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ABSTRACT

In this study, we investigate the equilibration time to attain steady-state for a system of liquid molecules under boundary-driven planar Couette
flow via nonequilibrium molecular dynamics (NEMD) simulation. In particular, we examine the equilibration time for the two common types
of boundary-driven flow: one in which both walls slide with equal and opposite velocity (6û=2), and the other in which one wall is fixed and the
other moves with twice the velocity (û). Both flows give identical steady-state strain rates and, hence, flow properties, but the transient behavior
is completely different. We find that in the case of no-slip boundary conditions, the equilibration times for the counter-sliding walls flow are
exactly four times faster than those of the single-sliding wall system, and this is independent of the atomistic nature of the fluid, i.e., it is an
entirely hydrodynamic feature. We also find that systems that exhibit slip have longer equilibration times in general, and the ratio of equilibra-
tion times for the two types of boundary-driven flow is even more pronounced. We analyze the problem by decomposing a generic planar
Couette flow into a linear sum of purely symmetric and antisymmetric flows. We find that the no-slip equilibration time is dominated by the
slowest decaying eigenvalue of the solution to the Navier–Stokes equation. In the case of slip, the longest relaxation time is now dominated by
the transient slip velocity response, which is longer than the no-slip response time. In the case of a high-slip system of water confined to gra-
phene channels, the enhancement is over two orders of magnitude. We propose a simple universal relation that predicts the enhanced equilibra-
tion time, which agrees well with our NEMD results for simple Lennard-Jones fluids and the water–graphene system. The implications of this
significant speed-up in attaining steady-state, which is especially pronounced in the presence of slip, are discussed in general.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0302911

I. INTRODUCTION

A detailed understanding of the flow of confined fluids is impor-
tant in various fields,1 ranging from geology2 to tribology.3 Several
experimental techniques are able to probe the behavior of nanometre-
thin confined fluids, such as atomic force microscopy (AFM)4 and the
surface forces apparatus (SFA).5 However, it is difficult to perform

experiments on confined fluids at high temperatures, pressures, and
shear rates, which are relevant for applications such as lubricants.6

Nonequilibrium molecular dynamics (NEMD) simulations have
proven to be a valuable complement to experimental techniques in the
study of confined fluids under shear.7–10 However, NEMD is con-
strained by its inherent length and time scales and associated statistical
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uncertainty.11–14 Therefore, striking a balance between accuracy and
computational cost is crucial. In light of these constraints, this study
demonstrates that in the case of boundary-driven flows, selecting
appropriate boundary conditions (BCs) can accelerate the transition to
a nonequilibrium steady-state, vastly improving computational effi-
ciency while maintaining accuracy. This phenomenon is expected to
be even more significant for systems, where the Navier no-slip bound-
ary condition is not met.15 Slip is an important phenomenon in vari-
ous applications, such as nanofluidic systems,16 superhydrophobic
surfaces,17 slippery liquid-infused porous surfaces,18 and lubricants.19

It is well recognized that a direct application of NEMD achieves
good signal-to-noise ratios (SNR) only at shear rates orders of magni-
tude higher than those characterizing real experiments or commonly
experienced physical processes.20,21 At low shear rates, thermal fluctua-
tions dominate the signal, necessitating computationally infeasible
averaging, which renders the NEMD method ineffective. To address
this issue, a multiscale method was recently proposed for studying
polymer melts under shear flow.22 The multiscale approach reduces
the computational cost of simulations while extending the range of
accessible shear rates. However, if one is only concerned with captur-
ing the full nonlinear response of a molecularly detailed fluid, then the
only proven technique allowing the practitioner to sample physically
realizable strain rates is the transient time correlation function (TTCF)
method.12,14,20,21,23–26 TTCF directly links a system’s equilibrium state
to its nonequilibrium steady-state, and its effectiveness strongly
depends on computing the transient time evolution of trajectories in
phase-space. On the other hand, the signal-to-noise ratio (SNR) of
TTCF results decreases linearly over time.21 Hence, when investigating
steady states, the transient response time impacts the computational
cost of simulations, which is a general concern in molecular dynamics
simulations. In this context, we will show that selecting appropriate
boundary conditions is crucial, as it allows the system to reach a steady
state through a significantly shorter transient response time.

Over the past few decades, researchers have relied on NEMD
simulations to study boundary slip at the liquid–solid interface.
Significant progress has been made in understanding its dependence
on factors such as temperature,27–30 surface wettability,31,32 surface
roughness,33–35 surface curvature,36 pressure,37,38 and shear rate.22,39–41

However, a unified model is still lacking. Boundary slip has been
extensively studied due to its impact on system properties, including
flow enhancement and friction reduction.19,42–45 For example,
carbon nanotubes (CNTs) have attracted significant attention due
to their exceptional properties. Among these are a high surface-to-
volume ratio and high water transport efficiency, facilitated by their
hydrophobicity and surface smoothness. In fact, water exhibits
exceptionally high slippage at the interface with smooth carbon sur-
faces.45–48 In what follows, we will demonstrate that the choice of
boundary conditions has an even greater impact on the time evolu-
tion of this type of system when interfacial slip is taken into account,
and that this impact varies with the degree of slip.

When it comes to boundary-driven NEMD to create Couette
flow, no specific attention has been placed on which boundary condi-
tions to employ.10 There are several studies where only one of the two
surfaces is moving at constant velocity to shear the confined fluid,
while the other is kept fixed,30,32,39,47,49–51 as well as studies where both
surfaces are moving at the same velocity, but in opposite direc-
tions.20,29,37,52 Given the increasing use of NEMD simulations, the

relevance of computational cost optimization and the lack of a shared
criterion motivates our focus on how the boundary conditions affect
the time-evolution of fluid systems in general. A direct corollary leads
us to investigate the process when interfacial slip is considered. We
will find that although the steady-states of both types of boundary-
driven flows are identical, as of course they must be, the transient
behaviors are not, and this has a significant impact on the equilibration
times.

