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 A B S T R A C T

In this study, the mode-II rate dependence of an epoxy adhesive is investigated using end-
notched flexure (ENF) tests conducted over loading speeds ranging from 0.1 to 5000 mm/min. 
To address the pronounced scatter typically observed in mode-II debonding tests, as well as 
the lack of a procedure for evaluation of the average load–displacement curve, a novel curve-
parametrisation and statistical averaging framework is proposed. The load–displacement curves 
are represented using a set of parameters, enabling the construction of representative average 
curves for each loading speed and the quantification of parameter variability. The method allows 
the rate-dependent behaviour to be assessed over the entire load–displacement domain, rather 
than being restricted to the region typically used for the evaluation of the fracture resistance. 
The representative values of the critical energy release rate evaluated for each loading speed 
using the proposed method are in good agreement with the mean values obtained by a 
conventional specimen-by-specimen analysis. The results show a monotonic increase in mode-
II fracture resistance with increasing loading speed, followed by a plateau at higher speeds. 
However, the proposed method reveals a continued monotonic evolution of the global response 
with loading speed, indicating that rate-dependent effects extend beyond the critical energy 
release rate alone. These findings demonstrate that the proposed parametrisation framework 
enables statistically robust characterisation of rate-dependent mode-II adhesive debonding and 
improved constitutive modelling.

. Introduction

Adhesive joints are used as load-bearing structural connections in a wide range of applications in contemporary engineering. 
n these applications, they are subjected to a wide range of loading speeds, from creep to impact loading. Because many modern 
dhesives are based on synthetic polymers and are therefore sensitive to strain-rate effects, understanding their rate-dependent 
ehaviour is of great importance. Moreover, studying adhesive debonding, as a critical failure mode of adhesive joints, is essential 
ecause it directly affects the reliability, durability and safety of adhesively bonded structures in engineering applications.
Adhesive debonding is commonly classified into three fundamental fracture modes: mode I (opening), mode II (in-plane shear) 

nd mode III (out-of-plane shear), while practical joint failures often occur under mixed-mode loading conditions. The critical energy 
elease rate (𝐺𝑐) is a key parameter for characterising the fracture resistance of adhesive joints under different debonding modes.
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Nomenclature

𝑥̄ Alternative 𝑥 value for a second branch function
𝑥̂𝑖 𝑥-coordinate values for which 𝑆𝑖 = 0.95, 𝑖 = (1, 2)
𝑎 Crack length
𝑎0 Initial crack length
𝑎𝑒 Equivalent crack length
𝑎𝑖𝑗 Branch functions’ fitting parameters, 𝑖, 𝑗 = (1, 2, 3)
𝑏 Width of adherends
𝐶 Specimen compliance
𝐶0 Initial measured specimen compliance
𝐶0𝑐𝑜𝑟𝑟 Initial measured specimen compliance corrected for shear deformation
𝐶𝑐𝑜𝑟𝑟 Measured specimen compliance corrected for shear deformation
𝐶𝑚𝑠𝑟 Measured specimen compliance
𝑑 Thickness of adherends
𝐸 Young’s modulus
𝐸𝑓 Flexural modulus of adherends
𝐹 Applied load
𝐹𝑖 Load at the characteristic points, 𝑖 = (12, 21, 22, 31, 𝐼,𝑀,𝑚,𝑁)
𝑓𝑖 Branch functions, 𝑖 = (1, 2, 3)
𝐺𝑐 Critical energy release rate
𝐺𝑚 Shear modulus of adherends
𝐺𝐼𝐼,𝑐 Critical energy release rate in mode II
𝐼 Second moment of area
𝑘𝑖 Rate of change of the logistic function, 𝑖 = (1, 2)
𝐿 Length of adherends
𝐿0 Span between the supports of an ENF specimen
𝑝𝐹 Second branch domain factor
𝑅2 Coefficient of determination
𝑆𝑖 Logistic function values, 𝑖 = (1, 2)
𝑡 Bondline thickness
𝑣 Prescribed displacement
𝑤𝑖 Weight functions, 𝑖 = (1, 2, 3)
𝑥 𝑥-coordinate value
𝑥𝑖 𝑥-coordinates of the characteristic points, 𝑖 = (12, 21, 22, 31, 𝐼,𝑀,𝑚,𝑁)
𝑥𝑤 Limiting 𝑥 value for a second branch function
𝛥𝑎𝐷𝑃𝑍 Damage process zone length of influence
𝛥𝐹 Force drop
𝜇𝑖 Midpoint of the logistic function, 𝑖 = (1, 2)
4ENF 4-Point End-Notched Flexure
ASTM American Society for Testing and Materials
BSI British Standards Institution
BTBR Beam Theory with Bending Rotations
CBBM Compliance-Based Beam Method
CBTE Corrected Beam Theory with Effective Crack Length
CCM Compliance Calibration Method
DCB Double Cantilever Beam
ELS End-Loaded Split
ENF End-Notched Flexure
L-BFGS-B Limited-memory Broyden–Fletcher–Goldfarb–Shanno with Bounds
LEFM Linear-Elastic Fracture Mechanics
MSE Mean Squared Error
TENF Tapered End-Notched Flexure
UTM Universal Testing Machine
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Among many test procedures proposed for the determination of mode-II critical energy release rate 𝐺𝐼𝐼,𝑐 , the end-notched flexure 
(ENF) test [1] is the most widely used. Although commonly used for determining the properties of adhesive joints [2–4], the 
procedure is currently standardised by the ASTM [5] and BSI standards [6] only for fibre-reinforced polymer matrix composites.

Most data-reduction schemes used to calculate the critical energy release rate 𝐺𝑐 are based on formulations combining simple 
beam theory and linear-elastic fracture mechanics (LEFM). Although the industrial standard for the ENF test [5] states that the 
Compliance Calibration Method (CCM) is the only acceptable data reduction method for the ENF test, several different methods have 
been proposed (a comparison of these methods is presented in [7]). The biggest drawback of CCM is that it requires an accurate 
measurement of the crack length, which is not straightforward for sudden crack propagation with crack faces pressed against each 
other in compression, especially at higher loading speeds. In addition, the ENF test does not produce a crack whose tip can be 
clearly defined [8]. To avoid the measurement of the crack position, the Compliance-Based Beam Method (CBBM) [3] and the Beam 
Theory with Bending Rotations (BTBR) [9] for the ENF test, and the Corrected Beam Theory with Effective Crack Length (CBTE) for 
the ELS test [10] have been proposed for the calculation of 𝐺𝐼𝐼,𝑐 . An additional advantage of the CBBM method is that it does not 
require the measurement of any properties of the bulk material (such as Young’s modulus and shear modulus) for the determination 
of 𝐺𝐼𝐼,𝑐 . 

As with most topics related to adhesive joints, the rate-dependent failure behaviour has been studied more thoroughly for mode-
I debonding than for mode-II and mixed-mode debonding. A widely used standardised test for mode-I debonding is the double 
cantilever beam (DCB) test, for which rate-dependent analyses have been performed by several authors [11–13]. 

Only few robust rate-dependent analyses of mode-II debonding using the ENF test have been reported in [14–19], typically 
within broader investigations encompassing multiple debonding modes. The rate-dependent behaviour was studied for the ENF test 
exclusively in [20] and for the tapered end-notched flexure (TENF) test with stable crack propagation in [21,22]. On the other 
hand, most of these studies rely on a relatively small number of loading speeds (typically 2 [17,18,21], 3 [14] or 4 [19,20], with 
the exception of Refs. [16,22] in which 5 and 6 loading speeds were employed, the latter in a TENF test setup).

