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PID Containment Control for Multi-Agent Systems
With Multi-Rate Measurements Under Sensor
Resolution Constraints
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Abstract—This paper investigates the proportional-integral-
derivative (PID) containment control problem for a class of
linear multi-agent systems with multi-rate measurements under
the constraint of sensor resolution. The sensors of agents are
classified into two distinct groups, characterized by their rel-
atively fast and slow sampling periods. The concept of sensor
resolution is introduced to quantify the ability of sensors to
detect the smallest changes in information. A PID controller
with an improved structure is proposed to achieve containment
control, ensuring that follower agents remain within the convex
hull formed by the leader agents. The closed-loop system is
reformulated into a simplified representation, incorporating both
sampling characteristics and communication topology. Sufficient
conditions are then derived to guarantee the exponentially
ultimate boundedness of the tracking error. Based on these
conditions, an iterative algorithm is developed for computing the
required controller gains. Finally, a simulation study, along with
comparative analyses, is conducted to validate the effectiveness
of the proposed approach.

Index Terms—Multi-agent systems, sensor resolution, multi-
rate measurements, proportional-integral-derivative (PID) con-
trol, containment control.

I. INTRODUCTION

A multi-agent system (MAS) is a framework in which mul-
tiple intelligent agents interact within a shared environment to
achieve designated objectives. In recent decades, the cooper-
ative challenges associated with MASs have been extensively
studied due to their wide-ranging applications in unmanned

This work was supported in part by the National Natural Science Foundation
of China under Grants 61933007, 62273087, and U21A2019, the Startup
Foundation for Introducing Talent of Nanjing University of Information
Science and Technology under Grants 1083142501018, and 1083142401006,
the Hainan Province Science and Technology Special Fund under Grant
ZDYF2022SHFZ105, the Royal Society of the UK, and the Alexander von
Humboldt Foundation of Germany. (Corresponding author: Zidong Wang.)

Yezheng Wang and Fan Wang are with the School of Automation, Nanjing
University of Information Science and Technology, Nanjing 210044, China.
(Emails: wangyz_sdust@163.com; wangfan.92128@gmail.com).

Zidong Wang is with the College of Electrical Engineering and Automation,
Shandong University of Science and Technology, Qingdao 266590, China;
and is also with the Department of Computer Science, Brunel Univer-
sity London, Uxbridge, Middlesex, UB8 3PH, United Kingdom. (Email:
Zidong.Wang@brunel.ac.uk).

Lei Zou is with the College of Information Science and Technology,
Donghua University, Shanghai 201620, China; and is also with the Engineer-
ing Research Center of Digitalized Textile and Fashion Technology, Ministry
of Education, Shanghai 201620, China. (Email: zouleicup@gmail . com).

Hongli Dong is with the State Key Laboratory of Continental Shale Oil,
Northeast Petroleum University, Daqing 163318, China; is also with the
Artificial Intelligence Energy Research Institute, Northeast Petroleum Uni-
versity, Daqing 163318, China; and is also with the Heilongjiang Provincial
Key Laboratory of Networking and Intelligent Control, Northeast Petroleum
University, Daqing 163318, China. (Email: shiningdhl@vip.126.com).

aerial vehicles, multi-robot systems, distributed sensor net-
works, and other domains. In practical engineering contexts,
typical cooperative behaviors include consensus, formation,
containment, and tracking [4], [5], [15], [18], [19], [37], [44].
These behaviors have attracted considerable research attention
from both practitioners and theorists. In MAS research, key
considerations involve the utilization of communication topol-
ogy and the associated computational overhead, both of which
have a significant impact on the feasibility and effectiveness
of the implemented control protocols.

The containment control problem, recognized as a critical
issue in the study of MASs, has attracted significant research
interest in recent years. Containment refers to the process
of driving all followers into a specific geometric region,
typically a convex hull, which is defined by the leaders under
a designed control protocol. This concept possesses substantial
practical significance, particularly in applications involving
obstacle avoidance. A foundational study on containment
control has been presented in [16], where a hybrid “stop-
g0” policy has been employed to ensure that the followers
remain within a predetermined constrained area for safety.
Subsequent research has extensively investigated containment
problems across various MAS configurations, contributing to a
substantial body of literature [8], [9], [20], [40]. For instance,
in [6], a distributed containment control approach has been
proposed for double-integrator MASs. Furthermore, in [7],
an event-based containment protocol has been developed for
general linear MASs, where a boundedness index has been
introduced to evaluate containment performance.

In practical scenarios, obtaining complete state information
of MASs is notably challenging, primarily due to limitations
in measurement capabilities. Consequently, either relative or
absolute sensor measurements are commonly leveraged for
control purposes. A prevalent assumption in the literature is
that the sampling periods of various sensors are identical,
which simplifies theoretical analysis [21], [23], [27], [31],
[32], [38], [42], [46], [47]. However, this assumption does not
always hold for MASs with complex dynamics, as the sam-
pling periods often depend on the types of sensors employed.
In MASs, different sensors are typically utilized to measure
distinct signals, resulting in a multi-rate phenomenon. For
instance, in mobile robotics, global positioning systems, which
operate at a relatively low sampling frequency, are used for
positional detection, whereas speed transmitters, which have
a higher sampling frequency, are employed to meet real-time
requirements. This disparity in sensor sampling rates intro-
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duces diverse time scales within the system, posing significant
challenges for system analysis and controller design. Recent
advancements have led to the development of several effective
methods for addressing these multi-rate phenomena in both
centralized and distributed systems [1], [10], [11], [22], [35],
[43].

In addition to sampling frequency, resolution constitutes
a critical parameter of sensors, as it quantifies their ability
to detect the smallest variations in measurements [17], [29],
[30]. Sensors with low resolution exhibit reduced sensitivity
to changes in the target, leading to substantial deviations from
actual values. If not properly addressed, measurement errors
induced by insufficient resolution can significantly degrade
both estimation and control performance. Current research on
sensor resolution primarily focuses on resolution modeling and
the associated filtering challenges. For instance, in [2] and
[3], tracking issues arising from erroneous measurements due
to sensor resolution have been investigated in the context of
multiple maneuvering targets. Additionally, in [35], a recursive
state estimator has been developed for time-varying systems,
with full consideration of resolution effects.

