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Networked State Estimation for Two-Dimensional
Systems with Multiplicative Noises and Observation
Delays: An Iterative Coupled Estimator Design

Wei Wang, Yu Chen, Zidong Wang, Chunyan Han, and Shuxin Du

Abstract—This paper addresses the state estimation problem
for a class of networked two-dimensional systems subject to
autocorrelated multiplicative noises and multi-step observation
delays. The autocorrelated multiplicative noises are characterized
as a linear system corrupted by additive white noises, and the
multi-step observation delays are described by the instantaneous
and delayed output equations. The globally coupled correlation
terms are first introduced to deal with the autocorrelated multi-
plicative noises, and then a novel observation reconstruction ap-
proach is proposed to tackle the difficulty induced by multi-step
observation delays. By utilizing the space equivalence verification,
it is shown that the reconstructed delay-free observation sequence
retains the same information as the original delayed observation
sequence. The purpose of this paper is to design an iterative
coupled estimator based on the globally coupled correlation
terms and the reconstructed observation sequence. By means
of the mathematical induction technique, it is demonstrated that
the proposed estimator preserves the property of unbiasedness.
Moreover, the estimator gains are obtained by minimizing the
estimation error covariance, and some sufficient conditions are
derived to guarantee the existence of an upper bound for the
estimation error covariance in the mean-square sense. Finally, a
numerical example is provided to verify the effectiveness of the
proposed estimation scheme.

Index Terms—Two-dimensional system, autocorrelated multi-
plicative noise, observation delay, iterative coupled estimator.

I. INTRODUCTION

N the past several decades, two-dimensional (2-D) systems

have garnered growing research interest owing to their
applications in a variety of engineering realms which include,
but are not restricted to, real-time network visualization, batch
process modeling and control, and digital signal processing
[1], [20], [26], [32], [33], [38]. In comparison with the one-
dimensional (1-D) systems where the signals are only allowed
to evolve along one direction, the 2-D systems are capable
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of characterizing many practical multi-variable systems ex-
hibiting the inherent behavior of bidirectional signal evolution.
Clearly, the resultant complex dynamic behaviors would pose
additional challenges for the theoretical analysis. So far, a
large body of literature has been reported on 2-D systems
from various perspectives, mainly including the state-space
representation [20], controllability and observability analysis
[2], stability analysis [5], [6], [19], [45], state estimation [23],
[39], [44], fault diagnosis [3], [48], [49], sliding mode control
[29], and stabilization of fuzzy systems [17], [18].

With the ongoing advancement of manufacturing and sens-
ing techniques, the sensor networks have been widely applied
in a diversity of practical applications, such as guidance and
navigation, space and ground detection, communication, target
tracking, and underwater robot [35], [43], [47]. One of the
active topics related to sensor networks is how to optimally
estimate the system states based on the multi-source observa-
tion information, which is usually transmitted from different
sensors to the remote estimator via a communication network.
So far, considerable research attention has been devoted to
the design of accurate, reliable, and suitable estimation algo-
rithms, which give rises to a great deal of elegant estimation
algorithms in the literature, see e.g. [11], [12], [34], [37], [50],
[52] and the references therein.

It has been well recognized that in most real-world appli-
cations, the system dynamics and observations are inevitably
affected by different kinds of random uncertainties. Among
them, the multiplicative noise has attracted particular research
attention due to its theoretical importance and practical sig-
nificance. Generally speaking, the multiplicative noise can be
categorized into two types, i.e, the white noise with known sta-
tistical properties and the autocorrelated multiplicative noise.
Notably, the autocorrelated multiplicative noise can be repre-
sented as a linear system corrupted by white noises. Up to
now, the state estimation problem for 1-D systems subject to
time-correlated multiplicative noises has gradually become a
hotshot, leading to a plethora of effective results [4], [7], [27],
[28], [41]. Nevertheless, it should be pointed out that very little
effort has been paid to the corresponding estimation problem
for 2-D systems, despite its clear engineering insights. This
constitutes the first motivation of our current research.

On the other hand, the communication delays usually be-
have as another important kind of random uncertainty due to
various reasons such as network congestion, signal interfer-
ence, environmental changes, and physical constraints [14],
[40], [46]. For instance, during the data collection of industrial
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TABLE I: Comparisons between our work and existing relevant works.
Work 2-D system Delays Multiplicative noises Filtering method

[42] X / (multi-step, observation) X (multiplicative, white) Kalman-type filtering
[51] X / (multi-step, state) X (multiplicative, white) Set-membership filtering
[28] X X +/ (multiplicative,autocorrelated) Kalman-type filtering
[36] VA X 4/ (multiplicative, autocorrelated) Kalman-type filtering
[39] V4 / (one-step,observation) 4/ (additive, white) Kalman-type filtering via augmentation

This paper VA v/ (multi-step, observation) | 4/ (multiplicative, autocorrelated) | Kalman-type filtering via reconstruction

systems, the communication network may be congested if the
incoming data flow is excessively high, thereby leading to the
delayed reception of observation data. Similarly, insufficient
network bandwidth can also impede data transmission in the
network, causing delays in the transmission of observation
data. There is no doubt that the communication delays, if
not carefully tackled in designing the estimation algorithms,
would result in substantial performance degradation [13], [15],
[16], [25]. In most existing literature, the system augmenta-
tion method has been employed to address the problem of
multi-step observation delays. However, such a method would
increase the system dimension and further incur unnecessary
computational overhead, which might be unacceptable in some
scenarios. Consequently, it makes practical sense to explore
new method to deal with the multi-step observation delays
without introducing additional computational overhead, and
this motivates us to investigate the state estimation problem
for 2-D systems under the effects of multi-step observation
delays and autocorrelated multiplicative noises.

Inspired by the above discussions, this paper makes one
of the first few attempts to investigate the state estimation
problem for a class of shift-varying 2-D systems subject to
autocorrelated multiplicative noises and multi-step observation
delays. Three key challenges of this research are presented
as follows: 1) how to handle multi-step observation delays
caused by the limited communication bandwidth? 2) how to
compensate for the influence of autocorrelated multiplicative
noises during the estimator design? and 3) how to construct an
appropriate recursive estimator and derive the gain parameters
to ensure the minimization of estimation error covariance?

In response to these identified challenges, the primary
contributions of this paper are highlighted from the following
four aspects.

(1) A novel observation reconstruction approach is proposed,
for the first time, for 2-D systems with aim to tackle the
multi-step observation delays, which is able to convert
the original delayed observation sequence into a delay-
free observation sequence.

(2) Some globally coupled correlation terms are newly in-
troduced for 2-D systems in order to deal with the
autocorrelated multiplicative noises.

(3) An iterative coupled estimator with four steps is proposed
based on the reconstructed observations and the globally
coupled correlation terms.

(4) Sufficient conditions are derived to guarantee the bound-
edness of the estimation error covariance.

A comparative analysis between our work and existing

works is provided in Table I.

The notation utilized here is conventional.

TABLE II: Abbreviations and Notations

R™ The n-dimensional Euclidean space
I The identity matrix with appropriate dimensions
0 The zero matrix with suitable dimensions
In The identity vector with n-dimensions
0 The zero vector with suitable dimensions
zZT The transpose of Z
z-1 The inverse matrix of Z
E{z} The expectation of the variable x
A>B A — B > 0 is positive definite
A>B A — B > 0 is positive semi-definite
[0, 3] The set {0,1,---,3}
L{a,b,c, -} The the linear space spanned by a, b, c, - - -
sym{A} The matrix A + AT
o+, ) The Kronecker delta function

II. PROBLEM FORMULATION
A. System setup

Consider the following 2-D discrete time-varying systems:

2(Th, ) = A1(Th, 7o — Da(Th, 7 — 1)
+ As(mh — 1,mp)x(mn — 1, 73)
+ Bi(th, 70 — Dw(mh, 7 — 1)
+ Bao(rh, — 1, m)w(mn — 1,7%) (1)
Y1) (T, 7o) = [Ciy(Th, 7o) + C1) (Th, 7)1y (Thy 7))
X x(Th, Ty) + vy (Th, To)
Y(2)(Ths 70) = [Cl2) (T, 7o) + Ca) (Thy 7o) 2y (T — d, 7 — )]
x x(m, —d, 7y — d) + vy (Th, ) 2)

where 75,7, € [0,3] denote the horizontal and vertical
coordinates with & € N; x(7,,7,) € R" is the state vector;
y)(Th, 7)) € R™ and y(o)(h,7,) € R™2 denote, re-
spectively, the instantaneous and delayed observation outputs;
w(th, Ty) € RP is the process noise and v (7, 7y) € R™¢
(for ¢ € [1,2]) are the observation noises, which obey the null
mean Gaussian distributions with covariance Q(7,7,) > 0
and R:)(7h,7y) > 0. {(¢)(7h,7y) € R is the autocorrelated
multiplicative noise satisfying E{C(c) (1h,0)} = E{C(c)((), Tv)}
=0 and