In what follows, the physics of time-evolving, boundary-driven
planar Couette flow systems is discussed in detail, using continuum
theory. NEMD results for an atomistic Lennard-Jones fluid are fitted
to the continuum models and excellent agreement will be demon-
strated for sufficiently wide channels. Results from a simulated high-
slip water–graphene system are also included to highlight the effect
that slip has on the equilibration rate. Note that when the fluid film
thickness is sufficiently thick (�10 molecular layers), confinement-
induced viscosity increases are generally negligible3,53 and continuum
hydrodynamics can be safely applied.54 In the case of a water–gra-
phene system, Noy et al.55 suggest that there is no consensus on the
exact scale at which continuum theory breaks down, though it is clear
that systems with a length scale below 2nm fall within the field of
nanofluidics, deviating from Navier–Stokes predictions. In our water–
graphene system, the channel width is just above this 2 nm limit, and
so we are justified in using Navier–Stokes hydrodynamics. As we will
demonstrate in the results section (e.g., Fig. 5), the velocity profiles in
the channel are smooth and display no spatial oscillations characteris-
tic of a fluid under extreme molecular confinement. With the
Lennard-Jones system, we show that there are preferential BCs that
reduce the computational cost of boundary-driven simulations by
at least a factor of four, and this factor substantially increases
when interfacial slip is introduced. In the case of water confined by
graphene walls, the improvement is several orders of magnitude. We
propose a universal relationship that predicts the speed-up as a func-
tion of the degree of slip. The implications in general for diffusive
transport processes and tribology-related technologies are also briefly
discussed.

Finally, we emphasize that this study uses NEMD only as a tool
to investigate the influence of different boundary-driven planar
Couette flows. The main results and conclusions of this study are not
limited to highly confined molecular fluids. In fact, the results we pre-
sent are universal in nature and are just as valid for macroscopic
hydrodynamic flows as they are for nanofluidic flows. However, specif-
ically to NEMD simulation, our results demonstrate for the first time
that the use of counter-sliding walls will significantly speed up the time
to reach steady-state compared to driving the system by moving only
one wall, by as much as several orders of magnitude. This significant
result makes powerful tools, such as TTCF, feasible, which otherwise
would remain computationally intractable.

II. THEORETICAL DISCUSSION

This section presents the derivation of the analytical solution for
planar Couette flow under three different boundary conditions: no
slip, slip with no time dependence, and time-dependent slip. Particular
attention is given to the symmetry of the flow and its influence on the
transient evolution toward steady-state. Full details of the derivations
are provided in the supplementary material accompanying this paper.
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A. No-slip boundary conditions

We study a fluid confined between two parallel walls separated by
a distance L in the z-direction and subjected to shear in the x-direction,
as depicted in Fig. 1. Assuming laminar incompressible flow, the
related Navier–Stokes momentum equation is

@u
@t

¼ �
@2u
@z2

; (1)

where u ¼ uxðz; tÞ is the x component of the fluid velocity as a function
of the position z across the channel, and � is the kinematic viscosity of the
fluid. For a generic Couette flow, we assume the upper (top) and lower
(bottom) walls move at velocities uT and uB in the x-direction, respec-
tively, and the fluid is at rest at t ¼ 0. The related Cauchy problem is

@u
@t

¼ �
@2u
@z2

; z 2 �L=2; L=2½ � and t > 0;

uðL=2; tÞ ¼ uT ; t > 0;

uð�L=2; tÞ ¼ uB; t > 0;

uðz; 0Þ ¼ 0; z 2 �L=2; L=2½ �:

8>>>>><
>>>>>:

(2)

The general solution can be found using the trigonometric
representation

uðz; tÞ ¼ uT þ uB
2

þ uT � uB
L

z þ
X1
n¼0

(
ðuT þ uBÞ 2ð�1Þnþ1

ð2nþ 1Þp

� exp ��
ð2nþ 1Þp

L

� �2
t

( )
cos

ð2nþ 1Þp
L

z

� �

þ ðuT � uBÞ ð�1Þnþ1

ðnþ 1Þp exp ��
ð2nþ 2Þp

L

� �2
t

( )

� sin
ð2nþ 2Þp

L
z

� �)
: (3)

Depending on the values of the wall velocities, one can have a combi-
nation of cosine (even) and sine (odd) functions. However, the former
are related solely to the symmetric part of the boundary conditions,
uT þ uB, while the latter depends on the antisymmetric component,
uT � uB. By the following change of variables:

�us � uT þ uB
2

and �ua � uT � uB
2

! uB ¼ �us � �ua anduT ¼ �us þ �ua;

(4)

the flow can be split into symmetric and antisymmetric components,
with the related Cauchy problems

uðz; tÞ ¼ usðz; tÞ þ uaðz; tÞ; (5)

@us
@t

¼ �
@2us
@z2

;

usð�L=2; tÞ ¼ �us;

usðL=2; tÞ ¼ �us;

usðz; 0Þ ¼ 0;

@ua
@t

¼ �
@2ua
@z2

;

uað�L=2; tÞ ¼ ��ua;

uaðL=2; tÞ ¼ �ua;

uaðz; 0Þ ¼ 0;

8>>>>>><
>>>>>>:

8>>>>>><
>>>>>>:

(6)

which have the following solutions:

usðz; tÞ¼ �usþ
X1
n¼0

4�usð�1Þnþ1

kð0Þs;n L
exp ��ðkð0Þs;n Þ2t

h i
cos kð0Þs;n z

� �
;

uaðz; tÞ¼ 2�ua

L
zþ

X1
n¼0

4�uað�1Þnþ1

kð0Þa;nL
exp ��ðkð0Þa;nÞ2t

h i
sin kð0Þa;nz

� �
;

wherekð0Þs;n ¼
ð2nþ1Þp

L
andkð0Þa;n ¼

ð2nþ2Þp
L

:

(7)

The linearity of the underlying governing equations allows us to sepa-
rately examine the symmetric and antisymmetric flows. This linearity
persists even in the presence of slip, enabling us to continue to examine
these flows separately despite the fact that the trigonometric functions
are not orthogonal in the presence of slip. Moreover, the symmetric
part of the flow is associated with odd wave numbers kð0Þs;n
¼ ð2nþ 1Þp=L, while the antisymmetric part is characterized by even
wave numbers kð0Þa;n ¼ ð2nþ 2Þp=L, and the superscript “ð0Þ” denotes
the absence of slip. The wave numbers also determine the typical time-
scale of the flow, and the speed of convergence to the steady-state is
determined by the slowest mode, i.e., the first wave numbers. Since

kð0Þs;0

kð0Þa;0

0
@

1
A

2

¼ 1
4
; (8)

the antisymmetric component of the flow converges exactly four times
faster than the symmetric part. As the actual velocity profile is a linear
combination of the symmetric and antisymmetric flows, the slowest
convergence time is given by the symmetric wave number, i.e., kð0Þs;0 .
This is a key observation of this analysis. We further emphasize that
this ratio is independent of the molecular details of the fluids, i.e., it is
purely a hydrodynamic feature. Physically, it means that a fluid con-
fined by a channel of width L and driven by confining walls moving at
equal velocity magnitude û=2 but opposite directions (a purely

FIG. 1. (a) Counter-sliding (antisymmetric) and (b) single-sliding wall setups. The blue lines describe the no-slip steady-state, whereas the green lines depict a generic steady-
state with slip.
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antisymmetric flow) will reach steady-state four times faster than the
same fluid driven by moving just one wall at velocity û, while keeping
the other wall fixed (a combination of symmetric and antisymmetric
flows). The physical mechanism for this is of course momentum diffu-
sion, which occurs on a timescale of L2=ð4p2�Þ for the former, com-
pared to L2=ðp2�Þ for the latter. Finally, it should be noted that this is
independent of the absolute value of the wall velocity and that the
actual convergence times scale as L2 for both flows.

B. Slip boundary conditions with no time dependence

In this section, we assume the system has velocity slip at the walls
but that it is constant for all times, t > 0. For the counter-sliding wall
geometry depicted by Fig. 1(a), the fluid velocity consists of purely
antisymmetric components

uT � û
2
and uB ¼ � û

2
! �us ¼ 0 and �ua ¼ û

2
; (9)

whereas a flow with equivalent steady-state shear rate, generated by
moving the top wall at velocity û and keeping the bottom wall fixed
[Fig. 1(b)] is composed of a linear combination of symmetric and anti-
symmetric components

uT � û and uB ¼ 0 ! �us ¼ û
2
and �ua ¼ û

2
; (10)

and hence is expected to converge to a steady state more slowly, as dis-
cussed at the end of the previous section.

This effect is, as we will show, enhanced by the presence of slip. It
has been shown previously that boundary slip will, in general, lengthen
the transient period of a starting flow, and this is related to the leading
eigenvalue.56,57 The simplest model that includes slip is the Navier slip
hypothesis, which imposes a linear relation between slip velocity and
shear pressure at the wall–fluid interface

@u
@z

� L
2
; t

� �
¼ � 1

Ls
uB � u � L

2
; t

� �� �
and

@u
@z

L
2
; t

� �

¼ 1
Ls

uT � u
L
2
; t

� �� �
; (11)

where Ls is the slip length associated with the system. By applying the
same change of variables as before, we have

@us
@t

¼ �
@2us
@z2

;

@us
@z

� L
2
; t

� �
¼ � 1

Ls
�us � us � L

2
; t

� �� �
;

@us
@z

L
2
; t

� �
¼ 1

Ls
�us � us

L
2
; t

� �� �
;

usðz; 0Þ ¼ 0;

8>>>>>>>>>><
>>>>>>>>>>:
@ua
@t

¼ �
@2ua
@z2

;

@ua
@z

� L
2
; t

� �
¼ � 1

Ls
��ua � ua � L

2
; t

� �� �
;

@ua
@z

L
2
; t

� �
¼ 1

Ls
�ua � ua

L
2
; t

� �� �
;

uaðz; 0Þ ¼ 0;

8>>>>>>>>>><
>>>>>>>>>>:

(12)

and finally

usðz; tÞ ¼ �us þ
X1
n¼0

Cs;nðtÞ cos ks;nzð Þ;

uaðz; tÞ ¼ 2�ua

Lþ 2Ls
z þ

X1
n¼0

Ca;nðtÞ sin ka;nzð Þ:
(13)

The Fourier coefficients Cs;n and Ca;n are

Cs;nðtÞ¼� 4�ussinðLks;n=2Þ
Lks;nþsinðLks;nÞexpð��k2s;ntÞ;and

Ca;nðtÞ¼4�ua½Lka;ncosðLka;n=2Þ�2sinðLka;n=2Þ�
Lþ2Lsð Þka;n½Lka;n�sinðLka;nÞ� expð��k2a;ntÞ;

(14)

while the wave numbers are determined by the following nondimen-
sionalised transcendental relations derived from the boundary
conditions:

tan ~ks;n
� �

¼ 1
~Ls
~ks;n

and cot ~ka;n
� �

¼ � 1
~Ls
~ka;n

; (15)

where ~k � kL
2 and ~Ls � 2Ls

L .
Equation (15) cannot be solved in a closed form; however, the

wave numbers can be computed numerically as the roots of these
equations, and they are shown graphically in Fig. 2. The quantita-
tive behavior can be summarized by the following relations:

FIG. 2. Tangent and cotangent of the wave numbers (blue lines, upper and lower
half, respectively), and right-hand sides of Eq. (16) (red lines, upper half for the first
equation, and lower half for the second equation), as functions of different slip
lengths. The wave numbers and the slip length have been nondimensionalized by
the transformation ~k ¼ kL=2 and ~Ls ¼ 2Ls=L. The black dots are the intersection
of the two functions, i.e., the actual wave number associated with the system. The
first three symmetric and antisymmetric wave numbers are displayed here for
reduced slip lengths ~Ls of 0.1, 0.2, 1, 10. The arrow indicates the direction of
increasing slip length, and the same values have been used for both sets of curves.
As the slip length increases, all wave numbers shift toward lower values, indicating
an increasing transient.
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lim
~Ls!1

~ks;n ¼ np;

lim
~Ls!1

~ka;n ¼ ð2nþ 1Þp
2

;

lim
~Ls!0þ

~ks;n ¼ ð2nþ 1Þp
2

;

lim
~Ls!0þ

~ka;n ¼ ðnþ 1Þp;

8>><
>>:

8>><
>>: (16)

from which we can draw the following conclusions:

(i) The wave numbers of the symmetric flow are always smaller
than those of the antisymmetric flow; hence, the transient of
the former is longer than the latter in any condition. This
implies that a counter-sliding wall system will always attain
steady-state faster than a single-sliding wall system.

(ii) The presence of any slip makes the wave numbers decrease, hence
making the convergence time to the steady state longer.

(iii) In the limit of ~Ls ! 0þ, the relations of the no-slip case are
obtained.

(iv) Finally, in the limit of weak wall–fluid interaction (~Ls ! 1),
the transient of the symmetric flow becomes indefinitely long
(~ks;0 ¼ 0), while the antisymmetric flow converges in finite time
under any condition (~ka;0 6¼ 0). The implication for high-slip
systems, such as water–graphene, is that convergence to the
steady-state is significantly faster for a counter-sliding wall sys-
tem compared to a single-sliding one.

C. Time-dependent boundary conditions

In this section, we assume the walls move with constant speed,
but the slip is now time-dependent, which we express as a time-
dependent boundary condition. Equation (2) can be generalized by
allowing the boundary velocity to vary with time. In such a case, Eq.
(2) can be re-written as

@u
@t

¼ �
@2u
@z2

; z 2 �L=2; L=2½ � and t > 0;

uðL=2; tÞ ¼ uTðtÞ; t > 0;

uð�L=2; tÞ ¼ uBðtÞ; t > 0;

uðz; 0Þ ¼ 0; z 2 �L=2; L=2½ �:

8>>>>>><
>>>>>>:

(17)

The general solution is similarly found as

uðz; tÞ ¼ uTðtÞ þ uBðtÞ
2

þ uTðtÞ � uBðtÞ
L

z

þ
X1
n¼0

Ss;nðtÞ cosðkð0Þs;n zÞ þ Sa;nðtÞ sinðkð0Þa;nzÞ
h i

: (18)

The wave numbers are the same as those of the no-slip solution [Eq. (7)],
while now the coefficients of the trigonometric representation, Ss;nðtÞ
and Sa;nðtÞ, include an additional time-dependent term:

Ss;nðtÞ ¼
2ð�1Þnþ1 exp ��ðkð0Þs;n Þ2t

h i
kð0Þs;n L

� uTð0Þ þ uBð0Þ þ
ðt
0
u0TðsÞ þ u0BðsÞ
� 	

exp �ðkð0Þs;n Þ2s
h i

ds

( )
;

Sa;nðtÞ ¼
2ð�1Þnþ1 exp ��ðkð0Þa;nÞ2t

h i
kð0Þa;nL

� uTð0Þ � uBð0Þ þ
ðt
0
u0TðsÞ � u0BðsÞ
� 	

exp �ðkð0Þa;nÞ2s
h i

ds

( )
;

(19)

where the prime symbol “
0
” denotes the time derivative of a quantity.

For such a model, the convergence to a steady-state is strictly related to
the boundary functions uBðtÞ and uTðtÞ. The transient phase is now
no longer dominated solely by the first wave numbers, but also
depends on the transient behavior of the boundary functions. We will
discuss this further in the next section when comparing the continuum
models with our NEMD simulation results.

III. METHOD
A. Nonequilibrium molecular dynamics simulations

We simulate two distinct systems, one governed by simple
Lennard-Jones interactions, and another consisting of water molecules
confined by graphene walls. To simulate an inhomogeneous atomistic
system governed by Lennard-Jones interactions, we adopt the same
model as described by Maffioli et al.20 Figure 3 illustrates a 2D

FIG. 3. (a) Lennard-Jones system for
cfs ¼ 1:00 and (b) water confined in
graphene.
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projection of our 3D system, where liquid particles are confined
between two parallel walls perpendicular to the z-direction. The fluid
film thickness for the Lennard-Jones system corresponds to 13.8
molecular layers, which is sufficiently thick for confinement-induced
viscosity increases to be negligible53 and for continuum hydrodynam-
ics to be applied.54 Maffioli et al. modeled the thermal fluctuations of
the solid particles, binding them to massless lattice sites through
springs. The system’s size in this case is ðLx; Ly; LzÞ ¼ ð15:0819;
15:3898; 22:6229Þ in Lennard-Jones units. For the NEMD simulations,
a constant velocity in the x-direction is applied to the wall lattice sites,
and a reduced time step of dt ¼ 0:001 is employed to integrate the
equations of motion. A Langevin thermostat with a damping factor of
100� dt is used on the solid wall particles to maintain the temperature
of the walls constant at T ¼ 1:1 in reduced units. The equations of
motion of the fluid are unthermostatted, so energy is dissipated
through the walls to mimic a realistic system. We found that simulat-
ing 3� 105 nonequilibrium trajectories allowed a root mean square
signal-to-noise ratio greater than 10 for the steady-state velocity across
the channel, for all the systems we investigated. To perform our simu-
lations, 600 independent equilibrium trajectories were simulated in the
NVT ensemble. After an equilibration interval equal to 1� 106 time-
steps for each of these trajectories, 125 equilibrium states were sampled
every 1� 104 time steps, from every independent trajectory. Each
sampled state was then mapped in four different ways, as explained in
Ref. 20. Thus, four independent nonequilibrium trajectories are gener-
ated at a starting time t ¼ 0 for each of the 125 equilibrium sample
states.