In the domain of control theory, proportional-integral-
derivative (PID) control is recognized as one of the most
established methodologies, with its origins traceable to the
1930s. Despite the emergence of numerous advanced con-
trol strategies over the decades, PID control continues to
be widely utilized in contemporary industrial applications.
This enduring relevance can be attributed to its advantages,
including clear physical interpretation, significant robustness,
and ease of tuning [12]-[14], [39]. The PID control technique
has been demonstrated to be effective in handling system
complexities such as uncertainties and time delays and is
extensively applied to stabilization, tracking, optimization, and
performance enhancement tasks in various complex systems.
Recent advancements in MASs have led to investigations
into PID-based cooperative control. For instance, in [24] and
[25], PID-based approaches have been examined for tracking
problems, addressing challenges related to communication
delays and uncertainties. Additional representative studies on
this topic can be found in [26], [28], [34], [36], [45].

By reviewing the literature on the relevant engineering
complexities, the following observations have been made. 1)
Regarding sensor resolution, the majority of existing research
has focused on mathematical modeling and filtering issues [2],
[3], [35], while comparatively limited attention has been given
to control problems, particularly in the context of distributed
control. 2) With respect to MASs, PID-like control strategies
have primarily been developed for tracking or consensus tasks,
whereas the problem of PID-based containment control under
the combined constraints of multi-rate sampling and sensor
resolution remains largely unexplored. These identified gaps
in the existing body of knowledge serve as the motivation for
the present study.

Based on the above discussions, the bounded PID contain-
ment control problem is examined by assessing the impacts
of sensor resolution and multi-rate sampling on system per-
formance. The objective is to understand how these factors
influence the stability, accuracy, and responsiveness of MASs

under practical constraints. The key challenges addressed in
this study are as follows: 1) analyzing how sensor resolution
and multi-rate sampling affect the overall performance of
MAS:s, particularly in terms of stability, transient response, and
steady-state accuracy; 2) developing a viable and computation-
ally efficient algorithm for determining PID controller gains
that ensure effective containment control, and the proposed ap-
proach must account for constraints imposed by heterogeneous
sampling rates and resolution limitations while maintaining
robustness against uncertainties; and 3) exploring adaptive
tuning mechanisms to dynamically adjust control parameters
in response to changing sensor characteristics, ensuring that
variations in measurement precision and sampling intervals
do not degrade system performance.

In response to the identified challenges, the main contribu-
tions of this paper are summarized as follows.

1) The PID containment control problem is, for the first
time, investigated for general linear MASs consisting
of multiple leaders and followers. A comprehensive
measurement model is established to encapsulate the
combined effects of multi-rate sampling and sensor
resolution, providing a more realistic representation of
practical systems.

2) A novel variable transformation technique is introduced
to derive a concise system model. Based on this for-
mulation, sufficient conditions are established to ensure
the boundedness of the tracking error systems, offering
theoretical guarantees for stability and performance.

3) By leveraging the underlying topological structure, an
iterative algorithm is developed for computing the PID
controller gains while simultaneously optimizing rele-
vant index parameters. The proposed method is designed
to be independent of the total number of agents in the
MAS, ensuring scalability and applicability to large-
scale systems.

The remainder of this paper is organized as follows. Sec-
tion II provides a description of the fundamental problem,
including the system, measurement, and controller models,
along with a detailed explanation of the control objectives.
Section III presents the main results on boundedness analysis
and controller design. In Section IV, a numerical example is
provided to validate the effectiveness of the proposed method.
Finally, Section V concludes the paper.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Preliminaries

In this paper, we consider a class of MASs composed of R
(R € N;) agents in which W (W € Ny, W < R) agents
function as followers and the remaining R — W agents act as
leaders. Without loss of generality, we use indices 1,2,--- , W
to represent followers, and W + 1, W 4 2,--- | R to denote
leaders. For such a system, agents exchange information
according to a fixed topology, represented by an undirected
graph G = {V,E, A}, where V £ {1,2,--- R} is the node
set; K = {(ilvjl)v (i2,j2)7 o } € {(Zv.])hv] =12 ’R}
is the edge set; and A = [a; ;)i j=1....r corresponds to the
weighted adjacency matrix with non-negative elements.
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A positive weight a; ; > 0 signifies that: 1) agent ¢ can
receive the information from agent j; 2) agent j is a neighbor
of agent 4; and 3) (j,¢) € E. Here, self-edges are not allowed,
ie., (i,i) ¢ E for Vi € V. The set of all neighbors of
agent i is defined as N; = {j|(j,i) € E}. An agent is
classified as a leader if it has no neighbors; otherwise, it is
designated as a follower. Define the in-degree of agent i as
d; = Eje/\/i aj,j with D & diag{dl,d2,~ .- ,dR}. Then, an
auxiliary topological matrix is defined as L £ A — D.

Since the R — W leaders have no neighbors, the matrix L
in this paper has the following specific form:

L Ly
Or—wyxw  O(R—w)x(R—W)

where L1 € RWV*W and L, € RW*(E-W),

Regarding the topology of the considered MASs, the fol-
lowing assumption, lemma, and definition are presented.

Assumption 1: [7] For each follower, at least one leader
has a directed path to that follower.

Lemma 1: [7] Under Assumption 1, the matrix L, is nega-
tive definite. Furthermore, the matrix 7L1_1L2 is nonnegative
and the sum of each row equals one.

Definition 1: [7] For a set of points of H
{h1,h2,--- ,h:}, its convex hull Co(H) is defined as

Co(H) £ {i@hb h, € H, 8, > o,i@ - 1}.
=1 =1

To facilitate the subsequent discussion, two sets associated
with followers and leaders are defined as follows:

F£{1,2,--- , W}, LE{W+1,W+2,---,R}.

