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 A B S T R A C T

We examine a multi-product cash-flow inventory problem that accounts for lead times and uncertain demand. 
Our analysis includes a specific type of financing — overdrafts — where retailers facing cash constraints 
can leverage overdrafts to manage unexpected cash shortfalls. To address this issue, we propose a stochastic 
programming model and solve it using stochastic dual dynamic programming (SDDP). Additional auxiliary 
variables are introduced in the sub-problems to facilitate the construction of cuts in the presence of lead times. 
To enhance computational efficiency, we provide two techniques: removing the duplicate added constraints in 
the model and exploiting dual value similarities of the constraints across sub-problems. Numerical experiments 
demonstrate that SDDP can solve the problem with small optimality gaps compared to the values obtained from 
stochastic dynamic programming, and the proposed acceleration strategies significantly reduce computation 
time with minor impact on solution quality.
. Introduction

Cash-flow is often regarded as the lifeblood of a business, and small 
nd medium-sized enterprises (SMEs) increasingly factor cash avail-
bility into their operational decisions. Unlike larger companies, SMEs 
ace more significant challenges in securing external funding, primarily 
ue to their limited sales volumes and operational scales. Additionally, 
MEs typically lack the cash reserves needed to absorb major losses. 
ne report revealed that 38% of failed startups cited running out of 
ash or an inability to raise additional capital as the main reason for 
heir downfall (CBInsights, 2021). Another study found that nearly 
hree in five UK SMEs have faced cash-flow issues (QuickBooks, 2019).
To address these challenges, many financing services have emerged 

n the market to help SMEs address cash shortages. These include, 
ut are not limited to, loans, overdrafts, credit cards, leasing options, 
nd government grants. Some Chinese e-commerce platforms also offer 
rder-based loans specifically for online retailers (Chen & Zhang, 2021). 
 report by the British Business Bank found that 30% of SMEs sought 
xternal financing in the past three years (Ipsos, 2024), with bank 
verdrafts and credit cards being the two most popular services.
Extensive literature already exists on cash-flow management or 

upply chain financing in the context of inventory problems. However, 
uch of this research has concentrated on single or two stage decision 
roblems (e.g., Cao et al., 2024) or on single-product scenarios (e.g., 
hao et al., 2008). These limitations highlight the need for approaches 

∗ Corresponding author.
E-mail addresses: zhen.chen@brunel.ac.uk, chen.zhen5526@gmail.com (Z. Chen), t.archibald@ed.ac.uk (T.W. Archibald).

that incorporate more realistic settings and mathematical programming 
methods. The primary contributions of this study are as follows.

• We address a cash-flow inventory problem involving multiple 
products, lead times, uncertain demand, and overdraft options, 
and formulate it as a multi-stage stochastic programming model.

• To solve the model, we apply stochastic dual dynamic program-
ming (SDDP). Given the complexities introduced by lead times, 
we incorporate auxiliary variables in the sub-problems to facili-
tate the computation of cuts in SDDP’s backward pass.

• We develop two acceleration techniques for SDDP to improve 
computational efficiency: one eliminates duplicate constraints 
added during iterations, and the other takes advantage of the 
similarities in dual values across subproblems.

• We evaluate the optimality gaps of SDDP and the proposed ac-
celerations by comparing them with values obtained via stochas-
tic dynamic programming (SDP), and assess their performance 
through extensive numerical experiments.

The remainder of this paper is organized as follows. Section 2 
reviews the related literature and Section 3 presents the problem 
description. Section 4 formulates the multi-stage stochastic program-
ming model. Section 5 introduces the SDDP approach and discusses its 
convergence properties and bounds for our problem, while Section 6 
ttps://doi.org/10.1016/j.ejor.2026.04.003
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presents two acceleration techniques for SDDP. The computational 
study and results are discussed in Section 7. Finally, conclusions and 
directions for future research are outlined in Section 8.

2. Literature review

We focus our discussion on key studies relevant to our problem, 
specifically cash-flow inventory issues and SDDP. We review each area 
as follows.

2.1. Cash-flow inventory problems

Cash-flow and financial services have been widely studied in the 
production and inventory management literature. For instance, Buza-
cott and Zhang (2004) highlighted the importance of jointly consider-
ing operational and financial decisions using the newsvendor model, 
and Cao et al. (2024) examined risk-sharing and financing strategies 
in an inventory management problem. However, many of these studies 
either overlook the impact of cash constraints on inventory decisions 
or limit their analysis to single/double stage models.

Regarding multi-stage cash-flow inventory problems, Archibald et al.
(2002) examined inventory policies aimed at maximizing survival prob-
ability. Chao et al. (2008) characterized the optimal inventory control 
policy and developed an algorithm to address the self-financing retailer 
problem. Gong et al. (2014) and Katehakis et al. (2016) extended 
this work to situations involving short-term financing. Luo and Shang 
(2019) investigated a single-product cash-flow inventory problem with 
trade credit, aiming to maximize working capital at the end of the 
planning horizon. Chen and Rossi (2021) proposed an inventory control 
policy for addressing cash constraints with fixed ordering costs. Fu et al. 
(2021) explored inventory-based financing and partially characterized 
the optimal inventory control policy. Kajjoune et al. (2023) applied 
dynamic programming to solve a dynamic lot-sizing problem involving 
short-term financing and external deposits. Chen and Archibald (2024) 
employed scenario trees and sample average approximation to tackle a 
survival maximization problem with a joint chance constraint.

Despite the extensive literature on inventory problems with cash 
constraints, no studies have yet proposed a model that simultaneously 
considers multiple stages, multiple products, lead times, overdraft op-
tions, and uncertain demand. As these complexities are commonly 
found in practical situations, this paper aims to address this gap and 
proposes a model that can help retailers manage and optimize inven-
tory under financial constraints. This model can only be useful if it 
can be solved efficiently. Therefore, this paper develops an efficient 
solution method based on SDDP, a well-established methodology for 
multiple stage dynamic optimization problems.

2.2. Stochastic dual dynamic programming

Pereira and Pinto (1991) originally proposed the SDDP method, in-
tegrating sampling into the nested decomposition algorithm developed 
by Birge (1985), which extended the two-stage L-shaped algorithm 
by Van Slyke and Wets (1969) to a multi-stage setting. Since then, 
numerous discussions, applications, and extensions of this method have 
emerged. Philpott and Guan (2008) proved the almost sure convergence 
of SDDP under mild conditions, while Shapiro (2011) and Lan (2022) 
further examined its statistical properties and convergence rate, re-
spectively. Additionally, Shapiro et al. (2013) extended SDDP for both 
risk-neutral and risk-averse applications, as implemented by Soares 
et al. (2017) in hydrothermal planning. De Matos et al. (2015) provided 
and compared various computational accelerations to SDDP. Löhndorf 
and Shapiro (2019) compared the time series approach and Markov 
chain approximation for the Markovian type dependence structure in 
SDDP for a power planning problem. Stochastic Dual Dynamic Inte-
ger Programming (SDDiP) was developed by Zou et al. (2019) for 
multi-stage stochastic programming with integer variables. Thevenin 
2 
et al. (2022) employed SDDP to compare various improvements in a 
multiechelon lot sizing problem. Bhattacharya et al. (2023) applied 
concave penalty functions in SDDP. More recently, Kiszka and Wozabal 
(2025) solved a power flow problem by dual convex semi-definite 
programming and SDDP, while Hole et al. (2025) applied SDDP to solve 
a capacity planning problem.

Although the SDDP method is recognized as an effective method 
for solving multiple stage dynamic optimization problems, it has not 
yet been applied to inventory management problems with cash-flow 
constraints. Given the practical significance of this potential application 
of SDDP, we are motivated to explore the effectiveness of SDDP for 
cash-flow inventory problems and to develop techniques to accelerate 
the computation, making the method suitable for the practical setting 
that we model.

3. Problem description

For clarity, the primary notations used throughout this paper are 
summarized in Table  1. Additional notations will be introduced as 
necessary.

A retailer manages a portfolio of 𝑁 products over a planning hori-
zon of 𝑇  stages. At the beginning of the planning horizon, the retailer 
holds an initial inventory of product 𝑛, denoted by 𝐼𝑛0. The selling 
price and unit variable ordering cost of product 𝑛 during stage 𝑡 are 
represented by 𝑝𝑛𝑡 and 𝑐𝑛𝑡, respectively. The order quantity for product 
𝑛 at stage 𝑡 is represented by 𝑞𝑛𝑡 and is delivered after a lead time of 
𝐿𝑛 stages. At the beginning of stage 𝑡, there will be an outstanding 
order for 𝑞𝑛𝑡−𝐿𝑛

 units of product 𝑛 due to be delivered during the stage. 
Ordering decisions for each stage are made after observing the initial 
inventory position but before the demand for that stage is realized. 
Demand for each product in each stage is uncertain and independent, 
with 𝐷𝑛𝑡 denoting the demand for product 𝑛 at stage 𝑡. The retailer 
should fulfill demand to the greatest extent possible using inventory 
available at a stage. Any demand that cannot be satisfied results in lost 
sales. The end-of-stage inventory of product 𝑛 at stage 𝑡 is denoted by 
𝐼𝑛𝑡, while any unmet demand for product 𝑛 at stage 𝑡 is recorded as 𝐵𝑛𝑡. 
The inventory flow for product 𝑛 is governed by the following equation:
𝐼𝑛𝑡 − 𝐵𝑛𝑡 = 𝐼𝑛𝑡−1 + 𝑞𝑛𝑡−𝐿𝑛

−𝐷𝑛𝑡. (1)

Although Eq.  (1) does not define 𝐼𝑛𝑡 and 𝐵𝑛𝑡 uniquely, the optimiza-
tion will ensure that at least one of these variables is equal to 0 to 
minimize the number of lost sales.

