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Abstract
This paper investigates the minimization of the expectation of piecewise polynomial
loss functions over Wasserstein balls. This optimization problem often appears as a
key sub-problem of distributionally robust optimization problems. We establish the
asymptotic convergence of a hierarchy of semi-definite programming (SDP) relax-
ations, providing a framework for approximating the optimal values of these inherently
infinite-dimensional optimization problems. A central foundational contribution is
the development of a new lifted positivity certificate: we demonstrate that piecewise
polynomials positive over Archimedean basic semi-algebraic sets admit a structured
system of sum-of-squares (SOS) representations. Furthermore, we prove that the
proposed hierarchy achieves finite convergence under suitable conditions when the
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defining polynomials are convex. The practical utility and versatility of this approach
are demonstrated via numerical experiments in revenue estimation and portfolio
optimization.

Keywords Robust optimization · Distributionally robust optimization · Semi-definite
linear programs · Sum-of-squares polynomials · Semi-infinite optimization

1 Introduction

Consider the expectation problem:

min
Q∈Bε(̂P)

E
Q
[

min
k=1,...,K

max
j=1,...,J

g(k)
j (ξ)

]

:= min
Q∈Bε(̂P)

∫

�

min
k=1,...,K

max
j=1,...,J

g(k)
j (ξ) Q(dξ),

(EP)

where each g(k)
j is a polynomial and g(ξ) := mink=1,...,K max j=1,...,J g

(k)
j (ξ) is

termed as a piecewise polynomial loss. A piecewise polynomial is not necessarily a
polynomial. Also, it is not necessarily a convex function even if g(k)

j ’s are all convex
polynomials. The support set � = {ξ ∈ R

m : h�(ξ) ≥ 0, � = 1, . . . , L} is a basic
semi-algebraic set. The set Bε(̂P) = {Q ∈ P(�) : dW (Q,̂P) ≤ ε} is the Wasserstein
ball with ̂P the empirical distribution of past realizations ̂ξ i ∈ �, i = 1, . . . , N
obtained from datasets.

Recent years have seen the emergence of the distributionally robust optimization
(DRO) paradigm as a powerful framework for decision-making under uncertainty. At
its core, the objective of DRO is to safeguard decisions against a range of potential
probability distributions containedwithin a defined ambiguity set.A fundamental com-
ponent of this framework is the expectation problem, which serves as a key subproblem
in many DRO formulations [30, 42].

DRO offers distinct advantages over traditional methods. Unlike stochastic pro-
gramming, which relies on a fixed distribution, DRO often demonstrates superior
out-of-sample performance and enhanced computational tractability [30]. Simultane-
ously, it mitigates the inherent conservatism of deterministic robust optimization [5]
by incorporating distributional information rather than focusing solely on worst-case
scenarios.

Motivation. The piecewise polynomials appeared widely in DRO models as loss
functions, although not all of the resulting DRO problems are numerically tractable.
When J = 1, the case where g(k)

1 ’s are linear was considered in [13], the case where

g(k)
1 ’s are quadratic functions was examined in [23], or more generally, the case where

g(k)
1 ’s are convex functions was studied in [17, 30, 44]. Moreover, when J ≥ 1,

g(k)
j ’s can be SOS-convex polynomials [20], quadratic functions [21], or univariate

polynomials [33].
Furthermore, decision-making in the face of uncertain conditions in a broad range

of fields in finance, management, and economics can be modelled as an optimization
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problem of the form (EP) with piecewise polynomials. For example, utility functions
are frequently used in economics to quantify a person’s risk preferences, and the
piecewise power utility functions of order c = 2, 3, . . ., [15] defined as:

u(ξ) =
{

a(ξ − b)c + d, if 0 ≤ ξ < b,

d, if ξ ≥ b,

where a ∈ R, b, d > 0, and ξ may represent wealth or consumption, can be expressed
as a piecewise polynomial. Then, minimizing the negative of the power utility function
can be cast into the form of (EP). The piecewise representation of the cubic utility
function can be found in Section 5.1.

In portfolio optimization, the piecewise utility function mink=1,...,K {akξ�x + bk},
where ξ and x represent uncertain investment returns and fixed portfolio allocation
respectively, is a special case of the DRO problem [13]. In addition, the risk measure
component of conditional value-at-risk (CVaR) [36] and the expected shortfall [41]
are both piecewise polynomials. Both risk measures have been applied in portfolio
optimization [30, 41], and the CVaR is also applied in insurance management [38] and
adversarial classification [19].

Approachandmethodology. Optimization problems of the form (EP) are challenging
infinite-dimensional optimization problems, and their numerical solvability depends
on the structures of the loss function g, support set �, and the ambiguity set P .
Various types of ambiguity sets have been studied in the DRO literature. The moment
ambiguity sets are described by moment constraints using the mean and variance
[13]. This approach is complementary to the probability distance-based ambiguity
sets, which contain probability distributions that are “close enough” to a reference
distribution [14].

A common approach for studying the problem (EP) is to employ duality techniques
to convert it into a semi-infinite program [3, 16] that allows for the computation
of solutions for problems with certain classes of loss functions of practical interest
[30, 40, 44]. Consequently, computationally tractable optimization reformulations
and approximation schemes have been proposed for DRO problems [13, 24, 26, 34,
40] in the sense that they can be expressed as efficiently solvable exact conic linear
optimization problems or a convergent sequence of solvable conic linear problems.

TheLasserre hierarchy of SDP relaxations. Lasserre’s semi-definite program (SDP)
hierarchies have been applied in DRO and moment problems. Notably, [26] proposes
a convergent hierarchy of SDPs to find the optimal value and optimal solution of
a moment problem. Meanwhile, [31] presents a moment-sum-of-squares relaxation
method for a class of moment-ambiguity DRO problems with a polynomial loss func-
tion. Also, [10] outlines an SDP hierarchy for a DRO problem where the ambiguity
set consists of probability distributions with sum-of-squares density functions. For a
survey of SDP approaches to moment problems, readers are referred to [12]. Further
related results for min-max polynomial optimization can be found in [4, 25].

In this paper, we will show that asymptotic convergence of a lifted Lasserre hierar-
chy of SDPs holds for (EP), which can be used to approximate the optimal values of
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the infinite-dimensional optimization problem (EP). This approach provides a com-
putationally tractable method and algorithm for finding optimal values for various
decision-making problems under uncertainty.

Key contributions. Our key contributions are itemized below:

• We present a new lifted sum-of-squares representation of positivity for piece-
wise polynomials, establishing that piecewise polynomials positive over an
Archimedean basic semi-algebraic set admit a system of sum-of-squares repre-
sentations.

• Building on this positivity representation, we propose a lifted hierarchy of semi-
definite programs for the Wasserstein expectation problem of the form (EP) with
piecewise polynomials. By establishing asymptotic convergence, we show that the
hierarchy of semi-definite program relaxations can approximate the optimal values
of these infinite-dimensional expectation problems.

• Exploiting the structure of piecewise convexity, we further show that the SDP
hierarchy of (EP) achieves finite convergence, under suitable conditions, when
all the defining polynomials are convex. This shows that finite convergence of
hierarchies for convex polynomial optimization continues to hold for expectation
problems with piecewise convex polynomials that are not necessarily convex. It
is done by invoking the convex-concave minimax theorem and Lagrange duality
of convex analysis [43] together with Scheiderer’s sum-of-squares representation
[37] of non-negative polynomials.

• Finally, to illustrate the versatility of our approach, we apply it to concrete models
of expectation problems (EP) and distributionally robust decision-making mod-
els. We present results of a revenue estimation model with a piecewise polynomial
utility function that is neither convex nor concave, exemplifying our SDP hier-
archy. We also present results of numerical experiments, assessing the impact of
increasing the relaxation level of our hierarchy on solution quality of amean-CVaR
portfolio optimization model.

Originality. This work exploits the piecewise structure of polynomials to represent
a wide range of practical piecewise functions and extends the recent advances in
moment-based DRO, from the piecewise sum-of-squares-convex functions [20] and
piecewise quadratic functions [21] to Wasserstein DRO and general piecewise poly-
nomials that are prevalent in a broad range of decision-making problems. A particular
novelty of the present work lies in the derivation of a positivity certificate showing
that piecewise polynomials that are positive over Archimedean basic semi-algebraic
sets admit a lifted system of sum-of-squares representations. By combining tech-
niques from the positivstellensatz of algebraic geometry [27] with the convex-concave
minimax theorem of convex analysis [43], our approach enables the computation or
estimation of the optimal values of otherwise infinite-dimensional expectation prob-
lems through SDPs, which can be efficiently solved using off-the-shelf software.

Organization. The organization of the paper is as follows.We recall preliminary mate-
rials on the Wasserstein ball and positive polynomials in Section 2. Section 3 presents
the positivity representation for piecewise polynomials, from which we derive an
asymptotically convergent SDP hierarchy for the expectation problem (EP). Section 4
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discusses a finitely convergent SDP hierarchy for (EP). The versatility of our approach
is illustrated in Section 5 through concrete models of expectation and distributionally
robust decision-making problems. Finally, Section 6 concludes with future research
directions.

2 Preliminaries

This section presents the notation and definitions used in the paper, and preliminary
details on the Wasserstein ambiguity set and positive polynomials on a compact basic
semi-algebraic set.

DenoteRm theEuclidean space of dimensionm,Rm+ the non-negative orthant ofRm ,
a�b, a, b ∈ R

m , the standard inner product onRm , and� = {δ ∈ R
m+ : ∑m

j=1 δ j = 1}
the simplex. Let e j be the j th standard Euclidean basis vector, e the vector of ones,
and 0 the vector of zeros in appropriate dimensions. For integers m, n with m ≤ n,
we define [m:n] := {m, . . . , n}.

