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Neural-Network-Based State Estimation for
Nonlinear Stochastic Systems Under Token Bucket
Communication Protocol

Dong Wang, Zidong Wang, and Chuanbo Wen

Abstract—This paper is concerned with the recursive neural-
network (NN)-based state estimation problem for a class of
stochastic discrete time-varying systems subjected to both un-
known nonlinear dynamics and the token bucket communication
protocol. The token bucket protocol is utilized to determine
whether the sensor signal is granted access to the network at
each transmission instant, wherein the transmission may fail
due to an insufficient number of tokens in the bucket. The
objective of the addressed problem is to design a recursive
NN-based state estimator such that, under the influence of the
unknown nonlinear dynamics and the token bucket communica-
tion protocol, certain upper bounds of both the state estimation
error covariance and the neural-network-weight (NNW) error
covariance are guaranteed, while the explicit expressions of the
NN-based estimator gain and the NN tuning parameters are
derived. By employing two sets of matrix difference equations,
two upper bounds for the state estimation error covariance and
the NNW error covariance are established, and these upper
bounds are subsequently minimized by parameterizing the NN-
based estimator gain in terms of the solutions to the matrix
difference equations. Finally, an illustrative example is provided
to demonstrate the feasibility and effectiveness of the proposed
estimation approach.

Index Terms—Recursive state estimation, neural-network-
based state estimation, unknown nonlinear dynamics, token
bucket communication protocol, time-varying systems.

I. INTRODUCTION

From a physical perspective, it has been widely recognized
that almost all systems in actual industrial production contain
nonlinear factors, such as clearances and dry friction in me-
chanical systems, elastic-plastic materials and large deforma-
tions of components in structural systems, saturation character-
istics of components in systems, and variable structure control
strategies [12], [14], [15], [29], [37], [45], [46]. The presence
of nonlinearity increases the system complexity and intro-
duces essential difficulties to both the analysis and synthesis
processes. Consequently, the dynamic problems of nonlinear
systems have been a subject of long-standing interest, and
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extensive research has been conducted on this topic. Tradi-
tional state estimation methods have generally been developed
by constructing physical models of nonlinear systems based
on empirical knowledge or mechanistic principles [25], [34],
[39], [51]. Representative methods in state estimation include
extended Kalman filtering (EKF), H., filtering, unscented
Kalman filtering (UKF), and particle filtering (PF), along
with further extensive application-oriented research founded
upon these technologies [1], [3], [6], [26], [31], [38]. For
instance, EKF has been established as a classic approach for
extending the traditional linear Kalman filtering method to
nonlinear systems. Essentially, the system and measurement
equations are linearized, thereby allowing the problem of
nonlinear systems to be approximately addressed using the
classical linear Kalman filtering framework. It should be noted
that the traditional state estimation methods mentioned above
are primarily predicated upon the assumption that the system
nonlinearity is known. However, in engineering practice, it
is often challenging to accurately characterize the nonlinear
components. Therefore, it is necessary that the dynamic mod-
eling methods of such systems be fundamentally improved to
effectively describe both the identifiable and the difficult-to-
identify nonlinear components. Hence, the design of a novel
state estimator capable of meeting the specified performance
indicators for an unknown nonlinear dynamic system remains
a highly significant and challenging research topic from an
engineering perspective.

Time-varying characteristics are ubiquitous in a vast num-
ber of practical engineering systems. The filtering problem
for time-varying systems has continuously attracted extensive
research attention, and numerous research results have been
reported in the literature [2], [9], [18], [22], [50], [52], [54].
Two primary filtering problems for time-varying systems have
been identified. The first is the H, filtering problem over
a finite horizon, which can be addressed by employing the
recursive linear matrix inequality method or the backward
recursive Riccati difference equation technique. The second
is the Kalman filtering problem in the sense of minimum
variance, where the objective is to design a filter that mini-
mizes the filtering error covariance at each time step. Although
the H, filtering approach can effectively manage situations
involving unknown yet bounded-in-energy disturbance noises,
the Kalman filtering problem continues to be widely studied
due to its acceptable computational complexity and superior
filtering performance in practical applications.

It should be noted that several suboptimal approaches, such
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as the variance-constrained recursive state estimation, have
been broadly adopted to extend the classical Kalman filter
to time-varying nonlinear systems, and considerable efforts
have been dedicated to this subject. For example, in [40],
the recursive filtering problem was investigated for a class
of discrete-time stochastic dynamical networks where data
delivery from the sensors to the filter was conducted via a
digital communication channel. The desired filter parameters
were recursively computed by solving two coupled Riccati
difference equations to optimize the obtained upper bound of
the filtering error variance. Nevertheless, the issue of state
estimation in the sense of minimized error covariance for time-
varying systems with unknown nonlinear dynamics has, to
the best of the authors’ knowledge, not yet been adequately
addressed in the existing literature, making the present work
a first effective attempt to address such challenges caused by
the unknown nonlinear dynamics.