B. System Model

Consider the following linear homogeneous MASs:

llfi(Tn_;'_l) :Al‘Z(Tn) + B’LLZ(T”) + EWZ(Tn)7 1€ ]F,
xj(Tn-&-l) :ij(Tn) + EUJj(T7L), jel
1

where T,, is the n-th update instant of states. For the i-th
agent, z;(7T,,) € R is the state variable; u;(T},) € R is the
control input; w;(7T},) € R° is an amplitude-bounded noise
term satisfying w! (T,,)w;(T,,) < @; with @; > 0 being a
known scalar; o,, 0,, 0, are known positive integers; and A,
B, E are known constant matrices.

Remark 1: The linear homogeneous MASs (1) provide a
versatile framework for modeling a wide range of large-scale
engineering systems, including generic vehicles, autonomous
mobile robots, and quadrotor systems. Owing to their model
simplicity and broad applicability, such systems have been
extensively studied in the literature.

For each agent, the employed sensors operate with different
sampling periods. The ideal multi-rate measurements (without
considering sensor resolution) are modeled as follows [48]:

{ yl (1) = Clai(T,) + Flwi(T),

s s s 2
Yi (tn) = Coi(tn) + Fowi(tn)

where the superscript “f” means the fast-sampling-related
terms, and the subscript “s” means the slow-sampling-related
terms; ny (T,) € R°w is the output with a relatively fast
sampling frequency, while y{(¢,) € Rz is the output with
a relatively slow sampling frequency; ¢, is the n-th slow
sampling instant; and Cf, ¢, Ff and F* are known matrices
with proper dimensions.

Assumption 2: [48] The period of slow sampling is m
(m € N;) times the period of fast sampling, i.e., t,+1 —t, =
m(Tyn+1 — Ty). In addition, the initial sampling instant of
sensors is the same, ie., to = 1Ty = 0.

Definition 2: [35] Define y; 4(-) as the g-th element of
the i-th agent’s measurement. If y; ,(-) takes values in the
set {kry|lry > 0,k = 0,£1,£2,--- ,+e} with ¢ being a
given positive integer, then r, is called the resolution of the
corresponding sensor.

By taking the sensor resolution into account, for the original
measurement outputs y(7,), the actual measurements are
given as follows:

* (T,
f’“q( )Jr* vio(T) > 7

* q’
Tq

g;q(Tn) = 0, — r; < yzq(Tn) < ’I“:;
Yiqg(Tn)
B (o <
3)
where the superscript “x = f” denotes the fast-sampling-

related variables or parameters, and the superscript “x = s”
denotes the slow-sampling-related variables or parameters.
Specifically, for ¢ = 1,2,---,0,, and ¢ = 1,2,--- ,0y,,
yzf () is the g-th element of y1f (T,) and y; ,(t,) is the t-th
element of y? (¢,,); r{; and r; are known scalars. In formula (3),
the resolution level of each sensor in two groups with different
sampling rates is allowed to be diverse, which is effective in
representing the complex sampling cases in reality.

Define the following resolution-introduced output differ-
ence:

{ Al () 25! (1) — vl (T, “
A;,L(tn) é g;,b(tn> - y;)b(tn)
Then, one has
{ﬂ{q(Tn) —yl (T)+ Al (T,
Ui, (tn) = vi (tn) + A7 (tn).

We further define the following augmentation vector:

[ Qél(Tn) Fia(tn)
gj{(Tn)é yi,QFTn) , ﬂf(tn)é yi,Q:(tn) |

3o, (T) B (tn)

[ AT 1 (t)
Mgy e | AT | e | el

A, (T AL, (ta)
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For notation convenience, let n = T}, and denote §;(n) as
the overall output of agent ¢ (i € V) under resolution effects.
According to Assumption 2, we have

5/ (n) if mod(n,m) =0

[ﬂf M . if mod(n, m) £ 0.

Note that the multi-rate measurement introduces a switching
phenomenon in (5). By introducing the following binary
switching variable:

1, if mod(n,m)=0

b(n) = {O, if mod(n, m) # 0, ©

and considering (2)-(5) simultaneously, we obtain

§i(n) = Comyzi(n) + Foiywi(n) + A gy (n) (7
o

_ cf _AFf
CS:|7CO |:O:|aF1_|:Fs:|7

5] s 3] s 7]

where

(1>

9|
>

gjﬂ
>

One can infer from Assumption 2 that 6(n) is deterministic
and known, which facilitates the construct of the sampling-
dependent controller.

The containment control problem presents considerable
challenges due to its inherent multiple constraints. To stream-
line subsequent analysis, we define the following virtual
reference trajectory:

z*(n) 2 (L7 Ly® I,,) 2°(n)
where

2(n) 2 [2f 1 (n) ol () ah(n)]"

According to Lemma 1 and Definition 1, this virtual trajec-
tory constitutes a convex hull spanned by the leader agents
W+ 1,W 4 2,--- | R. Consequently, the containment con-
trol objective can be equivalently reformulated as a tracking
problem, wherein all follower agents are required to converge
to *(n) while satisfying prescribed performance constraints.
This transformation enables the evaluation of containment
control performance through the analysis of the tracking error
with respect to the virtual reference trajectory.

C. PID Controller

To achieve the desired tracking task, the following PID
containment controller is constructed for agent i (i € F):

wi(n) =Kpom) »_ aijei;(n)

JEN;
+ K[,,g(n) Z am Z 62'7]'(71 — O’)
JEN; o=1
+Kpom) Y aij(eijn) —eij(n—1) ®)
JEN;

where ¢;j(n) £ §j(n) — i(n) and Kpouy, Krom).
Kpom) € RO*% (0, £ 0y, + 0y,) are control gains to
be designed.