Co)(Thy o) = Fioy(Thy 7o — 1)Ce) (Thy T — 1)
+ Eey(th = 1,70)Ce) (T — 1,70)  (3)
+ e(c)(Tthv)

where €(¢)(7h,7,) € R denotes the Gaussian distributed
additive noise with mean zero and variance o () (7, 7») > 0,
and the observation delay d is a known positive integer.
AC(Th, TU), BC(Th, Tv), O(c)(Th, TU), C(c) (Th, Tv), F(c) (Th, Tv),
and E(c) (Th, T») are known matrices with appropriate dimen-
sions.
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Remark 1: In networked control systems (NCSs), control
commands and sensor signals are transmitted over a shared
network. When network load becomes excessive, data packets
need to queue up in network devices for transmission opportu-
nities, resulting in transmission delays. Such delays may cause
sensor data or control commands to fail to reach target nodes in
a timely manner. Meanwhile, clock desynchronization among
devices will further exacerbate the impact of these delays.
This multi-step delay phenomenon, in practical engineering
applications, can significantly degrade system performance
and even potentially compromise system reliability.

Assumption 1: For every 1,7, € [0,3] and ¢ € [1,2], the
initial states x (73, 0) and x(0, 7,,) as well as the autocorrelated
noises Cc)(74,0) and ((¢y(0,7,) are mutually independent,
and also independent of the random variables w(7y,7y),
V(e)(Th, Tv), and €(¢)(Tn, 7). Moreover, the following initial
conditions are satisfied:

E{2(74,0)} = &1 (), E{2(0,7,)} = #2(7)
Cov{z(m,0),z(u,0)} = P1(74)0(7h, 1)
Cov{z(0,7,),2(0,8)} = Pa(7,)0(70, s)
Cov{((e) (T, 0), C(e) (1, 0)} = T(e),1(70) 0 (Th, u)
Cov{((c)(0,70), {(e) (0, 8)} = T(c) 2(T0) (70, 5)

where Z1(7), #2(7), Pi(mh), Po(7v), T(e),1(n), and
T(c),2(Tv) are known parameters with appropriate dimensions.

Remark 2: As one of the important types of random
uncertainty, the multiplicative noise is frequently encountered
in practical engineering. For example, in a pulse radar system,
the distance and orientation signals of a moving vehicle often
suffer from the multiplicative noises due to the effects of signal
interference, signal reflections, and radar fading. It should be
noted that in most existing studies, the multiplicative noise
is described as zero-mean white noise, which is incorporated
into the process and observation noises and further forms new
correlated noises or Gaussian noises with unknown covariance
[41], [42].

Remark 3: In the context of global navigation satellite
systems, the received signals are usually affected by various
autocorrelated noises including satellite orbit noises, clock
noises, and atmospheric noises [30], [31]. When considering
the navigation and positioning under ultra-short baselines, the
aforementioned noises can be ignored, and the autocorrelated
noises, driven by the white noise €. (75, 7,), will be used to
characterize the multi-path effect of satellite signal distortion.
In this sense, the state estimation problem involving autocor-
related multiplicative noises, as considered in this paper, has
significant practical implications.

B. Original observation description
Let % (s, ) denote the original observations at the horizon
(Sh,Su). For the sake of clarity, define the following sets
M1 = {(sn,)|0 < 6n < d,0 <5 < df,
={(Sh: )0 < <d;d <6 < T},
= {(Shsso)ld < 6 < 74,0 < g < d},
My ={(sn;u)ld <sp < hd <6 <7}

o .
©,r,) ey [Pn@+Lz)] BAGEAN
Pay(%5) Yatre | ) |
| Yy J(d+1,7)) L)’u;(%hh
M, M,
[y(d+1.d+1)] [ Yo (@d+D)]
Yo Od+D| ufdd4D ! Yo (d+1,d m‘ 1 o (7, «1+n‘
o .
+ .
SRR N (d.d) v (d+1.d) (z..d)
Yo (G.d) Yayd,a) Yad ) ()
A
IVll pass 3
(0.0) (d.0) s (d41.0) (7,,0)
Yiy(0,0) Yold,0) Yukd ) (0}

Fig. 1: The original observation sequence.

As shown in Fig. 1, the original observations can be described
as

Y1) (ShySu)s (ShySo) € My U Mo U M

Y1) (Shsy o)
Y2)(Sh,> o)

Y (ShySv) = “)

s (Sn,ySu) € My.

It should be pointed out that the objective of this paper is
to develop a recursive state estimation algorithm based on the
observation sequence {% (n, )0 < ¢p < 7,0 < ¢, < 7}
Nevertheless, in view of (2) and (4), the original observations
contain the multi-step delays, which renders it really difficult
(if not impossible) to directly exploit the Kalman-type filter
developed in [53]. In this sense, we need to reconstruct the
original observation sequence and facilitate the utilization
of delayed observation information, which will be discussed
thoroughly in the subsequent section.

ITI. MAIN RESULTS
A. Reconstruction of observations

Without loss of generality, we only consider the case of
(th, ) € {(s,t)|[d < s,d < t}. Other cases can be
discussed in the same manner. For brevity, let us define delay-
compensated coordinates where

1
n—d, T, =T, —d,

=
and the following sets

N1:{ |O<§h<7',1,0<§v§7'1}
0<q <1, 7p <5 < Tl
ITh < on <Th,0<<v§71}

<G < Tv}-

Shy Sv

Shy Sv

Shy Sv
Shy Sv

A~ A~~~
o N N

{
{
{

|Th < < ThaTu

From the available information sets Ny, No, N3, and Ny
defined above, we can collect all observations that reflect the
state information of the current horizon, and then make full use
of all multi-source observations to build a recursive filtering
framework. This not only helps to extract state information
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Fig. 2: The reconstructed observation sequence.

more efficiently, but also further improves the fault tolerance
of the system.

From Fig. 2, it is clear that the original observation sequence
can be reconstructed as follows:

Y1(Shs Su) = Y1) (Shs Sv)

(ShySw) € N2 U N3 U Ny, (5a)
T T T
Y2(Sh, Sv) = [y(l)(Gh, Su) Yy (sn +d,s + d)}
(ShsSv) € N1 (5b)

Obviously, the observations y1(sp, sy) and y2(sp, s,) satisfy

Y1(Sh,Su) = C1(Shy $0)T(Sh, Su) + 01 (Shs o)

+ C11(Shs $0)C1 (Shs S0)T(Shysu)  (6a)
Y2(Shy Sv) = C2(Shy o) (Shs Sv) + V2(Shs Sv)

+ C21(Shs $0)C1 (Shs S0)T(Shs Su)

+ Co2(Shy $0)C2(Shs S0)T(Shysu)  (6b)

with
C1(sn,sv) = Cy(sn, )
.
Colh, ) = {C(Tl)(gh, ) Cloylsn +d, s + d)}

Cr1(sn o) = C1)(Shs s0)

% _0(1,¢) 0 . C1y(Sh,sv)
Caclsh,su) = { 0 5<2,c)} {c<2><<h+d,<v+d>
C1lsnysv) = 1) (SnsSu)s CalShssw) = ((2) (S Sv)
01(Shs ) = V1) (S, Sv)

.
va(Shy ) = [U(Tl)(q“ ) Uy (sn + d; sy + d)]

where v1(sp, <) and v2(sp,<,) are zero-mean white noises
with covariance matrices Ri(sn,s) = Ry(Sh,s) and
Ro(sh, o) = diag{R)(sn %), Ray(sn + disy + d)}.
C1(sh,sp) and Ca(sph,sy) are the autocorrelated noises satis-
fying E{(.(sn,0)} = E{(.(0,5,)} = 0 (for ¢ € [1,2]) and the
following recursive formula:

CelShsSv) = FelSnsso — 1)Ce(Snsso — 1)

7
+ Ec(sh — 1,6)C(sh — 1,6) + €c(Shs o) @

with

Fi(hy50) = F1)(Snssu)s Fa(Sny o) = Fi2)(Shssu)
Er(snyso) = Ey(ShySv)s E2(shysv) = Ea)(Shs sv)
€1(Sh,Sv) = €(1)(ShsSu)s  €2(Sh,Sv) = €(2)(Sh, Sv)

where €;(sp,<,) and ea(<h,s,) are null mean white noises
with covariance o1(<n, ) = o(1)(Sn,s0) and o2(sn,50) =
0(2) (gh, g’u)-

The following lemma reveals that the reconstructed obser-
vation sequence and the original observation sequence contain
the same information.

