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Distributed Fuzzy Proportional-Integral State
Estimation Over Sensor Networks With Pull-Type

Gossip Protocols and Fading Data
Yezheng Wang, Zidong Wang, Lei Zou and Fan Wang

Abstract—This paper addresses the problem of distributed
state estimation for smooth nonlinear systems over sensor net-
works by means of a generalized fuzzy proportional-integral
observer (PIO). A sensor network is employed to collect system
measurements, with a pull-type gossip protocol governing the
intermittent data exchange among neighboring nodes. Under
the gossip protocol, each sensor node randomly selects one
neighbor to request data, facilitating distributed information
updating. Furthermore, considering challenges such as long-
distance communication and complex environmental conditions,
signal transmission is subject to amplitude fading. To accommo-
date the characteristics of the gossip protocol, a generalized fuzzy
PIO with a flexible structure is developed. Sufficient conditions
are derived to guarantee the H∞ estimation performance of
the proposed observer. Based on established conditions, the
parameters of both the gossip protocol and the fuzzy PIO
are co-designed via a particle-swarm-optimization-based iterative
algorithm, with emphasis on enhancing observer robustness.
Finally, an engineering-oriented simulation example is presented
to illustrate the effectiveness of the proposed methodology.

Index Terms—Fuzzy proportional-integral observers (PIOs),
gossip protocols, sensor networks, Takagi-Sugeno (T-S) fuzzy
models, channel fading.

I. INTRODUCTION

Sensor networks (SNs) have long been a hot research topic
due to their wide applications in environmental monitoring,
the Industrial Internet of Things, smart homes, and beyond.
Typically composed of multiple low-cost sensors, SNs form
interconnected nodes that communicate based on predefined
topological structures, enabling the accomplishment of com-
plex tasks [1]. A distinctive advantage of SNs lies in their abil-
ity to collect information about complex targets in a more flex-
ible and efficient manner compared to traditional measurement
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approaches. Consequently, SN-based control, monitoring, and
fault diagnosis have attracted significant research interest over
the past decades, resulting in a substantial body of literature
dedicated to various popular methodologies [2]–[6].

Acquiring system state information is beneficial for sub-
sequent control and decision-making tasks. In recent years,
the problem of state estimation based on SNs has attracted
increasing attention. Benefiting from the distributed nature
of sensor nodes, each node can be equipped with a local
estimator, enabling distributed estimation by leveraging the
network topology. To date, a number of effective distributed
estimation methods have been developed, including Kalman-
like filtering, set-membership filtering, fuzzy filtering, among
others [7]–[13]. For example, a novel distributed network size
estimation method with a specific stopping criterion has been
proposed in [14]. In [15], an average-consensus protocol that
achieves fast convergence has been designed using multi-
hop average-consensus among multi-hop nodes. Experimental
results have demonstrated that the proposed approach offers
low complexity, high accuracy, and fast convergence. In [16],
the distributed state estimation problem has been addressed
using a novel finite-time approach, which has effectively
handled the challenges induced by protocols and fading.

Among various estimation algorithms, the state estimation
approach based on the Takagi-Sugeno (T-S) fuzzy model has
garnered significant attention due to its remarkable perfor-
mance in handling uncertainty and nonlinearity. The T-S fuzzy
model approximates the dynamic behavior of complex systems
using a set of linear subsystems coupled with nonlinear
membership functions, effectively integrating the analytical
tools of linear system theory with the powerful descriptive
capability of fuzzy logic for nonlinear systems. The “local
linearization, global nonlinearity” modeling framework greatly
facilitates the design of estimators [17]–[25]. On the other
hand, inspired by the classical proportional-integral-derivative
control philosophy, researchers have begun to explore the
integration of proportional-integral observer (PIO) techniques
with fuzzy systems. Compared to conventional methods, the
PIO-based estimation strategy offers greater design flexibility.
By incorporating historical estimation error information, the
robustness of the estimation algorithm is enhanced [26]–[29].

The management of inter-node communication poses a
fundamental challenge in SNs. Specifically, practical SNs are
large-scale yet rely on bandwidth-constrained long-distance
links. Unstructured information exchange in such long-
distance settings causes adverse effects like channel conges-
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tion, which severely degrades system performance [30]. In
light of the inherent constraints, communication protocols are
indispensable for regulating data flow. The gossip protocol has
emerged as a notably effective solution, combining ease of
implementation with a proven ability to facilitate the global
dissemination of local information, thereby accounting for its
extensive use in practical scenarios [31].

The gossip protocol mimics the spread of information in
social networks by randomly selecting individuals within a
group for information exchange, thereby enabling rapid dis-
semination of local information [32]. Under such a mechanis-
m, at each sampling instant, a sensor node randomly selects
one of its neighbors to either request or transmit information,
unlike traditional methods where all neighbors are contacted
simultaneously. The gossip-based approach significantly con-
serves communication resources and helps alleviate network
congestion. Furthermore, by appropriately designing protocol
parameters, nodes with different types of information can be
assigned varying levels of priority, thereby optimizing the
information transmission process and improving information
utilization efficiency [23], [24], [33]–[38]. Common variants
of the gossip protocol include push-pull, push-only, and pull-
only types. Among these, the pull-based gossip protocol
has attracted particular attention from researchers due to its
characteristic of actively requesting information.

In SNs, another issue that warrants attention is channel
fadings, which arises from multiple factors, including path
loss, shadowing, and multipath effects. When channel fading
occurs, the amplitude or phase of the transmitted signal
deteriorates to some extent, leading to degraded signal quality
[39], [40]. If not properly addressed, channel fadings can
compromise the overall performance of the SN. To date, a
substantial number of works on channel fadings have been
reported. For example, the fading-affected control problem
has been addressed in [41] using a stochastic framework. The
effects of fading data have been dealt with for a kind of SNs
in [42], where a distributed method has been employed.

A review of the literature on gossip-based distributed filter-
ing reveals that, the majority of existing results focus on linear
systems with Gaussian noises [21]–[24], [43], [44], primarily
addressing the design of distributed Kalman filters. These
methods, unfortunately, are not directly applicable to gener-
al nonlinear systems with non-Gaussian noise distributions.
Furthermore, in the reported studies, the gossip mechanism is
often employed as a generic consensus tool, with insufficient
attention paid to the optimization of its parameters such as
selection probabilities. To the best of the authors’ knowledge,
the problem of designing distributed fuzzy PIO schemes for
general nonlinear systems under fading data constraints and
a pull-type gossip protocol remains unaddressed, despite its
relevance in practical engineering applications. This gap in
the literature motivates the present study.

Based on the preceding discussions, this paper investigates
the H∞ state estimation problem via a distributed fuzzy PIO
for systems operating over gossip-protocol-assisted SNs. The
principal challenges addressed in this work are threefold:
1) How to characterize the behavior of the pull-type gossip
protocol within a distributed fuzzy estimation framework? 2)

How to handle the coupling terms introduced by multiple
stochastic factors, including random request mechanisms of
the gossip protocol and fading measurements? and 3) How to
co-design the observer gains and the protocol parameters with
respect to the H∞ performance index?