There is also no clear consensus on the trend of rate-dependence of the mode-II critical energy release rate for typical adhesives, 
as some authors found an increase [16,17,20–22], while others found a decrease [18,23] in fracture resistance with an increase 
in loading speed. Moreover, it has been reported in [19] that, using the same data-reduction scheme to evaluate 𝐺𝐼𝐼,𝑐 from the 
experimental measurements, the obtained values of 𝐺𝐼𝐼,𝑐 at high-speed loads can be higher or lower than those at quasi-static 
loading, depending on the data acquisition method used. ENF tests that measured the strain rate in the adhesive showed that, in 
experiments with a constant loading speed, the strain rate in the process zone increases monotonically [14,15]. In addition, in [14] 
it was shown that 𝐺𝐼𝐼,𝑐 increases with an increase in the strain rate.

ENF tests generally result in a lot of scatter in the load–displacement experimental data, mostly concentrated in the region after 
the peak load, characterised by a load drop and crack propagation. The scatter in the ENF load–displacement diagrams becomes 
even more problematic in rate-dependent analysis, where the diagrams of specimens tested at different loading speeds overlap, as 
can be seen in [19]. This issue makes the determination of the average representative load–displacement curve less straightforward 
than in the case of the DCB test [13]. No method has ever been proposed to produce physically realistic average load–displacement 
curves so far in the literature. This is probably why numerical models are commonly validated against experimental data by fitting 
the load–displacement diagrams of individual ENF tests or by overlapping the results of the numerical model onto the envelope of 
experimental results [18,19,22]. It should be noted that this kind of scatter is not an artefact of the ENF test itself, as it can also be 
found in alternative mode-II tests, such as the end-loaded split (ELS) and the 4-point end-notched flexure (4ENF) tests [24].

The scatter in the load–displacement diagrams also translates into the scatter of the determined values of the critical energy 
release rate. The typical procedure for determining a representative value of 𝐺𝐼𝐼,𝑐 , as defined by the ASTM standard [5] 
and commonly used in the literature [3,24,25], is to evaluate it for each individual specimen and then calculate the mean 
value and standard deviation for the entire dataset. The same methodology is also adopted for the analysis of rate-dependent 
experiments [16–22], where a mean value of 𝐺𝐼𝐼,𝑐 is calculated in this manner for each loading speed. It should be noted that this 
approach for characterising the mode-II fracture resistance of adhesive joints is limited exclusively to a relatively small post-peak 
region of the load–displacement curve (in which most of the scatter is concentrated). However, the remaining neglected portions 
of the load–displacement curve contain valuable information on initial stiffness and softening and residual load-carrying capacity. 
As will be shown later, by ignoring these regions, important insights into the rate-dependent response and variability between 
specimens may be overlooked, leading to an incomplete characterisation of mode-II debonding behaviour.

In this study, ENF experiments with varying loading speeds were performed to characterise the rate-dependent mode-II fracture 
resistance of adhesive joints made of aluminium flat bars bonded with an epoxy adhesive. Such a comprehensive experimental 
dataset, comprising 29 ENF tests conducted at six loading speeds ranging from 0.1 to 5000 mm/min, provides a contribution to 
understanding the rate-dependent behaviour of mode-II adhesive debonding across a larger number of tested speeds than those 
considered in most studies, as previously discussed. In particular, by using a finer resolution of speeds, one logarithmic decade 
apart from each other, we can better capture the trend of rate dependence.

Although a similar experimental analysis was previously conducted to characterise mode-I rate-dependent fracture resistance 
using the DCB test [13], the current analysis of the experimental data revealed several issues in obtaining a reliable and accurate 
assessment of the rate-dependent properties of the adhesive. First, it was noticed that relatively small differences in bondline 
thickness, as well as bonding defects (such as voids and interfacial failure), can have a significant influence on the results. Without 
investigating these effects in more detail, a method has been proposed to select the most representative specimens and discard the 
least representative, thus significantly reducing the scatter in the experimental data.
3 
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Fig. 1. ENF test specimens geometry. Dimensions are reported in Table  1.

Table 1
Dimensions of the ENF specimens.
 Dimensions 𝐿 𝐿0 𝑑 𝑏 𝑎0 𝑡  
 Values [mm] 250 210 12.7 25.4 60 0.2 

An original robust approach has been developed to parametrise the load–displacement curves, thus enabling the construction of 
representative average load–displacement curves. When constructed as an average for each loading speed, these curves can be used 
not only to directly determine the average value of 𝐺𝐼𝐼,𝑐 using the common data-reduction schemes, but can also provide additional 
valuable information on the rate-dependent behaviour on the parts of the load–displacement curve that are typically not considered 
in the characterisation of the fracture resistance. Furthermore, the parametrisation of the load–displacement curve allows for its 
quantitative assessment, paving the way for an automated analysis of the experimental results, real-time identification of the faulty 
specimens and improved constitutive modelling.

The outline of the paper is as follows. The experimental set-up used is described in Section 2, while Section 3 describes the post-
processing of the experimental results and the novel averaging technique based on the parametrisation of the load–displacement 
curve. In Section 4, the presented method is verified by comparing the mean values of the critical energy release rate from the 
individual specimen analyses with those obtained from the parametrised average curves. Furthermore, additional insights into the 
rate-dependent behaviour provided by the proposed method are analysed and discussed. The last section summarises the main 
original contributions of the present work and discusses its potential for application and further development.

2. Experimental set up

In order to characterise the rate-dependent behaviour of an epoxy adhesive, specimens consisting of two Al 6082-T6 aluminium 
plates bonded together by a thin layer of Araldite® 2015 adhesive were manufactured and tested. Note that the same materials were 
also used for the specimens in a former analysis of rate-dependent behaviour in mode I [13]. The specimen geometry is shown in 
Fig.  1, with dimensions reported in Table  1.

Specimen preparation followed the same procedure as in [13]. Bonding surfaces of the aluminium plates were roughened using 
sand paper and afterwards cleaned using acetone. A thin aluminium foil was used to create a clear notch edge at a distance 𝑎0
from the left-hand support. A thin layer of adhesive was applied to the bonding surfaces using a cylindrical wooden stick and 
subsequently evened out using a spatula. After applying the adhesive on both plates, they were joined together and clamped on 
both edges. Specimens were then pressed together by applying a 60 ± 10 N force for 60 s and subsequently left to cure at room 
temperature for 24 h under the weight of a 1 kg mass. Both the force and the weight were evenly distributed over each specimen 
by means of a wooden bar. Finally, specimens were oven-cured for 60 min at 80 ◦C.

After curing, specimens were left to cool down and their thicknesses were measured using a digital caliper with a resolution of 
0.1 mm. Because spacers were not used during specimen preparation, the bondline thickness was determined as the mean value of 
the difference between the total thickness of two aluminium adherends before and after bonding in three different points along the 
length. The resulting mean thickness was 0.19 mm, with a standard deviation of 0.06 mm. The measured bondline thicknesses of 
all specimens are reported in Table  A.3 in Appendix  A.

Experiments were performed using an electromechanical Instron 5967 universal testing machine (UTM) with 30-kN load 
cell (model 2580–202), except for tests at 5000 mm/min, which were performed using a 100-kN servo-hydraulic frame Instron 
8501. Specimens were loaded in displacement control at six different constant loading speeds, namely 0.1, 1, 10, 100, 1000 and 
5000 mm/min and at least four specimens were tested for each speed. Specimens were labelled so that the first number indicates 
the loading speed used for testing, while the second number indicates the chronological order of the specimen tested at that loading 
speed. Specimen pre-cracking was not performed.
4 
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Fig. 2. Representative fracture planes for each of the four bonding grades. Lower specimen grades correspond to higher amount of defects (voids 
and interfacial failure) and vice versa.

