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Abstract

We derive an admissible parameter space for vector multiplicative error models (VMEMs), ex-
plicitly formulating it in terms of the model’s matrix parameters through a set of matrix
inequalities. Another key contribution is the adoption of constrained maximum likelihood
estimation for the multivariate process, which ensures compliance with these matrix
inequalities and addresses the limitations of unconstrained approaches used in previous
studies. To demonstrate the effectiveness of the proposed method, we apply it to four em-
pirical cases in financial volatility modeling, emphasizing its practical relevance.
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Building on the foundational research of Bollerslev, Engle, and Wooldridge (1988) and Bollerslev
(1990) on MGARCH models,' subsequent scholarly efforts have developed sophisticated multivariate
frameworks designed to capture both conditional and unconditional interdependencies among sys-
tem variables. The methodological advancements in this field have been marked by significant con-
tributions, particularly the MGARCH specification proposed by Jeantheau (1998) and the VMEM,
whose theoretical and empirical implications have been extensively examined by Manganelli (2005),
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1 MGARCH is an abbreviation for multivariate generalized autoregressive heteroscedasticity.
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Cipollini and Gallo (2010), and Cipollini, Engle, and Gallo (2013, 2017).> A growing body of research
has consistently demonstrated their efficacy and reliability across a range of analytical contexts.
Over the years, these two multivariate systems have gained widespread empirical validation in finan-
cial and economic time series analysis, with Cipollini and Gallo (2025) providing a comprehensive sur-
vey of the latter.

A well-defined parameter space is essential to ensuring the theoretical and practical validity of vMEM.
Without appropriate restrictions, these models may become mathematically invalid, leading to erroneous
outputs, such as unrealistic predictions—like negative variance values—which should not occur. This
underscores that the parameter space is not merely a technical detail but a fundamental aspect of model
design that directly impacts both theoretical soundness and practical usability.

Conrad and Karanasos (2010), in the context of modeling volatility interactions using a MGARCH formu-
lation, addressed the challenge of ensuring that the conditional variables remain almost surely positive
at all points in time, including both estimated (in-sample) and forecasted (out-of-sample) values.
Specifically, they derive the so-called final equation representation of Jeantheau’s MGARCH process,
expressed through a marginalized univariate series, and subsequently obtain necessary and sufficient
nonnegativity conditions in terms of the corresponding parameters.® Explicit expressions as functions of
the model’s matrix parameters were provided only for the bivariate (1, 1) specification. The absence of
such expressions for higher dimensions prevented them from incorporating these constraints into the es-
timation procedure and limited their empirical applications to two dimensions.

This study begins by reformulating the nonnegativity conditions for an N-dimensional system of or-
der (1,q), originally derived by Conrad and Karanasos (2010), and explicitly representing them as ma-
trix inequalities in terms of the model’s matrix parameters (see Theorem 1).

Examining two contrasting scenarios, the first involves excessively rigid constraints that force all
parameters to remain nonnegative, as in Jeantheau (1998), imposing unnecessary limitations on flexibil-
ity and accuracy. At the other end of the spectrum, when no constraints are applied, parameter estima-
tion gains full flexibility, allowing negative values. While this enhances adaptability, it also introduces the
risk of unrealistic results, particularly when inherently nonnegative variables receive negative predic-
tions—or, more precisely, when there is a positive probability that they will eventually become negative.
We illustrate this concern with examples from Manganelli (2005), Cipollini and Gallo (2010), and Cipollini,
Engle, and Gallo (2013, 2017); see Supplementary Appendix F and Section 5.1.

In this vein, we introduce the acronym cvMEM, which carries a dual interpretation. Specifically, the
¢ stands for constrained vMEM in the context of estimation and corrected vVMEM when referring to pa-
rameterization, reflecting the methodological distinction in our approach. That is, to correct the pa-
rameterization used in the three cited studies, we incorporate matrix inequality constraints in vMEM
estimation, ensuring a feasible parameter space and thereby preserving both the theoretical and em-
pirical validity of the model.

Consequently, our second key contribution (see Section 5) is the development and implementation
of a constrained maximum likelihood (ML) estimation technique for the multivariate process, distin-
guishing it from the unconstrained approaches applied in prior research such as Conrad and
Karanasos (2010) and Cipollini, Engle, and Gallo (2013).* A Monte Carlo simulation confirms the supe-
riority of the former over the latter (see Section 4). Third, we establish nonnegativity conditions for
asymmetric N-dimensional systems. These constraints introduce additional matrix inequalities,

2 VMEM stands for vector multiplicative error model.

3 The research by Nelson and Cao (1992), He and Terasvirta (1999), Gourieroux (2007), Tsai and Chan (2007, 2008),
Nakatani and Terasvirta (2008, 2009), Conrad (2010), and Conrad and Karanasos (2010) underscores the theoretical
significance of deriving such necessary and sufficient conditions. This line of research originated with Nelson’s (1991)
seminal work. However, there is ongoing debate in the literature and among specialized econometric software users
regarding the constraints that should be imposed on the aforementioned parameters. With respect to univariate
GARCH models, and the distinction between asymmetry and leverage effects, Stavroyiannis (2018) demonstrates that
the approach implemented by various software packages does not consistently align with the “Nelson-Cao" inequal-
ity constraints. In particular, Monte Carlo simulations revealed that the estimated parameters were not theoretically
coherent with these constraints, which are essential for ensuring positivity of the conditional variables.

The former study employed quasimaximum likelihood (QML), whereas the latter utilized the efficient generalized
method of moments (GMM).

IS
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extending the results of Conrad and Karanasos (2010). We also derive theoretical insights into the
second-order moments of these models, contributing to the literature by expanding on He and
Terasvirta (2004), who focused exclusively on the symmetric case within a GARCH framework. Further
details are provided in Supplementary Appendices C.3 and C.4.

He and Terasvirta (1999), in their analysis of a univariate GARCH model, and Conrad and Karanasos
(2010), in the context of a bivariate GARCH(1,1) specification, illustrate that relaxing nonnegativity
constraints enhances the flexibility of the autocorrelation function’s structure compared to cases
where all parameters are strictly nonnegative. Similarly, allowing certain parameters to take negative
values is expected to improve the predictive performance of multivariate models. A detailed presen-
tation of the explicit expressions for optimal forecasts is provided in Supplementary Appendices C.1
and C.2, while a Monte Carlo simulation empirically substantiates this claim (see Section 4). We em-
phasize that analyzing optimal forecasts and the second-moment structure gives rise to two addi-
tional sets of constraints: one ensuring the existence of unconditional means (see Remark C.1 in
Supplementary Appendix C.1) and the other concerning the existence of unconditional variances (see
Remark C.3 in Supplementary Appendix C.3).

The practical relevance and effectiveness of the proposed method are demonstrated through four
empirical applications, each conducted on a distinct real-world dataset. For instance, our analysis
reveals significant interactions among high-low range volatility, realized volatility, and absolute re-
turn in European stock indices, with evidence of negative bidirectional conditional dependencies be-
tween the first two (see the first empirical example in Section 5.1). Range volatility captures intraday
fluctuations that contain microstructure effects and long-range dependence of asset prices (Alizadeh,
Brandt, and Diebold 2002; Chou 2005; Brandt and Diebold 2006). One of our findings—namely, that,
high-low range volatility, negatively impacts realized volatility—is consistent with Cipollini, Engle,
and Gallo (2013), and suggests that the extreme values involved in the range metric play an incre-
mental informational role in lowering the five-minute intradaily measure.’

The second financial application in our study illustrates the unrestricted interactions among the
high-low range volatility of 4 European equity markets, with 7 of the 12 conditional mean dynamic
interdependencies being negative, while still adhering to nonnegativity constraints.

Furthermore, our empirical analysis demonstrates notable interactions among the intersector vol-
atilities within U.S. and European credit default swap markets. For example, recent conditional de-
fault risk volatility in the consumer sector negatively affects current volatility levels in the industrial
sector, suggesting a potential stabilizing effect arising from intersectoral interaction.

Finally, our finding that the conditional mean of stock volume exerts a negative influence on that
of volatility—observed in two out of the five datasets used in the last empirical example (see
Supplementary Appendix E.1)—aligns with the theoretical framework proposed by Wang (2007).
Wang argues that foreign purchases reduce market volatility in emerging economies by expanding
the investor base, thereby enhances informational efficiency and stabilizes stock prices.

The outline of the paper is as follows. Section 1 introduces the vMEM, a multivariate asymmetric
specification with dynamic interdependencies. In Section 2, we review the “one-sided” representa-
tion of the process, followed by a formal exposition of the necessary and sufficient nonnegativity con-
ditions in Section 3.2, where they are explicitly formulated as matrix inequality constraints in terms
of the model’s matrix parameters. To enhance understanding, Section 3.3 presents numerical exam-
ples demonstrating these conditions. Section 4 outlines the Monte Carlo simulation, describing its
design and findings. Section 5 provides empirical examples along with an out-of-sample forecasting
exercise, emphasizing the fundamental role of matrix inequalities in defining a feasible parameter
space and, consequently, ensuring model validity. The conclusions are presented in Section 6. A full
proof of Theorem 1, including all intermediate steps and necessary assumptions, is provided in
Appendix A. A Supplementary Appendix discusses optimal forecasts and the second moment struc-
ture of our model, containing proofs and additional details, such as examples illustrating cases where
the absence of constraints in the parameter space led to erroneous parameterization.

