ., T, (4.22)

G+ v+ +y0) > (@ +d) t=1,..,T, (4.23)
Xe+uW+y —z —urprs +d; >0, t=1,..., T, (4.24)
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O<mG +uW+y —z) <X"* t=1,..,T, (4.25)
ymin <y < ymax’ t=1,....T, (4.26)
< <M"Y =1, T, (4.27)

where f1, f> and f3 are given respectively by

T
iy 2w ==y m G u W+ v — 20, (4.28)
=1
T G
U
Hey =Y N Py = mPou+ Y e+, (4.29)
t=1 g=1
T
fited ru) ==Y (n,Dfd, — WXy — n,R’uT_Hrt) : (4.30)
=1
and u := (uy, ..., upr) is an uncertain vector, which resides in an uncertainty set U. Here,
2T
we assume that U := [][A;, y;], where A; € R, y; € R are fixed and A; < y; for

j=1
j=1,...,2T.

Motivation by Bidding Strategy of Virtual Power Plant. The study of problem (EU3) has
been motivated from modeling virtual power plant (VPP) in electricity markets (see e.g., [32]
for a type of VPP model). In this sense, the objective function (4.28) is to minimize VPP cost
for the next day ahead for the regulation markets, where x, y, and z are decision vectors of
variables that indicate electricity generated by power generators, electricity purchased from
the regulation markets, and electricity sold to the regulation markets, respectively. (Note that
X¢, v, and z; refer to x, y, and z at time slot ¢, respectively.) The vector (u1, ..., ur) denotes
the percentage of wind farm power output and the vector (#7141, ..., u27) is the percentage
of power generation from other VPP operators. The value of 7; is the market clearing price
at time slot # and W is the power generation by wind farms. The objective function (4.29) is
to minimize electricity purchasing and generation cost in the regulation markets. The values
of n,Up and n,DO are the up and down regulation market prices at time slot 7, respectively.
The value of 7y ; is the start-up cost of generator g at time slot ¢. The cost ¢; is the VPP
marginal cost at time slot . The objective function (4.30) is to minimize cost by maximizing
received revenue and minimizing the electricity purchasing and generation costs, where d;
and r; are electricity consumed and produced by the VPP at time slot . The values of
7 P¢ and 7R are the marginal costs that the VPP and rival operators satisfy the electricity
demand, respectively. The value of w; is the offered price of the VPP at time slot . For the
constraints, (4.19) and (4.20) are the enforced unit ramping limits, where R”™“* and Rmin
are the ramp up and down rates in the VPP, respectively. The constraint (4.24) constrains
the electricity balance of the VPP and the constraint (4.23) constrains the produced and
purchased electricity which must always be more than the consumed and sold amount. The
boundaries constraints for decision variables are explained from (4.25)to (4.27), where X%~
denotes the maximal budget in the VPP.

Transforming into Multiobjective Semidefinite Programs. Note that the box U :=

H?il[kj,yj] can be presented as U = conv{#' | I = 1,...,4T}, where i! :=

(ﬁll, ey ﬁlzT),l = 1,...,47 are extreme points of the box U. Moreover, by letting
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AT
D = diag(—Ay, ..., —A27, ¥1,-.., y2r) and C; = diag (—le.ZT> i =1,...,2T, the
uncertainty set U can be also written as the following matrix ine(iuality:
2T
U={u:=@.....upr) €RT | D+ u;C; = 0}. (4.31)
i=1
X
y
Denote ¥ := | z | = (x, y,z,d,r) € R and set
d
r
Bl — diag(—x”’”’ L _xmin_max xmaX)
T T
T
. —e; .
Al d1ag<ef’>, i=1,...,T,
1
0, i=T+1,...,5T,
diag(—e] 1), i=1,
. T—1 T—1y
B2 = diag(R"™*, . R"¥), A2 1= diag(e; -, —e; ), i=2,...,T —1,
NEERALSL LA diag(e! M, i=T,
T-1
0, i=T+1,...,5T,
B3 :=diag(R™", ..., R™"), A} .= —A?i=1,...,5T,
———
T—1
B* := diag(—d™", ..., —d"" d"*, ..., d"")
T T
0, i=1,...,3T,
_el
A= {diag( 73T ), i=3T+1,...,4T,
€ 3T
0, i=4T +1,...,5T,
B = diag(—r™i", ... —pmin pmax o pmaxy
T T
0, i=1,...,4T,
A5 = —el
’ diag( (;'—4T), i=4T +1,...,5T.
Ciar
We can see that (4.18)—(4.22) amount to the following linear matrix inequalities, repec-
tively,
5T .
B =) %Al =0.j=1,....5, 4.32)
i=1
where we should remind that X; = x;,i = 1,..., T, X = yi_r,i =T +1,...,2T,x; =

