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Regional Control Subject to Actuator Amplitude and
Rate Constraints Under Communication Protocols

Yonggang Chen, Zidong Wang, Juan Wang and Lan Lan

Abstract—This paper addresses the regional control problem
for networked systems under simultaneous actuator amplitude
and rate constraints. Communication protocols are employed
to manage signal transmission over the constrained network.
Under the round-robin and try-once-discard protocols, sufficient
conditions are derived, expressed as nonlinear matrix inequalities,
to ensure the boundedness, H∞ performance, and asymptotic
stability of the closed-loop systems. Some algorithms are pro-
posed to optimize the performance indices under linear matrix
inequality constraints. Two numerical examples illustrate the
validity of the obtained results. Unlike earlier studies that focus
mainly on communication protocols or amplitude constraints
alone, this paper explicitly incorporates actuator rate constraints
and systematically designs static feedback gains rather than
assuming them known. As a result, the proposed method yields a
less conservative estimate of the domain of attraction even under
amplitude-only constraints, while maintaining simpler controller
implementation compared to dynamic output-feedback strategies.

Index Terms—Regional control, networked systems, actuator
constraints, amplitude and rate constraints, communication pro-
tocols.

I. INTRODUCTION

In reality, almost all physical actuators are subject to ampli-
tude constraints, which may lead to performance degradation,
multiple equilibria, and instability in closed-loop systems [23],
[40]. Over the past several decades, the analysis and synthesis
of control systems with amplitude-saturating actuators have
been extensively studied, and numerous significant results have
been established (see, e.g., [2], [3], [18], [22], [27], [48], [51],
[56], [57] and the references therein). In the context of regional
(local) control, prevalent methods for handling saturation non-
linearities include the polytopic model representations [23],
[57] and the generalized sector condition [3], [40].
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In some real-world control systems, such as flight control
systems [21], industrial processes [46], wind turbine systems
[14], and power systems [24], actuator rate constraints are
also inevitable, which can further degrade system performance
and even lead to instability. As a result, over the past two
decades, many researchers have concentrated on actuator-
saturated systems with both amplitude and rate constraints [9],
[16], [17], [25], [28], [33], [34], [54]. For instance, in [16],
the regional feedback stabilization problem has been addressed
by utilizing first-order models to represent both amplitude and
rate constraints. Following the same actuator models as in [16],
the stability and stabilization problems have been investigated
in [34] under a sampled-data based control scheme.

On the other hand, networked control systems (NCSs)
have attracted significant research attention over the past two
decades due to their notable advantages and widespread appli-
cations [19], [31]. However, network-induced challenges, such
as packet dropouts, transmission delays, and data quantization,
are unavoidable primarily because of bandwidth constraints
[1], [52]. To reduce communication resource usage, event-
triggered data transmission mechanisms have been proposed,
and various analysis and synthesis criteria have been derived
for NCSs [5], [8], [15], [35]–[37], [41], [53]. Furthermore,
communication protocols have been integrated into NCSs to
prevent data collisions caused by bandwidth limitations and
to support multiple packet transmissions [13], [20], [26],
[29], [42], [45], [49], [55], [58]. Common communication
protocols used in some specific industrial applications include
the random access (RA) protocol, round-robin (RR) protocol,
and try-once-discard (TOD) protocol.

Considering actuator constraints, several pioneering analysis
and design criteria have been developed for NCSs over the
past decade [4], [6], [10], [30], [32], [43], [47], [50]. For
instance, the emulation and co-design problems have been
addressed in [6] for LPV systems with input saturations under
two event-triggering conditions. Using a time-delay approach,
the stability analysis has been carried out in [30] for NCSs
with control constraints under the RR and TOD protocols,
respectively. In [4], a dynamic output-feedback controller has
been designed via a switched model for actuator-saturated
state-delayed systems under the RR protocol. However, it
should be noted that these works primarily address control
amplitude constraints, whereas rate constraints of actuators
have received little attention apart from [10], in which a robust
event-triggered data-driven control scheme has been proposed
under both control amplitude and rate constraints.

In this paper, the focus is primarily on the regional control
problem for NCSs subject to actuator amplitude and rate
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constraints under the RR and TOD protocols, respectively. A
dynamic equation with saturated input is first introduced to
generate control signals while accounting for both amplitude
and rate constraints. Then, by employing switched models to
represent actual measurements and utilizing modified sector
conditions to address nonlinearities, two sufficient conditions
are proposed to ensure the boundedness,H∞ performance, and
asymptotic stability of the closed-loop systems. Furthermore,
algorithms are provided to solve the feedback gains with
optimized performance. Finally, two numerical examples are
presented to show the effectiveness of the proposed results.

The contributions of this paper are summarized as follows.
1) For the first time, the regional control problem for NCSs
subject to both amplitude and rate constraints of actuators un-
der communication protocols is addressed, with two sufficient
conditions derived through nonlinear matrix inequalities. 2)
Iterative algorithms subject to linear matrix inequality (LMI)
constraints are proposed to compute the feedback gains with
optimized performance. These algorithms eliminate the need
for complex and conservative linearization techniques.

Notations. R
n represents the n-dimensional Euclidean

space. P > 0 (≥ 0) indicates that P is a symmetric and
positive definite (positive semi-definite) matrix. G(i) refers to
the i-th row of the matrix G. u(i) denotes the i-th element of
the vector u. I is an identity matrix. I[a, b] � {a, a+1, . . . , b}.