In each stage, the retailer incurs overhead costs, 𝐻𝑡, due to factors 
such as rent and salaries. To address unexpected cash shortages, the 
retailer relies on an overdraft facility, paying interest only on the 
overdrawn balance. The interest rate and overdraft limit are deter-
mined based on terms outlined by financial institutions such as Barclays 
Bank (Barclays, 2025) and HSBC (HSBC, 2025).

The retailer’s initial cash balance, after deducting a fixed overdraft 
application fee, is 𝐶0. Let 𝐶𝑡 denote the end-of-stage cash balance at 
stage 𝑡. In each stage, we assume that interest is calculated after the 
retailer has paid ordering costs and overhead costs. The cash balance 
after these payments is 𝐶𝑡−1 −𝐻𝑡 −

∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡, where  = {1,… , 𝑁}
represents the set of product indices. If the resulting balance is positive, 
the retailer earns deposit interest at a rate 𝑟0. If the balance is negative, 
overdraft interest is charged at a rate 𝑟1. The limit of the overdraft 
facility is denoted by 𝑈 . The retailer’s cash balance can fall into one of 
three intervals: (−∞,−𝑈 ), [−𝑈, 0), or [0,+∞). To simplify computations 
and ensure the existence of feasible solutions for any demand real-
ization in the stochastic programming model (i.e., relatively complete 
recourse, Shapiro, 2011), we assume that the retailer incurs a signifi-
cantly high interest rate 𝑟2 on any balance exceeding the overdraft limit 
(i.e. when 𝐶𝑡 < −𝑈). It is evident that 𝑟0 < 𝑟1 < 𝑟2.

Let 𝑊 𝑚
𝑡  (𝑚 = 0, 1, 2) represent the cash balance allocated to each 

interval. For instance, assuming an overdraft limit of £20,000: (1) if 
the cash balance is 500, then 𝑊 0 = 500 and 𝑊 1 = 𝑊 2 = 0; (2) if the 
𝑡 𝑡 𝑡
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Table 1
Main notations in the paper.
 Indices:
 𝑡 Index of a stage, 𝑡 = 1,… , 𝑇 .  
 𝑛 Index of a product, 𝑛 = 1,… , 𝑁 .  
 𝑚 Index of a cash interval, 𝑚 = 0,… , 2.  
  Set of stage indices,  = {1,… , 𝑇 }.  
  Set of product indices,  = {1,… , 𝑁}.  
 Constants:
 𝐶0 Initial cash at the beginning of the planning horizon.  
 𝐼𝑛0 Initial inventory of product 𝑛 at the beginning of the planning horizon.  
 𝑞𝑛𝑡−𝑖 Outstanding order for product 𝑛 at the beginning of stage 𝑡  
 due for delivery in stage 𝑡 − 𝑖 + 𝐿𝑛 (0 < 𝑖 ≤ 𝐿𝑛).  
 𝑝𝑛𝑡 Selling price of product 𝑛 at stage 𝑡.  
 𝑐𝑛𝑡 Unit variable ordering cost for product 𝑛 at stage 𝑡.  
 𝑣𝑛 Unit salvage value for inventory of product 𝑛 at the end of the planning horizon. 
 𝐻𝑡 Overhead costs at stage 𝑡 (e.g., wages or rents).  
 𝐿𝑛 Ordering lead time for product 𝑛.  
 𝑈 Overdraft limit.  
 𝑟𝑚 Interest rate for the 𝑘th cash interval where 𝑟0 < 𝑟1 < 𝑟2.  
 Uncertain variable:
 𝐷𝑛𝑡 Demand for product 𝑛 at stage 𝑡.  
 Decision variables:
 𝑞𝑛𝑡 Order quantity for product 𝑛 at stage 𝑡.  
 𝐼𝑛𝑡 Inventory level for product 𝑛 at the end of stage 𝑡.  
 𝐵𝑛𝑡 Quantity of unsatisfied demand for product 𝑛 in stage 𝑡.  
 𝐶𝑡 Cash balance at the end of stage 𝑡.  
 𝑊 𝑚

𝑡 Quantity of cash allocated to the 𝑚th cash interval at the end of stage 𝑡.  
cash balance is −2,000, then 𝑊 0
𝑡 = 0, 𝑊 1

𝑡 = 2000, and 𝑊 2
𝑡 = 0; (3) if the 

cash balance is −25,000, then 𝑊 0
𝑡 = 0, 𝑊 1

𝑡 = 20, 000, and 𝑊 2
𝑡 = 5000. 

The relationship between the cash balance, 𝐶𝑡−1−𝐻𝑡−
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡, and 
the variables 𝑊 0

𝑡 , 𝑊 1
𝑡 , and 𝑊 2

𝑡  is as follows: 

𝐶𝑡−1 −𝐻𝑡 −
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡 = 𝑊 0

𝑡 −𝑊 1
𝑡 −𝑊 2

𝑡 . (2)

Based on Eq.  (2), the cash-flow function for the problem can be 
written as:

𝐶𝑡 = 𝐶𝑡−1 −𝐻𝑡 −
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡 −

2
∑

𝑚=1
𝑟𝑘𝑊

𝑚
𝑡 + 𝑟0𝑊

0
𝑡 +

∑

𝑛∈
𝑝𝑛𝑡(𝐷𝑛𝑡 − 𝐵𝑛𝑡)

=
∑

𝑛∈
𝑝𝑛𝑡(𝐷𝑛𝑡 − 𝐵𝑛𝑡) + (1 + 𝑟0)𝑊 0

𝑡 −
2
∑

𝑚=1
(1 + 𝑟𝑘)𝑊 𝑚

𝑡 . (3)

In the equation above, ∑2
𝑚=1 𝑟𝑚𝑊

𝑚
𝑡  and 𝑟0𝑊 0

𝑡  represent the interest 
paid and earned respectively, while ∑𝑛∈ 𝑝𝑛𝑡(𝐷𝑛𝑡−𝐵𝑛𝑡) denotes the total 
sales revenue earned during stage 𝑡. Although Eq.  (2) does not define 
𝑊 𝑚

𝑡  uniquely, the optimization will ensure that either 𝑊 0
𝑡 = 0 or 𝑊 1

𝑡 =
𝑊 2

𝑡 = 0 and either 𝑊 2
𝑡 = 0 or 𝑊 1

𝑡 = 𝑈 to minimize the interest paid. It 
should be noted that certain overdraft services provide an interest-free 
limit. If the cash balance becomes negative but stays above this interest-
free threshold, no interest charges are incurred by customers. In this 
case, an additional decision variable can be introduced to represent the 
cash balance allocated to the interest-free portion of the overdraft.

Consistent with most cash-flow inventory modeling in the litera-
ture (e.g., Chao et al., 2008), inventory holding costs and stock-out 
penalty costs are not considered in the model. This omission is based 
on the assumption that holding costs are accounted for implicitly 
as the opportunity cost of capital, while stock-out penalty costs are 
captured as lost revenue. However, the stochastic programming models 
presented in the following sections, designed to address the problem, 
can also accommodate scenarios that include explicit holding costs or 
stock-out penalty costs.

Any remaining inventory of product 𝑛 at the end of the planning 
horizon has a salvage value of 𝑣𝑛 per unit. The final cash balance is 
given by: 

𝐶𝑇+1 = 𝐶𝑇 +
∑

𝑛∈
𝑣𝑛𝐼𝑛. (4)
3 
The objective is to maximize the expected final cash increment, or 
equivalently, the profit. Alternatively, this problem can be viewed as 
minimizing the expected total costs over the planning horizon, treating 
revenue earnings and deposit interest as cost offsets.

4. Multi-stage stochastic programming model

This section develops the stochastic programming model for the 
problem. To simplify the presentation, the objectives in these models 
are expressed as minimization problems. Additional notations are pro-
vided in detail in Table  2. In general, at decision stage 𝑡 (1 ≤ 𝑡 ≤ 𝑇 +1), 
the demand dependent decisions for stage 𝑡 − 1 (i.e. 𝐼𝑛𝑡−1, 𝐵𝑛𝑡−1 and 
𝐶𝑡−1) are calculated and the ordering and cash balance decisions for 
stage 𝑡 (i.e. 𝑞𝑛𝑡 and 𝑊 𝑘

𝑡 ) are taken. Stages 1 and 𝑇 + 1 are treated as 
special cases.

An important assumption of the SDDP method is that the ran-
dom data process is stage-wise independent. However, SDDP can also 
accommodate cross-stage dependencies in certain cases, like an auto-
regressive model, by incorporating additional state variables into the 
model (Shapiro, 2011). Fig.  1 illustrates a scenario tree formulation for 
the demand realizations of two products over three stages. Each node 
except the first one represents a demand realization for all products 
(denoted as 𝜔𝑡) at a given stage, with the demand values displayed 
within the circles. Specifically, let 𝑑𝜔𝑡

𝑛  represent the realized demand 
for product 𝑛 at stage 𝑡. Due to the stage-wise independence, all nodes 
at stage 𝑡 are connected to nodes in the same demand realization set at 
the next stage (denoted as 𝛺𝑡+1) via branches with identical conditional 
probabilities (denoted as Pr(𝜔𝑡+1)), as indicated on the edges linking the 
nodes.