In response to these challenges, the main contributions of
this paper are summarized as follows: 1) A comprehensive
model is developed to describe the dynamics of the pull-
type gossip protocol in fading channels, where key protocol
parameters are captured by a set of designable probability
distributions; 2) A novel generalized fuzzy PIO is constructed
that incorporates the structural features of the gossip protocol.
Unlike existing PIO designs, the proposed observer utilizes
limited information from neighboring nodes, thereby reducing
communication resource consumption; and 3) By employing
a specific matrix inequality transformation technique, the H∞
performance of the estimation error system is rigorously
analyzed. Furthermore, a particle swarm optimization (PSO)-
based algorithm is developed to jointly design the observer
gains and protocol parameters by minimizing the disturbance
attenuation level.

The remainder of this paper is organized as follows. Section
II presents the system model, along with descriptions of
system complexities including the gossip protocol, fading data
channels, and the proposed fuzzy PIO, followed by a statement
of the design objectives. Section III provides the main results
concerning performance analysis and parameter design based
on the H∞ framework. One engineering-motivated simulation
example is provided in Section IV to verify the effectiveness
of the proposed methodology. Finally, concluding remarks are
summarized in Section V.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. T-S Fuzzy-Model-Based Nonlinear Systems

Consider a type of smooth nonlinear systems that can be
represented by the following discrete-time T-S fuzzy models:

x(k + 1) =

r∑
τ=1

sτ (α(k))
(
Aτx(k) + Eτω(k)

)
p(k) =

r∑
τ=1

sτ (α(k))Gτx(k)

(1)

where x(k) with dimension nx is the internal state vector;
ω(k) with dimension nω is the energy-bounded noise; p(k)
with dimension np is the signal to be estimated; Aτ , Eτ , Gτ

are known matrices; r denotes the number of fuzzy rules; α(k)
is the premise variable of the fuzzy model; sτ (α(k)) (τ ∈
{1, 2, · · · , r} , H) are membership functions satisfying the
following properties [45]:

r∑
τ=1

sτ (α(k)) = 1, sτ (α(k)) ≥ 0, τ = 1, 2, · · · , r.

B. SN-Based Measurements

An SN with N nodes is utilized to monitor system (1).
A directed graph G , {V,E,L} is used to represent the
topology of the SN, where V , {1, 2, . . . , N} is the set of
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nodes; E ⊂ V × V is the set of edges; L , [li,j ]N×N is
adjacency matrix with li,j ∈ {0, 1}. If li,j = 1 (∀i, j ∈ V), it
means that (i, j) ∈ E and node i can receive the information
from node j. If li,j = 0, it indicates that (i, j) /∈ E and
there is no communication between node i and node j.
For node i, the set of its neighboring nodes is denoted by
Ni , {j ∈ V, (i, j) ∈ E}.

The measurement output of sensor node i is given by

yi(k) =Cix(k) +Divi(k) (2)

where Ci, Di are known matrices; vi(k) with dimension nvi

is the energy-bounded noise; and the dimension of yi(k) is
ny .

C. Pull-Type Gossip Protocols

In SNs, local estimators can share their estimates with
neighboring nodes according to the network topology, thereby
achieving information consensus and improving estimation ac-
curacy. Due to the large-scale nature of SNs and the constraints
of shared communication resources, unrestricted information
exchange under limited resources may significantly increase
the communication burden. To address this issue, communica-
tion protocols are commonly employed to schedule data trans-
missions efficiently. Among the various gossip protocols (such
as pull-type, push-type, and push-pull-type), the pull-type
scheme is recognized for its straightforward implementation,
as it operates by actively requesting data from neighboring
nodes. In this paper, the pull-type gossip protocol is adopted
to facilitate data transmissions among sensor nodes.

Under the pull-type gossip protocol, each node randomly
selects a neighbor from its neighboring set for data request
according to a predefined probability distribution. The assign-
ment of these probabilities critically influences how frequently
a node communicates with neighbors that hold significant
information. Hence, their design requires careful considera-
tion. In general, maintaining persistent communication with
nodes that exhibit high estimation performance can enhance
the overall estimation accuracy of the network. By employing
the pull-type gossip protocol, not only is the consumption of
communication resources reduced, but information exchange
across the entire network is also effectively promoted.

Now, we adopt a simple yet effective model to characterize
the behavior of the pull-type gossip protocol. Let βi(k) denote
the neighbor node selected by node i at time instant k. Then,
the following relation holds:

βi(k) ∈ Ni, ∀i ∈ V, ∀k ∈ N+. (3)

The following assumption is made regarding the gossip
protocol.

Assumption 1: Each sensor node has at least one neighbor.
For any k ∈ N+, βi(k) is independent and identically
distributed (i.i.d.). For any i ̸= j, βi(k) and βj(k) are mutually
independent.

Assumption 1 facilitates the design and implementation of
the pull-type gossip protocol. Based on this assumption, the

probability distribution of stochastic variable βi(k) is given as
follows:

Prob{βi(k) = j} = ϵi,j , ∀i, j ∈ V, i ̸= j (4)

where ϵi,j is the parameter to be designed and satisfies

ϵi,j ∈ [0, 1], (5)
N∑
j=1

ϵi,j = 1, (6)

ϵi,j = 0, ∀j /∈ Ni. (7)

Remark 1: It is worth emphasizing that the utilized model,
while being a simplification of real-world interactions, effec-
tively captures the core stochastic and distributed nature of the
pull-type gossip protocol. This abstraction not only facilitates
theoretical investigations into estimation performance but also
offers valuable insights for the design of adaptive probability
schemes aimed at improving collaborative estimation.

The pull-based gossip protocol requires no centralized pre-
configuration. Before estimation begins, each node performs
a one-time local neighbor discovery (e.g., via hello messages)
to obtain its neighbor set. No global topology knowledge,
synchronization, or leader election is needed. At each sampling
instant, every node independently and uniformly selects one
neighbor from its set to communicate with.

D. PIO Using Fading Data

The innovation term plays a critical role in correcting state
estimates through appropriately designed feedback gains. In
the SN, the innovation from each node is allowed to be
transmitted over communication links. Taking into account
fading effects, the actual information received by node i from
a neighboring node j (j ∈ Ni) is modeled as

ȳj(k) = Υ(k)
(
yj(k)− Cj x̂j(k)

)
(8)

where x̂j(k) is the local estimate of x(k) by node j; Υ(k) ∈
Rny is a stochastic matrix featuring the fading level of the
received data, which has the following form:

Υ(k) , diag{υ1(k), υ2(k), · · · , υny (k)}

with υd(k) (d = 1, 2, · · · , ny) being stochastic variables for
representing the channel coefficients. For ∀k ∈ N+, υd(k)
(d = 1, 2, · · · , ny) are i.i.d., and mutually independent with
βi(k) (∀i ∈ V). In addition, the stochastic variables have the
following statistical properties:

ῡd ,E{υd(k)},
υ̃d,f ,E{(υd(k)− ῡd)(υf (k)− ῡf )},

where ῡd > 0; υ̃d,f > 0 are known scalars for d, f =
1, 2, · · · , ny; and E{·} denotes the mathematical expectation
operator. We assume that Υ(k) is independent of βi(k) (∀i ∈
V).

To facilitate the following estimator construction and anal-
ysis, some auxiliary matrices are defined as follows:

Ῡ , diag{ῡ1, ῡ2, · · · , ῡny},
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Ω , diag{υ̃1,1, υ̃2,2, · · · , υ̃ny,ny},
Ω̄ , [υ̃d,f ]d,f=1,2,··· ,ny .

