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Abstract—In this paper, the ultimately bounded state estima-
tion problem is investigated for discrete-time singularly perturbed
complex networks (SPCNs) under bit rate constraints. The
measurement outputs of the considered SPCNs are transmitted
to the remote estimator through a bandwidth-limited wireless
network where a coding-decoding mechanism is employed. A
state estimator is developed by fully considering the effects
of the constrained bit rate to achieve the desired estimation
performance index. The boundedness of the estimation error
dynamics is analyzed with the help of the constructed Lyapunov-
like functional candidate. Finally, a simulation example is used
to verify the correctness of the obtained theoretical results.

Index Terms—Singularly perturbed systems, constrained bit
rate, complex networks, discrete-time systems, ultimate bound-
edness.

I. INTRODUCTION

Complex networks (CNs) have well be recognized to be
an ideal abstraction of representing many practical scenarios
(e.g. social networks, transportation networks, power grids and
biological networks) and have therefore attracted widespread
attention from research communities [1]-[3]. CNs exhibit a
high degree of complexity since a large number of network
nodes are coupled with each other. In real-world applications,
it is difficult to accurately obtain the internal states of the
network nodes due probably to measurement errors, sensor
noises, and modeling errors. To obtain reliable internal state
information of CNs, the state estimation strategy becomes a
prerequisite in some dynamics analysis tasks such as control
and optimization [4], [5].

Singularly perturbed complex networks (SPCNs), as a par-
ticular type of CNs exposing rich dynamics and structures, are
characterized by two or more time scales that are reflected
by the so-called singularly perturbed parameter (SPP) [6].
Different from the singularly perturbed system, the modeling
and analysis for SPCNs is much more complicated because of
the different weights of connections and interactions between
the network nodes. Due to the wide applications in practical
fields such as biology, power systems, transport networks and
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social networks, the investigation of SPCNs has drawn intense
attention in recent years [7]-[11]. Nonetheless, there are still
some open issues that require further studies, and an example
is the dynamics analysis problem for SPCNs when implement-
ing data transmission through digital communication networks
with limited bandwidth.

Bandwidth limitation may lead to a series of issues dur-
ing wireless transmission, such as signal fadings and packet
dropouts [12], [13]. The bit rate, which indicates the data size
that can be transmitted over digital communication networks
at each unit of time, is a critical factor in depicting the com-
munication bandwidth. In practice, the bit rate is inevitably
restricted due to the limited bandwidth resources [14], [15].
In this case, it is of great significance to allocate the bit rate
for each network node to avoid data collision.

Recently, the filtering problems under constrained bit have
received initial research interest. For instance, in [16], the
distributed filtering of wireless sensor networks with limited
bit rate has been concerned, where a bit rate allocation protocol
has been proposed. The cluster synchronization control of
complex networks has been explored in [17] with data trans-
missions affected by the constrained bit rate. Note that most
existing results only focus on the standard CNs models with
limited bit rate. Regarding the SPCNs, the bit-rate-constrained
filtering problem has not received adequate attention despite
its practical significance.

Motivated by the above discussions, we study the ultimately
bounded state estimation problem for SPCNs under the con-
strained bit rate in this paper. The main contributions of this
paper are highlighted as follows: 1) the constrained bit rate
is considered for the first time in the discrete-time SPCNs,
and a coding-decoding model is constructed based on the fast
and slow states; and 2) a state estimator is designed that can
guarantee the ultimate boundedness of the estimation error
dynamics.

This paper is divided into five parts. Section II provides
the description of SPCNs, the coding-decoding process, and
the estimator. Section III presents the main results concerning
boundedness analysis and estimator design. Section IV pro-
vides a numerical simulation, followed by Section V, which
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draws the conclusion.

II. PROBLEM FORMULATION
A. Singularly Perturbed Complex Networks
Consider a class of SPCNs of the following form:

zi(k+ 1) =Acxi(k) + Jo(zi(k))
N
+ 3 wyTeas (k) + Ho(k) (D)

with
i k = v f( :| y Yi k £ |: f )
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where i € ¥ £ {1,2,...,N} denotes the node number,

x;(k) € R™ represents the state of SPCNs that contains the
fast state ;¢ (k) € R™/ and the slow state x;,(k) € R™ with
ng +ns = n, y;(k) € RY denotes the measurement output
consisting of y; s (k) € R and y;5(k) € R¥s withv;+vs = v,
9(k) € RS is the external disturbance satisfying ||9(k)|| < Jo,
and ¢ is a small positive constant controlling the separation of
the fast and slow time scales.

