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Recursive Quadratic Filter Design for Non-Gaussian
Systems Under Random Access Protocol: A
Zero-Order Hold Strategy

Shaoying Wang, Zidong Wang, and Hongli Dong

Abstract—This paper deals with the recursive quadratic fil-
tering problem for a class of linear discrete-time systems with
the random access protocol (RAP) and non-Gaussian noises
(NGNs). In order to mitigate undesirable data collisions, the
RAP scheduling, used in conjunction with the zero-order hold
strategy (ZOHS), is exploited in the sensor-to-filter channel. This
coordination of the transmission order of sensors is characterized
by a set of independent and identically distributed random
variables. The objective of this paper is to design a RAP-
based quadratic filtering algorithm within the minimum-variance
framework. The addressed system is first transformed into an
enhanced system, which offers more information about the
RAP and NGNs, by assembling the augmented states (including
the original state and the latest measurement) and its second-
order Kronecker power. With the assistance of two difference
equations, an upper bound on the filtering error covariance
is then established, and the gain parameter is subsequently
designed by minimizing this upper bound. To address challenges
from the RAP scheduling with ZOHS, a matrix decomposition
technique is employed. The effectiveness of the proposed RAP-
based quadratic filtering algorithm is ultimately confirmed by
various simulation results.

Index Terms—Quadratic filtering, random access protocol,
non-Gaussian noises, stochastic system, zero-order hold strategy.

Abbreviations and Notations

RAP Random access protocol

NGNs Non-Gaussian noises

ZOHS Zero-order hold strategy

FEC Filtering error covariance

R™ The n;-dimensional Euclidean space

MT The transpose of matrix M

vec(M) The vectorization of matrix M

st(M) The operation that transfers vec(M) to M
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I. INTRODUCTION

In recent years, the Kalman filter and its variants, including
the extended Kalman filter and the unscented Kalman filter,
have received significant research interest, which stems from
their promising applications in diverse fields such as target
tracking, manufacturing, navigation, and environmental mon-
itoring [8]-[10], [12], [17], [27], [35], [37], [41], [43]. It
is noteworthy that a common assumption made is that both
process and measurement noises are Gaussian with known
covariances. Unfortunately, such an assumption frequently
proves to be unrealistic in real-world systems due to factors
like severe maneuvering and the presence of measurement
outliers [1], [3], [9], [13], [36], [39]. Based on the types
of system noises and specific performance specifications, a
plethora of filtering algorithms have been meticulously de-
veloped and implemented in engineering practices, and some
notable examples are H, filtering approaches [14], [21]-[23],
[32], set-membership filtering schemes [25], [34], and particle
filtering methods [27], [41].

Polynomial filtering, recognized as an effective mechanism
to address non-Gaussian noises (NGNSs), has been the focus
of considerable attention due to its potential to enhance
filtering accuracy. As a result, dedicated research efforts have
enriched the literature with numerous significant findings in
this domain [2], [6], [16], [17], [28], [37]. For instance, an
optimal polynomial filtering issue has been explored in [6] for
linear non-Gaussian systems affected by multiplicative state
noise, extending the study to include the stationary behavior of
such systems. In [16], a minimum-variance filtering challenge
has been extended for stochastic singular systems tainted by
NGNs. More recently, a novel polynomial filtering technique
has been introduced in [37] for estimating the toolface of
dynamic point-the-bit rotary steerable systems. However, it
should be emphasized that deploying high-degree polynomial
filtering algorithms in practical settings can be quite challeng-
ing due to their inherent complexity.

Recently, quadratic filtering algorithms have received
heightened attention due to their ability to strike an optimal
balance between computational complexity and estimation ac-
curacy. Consequently, substantial research has been dedicated
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to the design and development of the quadratic filter, see
e.g. [4], [5], [7], [30], [42]. In particular, the quadratic filtering
problem has been addressed in [42] by emphasizing NGNs
and developing a buffer-aided approach. Meanwhile, robust
quadratic covariance-constrained filters have been formulated
in [20] for linear and non-linear non-Gaussian systems. Fur-
thermore, the feedback quadratic distributed filter has been in-
troduced in [30] for multi-agent systems influenced by NGNss.
Distinct from the traditional Kalman filter, the quadratic filter
is renowned for its superior filtering accuracy (especially in
scenarios dominated by NGNs), which is attributed to its
ability to fully harness the information embedded in the high-
order moments of the state/measurement vector and NGNs.

In an effort to alleviate network congestion and circumvent
data collisions, recent research has shown a burgeoning interest
in communication protocols. These protocols find their rele-
vance in a myriad of applications such as security monitoring,
load balancing, and the allocation and scheduling of computing
and server resources [11], [38], [46], [47]. Noteworthy among
these models are the random access protocol (RAP) [23], [31],
the round-robin protocol (RRP) [19], [29], [44], and the try-
once-discard protocol [24], [26], [33]. Specifically, the RAP
ensures that only a single sensor node accesses the network at
any given time, with the transmission order of these nodes
being dictated by a series of independent and identically
distributed variables. While there have been initial explorations
into filtering challenges under RAP (e.g. [15], [18], [23], [31],
[45], [48]), they have predominantly focused on areas like
artificial neural networks, complex dynamical networks [18],
and nonlinear cyber-physical systems [15]. Regrettably, there
exists obvious gap in addressing the RAP-based filtering issues
for linear non-Gaussian systems, and such a gap serves as a
significant driving force behind our present research.