5 See Supplementary Appendix E.2.
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1. The vMEM

In this section, we introduce the vMEM (see Cipollini and Gallo 2025, for a survey on MEM). To main-
tain clarity throughout this paper, we adhere to the following notational conventions:

The set of integers is denoted by Z, while its subset is defined as Z, = {z€ Z : z>a} for a € Z. The
set of real numbers, along with its subsets of positive and nonnegative real numbers are represented
by R, R.g, and Ry, respectively. Moreover, (Q, M,P) designates a probability space, and
L£7(Q, M, P), abbreviated as £, stands for the Hilbert space of real random variables with finite first
two moments Furthermore, we adopt the convention of using uppercase boldface symbols for

vector for N € Z,, and Z = [z];;_, _, corresponds to a square matrix of order N. To streamline nota-
tion, we will omit subscripts in subsequent expressions unless needed for clarity. The expectation op-
erator E is applied elementwise, so that E(z) = [E(z)]. Similarly, the conditional expectation given
M;_1, the filtration encompassing all information available through time t -1, is applied element-
wise, resulting in E(z; | M;_1).

We consider an N-dimensional process, y,;, which is assumed to be governed by the following
mathematical formulation:

Ve =p O e (1)

In this context, g, is measurable with respect to M;_;. The notation ® signifies the elementwise
Hadamard product.
The random vector e; is independent and identically distributed (i.i.d.). Moreover, it remains strictly

positive for all ¢, that is, e; > 0 where 0 is the vector of all zeros. Its conditional expectation, given
the filtration M;_;, equals the unit vector: E(e; | M;_1) =j. Therefore, the conditional expectation
of y, given M;_, satisfies E(y, | M¢_1) = p,. Furthermore, we assume that e; has positive definite
conditional covariance matrix C(e;|M;_1) =Q. The implications for the conditional second
moments of y, are discussed in detail in Supplementary Appendix C.3.

A key challenge in constructing a valid model is the selection of a precisely defined and well-
specified parameter space for the conditional mean vector g, that ensures its positivity for all ¢, not
only within the observed sample (estimated values) but also in future periods (forecasted values).
From this point forward, superscripts enclosed in parentheses or brackets (e.g., (.)(m)) designate the
index position of the corresponding term (e.g., mth term) in a sequence, distinguishing them from
exponents representing powers.

The asymmetric version with dynamic interdependencies of the vMEM of order (1, ), as proposed
by Cipollini and Gallo (2010) and Cipollini, Engle, and Gallo (2013), is characterized by the following
system of equations:

9 N N
Hit = @ + ZZ“ +7U Sjt-DYjt-1+ Z/}Ij”}t L
j=1

=1 j=1

where i=1,...,N, g € Z;, and s;; = I(x;r <0) is an indicator function that takes the value 1 when its
argument is true and 0 otherwise. The variable x; represents a signed quantity such as underlying
stock returns.® The indicator variable s; is a binary random variable, as it takes values of either 1 or
0, depending on the sign of x;. Specifically, its formulation is given by s; = 0.5[1—sgn(x;)1]. Its
expected value, E(s;t) = P(xit <0), corresponds to the probability that x; is negative, which is 0.5 if it
is a continuous random variable with zero median.

6 The asymmetry under consideration was initially introduced by Glosten, Jagannathan, and Runkle (1993).
Additionally, we consider an alternative asymmetry proposed by Ding, Granger, and Engle (1993); results related to
this specification are available upon request.
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The model described above can be represented as an N-dimensional system incorporating both
unconditional and conditional dynamic interdependencies:

q
(1-BUp = o> L'(AV+T0s, )y, 2)
=1

where I is the identity matrix, B is a full square matrix of order N, where the off-diagonal elements
capture the dynamic interdependencies between the conditional means and L is the lag operator:
Lz, = Z;_1; @ is a vector that contains the constants; Al), [=1,..., g, are full matrices, whose cross-
diagonal elements capture the interactions between the unconditional variables; I'"’ are also full ma-
trices and account for both asymmetric own and cross effects. S; is a diagonal matrix with elements
sit. Observe that if asymmetries are absent, meaning that S; = 0 for all t, then the model simplifies to
its symmetric counterpart.

Remark 1 The vMEM specification previously discussed exhibits structural similarities to
corresponding MGARCH systems. This resemblance underscores the potential for applying
analogous analytical techniques and methodological approaches (i.e., the use of matrix
inequality constraints) to both formulations. In their latest research, Karanasos, Xu, and Yfanti
(2025b) have introduced a specific designation for this MGARCH framework, which they term:
multivariate unrestricted full asymmetric (MUFA). The specification is classified as full because
all square matrices are full, and unrestricted, because, as shown below, certain elements of B
(including some off-diagonal ones), A¥) (for 2 <I<gq), and T are not constrained to be strictly
positive and may also take negative values. Similarly, the vMEM formulation considered here is
designed to accommodate feedback effects between the conditional means, allowing for both
positive and negative interactions (refer to Theorem 1 below).”

Next, we will present the identifiability condition for the vYMEM; The determinant of a square matrix
Z will be denoted by det[Z].

Assumption A1 (ldentifiability). The formulation of the N-dimensional vMEM of order (1,q) at
the true values of the parameters is minimal if 1-BL, 37 | AV'L! (positive signed variables),
and >, (A(“ +F“>)L’ (negative signed variables), satisfy the following conditions:

1) 1-BL is column reduced, that is det[B] # 0.
2) The following operators are invertible:
det[1-Bz] # 0, det[>"7  AVZ] £ 0, det[>"], (AY +T")Z] # 0 for |z| < 1.

3) 7:1/'\([)“ (the case of positive signed variables) and 1-BL are coprime. That is, any of the
greatest common left divisors of 27:1 ADL! and 1-BL are unimodular (a matrix lag-operator
polynomial is called unimodular if its determinant is a nonzero constant independent of the
lag operator L). In addition, Y7, (A(’) +F(’)>L’ (negative signed variables) and I - BL are
coprime as well.

The identifiability of the model in Equation (2) is guaranteed by Assumption Al. In the case of the
symmetric MGARCH model, analogous conditions are established in Proposition 3.4 of Jeantheau
(1998) and Assumption Al of Conrad and Karanasos (2010).

" In the restricted full (symmetric) formulation of order(1,1) (see Jeantheau, 1998; Ling and McAleer, 2003 for the
GARCH case), the matrices A and B are full but constrained to contain only nonnegative elements. As noted by
Conrad and Karanasos (2010), the assumption that only positive feedback is allowed is appealing because positive
constants and parameter matrices with nonnegative coefficients provide a sufficient condition for ensuring the posi-
tive definiteness of the conditional covariance matrix in the extended formulation.
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As previously highlighted, a key issue lies in determining the necessary and sufficient conditions
for the vMEM to ensure a positive g, for all t. This will be the primary focus of the analysis in the fol-
lowing sections.

2. “One-sided” representation

This section presents an important proposition. In particular, we establish the “one-sided” infinite-
order expansion of each conditional mean, formulated in terms of convolutions of MEM kernels and
the unconditional variables.

We begin by presenting the following definition.

Definition 1. To facilitate the forthcoming discussion, we define f(L) =1 SN gL’ =TI, (1 - ¢;L)
as follows:

B(L) = det[l - BL], 3)

where ¢; are the roots of p(z71).

Under Assumption Al, where 3, # 0, the (L) constitutes a scalar polynomial of order N. For
the sake of consistency and without loss of generality, we shall adhere to the convention:
|1| = |py| = -+ = |¢hy], following Nelson and Cao (1992) and Tsai and Chan (2008).

We now proceed to establish the invertibility condition for the N-dimensional vMEM.

Assumption A2 (Invertibility). The roots ¢;, i = 1,...,N of B(z™1) in Equation (3) lie inside the
unit circle.

Assumption A2 ensures the invertibility of the model specified in Equation (2). Comparable condi-
tions in the MGARCH setting are outlined in Assumption B1 in Jeantheau (1998) and Assumption Al in
Conrad and Karanasos (2010).

Before proceeding, we introduce a general observation that will be applied methodically later in
our analysis. In particular, we consider the following proposition, which provides an explicit repre-
sentation of the multivariate “one-sided” decomposition.

The notation Z¥ = H, 1 Z signifies the matrix power operation, while adj[Z] denotes the adjoint
of Z.

Proposition 1 Let Assumptions A1 and A2 be satisfied. Then the vMEM(1,q) in Equation (2) admits
the multivariate “one-sided” representation:

min(g.,k)

" — Gd]“— +i Z Bk st( (S)St)yn (4)
=1

S=

where adj[l - Blw/p(1) = [1-B] '@
The proof is trivial and, hence, omitted.

3. Admissible parameter space

In this section, the conditions guaranteeing nonnegativity—both necessary and sufficient—are
expressed through matrix inequalities that depend explicitly on the model’s matrix parameters.
To begin, we introduce a formal claim concerning the asymmetries.
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3.1 Claim and notation

Claim 1. /t suffices to demonstrate that the constraints hold under the two extreme scenarios:

i) when, for every t, all N signed variables x;: are positive, thereby yielding S; =0,
ii) when, for each t, we have S; =1, meaning all signed variables are negative.

