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Moving-Horizon Estimation for Multi-Sensor Systems Under
Probabilistic Caching Mechanism: A Co-Design Scheme

Weihao Song, Zidong Wang, Zhongkui Li, and Hongli Dong

Abstract—In practice, the cache, capable of storing frequently accessed
data, is widely deployed in edge servers to guarantee quick retrieval and
improve overall system performance. In this paper, the moving-horizon
state estimation problem is investigated for a class of multi-sensor systems
under the effects of limited caching capacity and sensor resolution. The
measurement information collected by multiple sensors is first transmit-
ted to an edge server for state estimation purposes and then stored in
the cache for future use. To accommodate the limited caching capacity,
the probabilistic caching mechanism (PCM) is harnessed to manage
the cached content, under which only a portion of the measurement
information is probabilistically selected and retained in the cache. By
solving the least-squares optimization problem, a novel moving-horizon
state estimator is proposed under the PCM. Sufficient conditions are
derived to guarantee that the estimation error is exponentially ultimately
bounded in the mean-square sense. To improve the estimation accuracy,
the parameters of both the estimator and the PCM are jointly designed
by addressing a constrained optimization problem with the assistance of
the particle swarm optimization method. Finally, two examples are given
to showcase the effectiveness of the proposed algorithm.

Index Terms—Moving-horizon estimation, multi-sensor systems, prob-
abilistic caching mechanism, sensor resolution, exponential ultimate
boundedness.

I. INTRODUCTION

With the rapid development of the fifth generation mobile networks
and the Internet of Things, the limitations of centralized cloud
computing paradigm, such as high latency and low efficiency, have
become increasingly conspicuous in recent years. To tackle these
challenges, edge servers have emerged as a powerful alternative
by bringing computational resources to the network edge, which
is in close proximity to end users or data sources [12]. Owing
primarily to the distinctive advantages in latency reduction, real-
time data processing, and efficiency enhancement, edge servers have
demonstrated substantial application potential across a wide range
of realms such as environmental monitoring, autonomous vehicles,
intelligent transportation, and industrial automation [17], [19]. In
these representative applications, timely and accurate decisions are
crucial for guaranteeing the overall system performance, particularly
in terms of efficiency and safety.
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It should be noted that the accurate knowledge of the system state
is essential for operators or automated systems to make informed
decisions. Nevertheless, in real-world applications, it is often difficult
(if not impossible) to directly obtain such state information due
mainly to physical constraints or budget limitations [3], [14], [25]. A
technically viable and economically sustainable approach is to infer
the states of interest by leveraging the available, though possibly
noisy, measurement signals. As such, the state estimation problem
has garnered substantial research attention from both the signal
processing and control communities, and a rich body of effective
state estimation methods, tailored to different types of systems and
noise models, has been reported in the literature, see e.g., [4], [5],
[8], [16], [27] and the references therein.

Recently, the moving-horizon estimation, also known as receding-
horizon estimation, has stirred a great deal of research interest due
to its versatility in dealing with a wide range of system complexities,
including model uncertainties and disturbance/state constraints [1],
[11], [21], [26]. The fundamental idea behind the moving-horizon
estimation is to recursively reconstruct the system states by solving
an optimization problem based on a series of past measurements
within a moving window/horizon of constant size. Compared with
the computation-intensive full information estimation where all the
past measurements are utilized, the moving-horizon estimation is able
to achieve a balance between estimation accuracy and computational
efficiency [18]. Consequently, such an estimation framework has
found successful applications in many practical fields including, but
not limited to, robotics and industrial process control [15], [23].

So far, a wealth of literature has been reported on the design of
moving-horizon estimation schemes under various system settings
and network-induced phenomena. For example, the moving-horizon
estimation problem has been investigated in [31] for the networked
time-delay systems, where the measurement transmissions are sched-
uled by the Round-Robin protocol. In [29], the event-triggered
distributed moving-horizon estimation algorithm has been designed
for linear discrete-time systems over wireless sensor networks. It is
worth mentioning that, in most existing literature, there is an implicit
assumption that the actual measurement output is identical to the
true value. Nevertheless, this assumption is often unrealistic due to
the inherent limitations of sensor resolution, which determines the
smallest detectable variation. The sensor-resolution-induced measure-
ment deviations, if not properly handled, would inevitably lead to
performance degradation [20], [30]. Consequently, it makes practical
sense to investigate the moving-horizon estimation problem under the
sensor resolution effects.