Denote S
m the space of (m × m) real symmetric matrices. A matrix B ∈ S

m is
positive semi-definite, denoted as B � 0 (resp. positive definite, denoted as B � 0),
if x�Bx ≥ 0 for all x ∈ R

m (resp. x�Bx > 0 for all x ∈ R
m , x �= 0). Let Sm+ be the

cone of symmetric (m ×m) positive semi-definite matrices. We use lowercase letters
for scalars, lowercase boldface letters for vectors, and capital letters for matrices.

Let X and X ′ be real topological vector spaces. The spaces X and X ′ are paired if
a bilinear form 〈·, ·〉 : X ′ × X → R is defined. The dual cone (positive polar cone) of
a cone S ⊆ X is defined as S∗ = {x ′ ∈ X ′ : 〈x ′, x〉 ≥ 0, ∀x ∈ S}.

Let � be a compact set in R
m . Denote by B the Borel σ -algebra of �. Let M(�)

be the space of all (finite signed) regular Borel measures supported on�. Let C(�) be
the space of continuous functions supported on � equipped with the supremum norm.

We use
∫

�
f (ξ)P(dξ) to refer to the expectation of the random variable f (ξ) with

respect to the measure P supported on �. We also denote byM(�)+ the convex cone
of non-negative, finite, regular Borel measures supported on �, that is, M(�)+ =
{μ ∈ M(�) : μ �B 0}, where μ �B 0 means that
boldsymbolξ ∈ A = μ(ξ ∈ A) ≥ 0 for all B-measurable sets A. Let P(�) be the set
of all probability measures supported on �. The Dirac measure 1ξ ′ takes a mass of 1
at the point ξ ′ ∈ � and 0 otherwise, so

∫

�
g(ξ) 1ξ ′(dξ) = g(ξ ′).

2.1 Wasserstein Ambiguity

Suppose that the empirical distribution is a discrete distribution given by ̂P =
1
N

∑N
i=1 1̂ξ i

, wherêξ i ∈ �, i∈[1:N ], are the past realizations obtained from datasets.
Define theWasserstein ambiguity set around the empirical distribution of radius ε ≥ 0
as:

Bε(̂P) := {Q ∈ P(�) : dW (Q,̂P) ≤ ε},
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where dW denotes the (order 2) Wasserstein distance given by

dW (Q,P) = min
	∈P(�×�)

⎧

⎪

⎨

⎪

⎩

(∫

�×�

‖ξ − ξ ′‖22 	(dξ , dξ ′)
)1/2

:
	 is a joint distribution of ξ and ξ ′

with marginal distributions

Q and P, respectively

⎫

⎪

⎬

⎪

⎭

with ‖ · ‖2 the Euclidean norm in R
m . This Wasserstein distance is also called the

quadratic Wasserstein distance (cf. [32, Section 2.2]).
The Wasserstein distance of two distributions Q and P can be viewed as the mini-

mum transportation cost formoving the probabilitymass fromQ toP. TheWasserstein
ambiguity set Bε(̂P) can be interpreted as the set of probability measures centred at
the empirical distribution ̂P with radius ε ≥ 0. The larger the radius, the richer the
ambiguity set. On the other hand, if the radius ε shrinks to zero, the Wasserstein ball
becomes the singleton set of the empirical distribution {̂P}.

Consider the key expectation problem:

min
Q∈Bε(̂P)

E
Q[g(ξ)], (1)

where g : Rm → R is a continuous function.
We associate with (1) the following semi-infinite program:

max
λ≥0,αi∈R

{

−λε2 + 1

N

N
∑

i=1

αi : inf
ξ∈�

(

g(ξ) + λ‖ξ −̂ξ i‖22 − αi

)

≥ 0, ∀i∈[1:N ]
}

.

(ED)

Note that (ED) is a semi-infinite optimization problembecause the decision variable
space R×R

N is finite-dimensional, but it can contain infinitely many non-negativity
constraints g(ξ) + λ‖ξ −̂ξ i‖22 − αi ≥ 0, ∀ξ ∈ �, due to the (possibly) infinite set
� ⊆ R

m .
The reduction from (1) over the infinite-dimensional space of probability measures

to the semi-infinite problem (ED) is well-known in the literature. For example, [7,
Theorem 1] provides a strong duality result when the ambiguity set is defined through
an optimal transport cost more general than the ‖ · ‖22 in our setting. A strong duality
result for a general Wasserstein distance is also noted in [14, Theorem 1]. We provide
the detailed proof in the appendix for the sake of completeness.

Lemma 2.1 (Reduction to finite-dimensional program [14]) For the problem (1), let
� ⊆ R

m be a compact set, g : Rm → R be a continuous function, and ε > 0. Then,
min (1) = max (ED).

Proof See Appendix A. ��

2.2 Polynomials Positive on a Compact Basic Semi-algebraic Set

We recall some basic definitions and results of sum-of-squares polynomials. Let R[ξ ]
be the space of polynomials with real coefficients over ξ ∈ R

m . A polynomial f ∈
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R[ξ ] is called a Sum-of-Squares (SOS) polynomial if there exist polynomials fi ∈
R[ξ ], i∈[1:n], such that f = ∑n

i=1 f 2i . We use �2(ξ) to denote the set of all SOS
polynomials f with respect to the variable ξ ∈ R

m . We also use �2
r (ξ) to denote the

set of all SOS polynomials f of degree at most r with respect to the variable ξ ∈ R
m .

The SOS property is a computationally tractable relaxation of the non-negativity of
polynomials, and certifying whether a polynomial is SOS amounts to solving a semi-
definite program [28, Proposition 2.1].

In what follows, we assume that the support set � �= ∅ is a compact basic semi-
algebraic set, i.e., for {h�}L�=1 ⊂ R[ξ ],

� = {ξ ∈ R
m : h�(ξ) ≥ 0, ∀�∈[1:L]}. (2)

From now on, we fix the basic semi-algebraic set � as in (2), and the cone

Q(h1, . . . , hL) :=
{

f ∈ R[ξ ] : f = σ0 +
L

∑

�=1

σ�h�, σ� ∈ �2(ξ), ∀�∈[0:L]
}

(3)

is the quadratic module generated by {h�}L�=1.
We also recall the following Archimedean condition [cf.29, Theorem2.16] and

Putinar’s Positivstellensatz ( [35], [cf.12, Theorem8]), which is a representation result
for polynomials that are strictly positive on a compact basic semi-algebraic set.

Assumption 2.2 (Archimedean condition) Let {h�}L�=1 ⊂ R[ξ ], � defined in (2)
be compact. The Archimedean condition states that there exists R ∈ N such that
R − ‖ξ‖22 ∈ Q(h1, . . . , hL).

Proposition 2.3 (Putinar’s Positivstellensatz) Assume � is as defined in (2) and
Assumption 2.2 holds. If f ∈ R[ξ ] is strictly positive on �, then f belongs to
Q(h1, . . . , hL).

Another key result that we will need is the following non-negativity representation
by Scheiderer [37, Example 3.18].

Proposition 2.4 (Scheiderer’s non-negativity representation) Let h ∈ R[ξ ] be a poly-
nomial forwhich the level set
 = {ξ : h(ξ) ≥ 0} is compact. Let f (ξ)be non-negative
on 
. Assume that the following conditions hold:

(i) f has only finitely many zeros in 
, each lying in the interior of 
, and
(ii) the Hessian of f is positive definite at each of the zeros in 
.

Then, f = σ0 + σ1 h for some σ0, σ1 ∈ �2(ξ).

3 Expectation Problems: Asymptotically Converging SDPs

This section presents a hierarchy of SDPs that approximates the expectation problem
(EP), and its asymptotic convergence when the objective function involves a piecewise
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polynomial (see Definition 3.1). This hierarchy is achieved by first establishing a
sum-of-squares representation of a positive piecewise polynomial, which, in turn,
guarantees the semi-infinite constraint in (ED). We begin by defining the notion of
piecewise polynomials.

Definition 3.1 (Piecewise polynomial) A function g : Rm → R is called a piecewise
polynomial if it can be expressed as

g(ξ) = min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ), ξ ∈ R

m,

for some polynomials g(k)
j ∈ R[ξ ].

This form of piecewise polynomial appears in a variety of real-world application
settings, and it is, in general, not a polynomial. It extends the piecewise sum-of-squares-
convex (SOS-convex) function in [20] where each g(k)

j is a SOS-convex polynomial
(see, e.g., [2, Definition 2.4] or [18, Section 1]), minimax quadratic in [21] where each
g(k)
j is a quadratic function, and piecewise affine functions.

3.1 Positivity Representation for Piecewise Polynomials

The goal of this subsection is to derive a system of sum-of-squares representations for
the positivity of a piecewise polynomial over a compact semi-algebraic set.