Lemma 1: The linear space spanned by the reconstructed
observation sequence is equivalent to the linear space spanned
by the original observation sequence, i.e.,

L{y2(sn, o) (Shys0) € N1t {1 (s s0)|(shs o) € Nots
{y1(snsso)|(shss0) € Nati{y1(sn, o)l (Sh, o) € Nat}
= L{Y ($h, S0)|(Sh,Sv) € M1 UM U Ms U My}

Proof: Tt is obvious from (4)-(6) that for (¢x,c,) €
My, % (s, sp) is actually a linear combination of ys(sp, ),
(ShySu) € N1 U Ny U N3 U Ny, namely,

I, 0O o
Y (ShySw) = [ 0 ]yl(Gh,cv)Jr [0 I }yz(% —d, s —d).

On the other hand, yx(sn,<,) is also a linear combination of
@(gha C’U)’ i~e~’

v1(sh o) = [Im, O] Z (s, 50)

I,

0 0 0
y2(§h7§v) = |: 0 O:| @(Ch,gv)‘i‘ |:O I, :| @(gh"'da §v+d)'

The case of (sp,<y) € M7 UMsU M;s can be discussed in the
same way. The proof is now complete. [ ]

Remark 4: In this paper, the new observation se-
quence {{y2(sn,s0)l (sn, ) € Ni}; {y1(sn,s0)l(sn,s0) €
Noti A{y1(snyso)l(snyso) € Nabi {yi(snsso)l(snr o) €
Ny4}} is named as the reconstructed observation sequence of
{Y (Shys0)|(Shysv) € M1 UMy U MsU My}, Tt is clear from
Lemma 1 that the reconstructed observation sequence contains
the same information as the original observation sequence,
which will facilitate the subsequent design of recursive esti-
mator.

Motivated by the quadratic sensor problem in [8]-[10], in
this paper, we newly introduce the following globally coupled
correlation terms:

2% (Shy S0) 2 C1(Shy o) (Shs S0)
2% (Shy Su) 2 C2(Shy S0)T(Shy S0)

which is actually the product of the autocorrelated multiplica-
tive noise and the system state.

Remark 5: As shown in equation (3), the evolution of noise
C(e)(Th, Ty) depends on its historical states ((.)(7, —1,7,) and
C(e)(Th, 7y — 1). This characteristic destroys the fundamental

Copyright © 2025 Institute of Electrical and Electronics Engineers (IEEE). Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future
media, including reprinting/republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted
component of this work in other works ( https://journals.ieeeauthorcenter.ieee.org/become-an-ieee-journal-author/publishing-ethics/guidelines-and-policies/post-publication-policies/ ).



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

Citation information: DOI: 10.1109/JI0T.2025.3616849, IEEE Internet of Things Journal
SUBMITTED

whitening assumption (independence) in classical Kalman
filter and introduces strong coupling between system state
and multiplicative noise. This coupling effect poses a core
challenge, significantly increasing the complexity of system
modeling and analysis. To overcome this challenge, this paper
proposes a novel global coupling correlation term and designs
an iterative coupling estimator, which directly circumvents
traditional decoupling strategies and achieves collaborative
estimation of the system state and the coupled term between
the system state and the multiplicative noise.

In the next subsection, we are going to propose an iterative
coupled four-step estimator based on the globally coupled
correlation terms and reconstructed observation sequence. Dif-
ferent from the system augmentation approach, the proposed
scheme is able to avoid the increase of system dimension
and effectively reduce the computational complexity. To begin
with, the initial conditions with respect to the globally coupled
correlation terms 7% (s, s,) for ¢ € [1, 2] are given as follows:

E{a% (cn, 0)} = £5° (sn), E{2%(0,5,)} = 25" ()
Cov{z‘e(sn,0), 2% (u,0)} = P (cn)8(sn, u)
Cov{z%(0,,),2%(0,v)} = P$ ()8 (50, v)
Cov{(sn, 0), 2% (u,0)} = My*(s1)d(ch, )
Cov{z(0,54), 2% (0,v)} = M5 (5)0(sp, v)
Cov{z® (n,0), 2% (u,0)} = N{*(c1)d(ch, u)
Cov{z® (0,5,), 2% (0,v)} = N5 (5,)d (50, v)

where & (c1 ), £5° (s) Py (n)s P5*(s)s My©(sn), Ms®(s),

N£2(g,), and N$™ (g,) are known parameters with appropri-
ate dimensions.

B. An iterative coupled four-step estimator

According to the divided areas of reconstructed observation,
an iterative coupled four-step estimator is constructed with the
following form.

Step 1: For (¢p,5,) € N1,

&y (Shy o) = Ar(sh, o — Dy (sh 50 — 1)
+ Ao(sh — 1,60) 2y (s — 1, 0) (8a)
i (Shyso) = & (Ch,cv) + K1(sh, o) [Y2(Sh, s0) — Calshy )
&y (S o) — Co1 (Shs )25 (Shy o)
—022(9“%) 21(g, )] (8b)

where Al(gh, gv) is the one-step prediction of the state

2(Sh,sv), and & (gh,gv) is the corresponding estimate with
initial conditions #.(cn,0) = Z1(sx) and 2L(0,5,) = Z2(sy).
xClv (Sh, sp) is the one-step prediction of the globally coupled
correlatlon term 26 (Sn, Su), which is recursively calculated by

35 (s o) = Fi(hs o — 1) A1(shy 50 — 1)E (Ghyso — 1)
+ Br(sh — 1,60) A2 (sh — 1,60)25 (sn — 1,0)
(%a)

5 (sny60) = ICI (sh>50) + K5 (5 50) [y2 (5, 50)

— Ca(h, o) Ep(Sh, Sv) — Ca1lsh, o) 35 (S, v)

- 022(<h7§’u) C2,1 (ghggv)] (9b)

where 51! (¢, c,) is the corresponding estimate with initial
conditions 21 (¢, 0) = 25 (¢5) and £$1(0,¢,) = &5 (¢).
Similarly, #2'(cx,<,) is the one-step prediction of the glob-
ally coupled correlation term 2 (s, <, ), which can be calcu-
lated by

252N (s <o) = Fo(Shy o — 1) A1 (Shy so — 1)EZ (s, 60 — 1)
+ Ea(sn — 1,6,) Az (sn — 1,6,)25 (s — 1,60)
(102)

#M (hy s0) = 2527 (hy 50) + K52 (hy 60) [ (5hs o)
— Ca(h, )& (Shy ) — Czl(Ch,Cv) ol (Gn, <o)
— C2(Shs S0) &5 (s S0)] (10b)
where #$2'1(cy,,s,) is the corresponding estimate with initial

conditions i:ff’l(qh, 0) = a:%( n) and 5732’1(0, ) = Igz (Sv)-
Step 2: For (¢p,s,) € No,

i“f)(Ch,Gu) = A1(Sh, 50 — 1)@2 (oo — 1)
Ag(en — 1,6,)22 (s — 1,60) (11a)
:ﬁi(ch,cv) = 22 (hs ) + Ko (S, o) 91 (Shs <o) — Cr(Shs o)
12,(%,%) Cu(Ch,Cv) 02 (ch,c0)] (11b)

where & (gh,cv) is the one-step prediction of the state

2(Sh,sv), and & (gh,gv) is the corresponding estimate with
initial conditions 22 (¢, 7)) = 2l(sn, 7)) and £2(0,5,) =
Za(sy). ,TCl’ (SnySu) is the one-step prediction of the globally
coupled correlatlon term ! (Sh,Sv), which can be calculated
by

252 (hy 0) = F1(Shy 5o — 1) A1 (Shy S0 — 132 (Shy 50 — 1)

+ E1(sh — 1,60) A2(sn — 1,6)25 2 (s — 1,50)
(12a)

5% (shy 60) —x“’ (Shs o) + K5 (s 50) [y (5, 50)