In (1), A, is a parameter matrix with A; € R *"f,
Ay € R XMs Az € R™s>"f and Ay € R™s*"s  The
inner coupling matrix I'c represents the relationship among
components of a node, where I'y € R™"/*"f T’y € R *"s,
I's € R**7f T'y € R"*"s The cou}])\}ed configuration
matrix W = {w;;} € R™™" satisfies >, w;; = 0 with
1 € W, which indicates that the node 7 can receive information
form the node j if w;; > 0, otherwise w;; = 0. C;5 € R¥/ X"/,
Cis c }Rvsxns7 D € vaxns’ F ¢ }Rvsxns7 Hil c Rnfxg’
H;; € R"s*s, M;; € R**s and M;5 € R"*< are constant
matrices.

The nonlinear functions §(-) € R™ and h(-) € R™ satisfy

(a) = §(b) — d1(a — )" (§(a) — §(b) — dala— b)) <0,

(A(a) = h(b) = X2(a—b)) <0
)

where a,b € R, ¢, € R and §, € R™=X" (4 €
{1,2}).

B. Coding-Decoding Process Under Constrained Bit Rate

>

In practice, the appropriate bit rate for each node can be al-
located to effectively avoid data collisions during transmission
in wireless networks due to the limited bandwidth of digital
communication networks. The bit rates allocated to node

are denoted by B; (a positive integer) and, in this case, the
following condition holds [16]:

N
By>) B (3)
i=1

where B; are the total bit rates of the entire wireless network.

To facilitate the transmission of sensor data via a bandwidth-
constrained channel, compression of data needs to be achieved,
which can be done by a uniform quantizer. Given a scalar o; >
0, the quantization region of the ith sensor node is represented
by

Fdi £ {yz(k) : |yf(k)| S Jivj € {1723"'71}}} (4)

where yz (k) represents the jth element of the measurement
yi(k).

After choosing a quantization grade g; for the sensor node
1, the quantization region [, can be uniformly divided into
some sub-hyperrectangles. Let (d?, ..., d?) be the correspond-
ing quantization region for the jth element of the sensor node
i. Then, the ranges of sub-hyperrectangles are denoted by

(03) s —0; < yl(k) < —o; + Ul
(%) 201’ i 4Ji
Q (03) : —oi + — <yl (k) < —oi +
qi q; (5)
ij 20, j
qui(ai) 10— ? <y (k) <o

The maximum quantization level ¢;" of sensor node i is
limited by allocated bits, i.e.,

gt = | V25| (©6)

where symbol |-] stands for rounding down.

When the sensor measurements are scattered in the quan-
tization region defined in (5), the central value of sub-
hyperrectangle is used to represent all the data falling in the
region, which is denoted by

h, (dl,...,dY) = [z, 20T (7)

i
where hfh() is a quantization function and z/ £

—0; +
(2d] —1)o; . . .
. J € {1,2,...,v}. According to the above descrip-

tion, the quantization error of the measurement is derived as
follows:

)y < Y20 ®)

yi(k) — R (d},. .., »
|y (k) ( p

According to the different time scales of SPCNs , the
codeword generated by the coder is written as Y;(k) £
(yif(k)v yz‘z(k)) with yif(k) = (dzlﬂ s 7d;];) and yz’s(k) =
(df . dy).

The codeword is transmitted over the wireless digital net-
work and is decoded in the following form:

i (] = o) o
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where the decoding error is defined as
8i(k) = yi(k) — i (k).

C. State Estimator

(10)

Based on the output ;(k) of the decoder, we construct the
following state estimator for SPCNs (1):

N
Sk + 1) =Acd(k) + J.(3(k)) +Z;wijrefcj(k) an
Cizi(k))

where i;(k) £ [ig}(k) &1 (k)] T represents the state esti-
mate for node i, and L; £ diag{L;s, L;s} with L;; € R"/*%s
and L;; € R™*"s denoting the estimator gain to be designed.

Defining the state estimation error of the ith node as e; (k) £

(k) — &:(k) 2 [l (k) eL(k)],

N
)+ Y wi Tty ()
— Li(yi(k) — 0s(k) —

+ Li(:(k) —

we have

ei(k+1)=Ace;i(k) + Je(e
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Cidi(k)) + Hid(k)
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eis(k k) —

) bap(K),
)2 2 (k) — e
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eis(k)) + Fels(k))
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By denoting e(k) £ [e] (k) €3 (k) e%(k‘)]T, the
error dynamics is rewritten as the following compact form:

)

> >

9(wip (k) — g(&if (k)
h(wis(k)) = h(&s (k).