It is easy to see that Ῡ > 0, Ω > 0, and Ω̄ ≥ 0.
Remark 2: As discussed above, the SN employs a shared

communication infrastructure comprising multiple individual
channels. The adopted fading model is general, as evidenced
by the time-varying nature of Υ(k), which captures the
effects of dynamically changing environments. Furthermore,
correlations among different channels are explicitly modeled
via the covariance structure. The formulation is capable of
representing several classical fading models widely used in
communication and control fields, such as the simplified
Rayleigh fading model [42].

Based on the pull-type gossip protocol and the fading data,
we adopt the following revised PIO for sensor node i:

x̂i(k + 1) =
r∑

σ=1

sσ(α̂(k))
(
Aσx̂i(k) +Mi,σθi(k)

+Ki,σ

(
yi(k)− Cix̂i(k)

)
+Hi,σ ȳβi(k)(k)

)
θi(k + 1) =Liθi(k) + Ti

(
yi(k)− Cix̂i(k)

)
p̂i(k) =

r∑
σ=1

sσ(α̂(k))Gσx̂i(k)

(9)

where for node i, x̂i(k) is the estimate of x(k); θi(k) is the
integral (accumulative) term; p̂i(k) is the estimate of p(k);
α̂(k) is the premise variable of the observer; matrices Ki,σ ,
Mi,σ , Hi,σ , Li and Ti are observer gains that need to be
designed.

By introducing the following Kronecker function:

δ(i, j) ,
{

1, if i = j
0, if i ̸= j

and considering the relation:

∑
j∈Ni

δ(βi(k), j) =
N∑
j=1

δ(βi(k), j),

the state equation in observer (9) is rewritten by

x̂i(k + 1) =

r∑
σ=1

sσ(α̂(k))
(
Aσx̂i(k) +Mi,σθi(k)

+Ki,σ

(
yi(k)− Cix̂i(k)

)
+Hi,σ

N∑
j=1

δ(βi(k), j)ȳj(k)
)
. (10)

Remark 3: The pull-based gossip protocol adopted in this
paper reduces the probability of packet collisions by limiting
concurrent transmissions, but it does not guarantee collision-
free media access without centralization. Any remaining colli-
sions are naturally incorporated into the fading model, where a
fading factor of zero represents a collision-induced packet loss.
Therefore, the proposed estimator is inherently robust to such
events, and no explicit centralized coordination is required.

E. Estimation Error Systems

Define the estimation error for node i as ei(k) = x(k) −
x̂i(k) and p̃i(k) = p(k)− p̂i(k). Then, from (1) and (10), the
estimation error dynamics is derived as follows:

ei(k + 1) =

r∑
τ=1

r∑
σ=1

sτ (α(k))sσ(α̂(k))
((

Aτ −Aσ

)
x(k)

+
(
Aσ −Ki,σCi

)
ei(k)−Mi,σθi(k)

−Hi,σ

N∑
j=1

δ(βi(k), j)
(
Υ⃗(k) + Ῡ

)
Cjej(k)

−Hi,σ

N∑
j=1

δ(βi(k), j)
(
Υ⃗(k) + Ῡ

)
Djvj(k)

+ Eτω(k)−Ki,σDivi(k)
)

θi(k + 1) =Liθi(k) + TiCiei(k) + TiDivi(k)

p̃i(k) =

r∑
τ=1

r∑
σ=1

sτ (α(k))sσ(α̂(k))
(
Gσei(k)

+ Ḡτ,σx(k)
)

(11)

where

Ḡτ,σ ,Gτ −Gσ,

Υ⃗(k) ,Υ(k)− Ῡ

=diag{υ1(k)− ῡ1, υ2(k)− ῡ2, · · · , υny (k)− ῡny}.

By defining the following augmentation vectors:

e(k) ,


e1(k)
e2(k)

...
eN (k)

 , θ(k) ,


θ1(k)
θ2(k)

...
θN (k)

 , µ(k) ,

e(k)θ(k)
x(k)

 ,

ω̄(k) ,
[
ωT (k) vT1 (k) vT2 (k) · · · vTN (k)

]T
,

p̃(k) ,
[
p̃T1 (k) p̃T2 (k) · · · p̃TN (k)

]
,

the overall estimation error system is obtained as follows:

µ(k + 1) =
r∑

τ=1

r∑
σ=1

sτ (α(k))sσ(α̂(k))

((
ĪH̄σ(IN ⊗ Ῡ)

× δ̄(k)C̄ĪT + Ãτ,σ + ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)

× C̄ĪT
)
µ(k) +

(
Ẽτ,σ + ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄

+ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄
)
ω̄(k)

)
(12)

and

p̃(k) =

r∑
τ=1

r∑
σ=1

sτ (α(k))sσ(α̂(k))G̃τ,σµ(k) (13)

where

Ãτ,σ ,

Āσ M̄σ A⃗τ,σ

C⃗ L̄ 0
0 0 Aτ

 , Ẽτ,σ ,

Ēτ E⃗σ

0 D̄
Eτ 0

 ,

Āσ , diag
{
Aσ −K1,σC1, · · · , Aσ −KN,σCN

}
,
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M̄σ , diag
{
−M1,σ,−M2,σ, · · · ,−MN,σ

}
,

H̄σ , diag
{
−H1,σ,−H2,σ, · · · ,−HN,σ

}
,

A⃗τ,σ ,1N ⊗ (Aτ −Aσ), C̄ , diag{C1, C2, · · · , CN},
C⃗ , diag{T1C1, T2C2, · · · , TNCN}, Ēτ , 1N ⊗ Eτ ,

L̄ , diag{L1, L2, · · · , LN}, δ̄(k) , δ̃(k)⊗ Iny ,

ĪT ,
[
INnx 0Nnx×Nny 0Nnx×nx

]
,

δ̃(k) ,


δ(β1(k), 1) δ(β1(k), 2) · · · δ(β1(k), N)
δ(β2(k), 1) δ(β2(k), 2) · · · δ(β2(k), N)

...
...

. . .
...

δ(βN (k), 1) δ(βN (k), 2) · · · δ(βN (k), N)

 ,

E⃗σ , diag
{
−K1,σD1,−K2,σD2, · · · ,−KN,σDN

}
,

D̄ , diag{T1D1, T2D2, · · · , TNDN},
G̃τ,σ ,

[
G̃1,1

σ 0 G̃1,3
τ,σ

]
, G̃1,3

τ,σ , 1N ⊗ (Gτ −Gσ),

G̃1,1
σ , diag {Gσ, Gσ, · · · , Gσ}︸ ︷︷ ︸

N

.

The objective of this paper is to design observer’s gains and
protocol’s parameters that simultaneously satisfy the following
requirements:

1) in the absence of external noises, the augmented error
system (12) is asymptotically stable in the mean-square sense;
and

2) under zero-initial conditions and in the presence of any
non-zero energy-bounded noises, the following H∞ perfor-
mance criterion is guaranteed:

E

{ ∞∑
k=0

p̃T (k)p̃(k)

}
< γ2

∞∑
k=0

ω̄T (k)ω̄(k) (14)

where γ > 0 is a scalar.
Remark 4: Inequality (14) implies that, in the mean-square

sense, the ratio of the energy of the estimation error to the
energy of the external disturbance is bounded by γ. In other
words, under the combined influence of external noises, signal
attenuation, and the pull-based gossip protocol, the proposed
fuzzy estimator guarantees that the energy of the estimation
error remains smaller than a specified multiple of the energy
of the external disturbance, which ensures a desirable level of
robustness and disturbance attenuation capability.

III. MAIN RESULTS

A. Performance Analysis and Observer Design

In the following, the performance analysis of the proposed
PIO is detailed in Theorem 1.