— C1(shy 50) 25 (Sh>50) = Cr1(Sh, 50)25% (h, 0)]
(12b)
where #$°2(cp,, s, ) is the corresponding estimate with initial
conditions #$°2(cp,, 7}) = 2521 (q, 7}) and £52(0,¢,) =
25 (s0)-
Step 3: For (¢p,s,) € N3,
23 (shysv) = A1(sh, 50 — 1) (hso — 1)
+ Aa(sn — 1,60) &5 (n — 1,5) (132)
3 (shys0) = &5 (sh, sv) + K3(hs o) 11 (Shs o) — C1lSh, o)
X 33 (Shy su) = C11(Shy 50) 253 (sh, o))
(13b)

where & (gh,cv) is the one-step prediction of the state

2(Sh, ), and & (gh,gv) is the corresponding estimate with
initial conditions #3(s;,0) = #1(sp) and 23 (7l,q) =
Z4 (1t so). 25 (cn, <) is the one-step prediction of the
globally coupled correlation term ¢ (gy,s,) satisfying the
following recursion:

Cl’ ( Fy(shy 50 — DAL (shy 60 — DES3 (s, 60 — 1)

§h5§'u)
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+ Ei(sh — 1, 0)Aa(sn — 1,60)25 7 (cn — 1, 50) = [I = K1(hs o) Ca(sh, 0)] Zp(Shs 50)
. (142) — K1(Shs o) Co1 (Shs $0) 5 (s s0) — K1 (Shis <o)
5% (6hs <o) = &5 (Shy 60) + K5 (6 <o) [y (s 0) x Co2(Shy 0) 5 (Shs s0) — K1 (S o) v2(Sh 50) (17b)
_Cl(§h7§v) 22 (Shss0) = Cra(sns ) 5° (Ch(ﬁgl 5 (o)
3 ) ) ) ) o —Fl(ghygv_1)A1(§h7§v_1)5751 1(§h7§v_1)
v'vhere x“.h. (Cfnfv) 313 the correAsgpondmg estlAInatge vlwth ini- + By(sh — 1,6,)As(h — 1, gv)igl,l( —1,6)
tial conditions #§3(sp,0) = 25" (cn) and 2$3(7h, ) =
321l q,). + Fi (S, o — 1) A2(Sh, 5o — 1)Ci(Shy o — D)a(sn — 1, 60)
Step 4: For (gh,g,u) c N4’ + Fl (§h7§v - 1)Bl (QMC’U - 1)Cl(§h7§v - 1)w(§h7<v - )
& (Shs o) = A1(Sh, 5o — D&y Sy 50 — 1) + Filan @ = 1)i2(<h ~ L)l s =~ uwlo —1,e)
+ As(on — 1,60)d (on — 1,60) sy T ?(ch - 1 cv)B1 (ShySw — 1)(1(91 - 1,%):6(%,% - 11)
(6 50) = 4 (5h, 50) + Ka(Shr50) (11 (5ho o) — C(smrso) 1h = L) Balsn, &0 = Gu(n = L coJwleh, o = 1)
i + Ei(sh — 1,60) Balsn — 1,6,)C1(sn — 1, )w(sn — 1,5)
X & (Shysu) = Cha(Shs o) 250 (hy50)] - (15b)
+ A1 (Shy o — 1)er(Sn, So)x(sh, 6o — 1) + Az(sn — 1, )

A4 .
where (gh,gv) 18 the.one-step predlct.10n of. the ste.lte % €1(sns50)7(sn — 1,60) + Bilsn, s — 1er(sn, o)
2(Shy ), and #4(cn,<,) is the corresponding estimate with
initial conditions &} (7},¢,) = 22(7}, ) and &4 (sh,7p) = X w(sh, o = 1) + Balon = L1, sv)en (o, o)wlsn = 1,50)

&% (sn, 7). 459*(hs <) is the one-step prediction of the (17¢)
globally coupled correlation term ' (g4, <,), which can be 5! (sn, )
calculated as follows: _ [I _ KlC (<h,<v)021(<h,<v)} (1,1 (Shs So)
25 (s o) = Fi(hs o — 1) A1 (shy 50 — 1)ES (S so — 1) — K{ (o, 50)Ca(Shs )T (Shy S0) — K (shs50)
+ B — L) Aa(on = 1,603 (on — 1,60) % Ca2 (S, 60)752 (Shy S0) — K (Shy o) v2(Shs50)  (17d)
(162) 52 (s <o)
#H (hy <o) = 350 (hy o) + K§ (ks ) [y (Sho S0) o

¢ (ghvg’v_l)
— C1(sh, 50)Ep(shy S0) — Cr1sh, o) 250 (s 0]

= F5(sn, 50 — 1) A1(sn, 50 — 1)T
(16b) (

+ B2 (sh — 1,60) Az (sn — 1,6,)3 (sn — 1, 5)

)
)

h ¢ 4( ) < th di . i initial +F2(§ Sv — A2(<h7<v_1)<2(<h7§v_1)$( 17§’U)
where £$+4(sp, <) is the corresponding estimate with initia I _1O\B _q _q _q
conditions #514(7),<,) = 253 (7, <) and 25 (G, 7y) = + QE%’% 1(5h> v §<2(§h7§v wggh’g”
)
)
)

Sy 2

1

1 ) )

363y, 71). + Fo(n, o — 1) Ba(sn — 1,60)C2(Shy 5o — Dw(sn — 1,6,)
) )
Jw

)
)
)

It should be pointed out that in (8)-(16), + Ea(sn — 1,60) A1 (s, 5o — 1)Ga(sn — 1, 60)2(Sh, 60 — 1
K (hs o), Kfz (Cht,)chg, and 2(511 (<h,h<1,)% vile [1,4] denote the 4 By (g, — 1,6,)Bi(sy 50 — 1)Calsn — 1, 60)w(sn, 5o —
o e e e I o ol vt 401 )~ o~ vl L

Denote the one-step prediction errors as + A1 (Sns So = D)ea(sns o) (sny o = 1) + Aa(on = 1,60)
X €2(Sh, Su)2(sh — 1,6) + Bi(Sh, s — 1)ea(Sn, sv)

X w(Sh, sy — 1) + Ba(sp — 1, 5p)€2(sh, So)w(sn — 1,6)

)
)

Ty (ShySo) = 2(Shy sv) — 2 (S )

F52 (shy s0) £ 2 (shy50) — 252 (s 50) (17¢)
NC " (Shy ) —ﬂcgl(ch,cv)—:zrgl (Sh»Sv) 521 (n <o)
and the estimation errorAs as — [I _ Kf (Sh»S0)Caz(sh, %)} 7521 (¢ny o)
<E;§§ N ig(;z ;f?ﬁﬁﬁi y K ) Ol s0)Eb{s1,0) — K (515
Y v u Y x C1(Shy <0)5 (S ) — K2 (sh,50)v2(Shs o) (171)
5 (Shy o) 2 2 (Shy o) — 25T (Shy S0)
where € [1,4]. Then, it follows from (1)-(3) and (8)-(16) =) FOF (5hr 5v) € N,
that: »%;(Cha%)
(1) For (s, 50) € N, = A1(Sh, S0 — 1)Z5 (Shy G0 — 1) + Az(sn — 1,60)
iy (Shs Sv) x @5 (sn — 1,60) + Bi(sh, 6o — Dw(sn, 6 — 1)
= A1(Sh, 50 — D& (shy o — 1) + Aa(sn — 1,50) + Ba(sn — 1,60 )w(sn — 1,6,) (18a)
X Zy(sn — 1,50) + Bi(sn, so — Dw(sh, s — 1) Ty, (S o)
+ Ba(sn — 1, q)w(sn — 1,,) (172) = [I = Ky(sn,50)C1(sn50)] 25 (S s0) — K (s o)
(s sv) % C11(Shs <o) E5* (hy 0) — K (Shy So)v1 (Sh, S0) (18b)
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Ch (§h7 §'U)

—F1(§h,<v—1)A1(<h,<v—1 % (Ghyso — 1)
+ Ei(sh — 1,60)Az(sn — 1,6,)35 (sn — 1, 6,)
+ Fi(Sh, s0 — 1) Aa(sn, 5o — 1)C1 (S, 50 — 1)z (sn

)T
)z
)G (
+ Fi(sn, 50 — 1) Bi(sh, so — 1)C1(sh, S0 — Dw(sh, 60 — 1
( )G (
)
)
)

—

179}

~— o ~—

)
) )
) )
+ Fi(Sh, S0 — 1)Ba(sn — 1,6)Ci(Shy so — Dw(sn — 1,6
+ Ei(sn — 1,60)A1(sn, 5o — 1)Cisn — 1, 60)z(Sh, 60 — 1
) 1, o) w(sh, s —
) 1,so)w(sh — 1,6,
) 1,6)

( ( (
+ Er(sh — 1,60) B1(Shy o — 1)C1(sn —
+ Er(sh — 1,6,) Ba(sn — 1,6,)Ci(sn —
+ A1(Sn, o — 1)er(Sn, )@ (Shy So — 1) + Az(cn —
X €1(Sh, Sv)x(sh — 1,6) + Bi(sh, so — 1)er(Sn, So)

X w(Sh, Sy — 1) + Ba(sn — 1,6p)€1(Sh, Sv)w(sn — 1,6y)
(18¢)

o ~—

Ch (ghv gv)

= [I = K$" (Shy 50)Cr1(Shs o) | 25 (S S0) —
% C1(Sh, 50) &5 (Shs o) — K (Shs o)1 (Shy S0)

K& (shysv)
(18d)

for s € [2,4].