2.1. Fracture plane assessment

After inspection of the fracture surfaces, it was found that there are significant differences in the amount of voids and interfacial 
debonding present in different specimens. To account for this, visual inspection of the fracture surfaces has been performed to divide 
the specimens into four groups, each group characterised by a grade based on the bonding quality, with the void content decreasing 
from grade 1 to 4. The bonding grade structure is defined as such that each of the four grade groups contains a similar number 
of specimens, thus separating the dataset into quartiles. The presence of interfacial debonding was accounted for as a negative 
influence on the bonding quality by decreasing the bonding grade accordingly. After the grading procedure was performed for all 
specimens, all grade groups were cross-referenced to check for inconsistencies. The assigned bonding grades for all specimens are 
reported in Table  A.3 in Appendix  A.

Representative fracture planes for each of the bonding grades are shown in Fig.  2, where the coordinates along the length of each 
specimen are denoted starting from the initial crack (𝑎0 = 60 mm). It is important to note that at the end of the test the specimens 
were not fully detached, as for most specimens the crack reached approximately the load-application point (𝑎 ≈ 105 mm). Specimens 
were therefore manually separated (in mode I), which can be recognised in fracture-surface photos by a slight difference in colour 
and roughness on the initial half of the crack surface. Consequently, only the initial half of the crack surface was considered for 
the assessment of the bonding grade. On this part of the fracture surface, the voids and interfacial failure are represented by darker 
areas. In case of voids, these darker areas are present symmetrically on both surfaces (top and bottom), whereas in case of interfacial 
failure, darker areas (representing aluminium surface) are present only on one side. The broken adhesive (by cohesive failure) is 
represented by lighter and rougher areas.

It can be seen that specimens in lower grades have considerably larger areas with voids and interfacial failure than those in 
higher grades. Using this methodology, all four grades consist of seven specimens, except for the 2nd grade, which consists of eight 
specimens. This resulted in a mean specimen grade equal to 2.52. The proposed grading system can be considered as a qualitative 
counterpart to the void volume fraction in the bondline. Such measurements, performed by digital tomography, were presented 
in [23], showing that an increase in bondline thickness results in a decrease in the void volume fraction and an increase in the 
fracture energy.

2.2. Dataset reduction

The analysis of the load–displacement curves revealed that several specimens behaved as outliers in their respective loading-rate 
groups. For this reason, the dataset was reduced so that each loading-rate group consisted of three representative specimens, which 
is assumed to be a minimum number for a representative statistical sample. Specimens were discarded from the group if: (i) their 
bondline thickness was significantly higher compared to the rest of the group or (ii) their bonding grade was the lowest in the 
group. The discarded specimens, together with the reason for their exclusion, are reported in Table  A.3 in Appendix  A. In the rest 
5 
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Fig. 3. Mean values of (a) bondline thickness and (b) bonding grade for each of the loading-speed groups, for both full and reduced dataset are 
shown. Error bars mark ± one standard deviation from the mean value.

of the paper, specimens that were not accounted for in the reduced dataset will be marked accordingly and the presented procedure 
will be applied to both reduced and full datasets. It should be noted that the mean bonding grade and mean bondline thickness 
vary across the loading-speed groups. This is true for both full and reduced datasets, whose mean values of thickness and bonding 
grade are shown in Fig.  3. It can be seen that the average thicknesses for different loading-speed groups in the reduced dataset are 
far more uniform than in the full dataset. The mean thickness of all loading-rate groups changed from 0.19 mm with a standard 
deviation of 0.03 mm for the full dataset to 0.17 mm with a standard deviation of 0.02 mm for the reduced dataset. When it comes 
to the mean bonding grade, dataset reduction process raised the mean grade for the selected specimens from 2.52 to 2.56.

2.3. Experimental data post-processing

From the UTM, values of the measured load and of the prescribed displacement were obtained. A characteristic load–displacement 
diagram is shown in Fig.  4(a). The diagram can be separated into three characteristic branches.

The first ascending branch can be in turn divided into an initial linear-elastic part and a nonlinear part due to the onset of 
damage in the adhesive. The very first part of this ascending branch, which is slightly nonlinear due to the initial settlement, was 
excluded from the analysis, as recommended by the ASTM standard [5], and below 3 kN replaced by the best linear fit of the 2 
6 
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Fig. 4. Two representative load–displacement curves with three characteristic branches for specimens tested at (a) 10 mm/min (representative 
for the range of speeds from 0.1 to 100 mm/min) and (b) 5000 mm/min.

to 3 kN data range. The load–displacement curve was then shifted horizontally so that its first point is located at the origin of the 
coordinate system. The difference between the raw and the corrected data in the first branch can be seen by comparing the blue 
curves in Figs.  4(a) and 4(b), respectively.

The transition from the first to the second branch, characterised by a local maximum, corresponds to further development of 
the damage process zone. Within the second branch of the curve (red curves in Figs.  4(a) and 4(b)) where the load decreases, the 
process zone fully develops and then crack propagation starts, which can be either stable, as is the case of the tests considered here, or 
unstable (dynamic) [26]. The third branch (green curves in Figs.  4(a) and 4(b)) corresponds to a slowdown in crack propagation and 
an ascending load–displacement curve. At the end of each test, the specimens were unloaded, but this part of the load–displacement 
curve was omitted from the further analysis.

The UTM compliance was measured by loading a rigid steel block in three-point bending. The determined value, which was 
3.52 ∗ 10−5 mm/N, was then used to correct the measured displacements in the ENF load–displacement curves.

The results for specimens tested at 5000 mm/min differ from other data due to dynamic oscillations in the third branch, as shown 
by the green dashed line in Fig.  4(b). 5000 mm/min data were acquired with a sampling rate of 5 kHz. To obtain a curve shape 
consistent with those observed at other loading speeds, the third branch was filtered using the Savitzky–Golay convolution [27] with 
an 81 data-point window and a second order polynomial. By doing this, the underlying shape of the load–displacement diagram in 
7 
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Fig. 5. Load–displacement curves for specimens tested at 1 mm/min. The classical averaging method by taking the mean value of the load for 
each displacement produces the blue curve, which is non-representative of the physics of the ENF test.

the third branch was obtained (solid green line in Fig.  4(b)). Finally, a part of the second branch below the intersection with the 
filtered third branch was discarded (dashed red curve in Fig.  4(b)).

In summary, the raw data from the UTM were corrected by replacing the initial non-linearities with linear data, accounting for 
rig compliance and, if necessary, removing the inertial effects by filtering the third branch.

3. Construction of average parametrised load–displacement curves

If load–displacement curves of four tests performed at 1 mm/min are compared (see grey curves in Fig.  5), it can be noticed 
that the scatter is most pronounced in the middle part (around the second branch) of the curve and is defined not only by a 
vertical, but also by a horizontal offset. To fully assess the rate-dependent behaviour of the adhesive in mode II in terms of the 
load–displacement response, this scatter needs to be accounted for by averaging the load–displacement curves for each loading 
speed and by quantifying the variation of results around the average response. However, computing the mean value of the curves 
with respect to displacements, as classically done for most cases, e.g. for the DCB test [13], results in a non-physical curve (see the 
blue curve in Fig.  5), which does not represent the characteristic behaviour during the ENF test with three distinctive branches. In 
particular, the characteristic load drop that follows the peak (the second branch), used for determining the fracture resistance in 
mode II, is completely lost by using such an averaging method.