Zi—or, i =2T +1,...,3T,x; =di—37,i =3T +1...,4T and X; = ri_4r,i = 4T +

1,...,5T.
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Since x; > 0,y;, >0,z >0,d; >0andr, > 0forallt =1,..., T, (4.23) is equivalent
to the following matrix inequalities

Xty +r i+ d
zZ+d x i+

)zO,t:l,...,T. (4.33)

Then, foreach t € {1, ..., T}, by denoting

diag(—1,—-1), i =1¢T +1,

0 —1 )
( ) i =2T +1t,3T +1¢,

-1 0
hes -10 | = AT +1 ,
s 1= s
00
0, ie{l,....,5T\{t, T +1t,2T +¢,3T +1t,4T +t},
we see that (4.33) is nothing but — ZZI XiAijy = 0,t = 1,..., T, which can be further
written as
BS =) % AY =0, (4.34)

where B® := 0 and Ai6 = diag(A; 1,...,Air),i=1,...,5T.Foreachu € U, put

B7(u) = diag(u W, ...,urW),

diag (— T) i=1,....,T,

diag (—e! ;). i=T+1,...,2T,
Al(u) == { diag (e]_ 2T) i=2T+1,...,3T,

diag (—e! 5;), i=3T+1,...,4T,

diag (ui—srel_,7), i=4T +1,...,5T,

B8 () = diag(riu W, ..., wpur W, X" — g W, ..., X" — gpur W),
. —el .
d1ag<71,-< T’)), i=1,...,T,
¢
diag (77 [ T )), i=T+1,...,2T,
Adu) = ! ( el ,

T
diag n,-2T< fiar )) i =27 +1,....3T,
—€i-or

0, i=3T+1,...,5T.

Then, (4.24) and (4.25) become the following linear matrix inequalities, repectively,

5T
Bi(uw) =Y %Al () >=0,j=1.8. (4.35)
i=1
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Similarly, by letting
B9 — diag(_ymin’ o, _ymin! ymax’ o, ymaX)!
T T
0, i=1,...,T,
9 . —e_r ;
A7 = { diag T’ o i=T+1,...,2T,
e:
i—-T
0, i=2T+1,...,5T,
BIO — diag(_zmin _Zmin max ZmaX)
T T
0, i=1,...,2T,
10 : —el o7 ;
A;7 = {diag 7 , 1=2T+1,...,3T,
¢ ot
0, i=3T+1,...,5T,

we see that (4.26) and (4.27) are respectively equivalent to the following linear matrix inequal-
ities
A 5T '
BI(u) =Y %Al @) =0,j=9,10.
i=1
This, together with (4.32), (4.34) and (4.35), shows that the constraints (4.18)—(4.27) are
written as the following linear matrix inequality

5T
B(u) — Y %Ai(u) >0,
i=1
where u € U, B(u) := diag(Bl, ..., B% B'(u), B3), B, 310) and
Ai(u) = diag(A}, ..., A, Al (), A¥(u), A}, A]°) fori =1,...,5T.
Now, the problem (EU3) is rewritten in the form of our multiobjective semidefinite pro-

gramming problem (USP) as the following one:

5T
min { ('@ 5+ W, AW F+ AW, S F+Fw) | Bu = Y FAiw) = 0} ,
xeR3T prt

(BUP)

where u € U which is given by (4.31) and the affine maps ¢/ : R?T — R g/ : R¥T —
R, j =1, 2, 3 are given respectively by

I,
cy:=(=m,...,—nr,=m, ..., =77, 71, ..., 77, O27),

G G

2. Up Up D D

cgi= E 7Tg,1,-~~72 g1, e gt =m0, =m0t |
g=1 g=1

Os7, i=1,...,T,

3. ( De De 3.

cy:=w1,...,07,07, —7 e, —TT 0 c; = .