The unbiasedness of the proposed estimator is revealed in
the following lemma.

Lemma 2: Considering the 2-D systems (1)-(3), the pro-
posed estimator of the form (8)-(16) is unbiased. That is to
say, the errors (17) and (18) have zero means.

Proof: The proof resembles that in [24], the detailed proof
is omitted here for brevity. [ |

C. Calculation of correlated second-order moments

In this subsection, we are going to derive recursive expres-
sions for some correlated second-order moments. To begin
with, let us define

X (snyso) 2 E{a(on, )z (s 0)} (19)
Te(Shy o) 2 E{Cc(gh, §v)<¢:T(§hv )} (20)

Py (ohy 5u) 2 B{Ep (on, 50) () (5nr0)) T} @D
P7(shys0) 2 E{E (sh,s0) (70, (Gh, )} (22)
Pyt (ony o) 2 BLEE (6hy o) (357 (Shoso) T (23)
P57 (ns <o) & B{ZSH" (o, o) (& fa e} @)
Pt (ohy o) £ E{EE (o ) (B8 (an )T} (25)
PE (ohy0) 2 BLES (oh, 50) (357 (5no00)) T} (26)
M (6, 50) 2 B{T (o, ) @8 o) TH @D)
M (Shy 50) 2 E{Z](Shy <) (B (Sho o)) T (28)
MG (shy s0) 2 B{E) (ohy 50) (E5 (shys0)) T} (29)
Mgl’r(Ch,Cv) £ E{jz(%’%)(ﬁw((h, <v))T} (30)
N2 (G, 60) 2 B{ES (6 60) (38 o )T BD)
NG (gh5e) 2 B (o0 G (oms)T) (D)

where ¢ € [1,2] and r € [1,4].
For brevity, the notations (-,-) in the coefficient matri-
ces will be omitted in the subsequent calculations involving

X(§h7§v)’ Tc(Chugv)’ P (ghv(v) PCZ) (Ch,(y), Pigl)r(gh’cv)’
Méz,l(chj%)’ MCI;T(C}“gU) and NClzx (Sh, Sv)- Specifically,

= A1(Sh, o0 — 1), Az = Aa(sn — 1,6,)
= Bi(Sh, 5 — 1), By = Ba(sn — 1,6,)
= Fi(sn, 50 — 1), By = Ei(sn — 1,)
F2 = Fy(Sh,so — 1), Eo = Ea(ch — 1,6).

Notably, the second-order moments of the autocorrelated
multiplicative noises and the system state play a key role in
the derivation of estimation error covariance matrix. As such,
X (sn, <) and 7.(sp, sy) are first summarized in the following
lemma.

Lemma 3: Considering the 2-D systems (1)-(3) as well as
the initial conditions X (¢p,0) = Pi(sn), X(0,6) = Pa(sy),
Te(Shy 0) = T(ey,1(sn), and 7¢(0,6y) = T(¢),2(Sv), the recursive
evolutions of the second-order moments of z(sp,<,) and
Ce(Sn,y Su) are given by

X (Shys0) = A1 X (Shyso — DA] + Ao X (s, — 1,6,)AJ
+ B1Q(sh, 50 — 1)B] + B2Q(s1, — 1,6,) B3
+ AiE{a(sh, 5o — D)2 (s — 1,50) } AT
+ AsB{z(sh — 1,50)2 " (Shyso — 1)}A]  (33)
and
TelshySo) = Fore(Shr 5o = DE + Eote(sn — 1,60)E]
+ F.E{C(sh so — )¢ (n — 1,0) Y B/

+ EE{C(sn — 1,60 (sny 0 — 1)}ES
+ 0c(Sh, Sp)- (34)

Proof: This lemma can be immediately proven by noting
(1), (7) as well as the statistical properties of random variables
w(Sh,Sv) and ec(Sn, Sv)- u
Lemma 4: Considering the 2-D systems (1)-(3) and the pro-
posed estimator of the form (8)-(16), the recursive evolution of
the prediction error covariance P; (Sn,sv) is given as follows:
Step 1: For (¢x,5,) € Ni, under the initial conditions
P} (sn,0) = Pi(sn) and Py (0,5,) = Pa(sy,), one has
P (sh,s0) = A1 Py (Ghy 5o — 1)A] + Az Py (sh — 1,50) Ay
+ B1Q(h, 50 — 1)B] + BaQ(sh — 1,5,) By
+ AE{E, (hy o — 1)(@4(sn — 1,5)) 1A

—+ AQE{fi(gh — 1, §y>(j7];(§h7§v - 1))T}A-1|—
(35)

Step 2: For (¢n,<,) € Nz, under the initial conditions
P2(sn,7y) = P(sn,7,) and P3(0,5,) = P2(sy), one has
P2(cn,s0) = A1P2(hy o — 1)A] + AsP2(ch — 1,50) A
+ B1Q(sh, 5o — 1)B] + B2Q(sn — 1,6,) B3
+ AB{Z (G o — (@5 (o — 1,w)) T}AS

+ ASB{#2(ch — 1,50) (2 (sho o — 1)) T}AT .
(36)

Step 3: For (¢x,5,) € Ns, under the initial conditions
P3(sn,0) = Pi(sn) and P(7}, ) = P3(74,%), one has

P3(sh, <o) = A1P2(h, 0 — 1)A] + AP (an — 1,6,) A
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+ B1Q(sh, 50 — 1)BY + BoQ(sn, — 1,6,)B3 + B102(Shs $0)Q(Sh, 50 — 1) BT
+ A B{E (chy 60 — 1)(E3 (o — 1,6,)) T} AT + By0a(sh, 0)Q(sh — 1,50) By
+ AgE{fi(C}L — 1,(1,)(,%3((}“9, — 1))T}A-1r + sym{:ll + :2 + :3 —+ :4 —+ :5 -+ :6}
(37) (40)

Step 4: For (sh,5,) € Ny, under the initial conditions Stzep 2:1F0r (<hal§v) €1N2’ under2 the initial Cconditions
PA(rh <) = P2}, <) and P, 7}) = P3(cu,mh), one  Fp*(nsm) = Byt (n, 7y) and Bp2(0,6,) = Py* (<), one

has has
1,2 _ 1,2 _ TT
P;(Gh,%) Al (§h7§’v _ I)A;I' + A2P3(§h _ 1,%)14; Pp1 (ghvgv) = FlAlPul C(Q;ygv 1)A1 F{r i
+ B1Q(h, 0 — 1)B] + BaQ(sh — 1,5,) By +EA P (o = La) A2 By -
b4 V(A (e Ty AT + Py Ao (s 6o — D)X (Gn — 1,60) Ax Fy
+A1E{Iu(§h7§0 1)(Iu(§h 179/)) }A2 TT
+ AQE{i‘i(gh _ 17§v)(ii(§h7§v _ 1))T}A'1I' + ElAlTl (Ch - 17§U)X(§hu Sv — )Al El
(38) + FyBi71(Shy 50 — DQ(shy 50 — ) B FY
TT
Proof: Substituting (17a) and (18a) into (21), it is not + F1Bomi(Sh, S0 = DQ(sh = 1,60) By 1y
difficult to obtain (35)-(38). The detailed proof is omitted here + E1Bi7i(sh — 1,50)Q(Shs 50 — 1) B ET
forLbrev1ty.5 Considerine the 2.5 (10-3) and h. + E1Bomi(sh — 1,5)Q(sn — 1,5,) By E]
emma O: Considering the 2-D systems - and the _ T
proposed estimator of the form (8)-(16), the recursive evo- + Avo1 (o, o) X (ohs o 1)AT
lutions of the prediction error covariances PgZ’l(gh,gv) and + A201(Gns S0) X (S — 1,60) Ay
Péyf@h’gv) are given as follows: o N + B101(Sh, $u)Q(Sh, S — 1)
Step 1: For ggh,qv) € Ny, under the initial conditions + Baoy (s 60) Qs — 1 Gu)