To best of the author’s knowledge, the problem of how to construct the average load–displacement curve for a given experimental 
ENF test dataset has not been raised. Knowing the shape of the average load–displacement curve for a given experimental dataset 
offers the possibility of analysing the rate-dependent behaviour of adhesive joints in a more rigorous and comprehensive way, as 
explained later in more detail. Furthermore, such average curves significantly improve and facilitate the calibration of numerical 
models for simulating adhesive debonding, as well as the assessment of their predictive capabilities. Motivated by this, a novel 
method for the calculation of an average ENF load–displacement curve, based on the curve parametrisation, is presented in the rest 
of this section.

3.1. Fitting procedure for the experimental data

As explained in the last section, the experimentally obtained load–displacement curve can be separated in three characteristic 
branches, connected by two smooth transitions. The three branches can be approximated by three non-linear functions, which we 
will refer to as branch functions, that intersect in proximity of local maximum and minimum values in the load–displacement curve. 
The linear least squares method was used to fit the three branch functions.

The first ascending branch is fitted with a quadratic function 
𝑓1(𝑥) = (𝑎11 + 𝑎12𝑥) 𝑥, (1)

where 𝑎11 and 𝑎12 are unknown constant parameters determined by the fitting procedure.
The analytical LEFM solution for the second descending branch in an ENF test (before the crack tip reaches the load application 

point) is [28] 

𝑣(𝐹 ) = 𝐹𝐿3
+

(64𝐺𝐼𝐼,𝑐𝑏𝐸𝐼)3∕2
√

, (2)

48𝐸𝐼 3𝐹 2
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Fig. 6. Schematic of the parametrised curve 𝐹 (𝑥) obtained as a weighted combination of branch functions 𝑓𝑖(𝑥), 𝑖 = 1, 2, 3, with the characteristic 
limit points (marked in red).

but for the presented procedure an inverse function 𝐹 (𝑣) is needed. To this end, the following third order negative power function 
was found to be the most suitable: 

𝑓2(𝑥) = 𝑎21𝑥
−1 + 𝑎22𝑥

−2 + 𝑎23𝑥
−3, (3)

while the third ascending branch is fitted with the following cubic function: 
𝑓3(𝑥) = (𝑎31 + (𝑎32 + 𝑎33𝑥) 𝑥) 𝑥, (4)

where 𝑎𝑖𝑗 (𝑖 = 2, 3 and 𝑗 = 1, 2, 3) are unknown constant parameters determined by the fitting procedure. While the choice of the 
fitting function for the second branch is based on the analytical solution of the ENF test, it is worth noting that for the remaining 
two branches the polynomial expressions have been chosen based on a purely phenomenological approach, but they do reproduce 
the experimental response with good accuracy.

Functions 𝑓1(𝑥), 𝑓2(𝑥) and 𝑓3(𝑥) are defined on the entire domain (for any 𝑥 ≥ 0). In this way, as shown in Fig.  6, they can be 
used to create a continuous function that captures the whole load–displacement diagram as 

𝐹 (𝑥) = 𝑓1(𝑥)𝑤1(𝑥) + 𝑓2(𝑥)𝑤2(𝑥) + 𝑓3(𝑥)𝑤3(𝑥), (5)

with 
𝑤1(𝑥) = 1 − 𝑆1(𝑥),

𝑤3(𝑥) = 𝑆2(𝑥),

𝑤2(𝑥) = 1 −𝑤1(𝑥) −𝑤3(𝑥) = 𝑆1(𝑥) − 𝑆2(𝑥),

(6)

acting as weight functions that manage the transition between the three branches (see Fig.  7a) based on a sigmoidal logistic function 

𝑆𝑖(𝑥) =
1

1 + exp(−𝑘𝑖(𝑥 − 𝜇𝑖))
, (7)

with 𝑖 = 1, 2, which takes a value from the interval ⟨0, 1⟩. In Eq.  (7), parameters 𝜇𝑖 define the 𝑥-coordinates at which the logistic 
function takes value of 0.5, while parameters 𝑘𝑖 govern the rate of the transition between the branches (see Fig.  7). Smaller values 
of 𝑘𝑖 result in a smoother transition between the branches, while larger values result in a rapid transition. Note that 𝑘𝑖 must be 
positive to ensure that the logistic function is monotonically increasing with 𝑥 (as shown in Fig.  7b).

The second function, used to fit the second branch, tends to infinity (either positive or negative, depending on the parameters) 
as 𝑥 approaches zero. If the weight function 𝑤2 has a small, but non-zero value in this region, a global function from Eq.  (5) will 
take a value significantly different from 0 at 𝑥 = 0. For this reason a correction of the second function is made. Since the second 
function does not play an important role before the local maximum, the value of 𝑥 used in the function is replaced by the value 

𝑥̄ =

{

𝑥𝑤 for 𝑥 < 𝑥𝑤
𝑥 for 𝑥 ≥ 𝑥𝑤.

(8)

where it has been set 𝑥𝑤 = 𝜇1∕2, see Fig.  6.
In order to fit the load–displacement curve using Eq.  (5), 12 parameters in total are needed: eight parameters for the branch 

functions and four parameters for the transition functions. A novel curve-parametrisation algorithm was developed for this task, 
9 
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Fig. 7. Plot of: (a) weight functions 𝑤𝑖(𝑥) that define the transition between the branch functions 𝑓𝑖(𝑥), 𝑖 = 1, 2, 3, (b) a sensitivity analysis of 
logistic transition functions 𝑆𝑖(𝑥), 𝑖 = 1, 2.

with its flowchart shown in Fig.  9. The procedure consists of three steps: curve segmentation, curve fitting on individual segments 
and curve fitting on the transition region.

3.1.1. Step 1: curve segmentation
In this first step, the load–displacement data, corrected in the way explained above, is imported. The numerical first derivative 

of the load–displacement curve is approximated by the 2-point central difference method, and its minimal value, corresponding 
to the curve inflection point (𝑥𝐼 , 𝐹𝐼 ), is located. Using this point, which falls within the second branch, approximately dividing 
it in the middle, the load–displacement curve is split into two parts. The maximum load value in the data before the inflection 
point corresponds to the local maximum point (𝑥𝑀 , 𝐹𝑀 ), whereas the minimum load value in the data after the inflection point 
corresponds to the local minimum point (𝑥𝑚, 𝐹𝑚).

In order to obtain a good fit of the three characteristic branches, two transition regions between them need to be suitably 
determined and then discarded from the piecewise fitting of each branch. The limiting points of the domains on which the first and 
10 
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Fig. 8. Schematic representation of second branch fitting domain limits 𝑥21 and 𝑥22.

third branches are fitted (see Fig.  6) are calculated using the 𝑥-coordinates of previously determined local extrema values as 
𝑥12 = 𝑥𝑀 − (𝑥𝐼 − 𝑥𝑀 ) = 2 𝑥𝑀 − 𝑥𝐼
𝑥31 = 𝑥𝑚 + (𝑥𝑚 − 𝑥𝐼 ) = 2 𝑥𝑚 − 𝑥𝐼 ,

(9)

essentially mirroring the distance between the local extrema points and the slope inflexion point about the local extrema.
For the specimens tested at a speed of 5000 mm/min, due to third branch filtering, the minimum point of the second branch 

slope 𝐹𝐼  is not located close to the middle of the branch. Therefore, for these specimens, 𝑥𝐼  in Eq.  (9) is replaced by 0.5(𝑥𝑚 − 𝑥𝑀 )
to compute 𝑥12 and 𝑥31.