We use bold letters to represent sets. For instance, 𝐪 𝑡 denotes the 
set of order quantities 𝑞𝑛𝑡 for all 𝑛 ∈   at stage 𝑡, and 𝐖𝑡 represents 
the set {𝑊 0

𝑡 ,𝑊
1
𝑡 ,𝑊

2
𝑡 }. The notation 𝑋𝑡 is used to denote the value 

of a decision variable 𝑋 chosen at stage 𝑡. The sub-problems for each 
decision stage are formulated as the following linear programming (LP) 
models.

Due to the assumption of non-zero lead time, it is necessary to 
transfer information about outstanding orders across consecutive stages 
of the model. We introduce 𝑞𝑖𝑛𝑡 to represent the quantity of product 𝑛
ordered 𝑖 stages before stage 𝑡 for 1 ≤ 𝑖 ≤ 𝐿 . Note that 𝑞𝑖 = 𝑞  and 
𝑛 𝑛𝑡 𝑛𝑡−𝑖
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Table 2
Additional notations for the stochastic programming/SDDP model.
 𝜔𝑡 A demand realization for stage 𝑡.  
 𝑑𝜔𝑡

𝑛 The demand for product 𝑛 at stage 𝑡 under demand realization 𝜔𝑡.  
 𝛺𝑡 The set of all demand realizations at stage 𝑡, i.e., 𝜔𝑡 ∈ 𝛺𝑡.  
 Pr(𝜔𝑡) Probability of demand realization 𝜔𝑡 occurring.  
 𝑋𝑡 The value of decision variable 𝑋𝑡 (e.g., 𝑞𝑛𝑡, 𝐼𝑛𝑡, 𝐵𝑛𝑡, 𝐶𝑡, 𝑊 𝑚

𝑡 ) chosen in stage 𝑡.  
 𝐪 𝑡 The set {𝑞1𝑡 ,… , 𝑞𝑁𝑡}.  
 𝐖𝑡 The set {𝑊 0

𝑡 ,𝑊
1
𝑡 ,𝑊

2
𝑡 }.  

 𝑞𝑖𝑛𝑡 The outstanding order for product 𝑛 at stage 𝑡 placed 𝑖 stages earlier (1 ≤ 𝑖 ≤ 𝐿𝑛).  
 𝐪 𝑡

The set {𝑞11𝑡 ,… , 𝑞𝐿1
1,𝑡 ,… , 𝑞1𝑁𝑡 ,… , 𝑞𝐿𝑁

𝑁𝑡 }.  
 
𝑄𝑡(⋅)

Optimal total cost from stage 𝑡 to 𝑇 + 1 for the parameter values given  
 in the parentheses.  
 𝛩𝑘

𝑡 (⋅) Right hand side of the cut constraint for stage 𝑡 generated in the 𝑘th iteration.  
 𝜃𝑡 Approximation to E[𝑄𝑡(⋅)] constrained by supporting hyperplane cuts.  
Fig. 1. A scenario tree example.

that 𝑞𝐿𝑛
𝑛𝑡  units of product 𝑛 will be delivered during stage 𝑡. We use 𝐪 𝑡

to represent the set of order quantities for all the outstanding orders at 
the beginning of stage 𝑡.

4.1. First-stage sub-problem

In the first stage, the retailer decides the order quantity 𝑞𝑛1 for each 
product before the demands for products are known. 𝑊 0

1 , 𝑊 1
1 , 𝑊 2

1  are 
computed after paying the ordering and overhead costs.

𝑄1 = min 𝐻1 +
∑

𝑛∈
𝑐𝑛1𝑞𝑛1 +

2
∑

𝑚=1
𝑟𝑚𝑊

𝑚
1 − 𝑟0𝑊

0
1

+ E𝜔1
[𝑄2(𝐪 1,𝐪 1,𝐖𝟏, 𝐼0, 𝜔1)] (5)

s.t. 𝑊 1
1 ≤ 𝑈 (6)

−
∑

𝑛∈
𝑐𝑛1𝑞𝑛1 −𝑊 0

1 +
2
∑

𝑚=1
𝑊 𝑚

1 = 𝐻1 − 𝐶0 (7)

𝑞𝑛1 ≥ 0,𝑊 𝑚
1 ≥ 0 ∀𝑛,∀𝑚. (8)

The objective function (5) accounts for overhead costs, ordering 
costs, interest, and the expected future optimal cost
E𝜔1

[𝑄2(𝐪 1,𝐪 1
,𝐖𝟏, 𝐼0, 𝜔1)]. Constraint (6) ensures that 𝑊 1

1  does not 
exceed the overdraft limit. Constraint (7) establishes the relationship 
between the cash balance and 𝑊 𝑚

1 (𝑚 = 0,… , 2). Finally, constraint 
(8) enforces the non-negativity of the decision variables. Note that the 
optimization ensures that the correct values are assigned to the values 
𝑊 𝑚 without additional constraints because 𝑟 < 𝑟 < 𝑟 .
1 0 1 2

4 
4.2. Sub-problems for stage 𝑡 ∈ {2, 3,… , 𝑇 }

The formulation of the stage 𝑡 ∈ {2,… , 𝑇 } sub-problem is defined 
as follows:

𝑄𝑡(𝐪 𝑡−1,𝐪 𝑡−1,𝐖𝑡−1, 𝐈̂ 𝑡−2, 𝜔𝑡−1) =

min 𝐻𝑡 +
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡 +

2
∑

𝑚=1
𝑟𝑚𝑊

𝑚
𝑡 − 𝑟0𝑊

0
𝑡 −

∑

𝑛∈
𝑝𝑛𝑡−1(𝑑

𝜔𝑡−1
𝑛 − 𝐵𝑛𝑡−1)

+ E𝜔𝑡
[𝑄𝑡+1(𝐪 𝑡,𝐪 𝑡,𝐖𝐭 , 𝐈 𝑡−1, 𝜔𝑡)] (9)

s.t. 𝐼𝑛𝑡−1 − 𝐵𝑛𝑡−1 = 𝐼𝑛𝑡−2 + 𝑞𝐿𝑛
𝑛𝑡−1 − 𝑑𝜔𝑡−1

𝑛 ∀𝑛 (10)

𝐶𝑡−1 +
∑

𝑛∈
𝑝𝑛𝑡−1𝐵𝑛𝑡−1 = (1 + 𝑟0)𝑊 0

𝑡−1 −
2
∑

𝑚=1
(1 + 𝑟𝑚)𝑊 𝑚

𝑡−1 +
∑

𝑛∈
𝑝𝑛𝑡−1𝑑

𝜔𝑡−1
𝑛

(11)

𝑞1𝑛𝑡 = 𝑞𝑛𝑡−1 ∀𝑛 (12)

𝑞𝑖𝑛𝑡 = 𝑞 𝑖−1
𝑛𝑡−1 ∀𝑖 = 2,… , 𝐿𝑛,∀𝑛 (13)

𝑊 1
𝑡 ≤ 𝑈 (14)

𝐶𝑡−1 −
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡 −𝑊 0

𝑡 +
2
∑

𝑚=1
𝑊 𝑚

𝑡 = 𝐻𝑡 (15)

𝑞𝑛𝑡 ≥ 0, 𝑞𝑖𝑛𝑡 ≥ 0,𝑊 𝑚
𝑡 ≥ 0, 𝐼𝑛𝑡−1 ≥ 0, 𝐵𝑛𝑡−1 ≥ 0 ∀𝑛,∀𝑚,∀𝑖. (16)

In the objective function (9), the sales revenue from stage 𝑡 − 1
is accounted for by the term ∑𝑛∈ 𝑝𝑛𝑡−1(𝑑𝜔𝑛𝑡−1 − 𝐵𝑛𝑡−1) and the other 
terms represent the various costs and interest as in the stage 1 sub-
problem. The inventory flow equation and cash-flow equation are 
defined by (10) and (11), respectively. Constraints (12)–(13) establish 
the relationship between order quantity variables across consecutive 
stages. Constraints (14)–(15) define the connection between 𝑊 𝑚

𝑡  and 
the cash balance 𝐶𝑡−1−𝐻𝑡−

∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡. Finally, constraint (16) ensures 
the non-negativity of variables.

4.3. Last stage sub-problem

In the last stage (𝑇 +1), the sub-problem only needs to compute the 
inventory level at the end of the planning horizon, and the objective 
only involves the sales revenue at stage 𝑇  and the salvage value of the 
final inventory.

𝑄𝑇+1(𝐪𝑇 , 𝐈̂𝑇−1, 𝜔𝑇 ) = min −
∑

𝑛∈

[

𝑝𝑛𝑇 (𝑑
𝜔𝑇
𝑛 − 𝐵𝑛𝑇 ) + 𝑣𝑛𝐼𝑛𝑇

]

(17)

s.t. 𝐼𝑛𝑇 − 𝐵𝑛𝑇 = 𝐼𝑛𝑇−1 + 𝑞𝐿𝑛
𝑛𝑇 − 𝑑𝜔𝑇

𝑛 ∀𝑛 (18)

𝐼𝑛𝑇 ≥ 0, 𝐵𝑛𝑇 ≥ 0 ∀𝑛. (19)

The objective function (17) minimizes the negative of the total 
revenue in the last stage. The final stage’s inventory level is computed 
in the constraints.
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Fig. 2. A sampled scenario tree with sampled nodes shown in black. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)

5. SDDP computation

The core concept of SDDP is to work with a limited number of 
sampled scenarios from a large scenario tree, rather than exhaustively 
exploring all scenarios during the forward pass. Supporting hyperplanes 
are added to approximate the cost-to-go functions in the backward 
computation, and this process is repeated until certain stopping criteria 
are met. During each iteration, the forward step generates a feasible 
solution, while the backward step creates a hyperplane cut for each 
cost-to-go function. Fig.  2 illustrates an example of a sampled scenario 
tree derived from the original scenario tree in Fig.  1. The sampled 
nodes, represented in black, result in 4 sampled scenarios out of the 
original 8 scenarios.