On another research frontier, caches are usually deployed in edge
servers to reduce the time of retrieving frequently accessed content,
thereby enhancing both system performance and user experience
[10]. The cache-enabled real-time property is particularly desired
by latency-sensitive applications (e.g., mobile games and video
streaming) since the delays in the service delivery would significantly
affect the user retention and satisfaction in a negative way. Notably,
in practical engineering, it is virtually impossible to cache all the
potentially required data due to the inherent physical size limitation
that restricts the storage capacity available for caching [7], [24]. As
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such, it is of great necessity to develop efficient caching strategies that
determine which data should be cached. In this regard, a promising
approach known as the probabilistic caching mechanism (PCM) has
been considered in [9], where each content potentially requested by
the user is cached based on a certain probability. Due to its outstand-
ing adaptability and flexibility, the PCM has been widely employed in
the computer network and wireless communication fields [6], [22].
Nevertheless, in the specific context of state estimation where the
limited caching capacity becomes a major concern, the corresponding
issues remain underexplored and deserve further investigation.

Summarizing the above discussions, in this paper, we endeavor to
deal with the moving-horizon estimation problem for linear discrete-
time systems under the PCM and sensor resolution effects. This is far
from a trivial task due to the following three fundamental difficulties:
1) how to construct a unified and practical state estimation framework
under the consideration of PCM and sensor resolution effects? 2)
how to derive sufficient conditions that ensure the boundedness
of the estimation error under the PCM? and 3) how to co-design
the parameters involved in both the PCM and the moving-horizon
estimator to optimize the estimation performance? The main purpose
of this paper is to offer concrete solutions to these difficulties by
conducting a systematic investigation.

In light of the identified challenges, the primary contributions of
this paper can be emphasized as follows:

1) the moving-horizon state estimation problem is, for the first time,
explored for multi-sensor systems under the sensor resolution
effects and the PCM, which is able to accommodate the engi-
neering practice with efficient management of limited caching
capacity;

some sufficient conditions are established to ensure the exponen-
tial ultimate boundedness of the estimation error in the mean-
square sense, and the asymptotic upper bound is derived to
examine the impact of the PCM; and

a constrained optimization problem is constructed to jointly
design the parameters of both the moving-horizon estimator
and the PCM, where the particle swarm optimization (PSO)
method combined with a family of matrix inequalities is utilized
to optimize the estimation performance while satisfying the
parameter constraints.
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~
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Notations: R™ represents the n-dimensional Euclidean space. For
a matrix A, AT and A™! denote, respectively, its transpose and
inverse, and omin(A) signifies its minimal eigenvalue. E{-} denotes
the mathematical expectation. col{a;}i\, stands for a column vector
formed by stacking a1, az, ..., an on top of one another. For a vector
z, ||z|| and ||z||q represent, respectively, its Euclidean norm and
weighted norm defined by ||z||o £ /2TQx, where Q a positive
definite matrix. mod(a, b) returns the nonnegative remainder when
the integer a is divided by the positive integer b. |-| and [-] denote,
respectively, the floor function and the ceil function.

II. PROBLEM FORMULATION
A. System description

Consider a class of discrete-time systems with the following
dynamics:

Tkt+1 = Gz + 1225

_ . (1
ik = Hixp +vip, 1=1,2,...,N

where z, € R"* signifies the system state vector and y; , € R"™v
denotes the ideal measurement output for the i-th sensor. s, € U =
{0 ¢ [l € pmasin € R} and v € V02 {v s v <
Vimax; V € R™} represent, respectively, the process noise and the

Sensors End users

Fig. 1: An illustrative diagram for the considered scenario, where the
vehicle icon represents a generic dynamic system.

measurement noise for the ¢-th sensor. G and H; are constant matrices
with compatible dimensions.

In practical applications, the ability of sensors to capture arbitrarily
small variations in the quantity being measured is constrained, and
the smallest detectable variation is typically referred to as the sensor
resolution.

Definition 1 ( [30]): If the I-th component (I = 1,2,...,ny) of
the measurement output of a sensor belongs to the set {nm'|n
0,£1,4+2,...,+s} where s is a given positive integer, then m
[m*,m2,...,m™]7 is named as the sensor resolution.

Taking the sensor resolution into account and following the line of
[20], [30], the actual measurement output for the I-th component of
the i-th sensor, denoted by yé’ »» can be described as follows:

=l
Uik VS, l
\\mz J My Yig =My

Uik € (—mi,m;) @)

s

1 1
Yik < -m;

where gjik represents the ideal measurement output for the [-th
component of the i-th sensor, and m! stands for the corresponding
sensor resolution. Denote by déy i the difference between the actual
measurement and the ideal measurement, namely, dli’ = yé, B gjf’ k-

Clearly, one has
|di k| < mi. ©)

For notational convenience, let us denote

Gx = col{Fin bt yr = col{yik bivs

d, = col{di x }1L1, vk = col{v; g}y,

B. Characterization of the PCM

In this paper, as depicted in Fig. 1, the state estimation process at
the edge server is carried out in response to the requests initiated by
the end users. Moreover, the edge server and the cache are combined
to enable the fast and efficient delivery of the queried/retrieved infor-
mation to the end users. For this purpose, the frequently required data
are stored in the cache, where the information replacement follows
the well-known first-in-first-out rule (i.e., the oldest information is
discarded and the newest information is cached at each update).