The atomic interactions are modeled through a Lennard-Jones
potential of the form

VðrÞ ¼ 4�
r
r

� �12

� c
r
r

� �6
" #

; (20)

where r is the particle–particle distance and c is a coefficient modulat-
ing the attractive component of the interaction. We refer to c as the
cohesion parameter when considering fluid–fluid interactions (cff ) and
as the wetting parameter when considering fluid–solid interactions
(cfs), while for solid–solid interactions c ¼ 1. The other two parameters
were tuned to ensure that a full range of interfacial slip conditions
could be modeled, maintaining consistency with the canonical Couette
flow for shearing plates. The cohesion parameter is cff ¼ 1:3 for all the
simulations, whereas different values were used for the wetting param-
eter cfs, varying between 0.35 and 1.00. We set r ¼ � ¼ 1 and use a
cutoff radius of 2.0. In what follows for the Lennard-Jones system, all
quantities are reported in reduced units. The simulation box comprises
648 solid particles and 648 massless lattice sites, while the number of
fluid particles varies between 2318 and 2592 for different cfs to guaran-
tee a consistent mid-channel fluid density amongst the systems.
Results are obtained for two distinct boundary conditions (BCs) as
shown in Fig. 1. In case (b), the wall velocity is twice the value that it is
in case (a), to ensure the two different boundary-driven systems have
the same steady-state shear rate of _c ¼ 0:01. The shear rate was chosen
low enough to guarantee a negligible shear heating and to avoid shear
thinning. The temperature increase in the center of the channel was
always lower than 0:5% of the wall temperature. For cfs ¼ 0:35 and
boundary setup as in Fig. 1(b), the number of trajectories was limited
to 1� 105, due to the length of the simulations.

For the water-on-graphene system, the same algorithm is
employed, simulating a total of 1 000 000 trajectories. Here, the walls
are made of three graphene layers. The external layer of each wall is
fixed, constraining the volume of the system. The two inner-most layers
are thermostatted in the cross-stream directions with a Langevin ther-
mostat,58 keeping the temperature at T ¼ 300 K. The Tersoff three-
body potential is used to model the intra-layer carbon–carbon interac-
tions.59,60 320 water molecules are confined between the two carbon
walls. This corresponds to a fluid film thickness of 5.5 molecular layers,
which is sufficiently thick for Navier–Stokes hydrodynamics to be
applicable.55 The SPC/E model61 is used for the water molecules, con-
strained with the SHAKE algorithm.62 This model has been shown to
be reasonably accurate for predicting the viscosity of water and its slip
length on graphene.63 The water density is set to 0.95 g=cm3, slightly
under the system equilibrium value at atmospheric pressure
(0.97 g=cm3). A Lennard-Jones plus long-range Coulombic pair poten-
tial with a cutoff of rc ¼ 10 Å was employed to describe the interactions
between the partial charges of the water molecules and the graphene
layers, as well as the interactions between the graphene layers them-
selves. The Lennard-Jones parameters were also taken from Ref. 64.
The long-range Coulombic interactions were calculated using the parti-
cle–particle particle-mesh (PPPM) algorithm.65 The walls move at con-
stant velocity6û=2 ¼ 50m/s and û ¼ 100m/s for the counter-sliding
walls and single-sliding wall BCs, respectively (see Fig. 1).

All simulations were run with the open source software
LAMMPS.66 The water and graphene system was set up using VMD.67

B. Continuummodels and fitting method

We considered three different boundary conditions: no-slip, slip,
and time-dependent slip BCs. Even for the highest wetting coefficient
we adopted (cfs ¼ 1), MD results for the Lennard-Jones system
showed a certain amount of slip. Consequently, the no-slip model was
not suited to describe most of the MD results of this study. The Navier
slip model instead describes the amount of slip through the slip length
Ls. However, Ls is assumed to be constant in time and equal to its
steady-state value. We found that this assumption limits the accuracy
of the model for time-evolving MD systems, where Ls relaxes over
time. We verified in our simulations the relaxation of the slip length,
shear stress, and friction coefficient to their steady-state values, and the
results are presented and discussed in supplementary material—
Supporting Data. Given these considerations, to model slip relaxation,
we applied time-dependent BCs to the Navier–Stokes velocity,
described as follows.