Pt (s, 0) = Pyt (sn)s Ps1(0,60) = P3'(s), Pyt (sh,0)

2 2 2 2 2
= P%(g;,), and sz’l(o,%) = P§?(g,), one has +sym{3} +35+35+ 37 + 22 + 33}

(41)
Pgl’l(%,%) _ F1A1P51’1(§h,§v _ 1)A—1I—F1T Step 3: For gg;“gv) € N3, under the initial conditions
+ By As PN (G — 1,6,) AT ET P53 (s, 0) = Py*(sn) and P3(m, u) = Pgt?(7y, <), one
+ Fy Ao (sny 5o — 1) X (on — 1,60) A3 FY has
+ B A (o — 1) X (G — DATET B2 s0) = FLALP; 2 (6,60 — DATFY

+ FiB171(sn, 50 — D)Q(Sh, S0 — l)BlTFlT + E1A2P51’3(§h -1, CU)ATEI
+ FleTl(ch,cv —1)Q(sh — 1,5,) B FT + FiAomi (shyso — D)X (6 — 1,6) AJ FY
+ E1B171(5h — 1,60)Q(Sh, 5o — 1) B{ Ef + ErAimi(sh = 1,60) X (shy o — D AT E]
+ E1Bori(sn — 1,6,)Q(sn — 1 gU)B;ElT + F1B171(Sh, S0 — 1)Q(Shy S0 — 1)BlTF1T
+ A101(Shy 50) X (Shy 50 — 1) A] + Fi1Bam (<h= o — 1)Q(sh — 1,50) By FY
+ A201(sh, 50) X (sh — 1,60)AJ + E1Bi7i(sn — 1,5)Q(sh, 0 — 1) B EY
+ B101(Shs $0)Q(Sh, 5o — 1) B + EyBoti(sh — 1,5)Q(sh — 1,50) By Ef
+ B201(Sh,50)Q(sn — 1,6,)Bg. + Ay01(sh 50) X (Shy 60 — 1) AT
+wmm+3+3+n+i+1} +Mmm&ﬂmewN
(39) + B101(sh, ) Q(h, s — 1) BY
P8l 60) = FoAi PSY(6p, 60 — 1) ATET +Baoufon )06 ~ 1,553
P »Sv u »Sv 142 +sym{33+33+33+33+33+3}

+ By As P (o — 1,60) AT ES 42)
+ FyAgmo(shy o — D)X (o — 1,6) AT Fy Step 4: For (u,5,) € Ny, under the initial condi-
+ By Aio(sh — 1,60) X (s, 60 — 1) ATET tions PCl (Th,q) = PI§172(T%,§U) and P§1*4(§h,7'1}) =
+ Py B172(Shy 50 — 1)Q(Shy 50 — 1) B Fy Pyt (g’“ 7,), one has
+ FyBomo (S, 5o — 1)Q(sn — 1,6,) By EF PS4 (qn, ) = FLALPS Y (qn, s — 1) AT FY
+ EyBi7a(sh — 1, $0)Q(sn,s0 — 1)BI Ej + B As PS4 (6 — 1,6,)AS BT
+ By BaTa(sh — 1,6,)Q(sh — 1 <U)BgTE2T + Py AoTi(Shyso — 1) X (s — 1,6,) AT FY
+ A102(Shs 50) X (Shy 50 — 1) A] + By Avmi(sh — 1,60) X (Shy 6o — 1) AT EY
+ A202(Shy 50) X (s — 1,65) Ag + F1Bi7i(shy 50 — DQ(sh. 5o — DB FY
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+ F1 Bori(Sh, 50 — 1)Q(sh — 1,6,)Ba Ff Proof: Substituting (17¢), (17e), and (18c) into (23) and
+ E\Bimi(sh — 1,5)Q(hsc0 — 1) BlT ElT (24), it is easy to obtain (39)-(43). The detailed proof is

omitted here for brevity. |

T T
+ E1Bemi(en — 1,60) Qs — 1,<0) B2 By Lemma 6: Considering the 2-D systems (1)-(3) and the pro-

+ A101(Sh, S0) X (Shy o — 1)AT posed estimator of the form (8)-(16), the recursive evolutions
+ Aoo1 (Sh, 50) X (sh — 1, 60) AT of the cross covariances MS$*! (g, p) and MS"" (G, <y) are
given as follows:
+ Bron(sn, )@l s 1) Step 1: For (<u,<y) e Ny, under the initial condi-
+ B201(sh, <)@ (ch —1.s)B] tions MSH! (gh,()) = M (), MSH0,6) = Ms'(c),
+sym{:§1+:§+:§+:§+:§+3§} M2t (gh, 0) = My*(cn), and M$1(0,6,) = Ms*(s,), one
(43) has
where Mgl’l(%,%) = A MG oy g — DATFT
. ! ToT
= E{ (FlAlszgw(gh,gv - 1)) (ElAQ:Ef; Ton —1,6) + A MG (o — 1,6,) A B
+sym{} + 7} 44
+ F1A2Ci(Shy S0 — Dz(sn — 1,60) + E1 Ay ym{ 2} (“44)
T Cail 2l TT
% C1(sh — 1,60)2(Sh, Sp — 1)) } Mp>" (Shy o) = ArM> " (Gny 6o — 1) Ap Fy

Ao MS2 (g — 1, 6,) AT ET
3= {(EIAQICI T(en —1,60) (F1A2C1 ShySy — 1) +AM (on — 1, 0) Az B
+sym{Ty + T2 }. (45)

-
X @(sn —1,60) + ErAiGi(sn = 1,60)a(sh, o — 1)) } Step 2: For (s5,5,) € Na, under the initiaf conditions

2 , _ , , _ ¢
35 - E{ (F1A2<1 (gh,gv - 1)$(§h - 1,9})) (E1A1 Mzgl 2(<h7T1}) - Mél l(chvﬂ}) and Mﬁl 2(079}) - M21(§U),
. one has
X Cilon = 1, 60)2(Sh, S0 — 1)) } Mg (h,50) = ALMG? (sn, 50 — AT FT
= E{ (FlBlCl (ShySo — Dw(sp, s — 1)) (EIBI + Ao Mg 2 (oh = 1,6) A3 BY
+ sym{T? + T2}. (46)

-
XCl(Ch—l,cv)w(Ch,cv—l)) } o N
X Step 3: For (¢5,<,) € Nj, under the initial conditions
3 E{ (Fleél(gh,cv — Dw(sn — 1,%)) (E132 MS3 (6, 0) = M{*(s) and MS$3(rt,¢,) = MS2(1}, ).

p
T one has
X - 17 v - 1; v
Cilsn Sv)w(sh S )) } : M§1,3(<h,<1)) _ A1M51’3(§h,§v _ 1)A'1I'F1T
3= E{ (A161(§h,<v)x(<h, Sy — 1)) (A2€1(§h7§v)x(§h -1, Cv)) } + AgMS 3 (s, — 1,6,)Ag BT
. 3 3
31 = B{ (B4 (o0 = 1)) (B 238 (1~ 1,50) Foym{Th + T} “n
Step 4: For (¢,,¢,) € Ny, under the initial condi-
+ LA | — 1,6, p h Sv 4
2 A2C2(Sh, < ) (s Sv) . tions MCl (Th’g ) = Mél,Z(Tb%) and Mél’4(§h,7’1}) _
+ EQAICQ(QL - 17§U)‘T(§h7 Sv — 1)) } MCI (<h7 v) one has
:2 = E{ (EgAgjiz’l(Ch — 17§v)> (FQAQCQ(C}“ Sy — 1) M;gh (§ha §v) = A1M1§114(§h7 Sv — 1)A-1I—F1T
, o , .\ + Ao MG (s — 1,6,) AT EY
X x(sp —1,6) + E1A1Ci(sh — 1, 0)2(Sh, S — )) } +sym{T + T4 48)
I3 = E{ (F2A2C2(§h, So — Dz(en — 1, CU)) (EQAl where
T .
X Calsn — 1, 60)z(sh, S — 1)) } a7 = E{ (A1:v Shy S — 1)) By Azt (s — 1,6,)
3, = ]::{ (F231<2(§h7§v — Dw(sh, s — 1)) (E2B1 + F1A2C (Shy 5o — Da(sn — 1,60)

)’)

Sy
A3 (s — 1,60)
Sv

x C(Sh — 1, 0)w(Shs So — 1))T} X
5 = E{ (F232<2(§h7§v — Dw(sn — 17%)) (E2B2 = E{ (AQI v)) F
. + F1 A2 (sn, 50 — D)a(sn —
AX Galsn = L so)wlsn - 1’<”)) } + B AiGilsn — 1,60)a(Sh, 60 — 1)) }
3o = B{ (realsn ol = 1)) (42 T = E{ (Ardh(ons e = 1)) (2258 (o0 — 1,50)

+
X €2(Sh, Sv)(Sh — 17%)) } + FyAslo(sh, 50 — V(s — 1, y)
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+ FyA1Ca(sh — 1,60)x(Sh, S0 — 1)) }

o = E{ (Agx sn—1,6, )(F A i8(
+ F2 A2 (Sh,y 6o — D)a(

h_l C’U)

Dl —1,6,)
.
+ By ArGo(sh — 1,6)2(shs 50 — >) }.