In the context of state estimation, the measurements collected
by the multi-sensor systems will be transmitted to the edge server
(fusion center) for further processing and to the cache for future
use. Nevertheless, in practical engineering, due to the limited storage
capacity of the cache, only a portion of newly collected measurements
can be stored in the cache. In this paper, it is supposed that only the
measurements of S (1 < .S < N) sensors are permitted to be cached
to cope with the storage constraints. Clearly, there are R possible
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cases for the cached measurements, and each case corresponds to
one caching mode, where

N N!
R:<S>:(N—S)!S! @

and N! denotes the factorial of N.
More specifically, under the PCM, each caching mode can be
characterized by a matrix selected from the following finite set:

y:{él7é27"',ER} (5)

where the matrix =, (r = 1,2,..., R), corresponding to the r-th
caching mode, is a diagonal matrix composed of S diagonal elements
“1” and N — S diagonal elements “0”. For example, if N = 3 and
S = 2, the matrix = is defined as diag{1,1,0}, which indicates
that only the measurements from the first and second sensors are
stored in the cache. Similarly, =, and =3 are respectively defined as
diag{1,0, 1} and diag{0, 1, 1}.

To describe the caching mode at each time instant, a random
variable i, taking values in {1,2,..., R}, is defined with the
following probability distribution:

Pr{fr=r}=&, r=1,2,....,R ©6)
R

&el0], > &=1 )
r=1

where &, denotes the caching probability allocated to the r-th caching
mode. It is clear that based on the specific caching mode at time
instant k, the available measurement information at the edge server
can be denoted by

Yk = Z, Yk ®)

where 2, = Ep, ® I, and ® signifies the Kronecker product.

Remark 1: 1t is worth mentioning that under the PCM, only a sub-
set of the sensor measurements can be randomly selected and stored
in the cache to make efficient use of the limited storage resources.
To facilitate the modeling and analysis of such a mechanism, it is
essential to determine all the possible combinations of measurements
that can be cached (i.e., all the possible caching modes) as well
as their corresponding caching probabilities [9]. On the other hand,
when retrieving data from the cache, we are able to determine which
sensors the cached measurements belong to by resorting to certain
unique information such as the packet identifier. Accordingly, at the
edge server, the available measurement information obtained from
the cache can be uniformly described by (8), where the uncached
measurements are represented by zeros.

Remark 2: In the existing literature, the probabilistic caching
strategy is usually explored to optimize the cache hit probability,
i.e., the probability that a random file request can be successfully
satisfied [6]. Nevertheless, in practical engineering, it might be more
desirable to investigate the effect of PCM onto the task completion
performance in specific scenarios. More specifically, in the context of
state estimation, it is warranted to examine the impact of the caching
probabilities defined in (6) on the estimation performance and design
proper parameters to optimize the designated performance indices.

C. Moving-horizon state estimation problem

In this paper, we are going to consider the moving-horizon state
estimation problem for the discrete-time systems (1) under the proba-
bilistic caching mechanism. Assume that the fixed size of the moving
window is represented by a positive integer M and is compatible
with the limited storage space of the cache, which implies that the
required historical measurements can be retrieved from the cache.
More specifically, at each time instant £ > M, we aim to obtain

the estimates of the states xx—_nr, Tk—prr+1, - - -, Tk, denoted respec-
tively by £ nzjk, Tk—ar41|ks - - - » Ti|k» based on the prior prediction
ZTr— M, the newly received measurements yy, as well as the previously
cached measurements yo (s =k — M, k— M +1,... .k —1).

For convenience, let us formulate the moving-horizon state esti-
mation problem under the PCM as follows.

Problem 1: Suppose that the prior prediction Zx_as, the cur-
rent measurements ¥, and the cached measurements yi (s =
k— Mk— M+ 1,...,k — 1) are available at a time instant
k > M. At each time instant k, determine the optimal state estimates
Th—M|k> Lk—M+1|ks- -+, Tk by minimizing the following least-
squares cost function

Je = |Br—nrje — Tr—mlla + llye — Qk|k\|2
k—1
a  sa &)
S T
s=k—M

under the constraints defined below
Uik = HIpk
g);“k =E5,Hiqk, s€ [k — M, k—1]
i’s«kl\k = GQAZS“C, s € [k — M,k — 1]

Th—m = GTp_pr—1|k—1

(10)

T -
} and 2 denotes a positive

where H = [H{ Hj HY
definite matrix to be determined later.

Remark 3: It should be emphasized that the cost function de-
fined in (9) is composed of three terms. Specifically, the first term
|&k—nrrpe — T M||?2 penalizes the difference between the state
estimate and the prior prediction, where the parameter matrix €2 is
utilized to adjust the relative emphasis on the model-based prediction
and the measurement-based correction. The second term ||y — gx,x||>
imposes a penalty for the distance between the newly received
measurements y, and the estimated measurements. The third term
llys — as, .||? is introduced to penalize the discrepancy between the
previously cached measurements y¢ and the corresponding estimates.
Note that at each time instant, the estimator can receive the latest
measurements from all sensors, whereas at later time instants, only
the cached subset of these measurements remains available. On the
other hand, the conventional moving-horizon estimation methods are
no longer suitable for the scenario considered in this paper due mainly
to the measurement deviations incurred by the sensor resolution and
the partially available measurements caused by the PCM. In this
sense, it is of critical necessity to design a novel moving-horizon
estimator that can handle these identified complexities and better
accommodate the needs of practical engineering.