Given the rising prominence of communication protocols
and the integration of the zero-order hold strategy (ZOHS),
which notably counterbalances measurements that fail to ac-
cess the network at a particular transmission moment, there
has been a resurgence of interest in the associated filtering
challenges [14], [22], [40], [45]. For instance, an energy-to-
peak filter has been introduced in [45] for linear parameter-
varying systems facing time delays and influenced by the RAP.
In [40], the RRP-based filtering problem has been examined
for genetic regulatory networks by taking into account time-
varying delays, stochastic process noises, and circumscribed
external disturbances. It is worth emphasizing that the state
augmentation method, which elevates the system state to
encompass the most recent measurement, emerges as a potent
strategy to navigate the complexities presented by RAP and
ZOHS. While some preliminary insights into the protocol-
centric filtering challenge have been garnered, there remains a
compelling need to intensify focus on the RAP-based quadratic
filtering topic in conjunction with ZOHS.

Building on the aforementioned discussion, this paper sets
out to investigate the recursive quadratic filtering problem
for linear stochastic systems that integrate RAP, ZOHS, and
NGNs. Throughout our research, we have identified several
pressing challenges: 1) how can we effectively navigate the
intrinsic complexities stemming from the combination of RAP

and ZOHS when crafting the quadratic filter? 2) how can we
determine the variance of the process/measurement noises in
relation to the augmented systems in question? 3) how can a
recursive quadratic filter be formulated by taking into account
the influences of RAP, ZOHS, and NGNs? It’s worth noting
that, when juxtaposed with the traditional quadratic filtering
algorithm (which is devoid of RAP and ZOHS influences),
the RAP-centric quadratic filtering problem demands a much
more intricate analysis, and such a challenge necessitates novel
insights and approaches.

In response to the challenges outlined earlier, the principal
contributions of this paper can be underscored as follows.

1) We decompose the coefficient matrices (associated with
the estimation error dynamics), shaped by the interplay
of RAP with ZOHS, into a constant matrix and a random
parameter matrix, and such a step effectively separates
the random variables dictating the transmission order of
sensor nodes from their original matrices.

2) Drawing on the characteristics of the stochastic param-
eter matrices at hand, we undertake a comprehensive
exploration of the statistical attributes of the augmented
process/measurement noises.

3) We propose a novel recursive RAP-based quadratic fil-
tering algorithm tailored for linear non-Gaussian systems
and, subsequent to this design, we delve deeper into an
analysis concerning the upper bound of the filtering error
covariance (FEC).

The structure of this paper unfolds as detailed below. In
Section II, we lay the groundwork by formulating the quadratic
filtering issue for linear discrete-time systems integrated with
RAP, ZOHS, and NGNs. Section III offers foundational lem-
mas alongside the design considerations for the quadratic filter,
while Section IV showcases a simulation example, underscor-
ing the efficacy of the devised quadratic filter. Concluding
remarks and reflections are reserved for Section V.

II. PROBLEM FORMULATION

Consider the following linear discrete-time non-Gaussian
system:

Ts41 :Asxs + Bsws
{ (1

zs =Csxs + Dgyvg

where 5 € R"* is the system state with initial value =z,
zs € R™= is the measurement output, ws and v, denote the
non-Gaussian process noise and measurement noise, respec-
tively. Ag, B, Cs and D, are known matrices with appropriate
dimensions. Also, xg, ws and vs are assumed to be zero-mean
uncorrelated random sequences and their second-, third- and
fourth-order moments are known.

In this study, the RAP is employed to mitigate data colli-
sions. The core principle of RAP is that, at each transmission
moment, only a single node is selected to send data through the
communication network. Assume that the system’s sensors are
grouped into m sensor nodes based on their spatial placement.
The measurement output z; can then be expressed by zs =

[zfs,zgs,... 72«77;75]T € R, where 2, (i = 1,2,---,m)
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represents the measurement from the ¢th sensor node prior to
transmission.

Let (s € {1,2,---,m} be the selected sensor node which
gets access to the communication network at time s. Under the
RAP scheduling, {(s}s>0 can be regarded as a set of mutually
independent random variable sequences, and the occurrence
probability of (s = ¢ is described by

P{¢s =i} =p; )

where p; > 0 (with > p; = 1) is the occurrence probability

for the ith sensor nold_e1 to be selected to transmit. Moreover,
(s is supposed to be independent of ¢, ws and vs.

Denoting the actually received measurement after being
transmitted via the network by

=T T =T 1T
Rs = [Zl,saZQ,sa"' z ] (3)

’“m,s

the updating rule of z; ; (i € {1,2,---,m}) under the RAP
can be characterized by

Zis) 1=

Zis =14 _ N : “)
Zis—1, otherwise.