5.1. Forward pass

In each iteration’s forward step, the SDDP algorithm samples a set of 
scenarios from a scenario tree and solves the LP model at each stage for 
the sampled scenarios. Sub-problems corresponding to stages 1 through 
𝑇 + 1 are computed for each sampled scenario. For stages 2 to 𝑇 + 1, a 
sub-problem is initialized with the optimal decision variables for the 
sub-problem at the preceding stage for a scenario and is solved for 
the appropriate demand realization for that scenario. In the objective 
functions, the term E[𝑄𝑡(⋅)] is replaced by a new decision variable, 𝜃𝑡, 
which serves as an outer approximation constructed using cutting plane 
constraints.

• For stage 1, the objective function is modified as follows: 

min 𝐻1 +
∑

𝑛∈
𝑐𝑛1𝑞𝑛1 +

2
∑

𝑚=1
𝑟𝑚𝑊

𝑚
1 − 𝑟0𝑊

0
1 + 𝜃2. (20)

In addition to the constraints (6)–(8), a lower bound is imposed 
on the approximate cost-to-go function, i.e., 
𝜃2 ≥ −𝑀𝑇 , (21)

where 𝑀 represents a sufficiently large number, which can corre-
spond to the maximum possible profit in one stage. Starting from 
iteration 2, additional constraints for 𝜃2 in the form of supporting 
hyperplanes are incorporated from the previous backward passes. 
These constraints take the form 
𝜃2 ≥ 𝛩𝑘

2 (𝐪𝑁1,𝐖1) 𝑘 ∈ {2, 3,… , }, (22)

where 𝑘 denotes the iteration index, and 𝛩𝑘
2 (𝐪𝑁1,𝐖1) represents 

a linear expression of the first-stage decision variables 𝐪𝑁1 and 
𝐖 .
1

5 
• For stage 2 to stage 𝑇 , the objective function is revised to be:

min 𝐻𝑡+
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡+

2
∑

𝑚=1
𝑟𝑚𝑊

𝑚
𝑡 −𝑟0𝑊

0
𝑡 −

∑

𝑛∈
𝑝𝑛𝑡−1(𝑑

𝜔𝑡−1
𝑛 −𝐵𝑛𝑡−1)+𝜃𝑡+1,

(23)

with additional constraints for 𝜃𝑡+1:

𝜃𝑡+1 ≥ −𝑀(𝑇 − 𝑡 + 1) (24)

𝜃𝑡+1 ≥ 𝛩𝑘
𝑡+1(𝐪 𝑡,𝐪 𝑡,𝐖𝑡, 𝐈 𝑡−1) 𝑘 ∈ {2, 3,… , }. (25)

• For stage 𝑇 + 1, the LP model is (17)–(19) without introducing 
new constraints or altering the objective function.

Note that as the iteration progresses and additional cutting plane 
constraints are introduced, the big-M constraints (21) and (24) will 
become redundant and can be removed.

Details of 𝛩𝑘
2 (𝐪 1,𝐖1) and 𝛩𝑘

𝑡+1(𝐪 𝑡,𝐪 𝑡
,𝐖𝑡, 𝐈 𝑡−1) are provided in 

the backward pass.

5.2. Backward pass

In the backward step, using the variable values determined during 
the forward pass, SDDP solves the LP models at each stage for all 
demand realizations, generating a set of supporting hyperplanes similar 
to Benders cuts. Specifically, the cuts for the sub-problem at stage 𝑡 are 
derived from the dual problem of the sub-problem at stage 𝑡 + 1.

• For stage 𝑇 + 1, the objective function of the dual of the sub-
problem (17)–(19) is: 
max

∑

𝑛∈
𝜋1𝜔𝑇
𝑛𝑘 (𝐼𝑛𝑇−1 + 𝑞𝐿𝑛𝑇 − 𝑑𝜔𝑇

𝑛 ) (26)

where 𝜋1𝜔𝑇
𝑛𝑘  represents the dual variables associated with Con-

straint (18) at the 𝑘th iteration for a given uncertainty realization 
𝜔𝑇 ∈ 𝛺𝑇 . Based on the principles of weak duality, removing the 
hats (∧) from the variables in (26) and treating them as decision 
variables gives the following hyperplane cut for stage 𝑇 :
𝜃𝑇+1 ≥ 𝛩𝑘

𝑇+1(𝐪𝑇 ,𝐪𝑇 ,𝐖𝑇 , 𝐈𝑇−1)

=
∑

𝜔𝑇 ∈𝛺𝑇

Pr(𝜔𝑇 )

(

∑

𝑛∈
𝜋1𝜔𝑇
𝑛𝑘 (𝐼𝑛𝑇−1 + 𝑞𝐿𝑛𝑇 − 𝑑𝜔𝑇

𝑛 )

)

, (27)

where Pr(𝜔𝑇 ) is the probability for a demand realization 𝜔𝑇 .
• For stage 𝑡 ∈ 1,… , 𝑇 − 1, where 𝜋1𝜔𝑡

𝑛𝑘 , 𝜋2𝜔𝑡
𝑘 , 𝜋3𝜔𝑡

𝑛𝑘 , 𝜋4𝑖𝜔𝑡
𝑛𝑘 , 𝜋5𝜔𝑡

𝑘 , 𝜋6𝜔𝑡
𝑘 , 

and 𝜋7𝜔𝑡
𝑘  represent the dual variables corresponding to Constraints 

(10)–(15), (24) (for 𝑡 > 1), or (21) (for 𝑡 = 1) at the 𝑘th 
iteration for an uncertainty realization 𝜔𝑡 ∈ 𝛺𝑡, respectively, the 
hyperplane cut in the first iteration (𝑘 = 1) can be expressed 
below, derived in a similar manner to the previous step from the 
objective function of the dual problem corresponding to (9)–(16) 
at stage 𝑡 + 1.

𝜃𝑡+1 ≥ 𝛩𝑘
𝑡+1(𝐪 𝑡,𝐪 𝑡,𝐖𝑡, 𝐈 𝑡−1)

=
∑

𝜔𝑡∈𝛺𝑡

Pr(𝜔𝑡)

(

∑

𝑛∈
𝜋1𝜔𝑡
𝑛𝑘 (𝐼𝑛𝑡−1 + 𝑞𝐿𝑛𝑡 − 𝑑𝜔𝑡

𝑛 )

+ 𝜋2𝜔𝑡
𝑘 ((1 + 𝑟0)𝑊 0

𝑡 −
2
∑

𝑚=1
(1 + 𝑟𝑚)𝑊 𝑚

𝑡 +
∑

𝑛∈
𝑝𝑛𝑡𝑑

𝜔𝑡
𝑛 )

+
∑

𝑛∈
𝜋3𝜔𝑡
𝑛𝑘 𝑞𝑛𝑡 +

∑

𝑛∈

𝐿
∑

𝑖=2
𝜋4𝑖𝜔𝑡
𝑛𝑘 𝑞𝑖−1𝑛𝑡

+ 𝜋5𝜔𝑡
𝑘 𝑈 + 𝜋6𝜔𝑡

𝑘 𝐻𝑡+1 − 𝜋7𝜔𝑡
𝑘 𝑀(𝑇 − 𝑡 + 1)

−
∑

𝑛∈
𝑝𝑛𝑡𝑑

𝜔𝑡
𝑛 +𝐻𝑡+1

)

𝑘 = 1. (28)
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If this is not the first iteration (𝑘 > 1), the hyperplane cut con-
straints added for stage 𝑡 + 1 in previous iterations also influence 
the objective values of stage 𝑡. Consequently, the hyperplane cut 
for stage 𝑡 is updated to:

𝜃𝑡+1 ≥
∑

𝜔𝑡∈𝛺𝑡

Pr(𝜔𝑡)

(

∑

𝑛∈
𝜋1𝜔𝑡
𝑛𝑘 (𝐼𝑛𝑡−1 + 𝑞𝐿𝑛𝑡 − 𝑑𝜔𝑡

𝑛 )

+ 𝜋2𝜔𝑡
𝑘 ((1 + 𝑟0)𝑊 0

𝑡 −
2
∑

𝑚=1
(1 + 𝑟𝑚)𝑊 𝑚

𝑡 +
∑

𝑛∈
𝑝𝑛𝑡𝑑

𝜔𝑡
𝑛 )

+
∑

𝑛∈
𝜋3𝜔𝑡
𝑛𝑘 𝑞𝑛𝑡 +

∑

𝑛∈

𝐿
∑

𝑖=2
𝜋4𝑖𝜔𝑡
𝑛𝑘 𝑞𝑖−1𝑛𝑡

+ 𝜋5𝜔𝑡
𝑘 𝑈 + 𝜋6𝜔𝑡

𝑘 𝐻𝑡+1 − 𝜋7𝜔𝑡
𝑘 𝑀(𝑇 − 𝑡 + 1)

−
∑

𝑛∈
𝑝𝑛𝑡𝑑

𝜔𝑡
𝑛 +𝐻𝑡+1

+
𝑘−1
∑

𝑚=1
𝜋8𝜔𝑡
𝑚𝑘 𝛩𝑚

𝑡+2(𝐪 𝑡+1,𝐪 𝑡+1,𝐖𝑡+1, 𝐈 𝑡)

)

𝑘 > 1, (29)

where 𝛩𝑚
𝑡+2(𝐪 𝑡+1,𝐪 𝑡+1

,𝐖𝑡+1, 𝐈 𝑡) represents the right-hand side 
values of the hyperplane cut added for stage 𝑡+ 1 during the 𝑚th 
iteration (1 ≤ 𝑚 ≤ 𝑘−1), and 𝜋8𝜔𝑡

𝑚𝑘  denotes the corresponding dual 
variable associated with those cut constraints.