Before proceeding further, let us define the estimation error as
Zk—M = Tk— M — Tx— |k and present the following definition with
respect to the exponential ultimate boundedness in the mean-square
sense.

Definition 2 ( [28]): The dynamics of the estimation error Zj is
said to be exponentially ultimately bounded in the mean-square sense
if there exist three positive constants «, 7y, and p such that

E{||Zx]*} < o*y +p

where « € [0,1). « and p denote, respectively, the decay rate and
the asymptotic upper bound of E{||Z]||*}.

In this paper, we are focused on investigating the moving-horizon
state estimation problem for multi-sensor systems under the PCM and
sensor resolution effects. The primary purpose of this paper is to co-
design the parameters of the estimator and the PCM such that: 1) the
exponential ultimate boundedness is guaranteed for the estimation
error dynamics in the mean-square sense; and 2) the estimation
performance is optimized by minimizing the asymptotic upper bound.
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III. MAIN RESULTS

In this section, we first establish an explicit expression for the
estimation error dynamics by solving Problem 1. Then, with the
aid of stochastic analysis techniques, some sufficient conditions are
found to ensure the mean-square exponential ultimate boundedness
of estimation error. Subsequently, we concentrate on the co-design
problem of moving-horizon estimator and PCM to optimize the
estimation performance.

For ease of notation, we denote

Vi 1*001{%}@ k ms Di—1 = col{ds }9 k—M
U1 :COI{NS}S k iy Vi1 :COI{VS}S:kaI

Y, = col{ys}g k—Ms HM = e
Hy—1 = [HT (HG)" (HGM-HT }
Pp—1 = diag{Zp,_n» Epy_nrgrr 5 EBra )
G _ HG H 0 O
M-—2 =
HG}W*Q HG‘]V[*B .
Ga-s = [HGM™' HGM™ .. HG H]

Based on the above notations, the system dynamics (1), and the
PCM (6), one has

Vit 1 = ®p_1Yio1 + Pr_1Di1
Vi1 = Hyu—1@h—nr + Gru—2Ugp—1 + Vi1
Uk = Hmxr—n + Gu—1Uk—1 + V.

1)

In the following theorem, we will determine the optimal solution
to the moving-horizon state estimation problem defined in Problem 1.

Theorem 1: Suppose that the parameter matrix €2, the prior pre-
diction Tr_ s, the current measurements y, and the cached mea-
surements Y, ; are available at a time instant k > M. At each time
instant k, the unique solution to Problem 1 can be described by

1
Tp—mk = (Q + HarHar + 7‘[@71‘1’16717'11\471)

x (mk,M + HED g + H}Q,lq’k,lyk“,l) .12

Proof: 1t is clear that the least-squares cost function (9) can be
rewritten as

Ik = |Br—nrix — f}chHng + llyx — ,HMjkaUc”Q

+ ||Yka;1 - ékle]M—li’k_]\/[‘kHQ. (]3)

The necessary condition for the minimum of (13) is given by
aJ, R _ .
aAik =2 &k — ThM) — 2Hns (Y — HarZn—naik)
LTk—M|k
- 27‘13\2—1@5—1(3/13—1 —®p 1 HMm 1 Tk—mp) = 0.

On the other hand, it can be verified that the Hessian matrix with
respect to (13) is a positive definite matrix. Consequently, the optimal
estimate that minimizes the least-squares cost function (9) can be
designed as in (12), which completes the proof. |

Recalling the definition of the estimation error Z,_ s and (12), it
is not difficult to obtain that

Th—M = Th—M — Th_M|k

-1
(Q + HE Ha + 7—[51,1@1@717{M—1)

X (Ql'k—lw + HyHarwe s + Hag_1®r 1

_ T T
X Hym—1Tk—nm — QZr—nm — HyGe — Hiardr

— Hiy 1 Pp1 Vi1 — Hl’l\ﬂ/lflq)klekfl) . (14)

Based on (1), (10) and (11), the estimation error dynamics (14)
can be further expressed as

Th—M

= (Q+ MM+ HY 1 PraHaror)  (QGEr-n

+ Qur—nr—1 — HA1 G Us—1 — Higvr — Hirdy
— M 1Pk 1Gn—2Uk 1 — Hir—1®r—1 Vi1
— Hir—1®r-1Dk1).