Consequently, z; can be reformulated in a concise manner as:

Ze=P®c,2s+ (I — P¢,)Zs—1 (5)

where @, = diag{d((s — 1)I,8(¢s — 2)1, -+ ,5(¢s —m)T}.
Defining X1 = [z7,,, 277, the addressed system (1) can
be rewritten as

{Xs+1 :/NISXS—FWS ©)
Zs =Cs Xs + Vs
where
Aot S et el |
Co 2 [ 0, Cs I—3, |,V, 2 & Dyv,.
From (6), we know that
XEL =APIXE 4 ) 17,
2 =CEXP 4+ o) +V, ©
where
Wi 280, n. (A X @ W,) + W — o),
V, 25, (CoXs @ V) + VI — o). (8)

Let us introduce the following augmented state and mea-
surement vectors:

> Xs — 25
X, £ [Xs[z]] . ZsE [2?} :

Then, the resulting system (6) can be further transformed into

Xs+1 :A’s)_(’s + gs + Ws (9)
ZS :C_:SX)S_FBS'F _’5
where
- A, 0 0 - 144
As = ° e s> Ys £ ) WS £ |: =° :|a
N A

Cs 0
o ¢

—

(1>

—
AN
Cs =

I S

0 _ V.
Vv, & { ~° ] . (10
2 ) s
[ o } V.
Based on the available measurements ZS, for the augmented
system (9), a quadratic filter is constructed as follows:

Xs-ﬁ-l\s :A)SX)SIS + gs
Xs+l\s+1 :Xs+1|s + §RS-i-l(ZHs-{-l - Cﬁ"s-ﬁ-ljzv‘sqLHs - ﬁs—i—l)
(11)

where Xs+1|s and Xs+1|s+1 represent, respectively, the one-
step predictor and the filter, and Rs; means the gain param-
eter to be designed. Moreover, the prediction error and the
filtering error are defined as

A 5
Xs-ﬁ-l\s :Xerl - Xs+l|s

Xerl\erl é)(s—i-l - Xs+1|s+1 (12)

and the corresponding prediction and filtering error covari-
ances are given by

o A T
Ss41ls _E{XS+1|5X5+1|5}

Sst1ls+1 éE{X5+1|s+1XZ+1|s+1}' (13)

The objective of this paper is to devise a recursive quadratic
filter in the format of (11). Within the concurrent presence of
NGNs, RAP, and ZOHS, the intent is to ensure that there
exists an upper bound for the FEC denoted as Ssi1js41-
Specifically, a positive definite matrix Js1 1|54 is sought such
that Sg4 11541 < Ssy1|s41- Furthermore, the gain matrix Rs.41
is designed to minimize this acquired upper bound Sy 1|5 1-

Remark 1: The issue of RAP-based filtering for linear
Gaussian systems has been tackled in seminal works such as
[15], [48]. Unfortunately, directly applying these established
protocol-based filtering techniques to non-Gaussian systems is
inadequate as the filtering performance could be largely com-
promised, and this underscores the importance of developing
a novel RAP-based quadratic filtering method in this paper.
The distinctive differences between our work and [15], [48] lie
in the following aspects: 1) the focus of [15] is on the design
of fusion filter for nonlinear cyber-physical systems with RAP
and the denial-of-service attacks; 2) the main objective of [48]
is to propose a protocol-based recursive filter for a class of
linear Gaussian systems and discuss the boundedness of the
associated FEC; and 3) the main contribution of this study is
to design a RAP-based quadratic filter for linear discrete-time
systems with NGNs.

Remark 2: Contrary to the traditional RAP scheduling
model which lacks the ZOHS feature, the ZOHS is incorpo-
rated in the measurement model (4) with hope to make up for
the data lost when sensor node 7 is not selected at the current
moment. This incorporation, though beneficial, introduces a
myriad of challenges when designing the quadratic filter.
Furthermore, as depicted in (11), the devised recursive filter
meticulously considers the ramifications stemming from RAP
scheduling and NGNs. To be specific, the coefficient matrices
@, I — P, and their second-order Kronecker powers in A,
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signify the influence of the RAP combined with ZOHS. Con-
currently, ‘/’(MQ/)S’ <p§/23 ) in gs and hg underscore the implications

of NGNs on the quadratic filter.

III. MAIN RESULTS

In this section, attention is dedicated to the design of the
recursive RAP-based quadratic filtering algorithm. Preliminary
lemmas provide the statistical properties of the augmented
process and measurement noises. Subsequently, a sufficient
condition is established to ensure the existence of an upper
bound of the FEC, and such an upper bound is then minimized
by the design of the appropriate gain matrix Rsyq.

A. Preliminaries

Before proceeding, some useful lemmas are given to facil-
itate the subsequent analysis.
Let us define

e Sy AS O = Sy BS O
AC,S_|: O I:|7-BC,S_|: O O:|7
Cc,sé[cs _I]uéc,sé[o I}u
(I)iédiag{oaov"'507]705"'70}7
— =

1—1

0 ~
\Ili |:(I)i:|7Dc,sé[O DS }7

\IJCS £ Za(cs _Z)\Ijlafys £ |: s :| .
1=1

Us

m—1

(1>

(14)
Then, we have
P¢, = ifm —i)®;, Wy = (Be.s + U¢, Des)7s,
A=Ay 00 Con Gy = BCos 4 G,
A =APL 4+ A, ® (U, Crs) + (U, Ces) @ Ao s
308 —wcE,
i=1

CH =PIl 4+ & Copy @ Ces
+ C~1(:.,5 & ((I)Cs Oc,s) + O£?l,
WS[Q] = [B([f]s + Be,s & (\I/CSDC-,S) =+ (\I/CSD&S)

® Bes + \IJ[Z]DW} 2],

c,s| Is

5)

Lemma 1: The dynamic evolution of the state covariance
o412 E{X,1 X7, |} for the system (6) obeys

1_Is-i-l :AC,SHSAZS + szqucc,snscgsq]?
i=1

+Sym{ A LY pwiCen)f + Q5 (16)
i—1 °
where Q%%) £ E{W,WZI} is given in (22), and Il satisfies

(2)
Iy = [St(%xf’) 8} .