All intermediate cases, in which some signed variables are positive while the remainder are negative,
are thereby covered. The result arises because, analogous to the threshold GARCH (TGARCH) specifica-
tion of Zakoian (1994), each component (A(’) +F(’)St>yt, for [=1,...,q, in Equation (4) can be parti-

tioned as Ally! ™) 4 (A(” +F(’>)y£_)‘ Here, y\") = (1-S,)y, andy\™) =Sy, both of which are
constructed to contain only nonnegative entries.®

Before stating Theorem 1, we define the notation used in its formulation.

We refer to the elementwise absolute value of Z as abs[Z] = [|z;|]. Additionally, max[Z] denotes the
largest element of Z, and log|Z] represents the elementwise logarithm of Z, namely log(Z] = [log(z;)].

Notation 1.

i) Consider the collection of matrices Y") = [yu ] for n=1,...,N. For each matrix, max[¥"] is de-
fined as max(yu ) fori,j=1,...,N, meaning it represents the largest element among the N?
entries of Y

i) Let Yooy = ,max, (yfj”)) . Here, each entry in the ijth position is determined by taking the
maximum of the N corresponding values yfj”), ensuring that the element is the largest
among them.

Notation 2.

(i) The computation of ; (and «), which appear in Condition (C3a) in Theorem 1(B), is accomplished
through the folIow/ng procedure

(a) Define H(™ [;1” ] for each n in the range 1<n <N, given by
q
adjig, - B] - AV
H" = abs|—— =L ).

N

S ipgn Y
Jj=1

Moreover, we introduce the matrix HEQQX = { max (nfj"))], where each (i,j)th entry is the largest

value among ;1,1 ) for all n from 2 to N, =n=h
(b) We now introduce the matrix ® = [g;], as specified by

@ = {log [H"V] = log [(N — 1)Hygyn]} log(|¢b,]) ~ log(|bs )] -

Next, consider the matrix K= [k;], where each element k; is computed as the smallest integer
satisfying x; > max{0, ¢;}. Also let x = max[K], indicating the maximum value within K,
(i) Similarly, the quantities & [stated in Condition (C3b)] and & are derived analogously to those in (i)
except that in (a) the term 3" | A" is replaced by 3"}, ( N )>

8 We appreciate the anonymous referee’s insightful comment regarding this point.
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3.2 Matrix inequality constraints

Theorem 1 For the N-dimensional vMEM(1, q) satisfying Assumptions A1 and A2, under the mild
condition that all N roots ¢; are distinct, the necessary and sufficient conditions ensuring p;; >0
forevery i=1,...,N and all t are given by

(A) adjll -Blw >0

¢, is real, and ¢, >0 (c1)
q
adjlig, —B]> AVg{"'>0 (C2a)
=1
q
adjligp, -B]> (A<’> + r<’>)¢§’ “>0 (c2b)
(B) =1
min(q.k)
> B A >0 (C3a)
s=1
min(qg.k)
Bk‘5<A(5) +r<5>) >0. (C3b)
s=1

The matrix inequalities detailed in (C3a) must hold for each entry indexed by (i,j), ensuring
validity for every k € {1,...,k;}. Similarly, the conditions in (C3b) must be satisfied for
every (i,f)-th entry, with k spanning from 1 to &;.

The proof of the aforementioned theorem is detailed in Appendix A.4 (with further information avail-
able in Supplementary Appendices A.1-A.3). Theorem 1 establishes that the admissible parameter
space for the vMEM is governed by matrix inequality constraints, which serve as a foundational com-
ponent of its theoretical framework. Consequently, it is imperative that this admissible parameter
space be enforced via a constrained estimation approach that integrates these matrix inequality
restrictions to ensure the model’s validity.

Next, we detail two important remarks that elucidate central aspects of our findings.

Remark 2. Condition (C1) requires that the inverse root of det[l — BL] with the largest modulus,
labeled as ¢,, must belong to the set of positive real numbers. Regarding the last two
conditions in part (B), since xk = max;j{x;} and k = max;;{k;} (see Notation 2) it suffices to
verify the nonnegativity constraints specified in Conditions (C3a) and (C3b) for all k from 1 up
to k and &, respectively.

Remark 3 As indicated by Tsai and Chan (2008), two crucial points are in order:

i) The assumption |¢,|> |¢,| is essential for our constant «, as specified in Notation 2, to be well
defined. However, it is important to note that while this distinct-root assumption underpins the
precise definition of k, it is not necessary for the validity of Conditions (C1) and (C2a).

ii) Apart from a parametric subset of zero Lebesgue measure, the roots in question are inherently
distinct, thereby satisfying |¢,| > |¢,|. Consequently, from an estimation standpoint, the scenario
of encountering equal roots is effectively negligible.

The forthcoming remarks demonstrate that Conditions (C2a) and (C3a) can be interpreted as a
direct matrix-based generalization of the corresponding conditions in Tsai and Chan (2008) to
a multivariate setting, thereby preserving the original theoretical insights while adapting them to a
higher dimensional framework.

920z aunr $0 uo }senb Aq 8615/98/8006qU/E/yZ/o0E/084l/W00"dNO"dIWEPEIE//:SARY WO} PEPEOJUMOQ


https://academic.oup.com/jfec/article-lookup/doi/10.1093/jjfinec/nbag008#supplementary-data

Journal of Financial Econometrics, 2026, Vol, 24, Issue 3 9

Remark 4 Conditions (C2a) and (C3a) in Theorem 1 provide a matrix-based extension of the
findings of Tsai and Chan (2008) to the multivariate domain. Tsai and Chan demonstrate that,
under mild conditions, ensuring the nonnegativity of a specific finite subset of scalar
parameters in the infinite ARCH representation of the univariate GARCH model is one
component of a set of three conditions that, collectively, are necessary and sufficient for
guaranteeing that the remaining parameters are also nonnegative (see eq. (8) in their paper).
Analogously, Condition (C3a) in our framework imposes elementwise nonnegativity on only a
finite number of matrix parameters in the multivariate “one-sided” representation.

Another condition in this set requires that the scalar ARCH polynomial, when evaluated by
substituting the lag operator L with 1/¢,—the smallest absolute root of the GARCH
polynomial—be nonnegative (refer to eq. (7) in their paper). Condition (C2a) in our analysis
generalizes this by introducing its matrix equivalent.

The following proposition derives the reduced form of Theorem 1 when specifically applied to the
vMEM(1,1). By specializing the general result to this case, we obtain a simplified formulation that
enhances interpretability while preserving the key theoretical insights of the original theorem.

Proposition 2. For the N-dimensional vMEM(1,1), which corresponds to the specification
with g = 1, the conditions (B) outlined in Theorem 1 simplify to

¢, is real, and ¢, >0 (c1)
(B){ adjllp, -BJA>0, adj[lp, —B](A+T)>0 (C2a,b)
B 'A>0, B !(A+T)>0, (C3a,b)

where AV % A and T % T, As in Theorem 1 the matrix inequalities detailed in Condition (C3a)

must hold for each entry indexed by (i,j), ensuring validity for every k € {1,...,k;}. Similarly, the
conditions in (C3b) must be satisfied for every (i, j)th entry, with k spanning from 1 to kj.
Analogously to Theorem 1, the terms kj and k; are specified by Notation 2, this time with q = 1.

In Supplementary Appendix B.2, we provide a demonstration that the matrix inequalities outlined
in Theorem 1 can be equivalently expressed in terms of scalar inequalities. For an illustration of this
result, we refer the reader to Supplementary Appendix B.3, where we present a detailed example: the
trivariate symmetric case of order (1,1). The subsequent section includes numerical examples that
demonstrate the practical application of the proposed constraints.

3.3 Numerical examples

In what follows, we graphically illustrate the necessary and sufficient parameter set for the trivariate sym-
metric system. These examples may be particularly beneficial for researchers who prioritize implementa-
tion over theoretical derivations, as they provide a direct approach to applying the constraints in a
structured and computationally accessible manner. We discuss four examples (see Tables 1 and 2):

* We consider the case where two off-diagonal elements of B are allowed to vary within the range
[-0.5,0.5]. As an initial example, we investigate the scenario in which f,5 and f;; are varied. The
objective is to determine whether bidirectional negative (conditional) feedback is feasible.

* In the second case, we permit 3,; and f;; (i.e., two parameters from the first column of B) to vary.
The goal is to examine whether a single variable can exert negative (conditional) influences on the
other two.

* In the third scenario, we modify ,; and f,;, both positioned in the second row of B, to check if
two conditional variables can negatively affect a third one.

* In the fourth example, we explore whether more than two off-diagonal elements of the B matrix
can be negative. This is achieved by fixing ,; as negative while varying ;5 and ;.
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Table 1 Parameter settings for Examples 1 and 2.