Remark 4: 1t is clear from (15) that due to the presence of PCM,
a stochastic diagonal matrix ®;_; is involved in the estimation error
dynamics. In other words, the estimation error Zy— s is essentially
a stochastic sequence, which makes it necessary to analyze the
behaviors of the estimation error from a statistical perspective. On
the other hand, the measurement deviations induced by the sensor
resolution effects are also reflected in the estimation error dynamics.
In this sense, the estimator parameter and the PCM should be
meticulously designed to secure the expected estimation performance.

In what follows, based on the established estimation error dynamics
(15), our attention will be centered on the analysis and design
problems of the moving-horizon state estimator (12) under the PCM
characterized by (6) and (7).

(15)

A. Analysis of the moving-horizon estimator under the PCM

Before proceeding further, the following lemma, which can be
easily derived from Propositions 1 and 2 in [32], is given to facilitate
the reformulation of estimation error dynamics (15).

Lemma 1: The PCM characterized by {Sk—s}i<s<m can be
mapped to the variable ¢5—1 € S 2 {1,2,---, R™} by resorting to
the following relationship:

M

$ro1 =Y R (Bs —1) +1
s=1

where R denotes the number of all possible caching modes defined
in (4). In this context, given the value of ¢,_1, the caching modes
can be revealed by the functions 7;(¢r—1) defined as follows:

or—1—1
S| r) +1

In addition, the stochastic process ¢r—1 is a Markov chain with the
following transition probability:

Br—s = Ts(¢r—1) 2 mod ({

if 1 <w(a,b) <R
otherwise

pa,b é Pr{¢k — bl(ﬁkfl } {{Tl(b)

where a,b € S, w(a,b) =b— R(a —1— RM(Ty(a) — 1)) and
&7, () denotes the caching probability defined in (6). Specifically,
w(a,b) serves as an indicator for whether the transition is possible.

It follows from Lemma 1 that the stochastic matrix ®;_; can be
determined by the newly introduced variable ¢x_1. Therefore, we
rewrite ®5_1 as ®4, , and obtain the following dynamics:

(Q + HiHor + H{I,l%k_l%M_l) T (QGE v
+ Qui—nr—1 — HarGr—1Up—1 — Hirve — Hardy,
- H{l—l(bqf)k_lglvf—QUk—l — H,]l\}_lq)@c_lvk—l
—Hir1®,  Di1).

Th—Mm =

(16)
To facilitate the subsequent analysis, let us define

Virr = [Vi VE+1]T7 Dyy1 = [Df dk+1}
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Cet1 = [fz—M Hg—M UkT ijj;-l Dla-l]T
Koo = (Q+HyHu +Hir1®p, Haro1)
Heop vt = HiGn1 + 'Hﬂ,lq’%gz\/f—z
Hoor = [Hir 1®s,  Hil-

Now, we are poised to provide a sufficient condition that assures
the exponential ultimate boundedness of the estimation error in the
mean-square sense.

Theorem 2: Consider the estimation error dynamics (16) and the
PCM characterized by (6) and (7). Suppose that the estimator
parameter matrix {2 and the caching probabilities &, (r = 1,2,..., R)
are given. If there exist positive definite matrices P, (a € S) as well
as positive scalars 0 < 6 < 1 and ¢; (z = 1,2, 3,4) satisfying the
following matrix inequalities:

All A12 A13 A14 A15
SN MM
Ao=| * x A3 A3 A <o a7
* * A OA%
* * * * Ais

where
A=At 40P, Al = GTQP.OG — P, AP =GTQP,O
AR = —GTQP, Hans, AP = —GTQOPHa
AP =AM A2 =A% ], A2 = QPO
AP = —Qﬁ’aﬁa,Al,Ai4 = —QP,Ha o, \2° = A2
AP =AY — eI, AP =Hy prPaHam
A =HE yPaHanr, AP = A0 A = A — )
At =HI yPaHanr, A =AY, AP =AY — el

Ais = Ai47 pa = KaPaKm pa = Zpabpb:
beS

then the estimation error is exponentially ultimately bounded in the
mean-square sense.

Proof: To begin with, let us choose the following Lyapunov-like
function:

Wi = &h— Py, Fr-u1. (18)

Defining AWj, £ Wy, 11 — Wy, it follows from (16) and (18) that
E{AWk|¢x = a}

=E {££7M+1P¢>k+1i’k—lvl+l — Zh i Py n—nt| b = a}

=E { (QG-’Ek—M + Qui—rr — Ha,nr Vipr — HanaUs
_ﬁa,MDIﬁLl)T P, (QGi’ka + Qup—nm — 7:la,M‘7k+1