Having determined 𝑥12 and 𝑥31 in this way, the fitting domains for the first and third branches are set as [0, 𝑥12] and [𝑥31, 𝑥𝑁 ], 
respectively, where 𝑥𝑁  is the 𝑥-coordinate of the last data point (see Fig.  6).

3.1.2. Step 2: curve fitting on the individual segments
Using the fitting domains defined in the previous step, in this second step, the linear least squares method is applied to fit the 

first and third branches. Fitting the first branch using Eq.  (1) and third branch using Eq.  (4) result in the determination of the five 
fitting parameters 𝑎11, 𝑎12, 𝑎31, 𝑎32, 𝑎33.

To complete the piecewise fitting, the domain [𝑥21, 𝑥22] for fitting the second branch using Eq.  (3), whose corresponding codomain 
is [𝐹22, 𝐹21] (see Fig.  8), needs to be defined. The codomain size is defined as a fraction 𝑝𝐹  of the force drop in the second branch 
𝛥𝐹 = 𝐹𝑀 − 𝐹𝑚, with 0 < 𝑝𝐹 < 1, so that 𝐹22 − 𝐹21 = 𝑝𝐹 𝛥𝐹 . Therefore, 𝐹21 and 𝐹22 are given by: 

𝐹21 = 𝐹𝑀 −
1 − 𝑝𝐹

2
𝛥𝐹

𝐹22 = 𝐹𝑚 +
1 − 𝑝𝐹

2
𝛥𝐹 .

(10)

The 𝑥-coordinates corresponding to 𝐹2𝑖 define 𝑥2𝑖, with 𝑖 = 1, 2, and are the limits of the second branch fitting domain. These points 
are shown in Fig.  8.

A decrease in parameter 𝑝𝐹  results in a smaller fitting domain and a larger distance of its limits from the extrema points. As Eq. 
(3) needs to have at least three points in order to fit the second branch, for specimens with a small number of points (two or less) 
in the second domain, an additional one point is added on either side of the domain.

The second branch is then fitted using Eq.  (3) across domain [𝑥12, 𝑥21] and the three additional parameters 𝑎21, 𝑎22 and 𝑎23 are 
determined. At the end of step 2, branch functions 𝑓1(𝑥), 𝑓2(𝑥) and 𝑓3(𝑥) are fully defined.

3.1.3. Step 3: curve fitting on the transition region
Global fitting using Eq.  (5) is performed in this step. For this non-linear fit, a Limited-memory Broyden–Fletcher–Goldfarb–Shanno 

with Bounds (L-BFGS-B) non-linear optimisation algorithm [29] is used for the mean squared error (MSE) minimisation. This 
algorithm, which falls into the broader category of the quasi-Newton methods, is chosen because it offers a simple way to impose 
boundaries on the search domains of the fitting parameters, thus ensuring a convergence to a correct fit. The global fitting is 
performed on the domain 𝑥 ∈ [𝑥12, 𝑥31] only, which means that the first and third branch parameters determined in step 2 remain 
constant. This allows for a smoother convergence, while the accuracy of the fit is not compromised as typically the 𝑅2 of these 
branches on their respective domains is in the 0.99+ range.
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Fig. 9. Flowchart of the algorithm used for curve fitting of the experimental load–displacement data.

The parameters to be optimised are those defining the second branch (𝑎21, 𝑎22, 𝑎23) and the transition parameters from Eq.  (7), 
namely 𝜇1, 𝜇2, 𝑘1, 𝑘2. For these 7 parameters, initial values need to be provided. For the second branch parameters, the initial values 
are those obtained in Step 2. The 𝑥-coordinates of the local extrema, 𝑥𝑀  and 𝑥𝑚, are taken as initial values of parameters 𝜇1 and 
𝜇2, respectively.

For the initial values of parameters 𝑘𝑖, from Eq.  (7) we can derive the term for the rate of change of the logistic function 

𝑘𝑖 = −
ln
(

1
𝑆𝑖(𝑥)

− 1
)

𝑥 − 𝜇𝑖
, (11)

where 𝑥−𝜇𝑖 is the length on which the logistic function changes from 0.5 to 𝑆𝑖(𝑥). Note that function 𝑆𝑖(𝑥) has two asymptotes that 
take the values of 0 and 1, with an infinitely long transition between them (see Fig.  7b). In order to initialise 𝑘𝑖 with a reasonable 
value, we set limit values of function 𝑆𝑖(𝑥) for which the transition between those limits takes place over a finite length. As function 
𝑆𝑖(𝑥) is symmetric with respect to 𝜇𝑖, only the upper limit values is set to 0.95, as 1 is not acceptable. Therefore, we need to define 
a value 𝑥̂  of 𝑥 for which 𝑆 (𝑥̂ ) = 0.95.
𝑖 𝑖 𝑖
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Fig. 10. Comparison of representative experimental load–displacement curves with the corresponding fitted parametrised curves for each testing 
speed.

Defining 𝑥̂1 = 𝜇1 +𝑥𝐼 −𝑥12 and 𝑥̂2 = 𝜇2 +𝑥31 −𝑥𝐼 , and replacing these two values into Eq.  (11) has been shown to provide values 
of 𝑘1 and 𝑘2, respectively, that lead to a stable fitting procedure and provide satisfactory accuracy of the fit.

Next, to ensure the convergence of the iterative procedure, boundaries on the search domain of the transition parameters must 
be set. The L-BFGS-B optimisation algorithm was chosen for its ability to set such boundaries, which in turn stabilises the fitting 
procedure. For the parameters 𝜇𝑖, the domains are defined as 𝜇1 ∈ [𝑥12, 𝑥22] and 𝜇2 ∈ [𝑥21, 𝑥31]. The domains on the rate of transition 
are set up to be 𝑘𝑖 ∈ [0, 100] for 𝑖 = 1, 2, with the larger value chosen arbitrarily to ensure consistency of the parameters inside the 
loading-speed groups.
13 
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Fig. 11. Individual parametrised load–displacement curves fitted from the experimental data with the corresponding parametrised average curves 
for each testing speed. Specimens from the reduced dataset are marked in green, those excluded due to thick bondline are marked in orange, 
while those excluded based on their low bonding grade are marked in red. The average curves are marked in blue (solid for the reduced dataset 
and dashed for the full dataset).

After the computation of the initial values and the ranges of their possible variations, global fitting is performed, resulting in 
new values 𝑎21, 𝑎22, 𝑎23, 𝜇1, 𝜇2, 𝑘1 and 𝑘2. Using Eq.  (5) and the parameters of the first and third branch functions (which did not 
change), a fit of the experimental data is constructed. As the value of 𝑅2 generally takes a value of 0.99+ for the entire domain 
and a value of 0.97+ for the fitting domain [𝑥12, 𝑥31], the accuracy of the fit must be visually evaluated. In order to achieve a 
better fit, parameter 𝑝𝐹  can be reduced and the procedure is repeated from the local fitting of the second branch function onward
(see Fig.  9). New initial values for the second branch parameters are calculated and all other parameters, including initial values and 
search domain boundaries, remain unchanged. In this study a value of 𝑝𝐹 = 0.95 was found to be appropriate for most specimens, 
with a reduction down to 𝑝 = 0.85 for few specimens (0.1–3, 5000–2 and 5000–6).
𝐹
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Fig. 12. Constructed average curves for all loading speeds: (a) full dataset and (b) reduced dataset.