Another approach to constructing the cuts during the backward pass 
involves introducing local copies of the state variables (in our problem, 
state variables are 𝐪 𝑡

, 𝐖𝐭 , 𝐈 𝑡 and 𝐶𝑡) as additional constraints. 
This allows the cuts to be derived in closed-form expressions after 
solving the sub-problem. While this method simplifies the process of 
constructing cuts, it increases the number of decision variables and 
constraints. For further details, interested readers may refer to Ding 
et al. (2019).

5.3. Convergence analysis and bounds

The almost-sure convergence of SDDP has been established in sev-
eral previous works, including Philpott and Guan (2008) and Shapiro 
(2011). We summarize the key ideas and adapt them to our setting in 
the following proposition, whose validity is unaffected by the overdraft 
rate, lead times, or cash-flow balances.

Proposition 1.  Under the assumptions of relatively complete recourse, 
bounded ordering quantities, and finite support of stagewise independent 
random demands, the SDDP algorithm applied to our problem converges 
almost surely to the optimal value of the true stochastic program after a 
finite number of iterations. 

Proof.  Since the stochastic program satisfies relatively complete re-
course, feasibility holds for every realization of demand. Given a fixed 
ordering decision 𝑞𝑛𝑡, all remaining decision variables in the subprob-
lem are uniquely determined. Together with the nonnegativity of 𝑞𝑛𝑡
and the assumed upper bound, the feasible set of each subproblem is 
compact. Because the objective function is continuous on this compact 
set, the subproblem admits an optimal solution. Applying this argument 
recursively from the last stage back to the first stage, we construct an 
optimal decision at each stage given the previous state. Since every 
stage’s subproblem has an optimal solution and all expectations are 
well-defined due to the finite support of the random demands, the re-
sulting sequence of stagewise decisions constitutes an optimal solution 
to the entire multi-stage stochastic program.

Because the demand takes values from a finite set and the process is 
stage-wise independent, the scenario tree contains finitely many nodes. 
Consequently, each stage’s cost-to-go function is the pointwise maxi-
mum of finitely many affine functions, and is therefore piecewise linear 
and convex. Each affine piece of the cost-to-go function corresponds to 
a supporting hyperplane (cut) generated by a dual extreme point of the 
6 
next stage’s subproblem, and there are only finitely many such extreme 
points. Thus, at each stage there exists a finite set of cuts that exactly 
represent the cost-to-go function.

During SDDP, the forward pass independently samples stage-wise 
realizations. Since each realization has strictly positive sampling prob-
ability, the strong law of large numbers implies that every scenario 
(and hence every required dual extreme point) is sampled infinitely 
often with probability one. Therefore, every cut needed to represent 
the true cost-to-go function will almost surely be generated after a finite 
number of iterations. Once the value function has been fully recovered 
via all required cuts, the lower bound computed by SDDP equals the 
true optimal value, implying almost-sure convergence. □

From the above proof, we conclude that SDDP converges to the 
true optimal value in expectation by producing increasingly tight lower 
bounds over the course of the iterations. In addition, the SDDP value 
serves as an lower bound on the true optimal value in expectation; 
consequently, each run of SDDP may yield a value that fluctuates 
around the true optimal value, as illustrated in Fig.  C.1 in Appendix 
C through a numerical example.

Regarding the upper bound, the forward pass generates feasible 
policies for each independently sampled scenario, which allows the 
computation of a statistical estimate of the expected cost of the policy, 
serving as an upper bound for the true optimal value of the problem in 
expectation. Let 𝐾 denote the number of sampled scenarios, and let 𝜈𝑗
represent the sum of the stage-wise objective values under the feasible 
policy for the 𝑗th scenario. Define the sample mean

𝜈 ∶= 1
𝐾

𝐾
∑

𝑗=1
𝜈𝑗 ,

which provides an estimate of the expected objective value of the 
feasible policy; in expectation, this value is greater than or equal to 
the true optimal value. The corresponding sample variance is

𝜎2 = 1
𝐾 − 1

𝐾
∑

𝑗=1
(𝜈𝑗 − 𝜈)2.

Let 𝑧𝛼∕2 denote the (1 − 𝛼∕2) quantile of the standard normal 
distribution. Then, under a confidence level of 100(1−𝛼)%, a statistical 
upper bound for the true optimal value is given by
𝜈 + 𝑧𝛼∕2

𝜎
√

𝐾
.

It is worth noting that, although the stochastic program is formu-
lated to minimize the increment in negative cash balance, our original 
problem is profit maximization. Consequently, the ‘‘lower bound’’ by 
the SDDP formulation corresponds to an upper bound in the profit-
maximization setting (after multiplying by −1 and adding the initial 
cash balance 𝐶0), and vice versa. To illustrate the convergence of 
SDDP, Fig.  C.1 in Appendix  C reports the upper bound (denoted by 
UB) obtained from the SDDP value, the lower bound (denoted by LB) 
as well as their 95% confidence intervals for a numerical example in 
our problem.

Regarding the convergence rate of SDDP, Lan (2022) show that the 
number of iterations required to obtain a solution with a prescribed 
accuracy depends only mildly on the number of stages 𝑇 . This result 
highlights the scalability of SDDP and its suitability for large-scale 
multistage stochastic optimization problems.

5.4. Stopping conditions

Pereira and Pinto (1991) proposed a stopping condition that stops 
the SDDP algorithm when the current lower bound of the minimiza-
tion problem first lies within the confidence interval of the upper 
bound. Shapiro (2011) pointed out that this condition may be too op-
timistic, particularly when the confidence level is high or the variance 
of the upper bound is large. In practice, it may be more reliable to 
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terminate the algorithm after a predefi ned number of iterations or a 
time limit (De Matos et al., 2015; Soares et al., 2017; Thevenin et al., 
2022). In our numerical tests, we experimented with stopping criteria 
based on bounds, time and number of iterations. Detailed steps of the 
SDDP are shown by Algorithm 1.
Algorithm 1: The SDDP algorithm

Data: Values of problem parameters.
Result: Approximate expected final profit and the first-stage 

order quantities.
1 Generate a scenario tree for the uncertain demands in the 

planning horizon;
2 iteration index: 𝑘 ← 1;
3 while the chosen stopping condition is not met do
4 Sample a number of scenarios;
5 forward pass:
6 for 𝑡 ← 1 to 𝑇 + 1 do
7 foreach sampled scenario do
8 if 𝑡 == 1 then
9 Solve the LP1 model: (20)–(22), (6)–(8);
10 else if 𝑡 == 𝑇 + 1 then
11 Solve the LP3 model: (17)–(19);
12 else
13 Solve the LP2 model: (23)–(25), (10)–(16);
14 end 
15 Record the values of ̂𝐪 𝐭 , ̂𝐪 𝐭 , 𝐖𝐭 , ̂𝐈 𝐭 and 𝐶𝑡;
16 end 
17 end 
18 backward pass:
19 for 𝑡 ← 𝑇 + 1 to 2 do
20 foreach sampled scenario do
21 foreach realization 𝜔𝑡 ∈ 𝛺𝑡 do
22 Solve the model LP3 (if 𝑡 = 𝑇 + 1) or LP2 (if 

2 ≤ 𝑡 ≤ 𝑇 );
23 end 
24 create the cut:
25 if 𝑡 == 𝑇 + 1 then
26 Construct the cut (27) and add it to model LP2 

(if 𝑡 > 2) or LP1 (if 𝑡 = 2);
27 else
28 if 𝑘 == 1 then
29 Construct the cut (28) and add it to model 

LP2 (if 𝑡 > 2) or LP1 (if 𝑡 = 2);
30 else
31 Construct the cut (29) and add it to model 

LP2 (if 𝑡 > 2) or LP1 (if 𝑡 = 2);
32 end 
33 end 
34 end 
35 end 
36 𝑘 ← 𝑘 + 1;
37 end 

6. Computational accelerations

In this section, we introduce two techniques aimed at accelerating 
the computation of SDDP for our problem. The first does not affect 
the solution quality of SDDP, while the second is a heuristic approach. 
Other possible accelerations proposed in the literature (eg., De Matos 
et al. (2015), Thevenin et al. (2022)) are not discussed, as some are not 
well-suited to our problem, while others offer only marginal improve-
ments over the original SDDP based on our numerical experiments. 
7 
Remark 1.  One practical tip for SDDP implementation — though not 
necessarily to be claimed as an enhancement — is to create a single 
solver model per stage and dynamically update the right-hand sides of 
relevant constraints for each demand realization during forward and 
backward passes, rather than rebuilding the model from scratch each 
time. This can significantly improve computational efficiency in our 
tests.