~Ha,mUs, — 7:la,MDk+1) — G PaFr—n|on = a}

= B{Cir1RaCria|dn = a} (19)
where

All A12 A13 A14 A15

: ]\32 A%S Agél Ag5

Ao = | % : Ags /\§4 Ag5

* * A OA

* * * AP

Based on (17) and (19), it is not difficult to verify that
E{AWk|¢r = a}

=E {CIcT+1/_\aCk+1 + OWi — exif—nrpie—nr — e2Up Uk

— e&3Vi1Vier1 — €aDiy1 Dy — OWi + €1 fup— prfih—ar

5
+eUl Uy + e3Vih 1 Vier 1 + eaDily 1 Diya | o = a}
=B {C’VTHA“C’“‘H — OWi + €1 pih—nrpk—nr + €2Ug Ui
+e3Vii1 Vi1 + €aDf 1 Dyir |65 = a}
< —OE{Wk|dr =a}+p (20)
where
P2 (614 M)y + e3(M + 1)72y + ea(M + D)in®  (21)

- N _ N 1 l
Wlth Vr2nax - Zi:l l/iz,max and m2 = Zi:l Z;L:yl (mz)2

Taking the mathematical expectation on both sides of (20), it is
clear that

E (Wi} < (1-0)E (Wi} + 5, @2)
which further indicates that
E{Wi1}
< (1—0) " MTIE{Wa} + i (1-0)"p
A=M
= (1= 0 MYE (W) + w,ﬁ. 23)

Recalling the definition of W}, in (18), it follows from (23) that
(1 _ g)kflerl (]E{WIVI} _ g) + g
minaES {Gmin(Pa)}

which implies that the estimation error dynamics is exponentially
ultimately bounded in the mean-square sense and an asymptotic upper
bound is

E{||#k-nm1]°} <

;24

_ P
P= Ominges {omin(Pa)}’ 2

Now, the proof is complete. |

B. Design of the moving-horizon estimator under the PCM

Building on the analysis results established in Theorem 2, we now
present a theorem that designs the estimator parameter matrix €2 and
minimizes the asymptotic upper bound of the estimation error under
the given caching probabilities.

Theorem 3: Consider the estimation error dynamics (16) and the
PCM characterized by (6) and (7). Suppose that the caching proba-
bilities &, (r = 1,2,..., R) and the scalar 0 < 6§ < 1 are given. If
there exist positive definite matrices P, (a € S), positive scalars €;
(i =1,2,3,4), and positive definite matrix 2 satisfying the following
matrix inequalities

mit 12
Ha = |: % H22:| < 0, (26)
P, >1 27)

where
L' = diag {(0 — 1) Pa, —e1I, —eol, —e3l, —eqal’}
M2=[0G Q@ —Han —Homr —Haoml'
2 = P, — 2K, ',

then the estimation error is exponentially ultimately bounded in the

mean-square sense. In addition, the asymptotic upper bound can be
minimized by resorting to the following optimization problem:

in ?
pmin 5 28

under the matrix inequality constraints (26) and (27), where p is
defined in (21).
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Proof: Noting that (P, — K; )P, (P, — K1) > 0, it is easy
to obtain that
o [T 11,”

ﬁa: * _Ka_lpa_lKa_l SHw

Based on the renowned Schur Complement lemma, the condition
(17) is satisfied if and only if the following matrix inequalities

M, <0

hold. Therefore, according to Theorem 2 as well as the conditions
(26) and (27), the estimation error is exponentially ultimately bound-
ed in the mean-square sense and the asymptotic upper bound can be

expressed by £. The proof is now complete. |

C. Co-design of the moving-horizon estimator and the PCM

In the previous subsection, the caching probabilities & (r =
1,2,..., R) and the scalar € are all given in advance. Obviously, the
caching probability, as an important parameter in the PCM, would
exert a substantial impact on the estimation performance. Next, our
focus is on resolving the co-design problem of the estimator and the
PCM to minimize the asymptotic upper bound of the estimation error.

Corollary 1: Consider the estimation error dynamics (16). Based
on Theorem 3, if the caching probabilities &, (r = 1,2,..., R) and
the scalar 0 are all designable parameters, then the asymptotic upper
bound can be minimized by resorting to the following constrained
optimization problem:

. p
6.0 Pave; 2 0
s.t. (7),(26), (27)
0<60<1,6>0,P,>0,Q2>0

(29)

where p is defined in (21).
Proof: The proof proceeds in a manner similar to that of
Theorem 3 and is therefore omitted for brevity. |

Note that the objective function in (29) is constructed based on
an asymptotic upper bound of the estimation error, which captures
the impact of the design variables on the worst-case estimation
performance. Although the solution obtained from this upper-bound-
based formulation may not exactly coincide with that minimizing
the actual estimation error, it provides a tractable and meaningful
surrogate for the joint design of the caching strategy and the estimator
parameter under unknown-but-bounded noises and sensor resolution
effects. It should also be noted that the value of p is indirectly
affected by &, and 0 via the variables ¢;, which are determined by
the matrix inequality constraints (26) and (27) involving &, and 6.
Moreover, the objective function and constraints in (29) are both
nonlinear since the caching probabilities & (r = 1,2,..., R) and the
scalar @ are treated as parameters to be designed. Consequently, it
would be difficult (if not impossible) to directly find a solution to the
constrained optimization problem formulated in (29). In this paper,
similar to the methodology in [13], we will resort to the well-known
PSO algorithm and propose a co-design framework that integrates
the PSO algorithm and the linear matrix inequality technique.