With the rapid development of neural networks (NNs) and
deep learning technologies, artificial intelligence technologies
have been extensively studied and applied in various fields.
Neural networks possess strong nonlinear fitting capabilities,
enabling the automatic extraction of useful features from
large volumes of data without manual feature extraction,
thereby facilitating the processing of data collected by complex
industrial control systems. Recently, neural networks have
been applied to the research of state estimation in the control
field, as reported in [4], [21], [23], [27], [28], [30], [49]. For
instance, in [13], Deep Variational Bayes Filters (DVBFs) have
been proposed, which primarily focus on the integration of the
classical Kalman filtering method under the assumption that
the transitions comply with the linear Gaussian state space
condition. In [48], the neural-network-based secure state esti-
mation problem has been addressed for a class of networked
nonlinear systems under energy-constrained denial-of-service
cyber-attacks combined with an encoding-decoding scheme.
The estimator gains and the neural-network tuning parameters
have been derived by solving certain matrix inequalities to
ensure the ultimate boundedness of both the state estimation
error and the neural-network-weight (NNW) estimation error.

Up to now, the existing methods based on artificial intelli-
gence technologies have been unable to effectively address
both the dynamic and time-varying characteristics simulta-
neously, particularly in complex industrial or safety-critical
systems with high uncertainty and harsh environmental vari-
ations. Consequently, it is necessary that nonlinear systems
be re-examined from the perspective of integrating modern
control theory with artificial intelligence technologies, and that
advanced mathematical tools such as system modeling, neural
network techniques, and online adaptive learning methods be
combined to establish a set of comprehensive dynamic theories
and practical methods suitable for handling unknown nonlinear
systems. In the currently available literature, few results have
been reported concerning the research of state estimation
problems of unknown nonlinear dynamic time-varying systems
based on the online learning of neural networks. Therefore,
this research area remains one of the key international frontier
topics and critical challenges in the study of nonlinear dynamic
systems.

On the other hand, measurement signals are inevitably
affected by the limitations of finite transmission resources
in real-world network control systems. Up to now, various
communication protocols, including the Round-Robin (RR)
protocol, the try-once-discard protocol, and the token bucket
communication protocol, have been introduced in industrial
applications due to the inherently limited bandwidth. In the
industrial field, these protocols are typically provided in the
form of textual descriptions or flowcharts. To enable theoret-
ical analysis of these network protocols, it is necessary that
precise mathematical models be developed to describe them, as
noted in [5], [11], [16], [17], [32], [33], [36], [41]-[43], [47],
[53], [55], [56]. It should be emphasized that the token bucket
communication protocol (TBCP) has been widely adopted in
various network control systems to avoid data congestion and
reduce communication costs [10], [20], [24], [35].

In the context of TBCP, the token bucket determines
whether information is transmitted in the network by eval-
uating whether the traffic rate exceeds a specified threshold.
It features a container for storing tokens with a predefined
capacity, into which tokens are placed at a preset rate. When
the bucket becomes full, any additional tokens overflow and
are discarded. If an information transmission request is to be
processed, a token must first be obtained from the bucket.
Once the bucket reaches capacity, newly added tokens are
either discarded or rejected. Accordingly, based on the textual
description of the token bucket, a measurement model frame-
work can be established through mathematical formulation
to accurately characterize the TBCP. Thus far, filtering and
state estimation problems under the TBCP have begun to
attract preliminary research interest. Nevertheless, in terms of
mean square error, the recursive state estimation problem for
a class of stochastic discrete time-varying systems subject to
the TBCP constraints has not yet been adequately investigated,
let alone the additional consideration of unknown nonlinear
dynamics.

The addressed recursive NN-based state estimation prob-
lem for stochastic discrete time-varying systems under the
unknown nonlinear dynamics and the TBCP involves several
essential difficulties. Firstly, the design of a state estimator ca-
pable of meeting the corresponding performance indicators for
an unknown nonlinear dynamic system remains an extremely
significant and challenging research topic from an engineering
perspective. Also, the challenge exists in employing precise
mathematical models to describe the protocols, which are
typically presented in the form of textual descriptions or
flowcharts. Therefore, it is the primary aim of this paper to
provide satisfactory solutions to the listed challenges. Accord-
ingly, the novelties of this work can be briefly summarized as
follows: 1) the recursive NN-based state estimation problem
is, for the first time, investigated in the presence of both
the unknown nonlinear dynamics and the TBCP; 2) a novel
measurement output model is proposed to characterize the
TBCP; 3) the neural network is comprehensively utilized to
model the unknown nonlinear dynamics; and 4) an effective
recursive NN-based state estimation algorithm is developed,
which can be iteratively computed online.

The remainder of this paper is organized as follows. In Sec-
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tion II, the recursive NN-based state estimator design problem
is formulated for stochastic discrete time-varying systems with
the unknown nonlinear dynamics under the TBCP. The main
results are presented in Section III, where the desired state
estimator is provided in terms of two sets of matrix difference
equations. A numerical example is given in Section IV to
demonstrate the effectiveness of the designed state estimator.
Finally, Section V concludes the paper.