Theorem 1: Consider system (1) and distributed fuzzy PIO
(8) with given scalars γ, ϵi,j , and matrices Mi,σ , Hi,σ , Ki,σ ,
Ti, Li (i, j ∈ V, σ ∈ H). The resultant augmentation error
system (12) is asymptotically stable in the mean-square sense
and satisfies the prescribed H∞ performance index (14) if,
for τ, σ ∈ H, i ∈ V, there exist symmetric matrices Pi > 0,
Qi > 0, R > 0, Ǎτ,σ > 0, Ěτ,σ > 0 and scalars ασ > 0,
ϖσ > 0 such that the following inequalities hold:

AT
τ,σP̃Aτ,σ + Gτ,σ < 0 (15)

ÃT
τ,σP̃ Ãτ,σ − Ǎτ,σ < 0 (16)

ẼT
τ,σP̃ Ẽτ,σ − Ěτ,σ < 0 (17)

H̄T
σ P̄ H̄σ −ϖσIny < 0 (18)

(IN ⊗ Ῡ)T H̄T
σ P̄ H̄σ(IN ⊗ Ῡ) < ασIny (19)

where

Aτ,σ ,
[
Ãτ,σ Ẽτ,σ

]
, P̄ , diag{P1, P2, · · · , PN},

P̃ , diag
{
P̄ , Q̄, R}, Q̄ , diag{Q1, Q2, · · · , QN

}
,

Gτ,σ , diag{G̃T
τ,σG̃τ,σ + Àτ,σ − P̃ , Èτ,σ − γ2I},

Àτ,σ , 2ασ ĪC̄
T Π̄C̄ĪT + 2ĪC̄T Π̄(ϖσIN ⊗ Ω)C̄ĪT

+ 2Ǎτ,σ + 2ασ ĪC̄
T Π̃T Π̃C̄ĪT ,

Èτ,σ , 2ασD̄
T Π̄D̄ + 2D̄T Π̄(ϖσIN ⊗ Ω)D̄

+ 2Ěτ,σ + 2ασD̄
T Π̃T Π̃D̄,

Π̄ , diag{Π̄1, Π̄2, · · · , Π̄N}, Π̄i ,
N∑
j=1

ϵj,iIny ,

Π ,


ϵ1,1 ϵ1,2 · · · ϵ1,N
ϵ2,1 ϵ2,2 · · · ϵ2,N

...
...

. . .
...

ϵN,1 ϵN,2 · · · ϵN,N

 , Π̃ , Π⊗ Iny .

Proof: Construct a Lyapunov candidate as follows:

V (k) = µT (k)P̃µ(k). (20)

For notational convenience, the following is defined by
omitting the variable α(k) and α̂(k).

r∑
τ=1

r∑
σ=1

sτsσ ,
r∑

τ=1

r∑
σ=1

sτ (α(k))sσ(α̂(k)).

Then, calculate the difference of V (k) in terms of conditional
mathematical expectation, one has from (12) that

E{V (k + 1)− V (k)|µ(k)}

≤E

{
r∑

τ=1

r∑
σ=1

sτsσ

(
µT (k)ÃT

τ,σP̃ Ãτ,σµ(k) + µT (k)
(
ĪH̄σ

× (IN ⊗ Ῡ)δ̄(k)C̄ĪT
)T

P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪTµ(k)

+ µT (k)
(
ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ(IN ⊗ Υ⃗(k))

× δ̄(k)C̄ĪTµ(k) + ω̄T (k)ẼT
τ,σP̃ Ẽτ,σω̄(k) + ω̄T (k)

(
ĪH̄σ

× (IN ⊗ Ῡ)δ̄(k)D̄
)T

P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄ω̄(k) + ω̄T (k)

×
(
ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄)T P̃ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄

× ω̄(k) + 2µT (k)ÃT
τ,σP̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪTµ(k)

+ 2µT (k)ÃT
τ,σP̃ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)C̄ĪTµ(k) + 2µT (k)

× ÃT
τ,σP̃ Ẽτ,σω̄(k) + 2µT (k)ÃT

τ,σP̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄

× ω̄(k) + 2µT (k)ÃT
τ,σP̃ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄ω̄(k)

+ 2µT (k)
(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ(IN ⊗ Υ⃗(k))

× δ̄(k)C̄ĪT
)
µ(k) + 2µT (k)

(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
P̃

× Ẽτ,σω̄(k) + 2µT (k)
(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ

× (IN ⊗ Ῡ)δ̄(k)D̄ω̄(k) + 2µT (k)
(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
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× P̃ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄ω̄(k) + 2µT (k)
(
ĪH̄σ

× (IN ⊗ Υ⃗(k))δ̄(k)C̄ĪT
)T

P̃ Ẽτ,σω̄(k) + 2µT (k)
(
ĪH̄σ

+ 2µT (k)
(
ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ(IN ⊗ Υ⃗(k))

× δ̄(k)D̄ω̄(k)(IN ⊗ Υ⃗(k))δ̄(k)C̄ĪT
)T

P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)

× D̄ω̄(k) + 2ω̄T (k)ẼT
τ,σP̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄ω̄(k)

+ 2ω̄T (k)ẼT
τ,σP̃ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄ω̄(k) + 2ω̄T (k)

×
(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄

)T

P̃ ĪH̄σ(IN ⊗ Υ⃗(k))δ̄(k)D̄ω̄(k)

− µT (k)P̃µ(k)

)
|µ(k)

}
. (21)

There are some complex coupling terms in (21) induced by
the fading channel and the gossip protocol, which will be dealt
with respectively.

Based on the structure of Ī1 and P̃ , one derives that

ĪT1 P̃ Ī1 = P̄ .

Then, one has from (19) that

E
{(

ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT
)T

P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT
}

= E
{
ĪC̄T δ̄T (k)(IN ⊗ Ῡ)T H̄T

σ P̄ H̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT
}

< E
{
ĪC̄T δ̄T (k)ασIny δ̄(k)C̄ĪT

}
. (22)

Using the definition of δ̄(k), it is calculated that

E{δ̄T (k)δ̄(k)} = Π̄, E{δ̄(k)} = Π̃, (23)

which implies

E
{(

ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT
)T

P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT
}

< ασ ĪC̄
T Π̄C̄ĪT . (24)

One deduces from (18) that

E
{(

ĪH̄σ(I ⊗ Υ⃗(k))δ̄(k)C̄ĪT
)T

P̃ ĪH̄σ(I ⊗ Υ⃗(k))δ̄(k)C̄ĪT
}

< E
{
ĪC̄T δ̄T (k)(I ⊗ Υ⃗(k))TϖσIny (I ⊗ Υ⃗(k))δ̄(k)C̄ĪT

}
= ĪC̄T Π̄(ϖσIN ⊗ Ω)C̄ĪT . (25)

Similarly, one infers that

E
{(

ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄
)T

P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄
}

= E
{
D̄T δ̄T (k)(IN ⊗ Ῡ)T H̄T

σ P̄ H̄σ(IN ⊗ Ῡ)δ̄(k)D̄
}

< E
{
D̄T δ̄T (k)ασIny δ̄(k)D̄

}
= ασD̄

T Π̄D̄, (26)

and

E
{(

ĪH̄σ(I ⊗ Υ⃗(k))δ̄(k)D̄
)T

P̃ ĪH̄σ(I ⊗ Υ⃗(k))δ̄(k)D̄
}

= E
{
D̄T δ̄T (k)(I ⊗ Υ⃗(k))T H̄T

σ P̄ H̄σ(I ⊗ Υ⃗(k))δ̄(k)D̄
}

< E
{
D̄T δ̄T (k)(I ⊗ Υ⃗(k))TϖσIny (I ⊗ Υ⃗(k))δ̄(k)D̄

}
= D̄T Π̄(ϖσIN ⊗ Ω)D̄. (27)