In the PSO algorithm, each particle, serving as a candidate solution,
adjusts its position within the search space based on its own experi-
ences and those of the swarm to pursue the optimal solution [2]. In
this paper, L particles are selected. Recalling the second constraint
Ele & = 1in (7), it is clear that there are only R—1 free variables
with respect to the caching probabilities. Therefore, the position of
the [-th particle (I = 1,2,..., L) can be detailed by

T
€, 0] (30)

l 1 1
pV = |el e

where the parameter with superscript (1) denotes the corresponding
value in the [-th particle. Notably, one has 5}? =1- ZR* "

r=1 57 -

Now, we proceed to define the following fitness function:

£ (l)) _ ﬁfal), if all the constraints in (29) are satisfied a1
p= +o00, otherwise
where " is the obtained minimal value of 2 given the I-th particle.
Po g 8 p

Following the standard PSO algorithm, the position update of the
I-th particle can be governed by [2]:

W) = xw® =1 4w (o - 1) = p (- 1)
+ woTo (pgb(L —-1) - p(l)(b — 1))
() =p" (e —1) + ()

where w® (1) and p¥ (1) denote, respectively, the velocity and the
position of the [-th particle at the ¢-th iteration; x stands for the
inertia weight; w1 and wo are acceleration coefficients; 71 and 7 are
uniformly distributed random variables within the interval [0, 1]; pz(.f))
signifies the historical best position found by the I-th particle; and
pgp indicates the historical best position found by the entire swarm.

Next, the proposed PSO-based co-design scheme for the moving-
horizon estimator and the PCM is summarized in Algorithm 1. Note
that the PSO algorithm is employed only in the offline design stage,
and its computational cost is mainly determined by the number of
particles and iterations, as well as the problem dimension. Once the
optimization is completed, the designed parameters can be directly
applied online in real time. Specifically, the received measurements
are cached according to the designed probabilities ., and the state
estimator (12) is executed using the current measurements Y, the
cached measurements Y3 {, and the designed parameter matrix €.
Therefore, the proposed state estimation scheme is suitable for online
implementation.

(32)
(33)

Algorithm 1 PSO-based co-design algorithm for moving-horizon
estimator and PCM.
Input: The number of selected particles L, the maximum allowable
number of iterations tmax, and other parameters y, w; and ws.
1: Initialize p” (0) and w¥(0) for each particle [ = 1,2,..., L.
2: for t =1 t0 tmax + 1 do
3: for {=1to L do
4 Calculate the fitness function f (p“) (t— 1)) of the I-th
particle according to (31).

5: Update the individual best position pl(.f,)(L — 1) based on
the values of f (p(l) (s)) for0<s<:¢:—1.
6: end for

7: Update the global best position pgp (¢ — 1) based on the
values of f (p(” (s)) for0<s<:—1land1<[<L.
8: if ¢ < t;max then
9: for /=1to L do
10: Update the position p{”(¢) and the velocity w® ()
for the [-th particle based on (32) and (33).
11: end for
12: end if
13: end for
14: According to the found global best position pgs (¢max ), determine
the optimal values for &, and 6.
15: According to the obtained parameters, design the matrix €2 for
the moving-horizon estimator by resorting to Theorem 3.
Output: The designed caching probabilities & (r = 1,2,..., R) for
the PCM and the designed parameter matrix €2 for the estimator.
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Fig. 2: True and estimated trajectories of .

IV. NUMERICAL SIMULATIONS

In this section, two examples are provided to showcase the feasibil-
ity and effectiveness of the proposed moving-horizon state estimator
under the PCM.

Example 1: The discrete-time linear system (1) under consideration
is composed of four sensors (i.e., N = 4) and is specified by the
following parameters:

1.02  0.05 —0.03
G=|-004 1.01 0.2 |,
01 —02 098

Hy=[0.18 001 0], Ho=[0 02 0],
Hy=1[05 0 0], Hi=[0 0.04 0.8].

The process and measurement noises px and v; , (2 = 1,2, 3,4) are,
respectively, generated from uniform distributions over the intervals
[-0.05, 0.05] and [—0.1, 0.1]. Then, the values of the noise-related
parameters u?nax and 1/2 max are 7.5 x 1072 and 0.01, respectively.
The size of the window is selected as M = 2, and the sensor
resolutions are set as m; = 0.15 (i = 1,2, 3, 4).

Considering the limited caching capacity, only the measurements
of two sensors are allowed to be stored in the cache, i.e., S = 2.
According to (4), there are a total of six possible caching modes in
this scenario. More specifically, one has

1 = diag{1,1,0,0}, =, = diag{1,0,1,0},
3 = diag{17 07 O’ 1}7 4 = diag{o’ 17 17 0}7
5 = diag{O, 1,0, 1}, 6 — diag{(), 07 1, 1}.