0 1 > W1, V2T 1 T T) . .
’ ’ B ’ o (O4T,ni’i’Te£T), i=T+1,...,2T,
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—Wm, i=1,...,T,

| 5 . 1 3 1
¢; ==c;:=0s57,i=1,...,2T, =y =08 =
ST Bo = By B 0, i=T+1,...,2T,

1 1

B =1 e B2 =P :=0,i=1,...,2T.

Semidefinite Programming Reformulations. Given o := (o1, a2, @3) € Ri\{O}, one
considers a corresponding robust scalarized problem of (BUP) defined by

3 5T
inf {;a,- IJlEal)]({C](u)T)z + B/ @) | Bau) =Y FiAiw) =0, VueU}.  (BP,)

XeR5T i=1
In this setting, an SDP reformulation problem of (BP,) is given by

3

o 2o ai((@) 5 + )+ TrDZ) (BPY)
e j=1

5T
|B' =) 5iA; =0, 1=1,....,4",5:=G1..... J51)
i=1

)5+l +Te(C,27) =0,
ZiesY 7 =0,r=1,...,2T, j = 1,2,3},

where Al := A;@@!), B := B@"),l=1,...,4T,i=1,...,5T.

According to the SDP reformulation schemes in Corollary 3.2, we assert that, for a given
o € intR? (resp., @ € Ri\{O}), if (%, Z!, Z2, Z3) is a solution of (BP%), then X is a robust
(resp., weak) efficient solution of (BUP), which means that (x, y, z, d, r) is a robust (resp.,
weak) efficient solution of problem (EU3).

Numerical Simulations. We use a dataset collected by Australian Energy Market Operator
(AEMO)! to test the efficacy of the proposed semidefinite programming reformulations.
This is done by showing how to locate robust Pareto solutions of problem (EU3) via its SDP
reformulation problem (BP}).

We simulate a set of possible combinations of weights o ;, where «; € [0.00001, 1], j =
1,2, 3 with 23: { aj = 1 and obtain robust Pareto solutions that are shown in Fig. 1. As we
can see from Fig. 1, with different weights for three objective functions, the model provides
various possible tasks for different corresponding costs, which are commonly found in a
multiobjective model as these solutions are trade-offs between their objectives. The robust
Pareto solutions found for the underlying problem empower the decision-maker to more
readily identify preferred (optimal) trade-off trends. Furthermore, the decision-maker gains
trade-off (or revenues value) stability due to the fact that the obtained Pareto solutions are
robust in the sense that they are immune from uncertainty factors in inputs of the problem
or fluctuating trading circumstances. For example, the rival operators may alter their bidding
strategies in a dynamic market.

We also test for a combination of weights «j, where a; € {1, 2,3}, j = 1, 2, 3 and com-
pare the proposed SDP reformulation and (direct) worst case/scenario and best case/scenario
approaches, which are done by solving the problem (EU3) directly with some fixed values of
u from the uncertainty set U. The comparison between the SDP reformulation and the two

1 https://www.aemo.com.au/energy-systems/electricity/national-electricity-market-nem/data-
nem/aggregated-data
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x10*
15