In our simulations, two fluid slabs near the walls were designated
as boundaries to avoid the interfacial fluid layers where particle veloci-
ties and the fluid density are affected by the confinement. These fluid
slabs have a thickness of Dz ¼ 0:2262 for the Lennard-Jones system in
Lennard-Jones units and Dz ¼ 0:3840 Å for the water on graphene
system. As a result, the new boundary conditions are no longer time-
independent, and we describe them with the following functional
form:

uslabðtÞ ¼ �uslab 1�
XN
k¼1

aslabk expð�bslabk tÞ
" #

; (21)

where �uslab denotes the steady state velocity of the fluid slab.
Parameters aslabk and bslabk were fitted to the MD results for each fluid
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slab. For the counter-sliding walls setup, the fitting parameters resulted
from the average of the absolute value of the two fluid slabs’ evolution.
We found that for N ¼ 4, Eq. (21) was able to accurately describe the
relaxation of the fluid slab velocities to the steady-state values of every
system. Due to confinement effects—which influence the density and
velocity profiles near the walls—�uslab was adjusted based on a linear fit
of the velocity profile taken at the center of the channel. Using Eq. (21)
for the boundary conditions, Eq. (17) is restated as follows:

@u
@t

¼ �
@2u
@z2

; z 2 �L=2; L=2½ � and t > 0;

uð�L=2; tÞ ¼ uBðtÞ; t > 0;

uðL=2; tÞ ¼ uTðtÞ; t > 0;

uðz; 0Þ ¼ 0; z 2 �L=2; L=2½ �;

8>>>>>><
>>>>>>:

(22)

where it is noted that uBðtÞ and uTðtÞ are the bottom and top slab
velocities described by Eq. (21), respectively. Equation (22) leads to the
following analytic solution:

u z;tð Þ¼ uTðtÞþuBðtÞ
2

þuTðtÞ�uBðtÞ
L

z

þ2
L

"X1
n¼0

ð�1Þnþ1

kð0Þs;n

X
k

�
�uTC

s;T
k Ks;T

k þ�uBC
s;B
k Ks;B

k

�
cos

�
kð0Þs;n z

�

þ
X1
n¼0

ð�1Þnþ1

kð0Þa;n

X
k

�uTC
a;T
k Ka;T

k ��uBC
a;B
k Ka;B

k

� �
sin

�
kð0Þa;nz

�#
;

with Cj;i
k ¼ aikb

i
k

�
�
kð0Þj;n

�2
�bik

and Kj;i
k ¼ exp �bikt


 ��exp ��
�
kð0Þj;n

�2
t

� �
for i2 B;Tf g; j2 s;af g:

(23)

Equation (23) was fitted to the MD results, using the viscosity as a free
parameter. This choice was made because of the well-known nonlocal
viscosity inhomogeneity in confined MD systems that take place espe-
cially near the walls, where the fluid density oscillates the most.68–70 It
is important to stress that the viscosity we use here is essentially an
effective (constant) viscosity that does not account for the intrinsic

nonlocality of the true viscosity kernel.71–75 We point out that in all
our fitting processes, velocity profiles are measured in the fluid channel
only up to several layers away from the walls to ensure we avoid imme-
diate interfacial complications, such as the viscosity nonlocality, den-
sity inhomogeneity, and associated velocity oscillations. Uncertainty
propagation was evaluated by block averaging the set of trajectories,
producing 50 block averages that were used to perform the fitting inde-
pendently. The bootstrap method was then applied to assess the distri-
bution of the viscosity and other quantities of interest.

IV. RESULTS
A. Lennard-Jones fluid

We simulated five different systems, varying the wetting coeffi-
cient as explained in Sec. IIIA, and using the two different BC setups,
shown in Fig. 1. The relevant steady-state velocity profiles are pre-
sented in Fig. 4. Adjacent to the walls, we highlight the fluid region
where the velocity is affected by the confinement, diverging from the
linear continuum prediction. We disregarded all data in this region for
the purposes of quantitative analysis.

Each system exhibits a different amount of interfacial slip that is
quantified by the slip ratio, defined here as the ratio of the slip velocity
and the wall velocity (û), both measured relative to the velocity of the
fluid’s center of mass

Rs ¼ û � limt!1 uðz; tÞjwall
û � ucm

; (24)

where ucm is the velocity of the fluid’s center of mass, and
uðz; t ! 1Þjwall is extrapolated from the linear fit of the steady-state
velocity profile projected onto the interface. The interface is defined as
the location at which the wall density approaches zero. When a linear
steady-state velocity profile is assumed, the slip ratio relates to the slip
length (Ls) and the reduced slip length ~Ls as

Rs ¼ 2Ls
2Ls þ L

¼
~Ls

~Ls þ 1
: (25)

The advantage of introducing this new quantity lies in the ease with
which one can quantify the amount of slip and compare it across dif-
ferent systems, without the need for further nondimensionalisation.

FIG. 4. Steady-state velocity profiles for
(a) counter-sliding walls setup and (b)
single-sliding wall setup, for different wet-
ting coefficient cfs, depicted by different
colored curves. The gray shaded regions
highlight the wall layers and the red
regions the fluid slabs disregarded for the
fitting, which have a combined thickness
of five layers, i.e., Dz ¼ 5� 0:2262 ¼
1:1311 Lennard-Jones units. The black
arrows and horizontal lines indicate the
direction and magnitude of the wall veloci-
ties. Lennard-Jones wall atoms are also
shown.
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The slip ratio characterizing every system is reported in Table I. Lower
fluid–solid interactions correspond to higher slip ratios. In the limiting
cases, Rs ¼ 0 for purely no-slip interfaces, while Rs ¼ 1 for a system
that displays infinite slip.

In all the results that follow, we fit our NEMD velocity profiles
only to the analytical solution for the time-dependent BCs, i.e., Eq. (23),
because the no- and constant-slip solutions proved to be inadequate to
obtain accurate fits. The fluid slabs used to fit Eq. (21) were chosen to
avoid the regions where confinement effects are evident. Nonlinear
least squares fittings were performed using MATLAB.76 The contin-
uummodel in Sec. III B was then used to fit the NEMD data, as shown
in Fig. 5, for cfs ¼ 1:00. Equation (23) was also used to evaluate the
time needed by each system to reach the steady-state. The saturation
time of a system is computed as the amount of time required for the
spatial integral of the absolute value of the fluid velocity to reach 99% of
its steady-state value. The time evolution of the velocity and its satura-
tion time for cfs ¼ 1:0 are reported in Fig. 6.