6.1. Remove duplicate cut constraints

A key feature of SDDP is that, during the backward pass, each 
sampled scenario can generate a new cut at every stage, while all 
scenarios share the same set of cut constraints from previous iterations. 
Due to the similarities among sub-problems (as discussed in the next 
subsection), some cuts derived from one scenario may overlap with 
those from other scenarios or replicate previously added cuts.

This approach is based on the fact that the optimal value of a linear 
programming (LP) model is a convex, piecewise-linear function of its 
right-hand-side (RHS) values (Theorem 5.1, Bertsimas and Tsitsiklis 
(1997)). Consequently, the subgradients of the LP value function with 
respect to the RHS — that is, the shadow price (dual values) associated 
with the constraints, remain constant within each linear segment of the 
RHS. For two different scenarios, their distinction in the stage-wise LP 
subproblem is reflected solely through differences in the RHS values 
of certain constraints. If these constraints yield identical dual values 
in both scenarios, then the resulting cuts are also identical, as can be 
seen from the cut expressions (27), (28), and (29). Moreover, because 
scenarios are sampled independently in the forward pass, the same 
scenario may be sampled multiple times, which also generates duplicate 
cuts during the backward pass.

While solvers such as CPLEX or Gurobi do not automatically elim-
inate duplicate constraints, we observe that detecting and removing 
such constraints before solving the model can substantially reduce 
computational time.

6.2. Leverage sub-problem similarities

The idea behind leveraging sub-problem similarities is to avoid 
solving LPs for every demand realization in the backward pass, instead 
solving only a few LPs at each stage.

For our problem, the dual values of the LP models largely depend 
on whether the RHS values of the inventory flow constraints are non-
negative and the cash interval in which the retailer’s cash balance lies. 
Specifically, the dual values of the sub-problems at stage 𝑡 are primarily 
associated with the following two sets of constraints:
𝐼𝑛𝑡−1 − 𝐵𝑛𝑡−1 = 𝐼𝑛𝑡−2 + 𝑞𝐿𝑛

𝑛𝑡−1 − 𝑑𝜔𝑡−1
𝑛 ∀𝑛,∀𝑡 = 2,… , 𝑇 + 1 (30)

𝐶𝑡−1 −
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡 −𝑊 0

𝑡 +
2
∑

𝑚=1
𝑊 𝑚

𝑡 = 𝐻𝑡 ∀𝑡 = 2,… , 𝑇 (31)

The dual values of the inventory flow Constraint (30) remain iden-
tical for many demand realizations, as long as these realizations lead 
to the same sign (positive or negative) for the RHS of this constraint. 
Similarly, for Constraint (31), the cash balance 𝐶𝑡−1 −

∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 −𝐻𝑡
can fall into one of three intervals: [0,+∞), [−𝑈, 0), or (−∞,−𝑈 ). These 
three cash balance scenarios influence the values of 𝑊 0

𝑡 , 𝑊 1
𝑡 , 𝑊 2

𝑡  as 
well as the interest applied to the retailer’s payments in the objective 
function and result in three distinct sets of dual values.

At each stage, the retailer can encounter 2𝑁  different inventory 
sign scenarios due to the presence of 𝑁 products, combined with 3 
possible cash balance situations. As a result, there are 3 × 2𝑁  groups 
of dual values for all possible realizations of a subproblem. For a given 
demand realization and given values of 𝑞𝑛𝑡,∀𝑛, we can easily calculate 
the RHS values of all the constraints in a subproblem and identify the 
relevant group of dual values. From this information, the appropriate 
cut constraint could be generated without having to solve a subproblem 
in the backward pass.
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However, since the values of 𝑞𝑛𝑡 for a demand realization are 
unknown without solving the sub-problem, a heuristic approach is 
required to reduce computation time. We limit solving the LP model for 
the values of 𝑞𝑛𝑡 to once every 𝓁 demand realizations in the backward 
pass, where 𝓁 is a user-defined parameter. We assume that the values 
of 𝑞𝑛𝑡 remain unchanged between two consecutive LP computations. 
Therefore, instead of solving an LP model for each demand realization 
at a given stage in the backward pass, we only need to solve 3 ×
2𝑁  LP models to obtain the corresponding 3 × 2𝑁  groups of dual 
values and one LP model every 𝓁 demand realizations to update the 
values of 𝑞𝑛𝑡. Algorithm 2 presents the detailed steps of the proposed 
acceleration approach applied in the backward pass, where the variable 
𝐼𝐶𝑎𝑠ℎ𝑆𝑡𝑎𝑡𝑢𝑠 is used to store the inventory and cash interval states, as 
well as the corresponding dual values of the constraints.

This acceleration can significantly reduce computation time, par-
ticularly in multi-product problems with a large number of demand 
realizations. For example, in a two-product problem with 20 demand 
samples per product, the total number of demand realizations is 20 ×
20 = 400. By applying this technique with 𝓁 = 10, we solve at most 
400∕10 + 3 × 22 = 52 LP models per stage per scenario—a substantial 
reduction compared to solving all 400 LP models.

Remark 2.  Since the first acceleration technique does not alter the 
solutions of the LP models and the generated cuts in SDDP, the standard 
properties of SDDP — such as the bounds and convergence — remain 
intact when it is applied. In contrast, the second acceleration technique 
introduces a heuristic to approximate the dual values of certain LP 
models. As a result, the lower bound and the convergence of SDDP are 
no longer ensured after applying this technique, although a statistical 
upper bound can still be obtained from the forward pass. 

Algorithm 2: Detailed steps of acceleration2
1 backward pass:
2 for 𝑡 ← 𝑇 + 1 to 2 do
3 foreach sampled scenario do
4 𝑖𝑛𝑑𝑒𝑥 ← 0; ICashStatus ← ∅;
5 foreach realization 𝜔𝑡 ∈ 𝛺𝑡 do
6 if 𝑖𝑛𝑑𝑒𝑥 mod 𝑙 = 0 then
7 Solve the model LP3 (if 𝑡 = 𝑇 + 1) or LP2 (if 

2 ≤ 𝑡 ≤ 𝑇 );
8 Get the values of 𝐪 𝐭 , update ICashStatus

accordering to (30) and (31), and record the 
corresponding dual values for this ICashStatus;

9 else
10 Update ICashStatus accordering to (30) and (31);
11 if this ICashStatus has been recorded then
12 Get the corresponding dual values;
13 else
14 Solve the model LP3 (if 𝑡 = 𝑇 + 1) or LP2 (if 

2 ≤ 𝑡 ≤ 𝑇 );
15 Get the values of 𝐪 𝐭 , update ICashStatus

accordering to (30) and (31), and record 
the corresponding dual values for this 
ICashStatus;

16 end 
17 end 
18 index← index + 1;
19 end 
20 create the cut:
21 ⋮
22 end 
23 end 
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7. Numerical investigation

In this section, we first evaluate the performance of SDDP and 
the proposed accelerations for our problem by comparing its solutions 
with the optimal solution obtained using the SDP formulation given in 
Appendix  A. Next, we assess the proposed accelerations to the original 
SDDP algorithm. Finally, we derive some managerial insights regarding 
the impact of overdrafts on the retailer’s profit.

All numerical tests are conducted on a MacBook with an Apple M1 
Pro CPU, 16 GB of RAM, and macOS Monterey operating system. The 
LP models are solved using Gurobi 10.0.1 and both the SDDP and SDP 
are coded in C++. The source code and numerical results are publicly 
available in the GitHub repository: https://github.com/RobinChen121/
SDDP_overdraft.

7.1. Optimality gaps of SDDP and the two accelerations

Theoretically, the optimal solution can be obtained using SDP. How-
ever, due to the curse of dimensionality, solving even small instances 
of the problem becomes extremely time-consuming, as SDP requires the 
computation and storage of values for each state variable at every stage. 
For example, in a representative problem instance involving a single 
product across five stages — comparable to the cases examined in the 
following subsection — the SDP implementation in C++ or Java fails to 
yield a solution within 8 h, whereas the Python implementation cannot 
solve even a four-stage instance in under 4 h.

Therefore, we restrict the comparison with the optimal solution us-
ing SDP to four-stage single-product problem instances. The parameter 
values are set as follows: initial cash of 0, initial inventory of 0, selling 
price of either 10 or 5, unit ordering cost of 1, unit salvage value of 0.5, 
lead time of 1 stage, outstanding order at the beginning of the planning 
horizon is 0, and overhead costs of either 50 or 25 at each stage. The 
overdraft limit is set to 500, the deposit interest rate is 0%, and the 
overdraft interest rate takes values of 0%, 5%, 10%, 15%, or 20%. 
The penalty interest rate when the cash balance exceeds the overdraft 
limit is set to be 200%. The mean demand follows 10 patterns, with 
data selected from Rossi et al. (2015) and scaled to 4 stages to fit the 
problem context. These patterns include one stationary pattern (STA), 
two life cycle patterns (LCY1 and LCY2), two sinusoidal patterns (SIN1 
and SIN2), one random pattern (RAND), and four empirical patterns 
(EMP1, EMP2, EMP3, and EMP4). Table  B.1 in Appendix  B provides 
details of the demand data. Considering all combinations of problem 
parameters, the test set comprises 200 problem instances.