II. PROBLEM FORMULATION

Consider the following linear control system:{
xk+1 = Axk +Būk +Dwk,

yk = Cxk + Ewk, zk = Fxk
(1)

where xk ∈ R
nx is the system state, ūk ∈ R

nu is the control
input, yk ∈ R

ny is the measurement output, zk ∈ R
nz is the

controlled output, wk ∈ R
nw is the disturbance input,A, B, C,

D, E and F are known real constant matrices. The disturbance
wk is assumed to satisfy the energy-bounded condition

+∞∑
k=0

wT
k wk ≤ μ, μ > 0. (2)

Moreover, the actuators are subject to amplitude and rate
saturation constraints. The corresponding saturation functions
are defined as follows:

sata(u(i)) = sign(u(i))min{ûa(i), |u(i)|}, i ∈ I[1, nu],

satr(v(i)) = sign(v(i))min{ûr(i), |v(i)|}, i ∈ I[1, nu]

where ûa(i) and ûr(i) refer to, respectively, the amplitude
saturation level and the rate saturation level.

To represent the actuator saturation constraints, the follow-
ing dynamic equation can be considered [17]:

uk+1 =uk + satr(vk) (3)

where uk ∈ R
nu is the state vector, and vk ∈ R

nu is the
feedback input. The actual control input ūk is then given by

ūk � sata(uk). (4)

Noting the well-known fact as follows:

Δūk(i) � |ūk+1(i) − ūk(i)|
=|sata(uk(i) + satr(vk(i)))− sata(uk(i))|
≤|satr(vk(i))| ≤ |ûr(i)|, i ∈ I[1, nu], (5)

it can be observed that ūk respects the rate constraints.
Remark 1: In addition to the actuator model described by

(3) and (4), an alternative model can be expressed as [33]

ūk+1(i) =ūk(i) + satr(λ(i)(−ūk(i) + sata(vk(i))))

where λ(i) > 0 (i ∈ I[1, nu]) are scalars. This representation
is the discrete-time counterpart of the position-feedback-type
model [16]. It should be noted, however, that if the actual
actuator dynamics deviate from a first-order behavior, this
model may not guarantee the closed-loop stability.

In this paper, we consider the scenario where measurements
are transmitted through a communication network with limited
bandwidth. Under these conditions, data collisions are almost
inevitable during transmission, leading to undesired network-
induced phenomena such as packet dropouts, packet disorders,
and time delays. To mitigate these issues, the RR and TOD
communication protocols are employed, where only one sensor
node is permitted to transmit data at each instant [29], [58].

Let s be the number of sensors and yj,k ∈ R
qj be the

measurement from the j-th sensor (Σs
j=1qj = ny). The overall

measurement yk can then be expressed as

yk = col{y1,k, y2,k, . . . , ys,k}. (6)

To model the measurement yk under the RR and TOD
communication protocols, we introduce a function σk ∈ I[1, s]
whose value denotes the activated node at the time step k.
Then, the actual measurements ȳj,k for each sensor j ∈ I[1, s]
can be represented as follows [58]:

ȳj,k =

{
yj,k, j = σk,

ȳj,k−1, otherwise.
(7)

Let us introduce the block diagonal matrix

Ψσk
�diag{δ(σk − 1)I, δ(σk − 2)I, . . . , δ(σk − s)I}

where δ(·) is the Kronecker delta function. Furthermore, the
actually received measurement can be rewritten as

ȳk = Ψσk
yk + (I −Ψσk

)ȳk−1. (8)

This paper focuses on designing the feedback input

vk = Ky
σk
ȳk +Ku

σk
uk (9)

where Ky
j and Ku

j (j ∈ I[1, s]) are gain matrices.
The block diagram of the considered control system, subject

to actuator amplitude and rate constraints as well as the
communication protocol, is presented in Fig. 1.

Define the augmented vector as ηk � col{xk, uk, ȳk−1} ∈
R

n (n = nx + nu + ny) and introduce the nonlinearities

ψa(uk) � sata(uk)− uk, ψr(vk) � satr(vk)− vk.
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Fig. 1: The block diagram of the control system.

Then, using the equations (1), (3), (4), (8) and (9), the
following augmented closed-loop system can be derived:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
ηk+1 = (Āσk

+RKy
σk
C̄σk

+RKu
σk
RT )ηk

+B̄ψa(uk) +Rψr(vk)

+(D̄σk
+RKy

σk
Ψσk

E)wk,

zk = F̄ ηk

(10)

where

Āσk
�

⎡
⎣ A B 0

0 I 0
Ψσk

C 0 I −Ψσk

⎤
⎦ , B̄ �

⎡
⎣B0
0

⎤
⎦ ,

C̄σk
�
[
Ψσk

C 0 I −Ψσk

]
,

D̄σk
�

⎡
⎣ D

0
Ψσk

E

⎤
⎦ , R �

⎡
⎣0I
0

⎤
⎦ , F̄ �

[
F 0 0

]
.

The initial condition of the system (10) is denoted as η0 �
col{x0, u0, ȳ−1}. In this paper, it is assumed that ȳ−1 = 0.
Moreover, the estimate of the domain of attraction (DOA) is
characterized by the following ellipsoid:

W �
{
η0 ∈ R

n : ηT0 Pη0 ≤ 1, P > 0}. (11)

To handle the saturation-induced nonlinear terms ψa(uk)
and ψr(vk), we first recall the following lemma.

Lemma 1: [3], [40] Let u,w ∈ R
nu be given, and define

ψ(u) � sat(u) − u, where sat(u) is the saturation function
with levels û(i) (i ∈ I[1, nu]). Consider the set

S(w, û) � {w ∈ R
nu : |w(i)| ≤ û(i), i ∈ I[1, nu]}.

If w ∈ S(w, û), then for any nc×nc diagonal matrix H > 0,

ψT (u)H [ψ(u) + u−w] ≤ 0.

For given nu×n matrices Ga
j and Gr

j (j ∈ I[1, s]), take the
vector w in Lemma 1 as w = Ga

j η and w = Gr
jη, respectively.