Proof: Inserting (17a), (17c), (17e), (18a), and (18c) into
(29) and (30), it is not difficult to obtain (44)-(48). The detailed
proof is omitted here for brevity. [ ]

Lemma 7: Consider the 2-D systems (1)-(3) and the pro-
posed estimator of the form (8)-(16). Under the initial condi-
tions N1+ (¢, 0) = N7 () and N§121(0,6,) = Ng'2(s,)
for any (cn,<,) € N, the recursive evolution of the cross
covariance N2 (cn,<,) is given as follows:

FiAINS2 (6,6, — )ATF

+ B AaNS2 (6, — 1,6,) A Ey
+h+l+I3+0

NS (G, 60) =

(49)
where
I = E{ (FlAlff}’l(Ch,% - 1)) (E2A2fff’l(§h —1,6)

+ F2AaCa(Sh, 60 — 1)w(sh — 1,6)

+ B2 A1Ga(Sh — 1, 60)@(Shy S — 1))T}
T = B{ (B 4258 (00— 1,00) ) (R Ai8 (s — 1)

+ 2 A2C2(Shy 6o — Da(sn — 1,60)

+ B2 A1Ga(h — 1, 60)2(Shy S — 1))T}
I3 = E{ (F1A241 (Shysv = Da(sn — 1,<v))

X (FzAlfff’l(Ch,Cv — 1) + By Apd$ M (o — 1, <v))T}
= {(E1A161( = 1,60)@(Shy S0 — 1))

X (FQAlzi:ff’l(gh,gv — 1))T}.

Proof: Substituting (17c) and (17e) into (31), we can
obtain (49). The detailed proof is omitted here for brevity.
|

D. Minimum-variance filter design

In the following theorem, the estimator gains are designed
to minimize the estimation error covariances at each step.

Theorem 1: Consider the 2-D systems (1)-(3) and the pro-
posed estimator of the form (8)-(16) for every s € [2,4]. The
estimator gains K1 (sp, <y ), Ks(Sh,Sw)s Kfl (ShySu)s KfQ (Sh,s
), and K (sp,c,) are determined by

K1(Shs o) :L1(§h7§v)(RC12(§h7§v)) ! (50)
Ky (ShyS0) = Ls(Shs 50) (RS (shys0)) ! (51)
K" (Shys0) = LS (s, U><R<12(<h,<v))—1 (52)
K2 (shy50) = L (n o) (B (snos0) ™ (53)
K$ (Shys0) = LS (S 50) (RS (Shy60)) ! (54)

10

where

L1(ShsS0) = P (sh,0)C3 (Shy o) + M (s <o)

x C3y (Shy o) + M (6h, 50) Coa (S <o)
Ly(sh,s0) = B3 (shs0)CF (shy o) + M5 (S, 0) O (S S0)
L§ (ko) = P51 (sh,50) 031 (Shy o) + (ME (Ghy60)) T
x C3 (Shy Sv) + N5 (6, 60) Cy (Shs S0)
P§2’1(§h, 60)Cao(Sh, S0) + (M,§2’1(§h,§v))T
x C3 (sh, o) + (N5 (hy 50)) T Cy (Shy o)
PS5 (G 60) O (S o) + (M (Shys0) T
x CT (s, s0)

LS (spy50) =

Lgl (§h7 §'U) =

Rfm (ShsSw)

= Ca(Sh, 50) Py (Sh o) C3 (Shy s0) + Calsh, o) M5 (shy 0)
x CF (Sh, 50) + Co(Shy <o) M5 (Sh, 50) Cn (S, o)
+ Co1(sh, %)(Mél’l(%, o)) TCT (shy0) + Co1(shy )
x PSU (6n, 50)Cay (Shy s0) + Ca1 (ks s0) NS (hs S0)
x C3y(Sn, s0) + Co(Sh, o) (M (S, ) TCF (Shy S0)
+ Caa(sh, o) (NS (sh, 0)) T C3y (S o) + Ra(Shs <o)
+ Co2(Shy 50) PS5 (sh, 50) Caa (Shy S0)
RS (Shys0)

= C1(Sh, ) Py (sn, $0)CT (S, 50) + Rilsh,s0)
+ C1(sh: <o) PS5 (Shy <o) CT (Shis w)
+ C1(Shy s0) ME* (sh, 56) CT (Shs 50)
+ C1 (S, <o) (MS*(6h, 0)) TCY (S, o)

Accordingly, the minimal estimation error covariances are

Py(shso) = P (sh,s0) — Ki(sh, o) (La(sn )T (55)
P (shsso) = Py (shiso) — Ks(Shy0) (Lslsh )T (56)

P (o) = Pt (snos0) = KT (Shy 0) (L5 (s 0)) T
(57)

P (o) = PS> (hys0) — K2 (Shy 0) (L5 (s 50)) T
(53)

P (Shy ) = Byt * (hySu) = K (Shy 50) (LS (s 60))
(59)

Proof: Since the random variable v2(sp,<,) is uncor-
related with Z}(ch, <), T8 (ks ), and 57 (G, o), it s
easy to get P! (gh, ) from (17b). To determine the estimator
gain Kl(gh,gv) that minimizes Ppl(gh,gv), the method of
completing the square is utilized as follows:

P (sh,s0) = Pl (hs o) — Ki(sn, o) (L1(hy <o) + L1(Sh, o)
X K7 (Shy o) + K1(Sh, o) R (S 50) K7 (S S0)
= P} (sh: o) + [Ki(sh,s0) — K1 (s )]
X R§™ (S, <o) [K1(Shy o) — K1 (shr50)] T
— K1(Shy ) RS (Shy 50) KT (S 50)

where Ki(sn,su) = Li(n,s0)(Ri™(h,50)) "% Clearly,
Pl(¢n,s,) is minimized if and only if Ki(sh,s,) =

(60)
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K1(Sh,sy), which indicates that (50) is valid. Substituting (50)
into (60) yields
Pl(shys0) = P (ch, o) = K1(shy <) BT (Shy 50) K7 (Shy <o)
= B} (ch, <o) — K1(sh: ) (L5 (Shy ) -

Similarly, we can obtain (51)-(54) and (56)-(59). The proof is

now complete [ |
Theorem 2: Consider the 2-D systems (1)-(3) and the pro-

posed estimator of the form (8)-(16) for every s € [2,4]. The

recursive evolutions of the cross covariances Mﬁl’l(ch,%),
MS2Y (6, ), and MSH*(ch,s,) are given as follows:

MG (shs o) = M (Shys0) = La(sny o) (K7 (s 50)) T

— K1(sn,50) (L5 (sn,60))T

+ K1 (Sh, o) RY™ (Shy 50) (K (hy50)) T
(61)

M1§271(§h; g’u) - Ll(gh, g'u)(K1<2 (§h7 QJ))T

— K1 (sh,50) (L5 (shy50)) T

+ K1(Shy 50) RS (5 50) (K (shy 60)) T
(62)

MS (Shs50) = LS (Shy 50) (KE (S 50)) T

— Ko (hy 0) (LS (Shy50)) T

+ Ko(Sh, o) RS (Shy 50) (K& (sny60)) T
(63)

Proof: Since the random variable v2(sp, <, ) is uncorre-
lated with :Ezl)(gh, Su)s a?gl’l(gh, ), and ng’l(gh, Gy ), inserting
(17b), (17d), and (17f) into (29) and (30), it is easy to obtain
(61)-(63). The detailed proof is omitted here for brevity. B

Theorem 3: Consider the 2-D systems (1)-(3) and the pro-
posed estimator of the form (8)-(16). The recursive evolution
of the cross covariance N$12'1(;,¢,) is given as follows:

NS (G, 60) = NS (Sh, 60) — LS (Shy o) (K52 (51 60)) T
— K7 (Shy 50 (L§* (h 60)) T

+ K (6 50) BE (S o) (T (s 0))
(64)
Proof: Substituting (17d) and (17f) into (32), it is not
difficult to obtain (64). The detailed proof is omitted here for
brevity. [ ]

M52’1(§h, g’u) =

Mgl’s(%, (v) =

IV. PERFORMANCE ANALYSIS

In this section, the performance of the iterative coupled
estimator is analyzed in terms of boundedness, and an online
recursive algorithm is summarized for the implementation of
the proposed iterative coupled estimator. Before presenting the
main results, let us make the following assumption.