Notation The notation used in this paper is fairly standard
except where otherwise stated. R™ and R™*" are used to
denote, respectively, the n-dimensional Euclidean space and
the set of all n x m real matrices. The notation X > Y
(respectively, X > Y), where X and Y are real symmetric
matrices, indicates that X — Y is positive semi-definite (re-
spectively, positive definite). M7 denotes the transpose of the
matrix M. I, is used to represent the identity matrix of n X n
dimension. diag--- stands for a block-diagonal matrix. N
denotes the set of positive integers. E{x} is used to represent
the expectation of the stochastic variable z. |x| describes the
Euclidean norm of a vector x. In symmetric block matrices,
“x” is used to denote a term induced by symmetry. Unless
otherwise specified, matrices are assumed to have compatible
dimensions.

II. PROBLEM FORMULATION
A. The Model

Consider the following stochastic discrete-time systems with
unknown nonlinear dynamics:

{Jik_H = Az + f(l’k) + Brw

(D)
yr = Crap + Diwy,

where x;, € R" denotes the state vector, and y, € R"
represents the measurement output prior to being transmitted
through the communication network. The term w;, € R™* de-
notes the stochastic external disturbance signal, which satisfies
E{wlw} < w?. Ay, By, Cy and Dy are known real time-
varying matrices with appropriate dimensions. The unknown
nonlinear function f : R"™ — R™ is assumed to satisfy
lf()]] < f, where f is a known constant.

B. The Token Bucket Mechanism

In this paper, a novel token bucket mechanism is introduced
with the objective of achieving an improved trade-off between
communication cost and estimation performance, which is
recognized as a prevalent network model within information
theory. Specifically, new tokens are added to the bucket at a
constant rate of a € {s € N* | s > 1}. A transmission across
the network incurs a specific cost b € {s € Nt | s > a}.
The bucket is further assumed to possess a maximum capacity
S € {s € Nt | s > b}, referred to as the bucket size,
where any arriving tokens are discarded if the bucket is already
full. The variables pj and zj, denote the signal transmission
judgment variable and the current bucket level at time k,
respectively, and are governed by

wr = min{z, + a, S} — b,
k1 = min{zk + a, S} — 1{#k20}b7 2)
0 < 20 < Sa

Here, 1y, >0y is an indicator function satisfying 1y, >0} =1
if px > 0 and O otherwise. The measurement received by the
remote estimator can be expressed by

Uk = L{, >0} Yk- (3)

Remark 1: 1t should be highlighted that the token bucket
mechanism presented in this paper distinguishes itself from
conventional implementations by its integration into the recur-
sive state estimation framework for stochastic discrete time-
varying systems with unknown nonlinear dynamics. Unlike
traditional usage scenarios where the token bucket mechanism
is primarily employed for traffic shaping and congestion
control, the proposed approach leverages this protocol to
explicitly balance communication cost and estimation perfor-
mance within the context of state estimation under constrained
network resources. Furthermore, the mathematical formulation
provided in (2) and (3) enables the seamless incorporation of
the token bucket constraints into the estimator design, which
has not been adequately addressed in existing literature. This
integration facilitates the development of a comprehensive
theoretical framework capable of addressing both network-
induced constraints and complex system dynamics simulta-
neously.

C. The Neural Network Approximation

In accordance with the universal approximation property,
the unknown nonlinear function f(-) can be approximated
by a NN with an approximation error that is sufficiently
small. Specifically, f(-) can be represented as Ho(xy) + €,
where H C R *"= designates the ideal NNW matrix, ¢(-)
indicates the activation function, and ¢, € R"* represents the
approximation error of NNs. We assume that the NNW matrix
H, the NN activation function ¢(-), and the NN approximate
error ¢, satisfy |[H|| < H, |l¢()|| < ¢ and |lex] < &,
respectively, where H, ¢, and & are known positive constants.

The system (1) can be rewritten into the following form:

Try1 = Az + Ho(xy) + ex + Brwy,
yr = Cray + Diwy, 4)
Uk = 1iu,>01Yk

The NN-based estimator in conjunction with the TBCP is
proposed as follows:

i1 = Axdx + He(@x) + 1201 Li(ye — Cir)  (5)

where zj € R™= is the state estimate, and Ly, is the estimator
parameters to be designed.

The following adaptive tuning law H, for the NNW is
adopted

Hy1 = Hi + 0110, 501 Cl i Gk @7 (80) — 02Hy,) (6)

where

U1 = Yos1 — Crs1@rt1,
P(Ex) 2 o(@1)/ (|1 + ¢ @)@ ||CL 1 Cra])

and 6, and 65 are two positive tuning parameters.
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Now, we define the state estimation error as ey £ xj — 2,
the state estimation error covariance as P, = E{eel}, the
NNW error as H, s 2 H— H &, and the NNW error covariance
as Qy 2 B{H,H'}.

In this paper, the main objective is to determine the NN-
based estimator gain Lj, and the NN tuning parameters ¢, and
05 in the form of (5) such that, under the measurements sub-
jected to the TBCP, the following requirements are achieved.

1) Upper bounds for both the state estimation error covari-
ance and the NNW error covariance are ensured, that is,
there exist two sequences of positive-definite matrices, Py,
and Qy, such that P, < Py, and Qj, < Q. respectively.

2) The designed NN-based estimator gain L minimizes the
upper bound R, where Ry, £ P,+(Q)}, at each time instant
k.