Remark 2: In the proposed PID controller (8), the error
between the measurements of agents and their neighbors is
utilized to generate control laws, with the objective of achiev-
ing containment. Specifically, the controller gains are designed
to be dependent on the switching signal 6(n), enhancing the
flexibility of the design. Moreover, the integral (accumulative)
term is constructed based on a fixed time window to reduce
the computational and storage burden on agents. As compared
to the traditional PID controller, the proposed one enjoys
more design degrees of freedom and is thus more effective
in controlling large-sale MASs under multiple constraints.

Denoting the following augmentation vector:

)",

one obtains the closed-loop system as follows:

z%(n) £ [21(n) 2§ (n)

2*(n+1) = (Iw ® A+ L1 @ BKg(;)Co(n)) z“(n)
+Lo® BK@(n)C’g(n)Z‘b(n)
+ L @ BKg(n)Fp(nyw(n)
+L® BKg(n)Ag(n) (n) + Iw ® Ew®(n)

+ Z Li® BKU,G(n)09(7L—U)xa(k - J)

o=1

+ Z Ly ® Bkcrﬁ(n)c_ve(nfo')xb<k - U)

o=1

+ Z L ® BKU,G(n)Fb(nfo')w(n - U)

o=1

+ Z E ® BKU,Q(n)AO(n—U) (TL - O') (9)

o=1

and
2*(n+1)= (Ip_w @ A)2°(n) + (Ir_w @ E)wb(n) (10)

where

() e ()]
e | 7wwA{war
ow () wn(n)
o o
A2 | Agmy 2 | T
A1 (n) Aro(n)

Define the tracking error of states by

z(n) £2%(n) — (7L1_1L2 ® Iow) :zzb(n).
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Then, based on (9)-(10), we obtain the tracking error system
as follows:

Z(n+1) = (Iw ® A+ L1 ® BKy(»)Co(n)) T(n)

+ Z L1 & BKU,H(n)CVH(TLfJ)j(n - U)

o=1

+ (i ® BKo(n)Fony + (Iw ® E)fi) w(n)

+ Z L® Bka.ﬂ(n)F_‘G(nfa)w(n —0)
o=1

+ L ® BKp(n)Dg(n)(n)

+ Z L® Bkg,g(n)Ag(n,g) (n - U)

o=1

Y

where

L2 [Iwo, Owoux(R—W)o.]
+ L7'Ly [0r—wyxw  I(r-w)] ® Lo, .

Due to the complex coupling terms in (11), analyzing the
dynamics of the error system is highly challenging. To facili-
tate the theoretical derivation, system (11) is first transformed
into a more concise form.

From the topological structure and the definition of matrix
L, it is known that L, is a symmetric and negative definite

matrix. Thus, there exists a matrix M € RW*W (satisfying
MTM = I) such that

MLy M = diag{\1, Ag, -+, Aw} £ ©

where 0 > Ay > Ao > --- > Ay are eigenvalues of matrix
L;. Then, by defining £(n) = (MT ® 1,,)%(n), system (11)
is transformed into the following form:

En+1)= (IW, ® A+ O @ BKg(n)Cyn)) £(n)
+ ZU: (@ ® BRC,,(,(”)C*G(”,G)) £(n— o)
+ Zvlv ® BEg(n) Fyny) @(n) + (Iw @ E) & (n)
+ i (1w ® BEq o) Fono) ) (n — 0)
+ Z;vlv ® BEg(n)) Do(n) (1)

+>° (1w © BRo o)) Dou-o)(n =) (12)

o=1
where
w(n) = (MTE ® I, )w(n),
AQ(n) (n) £ (MTE & [Oy)AQ(n) (T'L),

o(n) 2 MT @ I,,))w(n) + (MTLT Ly ® I, )w’(n).

Remark 3: An auxiliary topological matrix is defined as
L £ A — D, whose first diagonal block of L is negative
definite, which simplifies the representation of the closed-loop
system dynamics by avoiding an explicit negative sign in the
governing equations. Note that, the introduced matrix and the
standard Laplacian matrix L* £ D — A are mathematically
equivalent up to a sign inversion. All spectral properties

(including eigenvalue analysis and connectivity) remain con-
sistent, with the eigenvalues of L* = D— A being non-negative
and those of L £ A — D being non-positive. Crucially, the
design process is unaffected by this sign convention.

Before presenting the main results, the following definition
of boundedness is introduced.

Definition 3: [39] The closed-loop tracking error system
(12) is said to be exponentially ultimately bounded if there
are constants v; > 0, 1 > vy > 0 and vz > 0 such that

(n)€(n) < vivr + vy

where vg is referred to as the asymptotic upper bound (AUB)
of the variable 7' (n)¢(n).

The aim of this paper is to design PID controllers that ensure
the exponentially ultimate boundedness of system (12) while
minimizing the AUB of the tracking error £7(n)&(n).

III. MAIN RESULTS

Lemma 2: [35] For multi-rate measurement output (2), the
resolution-introduced error defined in (4) satisfies

AL (Tl < vl A3, (t)] < 7

Lemma 3: [41] Given real matrices X = X7, Y, Z and
N with proper dimensions and satisfying NTN < I, the
following inequality

X+YNZ+Z'NTYT <0

holds if and only if there exists a scalar p > 0 such that

X * *
YT —pI % | <O.
Z 0 —pI

A. Boundedness Analysis

In the following theorem, a sufficient condition is presented
to guarantee the boundedness of tracking error system (12).