Theorem 3.2 (Lifted Putinar’s positivstellensatz for piecewise polynomials) Let � =
{ξ ∈ R

m : h�(ξ) ≥ 0, ∀�∈[1:L]} as in (2), and let the Archimedean condition in
Assumption 2.2 hold for {h�}L�=1. For each k∈[1:K ], let g(k)

j ∈ R[ξ ], j∈[1:J ], and let
τ

(k)
1 , τ (k)

2 ∈ R be such that

max
ξ∈�

max
j∈[1:J ] g

(k)
j (ξ) < τ

(k)
1 and τ

(k)
2 < min

ξ∈�
min
j∈[1:J ] g

(k)
j (ξ). (4)

Let f ∈ R[ξ ]. If

f (ξ) + min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ) > 0 for all ξ ∈ �,

then, for each k∈[1:K ], there exist η
(k)
j ∈ �2(ξ ,˜ξ), j∈[1:(J+2)], σ (k)

� ∈ �2(ξ ,˜ξ),
�∈[1:L], such that

ψ + f −
L

∑

�=1

σ
(k)
� h� −

J+2
∑

j=1

η
(k)
j g̃(k)

j ∈ �2(ξ ,˜ξ), (5)
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where ψ(ξ ,˜ξ) :=˜ξ and

g̃(k)
j (ξ ,˜ξ) :=

⎧

⎪

⎨

⎪

⎩

˜ξ − g(k)
j (ξ), for j∈[1:J ],

τ
(k)
1 −˜ξ for j = J + 1,

˜ξ − τ
(k)
2 , for j = J + 2.

Proof This part follows from an application of Putinar’s Positivstellensatz to a com-
pact lifted set obtained by augmenting � with polynomial inequalities that encode
upper and lower bounds on the functions g(k)

j over �.
Fix k∈[1:K ], then,

min
ξ∈�

{

f (ξ) + max
j∈[1:J ] g

(k)
j (ξ)

}

> 0. (6)

Under the Archimedean condition, � is compact and so τ
(k)
1 , τ

(k)
2 in Eqn. (4) exist,

and so,
τ
(k)
1 − g(k)

j (ξ) > 0 and g(k)
j (ξ) − τ

(k)
2 > 0 (7)

for all ξ ∈ � and for all j∈[1:J ].
Now, consider the set

˜�k := {(ξ ,˜ξ) ∈ R
m × R : g̃(k)

j (ξ ,˜ξ) ≥ 0, ∀ j∈[1:(J+2)], h�(ξ) ≥ 0,∀ �∈[1:L]},
(8)

where g̃(k)
j are defined under Eqn. (5). Note that ˜�k is non-empty as (ξ , τ

(k)
1 ) ∈ ˜�k

for any ξ ∈ �. Further, direct verification shows that

−˜ξ2 = [˜ξ − τ
(k)
2 ]2

τ
(k)
1 − τ

(k)
2

(

τ
(k)
1 −˜ξ

)

+ (τ
(k)
1 + τ

(k)
2 )(τ

(k)
1 −˜ξ) + [τ (k)

1 −˜ξ ]2
τ
(k)
1 − τ

(k)
2

(

˜ξ − τ
(k)
2

)

− (τ
(k)
1 )2

= [̃g(k)
J+2(ξ ,˜ξ)]2

τ
(k)
1 − τ

(k)
2

g̃(k)
J+1(ξ ,˜ξ) + (τ

(k)
1 + τ

(k)
2 )g̃(k)

J+1(ξ ,˜ξ) + [̃g(k)
J+1(ξ ,˜ξ)]2

τ
(k)
1 − τ

(k)
2

g̃(k)
J+2(ξ ,˜ξ) − (τ

(k)
1 )2,

where the second equality follows by the definitions of g̃(k)
J+1 and g̃(k)

J+2.
Since the Archimedean condition holds for {h�}L�=1, there exist R0 ∈ N, σ� ∈

�2(ξ), �∈[0:L] such that R0 − ‖ξ‖22 = σ0(ξ) + ∑L
�=1 σ�(ξ)h�(ξ). Choose R1 ∈ N

such that R1 ≥ (τ
(k)
1 )2. This implies that

R0 + R1 − ‖(ξ ,˜ξ)‖22
= R0 − ‖ξ‖22 + R1 −˜ξ2

= σ0(ξ) +
L

∑

�=1

σ�(ξ)h�(ξ) + [̃g(k)
J+2(ξ ,˜ξ)]2

τ
(k)
1 − τ

(k)
2

g̃(k)
J+1(ξ ,˜ξ) + (τ

(k)
1 + τ

(k)
2 )g̃(k)

J+1(ξ ,˜ξ)

+ [̃g(k)
J+1(ξ ,˜ξ)]2

τ
(k)
1 − τ

(k)
2

g̃(k)
J+2(ξ ,˜ξ) + (R1 − (τ

(k)
1 )2),
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whichmeans that theArchimedean condition alsoholds for ({h�}L�=1∪{g̃(k)
J+1, g̃

(k)
J+2}) ⊆

R[(ξ ,˜ξ)], and thus for ({h�}L�=1 ∪ {g̃(k)
j }J+2

j=1 ) ⊆ R[(ξ ,˜ξ)].
Consider the function ϕ(ξ ,˜ξ) := ˜ξ + f (ξ) for (ξ ,˜ξ) ∈ R

m × R. Under the
validation of Eqn. (6), we can verify that ϕ(ξ ,˜ξ) > 0 for all (ξ ,˜ξ) ∈ ˜�k . Therefore, by
Proposition 2.3, there exist σ (k)

� ∈ �2(ξ ,˜ξ), �∈[0:L], η(k)
j ∈ �2(ξ ,˜ξ), j∈[1:(J+2)]

such that

ϕ = σ
(k)
0 +

L
∑

�=1

σ
(k)
� h� +

J+2
∑

j=1

η
(k)
j g̃(k)

j ,

or in other words,

σ
(k)
0 = ϕ −

L
∑

�=1

σ
(k)
� h� −

J+2
∑

j=1

η
(k)
j g̃(k)

j ∈ �2(ξ ,˜ξ),

arriving at the conclusion. ��
Remark 3.3 While the above positivity representation is established using the cel-
ebrated Putinar’s Positivstellensatz, it provides a flexible and convenient tool for
deriving the asymptotic convergence of the SDP hierarchy used to compute the opti-
mal value of the expectation problem with piecewise polynomial loss functions over
Wasserstein balls.

In passing, we also note that by letting K = J = 1, g(1)
1 ≡ 0 in Theorem 3.2 and

setting˜ξ = 0,

τ
(1)
1 = 1 > max

ξ∈�
g(1)
1 (ξ) = 0 and τ

(1)
2 = −1 < min

ξ∈�
g(1)
1 (ξ) = 0,

the conclusion of Theorem 3.2 collapses to the one in the classical Putinar’s Posi-
tivstellensatz (see Proposition 2.3).

The next subsection moves to presenting SDP hierarchies for the expectation prob-
lems.

3.2 Converging Hierarchy of SDPs

We first recall the expectation problem:

min
Q∈Bε(̂P)

E
Q
[

min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ)

]

. (EP)

The support set � = {ξ ∈ R
m : h�(ξ) ≥ 0, ∀�∈[1:L]} is a basic semi-algebraic

set as in equation (2). Recall that Bε(̂P) = {Q ∈ P(�) : dW (Q,̂P) ≤ ε} is the
Wasserstein ambiguity set with ̂P = 1

N

∑N
i=1 1̂ξ i

the empirical distribution of past

realizationŝξ i ∈ �, i∈[1:N ] obtained from datasets. The basic semi-algebraic support

123



Journal of Optimization Theory and Applications           (2026) 209:61 Page 11 of 31    61 

set bound by inequalities has also appeared in [26, 31]. It covers some of the most
practical support sets, such as the ellipsoid [13] and the box [30].

Throughout this subsection, we assume that the Archimedean condition (Assump-
tion 2.2) holds for {h�}L�=1. This implies that � is compact, and so τ

(k)
1 and τ

(k)
2 as in

(4) exist for each k∈[1:K ].
We associate (EP)with the following hierarchy of SDP programs, for a given r ∈ N:

max
λ≥0,αi∈R

η
(k)
j,i , σ

(k)
�,i ∈�2

− λε2 + 1

N

N
∑

i=1

αi (ADr )

s.t. ψ + λϕi − αi −
L

∑

�=1

σ
(k)
�,i h� −

J+2
∑

j=1

η
(k)
j,i g̃

(k)
j ∈ �2

2r (ξ ,˜ξ), ∀k∈[1:K ], i∈[1:N ],

deg
(

σ
(k)
�,i h�

) ≤ 2r , deg
(

η
(k)
j,i g̃

(k)
j

) ≤ 2r , ∀k∈[1:K ], �∈[1:L], j∈[1:(J+2)], i∈[1:N ],

where ε > 0, ψ(ξ ,˜ξ) = ˜ξ , ϕi (ξ ,˜ξ) = ‖ξ −̂ξ i‖22, g̃(k)
j (ξ ,˜ξ) = ˜ξ − g(k)

j (ξ) for each

j∈[1:J ], g̃(k)
J+1(ξ ,˜ξ) = τ

(k)
1 −˜ξ and g̃(k)

J+2(ξ ,˜ξ) =˜ξ −τ
(k)
2 . Here,̂ξ i ∈ �, i∈[1:N ], are

the past realizations obtained from datasets as given in the definition of theWasserstein
ambiguity set.

We let max (ADr ) = −∞ if its feasibility region is empty. We know that the
feasibility region enlarges as the step r increases, and so the feasibility region will
eventually become non-empty.

While the constraints in (ADr ) are written as sum-of-squares constraints, they
admit an equivalent representation as linear matrix inequalities [29, Proposition 2.1],
and so, (ADr ) can be written as a semi-definite program. Accordingly, we refer to our
hierarchy as a hierarchy of SDP programs.

Theorem 3.4 (Asymptotic convergence) For the problem (EP) under the Wasserstein
ambiguity setBε(̂P) and support set� in (2), let� be a convex set; let the Archimedean
condition (Assumption 2.2) hold; and let ε > 0. Then,

max (ADr ) ≤ max(ADr+1) ≤ min (EP)

for all r ∈ N. Moreover, lim
r→∞max (ADr ) = min (EP).