Then, we can define the following polyhedral sets:

S(Ga
j , ûa) �

{
η ∈ R

n : |Ga
j(i)η| ≤ ûa(i),

i ∈ I[1, nu]}, j ∈ I[1, s], (12)

S(Gr
j , ûr) �

{
η ∈ R

n : |Gr
j(i)η| ≤ ûr(i),

i ∈ I[1, nu]}, j ∈ I[1, s]. (13)

Note that uk and vk have the forms

uk =RT ηk, vk = Ky
σk
C̄σk

ηk

+Ku
σk
RT ηk +Ky

σk
Ψσk

Ewk,

and denote σk = j. The following lemma then follows directly.
Lemma 2: If η ∈ S(Ga

j , ûa)
⋂S(Gr

j , ûr), then for any nu×
nu diagonal matrices Ha

j > 0 and Hr
j > 0 (j ∈ I[1, s]), the

following modified sector conditions hold:

ψT
a (u)H

a
j

[
ψa(u)−Ga

j η +RT η
] ≤ 0, j ∈ I[1, s], (14)

ψT
r (v)H

r
j

[
ψr(v)−Gr

jη +Ky
j C̄jη

+Ku
j RT η +Ky

jΨjEw
] ≤ 0, j ∈ I[1, s]. (15)

Remark 2: The sets S(Ga
j , ûa) and S(Gr

j , ûr) (j ∈ I[1, s])
defined in (12) and (13) are polyhedral regions in R

n, de-
scribed respectively by the inequalities |Ga

j(i)η| ≤ ûa(i) and
|Gr

j(i)η| ≤ ûr(i), i ∈ I[1, nu]. Their intersection S(Ga
j , ûa)

⋂
S(Gr

j , ûr) defines the admissible state region where both
sector conditions (14) and (15) hold. Alternatively, the satura-
tion nonlinearities satr(vk) and sata(uk) can be represented
directly via polytopic models [57], rather than using the sector
conditions (14) and (15). However, such a formulation typi-
cally results in a substantially higher computational burden.

The main objective of this paper is to design the feedback
input (9) such that the augmented closed-loop system (10)
exhibits the following desirable properties:

1) the states are bounded for admissible η0 and wk;
2) the H∞ performance requirement

+∞∑
k=0

z̄kz̄k ≤ γ

+∞∑
k=0

wT
k wk + γV0 (γ > 0) (16)

is satisfied, where Vk is the Lyapunov function; and
3) the local stability is ensured for the case wk ≡ 0.

III. MAIN RESULTS
A. The control synthesis under the RR protocol

The RR protocol is a token-ring-based strategy that sched-
ules sensor transmissions in a fixed circular order. Under the
RR protocol, the function σk that is utilized to denote the
activated node satisfies the relation σk+s = σk [29], [58].
Without loss of generality, we can set σk = k + 1 for
k ∈ I[0, s− 1]. Consequently, the activation sequence unfolds
as: σ0 = 1, σ1 = 2, . . . , σs−1 = s, σs = 1, σs+1 = 2, . . . .

In this subsection, the corresponding analysis is based on
the following switched Lyapunov function:

Vk = ηTk Pσk
ηk (Pj > 0, j ∈ I[1, s]). (17)

Let Pσk
= Pj (j ∈ I[1, s]) at the time step k. Then, under

the RR protocol, we have Pσk+1
= Pj+1 (Ps+1 = P1).

Theorem 1: Suppose that there exist n×n matrices Pj > 0,
nu×ny matrices Ky

j , nu ×nu matrices Ku
j , nu ×n matrices

Ga
j , Gr

j , nu × nu diagonal matrices H̄a
j > 0, H̄r

j > 0 (j ∈
I[1, s]), and any scalars γ > 0, ν > 0 (ν ≤ 1/μ), such that
the following matrix inequalities are feasible:⎡

⎢⎢⎢⎢⎢⎢⎣

−Pj Γ12
j Γ13

j 0 ÂT
j F̄T

∗ −2H̄a
j 0 0 H̄a

j B̄
T 0

∗ ∗ −2H̄r
j Γ34

j H̄r
jRT 0

∗ ∗ ∗ −I D̂T
j 0

∗ ∗ ∗ ∗ −P−1
j+1 0

∗ ∗ ∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎥⎥⎥⎦
< 0,
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j ∈ I[1, s] (Ps+1 = P1), (18)[
νû2a(i) Ga

j(i)

∗ Pj

]
> 0, i ∈ I[1, nu], j ∈ I[1, s], (19)[

νû2r(i) Gr
j(i)

∗ Pj

]
> 0, i ∈ I[1, nu], j ∈ I[1, s] (20)

where

Γ12
j =(Ga

j )
T −R, Γ34

j = −Ky
jΨjE,

Γ13
j =(Gr

j )
T − (Ky

j C̄j)
T −R(Ku

j )
T ,

Âj =Āj +RKy
j C̄j +RKu

j RT ,

D̂j =D̄j +RKy
j ΨjE.

Then, 1) the states of the augmented system (10) are bounded
for any η0 satisfying V0 ≤ 1/ν − μ and any wk satisfying
(2); 2) the H∞ performance constraint (16) is ensured; 3) the
asymptotic stability of the system (10) can be guaranteed for
any η0 satisfying V0 ≤ 1/ν for the case wk ≡ 0 (k ≥ 0).

Proof: Denote Ha
j � (H̄a

j )
−1 and Hr

j � (H̄r
j )

−1. Pre-
and post-multiplying (18) by diag{I,Ha

j , H
r
j , I, I, I} and its

transpose, respectively. Then, an application of the Schur
complement yields the following matrix inequalities:

Γj +ΠT
j Pj+1Πj + (1/γ)F̃T F̃ < 0,

j ∈ I[1, s] (Ps+1 = P1) (21)

where

Γj =

⎡
⎢⎢⎣
−Pj Γ12

j H
a
j Γ13

j H
r
j 0

−2Ha
j 0 0

∗ −2Hr
j Hr

j Γ
34
j

∗ ∗ −I

⎤
⎥⎥⎦ ,

Πj =[Âj B̄ R D̂j ], F̃ = [F̄ 0 0 0].