Example 1 Example 2
o (0.149 0.074 0.124) (0.153 0.106 0.103)
0.064 0.021 0.158 0.075 0.017 0.123
A 0.008 0.005 0.108 0.021 0.002 0.109
0.028 0.043 0.198 0.030 0.037 0.104
0.790 0.032 fy; 0.780 0.003 0.017
B 0.001 0.808 0.006 Pr 0901 0.022
Ps1 0.137 0.616 p;1  0.082 0.650
Table 2 Parameter settings for Examples 3 and 4.
Example 3 Example 4
o' (0.162 0.114 0.117) (0.214 0.184 0.164)
0.075 0.011 0.140 0.078 0.012 0.171
A 0.013 0.003 0.139 0.012 0.005 0.100
0.023 0.044 0.201 0.048 0.029 0.228
0.744 0.002 0.051 0.743 0.031 fy;
B Py 0901 pB,s -0.028 0.851 0.053
0.009 0.056 0.559 P 0.111 0.548

The choice of the three negative f’s is largely guided by the empirical results outlined in Table 5 of
Section 5, particularly those related to the S&P 500 and DAX indices in Dataset 1. The figures below il-
lustrate the parameter combinations that satisfy the necessary and sufficient conditions of Theorem
1, along with those required for the existence of the first and second unconditional moments. These
conditions are detailed in the Supplementary Appendices:

< C.1 (see eq. (C.4) and Remark C.1),

< C.3 (see eq. (C.15) in Theorem C.2 and Remark C.3).

We begin by analyzing the implications of Example 1, as illustrated in Figure 1a:

1) Theorem compliance—All combinations of 3,5 and f;; enclosed within the green solid lines satisfy
the conditions established in Theorem 1.

2) Existence of unconditional moments—Parameter combinations bounded by the dotted grey
(dashed red) lines fulfill the conditions for the existence of the first (second) uncondi-
tional moments.

3) Key finding—Notably, both off-diagonal elements can simultaneously assume negative values.

Figure 1b provides a visual representation of Example 2. According to the conditions outlined in
Theorem 1 negative effects from yy; to uy and ps, are permissible. The region in the third quadrant
that lies above and to the right of all three lines represents the negative parameter set that satisfies
all conditions simultaneously. As illustrated in Figure 1c, the parameter configurations in Example 3
satisfy the conditions of Theorem 1, allowing negative interactions from y;, and s, to .. Example 4
reveals an interesting result: three off-diagonal elements in the B matrix can be negative while still
fulfilling all nonnegativity conditions.

920z 8unr 0 uo 1sanb Aq 8615/98/8006BqU/E/yZ/0101E/98)l/W0o"dNO"dIWSpEdE//:SARY WO pepeojumoq


https://academic.oup.com/jfec/article-lookup/doi/10.1093/jjfinec/nbag008#supplementary-data

Journal of Financial Econometrics, 2026, Vol, 24, Issue 3

11

0.6
0.5
0.4
0.3
0.2
0.1

gﬂ -0.0

-0.1
-0.2
-0.3
-0.4

-0.5

(a) Example 1

-04 -03 -02 -0.1 -00 0.1 02 03 04 05
by

(¢) Example 3

-04 -03 -02 -0.1 -00 01 02 03 04 05
b2

0.6

05}

0.4

0.3

0.2}

0.1}

H -0.0

=01

—02}

03}

-0.4

-0,5

-0.6

(b) Example 2

-04 -03 -02 -0.1 -00 01 02 03 04 05
b2

(d) Example 4

P [ N
\
! A
! I
' AR
! A |
Lo W ~
L Re_ /
| \\\:‘“ ,,,,,,
| sy
\ R e T
I~ -
£ ~ 3
N
\
-04 -03 -02 -0.1 -00 0.1 0.2 0.3 0.4 0.5
bys

Figure 1 Necessary and sufficient parameter sets for the trivariate symmetric MEM(1, 1) from Examples 1-4. Solid
brown lines represent the restrictions implied by Proposition 2. Dotted gray lines represent the restrictions
implied by the existence of the unconditional first moment. Dashed red lines represent the restrictions implied
by the existence of the unconditional second moment.

4. Monte Carlo simulations

In this section, we employ the symmetric (1,1) specification and apply Monte Carlo simulations to
evaluate the impact of omitting the nonnegativity constraints in Theorem 1. Our focus is on:

i) The potential bias in ML estimates and
ii) The implications for out-of-sample forecast accuracy.

We conduct a comparative analysis of three estimation scenarios:

I Incorporating matrix inequality constraints within the estimation process.
Il Enforcing Bollerslev’s sufficient conditions, which restrict all parameters to non-negative values.
Il Implementing an unconstrained estimation method.

In the context of the vMEM, the data generating process (DGP) is defined as follows. The distur-
bance vector e; is drawn from a multivariate log-normal distribution, where the unit vector j serves
as the conditional expectation, and the conditional covariance matrix is given by Q = [g;].

The findings are derived from Monte Carlo simulations conducted with 1000 repetitions, each uti-
lizing a sample size of 1000 observations.
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Table 3 The mean and RMSE of ML estimates.

Mean RMSE
True Case | Case ll Case lll Case l Case ll Case lll
w11 0.214 0.244 0.185 0.245 0.328 0.216 0.417
w1 0.184 0.239 0.246 0.279 0.319 0.353 0.390
w13 0.164 0.106 0.194 0.049 0.293 0.209 0.370
a1 0.078 0.077 0.070 0.079 0.082 0.082 0.095
a1 0.012 0.014 0.012 0.017 0.019 0.027 0.045
a3 0.200 0.202 0.192 0.211 0.212 0.208 0.226
a1 0.012 0.028 0.020 0.031 0.044 0.042 0.063
an 0.005 0.009 0.009 0.010 0.015 0.019 0.039
a3 0.100 0.088 0.068 0.106 0.113 0.117 0.150
a3 0.150 0.152 0.148 0.151 0.153 0.150 0.158
a3 0.029 0.029 0.030 0.030 0.034 0.034 0.049
33 0.120 0.113 0.113 0.113 0.119 0.119 0.125
Pu 0.743 0.747 0.637 0.743 0.769 0.669 0.790
Pia 0.031 0.018 0.113 0.024 0.206 0.221 0.307
B3 —0.060 —-0.064 0.021 -0.076 0.147 0.070 0.215
P —-0.020 0.041 0.046 0.108 0.219 0.127 0.334
Prn 0.851 0.792 0.752 0.726 0.823 0.777 0.792
P 0.053 -0.003 0.078 -0.096 0.178 0.169 0.299
P -0.120 -0.196 0.003 -0.259 0.317 0.015 0.422
P 0.111 0.204 0.024 0.269 0.342 0.050 0.450
B3 0.548 0.562 0.470 0.572 0.574 0.473 0.601

The true parameter values are reported in the first column. Case | imposes the matrix inequality constraints of Theorem
1. Case Il enforces Bollerslev’s sufficient conditions. In Case Ill, no constraints are imposed. In this case, approximately
20 out of the 1000 simulations exhibit negative conditional means during the simulation/optimization process; these
cases are disregarded. RMSE stands for the root mean squared error.

Table 4 RMSE for the out-of-sample forecasting.

Model k=1 k=5 k=120

Casel Casell Caselll Casel Casell Caselll Casel Casell Caselll

E(uye (M) 0142 0314 1017 4572 4534 14887 9.903 6.667  48.354
E(pye M) 0270 0493 1310  2.888 3.131  29.258 7.623 4.823  26.537
E(pse. M) 0113 0182 0659 3013 3.300 26813 8194 4932  27.808

k=1,5,20 are 1-, 5-, and 20-day-ahead forecasting, respectively. Cases I, Il, and Il are as in Table 3. To obtain the
forecasts, we use eq. (C.2) in Supplementary Appendix C.1.

It is important to note that if all parameter values in the DGP are nonnegative, there should be no
discrepancies among the three estimation approaches.

In our specified DGP, three elements of the B matrix (85,/,1,/5;) are assigned negative values
while preserving the matrix inequalities outlined in Theorem 1.

The corresponding parameter values are presented in the first column of Table 3. The estimation
method incorporating constraints exhibits lower bias compared to the other two approaches.
Conversely, the unconstrained estimation displays the poorest performance, as indicated by both
higher bias and greater root mean squared error (RMSE).

The RMSEs for out-of-sample predictions are presented in Table 4. When forecasting one step
ahead, the estimation method incorporating matrix inequalities produces the most accurate results.
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At the five-step-ahead horizon, the first two estimation approaches perform equally well. For 20-
step-ahead forecasting, the model estimated under Bollerslev’s sufficient conditions outperforms the
others, primarily due to its ML estimates exhibiting lower standard deviations. In contrast, the uncon-
strained estimation approach performs the worst.

5. Empirical analysis

In this section, we conduct an estimation of trivariate and four-variate cvMEM(1, 2):
(I-BL)p, = @+ (L (A<l> + r<l>st) + LZA(2>>yt. (5)

Here, we reiterate that y, = u; © e; (see Equation (1)), and that y, is the vector containing the ob-
served series.” As previously stated, the vMEM assumes that the stochastic vector e; > 0 (and, conse-
quently, y; > ?) follows an i.i.d. distribution with a conditional expectation given by the unit vector j.
This implies that g, = E(y, | M¢_1), with a corresponding conditional covariance matrix Q (refer to
Supplementary Appendix C.3 for additional discussion). The components of y, may comprise three
distinct measures of volatility—namely, high-low range volatility, absolute return and realized volatil-
ity—for a single asset. Alternatively, they can serve as a proxy for volatility across multiple financial
markets, particularly high-low range volatility. In another context, they may consist of squared
returns from three sectoral CDS (Credit Default Swap) indices. Finally, the components can also in-
clude intraday trading duration, volume and volatility.