+ pe(e(k)) + Hv(k) + (WaTe(k) (13)
— LCe(k) + Lo(k) — LMuv(k)
where
F. A {0 5F} k) £ coln{9(k)},
T
pe(e(k)) = [pl1(er(k vinlen(k)],
peileik)) 2 [g" (eis (k shT(eisUc)}T,
£ £ diag{L, Lg, ..., Ly},
C é diag{Cl, CQ, ey CN},
H £ diag{H17H27 SERE) HN}7
M 4 diag{M1, Mg, .. ,MN},
T
o(k) £ [of (k) 63 (k) ax (k)]
Let a row-switching elementary matrix be R = H R;

with R; € R"™V*nN (j € W), According to the properties of
row-switching elementary transformation, one has R; = I, L

Defining Re(k) £ &(k), pre-multiplying (13) by the elemen-
tary matrix R gives

ek +1) =A.é(k) + e (ep (k) (14)
+ £(k) + (H — EM)v(k)
where
A All A12 ~ A e 0
Aa = |:A21 A22:| ’ L= |:0f 25:| ’

AlléIN®A1+W®F1—£fo,
A2 INv®@As+IN®D+W T,

A2 2 c(Iy® A3 + W ®T3),
A2 2 (I Ay +INQF+W®Ty) — £,
L5 £ diag{Liy, Las, .-, Ly},
FES diag{L1s, Las, ..., Lns},
Cf £ diag{C4y,Cay,...,Cny},
C, & diag{Cys, Cas, . . ., Cns}s
nem wyl"ome Mg
H, = diag{H,, Hy,, ..., Hy,},
M, & diag{My,, Ms,, ..., Mp,}, 1 € {1,2},
Bele(k)) 2 [§7(es (k) ek (es(k))] ",
dles (k) 2 [g" (exs (k) g (ens (k)]
hies(k)) 2 [hT(e15(k)) W (ens(k)]"
ak) 2 [57 ) 5T
5r(k) 2 [T (k) — 7, (k) y% (k) — 7%, (0]
5o(k) 2 [y (k) — G (k) yh (k) — 7% (k)]

Lemma 1: [10] Let € € (0,€] be a positive scalar, and 4
and (2, be symmetric matrices with compatible dimensions.
Then, the following inequality

O+ <0

holds if and only if 27 < 0 and ©; 4+ £Qs < 0.

Definition 1: The estimation error dynamics (14) of SPCNs
is said to be uniformly exponentially bounded if there exist
constants 0 < ¢ < 1, ¥ > 0 and o > 0 such that the following
inequality holds:

5)

le(®)]* < iy +

where « is an asymptotic upper bound of the error ||é(k)

(16)
1.

III. MAIN RESULTS

In this section, a sufficient condition is obtained to guarantee
the ultimate boundedness of the estimation error dynamics.

Theorem 1: Let the scalars 0 < 5 < 1, € > 0, the positive
integers B; (i € ¥) and the estimator gains be given. If there
exist positive scalars €1, €2, 71, o and positive definite matrix
P. such that the following inequality holds:

Im; 0 I3
* 1159 1I53 <0 17
* * —PE_1
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then the estimation error dynamics (14) is ultimately bounded.
Proof: Choose the Lyapunov-like functional candidate as

V(k) = éT(k)P.e(k).

Define the difference of V (k) as AV (k) £ V (k+1)—
Combining (14) and (18), one has

AV (k) =e" (k)AI P-Ace(k) + &7 (e(k)) Pege(e(k))

+ ¢T( )LT P 8o(k) + 26T (k)AL P.@. (e(k))

( Y(H — EM)TP.(H — EM)u(E)

e’ (k)A sP&b( ) + 287 (e(k)) P-Lo(k)
( )P.é(k) + 2" (k)AL P.(H — EM)w (k)
+2<p5(()) (H EM)v(k)
+ 207 (k)T P.(H — EM)v (k).