Theorem 1: Consider the tracking error system (12) satisfy-
ing Assumptions 1-2. Let two scalars pq1 > 0,1 > uo > 0 and
controller gains be given. Then, the closed-loop system (12)
is exponentially ultimately bounded if, for v = 1,2,-.-,5,
¢=0,1,¢,=0,1(r=0,1,---,5), there exist three positive
definite matrices Py € R%*% P} € R%*% () € RO
and scalars o, > 0 such that

T _
¢c0,01,~~ c 5(p00761»"'7(36 + FC'(J <0

<o (13)
(T4 p)™ (1 = o) < 1

(14)
where

[(Iw ® A+ © ® BK,,Cy,)" |
BT
C1,
(Iw ® BE,yFuy)”
(Iw ® E)T )
(Iw ® BK.,)"
]:_{'T

yCo

€0,C1, ,Co
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~61,"' s £ [@ ® BKLCOC_’CI O® BK2,C()CCZ + (IW X Bf(g(n)) A()(TL)
0@ BE,.,Co. i ) )
) T cozerh + 3 (1w ® BRo o)) Bon—oy(n =
Fuyo eo 2[Iw © BKy o Fuy Iw ® BKy o F., ;::1 v o ) Bon—o) (n = 0)
’ IW@BK&xCOFCEv]’ _(1+M1)§T(n)PCOE(n)
K £ [Iw ® BKie, - Iw®BKqe], 267 (0) (D50, 0y Pe®0,cr o +To) E(n)  (16)
P, Iy ®P.,, Q=Iy®Q, where
A 1,1 12,2 73,3 14,4 15,5 16,6 17,7 _ _
P g (T, T T ’FZ” S et Ty £ diag {~(1 + 1) P, 0,0,0,0,0,0},
Iy = - (1 + Hl)PO + 0Q7 FCO =-Q, = A 71 T NT T
Q £ ding {(1 - 12)@. - (1~ 12)7Q}. € & [ Afym &,m] ]
I3 2 —onlw ® L, Tyt £ —aolw ® L, &(n) £ [€7(n) €7(n) &"(n) &T(n) &T(n)]
U502 —agly ® o, I0 £ —aulw @ L, )2 [Tn-1) -2 - (n- 5)]T,
N e
Fz(fé —asly ® Is,,, 1—‘11 é_(l—yg)Pl +5Q. GT(n)é [QT(n—l) @T(n-2) - @(n— )}
Proof: Choose the following energy-like functional for AT s [AT n-1 --- AT  _(n—¢& T
boundedness analysis: 9(”)(n) { 9("_1)( ) 9(”_")( )} '
V(n) = Vi(n) + Va(n) (15) By calculating the difference of V,(n), one derives that
where Va(n+1) — (1 + p1)Va(n)
_ <Va(n+1) — (1 — p2)Va(n)
Vi(n) €0 (n )Pa(n)ﬁ( n), 5 n
: =20 2 () e ()QEW)
é Z Z 17,“2 n P lgT( )Qf( ) o=1 <p_n+10
o=1p=n—oc n—1
Next, we discuss two different cases according to the Z (1—p2)"" pr( )Qf(P))
sampling features. =n—o o
Case 1: If n € {t, + 1,t, + 2, ,tp41 — 1} (v € N), =T ( )5Qe(n) — €X' (n)QE(n). (17)

f(n+1)=cand §(n—0) = c,, one has n+1 € {t, +2,¢, +

3,--- ,tys1)} and 6(n) = 0. Then, the following difference is In terms of the property of external noises, one deduces

calculated: - R
w' (nw(n) < w 18
Viln+1) = (1+ p2)V(n) ot )_; e
=" (n+1)Pl(n+1) — (14 m)E" (n) Peyé(n) Then, one further has that
_ _ T _
= ( (Iw ® A+ © ® BKy(,)Co) &(n) 1w (n)w(n)
) =W’ (n) (MTL®1,,)" (MTL®I,,)w(n)
+ Z <® & Bkg’g(n)ég(n,a)) g(n — U) 2 ( )Mw( )
o=1 B _ Sa max( Y, )wT( ) (Tl)
+ (Iw(g)BKg(n)Fo) (D(n) + (Iw®E)(:J(TL) R
d o <A Amax(M) ) @i 2 a (19)
+ Z (IW & BKU,G(H)FG(n—U)) {IJ(’Il - U) i=1
?71 s ) Bo() Similarly, the following relation is established:
+ Uw ® 0(n)) Bo(n
5 T ~T ~ - ~
- _ _ as®w’ (n)w(n) <29 Amax (M) Z w;
+ Z Iw @ BKgg(n) ) Do(n—o)(n — U)) P ;
o=1 ( ) R
o + 202\ max (M) G 2N (0)
X ( (Iw ® A+ © ® BKy(,,)Co) £(n) i:%l
R
-T - _ v N Y
~ B azid” (n)@(n) < a3fAmax(M) D@ = asoh.  (21)
+ Z (@ ® BKU O(n C (n— J)) g(n 0) i=1
(IW ® BKy(y Fo) w(n) + (Iw @ E) @(n) where
MEM' oL, (M ®1,),
* Z (1w ® BR oo Fon-)) @l ) M &ML Ly ® 1) (MTLT Ly © L),
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From Lemma 2, we know that

AG (n)Ao(n) < AT (n)Ax(n)

gR(iﬂ%ﬁ+i&ﬁf>Aﬁ (22)
q=1 =1
Then, one has that
asAG (n)Ag(n)
= Al (n) (MTL® on) (MTL®1,,) Ao(n)
£ ayAf (n)MAo(n)
<asAT (n)MA(n)
< g Amax (M) 7 (23)
and
as A7 (6(n)) Ao (6(n)) < asAT (0(n))A1(0(n)
< 50 Amax (M) 7. (24)
From (15) to (24), one concludes that
Vin+1)— 1+ p)V(n)
<&M (n) (Ph ey 00 PePorcy s +T0) E(0) + 0. (25)
where
02 aid + azdA + A+ (a4 + a55) Amax (M) 7.
It follows from (13) that
Vin+1)— 1+ p1)V(n) <o, (26)

which implies that, for any scalar g > 0, the following can be
calculated:

gV (n+1) - g"V(n)

=" (V(n+1)=V(n)+g"(g—1)V(n)
<g" (uV(n)+o0) +g"(g—1)V(n)
=g"(mg+g—1)V(n)+g" o (27)