IIT. MAIN RESULTS

In this section, the NN-based estimator gains in the form
presented in (5) will be devised for the system described in
(1) and the transmitted measurements given in (3) when they
are subjected to unknown nonlinear dynamics and the TBCP.
Initially, upper bounds for the state estimation error covariance
and the NNW error covariance will be determined, and subse-
quently, through parameterizing the NN-based estimator gain,
these upper bounds will be minimized at each time point.

The following lemmas will be utilized to facilitate the
presentation of the main results of this paper.

Lemma 1: For 0 < k < N, suppose that X; = X! > 0,
Y; = YT >0 and g;x(-,-) : RPX" x R — RWX7 (j =
1,2). If, for VX; <Y and Xs < Y5, the following conditions
hold:

91.6(X1, X2) < g1,5(Y1,Y2), @)
92.5(X1, Xo) < g2.x(Y1,Y2), ()

then the solutions X jy1, Xo k+1, Y1,4+1 and Y5 ;41 to the
following difference equations

Yiet1 = 01.6(Y1k, Yor),

Yo kt1 = g2.6(Y1 5, Yo i),

Xikr1 < 916Xk, Xogk),

Xo k1 < 92.6(X1k, Xok),

X109 =Y,

Xoo =Yoo 9)

satisfy X1 g1 < Y1441 and Xo g1 < Yo pq1.

Proof: It follows from (9) that X; o < Y7 and X5
Y5 0. Assuming, by induction, that X; ; < Y7, and Xo
Y5 1, it can be obtained that

INIA

Xikt1 = 91.6( X1k, Xok) < 91,6(Yik, Yo ) = Y k41,

Xoi+1 = g2.6(X1 5, Xok) < 926(Y1k, Yo ) = Yo jt1.
(10)

The inductive hypothesis, therefore, implies that X 41 <
Y1 k41 and Xo 11 < Y5 1 always hold, which completes
the proof. [ |

Lemma 2: For matrices M, N, X and P with appropriate
dimensions, the following relationships hold:

ou(MXN) oo Ow(MXTN)
ax N ax M
T
atr[(MXNa)?MXN) | _oMTMXNPNT. a1

Definition 1: Let A C R™*" be a matrix where a; ; denotes
the element located at the i-th row and the j-th column of A.
The notation vec(A) is used to represent the vectorization of
A, which is defined as the mn x 1 column vector obtained by
stacking the columns of the matrix A on top of one another:

vec(A) £ [ar1, ..

] -

12)

Lemma 3: For matrices A C RFXI, X C RI*™ Y C RIx™
and B C R™*™ the vectorization operation satisfies the
following two properties:

vec(X +Y) =vec(X) + vec(Y),
vec(AX B) =(BT ® A)vec(X).

~7am,17a1727'~ '7am,27'~ '7a1,n7~ .

13)

The following theorem demonstrates an effective algorithm
by which upper bounds for the state estimation error covari-
ance and the NNW error covariance can be computed at each
time step.

Theorem 1: Let the positive scalars o, (i = 1,2,3,4)
and B, (1 = 1,2,...,12), 0; (i = 1,2) and the NN-based
estimator gain Lj be given. Assume that there exist two sets
of matrix sequences Py and Q) (0 < k < M) satisfying
tbe following recursions (with initial conditions Py = Py and
Qo = Qo):

pk+1 é(l + O‘%,k + a%’k)flkpk;l;‘g

+ (Lt app + o5, + 0l )@ Qx
+ (1 + oz, )w” BrBf,
+(1+agy +a5,)(2pH +8)°I,
Qi1 261 kQx + 02,1 Ci 1 Crop1 Ak Py AT O Choia
+ 03,41 Cr1 QrCLLy 1 Crpn
+ 54,1401?4-1 0k+1BkBECE+1 C'14—9—1
+ 55,k1 + 567kCg+1Dk+1Df+1Ok+1 + 577]@] (15)

(14)

where

A
Orp =

Y

1+ 5%,1@ + 521,k + 5§,k + ﬁi,k + ﬁé,k)(l — 6165)°,
1+ 5;% + Box + B x + Ba)0i L, 10}

1+ 52_11 + ﬁﬁ_,li + 591,k + 5%071@ + 5%1,1@)9%1{#“120}’
1+ 53711 + ﬁ;,li)a%l{ukﬂ >0}

05,6 (L + 8ok + Brk + Biose T Bian)0i s >0)
G, 201 (0,509

Or e £(1+ B3 )+ By + Broy + o) 0165,

and

02,k

03

Il
—_ o~~~

Il

Ok

(16)

b2 262/ ||01?+1Ok+1||27

83,5 £03,60°/ "01?+10k+1H2,
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Ok 204 w°/ "Cg+1ck+l"2a
557]@ é557k(2@f{—|— 5)2,

86,5 Z06 x 0%/ H013+10k+1”2,
577]@ é577kH2. (17)

Then, the matrices P;, and () are upper bounds of the state
estimation error covariancg Py, and the I\INW error covariance
Q. which satisfy P, < P, and Qy < Qg, respectively.
Proof: For the state estimation error ey, it is easily

obtained that

A ~

€k+1 =Tk+1 — Lh+1
=Arxr + Ho(xg) + e + Brwg,
— (ApZk + I‘Afk(p(ik) + 1{M20}Lk(yk — Criy))