Following the methodology proposed by Taylor and Xu (2017), we adopt a multivariate log-normal
(conditional) distribution to model the innovation vector e;: e; | M;_; ~ In N(j, Q). The log-likelihood
function, derived from the observed data y,, is given by

.
1(6) =, , Inf(y:0),
where

N 1 1 I~ —
Inf(yc |0) = = 2ln(2) = S1nlQ| = S tnyie— > (Iny, ~ o, ~§)Q " (lny, ~ e =8). (6)

Here, we define €—1/2q, where q represents the vector consisting of the diagonal elements of Q.
Additional details can be found in Supplementary Appendix D.*° In the subsequent analysis, we esti-
mate four cvMEMs—three trivariate and one four-variate—based on data availability and model
feasibility.

We enforce the matrix inequalities stated in Theorem 1, thereby incorporating parameter space
restrictions in conjunction with sample data through constrained ML estimation. To incorporate con-
ditions (C3a) and (C3b) into the constrained ML estimation, we proceed as follows:

1) We begin by setting x and k equal to N and impose the associated constraints during estimation.

2) After obtaining the parameter estimates, we compute the implied values of x and k and verify ex
post whether conditions (C3a) and (C3b) are satisfied.

3) If either condition is not satisfied, we increment x and k by one and repeat the checking procedure
until the conditions are fulfilled.

9 In Supplementary Appendix C, for the vYMEM(1, 1), we present explicit solutions for the optimal predictors and the sec-
ond moment structure.

1% An alternative estimation method was proposed by Cipollini, Engle, and Gallo (2013). They bypassed the specification
of the conditional distribution of the errors and used only the first two conditional moments of the errors by employ-
ing an efficient GMM estimation approach. Through a simulation study, Taylor and Xu (2017) demonstrated that both
the QML and GMM estimation techniques are consistent and that the efficiency loss of QML estimation compared to
GMM estimation due to misspecification of the error distribution is negligible.
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In all empirical applications, initiating the procedure with k =k = N has been sufficient, as the ex
post checks consistently confirm compliance with the constraints. Our use of an iterative strategy is
motivated by the fact that a full imposition of (C3a) and (C3b) would produce an excessively large
number of constraints, especially when the implied value of k (or of «) is high, thereby increasing
computational complexity and reducing optimization stability. Moreover, because (C3a) and (C3b)
depend on power functions of k and &, these terms vanish beyond a threshold under stationarity, ren-
dering additional constraints immaterial in practice. For this reason, we employ a simplified stepwise
procedure that reduces computational burden and streamlines estimation.

5.1 The cvMEM estimation results

Our analysis reveals that a critical aspect of the vYMEM was overlooked in the three cited papers. The
lack of a formally defined admissible parameter space led to an unconstrained estimation procedure.
Consequently, the estimated parameters fell outside the theoretically feasible range (see
Supplementary Appendix F), creating a nonzero probability that variables that should remain strictly
nonnegative could take on negative values over time. This fundamental issue is central to Theorem
1, which underscores the necessity of enforcing appropriate (matrix inequality) constraints to ensure
parameter admissibility and maintain model validity.*

This section presents three empirical applications that illustrate the flexibility and practical rele-
vance of the proposed framework. Each example focuses on a distinct setting, ranging from asset-
level volatility modeling to cross-market and sectoral dynamics. The details of each case are dis-
cussed below. The estimation results (based on Equations (5) and (6)) are presented in Tables 5-7.

A fourth one involves a trivariate system of intraday trading duration, stock volume, and volatility.
We use the same dataset as in Manganelli (2005): five stock tickers and their corresponding names:
AVT: AVNET INC, COX: COX COMMUNICATION, CP: CDN PACIFIC, DLP: DELTA & PINELAND, GAP: GREAT
A&P. While he conducted an equation-by-equation estimation of the model, our method estimates
the full framework concurrently.’? For brevity, we defer this empirical example to Supplementary
Appendix E.1.

5.1.1 Three volatility measures

The first example incorporates three volatility metrics—namely, high-low range volatility, absolute
return, and realized volatility—and analyzes the performance of five major indices: Dow Jones
Industrial Average (DJ30), Standard & Poor’s 500 (S&P500), Nasdaq 100 (NASD100), FTSE100 (FTSE),
and DAX 30 (DAX). This framework was originally proposed by Engle and Gallo (2006) and later esti-
mated by Cipollini, Engle, and Gallo (2013)."® While we replicate the variable selection from Cipollini,
Engle, and Gallo (2013), our analysis is based on a distinct dataset and sample period—January 1,
2010-November 19, 2021—to provide new insights into the interactions among different volatility
measures. The realized volatility data are sourced from the Oxford-Man Institute of Realized Volatility
Lab, which stopped providing updates in 2022. For the purpose of comparison, the dataset employed
by Cipollini, Engle, and Gallo (2013) has also been adopted; refer to Supplementary Appendices E.2
and E.3 for additional information.

Our results reveal substantial dynamic interactions among the three different volatility measure-
ments—daily high-low range, absolute return, and realized volatility—in agreement with the work of
Cipollini, Engle, and Gallo (2013) (see Table 5). The range captures intraday price fluctuations
(Alizadeh, Brandt, and Diebold 2002; Chou 2005; Brandt and Diebold 2006; Martens and Van Dijk

. The empirical analysis presented below does not aim to replicate the work of the three referenced studies by employ-
ing identical estimation techniques (namely, GMM) or by strictly adhering to their exact specifications. However, con-
strained estimation can be applied seamlessly to both ML and GMM. In the latter framework, these constraints give
rise to an optimization problem in which a quadratic form of the moment conditions is minimized subject to parame-
ter constraints expressed as matrix inequalities.

2 See Subsection 4.1 in Manganelli (2005) for a concise description of the data preparation process in both his paper
and ours.

3 For the description of their dataset, see Section 4 of Cipollini, Engle, and Gallo (2013).
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Table 6 Four-variate MEM (1, 2) of daily volatility in four European equity markets.

Restricted estimation

Unrestricted estimation

AW 0.083
(4.21)

0.004

(0.24)

0.018

(1.28)

0.010

(0.80)

B 0.924
(83.20)

—0.016
(1.09)

—0.008

(0.60)

r® 0.027
(5.52)

AQ —0.026
(1.97)

0.109
(6.37)
0.152
(7.26)
0.059
(3.92)
0.046
(3.50)
—0.147
(6.52)
0.767
(39.32)
—0.081
(4.10)
—0.065
(3.63)
0.025
(5.03)
0.016
(0.96)

0.031
(2.53)
0.023
(1.89)
0.056
(3.21)
0.020
(2.09)
—0.009
(0.87)

0.904
(43.64)
0.008
(0.64)
0.051
(7.79)
0.008
(0.44)

0.010
(0.71)
0.022
(1.41)
0.023
(1.35)
0.082
(4.60)
0.004
(0.32)

—0.008
(0.35)
0.861

(39.69)
0.044
(7.10)

—0.007
(0.41)

0.101
(3.30)
0.022
(0.77)
0.030
(1.26)
0.022
(1.06)
0.897
(25.15)
—0.030
(0.80)
—0.036
(1.15)
—0.028
(0.97)
0.025
(5.40)
—0.027
(1.63)

0.041
(1.62)
0.079
(2.78)
0.014
(0.66)
0.008
(0.42)
—0.029
(0.85)
0.902
(26.46)
—0.002
(0.06)
0.003
(0.13)
0.023
(5.14)
0.012
(0.71)

0.067
(3.21)
0.063
(2.96)
0.082
(3.60)
0.043
(2.79)
—0.063
(1.83)
—0.061
(1.71)
0.871
(31.08)
—0.023
(0.89)
0.050
(7.85)
0.005
(0.30)

0.073
(2.41)
0.088
(2.77)
0.070
(2.84)
0.119
4.77)
—0.114
(2.22)
—0.127
(2.34)
—0.095
(2.37)
0.779
(17.94)
0.040
(6.32)
0.003
(0.14)

The 1st, 2nd, 3rd, and 4th rows correspond to FR, DE, UK, and CH, respectively. Bollerslev-Wooldridge robust absolute t-
statistics are shown in parentheses. Variables significant at the 5% confidence level are formatted in bold. The diagonal
elements of the respective diagonal matrices are reported in the rows of I'Y) and A®). The parameters w; and the gijs

where i,j=1,...,N, are not reported but are available upon request.

Table 7 Trivariate MEM (1, 2) of CDS volatility.