By using the basic inequality techniques, one has that

E
{
2ÃT

τ,σP̃ ĪH̄σ(I ⊗ Ῡ)δ̄(k)C̄ĪT
}

≤ E
{
ÃT

τ,σP̃ Ãτ,σ + ĪC̄T δ̄T (k)(I ⊗ Υ⃗(k))T H̄T
σ P̄

× H̄σ(I ⊗ Υ⃗(k))δ̄(k)C̄ĪT
}

< ÃT
τ,σP̃ Ãτ,σ + ĪC̄T Π̄(ϖσIN ⊗ Ω)C̄ĪT ,

E
{
2ÃT

τ,σP̃ ĪH̄σ(I ⊗ Ῡ)δ̄(k)D̄
}

≤ E
{
ÃT

τ,σP̃ Ãτ,σ + D̄T δ̄T (k)(I ⊗ Ῡ)T H̄T
σ P̄

× H̄σ(I ⊗ Ῡ)δ̄(k)D̄
}

< ÃT
τ,σP̃ Ãτ,σ + ασD̄

T Π̄D̄,

E
{
2
(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
P̃ Ẽτ,σ

}
≤ E

{(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

+ ẼT
τ,σP̃ Ẽτ,σ

}
< ẼT

τ,σP̃ Ẽτ,σ + ĪC̄TασΠ̄C̄ĪT ,

E
{
2
(
ĪH̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ(I ⊗ Ῡ)δ̄(k)D̄

}
< E

{
ĪC̄T δ̄T (k)(IN ⊗ Ῡ)T H̄T

σ P̄ H̄σ(IN ⊗ Ῡ)δ̄(k)C̄ĪT

+ D̄T δ̄T (k)(IN ⊗ Ῡ)T H̄T
σ P̄ H̄σ(IN ⊗ Ῡ)δ̄(k)D̄

}
< ĪC̄TασΠ̄C̄ĪT + ασD̄

T Π̄D̄,

E
{
2
(
ĪH̄σ(I ⊗ Υ⃗(k))δ̄(k)C̄ĪT

)T
P̃ ĪH̄σ(I ⊗ Υ⃗(k))δ̄(k)D̄

}
≤ E

{
ĪC̄T δ̄T (k)(I ⊗ Υ⃗(k))T H̄T

σ P̄ H̄σ(I ⊗ Υ⃗(k))δ̄(k)C̄ĪT
}

+ E
{
D̄T δ̄T (k)(I ⊗ Υ⃗(k))T H̄T

σ P̄ H̄σ(I ⊗ Υ⃗(k))δ̄(k)D̄
}

≤ ĪC̄T Π̄(ϖσIN ⊗ Ω)C̄ĪT + D̄T Π̄(ϖσIN ⊗ Ω)D̄,

E
{
2ẼT

τ,σP̃ ĪH̄σ(IN ⊗ Ῡ)δ̄(k)D̄
}

≤ E
{
ẼT

τ,σP̃ Ẽτ,σ + D̄T δ̄T (k)(IN ⊗ Ῡ)T H̄T
σ

× P̃ H̄σ(IN ⊗ Ῡ)δ̄(k)D̄

< ẼT
τ,σP̃ Ẽτ,σ + ασD̄

T Π̄D̄. (28)

Conditions (16) and (17) imply that

ÃT
τ,σP̃ Ãτ,σ < Ǎτ,σ, ẼT

τ,σP̃ Ẽτ,σ < Ěτ,σ (29)

By taking into account (21)–(29), we have

E{V (k + 1)− V (k)|µ(k)}

=

r∑
τ=1

r∑
σ=1

sτsσE
{(

Ãτ,σµ(k) + Ẽτ,σω̄(k)
)T

P̃
(
Ãτ,σµ(k)

+ Ẽτ,σω̄(k)
)
+ µT (k)Àτ,σµ(k) + ω̄T (k)Èτ,σω̄(k)

− µT (k)P̃ µ(k)|µ(k)
}
. (30)

For stability analysis of the estimation error system, we first
let ω̄(k) ≡ 0. By following a similar line with the proof in
[26], condition (16) ensures E{V (k + 1) − V (k)|µ(k)} < 0
in the absence of noises. Then, by taking the mathematical
expectation, one finally has

E{V (k + 1)− V (k)} < 0. (31)

Thus, one deduces that the estimation error system (12) is
asymptotically stable in the mean-square sense.
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To check the H∞ performance for any non-zero energy-
bounded noises, we define the following functions for any
integer kmax > 0 under the zero initial condition V (0) = 0:

g(kmax) ,
kmax∑
k=0

E
{
p̃T (k)p̃(k)− γ2ω̄T (k)ω̄(k)|µ(k)

}
. (32)

One infers that

g(kmax) =

kmax∑
k=0

E
{
p̃T (k)p̃(k)− γ2ω̄T (k)ω̄(k) + V (k + 1)

− V (k)|µ(k)
}
− E{V (kmax + 1)|µ(k)}

≤
kmax∑
k=0

E
{
p̃T (k)p̃(k)− γ2ω̄T (k)ω̄(k) + V (k + 1)

− V (k)|µ(k)
}

≤
kmax∑
k=0

r∑
τ=1

r∑
σ=1

sτsσE
{
µ̄T (k)

(
AT

τ,σP̃Aτ,σ + Gτ,σ

)
× µ̄(k)|µ(k)

}
(33)

where µ̄(k) ,
[
µT (k) ω̄T (k)

]T
.

It is obtained from condition (16) that g(kmax) < 0. By
letting kmax → +∞ and taking the mathematical expectation,
one has

∞∑
k=0

E
{
p̃T (k)p̃(k)− γ2ω̄T (k)ω̄(k)

}
< 0. (34)

The proof is complete.
Based on the conclusions of Theorem 1, Theorem 2 presents

the methods for calculating the observer gains.
Theorem 2: Consider system (1) and distributed fuzzy PIO

(8) with given scalars γ and ϵi,j (i, j ∈ V). The resultant
augmentation error system (12) is asymptotically stable in
the mean-square sense and satisfies the prescribed H∞ per-
formance index (14) if, for τ, σ ∈ H, i ∈ V, there exist
symmetric matrices Pi > 0, Qi > 0, R > 0, Ǎτ,σ > 0,
Ěτ,σ > 0, matrices K̄i,σ , M̄i,σ , H̄i,σ , T̄i, L̄i and scalars
αi > 0, ϖσ > 0, such that the following inequalities hold:

Ξτ,σ < 0 (35)
Λτ,σ < 0 (36)
Ψτ,σ < 0 (37)
Γσ < 0 (38)
Φσ < 0 (39)

where

Φσ ,
[

−ασIny ∗
H⃗σ(IN ⊗ Ῡ) −P̄

]
,

Ξ̄τ,σ ,

Ξ̄(1,1)
σ Ξ̄

(1,2)
σ Ξ̄

(1,3)
τ,σ

Ξ̄(2,1) Ξ̄(2,2) 0
0 0 RAτ

 ,

Ξτ,σ ,

G̃T
τ,σG̃τ,σ + Àτ,σ − P̃ ∗ ∗

0 Èτ,σ − γ2I ∗
Ξ̄τ,σ Ξ⃗τ −P̃

 ,

Ξ̄(1,3)
τ,σ ,


P1(Aτ −Aσ)
P2(Aτ −Aσ)