:Akek —I—Hk(p(i‘k) —I—Bkwk + &g (18)

where

A £ Ak — 14,501 LiCh,
Bi £ Bi — 1q,,, 501 LiDr,
e = H(o(zr) — o(@r)) + ek

On the other hand, the NNW error H, k+1 can be expressed
as follows:

Hyp1 2H — Hyqy
=H — Hy, — 01 (111201 Ol (Wr 1 — Crgr i)
x @ (&) — 02 Hy)
=H — Hp — 01(1 (1, 50y C1 (Crs12k41
+ Dpprwi g1 — Crp1@r1) @7 (21) — 02 Hy,)
=H — Hj, — 01(1(,1, ., 501 C1 (Chs1€ns1
X +Dyp1wi1)@r (21) — 02 Hy)
=(1 = 0102)Hy — 011,50y CLi1Crrreni1d” (&)
— 0114, 501 Ol Diprwi 18" (81) + 0102 H
=(1—0102)Hy — 0114, 501 CLy1Crsn
x (Ager + Hyp(@g) + Brwy, + &0)@T (1)
— 011,50 Chi1 Dirrwies 19" (2k) + 0102 H
=1 — 0102)Hi — 011,50y CLs1 Crr Aver@” (21
— 011 (11501 Oy 1 Crot Hip (1) @7 (20)
— 011,503 Chy1Crrr Brwrd” (2)
— 01141150} Ciri1 Copr16x@” (E1)
— 0114, ,50)Cit Dy rwi18” (31

+ 6010-H. (19)

To continue, the following notations are introduced for
simplicity:
Ok EAE{exp(in) " Hy },
Qo1 2 A E{exwf } BF,
Q3 2A E{exe] },
Q. 2E{Hyp(dx)w] } B,
Qs 2E{Hyp(x )},

6,k 2B3E{wyt }, (20)

and

I g & — (1= 0162)011,, . >0}
x B{Hy@(x)ef YAL Ciy 1 Crn,
—(1- 9192)911{Nk+120}
X B{Hp(21)" (1) H{ YOI 1 Chyr,
- (1 - 6‘16‘2)6‘11“%“20}
x E{Hy (&) wf } BL CF i Crn,
—(1- 9192)911{Nk+120}
X B{ Hy(21)e} YO 11 Chpa,s
s & — (1= 0162)011,, . >0}
x B{Hy@(&x)wi 1 } Dy 1 Chga,
g, 2(1 — 61602)010.B{ H, . HT Y,
7k éa%l{uMZO}CgHCkHAk
x Berd” (&) @(2x) 0" (1) HE YO 1 Crpn,
s 2671, 1>0) Ciir1 k1 A
x B{exd” (&) (2x)wi } BE Cii1Chan,
Mo éa%l{#HlZO}CngleJrlAk
x B{exd” (&1)(21)E) 1Ol 1 Crpa,s
ok 2671, .50 Cit1 Crr1 Ak
x B{ex@” (&)@ (2x) w1 } Dy 1Ot
iy £ = 07021, 50y Chy1 Crr AE{exd” (&1)H™ Y,
RPN éa%l{#k+120}cg+lck+1
X B{ Hyp(2)@" (1)@ (2r)wi } B Oy 1 Crn,
Mg 2071, ,,501Cipq Crtt
x B{Hpp(ix) 3" (21)@(&x)Ek O 1 Crpa,s
gk éa%l{#k+120}cg+lck+1
x B{Hyo(x)@" (21)@(Er)wiy 1 } D1 Cropr,s
M5 2 — 0f021{uk+120}05+10k+1
x E{ Hpp(2)@" (21)H},
6,k 2671, .50} Cit1 Crtr1 B
x B{wg@" (&1)(2x)E}, }Cit1 Chi,s
ir s 26071, ,50yChy 1 Cry1 Br
x B{wg@" (&) P(2r)wi 41 } D1 Cror,s
sy £ — 03021, ,50yCli1 Crir BrE{wp@” (2)H™},
Mg 2071, ,,501Cipq Crtt
x B{&x@" (&1)p(2x)wi 1 } D1 Chopr,
Moo £ = 03051, >0y Cisr Co B{Er@ (2)H' },
£ = 030214,,,>0)Ci 1 D
X B{wi1@" (&) H' }.

[I>

Il

(1>

JIERS

[I>

Io4

21

Now, the state estimation error covariance Py is calcu-
lated in conjunction with (20) as follows:

Pry1 2E{epprefy )
ZE{(Akek + Hkgo(ik) + Bkwk + ék)
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x (Aper + Hpp(21) + Brwy + &)7}
=AE{eref YAL + E{Hrp(dr)p (@) H }
+ ByE{wywl }BF + &eF
+ Qi+ Q{k + Qo + ng + Q3+ ng
+ Qg+ Qik + Q5+ ng + Q6.1 + ng- (22)
By employing the elementary inequality (a!'/2M —
a 12N)(a/?M — a~V2N)T > 0 where M and N are
arbitrary matrices with compatible dimensions, it can be
immediately obtained that
Qi+ Q{k §aikﬁk1€{eke£}fl£
+ o E{Hep(@n)p(an) Y}
Q3 + Q3T7k gozak;lkﬂ*:{eke;{}fl;{ + aikékéf
Qg + QL <o B{Hrp(@r)p(dr) " Hif }
+ a?:,chkE{wkwkT}B,{
s+ OF <ay E{Hrp(@r)p(2r)  H }
+ ay LEkEL - (23)
Noting that 25, = 0 and Q6 = 0, and by referring to
(23), the state estimation error covariance Py in (22) can be
further manipulated as follows:
Pr1 <(14 o4, + ab ) AcE{erel YAL
+ (1 ag )+ ad g + ok JE{Hup(in)e(o) T AT}
+ (1+ ag ) BeE{wywj } B
+ (1+ agp + apy)Ekér
<(L4oq + ab ) A P AL
+ (Lt opg + ok + 0l )P Q
+ (1 + oz, )w” By, Bf]
+ (1+ag + a5 ,)(2¢H + 2)°L. (24)
On the other hand, according to (21), the NNW error
covariance (41 can be readily concluded as follows:

Qr+1
éE{HkHHEH}
=E{((1 — 0102)Hy, — 11 (,,,,, 50, Ol 1 Crr1 Anerd” (in)

- 911{;%“zo}CgHCkJrlﬁkSD(@k)@T(fk)

— 0114, 503 Ch i1 Crgr Brwr@” (d)

- 911{M+120}Cg+1 Crs166®" (1)

— 0114, 150y Cli1 Dirwis 187 (8k) + 0102 H)

X (1= 60102)Hy, — 011, ,,50yCFy 1 Croy1 Aper @ ()

— 011, >0y Ci 1 Crrr Hip(81) @7 (2)

— 0114, 503 Cly1 O Brwr @™ (2)

— 011, >0y Cit1 Crr18r@” ()

— 0114, 503 Ch1 Diprwis 1@ (8k) + 0162 H) ™}
=1 — 0:102)°E{H  H]'} + 631, ., 50y CLi1 Ot

x ApE{er@” (&) @(Ex)ef } Ax Oty 1 Crnn

+ 9%1{1%4—1 ZO}OE+1Ok+1

x E{Hp(21) " (&1)@(2r)" (&) HY O Crpr
+ 0310501 O0 41 Ot BrE{wi g (1) @ (&1 )w] }
X Bl Ci 1 Crpr + 03144, >01CFy 1 Crna
x B{er@” (&r)@(2k)e% YOy 1 Chan
+ 0314, >0 O Dirt B{wr1 37 (8)@(Er)wi 1 }
x D} Cr + 0305 HHT
+ 11 + ka + 1o, + Hgk + 103, + Hgk + Iy
+ 1_[4T7,C + 15 5 + Hgk + g 1 + Hgk + 17, + H;k
+ gk + H;‘;F,k + Iy + H;‘;k + I,k + Hripo,k
+ Hll,k + H,{Lk + HlQ,k + H{g)k + HlB,k + H,{'&k
+ Ilap + Hrﬂ,k + 5,1 + Hﬂ,k + 6,1 + Hrfﬁ,k
+ 17, + H{Zk +1ILigx + H?g,k + g + H,{g’k
+ ook + M5 5, + oy g, + 103, .. (25)
By employing a similar approach as in (23), one has
Iy + ka
<B (1 —06:6,)*E{HH} 1921 ct .c
<Brx( 102)"E{HxH}; } + By 1071 (,1,,>0) Cri1 Ot
x ApE{ex@” (#x)@(2x)ef AL Ol Crpa,
o + 113
<B3 (1 —0.0:)*E{HHF S 1621 ct..c
SOk 102 kHj }+ B2 k071 {14120} Cro1 Crpr
x B{Hrp(2x)@" (&) 3(2k)e" (&r)H} }COF 1 Crpa,
I3 5 + Hj{k
<BL. (1 —010:)*B{HH'} + 55 16%1 cr..c
=M3.k 1V2 k4L 3,k 1 {120} YE+1 YR+
x BpE{wr@” (&r)@(2x)wi } B CLy 1 Cra,s
H4,k + sz
<Br (1 — 0102 E{HH} + 871671 cl.,c
P4k 102 kAT 4,kY1 {4120} Y E41VE+1
x B{ex@" (&1)@(2k)ek }Cht1Chot,
Il 1 + H;‘gk
<B3 1, (1 — 0:0:)°E{H  H]'} + B 10765 HH™,
H’?,k + H?,k
Sﬁékerfl{ukﬂ20}01{+1Ck+1AkE{6’k¢’T(i’k)‘ﬁ(ik)e;{}
X AL C1 Crpr + B 1071 1 >01Cla O
X B{Hpp(i)@" (&1)3(2k)p" (&r)Hj O 1 Croa,s
Iy + H;‘;k
<BI 071 {1 501 Ok Crt Ak E{ e @™ (1) 3(dk )€, }
X AL Cl1 Crpr + B7 1071 1 >01 O O
x B{ex@" (&)@ (2k )k YOl 1 Chat,
My g + 107
1 2 T 1 ~T /A ~/ A T
B k01 1y s1>0) Crp1 Crr1 Ak B{end” (21)o(2k ey, }
X AL Cl 1 Crpr + By 10765 HHT
ok + H,{Q,k
<B3 1031 11201 Oy 1 O
x B{Hrp(2r)@" (&1)3(Ex)@" (&1)H{ Ot 1 Crt
+ ﬁg{/ﬁ‘g%l{ukﬂzo}cﬂl Cry1 Bk
x B{we@" (&) @(2x)wi } B Ciy 1 Crt1,s
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I35 + H{&k
<Blox1 e 501 Cry1Cri

x B{Hyo(2x)@" (21)(E1r)"