Letting 3. (e(k)) 2 Z;j(es (k) +eZ.h(es(k)), (19) can be

rewritten as

AV (k) =e" (k)AL P-Ace(k) + g7 (ep (k) ZF P-Zgg(ep (k)
+ 2R (e4(k) Z1 P.Zh(es(k)) + 2657 (e (K))
x Zf P-Zh(es(k)) + 2" (k)AL P-Zsi(ey (k)
+ 266 (R)AT P Z h(ey (k) + &7 (k) ETP.E
x ¢1(k) + 3 (k)L P.Lo (k) + 26" (k)AL P,
X 81 (k) 4 2eh” (es(k) 2L P.(H — EM)v(k)
+297 (e5 (k) ZF P-£61 (k) + 2¢h” (ey (k) 2T
(k)(H — £M)TP.(H — M)

X Paéqgl(k) +7

v(k) + 28T (k)AT P.(H — EM)v(k)
+ 20T () &1 P.(H — EM)v(k) —
+24" (s (k) ZF P-(H — EM)v (k).

It follows from the nonlinearity conditions in (2) that

e1(§les (k) — bres (k)" (d(es (k) — vaes(k)) <0,
ez (es (k) = xres (k)" (Rles(k)) — xaes(k)) < 0.
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20N Zp ez]" M2 [ A-EM]T

el (k)P.é(k)

Substituting ef(k) =
(21), we have

Z7é(k) and es(k) = Z[eé(k) into

ék) 17 [3n =312 —Jis é(k)

les®)| | * elyn 0| |ales(k)| <0. 22)
hes(R)| |+ *  elun| [h(es(k))
Define £(k) 2 [7 (k) 57 (e (k) K (es(k)) &7 (k) vT(k)]"

Combining the difference function (20) and nonlinear
constraint (22), we derive that

V (k) <" (R)IE(K) + 1107 (k) (k)

(23)
+ T (k)v (k) — BV (k)
where
Iy, 1?12 I3 AETPE% 1?15
~ * H22 EZ?PEZS Z?PEQ H25
II = * * 1:.[33 EZgPEE 1:;.[35 P
* B3 *k H44 H45
* * * % 1:[55
1:[11 £ AZPEAE — (1= B)P. = J11, 1:[12 £ AETPst + Ji2,
1:[13 = EAZPEZS +3137 1:[15 £ ASPE(}] - EM)?
1:[22 é ZJTPEZf — Ellan, ﬁ25 é Z?PE(}N[ - /é./\;l),
a3 £ 22T P.Zy — €30, N, T3y 2 eZX P.(H — £M),
My 2 87P.8 — 11y, My 2 8T P.(H — M),

55 2 (H— EM)TP.(H — EM) — w1l .
Applying Schur Complement Lemma to (17) in Theorem 1,
we have 1I < 0, which implies

AV (k) < =BV (k) + 110" (k)p(k) + 0T (k)v(k).  (24)

From the quantization error (8), it follows that

N
> vod/ (g

For the sake of simplicity, we denote 7@ 2 7[|¢(k)||? +
72|l (k)||?. Then, the inequality (24) is rewritten as

V) <1=B)V(k—-1)+7
<1=-PV(k-2+01+0Q-8)7

oK) < (25)

e
I
—

<(1=p)f V) +7y (1-p),

J

Il
<

which further indicates
k-1
1-p)FV(0) 7y _o(1—08)
||é(k)||2 < ( ﬂ) ( ) + Z]_O ( 6) ) (27)
Amin(PE) )\min(Ps)
Recalling Definition 1, the error ||é(k)]||? is uniformly expo-

nentially bounded. According to the Taylor expansion formula,
we have that
T

ER)? < =——=
H ( )” 5>\min(Pe)
_ i v/ (@)’ + NG
BAnlin(Ps)

(28)

(1>

0,
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which ends the proof. ]

Based on Theorem 1 and Lemma 1, the following theorem
is presented to obtain the desired estimator gains.

Theorem 2: Let scalars 0 < 8 < 1, € > 0 and positive
integers B; (i € U) be given. The error dynamics is ultimately
bounded if there exist positive scalars €;, €s, 71, 7o, matrices
]5, ]5, KC, and non-singular matrix @ such that the following
inequalities hold:

[T, 0 1j[13_
x Iy IIxz| <0, (29)
L * Q|
[;; 0 1j113-
* I Iz | <0, (30)
* * Q |
P>0, P+£P>0 (31)
where
. (B-1)P -3 J12 J13
Iy £ * €1ln; N 0 ;
L * * _€ZI'ILLN
~ _(5*1)(}5+€'P)*011 J12 J13
I, = * erln, N 0 ,
L * * —EQInSN
s 2 (Y] Q"% 0]T> Mo £ [KT 'H—ICT/\;I}T,
s 2 [Y5 +e1] QTzp Q72"