Assumption 2: For every ¢, s, € [0,3] and ¢ € [1, 2], there
exist positive scalars a,, b,, and g such that

A (Snyso) AT (s o) < al, Bi(shys0) B[ (snys0) < b1,
Q(sh,$0)Q  (sn,50) < ql.

Remark 6: Note that the aforementioned assumption im-
poses constraints on the system parameters and noise co-
variance. Such an assumption is reasonable since the system

11

energy is usually constrained in practical applications. A
similar assumption for 1-D systems can be found in [21],
[22]. Based on this assumption, we are able to derive an upper
bound for the estimation error covariance.

Theorem 4: Under Assumption 2, the minimal estimation
error covariance P (<p,s,) for any r € [1,4] satisfies the
following conditions:

For (sn,sy) € N1,

Sh

Py(shrsu) <Y ark(sn — 8,60 — 1)P,(s,0)
s=1

Sv

+ Y ask(sh — 1,5 — £) Py (0, 1)
t=1
sh—1lg,—1

+ 30> ko —s—1,6 —t— Dol

s=0 t=0

For (sn,$y) € Ny,
Sh
Pi(snys) < > arklsn — 5,50 — (10 + 1)) Pi(s, 7))

—1
S_Tthl

Sv
+ Y ask(on — (Th +1),6 — )P, 1)
t=7l4+1
Sh—1g,—1

+ 30> ke —s—(rh +1)

s=T} t=T,
sSo =t = (75 +1)pol

where € > 0 is an arbitrary scalar, 1 = 1+¢€, vy =1+ e L,
a; = via?, as = vead and pg = (b1 + b2)q. P2(cp,7k) =
Pylen,m)(0 < an < 1) Pmy.c0) = Pulmy,60)(0 <
S < 1), PMon,1h) = P2sp, (Tt +1 < ¢ < 7)),
and P}, ¢,) = Pi(1},¢)(rl +1 < ¢, < 7,). The term
¢(-,+) with ¢(0,0) = <(0,7;) = <(7,0) = ¢(m4,7,) = 1 is
recursively determined by

k(0,6) = a1k(0,¢, — 1),
k(sn,0) = agk(sy — 1,0),
K(Kh, Ko) = @16(Sh, So — 1) + G2k(sh — 1,6y).

Proof: The proof proceeds by mathematical induction,
which is rather tedious and is therefore omitted here for
brevity. [ ]

Remark 7: Up to now, we have established an upper
bound for the estimation error covariance. From the recursive
structure of the upper bound function, it can be seen that some
important factors affecting the system complexity, such as the
shift-varying system parameters, noise information and initial
conditions, are explicitly reflected in such an upper bound.

The recursive algorithm of the proposed estimator in N
region is summarized in Algorithm 1.

Remark 8: By resorting to the observation reconstruction
approach, the overall recursive estimation algorithm is divided
into four parts, each of which corresponds to one area, and the
other three parts of the algorithm are similar to Algorithm 1.
Notably, it can be seen from Fig. 2 that the N; area provides
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Algorithm 1: The 2-D estimation algorithm in N For all 7,7, € [0,80] and ¢ € [1, 2], the initial conditions
region are given by 7(6)7 1(mh) = 0.3, T(C)’Q(TU) = 0.25, &1(m) =
1: Set¢, =1and ¢, = 1. #o(1p) =[000]7, CC( )—xéc(m)—[lll] , Pi(mh) =
2: while ¢, € [1,7}] and ¢, € [1,7}] do Py(7,) = 0.61, Plchh) Py¢(1,) = 0.51, MCC(Th) =0.21,

30 Calculate predictions & (ch, <), Z5"* (cn,s) and Ms5°(1,) = 0.11, Ny**(1,) = 0.2I, and NC”(TU) =0.151.

I<2’ (Sh,Sv); Denote xq(L )(Th,n), g)(Th,Tv), and z(¢ )(Th,TU> as the s-

4: Calculate second-order moments 7. (Sx, Sv ), X (Sh, Su), th element of &y (7, 7y), @u(Th, ), and x(7,7,), respec-
Pp1 (Shy Sv)s Pﬁl’l(%, Su)s Pﬁz’l(%, ) Mgl’l(%, Sv), tively. The root mean squared error (RMSE) is introduced as

M§> (G, <0) and NS2t(cn, ) follows:
5:  Calculate gains Kfl (Shs o), Kfl (Sn,sy) and

Ki(5h.50): 29, ) RMSE = \/ (2(9) (7, 72) — 26 (. )2
6:  Update state estimates &% (sx,,), 251 (1, <,) and

21 (6n, 60); Based on the established theoretical results, the system state
7. Calculate updated second-order moments P (g;,,), ¢an be estimated and the minimal estimation error covariance

PS5 (G, 60)s P2 (6 60)s MEY (6, 60)s can be obtained at each step. Simulation results are shown in

MS22(gh, <) and NS2:1(qp, 60): Figs. 3-5. The regions are partitioned by N7 = [0, 55] x [0, 55],
§ ifen (L)) and ¢, — 7! then Ny = [0,55] x (55,80], N3 = (55,80] x [0,55], and N, =

. Setc, =, +1and ¢, = 1. (55,80] x (55,80]. In view of Theorem 4, the upper bound

10 else of estimation error covariance converges on Ny, Na, N3, and
11: Set ¢, = ¢, + 1. Ny. For simplicity, we only display the evolution trajectories
12:  end if of (1)(7;,,7,) RMSE in Fig. 3, and the cross sections of
13: end while # (7h,7) and 2 (7,,7,) on 7, = 20 or 7, = 20 in Fig. 4.

Moreover, Fig. 5 plots the trace evolution of the minimal
estimation error covariance P, (74, 7,). The simulation results
recursive initial value for the Ny and Ns areas, and the Ny cor}ﬁrm the effectiveness of the proposed iterative coupled
and N3 areas provide recursive initial value for the N, area, CcStmator.

which means that the calculation order of each area is fixed.

Analogously, it can be seen from Theorem 4 that the minimal ! '
estimation error covariance is convergent at each area.

V. ILLUSTRATIVE EXAMPLES

In this section, a numerical example is provided to demon-
strate the effectiveness of the proposed estimation scheme.

Consider a 2-D system (1)-(3) defined on a finite horizon
[0,]] with & = 80 and d = 25. The system parameters are

#V(n, ) RMSE

given by
[0.1 4 0.01 cos(73) 0.2 0
A1 (Th, ) = 0 0.2 0.1 Fig. 3: Evolution trajectory of 2")(7;,, 7,) RMSE.
i 0 0.140.1e7™ 0
[0.1 0 0.3 4 0.08e~
Ao(n, 1) = |02 0.2+ 0.05sin(,) 0 R
0.2 0.4 0 = Souen St Ser |

Estimate & (7, 7,) on 7, = 20
System State z())(7,,7,) on 7, = 20

Bi(mh,7) = [0.5 0.6+0.01sin(r,) 0.1]"
By(mn,7) = [02 0.3 0.240.01e27]"
() =[8 22 3] Caoy(mm)=[7 2 4]
y(The ) = [6.6 3 28] Cray(m,m)=1[67 4 3]
1)(Thy T0) = 0.15, Fioy(h,7,) = 0.21

(1) (Ths 70) = 0.11, E(2)(7h, 7)) = 0.2.

«

(
(

&

The process and observation noises w(7x,7y), v(1)(Th, To) 4 ‘ ‘ . . . ‘ ,

and v(2)(74,7,) obey the zero-mean Gaussian distributions e o e e ®

with covariance matrices Q(7y,,7,) = 1, R (Th, 7y) = 0.81 i ) (1) )

and Ry (7h,7,) = 0.9. The random variables (1) (7h, ) Fig. 4: Cross sections of &y, ’ (71,, 7») and z\") (73, 7,) on 7, =
and €(2)(7,7,) have variances o(1)(7n,7,) = 0.1 and 20 or 7, = 20.

O’(g)(Th,TU) =0.15.
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