Demand in each stage is assumed to follow a Poisson distribution, 
and Latin Hypercube Sampling is applied to generate demand sam-
ples (McKay et al., 2000). The number of demand samples per stage, the 
number of sampled scenarios, and the iteration limit for terminating the 
algorithm are set to 10, 30, and 50, respectively, as the SDDP results are 
observed to be stable under this configuration. It should be noted that 
more iterations or number of sampled scenarios did not consistently 
yield improved optimality gaps in our testing, as illustrated with an 
example in Appendix  C.

In this subsection and the ones that follow, we report the maximum 
expected profit, which corresponds to the negative of the objective 
function in the SDDP formulation. We use the mean absolute deviation 
(MAD) to calculate the optimality gap (reported in the ‘‘Gap’’ column), 
and also report the mean absolute value of the objective (shown in 
the ‘‘Value’’ column) for each method. ‘‘SDDP accelerate 1’’ refers to 
the first acceleration which involves removing duplicated constraints, 
while ‘‘SDDP accelerate 1+2’’ applies both the first acceleration and 
the second one that leverages similarities among sub-problems with 
𝓁 = 3. Each instance is executed 20 times, and the average results are 
presented in Table  3. The results illustrate the following points.

https://github.com/RobinChen121/SDDP_overdraft
https://github.com/RobinChen121/SDDP_overdraft
https://github.com/RobinChen121/SDDP_overdraft
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Table 3
Performance of the SDDP and its accelerations.
 SDP SDDP SDDP accelerate 1 SDDP accelerate 1+2 Cases 
 Time (s) Value Time Value Gap Time Value Gap Time Value Gap  
 Prices
 5 602.34 67.64 12.01 67.66 0.35 0.94 67.63 0.40 0.43 67.60 0.48 100  
 10 396.94 273.57 11.32 273.94 0.88 0.90 274.18 0.95 0.43 274.57 1.12 100  
 Overhead cost
 25 523.76 201.98 11.54 202.21 0.63 0.92 202.4 0.66 0.43 202.61 0.77 100  
 50 475.52 139.23 11.79 139.39 0.60 0.92 139.42 0.69 0.43 139.55 0.82 100  
 Overdraft rate
 0% 10.98 181.84 10.31 181.73 0.76 0.77 181.95 0.55 0.36 182.05 0.55 40  
 5% 1075.20 174.11 11.82 174.32 0.55 0.92 174.36 0.58 0.43 174.49 0.57 40  
 10% 181.23 168.91 11.96 169.25 0.60 0.94 169.25 0.73 0.44 169.60 1.05 40  
 15% 1133.84 165.70 12.07 165.89 0.64 0.96 165.87 0.67 0.46 166.33 0.93 40  
 20% 96.94 162.48 12.17 162.80 0.53 0.98 163.10 0.86 0.47 162.94 0.88 40  
 Demand pattern
 STA 358.25 144.17 11.70 144.46 0.46 0.92 144.65 0.75 0.24 145.22 2.03 20  
 STA 358.25 144.17 11.70 144.46 0.46 0.92 144.65 0.75 0.44 144.38 0.56 20  
 LC1 148.25 110.40 11.93 110.74 0.71 0.95 110.69 0.53 0.46 110.82 0.72 20  
 LC2 713.00 173.90 11.73 173.61 0.61 0.91 174.31 0.79 0.43 174.51 0.75 20  
 SIN1 95.89 121.28 11.57 121.49 0.77 0.85 121.31 0.57 0.40 121.63 0.72 20  
 SIN2 806.32 133.83 11.77 134.14 0.46 0.95 134.27 0.68 0.44 134.06 0.66 20  
 RAND 1087.66 169.91 11.69 170.12 0.55 0.95 170.25 0.65 0.44 170.75 1.08 20  
 EMP1 105.26 222.19 11.56 222.58 0.71 0.90 222.40 0.69 0.43 222.84 0.97 20  
 EMP2 125.87 201.07 11.47 200.95 0.64 0.91 201.39 0.70 0.43 201.72 0.98 20  
 EMP3 530.77 205.24 11.61 205.34 0.53 0.92 205.43 0.75 0.43 205.56 0.71 20  
 EMP4 1025.11 224.07 11.62 224.56 0.72 0.92 224.37 0.67 0.42 224.55 0.82 20  
 Avg. 499.64 170.61 11.66 170.80 0.62 0.92 170.91 0.68 0.43 171.08 0.79 200  
• The optimality gaps of SDDP and the two accelerations are very 
small, with their MADs being 0.62, 0.68, and 0.79, respectively, 
compared to a mean absolute optimal value of 170.61. Moreover, 
since the optimality gaps of SDDP and ‘‘SDDP accelerate 1’’ are 
similar, the results confirm that the first acceleration does not 
compromise the computational quality of SDDP.

• SDDP and its two accelerations significantly reduce computa-
tional time. The average running time of SDP is 499.64 s, and 
its performance is unstable—highly sensitive to the floating-point 
precision of state variables; for example, when the overdraft 
interest rate is 5% or 15%, the average runtime exceeds 1000 s. 
In contrast, the average computation times for SDDP, ‘‘SDDP 
accelerate 1’’ and ‘‘SDDP accelerate 1+2’’ are only 11.66 s, 0.92 s, 
and 0.43 s, respectively.

• The second acceleration, which leverages sub-problem similari-
ties, can further accelerate computation, albeit at the cost of a 
larger optimality gap (0.79 average MAD compared to 0.62 for 
SDDP).

• Demand patterns, prices, overhead cost and overdraft interest 
rate do not significantly affect the performance of SDDP and 
the accelerations, demonstrating the flexibility and robustness of 
these methods in solving the problem.

7.2. Comparison of SDDP and its accelerations

We further compare SDDP and its accelerations by evaluating prob-
lem instances involving two products with Poisson-distributed demand 
at each stage. The same 10 demand patterns are considered, but the 
data is selected and scaled for a 6-stage horizon. Detailed information 
on the mean demand for Product 1 at each stage is presented in Table 
B.2 of Appendix  B. Product 2 has a mean demand that is half that of 
Product 1. Both products have a lead time of one stage. The selling 
prices are 5 for Product 1 and 10 for Product 2, while the unit ordering 
costs are 1 and 2, respectively. The unit salvage value for each product 
is set at half its corresponding ordering cost. The overhead cost per 
stage is 100. All other problem parameters remain consistent with the 
previous instances: a deposit interest rate of 0%, an overdraft interest 
9 
rate of 10%, a penalty interest rate of 200%, an overdraft limit of 500, 
and initial cash, inventory levels and initial outstanding order set to 
zero.

For the SDDP settings, we use 20 demand samples per stage and 10 
sampled scenarios. The iteration limit is set to 100, as the SDDP value 
slightly improves after 50 iterations across all cases. Each instance is 
run 10 times, and the average computation time and average MAD 
between SDDP and its accelerations are reported in Tables  4 and 5, 
respectively. In the table columns,‘‘SDDP’’ refers to the original SDDP 
without any accelerations; ‘‘accelerate 1’’ refers to the first acceleration; 
and 𝓁 = 3,… ,𝓁 = 11 indicates the application of both accelerations, 
with 𝓁 set to values from 3 to 11.

Results for SDP are not included in Tables  4 and 5, as computing 
the optimal value using this method is intractable for the two-product, 
six-stage problem instances. Table  5 reports the solution quality gap 
between standard SDDP and the application of the acceleration tech-
niques. Note that the first acceleration has no impact on solution 
quality. From Tables  4 and 5, we observe the following:

• the first acceleration reduces the computation time of SDDP from 
an average of 476.57 s to 252.76 s; when both accelerations are 
applied, the computation time can be further reduced to 59.42 s 
(when 𝓁 = 11);

• as 𝓁 increases, the computation time tends to decrease; however, 
the absolute deviations do not necessarily increase and may vary 
across different instances, as shown in Table  5;

• the deviations do not exhibit a clear correlation with the magni-
tude of the SDDP values. For instance, under the RAND demand 
pattern — where the SDDP value is 31.65 due to very low mean 
demands in some stages — the deviations are not significantly 
different from those observed under other demand patterns.

• overall, applying the accelerations yields solutions with small 
deviations while significantly reducing computation time.

7.3. Impact of the overdraft on profit

We perform a sensitivity analysis on the parameters of the overdraft 
facility, allowing the interest rate to take the values 0%, 5%, 10%, 
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Table 4
Computational time of SDDP and its enhancements.
 