US BANKS, CM, FB

EU BANKS, CM, FB

AQ 0.184
(5.71)

0.032

(2.12)

0.059

(2.12)

B 0.845
(28.34)

0.042
(0.83)
rv —0.055
(2.52)
AQ —0.008
(0.20)

0.150

(4.53)
0.016

(0.81)

0.963
(34.01)
0.033
(0.46)
—0.032
(2.12)
—0.084
(2.70)

0.003
(0.69)
0.051
(2.09)
0.143
(3.53)

—0.168
(2.03)
0.451
(3.23)
—0.063
(1.63)
0.057
(0.65)

0.208
(7.04)
0.011
(1.54)
0.001
(0.26)
0.897
(16.02)

—0.052
(2.92)

—0.092
(1.66)

0.004
(0.60)

0.158
(3.93)

0.046
(2.56)

0.915
(19.80)
—0.009
(0.26)
—0.051
(2.00)
—0.032
(0.79)

0.045
(1.96)
0.131
(4.09)

—0.086
(2.04)
0.858
(11.41)
—0.048
(2.58)
—0.050
(1.89)

The 1st, 2nd, and 3rd rows correspond to Banks, CM, and FB, respectively. Bollerslev-Wooldridge robust absolute t-
statistics are shown in parentheses. Variables significant at the 5% confidence level are formatted in bold. The diagonal
elements of the respective diagonal matrices are reported in the rows of I'¥ and A®). The parameters w; and the gij,
where i,j=1,...,N, are not reported but are available upon request.
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2007). In the referenced study, the estimated A®) matrix includes negative elements, thus violating
the non-negativity conditions (see Table F1 in Section F of the Supplementary Appendix).
Nevertheless, the findings of Cipollini, Engle, and Gallo (2013) suggest the presence of negative cross
effects among the three conditional means. If the B matrix is restricted to nonnegative entries, as in
the BEKK formulation by Noureldin, Shephard, and Sheppard (2012), some essential dynamic inter-
dependencies among the volatility measures may be lost, leading to potentially less precise fore-
casts. Accordingly, we allow some elements of the B matrix to be negative while still upholding the
matrix inequalities specified in Theorem 1.1 In effect, our estimation involves a less restricted model,
augmented by its own asymmetric impacts, which are often statistically significant. Indeed, our find-
ings reveal that ;5 and f;; may both be negative, as demonstrated in three cases (S&P500, DAX and
FTSE), yet the nonnegativity conditions remain satisfied (see Table E6 in Supplementary Appendix
E.4). This finding is particularly noteworthy because it shows that the matrix inequalities allow nega-
tive conditional cross effects to occur in both directions. This stands in sharp contrast to a bivariate
restricted (or even unrestricted) system, where negative bidirectional feedback is strictly forbidden
(see Conrad and Karanasos 2010). In three cases, the negative parameter f,; is significant.
Interestingly, across all five datasets, the conditional mean of the absolute returns is independent of
fluctuations in the other two conditional means. The same applies to realized volatility. Lastly, the
own asymmetries are, in most cases, positive and significant.

5.1.2 High-low range in four equity markets

In the second empirical case, Cipollini and Gallo (2010) estimated a multivariate process of four varia-
bles using daily high-low range data from four European stock markets (United Kingdom, France
[FR], Germany [DE], and Switzerland [CH]). Building on Cipollini and Gallo (2010), we employ the
same dataset but use a more recent sample—from January 1, 2010 to January 31, 2025—to extend
the analysis to the present.

The links between the high-low ranges of four European equity markets are detailed in Table 6.
Interestingly, 5 of the 12 off-diagonal elements of A®) are both positive and significant. For example,
daily range in the U.K. market affects the conditional means of the French (FR) and Swiss (CH) mar-
kets (see the third column). Crucially, 7 of the 12 cross-effect elements in the B matrix are negative,
with three attaining statistical significance, while the nonnegativity conditions outlined in Theorem 1
remain satisfied (refer to Table E7 in Supplementary Appendix E.4). Notably, the French equation
(first row) includes two negative off-diagonal parameters, while in the U.K. equation (third row), all
three are negative. Moreover, the observed increase in German market volatility corresponds to a de-
cline in the three other conditional means (in the second column, all three off-diagonal elements are
negative and significant). Lastly, all four own asymmetric influences are significant, while among the
four diagonal elements of A®), two are negative, with one being statistically significant.

For comparison purposes, we also estimate an unrestricted model. Matrix AY) consists entirely of
positive elements, while all off-diagonal elements of matrix B are negative, with the exception of a
single entry (see the last four columns of Table 6).*° Although both models allow for negative interde-
pendencies, the constrained model imposes matrix inequalities to ensure that parameter values re-
main within the defined admissible space.

4 As noted earlier, for our constrained ML estimation presented in Table 4, we imposed the matrix inequality con-
straints detailed in Theorem 1, specifically Conditions (A), (C1) and (C2a, C2b) in (B), as well as Conditions (C3a, C3b)
in (B) for x,k = 1,2,3. After completing the estimation, we computed the values of x and k using the formulae in
Notation 2, denoting these estimates as k and k, respectively. We then verified whether the conditions (C3) for x =
4,...,max(x,x) were satisfied for all five indices. In general, for an N-dimensional system, one should impose condi-
tions (C3a, C3b) in Theorem 1(B) for k=1,...,N. For large values of N, see Footnote 18 regarding the curse of
dimensionality.

The estimated value of ¢, is complex, resulting in a violation of the matrix inequality constraints, in particular
Condition C1 of Theorem 1.

1

«
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5.1.3 Volatility in credit default swaps

The third empirical illustration incorporates three sectoral CDS indices from markets in the United
States and the European Union (EU). Our sample covers a 20-year period from January 3, 2005, until
January 31, 2025, of daily sectoral index returns based on 5-year corporate spreads for the following
sectors: Banks, Construction & Materials (CM), and Food & Beverage (FB). We select one core financial
industry (Banks) and two nonfinancial sectors (from industrials and consumer goods) to investigate
cross-sectoral volatility interactions in corporate credit risk.

Table 7 reports the estimation of the two trivariate systems. We find significant interactions in cor-
porate credit risk across the three different sectors under investigation.

In the U.S. case, positive unconditional influences from Banks are observed in the two nonfinancial
sectors (as reflected in the significant estimated parameters agll) and aglf), whereas no cross-sector
effects are observed in the financial sector (based on the insignificance of a<112> and agf,‘)). This indicates
that the credit or lending process connecting financial and nonfinancial industries is characterized by
a unidirectional impact from lenders to borrowers. Increased lender’s default risk raises borrowers’
credit risk volatility. However, in the European market, no significant unconditional interactions are
observed between the financial and nonfinancial sectors. Regarding the interaction between indus-
trial and consumer sectors, we observe positive bidirectional unconditional effects in the EU market
(as indicated by significant aé? and ag? estimates), whereas in the U.S. market, the impact flows only
from FB to CM. Moreover, most A elements are negative; however, only one is statistically signifi-
cant, specifically for the U.S. industrial sector.

In the B matrix, our findings are consistent across both markets. We observe only one significant
negative impact from consumer goods to industrials. The recent (conditional) default risk volatility of
the consumer sector reduces the current volatility in the industrial sector.

Turning to the (own) asymmetric effects, they are predominantly negative and statistically signifi-
cant.'® This reflects the fact that, in CDS markets, negative shocks to credit spreads (i.e., negative
returns) increase spread volatility, but the magnitude of this effect is smaller than that of the volatil-
ity increase associated with positive returns—contrary to equities, where negative shocks exacerbate
the second conditional moment even further.

CDS spread volatility increases in both rising and falling spread environments, but it is more pro-
nounced when spreads are increasing (i.e., credit is deteriorating). This asymmetry can be explained
by market dynamics, risk perceptions, and liquidity. When CDS spreads increase, it typically signals
rising credit risk or fear of default. This environment is highly uncertain, with news or data causing
sharp, unpredictable reactions, hence higher volatility. When CDS spreads decrease, the market is
pricing in improved credit conditions. But good news tends to be more gradual and less dramatic, so
while volatility does rise (due to changes in positioning, liquidity, etc.), it does not spike as much.

Finally, the matrix inequality constraints of Theorem 1 are satisfied (see Table E8 in
Supplementary Appendix E.4). For comparison purposes, we have also estimated unrestricted ver-
sions of the two models. The results are reported in Supplementary Appendix E.5 (see Table E9). It is
evident that the nonnegativity conditions of Theorem 1 are violated.

5.2 The fundamental role of matrix inequality constraints

A critical issue to consider is whether performing unconstrained estimation—apart from yielding esti-
mates that extend beyond the feasible parameter domain, and, therefore, attributing a positive prob-
ability to the occurrence of negative values in variables that should remain strictly nonnegative—also
creates empirical shortcomings. Such inconsistencies undermine the empirical relevance of the
unconstrained model and suggest potential limitations in its predictive reliability, particularly in
long-term forecasting.

To investigate this issue, we conduct an out-of-sample forecasting evaluation using the second
dataset, where volatility forecasts are generated based on high-low range measurements. For

¢ The variable x; in the asymmetric term represents the spread returns.
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Table 8 Out-of-sample forecasting in four European stock markets.