3.1.4. Results of the fitting procedures
The representative load–displacement curves fitted from the experimental data using the procedure described above are shown 

in Fig.  10. A variety of different load–displacement responses are presented to illustrate the robustness of the method. It can be 
seen that specimens 10-3 and 100-1 had a very fast initial crack propagation, which led to a lower number of data-points recorded 
in the second branch. Even in such circumstances, which also appeared for other specimens tested at different speed, the proposed 
procedure was able to produce a robust and accurate fit. For specimens 100-1, 1000-2 and 5000-3 (amongst others), a change in 
the third branch, due to yielding of the aluminium adherends can be seen. On all 100 mm/min specimens, a specific bump was 
noticed after the local minimum on all specimens, which made the fitting of this part slightly less accurate.

3.2. Constructing the average load–displacement curves

A mean value of the parameters obtained by the fitting procedure from the previous section for all specimens tested at the same 
loading speed can be calculated. In this way we can construct the average ENF load–displacement curves using the global fitting 
Eq. (5).

The whole procedure also allows us to perform a statistical analysis on the parameters and quantify the scatter in the results. 
The statistical and rate-dependence analysis of the calculated parameters is given in Appendix  B.

Fig.  11 shows the load–displacement curves of all ENF specimens alongside their respective average curves. In this figure, 
specimens which were discarded based on their large thickness are marked in orange and those discarded based on their low 
bonding grade are marked in red. Referring to Table  A.3, it can be concluded that a low bonding grade reduces the peak load 
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and initiates crack propagation at lower displacement values, while increasing the bondline thickness has the opposite effect. This 
is also consistent with the statistical analysis of the fitting parameters presented in Appendix  B, where it can be observed that 
the parameters of the discarded specimens fall outside the error bars in Figs.  B.16 and B.17. It can be noticed that parameters 
𝜇𝑖 increase with the bondline thickness, while smaller values of 𝑘𝑖 indicate smoother transitions between branches and thus more 
ductile behaviour. Specimens discarded due to their low bonding grade had the lowest values of 𝜇𝑖 in their respective groups, while 
those discarded due to their thick bondlines showed the highest values of 𝜇𝑖. This indicates that a parameter analysis following the 
curve-fitting procedure can be used as a reliable tool for the quantitative identification of faulty specimens.

The average curves, constructed with the mean values of the parameters in Eq.  (5), are shown in blue. A distinction is made 
between the average load–displacement curves constructed using the mean values of the parameters from the full and reduced 
datasets (3 specimens). It can be seen how discarding certain specimens changes the average curves.

It is obvious that all 1000 mm/min curves have a different shape than the curves loaded at different speeds. In particular, the 
characteristic shape of the second branch with a sudden load drop is almost completely lost. However, comparing the 1000 mm/min 
curves with the 100 and (filtered) 5000 mm/min curves reveals that such a behaviour cannot be attributed to the rate-dependent 
behaviour of the adhesive. Note that the average load–displacement curves for 100 and 5000 mm/min are very similar in shape and 
values, which indicates that the rate-dependent effects could be very limited in that range of speeds. In addition, the first branch, 
the peak and the third branch in the average load–displacement curves across 100, 1000 and 5000 mm/min are also very close 
to each other. Therefore, it is very likely that the 1000 mm/min load–displacement curves were affected by the machine load-cell 
responsiveness and data-acquisition system. Investigating the origin of this issue is outside the scope of this work. Nevertheless, 
because the first and third branch of the 1000 mm/min load–displacement curves are unaffected by this, these curves are still 
included in further analyses.

The average load–displacement curves for all loading speeds determined from the full and reduced datasets as explained above 
are shown in Fig.  12. It can be seen that the reduced dataset shows rate-dependent effects in a clearer and more regular way than 
the full dataset. Rate-dependent effects in the reduced dataset manifest in the following ways:

1. The initial stiffness increases with increasing loading speed.
2. The reduction in stiffness along the first branch becomes less pronounced with increasing loading speed.
3. The peak force increases with increasing loading speed.
4. Both extrema (maximum and minimum) on the second branch occur at larger displacement with an increase in loading speed 
up to 10 mm/min, after which the trend changes.

5. Force drop becomes larger with an increase in loading speed.
6. With increasing loading speed, the third branch is shifted vertically, while maintaining the same slope.

These insights into the rate-dependent behaviour in mode-II debonding would not be possible without the evaluation of average 
load–displacement curves using the presented methodology (Fig.  12). A similar approach could also be applied to other debonding 
tests exhibiting significant scatter.

4. Verification of the proposed method by critical energy release rate comparison

In this section, the accuracy of the proposed curve parametrisation method is assessed by comparing the values of the critical 
energy release rate evaluated using the constructed average load–displacement curves with those obtained by the standard specimen-
by-specimen procedure. In both cases, the well established compliance-based beam method (CBBM) [3] was used to calculate the 
critical energy release rate.

4.1. Compliance-based beam method (CBBM)

CBBM employs the equivalent-crack-length concept, thus avoiding the measurement of the crack length, which, as discussed in 
more detail in the introduction, can be quite challenging in ENF mode-II testing. The suitability and accuracy of this method have 
previously been demonstrated for adhesive joints bonded with the same adhesive studied in this paper (Araldite® 2015) [3].

Assuming a simply-supported two-layer beam, as depicted in Fig.  1, with a crack length equal to 𝑎 and a perfectly rigid connection 
along the bonded region, the specimen’s compliance during the test can be calculated using simple beam theory accounting for shear 
effects [2] as 

𝐶 =
3𝑎3𝑒 + 2𝐿3

0

8𝐸𝑓 𝑏𝑑3
+

3𝐿0
10𝐺𝑚𝑏𝑑

, (12)

where 𝐸𝑓  is the adherend flexural modulus calculated as 

𝐸𝑓 =
3𝑎30 + 2𝐿3

0

8𝑏𝑑3𝐶0𝑐𝑜𝑟𝑟
, (13)

𝐺𝑚 is the shear modulus of the arms and 𝑎𝑒 is the equivalent crack length which accounts for the influence of the damage process 
zone so that 

𝑎𝑒 = 𝑎 + 𝛥𝑎𝐷𝑃𝑍 =
(

𝐶𝑐𝑜𝑟𝑟 𝑎3 + 2
(

𝐶𝑐𝑜𝑟𝑟 − 1
)

𝐿3
)1∕3

. (14)

𝐶0𝑐𝑜𝑟𝑟

0 3 𝐶0𝑐𝑜𝑟𝑟
0
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In these expressions 𝑎0 is the length of the initial crack (notch) and 𝐶𝑐𝑜𝑟𝑟 is the measured compliance 𝐶𝑚𝑠𝑟 corrected for shear 
deformation 

𝐶𝑐𝑜𝑟𝑟 = 𝐶𝑚𝑠𝑟 −
3𝐿0

10𝐺𝑚𝑏𝑑
. (15)

Note that the measured compliance is determined from the load–displacement data as the quotient of the displacement and load. 
The initial compliance 𝐶0 is taken as the compliance at the beginning of the test, which in this case is constant due to the removal 
of the initial non-linearities from the load–displacement diagram. 𝐶0𝑐𝑜𝑟𝑟 is the value of initial compliance, corrected using Eq.  (15). 
Now, by using the Irwin-Kies equation 

𝐺𝐼𝐼,𝑐 =
𝐹 2

2𝑏
d𝐶
d𝑎

, (16)

substituting 𝐶 from Eq.  (12) and taking the derivative with respect to 𝑎𝑒 instead of 𝑎, the mode-II critical energy release rate is 
follows as 

𝐺𝐼𝐼,𝑐 =
9𝐹 2𝑎2𝑒

16𝑏2𝑑3𝐸𝑓
. (17)

The only material parameter required in the CBBM is the shear modulus 𝐺𝑚, for which, due to the limited influence on the 
critical energy release rate, the typical value can be used [30]. The value used in this analysis is the nominal value for Al 6082-T6 
aluminium of 𝐺𝑚 = 26 GPa.