Proof: From the definition of II4;, it follows immedi-
ately that

Moy =E{A X, XTAT} + E{w, W71}

+ E{A X WY +E{W. XTAT}. a7
Utilizing A, in (15) leads to
E{A,X,XTAT}
=Ac JLAL + E{A. X, XT (U, Co )"}
+E{¥, Co X XTAT }
+ E{(‘I’Cscc,S)XsXsT(\IJCch,S)T} (18)
which, together with the following property
, , 6(Cs—1i), i=j
5 i) — ) =4 ST =T )
0, i F ]

and E{6((s — i)} = p;, gives rise to the first three terms in
the right-hand side of (16).

Noting that x5, ws and vs are zero-mean uncorrelated
random variables, we derive that

T RT
B T RO
Then, by substituting (18)-(20) into (17), we arrive at (16) and
the proof is complete.

Next, we are ready to derive QWS £ ]E{WS VT/ST } and Q‘z
E{V.VT}.

Lemma 2: The variance of the augmented noise Ws (ie.,
Q. 2 B{W,WT}) satisfies

E{X. W]} =E [

1> m

Q(fl) Q(P)
_ W W,
Q. = l (Q(Ps)T o (21)
WS Ws
where
Byst(o2) BT 0
Q(ll) N sS (‘P’ws) s m
W, = 0 pi®; Dst(p)DTRT |
i=1
Q%i) éBC7SSt(QO,(Y?;)){B£?l + Bc,s @ (Z pi\IjiDC;S)

i=1

m B R m i .
=1 i=1

+)  piliD, st(l? ){3{3]5 L uPpe

i=1

- - - - T
4 Bes ® (U;De) + (VDo) ® BC,S} ,

AY 24, AT+ A, J1,cn w

+ 0 C L AL+ 0O LT T
AP 2B, st(pP)BY, + Best(p?) DL, 0T

+ \Ifiﬁc7sst(cpfy25))§zs + \I]ibc,sSt((pgyz))Dst\Ij?7
A 2B 4+ By ® (WiDes) + (WiDes) ® Bes + 0 DP,

Q(WQ/Q) 28, in. (Z PiAl(-,ls,) ® Afﬁ)ggﬁnz + szAf;)
i=1 i=1
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xst(efD) A" — o (o))" (22)
Proof: According to the expression of Wy, we have
E{W. W} =E{Bcsvs7: Be )
+ E{Be.s17) (¥e, De
+E{ V¢, De,svs7, BEL}
+E{W¢, Desvs7s (U, Deys)™

Taking the statistical properties of ws and v, into account
yields E{wsvl} = 0. Therefore, (23) guarantees that Q(ﬁl]l)
holds. Furthermore, it can be deduced that :

27T
—ew.] }

Q(12) )
W,
_E{ W s( (24)

<)

(23)

{WS [gnz+nz (/LXS ® WS) + WS[QJ
wEHTY,
in which we have utilized the facts that W is uncorrelated
with X and E{W,} = 0.

Utilizing W and W[ ] in (15), after tedious calculations,
we obtain Q - \) in (22). Moreover, me _ can be computed
as

E{W.W) ZE{[ Spin. (A X, @ W) + WE — o2

(2)} }
(W WT)} Ng+nz

F D S 5/ K .)

Concerning the first term in the right-hand side of (25), we
have

X [Sputn. (AsXs @ W) + WEH
:an-HuE{(A X XTAT)
+E{W AW,

E{ (A, X, xTAT) & (W,w])}
—B{ [Ae, X, XT AT, + Ao X, XTCT 0]
+ VW, Co X XTAL + 9 Co X XTCT W] ]
® [Be,sysve BLy + Besysvf DIOL
+ U Do iyir” Bc,s + W, D,y DL WL}

*Zpl

Applying W

® AP (26)

in (15) and Al defined in (22), we obtain

E{WH(w2)T} = ZpA“”) t(D) (AT,

=1

27
and therefore

‘PE/%/)S = |:B¢[:2]s + Zpch,s ® (\Ijibc,s) + Zpl(\llchs)
i=1

1=1

© Bout Y pou? 1D @ (28)
1=1

22)

Combining (25)-(28), we obtain the expression of Q
and this completes the proof. l
Remark 3: In Lemma 2, the statistical properties of W, are
discussed. These properties appear to be influenced by the sys-
tem coefficient matrices, state covariance, RAP, and high-order

moments of the noises. A noteworthy challenge emerges from
the correlations found among WS, w, and vg during the deriva-
tion. To navigate this challenge, W is first decomposed into
(BC_,S + Ve, f)c_,s)ﬂys, and the augmented noise ~s is introduced
as its high-order moments can be more readily discerned.
Moreover, given the concurrent existence of V. in both

A, and W, the equation IE{(/LXSXSTAST) ® (WSWST)} +

E{(A, X, XTAT)} @ B{W,WT} is yielded. A viable solution
involved isolating W,  directly from the original matrices A,
and W. Subsequent to this, the properties of §((s — i) are
leveraged, for instance, using §((s —4)0(Cs — j) = 0(@ # j).