Again, applying Schur complement to (19) and (20) yields

(Ga
j(i))

TGa
j(i) ≤ νû2a(i)Pj , i ∈ I[1, nu], j ∈ I[1, s], (22)

(Gr
j(i))

TGr
j(i) ≤ νû2r(i)Pj , i ∈ I[1, nu], j ∈ I[1, s]. (23)

Let Pσk
= Pj (I[1, s]). Then, we have Pσk+1

= Pj+1.
Moreover, from (10), (14), (15), (17), we have

Vk+1 − Vk + (1/γ)zTk zk − wT
k wk

≤ηTk+1Pj+1ηk+1 − ηTk Pjηk + (1/γ)zTk zk

− 2ψT
a (uk)H

a
j

[
ψa(uk)−Ga

j ηk +RT ηk
]

− 2ψT
r (vk)H

r
j

[
ψr(vk)−Gr

jηk +Ky
j C̄jηk

+Ku
j RT ηk +Ky

j ΨjEwk

]− wT
k wk

=ζTk [Γj +ΠT
j Pj+1Πj + (1/γ)F̃T F̃ ]ζk (24)

where ζk = col{ηk, ψa(uk), ψr(vk), wk

}
.

Combining (21) and (24), we obtain

Vk+1 − Vk + (1/γ)zTk zk − wT
k wk < 0. (25)

Summing up both sides of (25) from 0 to k − 1 yields

Vk + (1/γ)

k−1∑
î=0

zT
î
zî <

k−1∑
î=0

wT
î
wî + V0. (26)

Furthermore, one can see from (17), (22) and (23) that

ηTk (G
a
j(i))

TGa
j(i)ηk ≤ νû2a(i)η

T
k Pjηk

≤νû2a(i)Vk, i ∈ I[1, nu], j ∈ I[1, s], (27)

ηTk (G
r
j(i))

TGr
j(i)ηk ≤ νû2r(i)η

T
k Pjηk

≤νû2r(i)Vk, i ∈ I[1, nu], j ∈ I[1, s]. (28)

For any initial condition η0 satisfying V0 ≤ 1/ν − μ and
any disturbance input wk satisfying (2), it is obvious from
(26) that Vk ≤ 1/ν, k ≥ 0. Moreover, from (27) and (28),
it is seen that the constraint ηk ∈ S(Ga

j , ûa)
⋂S(Gr

j , ûr) is
ensured. Also, one can obtain from (17) and (26) that

λm(Pσk
)‖ηk‖2 ≤ Vk ≤ 1/ν, (29)

which means that the system states of (10) are bounded.
In (26), letting k → +∞ and noting that V+∞ ≥ 0, it is

seen that the H∞ performance constraint (16) is satisfied.
In the case of no disturbances, from (26)-(28), one can also

conclude that the constraint ηk ∈ S(Ga
j , ûa)

⋂S(Gr
j , ûr) is

satisfied for any η0 satisfying V0 ≤ 1/ν. Meanwhile, one
obtains from (25) that Vk+1 − Vk < 0, which shows that
the system (10) is asymptotically stable for any η0 satisfying
V0 ≤ 1/ν. The proof is now complete.

B. The control synthesis under the TOD protocol
In this subsection, we consider the control synthesis under

the TOD protocol. The TOD protocol is a dynamical protocol
under which the value of the function σk is determined by the
following selection principle [29], [58]:

σk = arg max
1≤l≤s

(yl,k − ȳl,k−1)
TQl(yl,k − ȳl,k−1) (30)

where Ql > 0 (l ∈ I[1, s]) are known weight matrices.
Denote Q � diag{Q1, Q2, . . . , Qs} and Q̄l � QΨl (l ∈

I[1, s]). The function σk in (30) can be rewritten as

σk = arg max
1≤l≤s

(yk − ȳk−1)
T Q̄l(yk − ȳk−1). (31)

According to (31), we have the following inequality:
s∑

l=1, l�=σk

λσklỹ
T
k Q(Ψσk

−Ψl)ỹk ≥ 0 (32)

where ỹk = yk − ȳk−1, and λjl ≥ 0 (j, l ∈ I[1, s]).
Furthermore, we select the Lyapunov function

Vk = ηTk Pηk, P > 0. (33)

Using (31) and (32), and similar to the proof of Theorem 1,
the following control synthesis criterion is readily established.

Theorem 2: The conclusions of Theorem 1 are ensured
under the TOD protocol if there exist n× n matrices P > 0,
nu×ny matrices Ky

j , nu ×nu matrices Ku
j , nu ×n matrices

Ga
j , Gr

j , nu × nu diagonal matrices H̄a
j > 0, H̄r

j > 0, and
any scalars λjl > 0, γ > 0, ν > 0 (ν ≤ 1/μ) (j, l ∈ I[1, s]),
such that the following inequalities are feasible:⎡

⎢⎢⎢⎢⎢⎢⎣

Γ11
jl Γ12

j Γ13
j Γ14

jl ÂT
j F̄T

∗ −2H̄a
j 0 0 H̄a

j B̄
T 0

∗ ∗ −2H̄r
j Γ34

j H̄r
jRT 0

∗ ∗ ∗ −I D̂T
j 0

∗ ∗ ∗ ∗ −P−1 0
∗ ∗ ∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎥⎥⎥⎦
< 0,
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j, l ∈ I[1, s], j 
= l, (34)[
νû2a(i) Ga

j(i)

∗ P

]
> 0, i ∈ I[1, nu], j ∈ I[1, s], (35)[

νû2r(i) Gr
j(i)

∗ P

]
> 0, i ∈ I[1, nu], j ∈ I[1, s] (36)

where Γ12
j , Γ13

j and Γ34
j are denoted in Theorem 1, and

Γ11
jl =− P +

s∑
l=1, l �=j

λjlC̃
TQ(Ψj −Ψl)C̃,

Γ14
jl =

s∑
l=1, l �=j

λjlC̃
TQ(Ψj −Ψl)E (C̃ =

[
C 0 −I]),

Γ44
jl =− I +

s∑
l=1, l�=j

λjlE
TQ(Ψj −Ψl)E.