+ ﬁl_ol,koil{uwl ZO}OE+1Ok+1

x E{ex@" (21)@(&r)ef YOt 1 Ch1,

sk 4 1075 4

(&) Hi YO 1 O

SﬁllLko%1{Nk+120}01?+10k+1
x E{Hk@(i’k)@T(i’k)(ﬁ(ik)(pT
+ B 010 HHT,
M0,k + 130 1

<B1o k071 (1101 Oy 1 Crpr E{ex@” (81)@(E1)EL }

(&1)Hi YO 1 Crg

X CLiCrpr + By 0103 HHT . (26)
By noting the following facts
B{ el | =0, B{wp@ =0
Sia Tl T
E{gp(a}k)wk } =0, E{wkgo(xk) } =0, 27)
it can be easily concluded that
s, =0, Ilgp =0, Ilyor=0,
Mg, =0, Iigr =0, Ili7z=0,
Mg =0, IIigr =0, Iz =0. (28)

Next, by substituting (16), (26), and (28) into (25), it can
be obtained that

Qr11

<61 WE{H H]'} + 62,5 CFL 1 Cro1 AE{ e ™ (31) (2
x AL CE Crir + 63 5CF 1 Crpa
x B{Hyp(21)@" (21)(2x) " (21)HI YOIy 1 Chia
+ 641CF 41 Crop1 BRB{wi " (&)@ (2x)wi } B Cy 1 Crr
+ 05k Oy 1 Crr1 E{ex@” (&) (2k)Ek YOIy 1 Crra
+ 06,6 Ci 1 D1 B{wi 110" (21) @ (21 )wi 1 } D1 Cropa
+ 0, HHT. (29)

Ker }

According to (17) and the following fact:
¢ (@) (k)
= (p(ax)/ Hl + 0" (@n)p(@n) | | O 1 Cran] )

><(so ([t e" @e @] [ Cha Crnll))
(30)

the inequality (29) can be further derived as follows:

Qi1 <614Qx + 62, CL 1 Crp1 Ay P AL O Ol
+ 03,kCi 41 Crr1QuCliy Crpa
+ 64,6 C 1 Cr1 B BE CLy Croa
+ S5vkj + gﬁ,kOI?HDkHDkTHCkH + 57,k1. 3D

Obviously, by noting the facts in (14), (24), and (31), it can
be seen that the conditions in Lemma 1 are satisfied. Therefore,
based on the above analysis, the following is obtained:

P, <Py, Qup<Q

which completes the proof of Theorem 1. [ |

We are now in a position to introduce the following theorem,
which demonstrates how the NN-based estimator gain Lj can
be parameterized by minimizing the upper bound Ry, £
Pyi1 4 Qg1 as presented in Theorem 1.

Theorem 2: For the given positive scalars «;p (I =
1,2,3,4), Bix (1 = 1,2,...,12), 6; (i = 1,2), along with
the definitions (16) and (17) in Theorem 1, the real-valued
matrices O and @}, are defined as follows:

Or (07, ®O1) + (01, @ O31)

Oy 2(1+ ag y + a5 ) AR POl + (1 + ag ) @* B DY
+ 6215031 Chy 1Oy Croy 1 A P CF
+ 646Ci 41 Cr1Chy 1 Coy1 Be DY

(32)

(33)
where

O =(1+ 04%,1@ + O‘%,k)l + 02,k CF 1 Cry1 O 1 Ol
Os1, 2C).P,CF
O3 21+ Oég)i)’LDQI + 54,1@0,?“01@“0,{“ Crt1

O41 2D D} (34)

Then, the upper bounds P, and Q. to (14) in Theorem 1 can
be minimized iteratively with the NN-based estimator gain Ly,
which satisfies the following form:

vec(Ly) = O, 'vec(Py). (35)

Proof: Tt is derived from Lemma 2 that
atr{flkPk[l;{} atr{(Ak — chk)Pk (A}.C — chk)T}
oL, oLy,
= —2AkPkC,F;F + 2LkaPkC,F;F,
8tr{BkB,{} 8tr{(Bk — Lka)(Bk — Lka)T}
oL, aLy,
= —2B,D} + 2L, Dy D},
8tr{Cg+1Ck+1AkPkA£Cg+lck+1}
0Ly,
= — 20041 Cro1 Ol Con AR PO + 207 Gl
x CLy 1 Cpp1 LiCr Py CE,
ou{C Cor1 Br B Oy Oy}
0Ly,
= — 20541 Cr1Ci1 Cro1 BeDy + 20741 Cra
X Cg_i_leJrlLkaDg.