Case l Casel ll Casel Caselll Casell Case ll

Panel A: RMSE for the out-of-sample forecasting

v 3.899 6.872 4.413 15.652 5.183 69.629
Mot kM, 3.491 3.436 3.871 13.288 5.284 48.512
H3,64 KM, 4.164 3.841 3.766 16.194 3.792 50.239
Hat kM, 2.804 2.707 2.812 9.697 2.970 29.596
Panel B: Number of negative volatility forecasts
v 0 0 0 695 0 962
v 0 0 0 454 0 734
H3.t 4 kM, 0 0 0 166 0 419
Ha ek, 0 0 0 102 0 399

Case | imposes the matrix inequality constraints of Theorem 1. In Case I, no constraints are imposed.

estimation, we use the first 2705 observations, reserving the final 1000 data points for out-of-sample
prediction. The out-of-sample forecast horizon begins in mid-2020, coinciding with the outbreak of
the COVID-19 pandemic, which led to pronounced volatility in stock market returns. Forecasts are
generated for horizons of 1, 5, and 22 steps ahead, corresponding to one-day, one-week, and one-
month-ahead volatility projections. Each model is reestimated at every 20th observation using a roll-
ing window of 3260 data points to generate out-of-sample forecasts. We estimate the model using
two approaches: first, by incorporating the matrix inequalities outlined in Theorem 1 (Case 1), and
second, without any imposed constraints (Case Il). Table 8 presents the RMSE values for out-of-
sample forecasts, facilitating a comparative assessment of both estimation strategies. Additionally,
in Panel B of the table, we report the count of negative forecasts for each horizon, enabling an evalu-
ation of the constraint’s effectiveness in maintaining forecast feasibility.

For 1-step-ahead forecasts, models incorporating constraints demonstrate slightly superior predic-
tive accuracy relative to their unconstrained counterparts. Nonetheless, the differences remain mini-
mal, suggesting that the two modeling approaches yield largely comparable results. Importantly,
both models generate strictly positive volatility forecasts.

Conversely, when forecasting 5 and 22 steps ahead, notable discrepancies arise. Constrained mod-
els, which adhere to the nonnegativity conditions, systematically predict positive volatility values. In
contrast, unconstrained models produce a considerable proportion of negative forecasts, an out-
come that is theoretically anticipated, as indicated in Theorem 1. Take FR for example, among the
1000 forecasts generated, the unconstrained model predicts negative volatility values in 695 instan-
ces for the k=5 and in 962 instances for k =22. This leads to poor predictive performance, as
reflected in the larger RMSE of the unconstrained model.*” Figure 2 presents the graphs of out-of-
sample forecasts for 1-step- and 22-step-ahead horizons. In the unrestricted estimation, negative vol-
atility predictions are observed for the four markets.

Overall, both estimation methods exhibit comparable performance in 1-step-ahead forecasting.
However, at longer forecasting horizons, significant issues arise when the matrix inequalities are not
enforced. The omission of these constraints leads to a reduced predictive accuracy and the occur-
rence of infeasible volatility estimates, undermining the model’s reliability.

7 To further evaluate forecasting performance, we examine our first empirical example, in which volatility forecasts are
based on three different measures, by conducting an out-of-sample forecasting exercise using the final 1000 observa-
tions. The results closely align with those in Table 7. While 1-step-ahead forecasts show minimal differences in predic-
tive accuracy between the 2 estimation approaches, notable discrepancies emerge in the 5-step- and 22-step-ahead
forecasts, where the unconstrained model performs worse (owing to space limitations, the results have been omitted
from this paper but are available upon request).
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Table 9 Impulse response function absorption times (four European equity markets).

Shocks/ Case | Case ll
Respon-
se

FR DE UK CH FR DE UK CH
FR 29.3 29.9 30.9 30.4 43.8 59.3 49.5 56.1
DE 28.1 28.8 12.0 29.4 34.2 60.1 433 56.3
UK 25.9 26.6 28.0 27.4 29.0 55.9 38.3 52.0
CH 25.3 26.0 27.3 26.7 28.5 53.6 37.5 49.9
Average 27.2 27.8 24.6 28.5 33.9 57.2 42.2 53.6

The table reports the absorption time, measured in days, for a shock to decay and for the system to reach its long-run
equilibrium. We define the cutoff as 10~7, meaning that the shock effect is considered fully absorbed once it falls below
this threshold. Case | imposes the matrix inequality constraints of Theorem 1. In Case Il, no constraints are imposed.

Finally, our analysis reveals that the unconstrained model exhibits greater shock persistence, as
it absorbs shocks more slowly than the constrained model (see Table 9). Compared to the con-
strained model, the unconstrained model accommodates a broader range of positive and negative
coefficient combinations. This dynamic generates opposing forces, with some components driving
the system toward equilibrium, while others push it away. Consequently, this interplay leads to
oscillatory behavior, delaying the full dissipation of shocks. Conversely, the constrained model
sets certain parameters to zero rather than allowing negative values, ensuring that most compo-
nents contribute in the same direction. This enhances shock absorption, leading to faster
mean reversion.

6. Conclusions

The admissible parameter space for vMEM is determined by restructuring the necessary and sufficient
nonnegativity conditions for an N-dimensional system of order (1, g), originally derived by Conrad
and Karanasos (2010). These constraints are explicitly formulated as matrix inequalities, using the
model’s matrix parameters. The results in Theorem 1 are critically important, as an infeasible param-
eter range assigns a nonzero probability to states where variables that should remain strictly nonneg-
ative instead take on negative values. Furthermore, we derived nonnegativity constraints for
asymmetric frameworks, leading to additional matrix inequalities and extending the results of
Conrad and Karanasos (2010).

Accordingly, our second major contribution was the development and application of a constrained
ML estimation approach for the vVMEM, representing a key advancement over the unconstrained
methodologies previously used by Manganelli (2005), Conrad and Karanasos (2010), Cipollini and
Gallo (2010), and Cipollini, Engle, and Gallo (2013, 2017).

In this context, we introduced the acronym cvMEM, which serves a dual purpose. The constrained
VMEM estimation corrects the improper parameterization of vYMEM in prior research, ensuring consis-
tency with the theoretical model’s nonnegativity conditions.

In this study, we adopted the ML estimation technique. A potential avenue for future research is to
incorporate matrix inequalities into the GMM estimation procedure and apply constrained optimiza-
tion over an admissible parameter space to minimize deviations of moment conditions from zero. An
important but challenging direction for future research is to address the quadratic growth in compu-
tational complexity as N increases (see, e.g., Otranto and Domianello 2026) and to implement con-
strained ML or GMM estimation in high-dimensional vMEMs. 2

8 The curse of dimensionality presents a critical challenge in high-dimensional vMEM. Specifically, the number of
parameters to be estimated in a specification of order (1,1) is given by N+ 3N2. For example, in a system with 10 vari-
ables, this results in 310 parameters. As the number of parameters grows quadratically, the computational
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Variable selection is another important area of research in the vMEM literature (see, e.g., Cipollini
and Gallo 2010; Cattivelli and Gallo 2020). Variable selection techniques can help mitigate certain
challenges associated with high dimensionality by eliminating irrelevant predictors. However, they
should be accompanied by constrained estimation. The integration of variable selection and matrix
inequality constraints presents an intriguing research question for future exploration.

It is important to emphasize that unconstrained estimation methods are appropriate only when
the variables are log-transformed (see, e.g., Hautsch 2008; Taylor and Xu 2017). However, universally
applying log transformations to all N variables could introduce unnecessary rigidity into the model
specification.

Alternatively, adopting the novel mixture formulation proposed by Karanasos, Xu, and Yfanti
(2025b) could serve as an effective mechanism for mitigating certain restrictive inequalities.
Specifically, logarithmic transformations can be selectively applied to a subset of the N equations
based on appropriate selection criteria. This generalized formulation encompasses existing models,
such as log-GARCH (Francq, Jiménez-Gamero, and Meintanis 2017; Francq and Sucarrat 2017) and
the exponential specification of vYMEM (e.g., Hautsch 2008). A detailed investigation of this approach
is left for future research.

It is also important to emphasize that our methodology is broadly applicable beyond vMEM (as well as
MGARCH/HEAVY*® models), extending naturally to other multivariate frameworks, such as VARMA struc-
tures, where system variables must remain nonnegative. Three illustrative examples include:

* The multivariate autoregressive conditional double Poisson model, introduced by Heinen and
Rengifo (2007), is structured as a VARMA-type system and is suitable for analyzing correlated count
data in a multivariate setting.

* The multivariate conditional autoregressive range model, developed by Fernandes, de Sa Mota,
and Rocha (2005), is a framework in which the conditional expectations of range-based volatility
metrics follow VARMA-type dynamic structures.

* The multivariate heterogeneous autoregressive realized volatility (MHAR-RV) model, introduced by
Hwang and Hong (2021), is specifically designed to capture interdependencies in realized financial
volatilities.

Explicitly, the proposed matrix inequalities should be enforced on VARMA-type nonnegative pro-
cesses, which are widely used in financial engineering and various business operations, including
multivariate time-series forecasting for customer service queue counts and demand prediction in
marketing analytics.

Beyond their essential value, our findings gain additional significance from the new questions they
raise, which we believe can inspire future research. In this regard, we propose three recommendations.

Future research should focus on implementing our techniques to derive matrix inequalities in mul-
tivariate systems of order higher than (1,q). Such advancements would enhance the applicability of
our results to multivariate generalizations of the following:

i) Nonnegative ARMA process of Tsai and Chan (2007).
ii) Tukey nonnegative type autoregression model, as introduced by Eriksson, Preve, and Yu (2019).
iii) Several nonnegative versions of the generalized ARMA model, proposed by Zheng, Xiao, and
Chen (2015).