C. The design of the feedback gain matrices

In this subsection, we are in a position to focus on finding
feedback gain matrices that ensure the guaranteed stability re-
gion and performance. As the matrix inequalities in Theorems
1 and 2 are not LMIs, rendering them unsolvable by some
existing software tools, we introduce Xj � P−1

j (j ∈ I[1, s])
as new variables. This transformation recasts the nonlinear
inequalities (18) exactly into the following LMIs:⎡

⎢⎢⎢⎢⎢⎢⎣

−Pj Γ12
j Γ13

j 0 ÂT
j F̄T

∗ −2H̄a
j 0 0 H̄a

j B̄
T 0

∗ ∗ −2H̄r
j Γ34

j H̄r
jRT 0

∗ ∗ ∗ −I D̂T
j 0

∗ ∗ ∗ ∗ −Xj+1 0
∗ ∗ ∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎥⎥⎥⎦
< 0,

j ∈ I[1, s] (Ps+1 = P1, Xs+1 = X1). (37)

However, it is worth pointing out the following equality
constraints are simultaneously introduced:

PjXj = I, j ∈ I[1, s]. (38)

Similarly, defining the new variable X � P−1, the matrix
inequalities (34) can be equivalently written as follows:⎡

⎢⎢⎢⎢⎢⎢⎣

Γ11
jl Γ12

j Γ13
j Γ14

jl ÂT
j F̄T

∗ −2H̄a
j 0 0 H̄a

j B̄
T 0

∗ ∗ −2H̄r
j Γ34

j H̄r
jRT 0

∗ ∗ ∗ −I D̂T
j 0

∗ ∗ ∗ ∗ −X 0
∗ ∗ ∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎥⎥⎥⎦
< 0,

j, l ∈ I[1, s], j 
= l, (39)
PX = I. (40)

Note that the resultant conditions in Theorems 1 and 2
are still not strict LMIs due to the equality constraints (38)
and (40). However, the non-convex problem can be addressed
by employing the CCL (Cone Complementarity Linearization)
algorithm [11]. To facilitate this, we introduce the LMIs[

Pj I
I Xj

]
≥ 0, j ∈ I[1, s], (41)

[
P I
I X

]
≥ 0. (42)

Then, the non-convex problems in Theorems 1 and 2 can be
transformed into the nonlinear optimization problems:

Prob.1. min
Pj ,Xj ,K

y
j ,K

u
j ,Ga

j ,G
r
j ,H̄

a
j ,H̄

r
j (j∈I[1,s]),γ,ν

tr

( s∑
j=1

PjXj

)
,

s.t. LMIs (19), (20), (37) and (41),

and

Prob.2. min
P,X,Ky

j ,K
u
j ,Ga

j ,G
r
j ,H̄

a
j ,H̄

r
j ,λjl(j,l∈I[1,s]),γ,ν

tr(PX),

s.t. LMIs (35), (36), (39) and (42).

If the objective function of Prob. 1 (Prob. 2) reaches
the minimum value sn (n), then the matrix inequalities in
Theorem 1 (Theorem 2) are ensured to have feasible solu-
tions. However, these optimization problems cannot be solved
directly. Fortunately, as shown in [11], [12], some algorithms
can be proposed to solve the problems. However, unlike the
problems in [11], [12], the disturbance tolerance level μ needs
to be estimated to ensure the boundedness of the system (10)
and to determine the disturbance attenuation level γ. To this
end, we assume η0 = 0. Under this assumption, the scalar ν in
(19)-(20) and (35)-(36) can be replaced by 1/μ. The following
algorithms can then be employed to maximize μ.

Algorithm 1: Maximization of μ under the RR proto-
col

1) Find a feasible solution satisfying (19), (20), (37) and
(41) for the given μ. Set m = 0, P 0

j = Pj , X0
j = Xj

(j ∈ I[1, s]).
2) Solve the optimization problem

min
Pj ,Xj ,K

y
j ,K

u
j ,Ga

j ,G
r
j ,H̄

a
j ,H̄

r
j (j∈I[1,s]),γ

trΩm,s

where

Ωm,s �
[ s∑

j=1

(PjX
m
j +XjP

m
j )

]

s.t. LMIs (19), (20), (37) and (41).

3) If the matrix inequalities (18) are feasible for the
variables obtained in Step 2 and the condition∣∣∣∣tr

( s∑
j=1

PjXj

)
− sn

∣∣∣∣ < δ

is satisfied for a sufficiently small scalar δ, then set
μM = μ, increase μ by Δμ, and go to Step 1.

4) If k > N , where N is the maximum iteration number
given in advance, exit.

5) Set m = m+ 1, Pm
j = Pj , Xm

j = Xj (j ∈ I[1, s]), and
return to Step 2.

For a specified scalar μ (≤ μM ), the minimum disturbance
attenuation level γm can be obtained by modifying Algorithms
1 and 2. These corresponding algorithms are referred to as
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Algorithm 2: Maximization of μ under the TOD
protocol.

1) Find a feasible solution satisfying LMIs (35), (36), (39)
and (42) for a given μ. Set m = 0, P 0 = P , X0 = X .

2) Solve the optimization problem

min
P,X,Ky

j ,K
u
j ,Ga

j ,G
r
j ,H̄

a
j ,H̄

r
j ,λjl(j,l∈I[1,s]),γ

tr(PXk +XP k)

s.t. LMIs (35), (36), (39) and (42).

3) If (34) is feasible for the variables obtained in Step 2
and |tr(PX)− n| < δ is satisfied for a sufficiently
small scalar δ, then set μM = μ, increase μ by Δμ, and
go to Step 1.

4) If k > N (N is the maximum iteration number), exit.
5) Set m = m+ 1, Pm = P , Xm = X , and return to Step

2.