Proof Since the Archimedean condition (Assumption 2.2) holds for {h�}L�=1, � is
compact. We first observe that, by construction, max (ADr ) ≤ max (ADr+1) for each
given r ∈ N.

Next, we show max (ADr ) ≤ min (EP) for any given r ∈ N. To see this, note from
Lemma 2.1 with g = min

k∈[1:K ] max
j∈[1:J ] g

(k)
j that min (EP) = max (9), where (9) is given

by

max
λ≥0,αi∈R

− λε2 + 1

N

N
∑

i=1

αi (9)
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s.t. min
ξ∈�

{

λ‖ξ −̂ξ i‖22 − αi + min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ)

}

≥ 0, ∀i∈[1:N ].

Thus, the conclusion follows if one shows that max (ADr ) ≤ max (9) for any given
r ∈ N. Now, take any feasible point λ ≥ 0, αi ∈ R, η(k)

j,i , σ
(k)
�,i ∈ �2

2r (ξ ,˜ξ) from the
problem (ADr ), then,

˜ξ + λ‖ξ −̂ξ i‖22 − αi −
L

∑

�=1

σ
(k)
�,i (ξ ,˜ξ)h�(ξ) −

J+2
∑

j=1

η
(k)
j,i (ξ ,˜ξ)g̃(k)

j (ξ ,˜ξ) ≥ 0,

for all (ξ ,˜ξ) ∈ ˜�k , k∈[1:K ], i∈[1:N ], where ˜�k is defined in Eqn. (8).
Fix an index k∈[1:K ], i∈[1:N ]. The non-negativity over ˜�k means that˜ξ + λ‖ξ −

̂ξ i‖22 −αi ≥ 0 for all (ξ ,˜ξ) ∈ ˜�k . Because (ξ , max
j∈[1:J ] g

(k)
j (ξ)) ∈ ˜�k for any ξ ∈ �, so

max
j∈[1:J ] g

(k)
j (ξ) + λ‖ξ −̂ξ i‖22 − αi ≥ 0

for all ξ ∈ �. Since this is true for any k∈[1:K ], so λ‖ξ − ̂ξ i‖22 − αi +
min

k∈[1:K ] max
j∈[1:J ] g

(k)
j (ξ) ≥ 0 for all ξ ∈ �, i∈[1:N ]. This implies that the chosen λ ≥ 0,

αi ∈ R is feasible for the problem (9). As the problems (9) and (ADr ) share the same
objective function, one has max (ADr ) ≤ max (9). Therefore, for any r ∈ N,

max (ADr ) ≤ max(ADr+1) ≤ max (9) = min (EP). (10)

To prove the asymptotic convergence, we first notice from Eqn. (10) that

lim sup
r→∞

max (ADr ) ≤ max (9) = min (EP).

So, the asymptotic convergence will follow if one shows that lim inf
r→∞ max (ADr ) ≥

max (9). To see this, take an arbitrary γ > 0. From the attainment of the problem (9),
there exist λ� ≥ 0 and α�

i ∈ R, i∈[1:N ], such that

max(9) − γ

2
≤ −λ�ε2 + 1

N

N
∑

i=1

α�
i

and

min
ξ∈�

{

λ�‖ξ −̂ξ i‖22 − α�
i + min

k∈[1:K ] max
j∈[1:J ] g

(k)
j (ξ)

}

≥ 0, ∀i∈[1:N ].

This implies that max(9) − γ ≤ −λ�ε2 + 1
N

∑N
i=1(α

�
i − γ

2 ) and

min
ξ∈�

{

λ�‖ξ −̂ξ i‖22 − (

α�
i − γ

2

) + min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ)

}

> 0, ∀i∈[1:N ]. (11)
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For each i∈[1:N ] and k∈[1:K ], by Theorem 3.2, Eqn. (11) implies that there exist

η
(k)
j,i ∈ �2(ξ ,˜ξ), j∈[1:(J+2)], σ

(k)
�,i ∈ �2(ξ ,˜ξ), �∈[1:L],

such that

ψ + λ�ϕi − (

α�
i − γ

2

) −
L

∑

�=1

σ
(k)
�,i h� −

J+2
∑

j=1

η
(k)
j,i g̃

(k)
j ∈ �2

2r0(ξ ,˜ξ),

for some r0 ∈ N with deg (σ
(k)
�,i h�) ≤ 2r0, �∈[1:L] and deg (η

(k)
j,i g̃

(k)
j )

≤ 2r0, j∈[1:(J+2)]. Thus, for each γ > 0, there exists r0 ∈ N such that (λ�, α�
i −

γ
2 , η

(k)
j,i , σ

(k)
�,i ) is feasible for (ADr0 ), which implies that max(9) − γ ≤ max(ADr0).

So, lim inf
r→∞ max (ADr ) ≥ max (9), and hence lim

r→∞max (ADr ) = max (9) = min (EP).
��

When J = 1, the objective function takes the form g(ξ) = mink∈[1:K ] g(k)
1 (ξ),

where g(k)
1 ’s are polynomials. Using Theorem 3.2, the SOS constraints are simplified,

and the hierarchy of SDP programs in (ADr ) becomes:

max
λ≥0,αi∈R,σ

(k)
�,i ∈�2

− λε2 + 1

N

N
∑

i=1

αi (˜ADr )

s.t. g(k)
1 + λϕi − αi −

L
∑

�=1

σ
(k)
�,i h� ∈ �2

2r (ξ), ∀k∈[1:K ], i∈[1:N ],

deg
(

σ
(k)
�,i h�

) ≤ 2r , ∀k∈[1:K ], �∈[1:L], i∈[1:N ],

for a given r ∈ N with , ε > 0 and ϕi (ξ) = ‖ξ −̂ξ i‖22.
Corollary 3.5 (Asymptotic convergence for min-polynomials) For the problem (EP),
let� = {ξ ∈ R

m : h�(ξ) ≥ 0, ∀�∈[1:L]} as in (2); let Assumption 2.2 hold; let J = 1
and g(k)

1 : Rm → R be a polynomial for each k∈[1:K ]; and let ε > 0. Then,

max (˜ADr ) ≤ max(˜ADr+1) ≤ min (EP)

for all r ∈ N. Moreover, lim
r→∞max (˜ADr ) = min (EP).

Proof As in the proof of Theorem 3.4, max (˜ADr ) ≤ max (ED) for any given degree
r ∈ N. This follows from the fact that, for each i∈[1:N ],

g(k)
1 + λϕi − αi −

L
∑

�=1

σ
(k)
�,i h� ∈ �2

2r (ξ), ∀k∈[1:K ],
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which, in turn, implies that

λ‖ξ −̂ξ i‖22 − αi + min
k∈[1:K ] g

(k)
1 (ξ) ≥ 0, ∀ξ ∈ �,

for any λ ≥ 0, αi ∈ R.
Hence, max (˜ADr ) ≤ max(˜ADr+1) ≤ max (ED) = min (EP) holds, and the con-

vergence result follows the same line of arguments as in the proof of asymptotic
convergence of Theorem 3.4. ��

4 Piecewise Convex Polynomials and Finite Convergence

Recall that we are considering the setting where the loss function is given by

g(ξ) = min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ),

and the support set takes the form � = {ξ ∈ R
m : h�(ξ) ≥ 0, ∀�∈[1:L]} as defined

in Eqn. (2).
In this section, we assume that g(k)

j , j∈[1:J ], k∈[1:K ], and (−h�), �∈[1:L], are
convex polynomials, and show that the hierarchy for the problem (EP) exhibits finite
convergence. It is worth noting that a piecewise convex polynomial is not necessarily
a convex function.

We associate with (EP) the following hierarchy of SDP programs:

max
λ≥0,αi∈R

δ
(k)
i ∈�,σ

(k)
�,i ∈�2

2r (ξ)

− λε2 + 1

N

N
∑

i=1

αi (FDr )

s.t.
J

∑

j=1

δ
(k)
j,i g

(k)
j + λϕi − αi −

L
∑

�=1

σ
(k)
�,i h� ∈ �2

2r (ξ), ∀k∈[1:K ], i∈[1:N ],

deg
(

σ
(k)
�,i h�

) ≤ 2r , ∀k∈[1:K ], �∈[1:L], i∈[1:N ],

where ε > 0, ϕi (ξ) = ‖ξ −̂ξ i‖22 and r ∈ N is a given number with deg
(

g(k)
j

) ≤ 2r ,
∀ j∈[1:J ], k∈[1:K ]. We let max (FDr ) = −∞ if its feasibility region is empty.

We note that, in comparison to the SDP hierarchy (ADr ) for general polynomials,
the problem (FDr ) contains fewer SOS polynomial variables. The SOS polynomials
in the problem (ADr ) are (m + 1)-variate compared to m-variate in (FDr ). Moreover,
the multipliers η

(k)
j,i ∈ �2(ξ ,˜ξ), j∈[1:J ], for the problem (ADr ) are replaced with

δ
(k)
i ∈ �, which makes (FDr ) easier to solve.
We show that the hierarchy in (FDr ) exhibits finite convergence.

Theorem 4.1 (Finite convergence)For the problem (EP) under theWasserstein ambi-
guity set Bε(̂P) and support set � in (2), let (−h�), �∈[1:L], g(k)

j , j∈[1:J ], k∈[1:K ],
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be convex polynomials; let the Archimedean condition (Assumption 2.2) hold; and let
ε > 0. Suppose further that:

• (Slater’s condition) There exists ξ ∈ R
m such that h�(ξ) > 0 for all �∈[1:L]; and

• (Hessian condition) For each k∈[1:K ], the Hessian of
∑J

j=1 a
(k)
j g(k)

j is positive

definite at everyminimizer of
∑J

j=1 a
(k)
j g(k)

j in�, for all (a(k)
1 , . . . , a(k)

J ), . . . , a(k)
L ) ∈

�.