The second proposal involves a methodological strategy for explicitly formulating the second-
moment structure of higher order models. While He and Terasvirta (2004) derived only recursive

complexity of the estimation process increases accordingly. In high-dimensional scenarios, this complexity introduces
additional concerns, including overfitting and numerical instability (see Bauwens, Laurent, and Rombouts 2006, for
an in-depth analysis).

9 For a recent application using the MGARCH model, see Yfanti et al. (2023). The acronym HEAVY (High frEquency bAsed
VolatilitY) was introduced by Shephard and Sheppard (2010).
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solutions for the MGARCH system of order (2,2), our approach—based on the ARMA representation of
an MEM (or a GARCH model)—provides a more analytically tractable alternative.

As a third consideration, we propose relaxing the assumption of constant parameters. Establishing
necessary and sufficient non-negativity conditions for N-dimensional systems in a time-varying set-
ting would significantly enhance the theoretical understanding of their behavior. Although this task
presents a considerable challenge it underscores the necessity of our methodology.

Since “time-varying” multivariate models do not allow for the derivation of “univariate repre-
sentations,” the approach proposed by Conrad and Karanasos (2010) is inapplicable in this context.
In stark contrast, the multivariate “one-sided representation” introduced in this paper, combined
with the innovative methodology proposed by Karanasos et al. (2025a) for addressing time-varying
models, provides a viable solution to this issue.

Last but not least, this research is dedicated to the memory of Daniel Nelson (1959-1995), whose
pioneering contributions continue to inspire this work. Had he not passed away on May 4, 1995, at
the age of 36, he might have derived results on nonnegativity constraints for MGARCH models by the
late 1990s.%°
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APPENDIX A

In what follows, we will prove the symmetric case of Theorem 1. The proof for the other extreme case
(Conditions (C2b) and (C3b)), that is when S; = I for all t is omitted, as it is similar to the one presented for
the symmetric case (see also footnote 21). First, we will present some definitions and two propositions.

A.1 Definitions

In this appendix, we will introduce the following definitions.
Definition A2. Let u; be the ith element of the following vector:

u = adj[l - Blw. (A.1)

20 Nelson and Cao (1992) stated that

Presumably, such sufficient (but not necessary) conditions should not be imposed in estimation. In practice,
however, it is usually necessary to impose positivity on in-sample fitted values of 67 to keep nonlinear maximi-
zation routines from encountering overflows. For the ARCH(p), GARCH(1,g), and GARCH(2,q), the inequality
constraints of Sections 2.1 and 2.2 should suffice. For higher-order GARCH models and multivariate GARCH,
some other tactic is required.
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Let Yj(L) be a polynomial (i.e., of order N). Then Y(L) = [¥j(L)] indicates a matrix polynomial
in the lag operator.

Definition A3. We also define the square matrix polynomial a(L), with ijth element denoted
by a;(L), as

q
a(L) = adj[l - BL] ZA (A.2)
=1

Similarly to g(L) in Equation (3), since under Assumption Al: a(N 1+a) =0 for all j, j, the scalar

polynomials a;(L) = ,'7V 1“" ("1 are of order N — 1+q.

Definition A4. Let the invertibility condition (Assumption A2) hold, and let ¥j(L) = >",2, y/fjk)L"
be the ijth element of ¥(L) where

¥(L) =a(L)/A(L), (A.3)
that is
¥i(L) = ay(L)/B(L). (A.4)

Equivalently, ¥ (L) can be written as

= Z phk (A.5)

k=1

where the ijth element of ¥ in Equation (A.5) is y/fjk).

A.2 Univariate representations

The following proposition gives the “one-sided” representation of the symmetric version of the
VMEM of order (1, q). The proof is trivial (the result is obtained from Equation (2)—ignoring the asym-
metries—by inverting the matrix polynomial 1-BL and using the notation in Equations (A.1), (3),
(A.2) and (A.4)).

Proposition Al. Let Assumptions A1 and A2 be satisfied. Then the symmetric version of the vYMEM
(1,q) in Equation (2) admits the multivariate “one-sided” representation:

=y +\P(L)yt7

with the corresponding univariate “one-sided” representations given by

Hi = ﬂl(l—i) + /:21 i(L)yje (A.6)

(recall that W(L) and ¥;j(L) have been defined in Equations (A.3) and (A.4), respectively).

920z 8unr 0 uo 1sanb Aq 8615/98/8006BqU/E/yZ/0101E/98)l/W0o"dNO"dIWSpEdE//:SARY WO pepeojumoq



Journal of Financial Econometrics, 2026, Vol, 24, Issue 3 25

Remark Al. Each ¥j(L) can be thought of as an infinite-order kernel of a univariate unrestricted
symmetric (N,N — 1+ q) specification. Clearly, for the symmetric version of the N-dimensional
process in Equation (2) to be well defined and the N conditional means to be positive almost
surely for all t, all the constants u; (see Equation (A.1)) must be positive and all the y/fjk)
coefficients in the univariate “one-sided” representations, that is Equation (A.6), must be

nonnegative: y/fjk) >0,ij=1,...,Nfork=1,2,....

In other words, the nonnegativity of the conditional means is guaranteed if and only if all the kernels
are nonnegative, that is, if the infinite number of parameters in the “one-sided” expansions of the N?
kernels are nonnegative. For this, one should express these parameters as functions of the parame-
ters of the original process. It can then be shown that checking a finite number of inequality con-
straints on these parameters ensures the nonnegativity of all MEM kernels of the system (see also
Conrad and Karanasos 2010, who, in the GARCH context, paid special attention only to the bivariate
case of order (1,1)).

A.3 Results in Conrad and Karanasos (2010)

In this part of the appendix, we will present the main result of Conrad and Karanasos (2010). As in
their paper, we consider here the symmetric case, see the symmetric version of Equation (2), that is
when S; = 0, for all t.

First, we recall that:

i) the intercept in each of the N univariate representations of the symmetric system of order (1,q) is
a fraction with y; as the scaling coefficient in the numerator; see Equations (A.1) in Definition A2
and (A.6) in Proposition Al,

i) p(L) =TIV, (1- L), is the common “autoregressive” polynomial of the univariate representa-
tions; see Equation (3) in Definition 1,

iii) aj(L) = ﬁ;lanfj")L” in Definition A3, for i,j=1,...,N, are the N? polynomials associated with
the “univariate” representations, and

iv) the corresponding N? infinite-order kernels, that is, ¥;(L) =Y .2, y/,.(jk)L“, are given in Equation
(A.4) in Definition A4.

A.3.1 Non-negativity constraints

As pointed out by Conrad and Karanasos (2010), in practice, given a particular set of parameters,
checking the nonnegativity of {y/fjk)}k:lmoc, i,j=1,...,N may be a numerically unfeasible task.
However, in their Theorem 1, they show that under some conditions, the nonnegativity of
{wi bi-t...x, for some tractable integers k; (see Notation 2), is necessary and sufficient for the non-

Ejk)}kzlwm. We state Theorem 1 in Conrad and Karanasos (2010) as Proposition

negativity of {y
A2 below.

Proposition A2. Consider the symmetric version of the N-dimensional vMEM(1, q) model in

Equation (2), and let Assumptions A1 and A2 be satisfied for the symmetric case. Then, the
following conditions are necessary and sufficient for p; >0,i=1,...,N, for all t:

(A) u; are positive forall i =1,... N.
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¢, is real, and ¢, >0 (c1)
(B){ aj(¢p; ') >0, forij=1,...,N (€2)
ijszo,fori,j:1,...,Nandk;j:l,...,1<;,», (C3)

where x; is the smaller integer greater than or equal to max{0,¢;} with

9; = [logn” —log(N - 1)n;]/[log(|h,) - log(|¢bs])],

(e, )
Byt

= max2§n5N|’71§jn)|7 and ’7,5‘”) = 1<n<N,

and f'(z) denotes the first derivative of B(z).

As pointed out by Conrad and Karanasos (2010), the proof of Proposition A2 relies on the observa-
tion that the results of Tsai and Chan (2008) can be applied separately to each of the N? kernels
¥;i(L). Hence, an infinite number of inequality constraints on the coefficients of the “one-sided” de-
composition of the model are reduced to a finite number of conditions on the parameters of
the process.

A.4 Proof of Theorem 1

Proof.
The proof of Theorem 1 (the symmetric case)®! is obtained by observing that:
(i) Condition (A) in Proposition A2, in view of Definition A2, can be expressed in a matrix form as

adj[l - Bjw >0,

(ii) Condition (C2) in Proposition A2, taking into account Definition A3, can be written in a matrix
form as a(¢ 1) >0 or equivalently as

¢l (g ) = adjig, - B] quA“)d»‘f" >0.
=1

(i) The matrix expression of Condition (C3) in Proposition A2, in light of Proposition 1 (presented
in Section 2; see Equation (4)), is

min(g.k)

Z B“sAl) > 0.

s=

For every element indexed by (i,j) the above matrix inequalities must be satisfied for all
ke{1,...,k;}, where k; are given in Notation 2. The above results, in conjunction with Claim 1, com-
plete the proof of the Theorem. |

21 The proof of Conditions (C2b) and (C3b), that is when all the signed variables, x;;, are negative for all ¢, is similar to
the proof of the symmetric case and, therefore, is omitted. The only changes needed are: to replace A" in eq. (A.2)
and in the two equations below by A 4T,
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