Good fits between Eq. (23) and the other systems’ results were
also found, though we do not present all profiles to keep the results as
succinct as possible. The effective viscosity value, resulting from the fit-
ting, decreases with lower wetting coefficient (Fig. 7). The reason for
this is found in the lower fluid–solid interaction, causing a lower fluid
density near the walls, which translates into a lower overall effective
viscosity and a loss of momentum transfer that affects the time evolu-
tion of the velocity profile, as represented in Figs. 5 and 6.

To characterize the effect of boundary slip on the dynamical
response, we consider the saturation time ratio between the counter-
and single-sliding wall setups. This ratio exhibits an asymptotic behav-
ior as Rs ! 1, as shown in Fig. 8. Accordingly, for cfs ¼ 1:0 and a slip
ratio of Rs ¼ 0:13, the saturation time ratio reaches a value of 4.04,
converging to the no-slip reference value of 4 given by Eq. (8).

B. Water-graphene system

For the system of water confined by graphene sheets, we studied
the same boundary setups, focusing on the transient evolution of the
system. In a fully developed steady-state, water exhibits a slip ratio of
Rs ¼ 0:982 on graphene sheets, which highlights its strongly hydropho-
bic nature. We observe that the two boundary-driven systems go
through two different types of transient behavior. For the single-sliding
wall setup, the velocity evolution is monotonic [Fig. 9(b)], as observed in
the Lennard-Jones system [see Fig. 6(b)]. In contrast, the counter-
sliding walls setup produces a non-monotonic velocity evolution
[Fig. 9(a)], unlike in the Lennard-Jones system [see Fig. 6(a)]. In

TABLE I. Slip ratio for every wetting coefficient value for the Lennard-Jones system.
The values reported are the average of the values computed for the two setups. The
95% confidence intervals are smaller than 2:5% of the mean value and not reported
here.

cfs 1.00 0.80 0.60 0.40 0.35

Rs 0.13 0.38 0.67 0.88 0.91

FIG. 6. Velocity evolution at different
channel coordinates (in reduced Lennard-
Jones units), depicted by different colors
as shown in the legend inserts. The
dashed red vertical line indicates the satu-
ration time for the 99% threshold.
Continuum lines are for NEMD data, while
dark dashed lines represent the contin-
uum model predictions. (a) Counter-
sliding walls and (b) single-sliding wall.

FIG. 5. Velocity profiles at different times
in Lennard-Jones units for cfs ¼ 1:00.
Continuous lines are used for NEMD data
and dashed lines for the analytical contin-
uum model, Eq. (23). (a) Counter-sliding
sliding walls and (b) single-sliding wall.
The different evolution times are depicted
in the legend insets by different colors.
Only accessible fluid regions are shown,
i.e., away from interfacial layering effects
where continuum hydrodynamics solutions
are valid.
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particular, the velocity exhibits an overshoot before reaching its steady
state, as shown in Fig. 9(a) and more clearly in Fig. 10, where the spatial
integral of the velocity across the channel is reported. The overshoot for
the counter-sliding walls system means that the same techniques based
on the assumed functional forms of the transient solutions of the
Navier–Stokes equations used to estimate the viscosity of the Lennard-
Jones system cannot be used for the water–graphene system. This meant
that no good fit of the data to Eq. (21) could bemade. Instead, the satura-
tion time of the systemwas directly evaluated from theMDdata, by con-
sidering the spatial integral of the absolute value of the velocity (Fig. 10).
The velocity evolution exhibits different orders of magnitude for the two
setups (see Fig. 9). This is caused by the combination of a very high slip
ratio and the counter-sliding walls that induces a flat velocity profile such
as for the single-sliding wall setup (see Fig. 11) but centered at zero [see
Fig. 4(a)]. The evolution of the velocity profile for the counter-sliding
walls setup is reported in the supplementary material. The single-sliding
wall and the counter-sliding walls setups have shown, respectively, an
average saturation time of 0.370 and 0.003ns. Note that the saturation
time for the counter-sliding wall setup is intentionally overestimated to
ensure a conservative estimate. As a result, the saturation time ratio may
be slightly underestimated. The saturation time ratio is reported in
Fig. 12 and compared with the previous results for the Lennard-Jones
system. As anticipated in the continuummodel in Sec. II, the wave num-
ber of the symmetric component converges to 0 as the degree of slip
increases. For this reason, the saturation time ratio exhibits an asymptotic
behavior for slip ratios close to 1. Despite the limited amount of data, we
performed a weighted least squares fit on the saturation time ratios
obtained from the Lennard-Jones systems, using an asymptotic empirical
function of the form

SrðRsÞ ¼ A

ð1� RsÞb
þ B; (26)

subject to the constraint Aþ B ¼ 4, which enforces the no-slip reference
condition. Here, A ¼ 1:4508; B ¼ 2:5492, and b ¼ 1:1545. An alterna-
tive expression that accurately models the saturation time ratio is given by
a two-point Pad�e approximant of the Navier slip model, derived in detail
in supplementary material—Supporting Data, and given by

Sa ¼
4þ p2

3
� 6

� �
Rs � p2

12
� 2

� �
R2
s

1� Rs
: (27)

Figure 12 shows that the saturation-time ratio for water on gra-
phene falls, to a good approximation, within the prediction of the
asymptotic model. Moreover, the saturation-time ratios for all systems
considered (the Lennard-Jones and water-graphene systems) fall, to a
good approximation, within the prediction of the Navier slip Pad�e

FIG. 9. Velocity evolution at z ¼ 6:34 Å
for the system of water on graphene.
Results for the (a) counter-sliding walls
and (b) single-sliding wall setups are
shown. The red line in (a) shows the fil-
tered signal obtained by using a Savitzky–
Golay filter.77,78

FIG. 7. Effective viscosity found from the fit of Eq. (23) to the MD data with 95%
confidence intervals. The values shown here are the result of the average of the
effective viscosity found for the two boundary setups.