Lemma 3: The variance of the augmented noise 175 (i.e.,
Qp = E{V,VT}) satisfies

Q(}l) Q(}Q)
Qp, = [ (Q<Y5>)T Q<V52> (29)
v, v,
where
<”> 2 Zplq) Dyst(p®) DT o7,
=1
Q<;j> 23 pi®iDust(pl))(DE)T (@),
1=1
Qi 25 nz{ZpZ [®,C.. J1,CT &7 + . J1,C7
+ 0,0, JLCT, + C. JL,CT 0T @ (@, Dyst(p)

< DTEI}ST 43 il D) (D) ()T

=1
prb o prb

Proof: From the expression of Vs, we see that

E{V.VT} IE{<I><SD vvl DI®L}

= Zp@ Dgst(ep

Moreover, it is not difficult to verify that
E{V,(V.))"}
=E{V,[5,.(Cs X, ® Vi) + VI — o217}
=E{Vi(V, [2]) } = E{(I)QDSUS(ULQ])T(D[Q])T((P[CQ])T}

s s

JoPHT. (30)

2)DroT. (31)

=3 n@ Dt () (D) (@) (32)
i=1
With regard to the last term E{V,V7}, we have
E(V,V7} =E{S,. (C. X, XTCT) @ (V.VD)ST }
+EVIVET) o () 63)

Along the similar line of deriving (26), we obtain
E{(C:X.X{CT) @ (V.V}
=E{[®¢,Co s X XL O (@) + Ce s X, XTCT,
+ & Co o X XICT 4+ Ce X XTCL @ ]
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® (QCSDSUSUZDZQ)?S)}

c,s v 1

=3 pi | @i L CT T + Co ILCE,
=1

+ ®;C. JICL, + Ce JI.CT @

® (®;Dsst(p(2) D @]). (34)

It follows readily from V, = ®¢ D,v, that
v — e, 69)

and gpg)

s

also satisfies

m

=Y poP Dl

=1

2
o

s

(36)

In addition, it is straightforward to see that

E{VEvEHTy

=E{>" 8(¢, — )@l D2 (uf2)T
=1

x (DN (¢, - el

i=1

=" i@ DPst(p(V)(DE)T (817
i=1
Finally, substituting (34)-(37) into (33) results in QgQ) in
(30), which completes the proof. :

(37)

B. Filter Design

In this subsection, an upper bound on the FEC is to be
investigated and, subsequently, the gain parameter Rz will
be designed by minimizing the established upper bound.

Lemma 4: The prediction error covariance 3|, satisfies

m

Ss+1|s :ggl)sﬂs(Agl))T + ggl)sﬂs(z plgfs))T

where

(39)

L
>
—
S
.
9Q
»
o
W s}
1

with
AP 24, @ UCes + U0y @ Ay + 0O,
Proof: Subtracting XS+1|S from X4 yields
Xs+1|s = /YSXS|5 =+ Ws- (40)
Then, it can be deduced that

st+1\s :E{ESXSISXZ]SAZ—‘} + E{WSWE}

6
+ B{Axo W+ B{WoXD ALY @)

Obviously, /_1'5 can be rewritten as follows:
Ay = AP +375(¢ — )AL, 42)

i=1
from which one infers that

E{A’SXSISXZ-"SAZ-'}

o1 (AA)T + Zpig§?295|s(g§1))T
i=1

=1 i=1

=AMg

S

Combining (41) with (43) results in (38), and the proof is
complete. |

Remark 4: It should be noted that a pivotal step in deter-
mining the prediction error covariance involves solving (43).
However, the complexity of A, brought about by matrices
@, and I — P, presents a significant challenge in deriving
E{/YsXs\sXSSAST}- With the application of the matrix de-

composition technique, A, can be simplified as (42), thereby
addressing the identified challenge. Moreover, owing to the
correlation between W, and Vi, ]E{ESXS|SWST } is not a null
matrix, and this allows for an efficient solution to find an
upper bound of s by focusing on E{/LXSBWST} +
E{W,x7,AT}.

Lemma 5: The FEC S|4 satisfies

o _ o o T T
Sotifst1 =Sst1)s — Mer106118 54115 — Sor11sO511 M1

4 3 4
R { Ny + Svmn{ 303 Ry}
i=1 :

i=1 j>i
+Qp, R, (44)
where
A pi(I)iCc,s-i—l + éc,s-i—l 0
®s+1 = =1 -
0 Cs(-Qi-Ql)
= Cc s+1 0 2 q)i 0
Cc7s+1é|: " 2 :|7(I)ié[ 2]=
o o, 0 &
NMS(TB éZpz“i’iéc,erl%eruségsH‘i’?,
i=1
2 2
NMS(2+21) éMng)lcjs-i-l\s(Mng)l)T?
N 0 0 R 0 0
N gy 2 (22) N = (22) )
MU0 Mgy RO Ny
s o 2
NMS(1+21) éZpiq)icc,erlc\\ys-i-l\S(Mng)l)T’
i=1
12 12
R 0 NE\/[(ES) N 0 NE\/[(L)
NM(lsl) = N(2§)+1 7N»M[(141) = N(2§)+1 )
LY Ry | L0 Ny
( 0 ! '
L Cx m ~
NMS<2+31> —Ms+1\fs+1\s 0 Z Pi®iCe 541 @ Cesy1 ’

=1
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0 0
A (2) - m
NMS(2+41) SM St 0 Cowp1 @ (X pi®iCosyir)
i=1
R 5| Y (22> Hy, £0,1],Hy £ [I,0] (45)
M&Eijll) - 0 NM(34) y 411 — s L], 412 — s Yy
s+1
with