Algorithm 3 (for the RR protocol) and Algorithm 4 (for the
TOD protocol) in the paper, which are omitted here.

Next, we address the maximization of the estimated DOA.
In this case, the rows and columns corresponding to wk and
zk in (18), (34), (37), and (39) should be removed. Note
that under the RR protocol, we have assumed σ0 = 1. The
resulting estimate of the DOA under the RR protocol can then
be characterized by the ellipsoid

WRR �
{
η0 ∈ R

n : ηT0 P1η0 ≤ 1}. (43)

Let η̃0 � col{x0, u0}. Under the assumption that ȳ−1 = 0,
we aim to maximize the following ellipsoid:

W̃RR �
{
η̃0 ∈ R

ñ : η̃T0 P̃1η̃0 ≤ 1} (44)

where P̃1 = ΥP1Υ
T with Υ = [Iñ 0ñ×ny ] and ñ = nx+nu.

As in [57], we can choose a reference ellipsoid

W0 �
{
η̃0 ∈ R

ñ : η̃T0 Sη̃0 ≤ 1, S > 0} (45)

such that αW0 ⊆ W̃RR (α > 0), which is equivalent to

(1/α2)S − P̃1 ≥ 0. (46)

Remark 3: It is well known that the exact characterization of
the DOA is generally impossible. Under the RR protocol with
σ0 = 1, the ellipsoid (43) serves as an estimate of the DOA,
ensuring that any trajectory starting from it will enter the set
∪s
j=1Pj and eventually converge to origin. If the assumption

σ0 = 1 is removed, the set ∪s
j=1Pj itself can be taken as a

DOA estimate. Furthermore, besides the set (45), the reference
set may also be chosen as a polyhedron co{x1, x2, . . . , xl}
[23], where “co” denotes the convex hull. Although the use of
a polyhedron can potentially lead to a larger DOA estimate,
it also entails a significant increase in computational burden.

By maximizing the scalar α, one can obtain the maximum
ellipsoid W̃RR. The algorithm of maximizing α can be readily
obtained by modifying Algorithm 1 with the constraint (46),
which is referred to as Algorithm 5 and omitted here.

Under the TOD protocol, we will consider the ellipsoid

W̃TOD �
{
η̃0 ∈ R

ñ : η̃T0 P̃ η̃0 ≤ 1}. (47)

where P̃ = ΥPΥT . Similarly, the maximization of the region
W̃TOD can be achieved by maximizing α of the inequality

(1/α2)S − P̃ ≥ 0. (48)

The corresponding algorithm can be easily obtained, which is
referred to as Algorithm 6 in the subsequent part.

Remark 4: The conditions in Theorems 1 and 2 are non-
convex, as they involve the inverse matrices P−1

j (j ∈ I[1, s])
and P−1. This non-convexity persists even when C = I
because the incorporation of communication protocols and
rate constraints prevents the elimination of matrix couplings
via standard congruence transformations. Consequently, con-
ventional linearization techniques for designing static output-
feedback controllers become inapplicable [7], [18], [27].

Remark 5: Introducing the matrices Xj (j ∈ I[1, s]) and X
as new variables allows the matrix inequalities in Theorems
1 and 2 to be formulated as LMIs. Despite this, the resulting
conditions remain non-convex due to the introduced equality
constraints. Fortunately, using the idea of cone complemen-
tarity [11], [12], such non-convex feasibility problems can
be converted into nonlinear minimization problems subject to
LMI constraints. Subsequently, some iterative algorithms are
proposed to solve the nonlinear minimization problems.

Remark 6: In Algorithms 1-6, the inner iterations are uti-
lized to solve the nonlinear minimization problems, while the
outer loops are employed to obtain the feedback gain matrices
with optimized performance indices. Noting the stopping con-
ditions in Step 3, it can be seen that these iterative algorithms
cannot provide the globally optimal solutions. In fact, we can
only obtain the suboptimal performance indices. Therefore, al-
though the algorithms are always effective, some conservatism
still exists because the linearized approximation potentially
excludes some valid solutions. Moreover, these algorithms
depend on the availability of initial feasible solutions in Step 1.
If the scalars μ, γ and α are chosen appropriately, for instance,
by taking μ and α sufficiently small, and γ sufficiently large,
initial feasible solutions can always be obtained.

Remark 7: For the case that the actuators are only subject
to amplitude constraints, we can employ the static output
feedback controller uk = Ky

σk
ȳk. Denote that

Ǎσk
�
[

A 0
Ψσk

C I −Ψσk

]
, Ďσk

�
[

D
Ψσk

E

]
,

Čσk
�[Ψσk

C I −Ψσk
], B̌ � [BT 0]T ,

F̌ �[F 0], η̌k � col{xk, ȳk−1},
and choose the Lyapunov function Vk = η̌Tk Pσk

η̌k. Then, the
synthesis criterion under the RR protocol is readily obtained
by deleting the LMIs (20) in Theorem 1 and modifying the
matrix inequalities (18) as follows:⎡

⎢⎢⎢⎢⎣
−Pj Ξ12

j 0 Ξ14
j F̌

∗ −2H̄a
j Ξ23

j H̄a
j B̌

T 0
∗ ∗ −I Ξ34

j 0

∗ ∗ ∗ −P−1
j+1 0

∗ ∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎥⎦ < 0, j ∈ I[1, s]

(49)
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where Ξ12
j = (Ga

j )
T − (Ky

j Čj)
T , Ξ14

j = AT
j + (Ky

j Čj)
T B̌T ,

Ξ23
j = −Ky

jΨjE, and Ξ34
j = ĎT

j + (Ky
j ΨjE)T B̌T .