Then, for all r ∈ N,

max (FDr ) ≤ max(FDr+1) ≤ min (EP).

Moreover, there exists r� ∈ N such that max(FDr� ) = min (EP).

Before proceeding with the proof, we note that the Hessian condition is automati-
cally satisfied when g(k)

j is strongly convex for each k∈[1:K ], j∈[1:J ].
Proof Since the Archimedean condition (Assumption 2.2) holds for {h�}L�=1, � is
compact. By construction, max(FDr ) ≤ max(FDr+1) for any r ∈ N.

We start by proving max(FDr ) ≤ max (9) for any r ∈ N. Fix an index k∈[1:K ],
i∈[1:N ]. Take any feasible point λ ≥ 0, αi ∈ R, δ

(k)
i ∈ �, σ

(k)
�,i ∈ �2

2r (ξ) from the
problem (FDr ). The SOS constraint in (FDr ) gives us that

J
∑

j=1

δ
(k)
j,i g

(k)
j (ξ) + λ‖ξ −̂ξ i‖22 − αi ≥ 0,

for all ξ ∈ �. Since
J

∑

j=1

δ
(k)
j,i g

(k)
j (ξ) ≤ max

j∈[1:J ] g
(k)
j (ξ) for any ξ ∈ R

m , it then follows

that λ‖ξ −̂ξ i‖22 − αi + max
j∈[1:J ] g

(k)
j (ξ) ≥ 0 for all ξ ∈ �. This holds for any k∈[1:K ],

so

λ‖ξ −̂ξ i‖22 − αi + min
k∈[1:K ] max

j∈[1:J ] g
(k)
j (ξ) ≥ 0, for all ξ ∈ �. (12)

This implies that λ ≥ 0, αi ∈ R is feasible for the problem (9) for i∈[1:N ], and we
obtain max (FDr ) ≤ max (9). Consequently, we have

max(FDr ) ≤ max(FDr+1) ≤ max(9) = min (EP),

where min (EP) = max (9) follows from Lemma 2.1.
To prove finite convergence, let (λ�, α�

i ) be the optimal solution for the semi-infinite
problem (9) with attainment of max (9) followed from Lemma 2.1 and let i∈[1:N ] be
fixed. The non-negativity constraint in Equation (12) is equivalent to

min
ξ∈�

{

max
j∈[1:J ] g

(k)
j (ξ) + λ�‖ξ −̂ξ i‖22 − α�

i

}
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= min
ξ∈�

max
δ∈�

⎧

⎨

⎩

J
∑

j=1

δ j g
(k)
j (ξ) + λ�‖ξ −̂ξ i‖22 − α�

i

⎫

⎬

⎭

︸ ︷︷ ︸

P(k)
i (ξ ,δ)

≥ 0 (13)

for each k∈[1:K ]. Notice that P(k)
i (·, δ) is convex for each fixed δ ∈ � ⊂ R

J , and

P(k)
i (ξ , ·) is affine for each fixed ξ ∈ � ⊂ R

m . Moreover, both the simplex � and
� are convex compact sets. Invoking the Convex-Concave Minimax Theorem [cf.43,
Theorem 2.10.2] yields max

δ∈�
min
ξ∈�

P(k)
i (ξ , δ) ≥ 0, and so there exist δ(k)

i ∈ �, k∈[1:K ],
such that

min
ξ∈�

P(k)
i (ξ , δ

(k)
i ) ≥ 0

⇐⇒ ˜P(k)
i (ξ) :=

J
∑

j=1

δ
(k)
j,i g

(k)
j (ξ) + λ�‖ξ −̂ξ i‖22 − α�

i ≥ 0 for all ξ ∈ �, k∈[1:K ].

(14)

Let k∈[1:K ] be fixed and let v
i,k
min := minξ∈�

˜P(k)
i (ξ), which is non-negative by

Eqn. (14). By Lagrangian duality of convex optimization [cf.43, Theorem 2.9.2] under
Slater’s condition, there exist θ(k)

�,i ∈ R+, �∈[1:L], such that

v
i,k
min = min

ξ∈Rm

{

˜P(k)
i (ξ) −

L
∑

�=1

θ
(k)
�,i h�(ξ)

}

⇐⇒ v
i,k
min ≤ ˜P(k)

i (ξ) −
L

∑

�=1

θ
(k)
�,i h�(ξ) for all ξ ∈ R

m . (15)

This gives us that the following convex polynomial (since ˜P(k)
i and (−h�), �∈[1:L],

are convex, and θ
(k)
�,i ≥ 0, �∈[1:L]):

˜f (k)
i (ξ) := ˜P(k)

i (ξ) −
L

∑

�=1

θ
(k)
�,i h�(ξ) − v

i,k
min

is non-negative for all ξ ∈ R
m .

If ξ � is aminimizer of ˜P(k)
i in�, then v

i,k
min = ˜P(k)

i (ξ �). It follows fromEqn. (15) that
∑L

�=1 θ
(k)
�,i h�(ξ

�) = 0, and so, ξ � is the minimizer of ˜f (k)
i on R

m with ˜f (k)
i (ξ �) = 0.

Meanwhile, by the Archimedean condition of {h�}L�=1, there exists R ∈ N such that

R − ‖ξ‖22 = σ̂0(ξ) +
L

∑

�=1

σ̂�(ξ)h�(ξ), σ̂� ∈ �2(ξ), �∈[0:L].
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The set S := {ξ : R − ‖ξ‖22 ≥ 0} contains �. Without loss of generality, we assume
that � ⊂ interior(S) (otherwise, replace R in the definition of S with ̂R ≥ R, and still
have ̂R − ‖ξ‖22 ∈ Q(h1, . . . , hL)).

We now verify that ˜f (k)
i satisfies the conditions (i) and (ii) of Proposition 2.4 on

the set S, and we consider the cases [λ� = 0] and [λ� > 0] separately.
[λ� = 0]. In this case, note that ˜P(k)

i = ∑J
j=1 δ

(k)
j,i g

(k)
j − α�

i is a convex function,

and by the assumption that the Hessian of
∑J

j=1 δ
(k)
j,i g

(k)
j is positive definite at its

minimizer, the global minimizer of ˜P(k)
i on � is unique. Moreover, if ξ � ∈ � is the

unique global minimizer of ˜P(k)
i , then ξ � is the unique zero of ˜f (k)

i onRm . Thus, ξ � is

the only zero of ˜f (k)
i onRm , in particular it is the only zero in interior(S). This verifies

condition (i) of Proposition 2.4.
Additionally, we note that the Hessian

∇2
˜f (k)
i = ∇2

[
J

∑

j=1

δ
(k)
j,i g

(k)
j − α�

i −
L

∑

�=1

θ
(k)
�,i h� − v

i,k
min

]

is also positive definite at the point ξ �, which is the unique zero of ˜f (k)
i . This verifies

condition (ii) of Proposition 2.4.
[λ� > 0]. The Hessian

∇2
˜f (k)
i = ∇2

[
J

∑

j=1

δ
(k)
j,i g

(k)
j + λ�ϕi − α�

i −
L

∑

�=1

θ
(k)
�,i h� − v

i,k
min

]

, ϕi (ξ) = ‖ξ −̂ξ i‖22,

is positive definite at all ξ ∈ R
m due to the strong convexity of λ�ϕi . Moreover, similar

to the [λ� = 0] case, ξ � is the unique zero of ˜f (k)
i in interior(S).

Since ˜f (k)
i is non-negative on Rm , hence on S, then ˜f (k)

i satisfies the conditions of
Proposition 2.4 on the set S. Applying Proposition 2.4 yields

˜f (k)
i (ξ) = σ̃

(k)
0,i (ξ) + σ̃

(k)
1,i (ξ)(R − ‖ξ‖22)

for some σ̃
(k)
0,i , σ̃

(k)
1,i ∈ �2(ξ).

Substituting the Archimedean representation of (R − ‖ξ‖22) and then rearranging

for ˜P(k)
i , we obtain

˜P(k)
i (ξ) = v

i,k
min + σ̃

(k)
0,i (ξ) + σ̃

(k)
1,i (ξ )̂σ0(ξ)

︸ ︷︷ ︸

σ
(k)
0,i (ξ)

+
L

∑

�=1

h�(ξ)
[

θ
(k)
�,i + σ̃

(k)
1,i (ξ )̂σ�(ξ)

]

︸ ︷︷ ︸

σ
(k)
�,i (ξ)

,
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where σ
(k)
�,i ∈ �2(ξ), �∈[0:L], since v

i,k
min ≥ 0. Therefore, there exists r� ∈ N such

that deg(σ (k)
0,i ) ≤ 2r� and the equation above leads to

�2
2r� (ξ) � σ

(k)
0,i (ξ) = ˜P(k)

i (ξ) −
L

∑

�=1

σ
(k)
�,i (ξ)h�(ξ)

=
J

∑

j=1

δ
(k)
j,i g

(k)
j (ξ) + λ�ϕi (ξ) − α�

i −
L

∑

�=1

σ
(k)
�,i (ξ)h�(ξ),

or equivalently,

J
∑

j=1

δ
(k)
j,i g

(k)
j + λ�ϕi − α�

i −
L

∑

�=1

σ
(k)
�,i h� ∈ �2

2r� (ξ).

So (λ�, α�
i , δ

(k)
i , σ

(k)
�,i ) is feasible for (FDr� ), and

max(FDr� ) ≥ −λ�ε2 + 1

N

N
∑

i=1

α�
i = max (9).