4.2. Verification results and discussion

The resulting fracture-resistance curves (R-curves) calculated from the parametrised average curves for the reduced dataset are 
shown in Fig.  13. Energy release rate and equivalent crack length values were calculated for 0.1 mm displacement increments. The 
common method to calculate 𝐺𝐼𝐼,𝑐 from these curves is to determine the mean value of the fracture resistance on the plateau. In 
this study, the plateau was defined by points where the absolute value of the gradient of the R-curve, calculated using the 2-point 
central finite difference method, does not exceed 0.1 N/mm2. Points that satisfy this condition are marked in blue in Fig.  13. It can 
be seen that at 1000 mm/min, the R-curve increases monotonically instead of exhibiting the characteristic plateau, which is likely 
a consequence of the previously discussed differences in the load–displacement response.

The R-curves can also be computed for each individual specimen using their respective load–displacement curves. The 
representative value of the critical energy release rate is then obtained by calculating the mean of all values that make up the 
plateau in the R-curve, which will be indicated here as ‘standard mean’. These values are reported in Table  A.3 in Appendix  A. The 
resulting values of 𝐺𝐼𝐼,𝑐 for all specimens are shown in Fig.  14 for both the full and the reduced dataset. For each loading speed, the 
standard mean of 𝐺𝐼𝐼,𝑐 is indicated in Fig.  14 by black markers. As expected, by reducing the dataset, the scatter of the computed 
values of 𝐺𝐼𝐼,𝑐 is reduced for each speed. The values of 𝐺𝐼𝐼,𝑐 computed from the parametrised average load–displacement curves 
for each loading speed are indicated in Fig.  14 by dark blue markers.

Table  2 shows the values of 𝐺𝐼𝐼,𝑐 calculated using the standard mean and the presented curve-parametrisation averaging method, 
for both the full and the reduced dataset. It can be seen that the agreement between the two approaches is very good, with the 
maximum relative error less than 5.5%. The proposed method yields larger values of 𝐺𝐼𝐼,𝑐 than the standard mean in all cases except 
for the slowest speed in the full dataset.

The standard deviations calculated along with the standard mean are also reported in Table  2. As expected, the standard deviation 
values decreased considerably for most loading speeds by reducing the dataset.

This comparison confirms that the proposed method for determining the parametrised average load–displacement curves is very 
accurate and reliable. Its ability to capture the global behaviour during crack propagation for an average specimen demonstrates 
that the complete curve, composed of three characteristic branches, faithfully represents the average response of a group of ENF 
specimens. To the best of the authors’ knowledge, no method for constructing such a representative average load–displacement 
curve for a set of ENF tests has been proposed.

The results presented in Table  2 indicate a strongly rate-dependent behaviour of the adhesive, with significant increase in 
the fracture resistance for the reduced dataset from approximately 2.5 N/mm at 0.1 mm/min to values of about 4 N/mm at 
5000 mm/min (not considering the higher value of about 5 N/mm at 1000 mm/min for the reasons that will be discussed later). 
In an analogous analysis of the mode-I rate-dependent behaviour of DCB specimens with the same adhesive and adherend material, 
an increase in mode-I fracture resistance was reported from approximately 0.25 to 0.55 N/mm for the same range of loading 
speeds [13]. As expected, the mode-II fracture resistance is much higher than that in mode-I, which can be attributed to the 
contribution of the effects of asperity and friction on the crack surfaces in compression [31].

To better assess the mode-II rate dependence of the tested adhesive, the change in fracture resistance with loading speed, using 
values of 𝐺𝐼𝐼,𝑐 obtained using both methods and for both datasets, is shown in Fig.  15. It can be observed that reducing the dataset 
resulted in a more obvious trend in the rate-dependent behaviour of the adhesive, in which the critical energy release rate increases 
with the loading speed up to 1000 mm/min and then drops at 5000 mm/min. Because in the reduced dataset there is more uniformity 
among the specimens (in terms of the bonding grade and bondline thickness), it will be assumed that it represents the rate-dependent 
properties of the adhesive more accurately than the full dataset.

However, the apparent maximum of 𝐺𝐼𝐼,𝑐 at 1000 mm/min should not be considered representative for the following reason. As 
explained earlier, in 1000 mm/min load–displacement curves (including the parametrised average curve) the characteristic force 
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Fig. 13. R-curves calculated using the load–displacement curves obtained by the novel curve parametrisation averaging method. These curves 
are calculated from the reduced dataset using the CBBM data-reduction scheme.

drop after the peak is smoothed out (Fig.  11e) due to machine-induced interference in the measured response. As a result of this, the 
1000 mm/min R-curves miss the characteristic plateau (Fig.  13e), which in turn results in a higher mean value of the critical energy 
release rate. Therefore, by comparing the parametrised average load–displacement curves (Fig.  12b) and the corresponding R-curves 
(Fig.  13), it seems reasonable to expect that the rate-dependent effect in the range of loading speeds between 10 and 5000 mm/min 
could be very limited. Consequently, a plateau, rather than a maximum at 1000 mm/min, could be expected in Fig.  15 from 10 to 
5000 mm/min.

Although the previous discussion leads to the conclusion that 𝐺𝐼𝐼,𝑐 reaches a plateau value of around 4 N/mm at 10 mm/min 
which remains approximately constant up to 5000 mm/min, there are also obvious rate-dependent effects in the first and third 
branches of the average load–displacement curves shown in Fig.  12. However, these branches are not taken directly into account in 
the data-reduction schemes used to determine the fracture resistance of the adhesive. The proposed curve parametrisation method 
allows for comparison of the rate-dependence across the entire domain of the average load–displacement curves. In this way, a more 
comprehensive rate-dependent analysis of the adhesive debonding can be performed, accounting for the increase of both the initial 
stiffness in the first branch and the post-fracture load-bearing capacity in the third branch.

5. Conclusion

In this work, a novel methodology was developed for assessing the rate-dependent behaviour of mode-II adhesive debonding 
using the ENF test. The experimental load–displacement data were analysed using a novel automatic curve-parametrisation method 
that can be easily employed to construct representative average curves using the mean values of the fitting parameters. The accuracy 
18 
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Fig. 14. Comparison of critical energy rates obtained from experimental data and from the presented curve parametrisation averaging method: 
(a) full dataset and (b) reduced dataset. For the full dataset specimens discarded for their bondline thickness are marked orange and those 
discarded for their low bonding grade are marked red. Note that the two highest values for 5000 mm/min overlap.

of the method was successfully verified by comparing the values of the critical energy release rate for each loading-speed group 
computed from the average parametrised load–displacement curves with those obtained using the standard specimen-to-specimen 
analysis.

The presented method has been applied to study the rate dependence of adhesive joints made of aluminium arms bonded with 
Araldite® 2015 adhesive tested at six different loading speeds ranging from 0.1 to 5000 mm/min. Using the standard approach for 
assessing the mode-II rate-dependent fracture resistance, 𝐺𝐼𝐼,𝑐 was found to increase from approximately 2.5 N/mm at 0.1 mm/min 
to 4.2 N/mm at approximately 10 mm/min, after which it reaches a plateau. However, the parametrised average load–displacement 
curves constructed for each loading speed indicated that the rate-dependent effects have a monotonically increasing trend in parts 
of the load–displacement curves that were not considered for evaluation of 𝐺𝐼𝐼,𝑐 . In particular, the initial stiffness, peak load and 
post-peak bearing capacity showed an increase with increasing the loading speed.