Choosing § = 1/(1 + 1), we infer from (27) that
gV +1) —gVin) <g"tlo. (28)

Summarizing both sides of (28) fromn =1¢, +1ton =
t,+1 — 1 leads to

t,+2 1— -m—1
GV (tysr) — gV, + 1) < 2 g_; o.
(29)
By considering t,.1 — t, = m(T,+1 — T}), one has from
(29) that
7" -3

Case 2:If n = ¢, and §(n—0) = ¢,, one has n+1 = ¢, +1,
f(n) =1 and 6(n+ 1) = 0. By following a similar line along
with Case 1, the following difference is calculated:

Vin+1) —(1—p2)V(n)

<& (n) (7., .. 0. Po®Prcy,cr +T1)E(M) + 0. (3D
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The condition (13) ensures that
Vin+1)— (1 —p2)V(n) <o (32)
Thus, one can choose a scalar d = 1/(1 — ) such that
V(t, +1)<d 'V(t,) +o. (33)
By combining (30) with (33), the following holds:
3" -3
Vito) <g77"d7 V() +9 e+ Ty e
=V(t) +o (34)

Forn € {t,,t, +1,---
we have

,t, +m — 1} and any scalar 7 > 0,

W (tye1) — 7V (1)
£ (1(V (1 1) = V(t)) + (7 — DV (2)

7 (my — D)V (t,) + 7o (35)
Choosing 7 = 1/~ yields
TV (ty ) — 7V (t,) <775, (36)
which further implies
“1-v _ =
V(L) S7V0) + =0 (37)

The condition (14) is equivalent to 7™ > 1. It is easy to see
that, as v — +o0, V(t,) — _”g < +o0. Thus, the dynamics
of V(t,) is exponentially ultlmately bounded.

Now, we are in a position to further discuss the boundedness
of variable V'(n) for Vn € N. For n = t, + 1 with m = 2, we
obtain from (33) and (37) that

—1—v

Vin) < (L= )7 V() + (1 m)%m 0. ()

Form >3 and n € {t, +2,- 1}, it follows from

u+1
(30) and (37) that
71_1/ ——
V(n) <57 (1= po)7 "V (0) + 5% (1 — o) ————0
“3—m __ =
+g o+ 9, (39)
1—g
Thus, for n € {t,,t, +1,--- ,¢,41 — 1}, one has
Vin) < V(0)+ o (40)

where

—1—
éé 8 -7 €+Q7 m=2 s
g2 mﬂ'l W§+(g2 m+g 9)97 m23

According to Definition 3, the dynamics of V(n) is expo-
nentially ultimately bounded. The proof is now complete. M
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B. Controller Design

Theorem 2: Under Assumptions 1-2, we consider the track-
ing error system (12). Let two scalars g3 > 0, 1 > o > 0
be given. Then, the closed-loop system (12) is exponentially
ultimately bounded if, for v =1,2,--- ,5,¢=0,1, ¢, =0,1
(r =0,1,---,7), there exist five positive definite matrices
Py, P, Xo, X1, Q@ € R X%, matrices Kp.,, K,
Kp,c, € R*%, and scalars o, > 0, p., > 0 such that

B co, ,ca * *
P NI —po I x| <0 41)
Heoer o ven 0 —peol
(14 p)™ (1 =) <1 (42)
I,, < P, 43)
P.X. =1, (44)
where
ot
TEco e TP, e =X
P, 2 diag {41 P22, D83, D4 D30, T80, T0T L
Iyt 2 —(1+m)P+56Q, T22 2 —Q,
Q £diag {(1 — p2)Q, -+, (1 — 12)Q} ,
f‘if’ & _ arl,,, fi’f L _—aol,,, fi(’f’ 2 sl
r862 —ayl,,, THT 2 —as15,,,
P2 — (1— )P +6Q,
[(A+AD(BKp gy + BKp ) Co,)" ]
B . ..
or o | (BEraE, +Blb, F)"
FCZI, ,C5
(BKp ey + BEp.e,)"
Beea = NV(BE ¢y — BKp ¢,)Ce

\YBK; . C., -+ \VBEK; . C.,],
Fogo oy 2 [(BK1ey — BKp o) Fuy BKy oo Fv,

BKI,CQF65]7
Key 2 [(BKpey — BKp.c,) BKpc,
BK1700]7
0 0
Hcc---cgé[ 2,1 :|a
o S

corcreerco = [(BEpey + BKpey) Cop Coy e
Cepreo 2 [(BK1ey — BKp oy) Cey BKr,0,C,
et BKI,coéca]a

A2 O+ A /2, A® 2 (A —aw)/2.

0],

If the above conditions are satisfied, then the desired controller
gains can be obtained directly from the matrix variables Kp .,
K7t ¢y» Kp,c,- Furthermore, solving the following optimization

problem yields the minimum AUB of the tracking error
T (n)z(n):

5
min Z a (45)
v=1
subject to (41)-(44).
Proof: Tt can be seen that the matrix in (13) is block
diagonal. Thus, (13) can be guaranteed by

50 ¥ 0 i
(q)cmch“' 7(36) PE(I)Cmclf“ ,Cq + FCO <0 (46)
where
[(A+ \BK.,C,)" |
= (4) T
(BCO_,.,C&)
=~ = A\T
= ()T a (BKe,Fey)
Pegier,eeo = ET )
T
FCOL'" ,C?T
(BE,)
L KCO J
Bg;),---,c;, é [)\inl,Coc_’cl )\iBI"(6'7COC\105:| )
Feoo ey = [BK1 oo F, BK; . F.,],
K., 2 [BKi. BKsy, BKy ] -

By utilizing condition (44) and the well-known Schur Com-
plement lemma, (46) holds if and only if the following holds:

(47)

fc =7
SO AT, <0,
(bCO-,Clv'“-,C _XE

o3

Because Ay > Ay > ---
[—1, 1] such that for i € F

i =AW 4 A3,

> A\w, there exist scalars ¢; €

Thus, one obtains

Fgf)COy sCo = Eéfcf)"” yCo + gi)\(2)HC(),Cl,~~ ,Co
+ Ci)‘(Q)HZ:),clw o (48)

According to Lemma 3, f“((:?,...’ca < 0 can be guaranteed
by the condition (41). Then, (13) holds, and together with
(42), the closed-loop system (12) is exponentially ultimately
bounded in terms of the results of Theorem 1.