Following Algorithm 1, the feedback gain matrices Ky
j

(j ∈ I[1, s]) can be easily obtained. For comparison with
the result in [30], we assume that the gain matrices are
known. Under this assumption, pre- and post-multiplying (49)
by diag{P−1

j , I, I, I, I} and its transpose, respectively, and
defining Xj � P−1

j , Ḡa
j � Ga

jXj , yields the following LMIs:⎡
⎢⎢⎢⎢⎣
−Xj Ξ̌12

j 0 Ξ̌14
j XjF̌

∗ −2H̄a
j Ξ23

j H̄a
j B̌

T 0
∗ ∗ −I Ξ34

j 0
∗ ∗ ∗ −Xj+1 0
∗ ∗ ∗ ∗ −γI

⎤
⎥⎥⎥⎥⎦ < 0, j ∈ I[1, s]

(50)

where Ξ̌12
j = (Ḡa

j )
T − (Ky

j ČjXj)
T and Ξ̌14

j = XjA
T
j +

(Ky
j ČjXj)

T B̌T . Similarly, it follows from (19) that[
νû2a(i) Ḡa

j(i)

∗ Xj

]
> 0, i ∈ I[1, nu], j ∈ I[1, s]. (51)

Here, the estimate of the DOA can be characterized by

W̌RR �
{
η̌0 ∈ R

nx : η̌T0 P̌1η̌0 ≤ 1} (52)

where P̌1 = Υ̌TP1Υ̌ with Υ̌ = [Inx 0nx×ny ].
With the matrices Ky

j (j ∈ I[1, s]) assumed known, the
problem of maximizing the set W̌RR reduces to maximizing
the scalar α subject to the LMIs (50), (51), and the condition[

S/α2 Υ̌
Υ̌T X1

]
≥ 0.

IV. NUMERICAL EXAMPLES

Example 1: Consider the system (1) with the parameters

A =

[
1.1 0.15
0.03 0.8

]
, B =

[
1
0.1

]
, C = I,

D =E = [0.1 0.1]T , F = [1, 1].

Here, q1 = q2 = 1, s = 2, and ûa(1) = 15, ûr(1) = 10.
For the example, we first address the case without distur-

bance. Using Algorithm 5 with δ = 0.001, N = 1000, and
S = I yields the maximum scalar αM = 33.07 and

P̃1 =10−3 ×
⎡
⎣ 0.1142 −0.0051 0.1820
−0.0051 0.9068 0.0021
0.1820 0.0021 0.8728

⎤
⎦ ,

Ky
1 =[−0.2545 − 0.1051], Ku

1 = −1.2117,

Ky
2 =[−0.3266 − 0.1608], Ku

2 = −1.5074.

Similarly, applying Algorithm 6 gives αM = 32.97 and

P̃ =10−3 ×
⎡
⎣0.1052 0.0365 0.1781
0.0365 0.0992 0.0819
0.1781 0.0819 0.8711

⎤
⎦ ,

Ky
1 =[−0.2600 − 0.0295], Ku

1 = −1.1789,

Ky
2 =[−0.1397 − 0.0836], Ku

2 = −0.6140.

Figs. 2-4 show the projections of the regions W̃RR and
W̃TOD . It can be observed that, on the whole, W̃TOD is

basically larger than W̃RR, indicating that the TOD protocol
leads to a larger estimate of the DOA. In fact, for this example,
the volume of the ellipsoid W̃TOD is 1.8471×106, whereas the
volume of W̃TOD is 5.3933×105. Figs. 5-9 present the system
state, the actual control input and its rate, and the selected
sensor node, with the initial condition η̃0 = col{60, 15, 12},
which lies inside both regions W̃RR and W̃TOD . As shown in
Figs. 5 and 6, the proposed method effectively stabilizes the
unstable system. Conversely, when the initial condition lies
outside these regions (e.g., η̃0 = col{86, 15, 12}), the closed-
loop stability cannot be guaranteed. Moreover, Figs. 7 and 8
reveal that the control input and its rate are saturated during the
initial period, confirming the influence of actuator amplitude
and rate constraints. Also, Fig. 9 illustrates that the sensors
are scheduled according to a dynamic selection principle.

Next, we consider the case with disturbance. Using Algo-
rithms 1 and 2 with δ = 0.001 and N = 1000, the maximum
disturbance tolerance levels are found to be μM = 4.68× 104

under the RR protocol and μM = 4.37 × 104 under the
TOD protocol. For the RR protocol, setting μ = 4× 104 and
applying Algorithm 3 yields the disturbance attenuation level
γm = 3.79 and the following gains:

Ky
1 =[−0.2708 − 0.0727], Ku

1 = −0.9644,

Ky
2 =[−0.2294 − 0.1940], Ku

2 = −1.0828.

Under the TOD protocol, Algorithm 4 gives γm = 7.20 and

Ky
1 =[−0.2866 0.0089], Ku

1 = −0.9216,

Ky
2 =[−0.1459 − 0.2748], Ku

2 = −0.9947.

In Figs. 10 and 11, we plot the evolutions of the system
states under the RR and TOD protocols, where wk is set as

wk =

{
100, 0 ≤ k ≤ 3,

0, k ≥ 4.

From Figs. 10 and 11, it is seen that the control perfor-
mances under the RR and TOD protocols are almost the same.

Finally, we compare the proposed method with existing
results under the RR protocol. By solving the optimization
problem associated in [30] with K = [−0.5 −1], λ = β = 1,
ηm = ηM = τM = 0, τ̄M = 1, and the optimized scalars
μ = 1.36, σ = 0.47, the resulting Lyapunov matrix is

P =

[
0.0008 0.0003
0.0003 0.0034

]
.

Meanwhile, solving the optimization problem in Remark 7
of this paper with Ky

1 = Ky
2 = [−0.5 − 1] and S = I yields

P̌1 =10−3 ×
[
0.0540 0.0195
0.0195 0.1247

]
.

Moreover, using Remark 7 and performing the correspond-
ing algorithm with S = I and α = 120.51, the following
controller gains are specifically designed:

Ky
1 =[−0.1311 0.0035],

Ky
2 =[−1.2647 − 0.6141],
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and the associated Lyapunov matrix is obtained as

P̌1 =10−4 ×
[
0.6764 0.0189
0.0189 0.6587

]
.