...
PN (Aτ −Aσ)

 , Ξ⃗(1,1)
τ ,


P1Eτ

P2Eτ

...
PNEτ

 ,

Λτ,σ ,
[
−Ǎτ,σ ∗
Ξ̄τ,σ −P̃

]
, Ξ⃗τ,σ ,

Ξ⃗(1,1)
τ Ξ⃗

(1,2)
σ

0 Ξ⃗(2,2)

REτ 0

 ,

Ψτ,σ ,
[
−Ěτ,σ ∗
Ξ⃗τ,σ −P̃

]
, Γσ ,

[
−ϖσIny ∗

H⃗σ −P̄

]
,

Ξ̄(1,2)
σ , diag{−M̄1,σ,−M̄2,σ, · · · ,−M̄N,σ},

Ξ̄(2,1) , diag{T̄1C1, T̄2C2, · · · , T̄NCN},
Ξ̄(2,2) , diag{L̄1, L̄2, · · · , L̄N},
Ξ⃗(2,2) , diag{T̄1D1, T̄2D2, · · · , T̄NDN},

H⃗σ , diag{−H̄1,σ,−H̄2,σ, · · · ,−H̄N,σ},
Ξ⃗(1,2)
σ , diag{−K̄1,σD1,−K̄2,σD2, · · · ,−K̄N,σDN},

Ξ̄(1,1)
σ , diag{P1Aσ − K̄1,σC1, · · · , PNAσ − K̄N,σCN}.

The remaining parameters are defined in Theorem 1. Provided
that the above inequalities are solvable, the observer gains can
be directly determined as follows:

Ki,σ =P−1
i K̄i,σ, Mi,σ = P−1

i M̄i,σ, Ti = Q−1
i T̄i,

Li =Q−1
i L̄i, Hi,σ = P−1

i H̄i,σ. (40)

Proof: For the matrix in (15), the following can be
calculated:

AT
τ,σP̃Aτ,σ + Gτ,σ

= AT
τ,σP̃ P̃−1P̃Aτ,σ + Gτ,σ (41)

By using the Schur Complement Lemma, AT
τ,σP̃Aτ,σ +

Gτ,σ < 0 holds if and only if Ξτ,σ < 0 holds, with the relation
K̄i,σ = PiKi,σ , M̄i,σ = PiMi,σ , H̄i,σ = PiHi,σ , T̄i = QiTi

and L̄i = QiLi. Thus, condition (15) in Theorem 1 is ensured
by condition (35) in Theorem 2.

By analogous reasoning, conditions (16)–(19) are guaran-
teed by (36)–(39), respectively, thus concluding the proof.

B. Co-design of Gossip Protocol and PIO
Theorem 2 formulates a methodology for computing the

gains of the proposed PIO given predefined protocol param-
eters and a disturbance attenuation level γ. It is noted that a
smaller γ corresponds to enhanced robustness of the observer.
This subsection proceeds to establish a co-design framework
aimed at minimizing γ through the simultaneous optimization
of both observer gains and protocol parameters.

Corollary 1: Consider system (1) and fuzzy PIO (8). The
resultant augmentation error system (12) is asymptotically
stable in the mean-square sense and satisfies the prescribed
H∞ performance index (14) if, for τ, σ ∈ H, i ∈ V, there
exist symmetric matrices Pi > 0, Qi > 0, R > 0, Ǎτ,σ > 0,
Ěτ,σ > 0, matrices K̄i,σ , M̄i,σ , H̄i,σ , T̄i, L̄i, and scalars
ασ > 0, ϖσ > 0, ϵi,j ≥ 0, γ > 0, such that (5)–(7), (35)–
(39) holds. Furthermore, the parameter γ can be minimized
by solving the following optimization problem:

min
P

γ (42)
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subject to (5)–(7) and (35)–(39), where

P , {Pi, Qi, R, Ǎτ,σ, Ěτ,σ, K̄i,σ, M̄i,σ, H̄i,σ, T̄i, L̄i,

ασ, ϖσ, ϵi,j}.

If optimization problem (42) is solvable, then the parameter
matrix of the pull-type gossip protocol Π is directly designed
following obtained ϵi,j , and observer gains are calculated in
terms of (40).

Proof: The proof is straightforward from Theorem 2,
which is omitted here.

Corollary 1 formulates an optimization problem aimed at
minimizing the H∞ performance index γ, subject to a set
of equality and matrix inequality constraints. The resulting
problem, denoted as (42), is inherently non-convex due to
the presence of multiple bilinear terms among the decision
variables in constraint (35), which places it outside the scope
of conventional linear matrix inequality solvers.

To address this challenge, we resort to evolutionary algo-
rithms, which are well-suited for complex, non-convex opti-
mization. Specifically, the particle swarm optimization (PSO)
algorithm is employed to solve minimization problem (42),
owing to its recognized advantages in fast convergence and
straightforward implementation.

The fundamental principle of PSO is to simulate the intel-
ligent search behavior of a particle swarm within a solution
space, with the objective of discovering a global optimum.
Within this framework, each particle represents a candidate
solution, defined by its spatial position, while the velocity
vector of each particle serves as the driving mechanism for
the population’s evolution. This study focuses on employing
PSO to explore the optimal design configurations for protocol
parameter Π. Throughout this optimization process, the per-
formance of each design candidate, represented by a particle’s
position, is quantitatively evaluated using Theorems 2 and
Corollary 1. The outcome of this evaluation directly guides
the entire particle swarm toward regions of the design space
characterized by superior performance.

This subsection outlines the key parameters of the PSO
algorithm, including the swarm size and evolution equations,
and subsequently presents a systematic procedure for solving
optimization problem (42).

For node i, its neighboring set is assumed to be

Ni , {j(i)1 , j
(i)
2 , · · · , j(i)κi

}. (43)

Notation (43) means that 1) node i can request data from
node j

(i)
1 , j(i)2 , · · · , j(i)κi ; and 2) the parameters of the gossip

protocol to be designed for node i are ϵ
i,j

(i)
i

, ϵ
i,j

(i)
2

, · · · , ϵ
j
(i)
κi

.
Correspondingly, the dimension of each particle is set as

l =

N∑
i=1

(κi − 1).

Remark 5: To efficiently handle the equality constraint (6)
within the PSO framework, the parameters ϵ

i,j
(i)
i

, ϵ
i,j

(i)
2

, · · · ,
ϵ
j
(i)
κi−1

are treated as the design variables for node i. The
remaining parameter is then determined uniquely by

ϵ
i,j

(i)
κi

= 1− ϵ̄i,

where

ϵ̄i ,
κi−1∑
ς=1

ϵ
i,j

(i)
ς

∈ (0, 1).

In addition, to satisfy constraint (7), all parameters ϵi,j corre-
sponding to non-neighboring nodes of i are explicitly set to
zero.

The position vector of a particle is defined as follows:

P ,
[
pT
1 pT

2 · · · pT
N

]T
(44)

where

pi ,
[
ϵ
i,j

(i)
1

ϵ
i,j

(i)
2

· · · ϵ
i,j

(i)
κi−1

]T
.