From the definition of &(n) in (12) and M T M = I, one has
z(n) = (MT ®1,,)"*(n), which together with (43), implies
that

T (m)z(n) =T () (M7 @ I,,)" ) (M © L)~ *¢(n)
=£T(n)é(n) < Vi(n) < V(n). (49)

Then, from the result of boundedness analysis in (40), one
can conclude that solving the optimization problem (45) can
obtain the minimum value of the AUB of the tracking error
2T (n)Z(n). The proof is now complete. [ |

Note that the minimization problem (45) is non-convex due
to the equality constraint (44), which is difficult to solve using
the linear inequality matrix (LMI) framework. To facilitate
the calculation of PID controller gains, we utilize the cone
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complementarity linearization (CCL) technique [33] that can
smoothly transform the original problem into a convex one
subject to strict LMIs. Firstly, the following auxiliary matrix

is defined:

v A P, ¢ *

%2 2l
Then, an iterative optimization method is given in Algorithm
1 for PID controller design.

Algorithm 1: PID Containment Control

Step 1. Choose pu1 > 0 and pg > 0 satisfying (43). Choose a series of
sufficiently large initial value of o, >0 (v € {1,2,3,4,5}),
such that there exist feasible solutions to (41), (43) and Xz > 0.
Set b = 0. Obtain a set of initial solutions (Pc([l?, Xﬁg), Q(b),
K}j’co K® Kg?co, p2)) by solving (41), (43) and Xz > 0.

,co” " 1,co”
Solve min tr 31— (Pog X8 + PP X)) subject to (41), (43)

co=0
and Xz >0 withorespect to the variable P, X¢, and pc, to
obtain an array of feasible solutions.

Replace — Xz with —P;" L (obtained in Step 3) of the matrix in
(41). Substitute the obtained gain matrices Kp ¢y, K1,co» KD, cq
into (41). If (41) is satisfied, then decrease o, (v =1,---,5)

to some extent and go to Step 2. If (41) is infeasible within the
allowed maximum number of iterations, then exit. Otherwise, set

b=b+1, P =P, X = X,, and go to Step 3.

Step 2.

Step 3.

Step 4.

Remark 4: This paper focuses on MASs with an undirect-
ed communication topology. While undirected graphs entail
higher implementation costs compared to their directed coun-
terparts, they offer several fundamental advantages that justify
their adoption. 1) The symmetry of the Laplacian matrix in
undirected graphs substantially simplifies boundedness anal-
ysis. This structural property enables the derivation of scale-
independent conditions, which are computationally efficient
and amenable to distributed implementations; and 2) Undirect-
ed topologies exhibit enhanced resilience against link failures,
ensuring reliable containment control in practical scenarios
where communication uncertainties may arise. These merits
collectively underscore the suitability of undirected graphs for
the theoretical framework and performance guarantees pursued
in this work.

Remark 5: This article is distinguished from existing liter-
ature by the following innovations. 1) This is the first work
to examine the combined effects of multi-rate sampling and
sensor resolution within a distributed control framework for
general MASs. 2) Unlike previous studies assuming uniform
sampling and ideal measurements, this work explicitly ac-
counts for asynchronous data acquisition and sensor limitation-
s, making the approach more practical. 3) A piecewise-based
analysis and system transformation technique are introduced
to handle time-varying system dynamics and simplify complex
error system modeling. 4) The proposed approach improves
controller flexibility while minimizing tracking errors, lead-
ing to more efficient containment control in practical MAS
applications.

IV. SIMULATION EXAMPLE

In this section, a simulation example is provided to verify
the effectiveness of the proposed PID containment control
method in addressing multi-rate measurements and sensor
resolution effects.

A. System Parameters

Consider a class of linear MASs consisting of five moving
vehicles, where the simple kinematic equation for the i-th
vehicle is given as follows:

pi(t) = vi(t), Bi(t) = ai(t)

where p;(t), v;(t) and a;(t) are position, velocity and accel-
erated velocity respectively.

Choose p; (t), v;(t) as state variables and a;(t) as the control

input. Then, by using the Euler discretization method with

sampling time 7" and considering the external noises, we obtain
dynamics in the form of (1) with the following parameters:

4=l 3] =[3] = [a)

Each agent has two sensors with different sampling periods
satisfying Assumption 2 with m = 2, meaning that the
sampling period of the second sensor is twice that of the first
sensor. The corresponding parameters are given by

Ci=[1 0], Co=1[0 1], F; =02, F,=0.05.

(50)

B. Communication Topology

Assume that agents 1,2,3 are followers and agents 4,5
are leaders. The agents communicate according to a fixed
topology, illustrated in Fig. 1. The corresponding adjacency
matrix is given by

0 20 20
2 01 00
A=10 1 0 0 2
0 00 0O
0 00 0O

Then, the topological matrix is calculated as follows:
-4 2 0 20

2 =3 1 00
L=1]0 1 -3 0 2
0o 0 0 0O
0o 0 0 00

e
o

<=

Fig. 1: Communication topology of the multi-agent system

For L, its eigenvalues are calculated as A\; = —1.0968,
Ay = —3.1939 and —5.7093. The transformation matrix is
obtained by