65(121) £ Zpiq’?] C([flﬂ + Zpiq)icc,s-i-l ® Ceor1

i=1 i=1
+ CN(c,erl ® (Zpiq)iCC,SJrl) + C£?l+1’
i=1
22 =
N;J(Ze) £ Zpi(q)icc,erl ® Cc,s+1)H1%s+l|sH,1T

-
Il

X

1
((I)icc,s-i-l & C~'c,s-i-l)Tu

m
fo(i@ 23 " pi(Cerspr ® BiCpsy1) HiSopr) HY
st =
X C~'c,s-i-l ® (I)icc,s-l-l)Tu
m
Nglf(zs) = Zpiq)icc,s—i-lHZ%erHsHlT((I)icc,s-i-l & Cc,s-i—l)Tu
st =

Z
SR
2

Il
[z

S

o
+
—
<.
Il
—_

z
=2
I
NE

o
+
—
<.
Il
—_

N(22) AL

S
NE

+

A
-
Il
-

N(22) 'y

st =1

X (Ceysp1 @ BiCrysy1)”.

=
NE

pi(q)icc,erl ® C~1¢2.,s+1)Iflgs—i-ﬂsli,lr

Proof: From Xsﬂ‘sﬂ and X4, it is evident that

Xs+1]s+1 =Xs+1]s — Mo 1(Cstr1Xst1)s + Vey1)
=(I = Ro11Cs41)Xs41)s — Ro1 Vet

and, therefore, 341|541 satisfies

Ssti)s+1 =E{(I — §Rs+1c_:s+1)Xs+1\sXZ+1|s(I —Rer1Cs1)7}
—E{(J = Re1Css1)Xop1s Vi 1 RE 1}
- ]E{%s+1‘/;+1X§+1\s(I - 8%s-‘rlcs-i-l)T}

T
+ éRs-{-l Q‘_/;+1%5+1'
It is easy to see that

E{Xs+1|s‘_/;7—;-l}
=E{(Asxs)s Vil ) +E{W V3 =0

which indicates that 31,11 can be simplified as

Soti)s+1 =E{(I — §Rs+1os+1)Xs+1\sXST+1|s(I —Rep1Csr1)”}

T
+ Rs11 QVSJA%S-H'

piq)?]cg]+1H1%s+l\sH,ir(q)iCc,s+l & éc,s—i—l)Ta
piq)icc,s-i-lH?%erHsH,ir(éc,s-‘rl @ ®;Ce511)7,

pi‘b?]cﬂﬂHl%sH\sH?(C’c,sH & (I)icc,s+1)T7

In order to facilitate subsequent discussion, let us define

4
Oerl = Z Mggl
1=1

where )
S I et
Mie| ]
M), & : 8 cp<5+10675f1 ® Ce ot } ’
Mgi)l = I 8 Cepsi1 ® (‘I?QHCWH)

Then, it is straightforward to verify that

E{Cst1Xs11)sXt1)sCrsi1}

4 4
=E{(>" M Dxerasx Ly O MU )T

=1 =1

4
=S E{MI v ox Gy (MY )T

=1

|

(51

(52)

3 4
+ Sym{E{ZZMngsH\sXZJrus(Mgl)T}}' (53)

i=1 j>i

Next, we move onto the computation of N IVICE It follows
s+1

from the definition of @, that

(I)[Czlﬂ - 25@5*1 - i)q)?]’
=1

and thus Mgi)l can be expressed as

Milﬁl = Zé(Cs—H —i)®;Ceo11.

i=1

Furthermore, one immediately has

m
Ry 2E{3"8(Cort — )i Cersr1Xor1isx s

i=1

X (Z 6(CS+1 - i)i)iéc,s+l)T}

i=1

_§ H.C o T »T
= pi‘I)iCc,s+1\fs+1|ch,s+1q)i .
i=1

Since Mgi)l is a constant matrix, it is derived that

2 2
NM(2+21) éE{M§£1X5+1|sX§+1\S (Mi-zl)T}

:Mgi)lgerlIS(Mgi)l)T'

For the (2,2)-element of NM<33>
s+1 s+1

NG
M3

X ((I)CSHCC,erl & OC,S+1)T}

“For the purpose of open access, the author(s) has applied a Creative Commons Attribution (CC BY) license to any Accepted Manuscript version arising.”

(54)

(55)

(56)
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9 -
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pﬂqs

'((I)icc,erl ® éc,erl)ch\\ys-l-l\sHiT

<.