Assume that the total of S particles are used, where the
position and velocity of the s-th (s ∈ {1, 2, · · · , S}) particle
at the t-th (t ∈ N) updating are denoted, respectively, by Ps(t)
and Vs(t). Then, the updating process is defined as follows:

Vs(t+ 1) = ιVs(t) + b1o1
(
P̄

(s)
L (t)−Ps(t)

)
+ b2o2

(
P̄G(t)−Ps(t)

)
Ps(t+ 1) =Ps(t) +Vs(t+ 1)

(45)

where ι, b1, b2 are given scalars; o1, o2 are two stochastic
numbers taking values in (0, 1); P̄(s)

L (t) is the historical best
position found by the i-th particle up to the updating time t;
and P̄G(t) is the global best position of the entire particle
swarm up to the updating time t.

The PSO-based co-design method is concluded in Algorith-
m 1.

Algorithm 1: PSO-based PIO Design Under Fading Data
Step 1. Set t = 0 and give the maximum number of iterations tmax.

Generate S particles with given initial position Ps(0) such that
(5)–(7) hold and (35)–(39) are feasible. Denote the obtained γ as
γ(Ps(0)). Let P̄(s)

L (0) = Ps(0) and P̄G(0) = 0.5I . Set an
acceptable performance threshold γacc > 0 and a convergence
tolerance ε > 0.

Step 2. Update the position and velocity according to (45). Obtain
Ps(t+ 1) and Vs(t+ 1).

Step 3. Use Ps(t+ 1) to solve (35)–(39). If they are solvable, then go to
Step 4. Otherwise, let Ps(t+ 1) = Ps(t), Vs(t+ 1) = Vs(t).

Step 4. Let t = t+ 1. For the s-th particle with known parameters Ps(t),
solve the minimization problem (42). Denote the obtained γ as
γ(Ps(t)). Update P̄

(s)
L (t) and P̄G(t) as follows:

P̄
(s)
L (t) = argminPs(t̄), 0≤t̄≤t γ(Ps(t̄)),

P̄G(t) , argminPs(t̄),0≤t̄≤t,1≤s≤S γ(Ps(t̄)).

Step 5. If γ(P̄G(t)) ≤ γacc, then go to Step 7.
If ∥P̄G(t)− P̄G(t− 1)∥ ≤ ε, then go to Step 7.
Otherwise, go to Step 6.

Step 6. If t < tmax, then go to Step 2. Otherwise, Update P̄
(s)
L (t) and

P̄G(t), and go to Step 7.
Step 7. Use P̄G(tmax) to solve the minimization problem (42). Then,

obtain the parameters of the gossip protocol and PIO in terms of
P̄G(tmax) and (40).

Remark 6: This paper presents a methodology for the design
of a distributed fuzzy PIO over pull-based gossip-assisted
SNs. A transmission model is established by concurrently
accounting for the stochastic characteristics of both the gossip
protocol and channel fading effects. Utilizing the constrained
information available, a modified fuzzy PIO structure is pro-
posed. Sufficient conditions for the design of observer gains
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are derived by employing inequality techniques and ensuring
the H∞ performance. Moreover, a co-design framework inte-
grating the gossip protocol with the PIO is addressed through
a PSO-based iterative algorithm. The T-S fuzzy modeling
approach is adopted to handle the inherent nonlinearity of the
system. Classical linear H∞ filtering does not directly apply
to nonlinear systems, while the T-S fuzzy framework provides
a systematic solution.

Remark 7: The principal merits of the proposed method are
threefold. First, the introduced protocol-based PIO features a
flexible structure offering increased degrees of freedom, and
is able to degenerate into the conventional proportional-type
observer under specific configurations [46]. Second, in contrast
to certain existing studies [47], [48] where scalar consensus
gains are adopted to simplify the analysis, the proposed ap-
proach accommodates matrix-form gains, thereby contributing
to a reduction in design conservatism. Third, unlike works that
employ fixed parameters for the gossip protocol [43], [49], this
paper develops an optimization algorithm to systematically
design the protocol parameters with respect to a specified
performance index.

IV. SIMULATION EXAMPLE

A. System Configuration

In this section, we employ an engineering-motivated sim-
ulation example to verify the effectiveness of the proposed
method. An SN with the pull-type gossip protocol is used to
monitor the steering process of a controlled model car, and
the schematic diagram is shown in Fig. 1.

Fig. 1: SN-based state estimation of a model car

The dynamics of the model car subject to disturbances is
described as follows [50]:ϕ(k + 1) =ϕ(k) +

d1d2
d3

u(k) + 0.01ω(k)

ξ(k + 1) = d1d2 sin(ϕ(k)) + ξ(k) + 0.02ω(k)
(46)

where ϕ(k) is the vehicle’s angle relative to the horizontal
axis, as shown in Fig. 1; ξ(k) denotes the vertical distance
from the rear of the vehicle to the horizontal axis; u(k) is the
predefined steering angle; d1 indicates the vehicle speed; d2 is
the sampling time interval; and d3 corresponds to the vehicle
length.

At the operating points 0◦ and ±180◦ with model parame-
ters d1 = 1 m/s, d2 = 1 s, and d3 = 2.8 m, the nonlinear

system (46) is represented by a two-rule fuzzy model as
follows:

x(k + 1) =

2∑
τ=1

sτ (x1(k))
(
Aτx(k) +Bτu(k) + Eτω(k)

)
where

x(k) ,
[
x(1)(k)
x(2)(k)

]
,

[
ϕ(k)
ξ(k)

]
, G1 = G2 =

[
0.5 0.6

]
,

A1 =

[
1 0
1 1

]
, A2 =

[
1 0

0.003180 1

]
,

B1 =B2 =

[
0.357143

0

]
, E1 = E2 =

[
0.01
0.02

]
.

The membership functions of the fuzzy model is depicted in
Fig. 2

Fig. 2: Membership functions of the model car

In this paper, triangular membership functions are adopted
for the T-S fuzzy model. The reasons are threefold. First, trian-
gular functions are computationally efficient due to their linear
nature, which is particularly important in our iterative co-
design framework. Second, although different from Gaussian
functions in mathematical form, triangular functions are fully
effective in characterizing the nonlinear behavior of sin(ϕ(k))
over the bounded operating range ϕ(k) ∈ [−π, π], as validated
by the satisfactory estimation performance in our simulations.
Third, triangular membership functions have been widely used
in the T-S fuzzy modeling literature for their simplicity and
adequate approximation capability.

It is assumed that an SN with five nodes is implemented
to achieve the estimation, whose possible communication
topology is displayed in Fig. 3.

Under the pull-type gossip protocol, only one neighbor can
be chosen for each node at each sampling instant. The initial
values of the matrix Π featuring the protocol behavior are
given as follows:

Π =


0 0.2 0.3 0 0.5
0.3 0 0.3 0 0.4
0.5 0.3 0 0.2 0
0 0 0.5 0 0.5
0.3 0.2 0 0.5 0

 .
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Fig. 3: Communication topology of SNs

The parameters of sensors are given as follows:

C1 =
[
−1 0.1

]
, C2 =

[
−0.6 1

]
, C3 =

[
−0.05 0.05

]
,

C4 =
[
−0.4 0.5

]
, C5 =

[
−0.3 0.5

]
, D1 = 0.1,

D2 =0.2, D3 = 0.3, D4 = 0.2, D5 = 0.1.