Since max (FDr ) ≤ max (9) for all r , the equality holds at r�. ��
Remark 4.2 (Finite and one-step convergence) In the special case where J = K = 1,
our Hessian condition of Theorem 4.1 collapses to the condition that g(1)

1 is posi-
tive definite at its minimizers in �. Related conditions have been used to study finite
convergence of theLasserre hierarchy for convexpolynomial problems (see [11,Corol-
lary 3.3] or [22, Theorem 3.3]).

By assuming that g(k)
j ’s in the objective function and (−h�)’s in the support set to

be SOS-convex polynomials, the optimal value and solution of (EP) can be computed
by a single SDP.

5 Numerical Experiments

This section is dedicated to numerical experiments on concrete decision-making prob-
lems of revenue estimation in Section 5.1 and portfolio optimization in Section 5.2
to examine the computational tractability of the resulting SDP hierarchies and test
their scalability across a range of problem sizes. In addition, Section 5.3 discusses the
strengths and limitations of the computational studies.

All numerical experiments are carried out in MATLAB, using YALMIP as the
modeling framework and MOSEK as the optimization solver. Computations were
performed on a mid-2024 Apple MacBook Air equipped with an Apple M3 chip (8-
core CPU, 10-core GPU) and 16 GB of unified memory. In our implementation, the
SOS constraints appearing in our formulations are provided directly to YALMIP using
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its native SOS interface. YALMIP automatically converts these SOS constraints into
equivalent semi-definite constraints, and the resulting SDPs are solved usingMOSEK.

5.1 Data-Driven Revenue Estimation

This experiment exemplifies the hierarchy in (ADr ) of Section 3.2 to piecewise poly-
nomials involving third-degree polynomials in the context of revenue estimation.

In revenue estimation, a merchant offers a random quantity ξ ∈ [0, R] ⊆ R, where
R > 0, of goods to K customers, each of whom quotes a price depending on the
quantity. The merchant may sell to only one customer at a time and aims to maximize
revenue by accepting the highest bid.

We model the offer price fk from the kth customer (k∈[1:K ]) using a third-order
utility function:

fk(ξ) =
{

ak(ξ − bk)3 + dk, if 0 ≤ ξ ≤ bk,

dk, if ξ > bk,

where ak > 0, dk, bk ≥ 0, and −akb3k + dk ≥ 0.
Cubic utility functions have been used in mathematical models in economics and

finance [6, 15]. They are concave andnon-decreasing, and they incorporate information
about the mean, variance, and skewness of the random quantity [6]. A related revenue
estimation model with a quadratic utility function is studied in [17].

Themerchant’s revenue is thus themaximumoffer price given bymaxk∈[1:K ] fk(ξ).
Estimating an upper bound for the expected revenue with Wasserstein ambiguity can
be regarded as an expectation model:

max
Q∈Bε(̂P)

E
Q
[

max
k∈[1:K ] fk(ξ)

]

, (RP)

which can be written as

− min
Q∈Bε(̂P)

E
Q
[

g(ξ) := min
k∈[1:K ] max

j∈[1:2] g
(k)
j (ξ)

]

,

where

g(k)
1 (ξ) = −ak(ξ − bk)

3 − dk and g(k)
2 (ξ) = −dk, for k∈[1:K ]. (16)

We assume that the random quantity is governed by an unknown true distribution
P, approximated by the empirical distribution ̂P = 1

N

∑N
i=1 1̂ξi through a training

dataset ̂�N = {̂ξi }Ni=1 ⊂ R consisting of N past observations of the random quantity
ξ . Here, the support set� = [0, R] = {ξ ∈ R : h1(ξ) := ξ ≥ 0, h2(ξ) := R−ξ ≥ 0}
corresponds to the range of the random supply quantity.
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We now link (RP) to a hierarchy of SDP programs. Let τ (k)
1 , τ (k)

2 ∈ R such that

max
ξ∈�

max
j∈[1:2] g

(k)
j (ξ) < τ

(k)
1 and τ

(k)
2 < min

ξ∈�
min
j∈[1:2] g

(k)
j (ξ).

Consider the hierarchy of SDP programs given by, for a given r ∈ N:

min
λ≥0,αi∈R

η
(k)
j,i , σ

(k)
�,i ∈�2

λε2 − 1

N

N
∑

i=1

αi (RDr )

s.t. ψ + λϕi − αi − σ
(k)
1,i h1 − σ

(k)
2,i h2 −

4
∑

j=1

η
(k)
j ,i g̃

(k)
j ∈ �2

2r (ξ,˜ξ), ∀k∈[1:K ], i∈[1:N ], j∈[1:4],

deg
(

σ
(k)
�,i h�

) ≤ 2r , deg
(

η
(k)
j ,i g̃

(k)
j

) ≤ 2r , ∀k∈[1:K ], j∈[1:4], i∈[1:N ],

where ε > 0, ψ(ξ,˜ξ) = ˜ξ , ϕi (ξ,˜ξ) = (ξ −̂ξi )
2, g̃(k)

j (ξ,˜ξ) = ˜ξ − g(k)
j (ξ), j∈[1:2],

g̃(k)
3 (ξ,˜ξ) = τ

(k)
1 −˜ξ , and g̃(k)

4 (ξ,˜ξ) =˜ξ − τ
(k)
2 .

Proposition 5.1 (Revenue estimation) Consider the expectation problem (RP). Let
� = {ξ ∈ R : h1(ξ) := ξ ≥ 0, h2(ξ) := R − ξ ≥ 0} be the support set, for
some R > 0; and let ε > 0. Let g(k)

j ∈ R[ξ ], j∈[1:2], k∈[1:K ] be as defined in
(16). Then, min (RDr ) ≥ min(RDr+1) ≥ max (RP), for r = 2, 3, 4, . . .. Moreover,
lim
r→∞min (RDr ) = max (RP).

Proof It is easy to check that the Archimedean condition for {h1, h2} is satisfied

by choosing R > R2, σ0(ξ) = R − R2, σ1(ξ) = (R−ξ)2

R , σ2(ξ) = ξ2

R + R, so
R−ξ2 = σ0+σ1h1+σ2h2. Hence, the conclusion follows directly fromTheorem 3.4.

��
Numerical setup. In the following numerical experiment for revenue estimation, we
consider K = 3 customers. We fix the support set by choosing R = 12. We generate
N = 30 data points by sampling from a normal distribution with mean R

2 and standard
deviation R

7 , followed by clipping the values to the interval [0, R]. The polynomials

g(k)
j ∈ R[ξ ], j∈[1:2], k∈[1:3] in (16) are chosen by fixing: [a1, d1, b1] = [

4, 9, 3
4

]

,

[a2, d2, b2] = [ 1
4 , 11,

7
2

]

, and [a3, d3, b3] = [ 1
110 , 14,

23
2

]

.

Results and Discussion. Figure 1 displays the mean objective value (shown in solid
line) obtained by solving the hierarchy in (RDr ) with r = 2, as the Wasserstein radius
ε varies over the interval [10−3, 10]. The objective values correspond to the maximum
revenues, averaged over ten independent simulation runs. The shaded region represents
the inter-quantile range between the 20th and 80th quantiles. The results show that a
larger Wasserstein radius, which enlarges the ambiguity set, yields a higher maximum
expected revenue. Particularly, for Wasserstein radius ε ≥ 6.0, the maximum revenue
reaches $14 (up tomachine precision)which coincideswith the (theoretical)maximum
offer price of $14, implying that the merchant successfully targets the right customer.
On this interval [6, 10] of values for the Wasserstein radius, the theoretical upper
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Fig. 1 Average maximum revenue (in solid line) computed over ten independent simulation runs. The
shaded region represents the inter-quantile range between the 20th and 80th quantiles.

bound on maximum revenue is already attained (up to machine precision), indicating
that further increases in the relaxation level would not yield additional improvement.

We also observe that, constrained by computational resources, (RDr ) can be solved
only for r = 2 which is the minimum relaxation order possible.

Scalability. We investigate the scalability and efficiency of the SDP relaxation by
varying the number of customers K and sample size N with fixed relaxation level
r = 2 and Wasserstein radius ε = 10. The first three customers are fixed and coincide
with those used in the numerical setup above. For k ≥ 4, the remaining customer
parameters are generated randomly with ak > 0, bk ∈ [0, R], and dk ∈ [0, 14].

Table 1 reports the CPU time in seconds together with corresponding maximum
expected revenue. As K increases, the computational cost rises sharply, exceeding 300
seconds for K = 12 in the largest instances, while remaining increasing only mildly
with the sample size N . Table 2 highlights the growth in problem size as the number
of customers K increases.

Across all tested configurations, the objective values remain essentially constant
and saturate at the upper bound 14, up to negligible numerical error.

5.2 Data-driven Portfolio Optimization

We now explore the use of the hierarchy in (˜ADr ) from Section 3.2 for min-
polynomials, involving cubic loss functions in the context of portfolio optimization.
Moreover, we report numerical results for several relaxation levels of the hierarchy.

Consider a capital market of m risky assets that can be chosen by an investor
in the financial market. A portfolio is encoded by a vector of percentage weights
y = (y1, . . . , ym)� ∈ �. Assume that the uncertainty in these assets is described by
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Table 1 CPU times (s) and objective values for varying sample size N and number of customers K .