0.7392 —0.4271 0.5207
M = |-0.6318 —0.1721 0.7558
0.2332  0.8877 0.3971
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Then, one obtains A(Y) = —3.4030 and A\(?) = 2.3062 with 10 —
the following relations: -- -ﬁ:ligug
M =AD 41 x A, LT T USRS m—
Ay = AD £0.0907 x A, g of
As =AM — 1 x A@),
-50 1(;0 260 360 4(‘]0 500
. . step length
C. Simulation Setup Fig. 3: The evolution of the second state variable of the open-loop
The sensor resolution is set to 7 = r$ = 0.05, and the MAS
system noise terms are assumed to be wy(n) = 0.12sin(n),
wa(n) = 0.11sin(n), ws(n) = 0.13sin(n), ws(n) = 150
0.12 cos(n), ws(n) = 0.12 cos(n). The initial states of agents
are set as B e
~10 -13 —6 g
o-[F] won[F e[
8 -5 ‘ ‘ ‘ :
24(0) = |:2:| o x5(0) = [ 2 } . =% 100 200 300 400 500
step length

The simulation is conducted for n,,, = 500 time steps. Set Fig. 4: The evolution of the first state variable of the closed-loop
T = 0.1, the controller gains are calculated as follows: MAS
Kpo = [0.0647 O] , Kp1= [0.1837 0.8492} ,
Ko [0.0017 O] , Kri= [0.0025 0.0050} , o 1a(n)| |
Kpy [0.0015 0] , Kp1= [0.0017 0.0018} .

D. Simulation Results and Analysis ol

The simulation results are illustrated in Figs. 2-8. 2 \ \ ‘ ‘
0 100 200 300 400 500

o Figs. 2-3: State evolution of the open-loop system, show- step length
ing instability. Fig. 5: The evolution of the second state variable of the closed-loop

o Figs. 4-5: State evolution of the closed-loop system, MAS
demonstrating stabilization under the proposed control
method.

e Fig. 6 vs. Fig. 7: Comparison of the overall movement
trajectory of the open-loop and closed-loop MASs, con-
firming the effectiveness of the containment strategy.

o Fig. 8: Tracking error Z(n), verifying bounded error 400
performance.

follower 1
— follower 2

From the simulation results, the following conclusions can
be drawn. 1) The original system is unstable, and there is no
consensus behavior. 2) The proposed control method ensures 100
that the three follower agents reach the convex hull formed by
the two leaders despite multi-rate measurements and sensor 10
resolution constraints. 3) The tracking error remains bounded, 5 400
verifying the robustness and effectiveness of the proposed o 200
approach.

follower 3
leader 1
leader 2

step length

iz 5 200 i

400

Fig. 6: The overall evolution of the open-loop MAS

N
o
=]

T

——————————————— E. Comparisons with Existing Results

amplitude

T

To further analyze the impact of multi-rate sampling and
sensor resolution, the accumulative tracking error is defined

200 . . . .
0 100 200 300 400 500 as:

step length
Fig. 2: The evolution of the first state variable of the open-loop Nmax 6

MAS Coum 2 Z Z |Ze(n)]

n=1 e=1

Copyright © 2025 Institute of Electrical and Electronics Engineers (IEEE). Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current or future
media, including reprinting/republishing this material for advertising or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted
component of this work in other works ( https://journals.ieeeauthorcenter.ieee.org/become-an-ieee-journal-author/publishing-ethics/guidelines-and-policies/post-publication-policies/ ).



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication.

Citation information: DOI: 10.1109/J10T.2025.3608094, EEE Internet of Things Journal
FINAL VERSION

500

400
Tgb 300 follower 1
E —————— follower 2
< follower 3
=¥
3 200 leader 1
2 leader 2

100

10 T T T T

amplitude

-10 4

15 . . . .
0 100 200 300 400 500

step length
Fig. 8: The evolution of the tracking error system

Then, some comparison results are presented in Tables I and II
which show the tracking performance of the proposed switch-
ing PID control and the traditional PID control with constant
gains. Table I shows the calculated error under different levels
of sensor resolution. Note that the larger value of r{ and 7}
means the lower the resolution. It can be seen that a higher
sensor resolution contributes to a better control performance
which is consistent with the engineering fact. Table II displays
the control performance under different sampling cases, where
the larger value of m means the lower frequency that the
measurement signals can be obtained for agents. It is observed
that the system performance is improved by reducing the sam-
pling periods of sensors which is reasonable. The results also
indicate that the proposed containment PID controller exhibits
enhanced performance relative to the traditional controller in
the test cases. All simulation results validate the effectiveness
of the proposed PID containment control strategy.

TABLE I: Accumulative tracking error under different levels
of sensor resolution

F—

Resolution level r{ = r{ 0.05 0.1 0.4 0.8
€sum (103) in proposed PID 1.6866 | 1.6990 | 1.7921 | 2.3342
esum (10%) in traditional PID | 2.1235 | 2.3539 | 3.5153 | 3.7252

V. CONCLUSION

In this work, the containment control problem has been tack-
led for general linear MASs subject to multi-rate samplings
and the constraint of sensor resolution. A comprehensive

TABLE II: Accumulative tracking error under different sam-
pling cases

Sampling case m=2 | m=3 | m=4 | m=5
esum (102) in proposed PID 1.6866 | 2.5626 | 2.9659 | 3.3452
esum (107) in traditional PID | 2.1235 | 3.4526 | 4.7881 | 4.9979

measurement model has been built that can not only feature
the fast sampling and slow sampling, but also describe the
error induced by resolution in a unified framework. A set of
distributed PID controllers has been proposed for achieving
the containment task. According to the sampling mechanism,
the system has first been rewritten as a switching form and
then transformed into a more concise one based on the
topological matrix. In terms of the switching system theory
and matrix inequality technique, sufficient conditions have
been derived to check the system’s boundedness. Furthermore,
by using a modified CCL algorithm, the desired controller
gains have been calculated and the parameters related to the
performance have also been optimized. Finally, simulation
examples together with some comparisons have been presented
to validate the usefulness of the proposed approach. The
future topics include the extension of the proposed method
to nonlinear MASs with more complex sampling mechanisms
(e.g., stochastic samplings and perturbed samplings) under
directed communication topology.
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