Demand pattern

Time (s)
 SDDP SDDP SDDP accelerate 1+2
 accelerate 1 𝓁 = 3 𝓁 = 5 𝓁 = 7 𝓁 = 9 𝓁 = 11 
 STA 493.23 270.74 120.74 86.59 73.09 61.32 56.05  
 LC1 483.53 232.44 118.51 86.00 71.19 62.89 55.67  
 LC2 496.75 280.33 125.5 87.71 72.75 62.13 54.70  
 SIN1 495.79 281.96 126.23 86.33 70.10 59.61 52.01  
 SIN2 484.88 262.81 119.81 87.19 70.25 60.15 54.49  
 RAND 486.19 256.34 128.99 94.79 82.08 71.28 66.31  
 EMP1 417.52 195.97 137.36 110.76 102.62 99.27 94.20  
 EMP2 470.37 255.02 122.87 89.17 74.31 63.99 57.07  
 EMP3 459.51 217.05 111.81 80.40 67.57 59.31 53.76  
 EMP4 477.90 274.90 119.54 83.86 67.20 56.30 49.93  
 Avg. 476.57 252.76 123.14 89.28 75.12 65.63 59.42  
Table 5
Computational gaps of the enhancements.
 Demand pattern SDDP value SDDP accelerate 1+2 MAD
 𝓁 = 3 𝓁 = 5 𝓁 = 7 𝓁 = 9 𝓁 = 11 
 STA 477.16 1.68 4.10 0.61 0.02 0.64  
 LC1 523.76 3.19 4.82 1.00 0.19 0.41  
 LC2 554.74 3.55 5.90 2.00 0.50 1.21  
 SIN1 635.08 2.69 5.84 0.14 0.46 0.04  
 SIN2 360.81 3.87 4.55 1.93 1.32 1.34  
 RAND 31.65 1.90 5.71 4.38 7.41 6.42  
 EMP1 3011.15 4.54 7.30 2.15 4.17 4.46  
 EMP2 2318.55 3.70 8.80 2.30 2.40 2.79  
 EMP3 1348.03 6.42 8.95 4.83 3.31 2.98  
 EMP4 2139.32 4.00 8.19 1.21 2.81 1.57  
 Avg. 1140.03 3.55 6.42 2.06 2.26 2.19  
 
(a) 

  
(b) 

 

Fig. 3. Average total profit variations of different overdraft terms.
15% and 20% and the limit to take the values 300, 400, 500, 600 
and 700. We report the retailer’s average expected total profit for each 
demand pattern in Fig.  3 after running each instance 10 times. All other 
parameters of the problem instance and method are as in the previous 
experiment. The first acceleration is applied to solve the problems as it 
does not affect the solution quantity of SDDP.

In Fig.  3, the retailer’s expected total profit demonstrates a negative 
correlation with the overdraft interest rate and a positive correlation 
with the overdraft limit, aligning with expectations. The expected profit 
10 
is relatively sensitive to changes in the interest rate. In contrast, the 
model’s responsiveness to changes in the overdraft limit diminishes 
once the limit exceeds the retailer’s operational requirements. This is 
evident as the expected profit plateaus across various demand patterns 
when the overdraft limit rises from 500 to 600 or 700. In some cases, 
the expected profit is lower than the negative overdraft limit value, 
as our model imposes a 200% penalty interest rate for negative cash 
balances. In real-world applications, such stringent overdraft terms 
would generally be deemed unacceptable for the retailer.
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8. Conclusions

In this paper, we employ the SDDP method to address a cash-
flow inventory problem involving multiple products, lead times, and a 
specific type of financing service. To facilitate the computation of cuts, 
we introduce auxiliary variables into the sub-problems. Additionally, 
we propose two acceleration techniques that remove the duplicate con-
straints added in the model and leverage the similarity of dual values 
across sub-problems, which contribute to reducing computational time 
while maintaining relatively small solution gaps.

Future research could explore using the Stochastic Dual Dynamic 
Integer Programming (SDDiP) approach (Zou et al., 2019) to tackle 
cash-flow problems with integer decision variables. Furthermore, the 
framework could be extended to incorporate other types of financing 
services.
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Appendix A. The stochastic dynamic programming formulation

Denote 𝑉𝑡(𝐼1𝑡−1,… , 𝐼𝑁𝑡−1, 𝑞11𝑡,… , 𝑞𝐿1
1𝑡 ,… , 𝑞1𝑁𝑡,… , 𝑞𝐿𝑁

𝑁𝑡 , 𝐶𝑡−1) as the
maximum expected terminal cash balance at stage 𝑡 given that the 
initial inventory for each product: 𝐼1𝑡−1,… , 𝐼𝑁𝑡−1, the ordering quantity 
for each product placed 1 to 𝐿𝑛 stages ago: 𝑞11𝑡,… , 𝑞𝐿1

1𝑡 ,… , 𝑞1𝑁𝑡,… , 𝑞𝐿𝑁
𝑁𝑡

and initial cash balance 𝐶𝑡−1. The optimality equation is:
𝑉𝑡(𝐼1𝑡−1,… , 𝐼𝑁𝑡−1, 𝑞

1
1𝑡,… , 𝑞𝐿1

1𝑡 ,… , 𝑞1𝑁𝑡,… , 𝑞𝐿𝑁
𝑁𝑡 , 𝐶𝑡−1)

= max
𝑞1𝑡≥0⋯
𝑞𝑁𝑡≥0

𝑉𝑡+1
(

(𝐼1𝑡−1 + 𝑞𝐿1
1𝑡 −𝐷1𝑡)+,… , (𝐼𝑁𝑡−1 + 𝑞𝐿𝑁

𝑁𝑡 −𝐷𝑁𝑡)+,

𝑞1𝑡, 𝑞
1
1𝑡,… , 𝑞𝐿1−1

1𝑡 ,… , 𝑞𝑁𝑡, 𝑞
1
𝑁𝑡,… , 𝑞𝐿𝑁−1

𝑁𝑡 , 𝐶𝑡
)

,

where

𝐶𝑡 = 𝐶𝑡−1−𝐻𝑡−
∑

𝑛∈
𝑐𝑛𝑡𝑞𝑛𝑡−

2
∑

𝑚=1
𝑟𝑘𝑊

𝑚
𝑡 +𝑟0𝑊 0

𝑡 +
∑

𝑛∈
𝑝𝑛𝑡 min{𝐼𝑛𝑡−1+𝑞

𝐿𝑛
𝑛𝑡 , 𝐷𝑛𝑡},

and

𝑊 0
𝑡 =

{

𝐶𝑡−1 −𝐻𝑡 −
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 if 𝐶𝑡−1 −𝐻𝑡 −
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 ≥ 0
0 otherwise,

𝑊 1
𝑡 =

{

max{𝑈,𝐻𝑡 +
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 − 𝐶𝑡−1} if 𝐶𝑡−1 −𝐻𝑡 −
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 < 0

0 otherwise,

𝑊 2
𝑡 =

{

𝐻𝑡 +
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 − 𝐶𝑡−1 − 𝑈 if 𝐶𝑡−1 −𝐻𝑡 −
∑

𝑛∈ 𝑐𝑛𝑡𝑞𝑛𝑡 ≤ −𝑈
0 otherwise.

The boundary condition is: 
𝑉𝑇+1(𝐼1𝑇 ,… , 𝐼𝑁𝑇 , 𝑞

1
1𝑇+1,… , 𝑞𝐿1

1𝑇+1,… , 𝑞1𝑁𝑇+1,… , 𝑞𝐿𝑁
𝑁𝑇+1, 𝐶𝑇 ) = 𝐶𝑇 +

∑

𝑣𝑛𝐼𝑛𝑇 .

𝑛∈
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Table B.1
Detailed mean demand data for the tests of SDDP optimality gaps.
 Demand pattern Stage

 1 2 3 4  
 STA 15 15 15 15 
 LC1 25 20 10 7  
 LC2 7 12 17 23 
 SIN1 24 15 5 20 
 SIN2 5 11 22 10 
 RAND 31 14 25 12 
 EMP1 40 23 8 30 
 EMP2 7 30 15 12 
 EMP3 17 6 31 22 
 EMP4 9 17 35 10 

Table B.2
Detailed mean demand data for the first product.
 Demand pattern Stage

 1 2 3 4 5 6  
 STA 30 30 30 30 30 30 
 LC1 50 46 38 28 23 18 
 LC2 14 18 23 33 42 49 
 SIN1 47 30 13 30 47 54 
 SIN2 21 24 39 30 24 18 
 RAND 63 10 4 33 67 14 
 EMP1 15 140 147 74 109 88 
 EMP2 14 71 49 152 78 33 
 EMP3 13 35 79 43 44 59 
 EMP4 15 56 19 84 136 67 

Appendix B. Detailed demand data for numerical investigation

See Tables  B.1 and B.2.

Appendix C. An example of the influence of iteration limit and 
number of sampled scenarios on SDDP

In this numerical example, the lead time is one stage, and the 
initial cash, initial outstanding orders, and initial inventory are set 
to zero. The selling price is 10, the unit variable ordering cost is 
1, the unit salvage value is 0.5, and the overhead cost per stage is 
50. The overdraft limit is 500, the deposit interest rate is 0%, the 
overdraft interest rate is 10%, and the penalty interest rate is 200%. 
Demand follows a Poisson distribution with a mean of 15 at each of the 
four stages. The optimal value of the problem, obtained using SDP, is 
167.38. Each stage uses 10 demand samples, and the instance is run 20 
times. The average values obtained by SDDP under different iteration 
limits (with the number of sampled scenarios fixed at 30) and under 
different numbers of sampled scenarios (with the iteration limit fixed 
at 50) are shown in Figs.  C.1 and C.2, respectively.

The results indicate that the SDDP values, which also serve as upper 
bounds (UBs) of the true problem, converge rapidly during the initial 
iterations and then stabilize, lying within the confidence interval (CI) 
of the lower bounds (LBs) after approximately 20 iterations. Recall that 
the SDDP value provides an upper bound on the true optimal value 
in expectation; accordingly, we also report a confidence interval for 
this bound. Moreover, there is no clear evidence that increasing the 
iteration limit — i.e., extending the computational time of SDDP — 
consistently yields values closer to the optimal solution.

On the other hand, the number of sampled scenarios has little 
influence on the SDDP values. Even using a single sampled scenario 
can yield solutions close to the optimal value as shown by Fig.  C.2.
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Fig. C.1. Influence of iteration limit on SDDP.

Fig. C.2. Influence of the number of sampled scenarios on SDDP.
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