K = 3 K = 6 K = 9 K = 12

CPU Time (s) N = 30 2.7699 16.8437 63.3640 202.7243

N = 60 6.4975 32.2161 110.4003 24.6437

N = 90 10.2844 51.6665 16.5743 81.4009

N = 120 16.0445 10.3989 53.2011 182.8085

N = 150 5.7485 31.3090 112.4932 316.2087

Objective Value N = 30 14.0000 14.0000 14.0000 14.0000

N = 60 13.9999 13.9999 14.0000 14.0000

N = 90 14.0000 14.0000 13.9999 14.0000

N = 120 14.0000 14.0000 14.0000 14.0000

N = 150 14.0000 13.9999 13.9999 14.0000

Table 2 Problem dimensions of the resulting SDP for (RDr ) at level r = 2, with fixed N = 150 and
increasing K , as reported by YALMIP.

N K
Number of
Constraints

Number of
Scalar Variables

Number of Scalarized
Matrix Variables

150 3 18,450 14,551 16,200

150 6 36,900 28,951 32,400

150 9 55,350 43,351 48, 600

150 12 73,800 57,751 64,800

the random vector ξ ∈ R
m governed by a true probability distribution P supported

on � ⊂ R
m . We further assume to have access to a training dataset ̂�N = {̂ξ i }Ni=1

of N past realizations of the random vector ξ , from which we form the empirical
distribution̂P = 1

N

∑N
i=1 1̂ξ i

.
We consider the single-stage stochastic mean-risk portfolio optimization problem

min
y∈�

{

E
P
[

m
∑

p=1

ypcp(ξ)
]

+ γ · CVaRη

[
m
∑

p=1

ypcp(ξ)
]

}

for some continuous functions cp(ξ), p = 1, . . . ,m, representing the asset losses
associated with the risk vector ξ . This formulation minimizes a weighted combination
of the mean and the conditional value-at-risk (CVaR) of the portfolio loss modeled by
∑m

p=1 ypcp(ξ), with η ∈ (0, 1] in the CVaR-term representing the confidence level,
and γ ∈ R+ reflects the investor’s level of risk aversion. TheCVaR is a knownmeasure
for assessing tail risks, particularly in financial management [36]. For a random loss
Loss(ξ), theCVaRat a pre-specified confidence levelη ∈ (0, 1] quantifies the expected
loss in the worst η × 100% scenarios. It is defined by:

CVaRη(Loss(ξ)) = inf
τ∈R

{

τ + 1

η
E
P
[

max {Loss(ξ) − τ, 0}]
}

,

123



Journal of Optimization Theory and Applications           (2026) 209:61 Page 23 of 31    61 

where P denotes the true probability distribution of the underlying uncertainty ξ .
Inserting the definition of CVaR and robustifying against distributional uncertainty,

the distributionally robust counterpart of this problem with respect to the Wasserstein
ambiguity set Bε(̂P) is given by

inf
y∈�,τ∈R max

Q∈Bε(̂P)

E
Q
[

max
k∈[1:2] g

(k)
1 (( y, τ ), ξ)

]

, (PP)

where

g(1)
1 (( y, τ ), ξ) =

m
∑

p=1

ypcp(ξ) + γ τ and g(2)
1 (( y, τ ), ξ) =

(

1 + γ
η

)
m
∑

p=1

ypcp(ξ) +
(

1 − 1
η

)

γ τ.

(17)

We consider the ball support set � = {ξ ∈ R
m : h1(ξ) := R2 − ‖ξ‖22 ≥ 0} for

some R > 0.
We associate (PP) with the following sequence of problems for r ∈ N with 2r ≥

max{ max
p∈[1:m]deg(cp), 2}:

min
y∈�,τ∈R
λ≥0,αi∈R
σ

(k)
i ∈�2

λε2 − 1

N

N
∑

i=1

αi (PDr )

s.t. −
m
∑

p=1

ypcp − γ τ + λϕi − αi − σ
(1)
i h1 ∈ �2

2r (ξ), ∀i∈[1:N ],

−
(

1 + γ
η

)
m
∑

p=1

ypcp −
(

1 − 1
η

)

γ τ + λϕi − αi − σ
(2)
i h1 ∈ �2

2r (ξ), ∀i∈[1:N ],

deg(σ (1)
i ) ≤ 2(r − 1), deg(σ (2)

i ) ≤ 2(r − 1), ∀i∈[1:N ],

where ε > 0 and ϕi (ξ) = ‖ξ −̂ξ i‖22.
For clarity, in what follows, we say that ( y�, τ �,Q�) ∈ (� × R × Bε(̂P)) is a

solution for the min-max optimization problem (PP) if

∫

�

max
k∈[1:2] g

(k)
1 (( y�, τ �), ξ)Q�(dξ) = val(PP),

where val(PP) is the optimal value of (PP).

Proposition 5.2 (Portfolio optimization) For the DRO problem (PP), let � = {ξ ∈
R
m : h1(ξ) := R2 − ‖ξ‖22 ≥ 0} be the support set, and let ε > 0. Let g(1)

1 and

g(2)
1 be as defined in (17). Assume that a solution ( y�, τ �,Q�) of (PP) and minimizers

( y�
r , τ

�
r , λ�

r , α
�
i,r , σ

�
i,r ) of (PDr ) exist for any r ∈ N. Thenmin (PDr ) ≥ min(PDr+1) ≥

val(PP), for any r ∈ N. Moreover, lim
r→∞min (PDr ) = val(PP).
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Proof First, we note that the Archimedean condition is automatically satisfied for �.
Let X := (� × R). Fix y ∈ � and τ ∈ R. Consider the worst-case expectation
subproblem of (PP):

max
Q∈Bε(̂P)

E
Q
[

max
k∈[1:2] g

(k)
1 (( y, τ ), ξ)

]

. (PP( y,τ ))

By Theorem 3.5, max (PP( y,τ )) can be approximated by

min
λ≥0,αi∈R
σ

(k)
i ∈�2

λε2 − 1

N

N
∑

i=1

αi (PD( y,τ )
r )

s.t. −
m
∑

p=1

ypcp − γ τ + λϕi − αi − σ
(1)
i h1 ∈ �2

2r (ξ), ∀i∈[1:N ],

−
(

1 + γ
η

)
m
∑

p=1

ypcp −
(

1 − 1
η

)

γ τ + λϕi − αi − σ
(2)
i h1 ∈ �2

2r (ξ), ∀i∈[1:N ],

deg(σ (1)
i ) ≤ 2(r − 1), deg(σ (2)

i ) ≤ 2(r − 1), ∀i∈[1:N ],

in the sense that

min (PD( y,τ )
r ) ≥ min(PD( y,τ )

r+1 ) ≥ max (PP( y,τ )) and lim
r→∞min (PD( y,τ )

r ) = max (PP( y,τ )).

(18)
To proceed, we define vr : X → R by vr ( y, τ ) := min (PD( y,τ )

r ) for each ( y, τ ) ∈ X ,
and v : X → R by v( y, τ ) := max (PP( y,τ )) for each ( y, τ ) ∈ X .

With these notation, (18) writes as:

vr ( y, τ ) ≥ vr+1( y, τ ) ≥ v( y, τ ) and lim
r→∞ vr ( y, τ ) = v( y, τ ). (19)

For convenience, we denote

pr := min (PDr ) = min
( y,τ )∈X

vr ( y, τ ), and p� := val(PP) = min
( y,τ )∈X

v( y, τ ). (20)

From our assumption of the existence of solutions, one sees that

pr = vr ( y�r , τ
�
r ) and p� = E

Q�
[

max
k∈[1:2] g

(k)
1 (( y�, τ �), ξ)

]

= max(PP( y�,τ �)) = v( y�, τ �),

where ( y�
r , τ

�
r ) ∈ X and ( y�, τ �) ∈ X are given as in the assumptions.

Firstly, we claim that pr ≥ pr+1 ≥ p�. Indeed, by repeatedly using (19) and (20),
we obtain

pr = vr ( y�
r , τ

�
r ) ≥ vr+1( y�

r , τ
�
r ) ≥ min

( y,τ )∈X
vr+1( y, τ ) = vr+1( y�

r+1, τ
�
r+1 = pr+1,
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Fig. 2 Average in-sample mean-CVaR risk calculated over ten independent simulation runs, as the Wasser-
stein radius ε varies within the interval [10−3, 10].

and pr+1 ≥ v( y�
r+1, τ

�
r+1) ≥ min( y,τ )∈X v( y, τ ) = p�.

So, p� is a non-increasing sequence which is bounded below (by p∗). In other
words, min (PDr ) ≥ min(PDr+1) ≥ val(PP).

Let δ > 0 be arbitrary. Since, by (19), lim
r→∞ vr ( y�, τ �) = v( y�, τ �), then there

exists ˜R > 0 such that for all r ≥ ˜R, we have

vr ( y�, τ �) < v( y�, τ �) + δ
(20)= p� + δ �⇒ pr

(20)= min
( y,τ )∈X vr ( y, τ ) ≤ vr ( y�, τ �) < p� + δ.

Noting that pr ≥ p�, then for any r ≥ ˜R, we also have pr − p� = |pr − p�| < δ. Since
δ is arbitrary, we conclude that limr→∞ pr = p�. Thus, lim

r→∞min (PDr ) = val(PP),

and the asymptotic convergence holds. ��
Numerical setup. In the following numerical experiments for portfolio optimization,
we consider m = 3 stocks. The support set is fixed by choosing R = 1. The N = 30
data points are drawn uniformly from the unit sphere. The polynomials g(k)

1 ∈ R[ξ ],
k∈[1:2], in (17) are set with γ = 10, η = 0.2, c1(ξ) = −1+ ξ1 + ξ1ξ2 − ξ1ξ3 − 2ξ31 ,
c2(ξ) = −1 − ξ1ξ2 + ξ22 − ξ2ξ3 + ξ32 , and c3(ξ) = −1 + ξ2ξ3 − ξ23 − ξ33 , where
c1, c2, c3 are consistent with [31, Example 5.5].