[1h [1h [}
[ (1 [1h

By implementing Algorithm 1 with parameters L = 100, tmax =
80, x = 0.9, w1 = 0.6 and wo = 0.4, the caching probabilities for
the PCM and the parameter matrix for the moving-horizon estimator
are obtained as follows:

& =0.0003, & = 0.0001, &3 = 0.1245,
&4 = 0.0002, & = 0.2352, &6 = 0.6398,

1.1505 —0.2044 —0.2266
Q= 1-0.2044 1.0496 0.6817
—0.2266  0.6817 2.6830

Based on the proposed scheme with these designed parameters, the
simulation results are displayed in Fig. 2, which intuitively illustrate
the effectiveness of the proposed state estimation strategy.

To further showcase the superiority of the proposed scheme, we
compare its performance against the following three schemes: 1)
Scheme I: each caching mode is randomly activated with equal
probability; 2) Scheme II: all measurements, including the latest ones,

are randomly cached; and 3) Scheme III: the measurements of all
sensors within a smaller window M = 1 are available, meaning
that the measurements at time instants k and k — 1 are all retained.
For a fair comparison, the parameters in Schemes II and III are also
optimized using the PSO algorithm.

The simulation results, in terms of estimation errors over 1000
Monte Carlo runs, are provided in Table I, from which we are able to
see that the proposed scheme exhibits the best estimation performance
among all the compared schemes. This aligns with our expectations,
since in the proposed scheme: 1) higher caching probabilities are
assigned to the caching modes offering more information; 2) all the
latest measurements are guaranteed to be available; and 3) a larger
window allows the estimator to more accurately capture the system’s
dynamic behavior. These results confirm that the proposed state
estimation algorithm, together with the joint design of parameters,
can deliver good performance.

TABLE I: Comparison under different schemes.

Scheme Ours 1 I 1

E{>;%% [|Ex ||} 44.5513 49.2058 47.6757 50.0976

Example 2: Consider the problem of tracking a moving target using
a multi-sensor system with six sensors (i.e., N = 6). The target’s
motion is described by a linear dynamic model with the following
state transition matrix [29]:

1 =~ 0 O
0 1 0 O
G = 0 0 1 =
0 0 0 1
where 7, = 1 signifies the sampling period, and the state vector,

defined by =% £ [Du.k,Va.k, Py.k, Vy.k] - contains the position and
velocity components along the X and Y axes.
The measurement matrices are specified as follows:

Hi=[1000], Ho=[0 0 1 0], H3=[04 0 0.8 0]
Hy=1[070 05 0], Hs=[0 10 0], Hs=1[0 0 0 1].

The process and measurement noises p and v; j are, respectively,

generated from uniform distributions over the intervals [—0.2, 0.2]
and [—0.05, 0.05]. The size of the window is selected as M = 3,
and the sensor resolutions are set as m; = 0.01.

Given the capacity constraints, only one sensor’s measurement is
allowed to be stored in the cache (i.e., S = 1), yielding six possible
caching modes in this setup. Based on Algorithm 1 with parameters
L =100, tmax = 60, x = 0.9, w1 = 0.6 and w2 = 0.4, the caching
probabilities for the PCM are obtained by

€1 =0.1952, & = 0.1408, &5 = 0.2032,
€4 = 0.2240, & = 0.0909, & = 0.1460.

The comparative results in terms of root mean square errors (RMSEs)
of the position and velocity estimates at time instant k, averaged over
1000 Monte Carlo runs, are displayed in Fig. 3, which further demon-
strate the practicality and effectiveness of the proposed scheme.

V. CONCLUSIONS

In this paper, the moving-horizon state estimation problem has been
handled for linear discrete-time systems subject to PCM and sensor
resolution effects. A mathematical model, incorporating the caching
modes and the corresponding caching probabilities, has been carefully
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Fig. 3: Behaviors of RMSE,, , and RMSE,, ;. (17

established to capture the behavior of the PCM in the context of multi-

sensor systems. By formulating a least-squares optimization problem,

(18]

the estimator has been designed to exploit both the newly received

measurements and the previously cached measurements. Based on

[19]

the analysis of the estimation error dynamics, sufficient conditions

have been rigorously derived to guarantee that the estimation er-

[20]

ror is exponentially ultimately bounded in the mean-square sense.
Moreover, by resorting to the PSO method with customized particle
structure and fitness function, a constrained optimization problem has

been solved to co-design the caching probabilities and the estimator

[21]

parameter matrix, thereby enhancing the estimation performance.
Finally, simulation results have been presented to confirm the viability

and effectiveness of the proposed scheme. Future studies would focus

[22]

on extending the current results to time-varying or nonlinear sys-
tems, designing adaptive strategies capable of dynamically adjusting
caching probabilities, and exploring the interaction between caching

mechanisms and communication constraints.
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