Il
—~ =

D;Crios1 @ Cear)t. (58)
Along the similar line of deriving N(22(23), we can obtain
N(22(%41) Now, for the term N M2 it is 01;;; that
NMilff £ {; 0(Csr1 — i)éiéc,s+1xs+1|sXST+1|s(Mgi)l)T}
= Zpi‘i’iéc,s+1 gs+1|s(/\/lf+)1)T~ (59)
i=1
For the terms Ng\if(i? and N(22(33), we know
NS\Z% SE{(®¢,,,Cops1)HoSsy1s HY
X (P, Ceror1 ® Cesi1)T}
= Zpifbicc,sHHz%erl\sHlT
i=1
X (®:Cc,541 ® Clr)" (60)
and
NS\Z% —E{‘I)[Z]H c25+1H1$s+1|sH1T
X (Pe 1 Ceroq1 ® Cesr1)}
=3 @O BT
i=1
X (PiCe,s1 ® Cosp1)" (61)

(12)

Similarly, we can derive N 0D and N(22<24) Meanwhile, it is

s+1
straightforward to show that

2 3
NM52+31) éE{MFs—BleJrl\sxz-i-l\s(Mg-zl)T}

o 0 0 g
_ o m -
_M5+1Js+l|s 0 Z pi¢i0675+1 ® Oc,erl
i=1
4
Ry e 2EIME g (M)
o 0 0 g
_ o - m
_MS+1\Ss+1|s 0 Oc,erl ® (Z pi(I)iOc,erl)T
i=1
(62)
For the term N(22(g4), one has
4s+1
22
Ngws(sz E{((I)C s+1 Cc s+1 & Cc s+1)H1\Ys+1\sH1
X (CC-,erl ® (I)Cs+1CC-,s+1)T}
= Pi(®iCe o1 ® Ces1) HiSops HY
=1
( c,s+1 ® d; Cc s+1) . (63)

Utilizin} (51), after the tedious algebraic manipulation, we
have E{C511} = ©s;1. Finally, substituting (56)-(63) and
O into (50) leads to

x _Cx x x T T
\Ys+1\s+1 _\Yerl\s - éRs-{-lgs-i-l\strl\s - \Yerl\s@erléR

+ §Rs+1{z Ry + Sym{z Z Ryt }} st1

=1 j>1

+ §):Eerl Q‘75+1 s+1» (64)

which completes this proof. |

Remark 5: Up to this point, the FEC 4,41 has been
presented in Lemma 5 for the proposed quadratic filtering
algorithm. Significant effort has been dedicated to addressing

_’T el e
the core term E{CS+1XS+1|SXS+1|5 Cyy 1} within & \ys+1‘s+1 In

detail, the matrix CS+1 is partitioned into four terms ./\/lS 1
(¢ = 1,2,3,4) in an attempt to isolate ®._, . Leveraging
the properties of 6(¢s — 7), W G 18 subsequently derived,
which effectively addresses the cﬁaﬁlenges posed by the RAP
combined with ZOHS.

Theorem 1: Let 71 s > 0 be a given scalar. With the initial
condition g9 = §0|0 > 0, if the following Riccati-like
difference equations

C\_\ys-i-l\s :(1 + 7'1,5) [/Ygl)§s|s(/ﬁl)):r =+ ZPZA’Z()?S)C}S‘S(AEI))T

=1
+ Agl)gsb(zp A + ZplA( )‘Ss|s A(Z))T:|
=1

+(1+71.)Qy, (65)
§s+1\s+1 :§s+l\s - %5+1®S+1§5+1‘5 - §S+1‘S@Z+1§RT

+ Reta {Z NMm) + Sym{z Z NMm) }

i=1 j>1
+9yp,, }%ZJA (66)

have positive-definite solutions C\_‘ysﬂ‘s and §S+1|5+1, then the
inequalities

%erl\s S Ss+1|su %erl\erl S gs+1|s+1 (67)
hold for s > 0, where NM@J) (i,j = 1,2,3,4) are derived
from N i) through replacmg Ssq1)s Y S \ss+1|s

Proof This theorem will be proved by the mathematical
induction method. Clearly, it is known from the initial condi-

- tion that Sgjp < So|o- Assuming that J,, < I holds, we

need to prove \ss+1|s+1 <& Sst1]s+1-
Using the following elementary inequality

GHT + HGT < 7667 + +'HHT

where G, H are known matrices and 7 is a positive scalar, we
have

(68)

E{ngs\ WT} +E{W5X§F\ ET}
<n sE{AsXs\sXs|sA H+ TflE{W wry.
Based on (38) and (69), it is verified that

(69)

o~
\ys-ﬁ-l\s
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(14 71, B{ Ao x DALY + (L4 7 DE(WIW]}

=(1+ 71,6) [ AL, (AT + szfﬁ )G, (AD)T

+A’§1)%s|s(2pi/¥( NT
i=1

+ (14709, (70)

Bearing the assumption S, < @S‘S in mind, one has
Sst1s < Ssqils- On the other hand, the difference of
Sst1]s+1 — Sst1]s+1 can be formulated as

<3 Cx
‘Ss+1|s+1 - ‘Ss+1|s+1

=E{(I = Ro11Cor1)(Saras = Sarra) (I = RepaCar1) "}
(71)

From Sy < @S“‘S, it can be concluded that
Set1]s+1 < Set1]s41, Which completes this proof. [ |
Remark 6: From (65)-(66), it can be observed that the FEC
is significantly influenced by the RAP, ZOHS, and NGNs.
Specifically, the presence of p;, and ®; in NM(”) signifies

the impact of the RAP. Meanwhile, the terms <p§33 s 907(175)

(j = 2,3,4), found in Q. and Qp , highlight the effect
of the high-order moments of NGNs on §S+1|S+1‘

In what follows, the optimal filter gain will be designed to
minimize the aforementioned upper bound.