Results and Discussion. Figure 2 displays the mean objective values obtained by
solving the hierarchy in (PDr ) over varying Wasserstein radius ε ∈ [10−3, 10] for
different levels r ∈ {2, 3, 4, 5}. The objective values correspond to the mean-CVaR
risks, and are averaged over ten independent simulation runs. The curves flatten once
the Wasserstein radius reaches a certain threshold (ε ≈ 1), indicating that higher
uncertainty beyond a certain threshold does not lead to worse investment losses and
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Table 3 CPU times (seconds)
for varying N and m.

m = 3 m = 6 m = 9 m = 12

N = 30 0.7131 1.5564 5.7414 28.2044

N = 60 1.2574 3.0730 17.2813 65.2100

N = 90 1.3550 5.1252 22.2863 112.8436

N = 120 4.1532 8.8236 32.7673 192.6790

N = 150 2.9811 13.9251 57.2876 315.6149

Table 4 Problem dimensions of the resulting SDP for (PDr ) at level r = 2, with fixed N = 150 and
increasing m, as reported by YALMIP.

N m
Number of
Constraints

Number of
Scalar Variables

Number of
Scalarized Matrix Variables

150 3 13,501 3,155 19,500

150 6 71,401 8,558 130,200

150 9 231,001 16,661 478,500

150 12 573,301 27,464 1,283,100

risks. The results show that the gains from increasing the relaxation level are negligible.
We note that (PDr ) can still be solved for higher relaxation levels r > 5, although this
comes at the expense of longer computation times.

CPU time. On average, a single instance of (PDr ) was solved in 0.4261 seconds for
r = 2, 1.0180 seconds for r = 3, 2.2799 seconds for r = 4, and 6.4355 seconds for
r = 5.

Scalability. Henceforth, we fix the relaxation level at r = 2 and theWasserstein radius
at ε = 10.0, and vary both the number m of stocks and the number N of data points.
In this manner, the dimension of the result optimization problem increases in two
complementary directions: increasing m enlarges the decision space of the portfolio
weights and the underlying polynomial model, while increasing N raises the number
of sample-dependent constraints in the Wasserstein ambiguity set.

To extend the numerical setup for m = 3 to cases where m > 3, we fix the cost
functions for the additional stocks by setting cp(ξ) = −ξ3p for p = 4, . . . ,m, while
retaining c1, c2, and c3 from the baseline setup. Specifically, we now consider m =
3, 6, 9, 12 stocks. In varying N , we consider N = 30, 60, 90, 120, 150, corresponding
to increasing the sample sizes in the empirical measure used to define the Wasserstein
ambiguity set, which may be interpreted in the portfolio context as increasing the
number of observed trading days.

The results in Table 3 show that the CPU time increases rapidly with the number
of assets m, while the growth with respect to the number of samples N is compara-
tively moderate. This behavior is typical for polynomial optimization problems solved
via SOS relaxations, as increasing m induces a combinatorial growth in the number
of polynomial monomials and, consequently, in the size of the semi-definite matrix
variables and the number of constraints. As illustrated in Table 4, the number of scalar-
ized semi-definite variables grows by more than an order of magnitude asm increases,
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which substantially raises the per-iteration cost of the interior-point method employed
byMOSEK. In contrast, increasing N mainly introduces additional sample-dependent
constraints and leads to a comparatively milder increase in computational effort.

5.3 Strengths and Limitations of the Computational Study

A key strength of our approach is that the SDP relaxations enable the computation of
optimal values of these otherwise infinite-dimensional problems with piecewise poly-
nomials that are prevalent in several decision-making models in diverse disciplines.
The results confirm that the hierarchy can produce solutions within a reasonable time
for problem instances of moderate dimensionality and relaxation degrees.

However, a notable limitation is computational scalability. Depending on the prob-
lem’s dimensionality, available computational resources may restrict solving the SDP
hierarchy beyond a certain level of relaxation (e.g., the revenue estimation in Sec-
tion 5.1 can only be solved with relaxation level r = 2), thereby limiting the
approximation quality or the expressiveness of the model in higher dimensions. This
is due to the size of the resulting SDPs, which grows rapidly with the degree and the
number of variables.

6 Conclusion and Outlook

In this paper, we developed convergent semi-definite program hierarchies for a
class of Wasserstein optimization problems with piecewise polynomials. These hier-
archies enable the computation or estimation of the optimal values of otherwise
infinite-dimensional DRO problems through SDPs, efficiently solvable by off-the-
shelf software. We established conditions under which the hierarchies converge
asymptotically and finitely.

The construction of these hierarchies relied on techniques from algebraic geometry,
especially the sum-of-squares representations of positivity as well as non-negativity,
and convex analysis tools such as convex duality and theminimax theorem. These tools
allowed for the reformulation of the hard semi-infinite constraints into sum-of-squares
constraints, expressible as linear matrix inequalities.

We demonstrated the computational feasibility of our approach through concrete
examples in revenue estimation and portfolio optimization. Future research could
explore:

• Moment ambiguity-based approach for hierarchies of piecewise polynomial func-
tions, extending the piecewise SOS-convex case in [20].

• Bounded-degree SDP hierarchies for broad classes of DRO problems by using
recent advances [9, 39].

• Other hierarchies based on scaled-diagonally-dominant-sum-of-squares [1], aimed
at enhancing scalability.

• The recovery of optimal solutions of expectation problems (EP) from the solutions
of associated SDPs.
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Appendix A Technical Details

This appendix provides technical proof.

Proof of Lemma 2.1 Recall that � is compact and M(�) refers to the space of (finite
signed) regular Borel measures on � and P(�) ⊆ M(�) is the set of probability
measures. Let C(�) be the space of continuous functions supported on � equipped
with the supremum norm. We now equip the M(�) with the weak∗ topology.

By the law of total probability [see, e.g.,30, Theorem4.2],

min (1) = inf
Qi∈P(�)

⎧

⎨

⎩

1

N

N
∑

i=1

E
Qi [g(ξ)] : 1

N

N
∑

i=1

E
Qi [‖ξ −̂ξ i‖22] ≤ ε2

⎫

⎬

⎭

= inf
Qi∈M(�)

⎧

⎨

⎩

1

N

N
∑

i=1

E
Qi [g(ξ)] +

N
∑

i=1

χP(�)(Qi ) : 1

N

N
∑

i=1

E
Qi [‖ξ −̂ξ i‖22] ≤ ε2

⎫

⎬

⎭

. (21)

Here, χP(�)(Q) is the indicator function which takes value 0 if Q ∈ P(�) and +∞
otherwise.

SinceP(�) is a weakly∗ compact and convex subset ofM(�) [8, Example 2.122],
and P(�) is non-empty due to � �= ∅, so the indicator function χP(�) is a proper
convex function. A direct verification shows that the problem of the right-hand side of
(21) is a convex optimization problem on

∏N
i=1M(�)with a proper convex objective

function.
Note that Slater’s condition holds for the convex problem of the right-hand side of

(21), i.e., the existence of Qi ∈ P(�), i∈[1:N ], such that 1
N

∑N
i=1 E

Qi [‖ξ −̂ξ i‖22] <

ε2. This can be seen by taking Qi = 1
̂ξ i

which gives 1
N

∑N
i=1 E

1
̂ξ i [‖ξ −̂ξ i‖22] =

1
N

∑N
i=1 ‖̂ξ i −̂ξ i‖22 = 0 < ε2.

Now, applying the convex duality theorem [43, Theorem 2.9.3], we have

min (1) = max
λ≥0

inf
Qi∈P(�)

{

1

N

N
∑

i=1

E
Qi [g(ξ)] + λ

( 1

N

N
∑

i=1

E
Qi [‖ξ −̂ξ i‖22] − ε2

)

}

= max
λ≥0

{

−λε2 + 1

N

N
∑

i=1

inf
Qi∈P(�)

E
Qi [g(ξ) + λ‖ξ −̂ξ i‖22]

}

.

Next, we claim that, for each i∈[1:N ],

inf
Qi∈P(�)

∫

�

(

g(ξ) + λ‖ξ −̂ξ i‖22
)

Qi (dξ) = inf
ξ∈�

(

g(ξ) + λ‖ξ −̂ξ i‖22
)

.

To see this, we note that the set of Dirac measures is a subset of P(�) since 1ξ ∈
P(�) for any ξ ∈ �, and so, inf

Q∈P(�)

∫

�

f (ξ) Q(dξ) ≤ inf
ξ∈�

f (ξ) for any continuous

function f onRm . The reverse inequality follows from the fact that
∫

�

f (ξ)Q(dξ) ≥
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∫

�

(

inf
ξ ′∈�

f (ξ ′)
)

Q(dξ) = inf
ξ ′∈�

f (ξ ′) for Q ∈ P(�) and for any continuous function

f . Thus, the claim follows.
Therefore, by the claim, we see that

min (1) = max
λ≥0

⎧

⎨

⎩

−λε2 + 1

N

N
∑

i=1

inf
ξ∈�

(

g(ξ) + λ‖ξ −̂ξ i‖22
)

⎫

⎬

⎭

= max
λ≥0,αi∈R

⎧

⎨

⎩

−λε2 + 1

N

N
∑

i=1

αi : inf
ξ∈�

(

g(ξ) + λ‖ξ −̂ξ i‖22 − αi

)

≥ 0, ∀i∈[1:N ]
⎫

⎬

⎭

.

Hence, min (1) = max (ED). ��
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