The external noises are simulated according to:

ω(k) = 10e−0.05kω̌(k)

where ω̌(k) is zero-mean Gaussian white noise. The signal is
energy-bounded due to the exponential decay term, which is
used to check the performance of the observer.

The measurement noises are assumed to be

v1(k) =
1.3 sin(k)

k
, v2(k) =

1.4 sin(k)

k
, v3(k) =

1.2 cos(k)

k
,

v4(k) =
1.1 cos(k)

k
, v5(k) =

1.3 cos(k)

k
.

In this example, the measurement output of each sensor is
scalar. Correspondingly, the parameter of the fading channel
modeled in (8) is Υ(k) = υ1(k) with ῡ1 = 0.8 and υ̃1,1 =
0.01.

B. Simulation Results and Explanations

Set the simulation length as kmax = 50. With the given
parameters, conducting Algorithm 1 for tmax = 20, the
constructed optimization problem is solved, and the protocol
parameter after optimization is given as follows:

Π =


0 0.1856 0.2916 0 0.5228

0.1916 0 0.3916 0 0.4168
0.2748 0.4325 0 0.2927 0

0 0 0.4748 0 0.5252
0.2916 0.2000 0 0.5084 0

 .

By running distributed PIO (9) with the obtained observer
gains, the simulation results are plotted in Fig. 4–7.

Figs. 4–5 present the state estimation results of five nodes
for the original states x(1)(k) and x(2)(k). It can be observed
that the proposed PIO is capable of rapidly tracking the
system states, even under relatively large initial condition
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Fig. 4: Estimation of the first element of x(k) in five nodes
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Fig. 5: Estimation of the second element of x(k) in five nodes
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Fig. 6: The evolution of the average estimation error

discrepancies. Fig. 6 illustrates the augmentation estimation
error across the five nodes, defined as

eaug(k) ,
5∑

i=1

eTi (k)ei(k).

This norm-based variable eaug(k) reflects the overall estima-
tion performance in the presence of energy-bounded distur-
bances. As shown, during the initial interval k ∈ [0, 4], eaug(k)
exhibits a relatively large magnitude, followed by a rapid
convergence process, which is attributed to the significant
disparity between the initial conditions of the system and the
observer. After k = 10, owing to the corrective feedback
provided by both the proportional and integral terms, the
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Fig. 7: The optimization of γ under the PSO algorithm

estimation error converges to a small neighborhood of the
origin. Fig. 7 depicts the optimization process of parameter
γ via a prescribed particle swarm search. The resulting curve
can be broadly divided into two phases: a decreasing phase
(e.g., t ∈ [0, 5], t ∈ [9, 12]) and a stable phase (e.g., t ∈ [6, 8],
t ∈ [13, 20]). This behavior ensures that the designed gossip
protocol does not degrade estimation performance, thereby
validating the effectiveness of the proposed tuning strategy.

C. Comparisons With the Existing Results

To show the advantages of the proposed fuzzy PIO-based
method, a series of comparative analyses is conducted in
this section under various system configurations. In order to
quantify the estimation error over a specified time interval, the
following metric is defined:

ēsum ,
kmax∑
k=0

N∑
i=1

eTi (k)ei(k).

A comparison of the cumulative estimation errors under differ-
ent noises ω(k) is presented in Table I, evaluating the proposed
method against the proportional-type observer (PTO) [51], the
consensus-based observer (CBO) [47] and the traditional PIO
(TPIO) without PSO-based optimization [27].

TABLE I: Cumulative Estimation Error Under Different Nois-
es

Noise ω(k) 10e−0.05kω̌(k)
2 cos(k)

k
12e−0.01k

ēsum (fuzzy PIO) 69.42 61.12 58.32
ēsum (PTO) 80.21 69.11 65.51
ēsum (CBO) 72.01 65.21 66.13
ēsum (TPIO) 90.32 65.25 62.13

From Table I, it can be observed that in the simulation
setting, the proposed PIO method achieves the smallest ēsum in
all three cases, indicating its superior estimation performance
over the PTO, CBO and TPIO. This improvement can be at-
tributed to the additional design degrees of freedom introduced
in the proposed approach, which contribute to optimizing the
disturbance attenuation level γ.

In this example, the third sensor node is configured as
a “weak” sensor with the parameter C3 =

[
−0.05 0.05

]
,

meaning that the measurement information from this node is
highly limited. To illustrate the effectiveness of the SNs-based
estimation method assisted by the pull-based gossip protocol,
we compare the cumulative estimation error of node 3 under
two scenarios: the traditional measurement setup without inter-
node communication, and the SN-based framework incorpo-
rating the gossip protocol.

TABLE II: Cumulative Estimation Error of Node 3 Under
Different Fading Levels

Fading levels (1− ῡ1) 0.2 0.3 0.5
ẽsum (with SNs) 9.4511 13.2255 17.0633
ẽsum (without SNs) 12.0205 14.2512 18.1215

In Table II, the cumulative estimation error of node 3 is
defined as

ẽsum ,
kmax∑
k=0

eT3 (k)e3(k).

A smaller value of ẽsum indicates better estimation perfor-
mance. As can be seen from the table, the estimation per-
formance deteriorates as the level of channel fading increases,
which is attributed to the poorer transmission quality caused by
higher fading levels. On the other hand, under three different
fading scenarios, the estimation errors obtained using the SN-
based measurement method are consistently smaller than those
from the traditional measurement method for sensor node 3.
This also reflects the effectiveness of inter-node communica-
tion in improving estimation performance.

Fig. 8 shows the feasibility status of the linear matrix
inequality (LMI) conditions for different values of γ. It can
be observed that for γ ≤ 1.6, the LMIs are infeasible and
no feasible solution exists. The threshold reflects the inherent
limitation imposed by the system’s nonlinearity and network-
induced effects. The PSO-based optimization successfully
reduces γ from 2.0 to approximately 1.65, which is very close
to the theoretical lower bound, demonstrating the effectiveness
of the proposed method.

Fig. 8: Sensitivity of LMI feasibility to γ

Remark 8: The proposed co-design method is hybrid in
nature, combining LMI-based feasibility checking with PSO-
based parameter optimization. Consequently, the achieved
H∞ performance index γ may depend on the chosen PSO
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parameter settings (e.g., population size, number of iterations,
acceleration coefficients). While a fully analytical closed-form
solution is difficult to obtain for the considered complex
network environment, the hybrid approach consistently yields
a smaller γ compared to non-optimized or heuristic parameter
selections, as demonstrated in our simulations.

Remark 9: The proposed PSO-based co-design method does
not theoretically guarantee global optimality due to the non-
convex nature of the problem. Nevertheless, it consistently
yields a high-quality solution with improved H∞ performance
compared to baseline methods, as demonstrated in the simu-
lations.

V. CONCLUSION

In this paper, the distributed fuzzy PIO design problem has
been investigated for a class of nonlinear systems implemented
over SNs. A pull-based gossip protocol has been adopted to
schedule data transmissions among sensor nodes. A concise
and efficient model has been introduced to characterize the
mechanism by which nodes request data from their neighbors.
For state estimation, a generalized PIO has been developed,
accounting for the combined influence of the communication
protocol and channel fading effects. Within the H∞ framework
and with the aid of specialized inequality techniques, sufficient
conditions have been derived to ensure the robustness of the
proposed observer. Moreover, a PSO-based algorithm has been
developed to facilitate the co-design of the communication
protocol and the observers. Finally, an application-oriented
example has been provided to demonstrate the effectiveness
of the proposed design method.
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