Based on the above Lyapunov matrices, the areas of the
corresponding DOA estimates are computed as 2.5829× 103,
5.2551 × 104, and 6.2784 × 104, respectively. In particular,
the condition established in Remark 7 yields a DOA estimate
that is 20.3457 times that obtained in [30], demonstrating the
potential benefit of the techniques employed in this work.
Moreover, within the presented design framework, the esti-
mated DOA is improved by 19.47% compared with the case
that relies on known controller gains. Fig. 12 further illustrates
the DOA estimates associated with these Lyapunov matrices.

Example 2: Consider the linearized dynamic model of the
inverted pendulum system presented in [44][

φ̇t
φ̈t

]
=

[
0 1

(m+M)g
Ml 0

] [
φt
φ̇t

]
+

[
0

− 1
Ml

]
ūt.

where φ denotes the pendulum angle, ū is the force applied
to the cart, and the physical parameters are

m = 0.1kg, M = 0.1kg, l = 0.136m, g = 9.81m/s2.

Using a sampling time of h = 10ms, the corresponding
discretized model (see [44]) is given by

xk+1 =

[
1.0018 0.01
0.36 1.0018

]
xk +

[−0.001
−0.184

]
ūk.

In this example, we set the output matrix as C = I and
choose q1 = q2 = 1, s = 2. The input ū is subject to both
amplitude and rate constraints with ûa(1) = 1 and ûr(1) = 0.5.

Applying Algorithm 5 with δ = 0.001, N = 2000, and
S = I yields αM = 0.419 together with

P̃1 =

⎡
⎣ 5.4985 0.7413 −0.6085

0.7413 1.2471 −0.0432
−0.6085 −0.0432 0.2901

⎤
⎦ ,

Ky
1 =[3.2312 0.7364], Ku

1 = −1.2845,

Ky
2 =[1.5041 0.3753], Ku

2 = −0.6465.

Similarly, Algorithm 6 gives αM = 0.400 and

P̃ =

⎡
⎣ 6.0116 0.8383 −0.7317

0.8383 1.2956 −0.0547
−0.7317 −0.0547 0.3464

⎤
⎦ ,

Ky
1 =[3.0783 0.5695], Ku

1 = −1.2791,

Ky
2 =[1.0695 0.2926], Ku

2 = −0.4317.

In Figs. 13-16, we plot the system state, the actual control
input and its rate, where η̃0 = col{0.35, 0.10,−0.30}. As
observed in Figs. 13 and 14, the proposed method once
again demonstrates its effectiveness in stabilizing the system.
Furthermore, Figs. 15 and 16 clearly illustrate that the control
signals are subject to amplitude and rate constraints during
the initial period, thereby highlighting the saturation charac-
teristics inherent in the design. It is worth noting that, for this
example, the volume of the ellipsoid W̃RR is 3.5442, which
is larger than the volume 3.1135 of the ellipsoid W̃TOD .

-100 -50 0 50 100
 x1

-100

-50

0

50

100

 x
2

RR protocol
TOD protocol

Fig. 2: The projections of W̃RR and W̃TOD onto x1-x2 plant.
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Fig. 3: The projections of W̃RR and W̃TOD onto x1-u plant.
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Fig. 4: The projections of W̃RR and W̃TOD onto x2-u plant.

V. CONCLUSIONS

In this paper, the regional control problem have been
investigated for NCSs under the RR and TOD protocols,
subject to both actuator amplitude and rate constraints. Unlike
prior works such as [4], [30], which have primarily focused
on communication protocols, the present study has explicitly
incorporated actuator rate constraints. Moreover, in contrast
to [30], we have systematically designed the feedback gain
matrices instead of assuming them known. Numerical results
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Fig. 5: The evolution of the system state (RR protocol).
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Fig. 6: The evolution of the system state (TOD protocol).
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Fig. 7: The actual control input and its rate (RR protocol).
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Fig. 8: The actual control input and its rate (TOD protocol).

have confirmed that, even under the amplitude constraints
alone, the proposed method delivers a less conservative esti-
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Fig. 9: The selected sensor node under the TOD protocol.
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Fig. 10: The evolution of the system state (RR protocol).
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Fig. 11: The evolution of the system state (TOD protocol).

mate of the DOA compared with [30]. When compared to the
dynamic output-feedback strategy in [4], the static feedback
control developed here admits simpler implementation while
maintaining satisfactory performance. It is also noteworthy that
the approach in [4] does not support actuator rate constraints
or the TOD protocol. Thus, the proposed findings in this paper
represent a substantial supplement to the existing literature.

It is also worth noting that the communication protocols
adopted in this paper are intended for node scheduling, which
differs from the event-triggered scheme in [10] where the
data transmission occurs only when necessary. Incorporating
such an event-triggered mechanism could further reduce un-
necessary transmissions and enhance the efficiency of network
resource utilization, which we leave for future investigation.
Additionally, the disturbances considered in this paper have
been assumed to be energy-bounded, whereas in practice they
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Fig. 12: The regions involving the estimate of the DOA (Remark 7:
known controller gains; Remark 7*: designed controller gains).
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Fig. 13: The evolution of the system state (RR protocol).
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Fig. 14: The evolution of the system state (TOD protocol).

may be amplitude-bounded. Addressing the disturbance re-
jection problem under amplitude-bounded disturbances while
ensuring DOA thus represents another important research
direction [23]. Furthermore, when an accurate system model is
unavailable, the data-driven control scheme offers a practical
and effective alternative [10], [38], [39], which also deserves
further investigation. Finally, extending the proposed frame-
work to more general nonlinear systems, such as piecewise-
affine systems [22] and T-S fuzzy systems [9], [36], [54],
remains an interesting and meaningful topic for future work.
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Fig. 15: The actual control input and its rate (RR protocol).
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Fig. 16: The actual control input and its rate (TOD protocol).
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