D2P-Q-Q", Q2 (P+£P)-Q-Q",

=
o
|I>

N Qll 0
(A12)T _CZICS )
5 [0 (In®As+ W @T3)7
0 Qoo ’
O &Iy A +Wel)"Qs —CiKy,
Q2 (IN@ A+ Iy F+W aTy)TQ,,
Q £ diag{Qf7 Qs}7 K2 diag{K:f»’Cs}y

-
|I>

Qy £ diag{Q1f, Q2. ..., Qny},
Qs £ diag{Q1s, Q2s, . - -, Qns ),
Ky & diag{K1Kay,...,Kns},
Ky £ diag{Kis, Kos, ..., Kns}.

The gains of the estimator are calculated by L;; = Q;fTICZ},
and L;s = Q;." KL,
Proof: From (29), (30) and Lemma 1, one has

=1 0 ?13
* 1155 Iy <0 (32)
* *  NQ+eP
where
. (B—1)(P+eP)—3Jn J12 J13
Ell = * —€1Ian O 5
* * —ealn N
= T
22 [T +e1T Q7 Q72"

Define P. 2 P 4¢P, ¢ € (0,€]. It follows from (31) and
Lemma 1 that

P+eP>o0. (33)
Note that
(P = QP (P = Q)T >0 (34)
implies
P.—Q-Q">-QP'Q". (35)

Define K = QTQ and I £ {InNaIan,In5N7IUN}' By
applying (35) into (32), then pre-multiplying it with Q =
diag{l, I,n,Q~%, @'} and post-multiplying it with QT', we
can conclude that the inequality (32) holds under the condition
(17). The proof is now complete. ]

IV. NUMERICAL SIMULATION

Consider an SPCN with the following parameters:

0.6 0.2 0.1 0.2
A= {0.3 0.54} T = {0.4 0.4} ’

Ay = [031 0.15]", Az =[0.31 0.13], Ay = 0.5,

Ty =[02 03], Ts=1[0.35 0.16],Ty =04,

[0.8 0.1 0] 11 0 0
Ci=102 09 0|,C=|0 08 0],

0 0 1 0 0 09

1 0 0] 03 01 02
Cz=10 07 0|, W=]01 -03 o02],

0 0 06 01 02 -03
Hy=1[015 016 0.2]", H,=[0.25 036 03],
Hy=[03 01 01]", My =[02 02 06],
My=1[05 02 09]", My=[04 01 03],

D=[05 05", F=2

Let the external disturbance be ¥(k) = 1.1 cos(k), which
implies 19 = 1.1. The nonlinear functions are chosen as
- tanh(0.2z}(k))
_ _ if
g(wis(k)) = 0.24 {tanh(O.Qm?f(k))

h(wis(k)) = 0.6(|wis (k) + 1] — |2s(k) — 1])

(36)

where x}:(k) and 27 (k) represent the first and the second
component of the state x;7(k), respectively.

Let the attenuation coefficient be S = 0.86 and the SPP be
€ € (0,0.1]. Assume that the total bits available to the SPCNs
are B; = 64, and each node is allocated with By = By =
Bs = 21 bits. The upper bounds of the uniform quantizer are
given as 01 = 8, 09 =7 and 03 = 6.

The initial values of the state are set to be

zi(k)=1[04 02 01]", ap(k)=[02 02 03],
z3(k) =[04 0.1 02] , &(k) = cols{0},i € V.

In this example, we choose € = 0.09. By using the estimator
gains obtained from Theorem 2, the system states and their
estimates are depicted in Fig. 1, where z;;(k) denotes the

}T
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Fig. 1. State trajectory and its estimation.
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Fig. 2. Error dynamics and the bound.

jth component of the node i. The error norm ||é(k)|| and the
estimation error bound v/6 = 2.3073 are plotted in Fig. 2,
which verifies that the estimation error is indeed ultimately
bounded.

V. CONCLUSION

In this paper, we have studied the ultimately bounded state
estimation problem for PSCNs with bit rate constraints. A
state estimator has been designed based on the structure of
PSCNs and the feature of the encoding-decoding mechanism.
A sufficient condition has been obtained to ensure the uniform
boundedness of the estimation error dynamics. The desired
estimator gains have been obtained using the linear matrix
inequality technique. Finally, a simulation example has been
provided to verify the estimation performance of the proposed
estimator.
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