The proposed procedure to determine average load–displacement curves for ENF tests, for which to the best of the authors’ 
knowledge no other method had previously been proposed in the literature, offers several benefits when compared to the standard 
procedure of fracture characterisation based solely on the evaluation of the critical energy release rate. In particular:
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Table 2
Average values of 𝐺𝐼𝐼,𝑐 , calculated as standard mean and using presented curve parametrisation 
averaging method for full and reduced datasets.
 Full dataset
 Loading speed
(mm/min)

Standard mean
(N/mm)

Standard deviation
(N/mm)

Proposed method
(N/mm)

Relative error
(%)

 

 0.1 3.155 1.309 3.121 −1.071  
 1 2.878 0.683 3.026 5.171  
 10 4.802 1.324 5.052 5.200  
 100 3.998 0.531 4.107 2.711  
 1000 4.716 0.585 4.929 4.533  
 5000 4.096 1.797 4.123 0.651  
 Reduced dataset
 Loading speed
(mm/min)

Standard mean
(N/mm)

Standard deviation
(N/mm)

Proposed method
(N/mm)

Relative error
(%)

 

 0.1 2.446 0.204 2.570 5.057  
 1 3.138 0.592 3.269 4.173  
 10 4.062 0.385 4.204 3.496  
 100 4.239 0.380 4.353 2.694  
 1000 4.930 0.522 5.152 4.495  
 5000 4.013 0.355 4.230 5.418  

Fig. 15. Average 𝐺𝐼𝐼,𝑐 values calculated for full and reduced dataset, using classical method and method presented in this paper.

1. The parametric representation of the average load–displacement curves enables a robust quantitative analysis of the scatter 
in the underlying data, which in turn can be used for automatic detection of specimens that deviate from the representative 
response.

2. The average load–displacement curves can be used as an efficient tool for a comprehensive qualitative and quantitative 
analysis of the rate-dependent behaviour. In particular, rate-dependent effects can also be assessed on the first and third 
branch of the load–displacement curve, which, as confirmed by the presented analysis, can reveal important information that 
is not available in case of the standard assessment of the mode-II fracture resistance. Moreover, the rate dependence can be 
studied at the parameter level (as illustrated in Fig.  B.18).

3. For numerical simulations based on nonlinear models whose input parameters are not limited to 𝐺𝐼𝐼,𝑐 , for example when 
cohesive-zone models are used, the proposed method enables a more robust and accurate identification of the model 
parameters, as they allow a direct quantitative assessment of the agreement between the simulation results and the 
representative experimental response.

4. The determination of the average load–displacement curves also for third branch and the transition between the second and 
third branch can be particularly useful to evaluate the role of friction and for the parameter-identification of models that 
account for frictional effects [31].

The high modularity of the presented method allows for its easy modification, which can be employed for processing the results 
of different debonding tests, including mode-I and mixed-mode tests, as well as other types of mode-II tests, such as ELS, 4ENF 
and TENF. It is also worth noting that, while the methodology presented in this article is clearly not predictive, it can be used to 
calibrate advanced non-linear models which can indeed predict the response of complex bonded components or assemblies used in 
engineering applications. 
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Table A.3
Measured values of bondline thickness, bonding grade and 𝐺𝐼𝐼,𝑐 for all specimens. Last column indicates 
whether the specimen was discarded from the reduced dataset, and if it was for what reason.
 Loading speed
(mm/min)

Specimen Bondline thickness
(mm)

Bonding grade 𝐺𝐼𝐼,𝑐
(N/mm)

Discarded
(if yes why?)

 

 

0.1

1 0.200 1 2.164 No  
 2 0.203 3 2.640 No  
 3 0.227 2 2.535 No  
 4 0.173 1 1.696 Yes, grade  
 5 0.333 3 4.731 Yes, thickness 
 6 0.260 4 5.164 Yes, thickness 
 
1

1 0.163 2 3.302 No  
 2 0.087 2 2.346 No  
 3 0.147 1 2.095 Yes, grade  
 4 0.250 4 3.767 No  
 
10

1 0.237 3 3.830 No  
 2 0.213 1 3.753 No  
 3 0.127 4 4.605 No  
 4 0.277 3 7.022 Yes, thickness 
 
100

1 0.193 4 4.743 No  
 2 0.170 2 3.277 Yes, grade  
 3 0.103 2 4.147 No  
 4 0.207 2 3.825 No  
 
1000

1 0.140 3 4.375 No  
 2 0.167 2 4.072 Yes, grade  
 3 0.127 4 5.630 No  
 4 0.210 4 4.785 No  
 

5000

1 0.113 3 4.145 No  
 2 0.210 1 1.071 Yes, grade  
 3 0.210 3 4.366 No  
 4 0.123 1 3.527 No  
 5 0.137 1 2.674 Yes, grade  
 6 0.320 4 6.452 Yes, thickness 
 7 0.297 4 6.438 Yes, thickness 

The results shown in this paper will be employed in future work that will focus on the numerical simulations of the ENF tests 
using cohesive-zone models that account for rate-dependence and frictional effects. Future work should also include conducting 
similar tests within a wider range of loading speeds to fully characterise its mode-II rate-dependence.
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Appendix A. Measured values for all specimens

Table  A.3 shows the measured values of bondline thickness, bonding grade and 𝐺𝐼𝐼,𝑐 for all specimens, the latter calculated 
using the CBBM and the measured data. The last column indicates whether the specimens were discarded from the reduced dataset 
and specifies the reason for their exclusion (low bonding grade or thick bondline).
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Fig. B.16. Deviation from the average for the parameters used for the load–displacement curve parametrisation, separated by their respective 
branches for loading speed 0.1, 1 and 10 mm/min. Error bars are defined as relative standard deviations (RSD). Note the difference in deviation 
scales on the vertical axes.

Appendix B. Parameter analysis

To assess the variation of the fitting parameters from their respective mean, the relative deviation from the mean was calculated 
for each specimen. This was done for all specimens tested and the results are shown in Figs.  B.16 and B.17, along with their relative 
standard deviation (RSD) error bars. As before, specimens which were discarded based on their large thickness are marked in orange 
and those discarded based on their low bonding grade are marked in red.

It can be seen that the largest scatter in the parameter values is generally in the parameters defining the second branch of the 
load–displacement diagram (specifically 𝑎21 and 𝑎23). This is consistent with the scatter that can be visually assessed from Fig.  11. 
Furthermore, the parameters of specimens that were discarded from the full dataset are in most cases obvious outliers. The ability 
to identify these outliers can be used to recognise the faulty specimens during the testing process, which requires a certain number 
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Fig. B.17. Deviation from the average for the parameters used in the load–displacement curve parametrisation, separated by their respective 
branches for loading speed 100, 1000 and 5000 mm/min. Error bars are defined as ± one relative standard deviation (RSD). Note the difference 
in the scale of the vertical axis.

of tested specimens to create a representative statistical sample. Automating this procedure could contribute to the reduction of 
unnecessary repeated testing by indicating the need for additional tests in real time.

The parametrisation of load–displacement curves also allows us to analyse the rate-dependence in each of the 12 parameters. 
The mean values of all parameters in the reduced dataset, together with their standard deviation error bars, are shown in Fig.  B.18. 
It can be seen that the parameters defining the behaviour of the first branch, as well as the transitions between branches, show 
some rate-dependent trends, whereas in the second and third branch these trends are less obvious.

Data availability

Research Link Provided

Data and code (Figshare)
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Fig. B.18. Rate-dependent effects of each of the 12 parameters for reduced dataset. Note the difference in the scale of the vertical axis. 
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