5}

Power purchasing cost
(&

* %

05 ) = ) e 8 9

Regulation cost 0o o ) 1 2
Power generation cost

Fig. 1 Robust Pareto solutions for (EU3) with different weight combinations

direct approaches for solving the problem (EU3) is shown in Fig. 2. As can be seen from
Figs. 2a and c , the regulation cost and power purchasing cost have an analogous trend with
the fluctuating market price and demand. However, the proposed SDP method always makes
more profits in the regulation market with a similar or less cost on electricity purchasing than
in the worst case. Moreover, the SDP reformulation closely tracks the best case performance,
maintaining regulation revenues within a narrow margin of the best case while offering sig-
nificant robustness compared to the worst case. From Fig. 2b, the power generation cost by
the proposed method is much less and more stable than the worst case method. In particu-
lar, the SDP approach yields generation costs only slightly above the best case scenario but
with substantially reduced variability, demonstrating a balanced trade-off between optimality
and robustness. Similarly, for power purchasing cost, the SDP method achieves costs nearly
indistinguishable from the best case and outperforms the worst case throughout all time slots.

Consequently, the proposed semidefinite programming reformulations are capable of solv-
ing the bidding strategy of virtual power plant problem under uncertain wind farm power for a
full day (T = 24) assuming that the electricity spot market updates their prices on an hourly
basis. The proposed conic reformulations perform well for the bidding strategy of virtual
power plant problems when the dimension of variables is small (e.g., T = 24). However,
as T increases, the number of new variables in the reformulation models also grows leading
to a significant computational burden for the proposed conic reformulation schemes when
applied to higher-dimensional real-world problems.

5 Conclusions and further remarks

We have presented verifiable linear conic conditions for robust (weak) efficiency of a conic
multiobjective linear optimization problem under affinely uncertainty data. It has been shown
that the obtained optimality conditions become linear matrix inequalities for the prominent
class of multiobjective semidefinite programming problems or second-order conic conditions
for the special class of multiobjective second-order cone programming problems. We have

@ Springer



774 Journal of Global Optimization (2025) 93:747-776

- - - - 3750 =
P —SDP reformulation| —SDP reformulation

\ - “Worst case - “Worst case
05 \ Best case Best case

3700

3650 .

Regulation cost

3600

Power generation cost

25 . . . . 3550 . . . .
5 10 15 20 5 10 15 20

Time slot Time slot
(a) Regulation costs (b) Power generation costs
6

> x10
GO0 P GEELEL "
o
2
£
©
=
e
24
]
2
o
a-6 —SDP reformulation

- “Worst case
s Best case

5 10 15 20
Time slot

(c) Power purchasing costs

Fig.2 The proposed SDP, worst case and best case approaches for solving (EU3)

proposed (scalar) conic reformulation schemes for solving the conic robust multiobjective
linear optimization problem and shown how a robust weak/efficient solution of the uncertain
conic multiobjective linear program can be calculated by solving their conic reformulation
problems. In particular, we have shown that for multiobjective semidefinite programming
and multiobjective second-order cone programming problems their corresponding conic
reformulations can be solved by using semidefinite programming and second-order cone
programming reformulations, respectively.

Numerical examples are provided to show how the proposed conic programming reformu-
lation schemes can be employed to locate robust weak/efficient solutions for uncertain conic
multiobjective optimization problems including a model arisen from practical applications.
The numerical simulations show that the proposed conic uncertain multiobjective problem is
potentially capable of modeling practical problems involving data uncertainties and the corre-
sponding conic reformulation shemes are able to generate multiple robust efficient solutions
for such problems. As a result, the proposed conic uncertain/robust multiobjective models
and associated conic reformulation schemes not only empower the decision-maker to more
readily locate preferred (optimal) trade-off trends but also enable the opportunity to stably
achieve corresponding (optimal) trade-off values under the presence of uncertainty in inputs
of the actual problem.

It would be of interest to perform a comprehensive analysis of the proposed conic program-
ming reformulation models with recent advanced robust optimization methods, particularly
in terms of computational efficiency and solution quality. Moreover, it is worth seeing how
we can develop and apply the these conic reformulation schemes to solve other practical
problems, such as the internet routing problem under traffic uncertainty [15] or the energy
supply system of [29], where the problem data often involve uncertainties.
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