FIG. 8. Saturation time vs slip ratio for the two boundary-driven setups for the
Lennard-Jones system. The inset displays the saturation time ratio between the
counter-sliding and single-sliding wall systems. Filled circles represent the values
obtained from the no-slip model using � ¼ 3:05. The 95% confidence intervals are
shown; when not visible, they are smaller than the symbol size.
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approximant. It demonstrates that a system of water confined to gra-
phene walls driven by walls moving with equal and opposite velocities
will reach steady-state about 120 times faster than an equivalent system
driven by only one moving wall. The universality of Eqs. (26) and (27)
suggests that systems with high degrees of slip will always reach
steady-state orders of magnitude faster by shearing both walls com-
pared to just one. The agreement between Eq. (27) and the simulation
results suggests that the saturation time ratio may be independent of
the slip time relaxation. Further investigation is required to confirm
this, which could be the subject of a separate study.

V. CONCLUSION

In this study, we examined how the symmetry of boundary con-
ditions affects the time it takes a boundary-driven planar Couette flow

system to reach its steady state, and how this effect is amplified when
interfacial slip is considered. To this end, we investigated different con-
tinuum models, supported by nonequilibrium molecular dynamics
simulations of a Lennard-Jones system and a widely studied realistic
system, namely water confined to graphene walls. We explored the full
range of slip and validated the continuum predictions using our
NEMD simulations. Our results demonstrate that the counter-sliding
walls setup is significantly more efficient than a single-sliding wall con-
figuration when simulating boundary-driven sheared systems. In fact,
a system with counter-sliding walls will always reach steady state in
finite time, regardless of the amount of slip and despite the associated
loss of momentum transfer. This behavior is predicted by continuum
models and is fully confirmed by our MD results. The equilibration
time gain is independent of the molecular details of the fluid and is
hydrodynamic in nature. It is fourfold for systems near the no-slip
regime and increases dramatically for systems exhibiting high slip. For
a water–graphene system, the speed-up is over two orders of magni-
tude, but, in principle, it could be much more and can be determined
from universal functional forms given by Eqs. (26) and (27). For such
systems—especially when the steady state is of primary interest—
choosing an appropriate boundary condition symmetry allows compu-
tational resources to be redirected toward simulating a broader ensem-
ble and improving statistical accuracy. Moreover, response theory
techniques such as the transient-time correlation function (TTCF)
method, for which the signal-to-noise ratio decreases with the length
of the simulated time interval, can retain their remarkable accuracy by
focusing on systems with shorter time evolutions to attain steady-state.
This is especially relevant when simulating high molecular weight sys-
tems, such as lubricants sheared at experimentally accessible strain
rates, or for high-slip systems such as water confined to graphene
channels or carbon nanotubes, where the transient response time can
be substantially reduced by choosing counter-sliding walls. A deeper

FIG. 10. Spatial integral of the absolute value of velocity for the water–graphene
system when the counter-sliding walls setup is employed. The red dashed line indi-
cates the chosen saturation time.

FIG. 11. Velocity profile at different times (ns) for water on graphene when the
single-sliding wall setup is employed. Continuous lines are used for NEMD data and
dashed lines for the analytical continuum model, Eq. (23). Only accessible fluid
regions are shown, i.e., away from interfacial layering effects where continuum
hydrodynamics solutions are valid.

FIG. 12. Saturation time ratio for the different systems investigated. Filled circle for
no-slip model where � ¼ 3:05 was used, empty diamonds for Lennard-Jones sys-
tem results fitted with the time-dependent BCs, and the “x” for the water–graphene
system. The 95% confidence intervals are shown; when not visible, they fall below
the marker size. The black dashed line represents Eq. (26) fitted to the Lennard-
Jones data. The purple dash-dotted line represents Eq. (27).
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understanding of why this phenomenon is observed would require a
full statistical mechanical derivation and analysis of the momentum
diffusion mechanism under both boundary conditions, as well as the
influence of slip. Although this is beyond the scope of this study,
our goal is to point out the effectiveness of the counter-sliding wall
setup, which will always equilibrate faster and in a finite time com-
pared to a single-sliding wall, even though high slip systems involve
weak interfacial interactions between fluid and wall molecules and
hence reduce the transport of momentum from walls into the fluid.
Recent reviews on various existing molecular theories of slip can be
found in Refs. 9 and 10.

Since shear flow is the diffusive transport of transverse
momentum, the principles discussed here can equally be applied to
other diffusive transport phenomena. One example of this is heat
flow, where we could expect the establishment of steady-state heat
flow to be faster for a given temperature difference across a system
of fixed width with a symmetric rather than asymmetric tempera-
ture difference. This can be achieved by simultaneously decreasing
the temperature at one wall by DT=2 and increasing the other by
DT=2 rather than increasing only one of them by DT . Again, we
expect that the effect would be even more pronounced in the pres-
ence of a temperature jump (Kapitza resistance) at the walls.
Finally, we note that the observations made in this study are not
just of theoretical interest. For example, there are potential impacts
in applications such as roll-on film coating, where a rolling top
would be less efficient than having both surfaces (i.e., the coated
surfaces themselves) spin; ink jets and painting where changing
speeds in counter-spinning rollers risk blockages which can be
reduced by controlling slip; and in tribometers, where measure-
ments cannot easily be taken in the transient period.

SUPPLEMENTARY MATERIAL

Supplementary material containing full derivations of the under-
lying hydrodynamic solutions to the governing differential equations
discussed in Secs. II and III is in the accompanying pdf file “supple-
mentary material—Theory.” Further information containing support-
ing data and tables of data resulting from our simulations and analysis
is contained in the file “supplementary material—Supporting Data.”
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