Theorem 2: The upper bound of the FEC 1541 in (66)

is minimized by the gain matrix as follows:

§R5+1 = §5+1‘S®S+1QS+1 (72)
and the corresponding minimal upper bound is given by
§s+l|s+1 :C\_\ys-i-l\s - C\_\ys-l-l\s@Z.g-lQ;J:l@erlc\_\ys-i-l\s (73)
where
Qo1 2 Z Ry + Sym{z ZN [m)} +Qp,, (14

i=1 j7>1i

Proof: Taking the partial derivation of tr(%sﬂ‘sﬂ) with
respect to the parameters Rs 1, we have

(’“)tr(§5+1|5+1)

= 2§s+1|s®§+1 + 2§Rs+le+1- (75)
8%5+1
Letting B
8tr(%s+1‘s+1) . O
a%s-i—l ’
we obtain

Ror1 =Sei1s951 20, (76)
which is (72), and the proof is complete. [ |

Remark 7: In Theorems 1-2, we develop a RAP-centric
quadratic filtering algorithm grounded in the minimum-
variance paradigm. To initiate the process, the underlying
system is morphed into an enhanced version that reveals more
about the interplay of RAP and NGNs, which is achieved by
consolidating the augmented states (comprising the original
state and the most recent measurement) and their second-
order Kronecker powers. Subsequently, with the support of two

distinct equations, an upper bound for the FEC is defined and,
based on this upper bound, the gain parameter is meticulously
devised. Given the intricacies introduced by integrating RAP
scheduling with ZOHS, the matrix decomposition method
proves indispensable in ensuring the practicality and efficiency
of the proposed filtering algorithm.

Remark 8: So far, a novel quadratic filtering scheme has
been introduced for linear discrete-time systems subjected to
RAP, ZOHS and NGNs. When compared to existing literature
on RAP, the filtering results presented in this study possess
several distinctive features: 1) the filtering problem addressed
is new since the combination of RAP scheduling with ZOHS
has been explored for the first time in the context of linear
non-Gaussian discrete-time systems; 2) a unique processing
technique is developed to leverage matrix decomposition to
separate the influence of RAP on the FEC; and 3) the pro-
posed RAP-based quadratic filtering algorithm is innovative
which seamlessly integrates information from RAP, ZOHS,
and NGNs within a unified framework.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, a simulation example is given to show the
validity of the designed quadratic filtering scheme under the
RAP.

Let us consider a linear non-Gaussian system with param-
eters given by

A 035 0.4sin(s) 5|01
*710.15 0.2940.3cos(s)|’ ~F |0.1]”

02 0.8 0.1
Cs = {0.5 0.3] ) De= {0.1} '

In this simulation, the sensor nodes are chosen as m = 2,
and the occurrence probabilities of the RAP scheduling are
taken as P{(s; = 1} = 0.6 and P{(; = 2} = 0.4. The initial
state vector o obeys the Gaussian distribution with E{xo} =
0 and E{z2} = 0.0113. The non-Gaussian noises w; and v
satisfy the following relationships

ws = — 0.4py, + 0.6(1 — @y,)

vs =0.2¢0,, — 0.8(1 — )

with the probability distribution of ¢,,, and ¢, being

P{(pws = 1} =0.6, ]P){Spws = 0} =04,
P{p,, =1} =0.8, P{p,, =0} =0.2.

Also, we set 71 s = 0.5 and provide the 2nd, 3rd and 4th-order
moments of w, and v, as follows:

E{w?} =0.2400, E{w?} = 0.0480, E{w?!} = 0.0672,
E{v?} =0.1600, E{v3} = —0.0960, E{v!} = 0.0832.

Utilizing the quadratic filtering scheme presented in this
paper, the simulation results are illustrated in Figs. 1-6. The
trajectories of the system state z; = [215,22,]7 and their
estimates are given in Figs. 1-2, from which we can observe
that the designed RAP-based filter can effectively track the
system states. Figs. 3-4 depict the curves of the upper bound
of FEC and the mean square error (MSE). It is obvious to
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see that the curves of upper bound are always higher than
those of the MSE, which is consistent with our filtering
result. Moreover, for the proposed quadratic filter and the
linear filter that only uses Zz;, we plot comparison curves
of their MSEs in Figs. 5-6, respectively. These comparison
results provide additional evidence for the superiority of the
RAP-based quadratic filtering method in enhancing filtering
accuracy.

0.2
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0 10 20 30 40 50 60 70 80 90 100

0.1 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

Fig. 2. @2 and its estimation T 4,

T T
— Upper bound
— MSE

MW

0 10 20 30 40 50 60 70 80 90 100

Fig. 3. The upper bound and MSE for 1

V. CONCLUSIONS

In this paper, the RAP-based quadratic filtering algorithm
has been developed for an array of linear non-Gaussian

10

T T
Upper bound
MSE

- UL
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Fig. 4. The upper bound and MSE for 2 s

<107

Quadratic filter
Linear filter

MSEs

| | \
3 | | | . H

VIV

Fig. 5.
T1,s

Comparison of MSEs between quadratic filter and linear filter for

systems, where the ZOHS has been introduced to offset the
lost measurement. The associated enhanced system, involving
more information about the RAP and NGNs, has been con-
structed in terms of the state/measurement vectors and their
corresponding second-order Kronecker powers. On this basis,
a recursive quadratic filter has been designed. Some sufficient
conditions have been given to guarantee the existence of an
upper bound on the FEC, and then the optimal gain matrix
has been designed by minimizing such an upper bound. A
matrix decomposition method has been given to address the
issues caused by the RAP with ZOHS. Finally, the presented
RAP-based quadratic filtering scheme has been confirmed by
a numerical example.
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