(36)

Then, we can easily have

%L]:rl} 2(1+a%’k +a%’k)AkP;€C,?
+2(1+ oy + a3 ) LeCu PLCY
—2(1 + a  )w” B Dy,
+2(1+ oz;,lc)szkaDg
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= 2625 Cjt1 Crt1 O Ot A PO

+ 262 4, CL 1 Cry1CF 1 Crp1 Lk Cr Py CF

- 254,kCg+1Ck+1Cg+1Ck+1 B.DY
+254,1@013“0“1CgHCkHLkaDkT. 37

Subsequently, letting

8tr{Rk+1 } _
OLy

it follows from (33) and (34) that

0,

01,5 LkO2 ) + O3 1k LrO4 1 = Dy (38)

Next, by vectorizing both sides of equation (38) and apply-
ing Lemma 3, we obtain

((957,C ® ©1,5)vec(Ly) + (94T7k ® O3 i;)vec(Ly) = vec(Py,)
(39)

which, according to (33), can be rewritten as follows :

Orvec(Ly) =vec(®y). (40)

It is clear that the matrix ©y, is positive definite. Therefore,
the NN-based estimator gain L can be computed as

vec(Ly) = O}, 'vec(®y), (41)

and the proof is now complete. [ ]

Remark 2: Theorems 1 and 2 have established the core
results of this paper. Specifically, Theorem 1 has provided
sufficient conditions under which the upper bounds of the state
estimation error covariance and the NNW error covariance
can be ensured for the addressed stochastic discrete time-
varying systems with unknown nonlinear dynamics under the
TBCP. Building upon these results, Theorem 2 has further
presented an explicit parameterization of the NN-based es-
timator gain Lj by minimizing the combined upper bound
Ri11. The proposed recursive NN-based state estimation
framework holds significant practical value for networked
control systems operating under limited communication re-
sources and unknown nonlinear dynamics. By integrating the
TBCP into the estimator design and providing an explicit
gain parameterization strategy, the proposed approach offers
a viable and computationally efficient solution for enhancing
estimation accuracy while ensuring communication efficiency,
thereby facilitating its application in industrial cyber-physical
systems and resource-constrained environments.

Remark 3: A potential future application of the proposed
NN-based state estimation algorithm is in large-scale indus-
trial cyber-physical systems deployed over wireless sensor
networks with limited bandwidth and constrained energy re-
sources. In modern smart manufacturing, intelligent robotics,
and remote industrial monitoring platforms, system dynamics
are often nonlinear, time-varying, and partially unknown due
to environmental changes, component aging, and operational
uncertainties. Meanwhile, continuous data transmission is im-
practical because of communication congestion, shared net-
work infrastructure, and power limitations of sensor nodes. By
integrating neural-network-based online approximation with a

token bucket communication mechanism, the proposed recur-
sive estimator can simultaneously address unknown nonlin-
ear dynamics and intermittent measurement availability. The
theoretical guarantees on the upper bounds of both the state
estimation error covariance and the neural-network-weight
error covariance further enhance reliability, which is particu-
larly important in safety-critical or high-precision applications.
Therefore, the algorithm provides a promising solution for
intelligent, resource-aware state estimation in next-generation
Industry 4.0 systems and networked control environments.
Remark 4: The distinctive novelties of this paper, when
compared to the existing literature, can be outlined as follows.

1) Firstly, the recursive NN-based state estimation problem
has been addressed for the first time under the joint
consideration of unknown nonlinear dynamics and the
TBCP, which has rarely been investigated in prior studies.

2) Secondly, a novel measurement model characterizing the
TBCP has been mathematically formulated and seam-
lessly integrated into the estimator design, enabling the
joint handling of communication constraints and system
uncertainties.

3) Thirdly, an explicit parameterization method for the NN-
based estimator gain has been developed in Theorem
2, where the estimator gain is designed to minimize
the combined upper bound of the state estimation error
covariance and the NNW error covariance.

These contributions provide a comprehensive and systematic
framework that bridges the gap between neural network-based
estimation techniques and networked control systems with
constrained communication, which, to the best of the authors’
knowledge, has not been reported in the existing literature.

IV. AN ILLUSTRATIVE EXAMPLE

In this section, a numerical example is provided to demon-
strate the effectiveness of the NN-based state estimation meth-
ods addressed in this paper. For comparison, the Kalman Filter
(KF) and Extended Kalman Filter (EKF) are also applied in
this simulation example.

Consider the system (1) with the following parameters:

[1.5c0s(k)  0.01 0.02

Ap=| 002 —L7sin(k) 03 |,
0.01 0.03  1.9cos(k)
1
_ ~ 109 0.25cos(k) 1

B = Cosl(k) » Ge= [0.9 025  1]°

095
Dre = _0.65sin(lf)] '

The noise wy, is zero-mean stochastic noise satisfying w? =
0.1. The initial states and covariances xg, Tg, FPp and )y are
chosen as

T
wo= 2" 2P o] =[31 -265 47,

T
do=[2) @ &) =[0 0 07,
Py=101, Qo=101.
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The unknown nonlinear function in the system (1) is taken
as

sin(a:,(cl)) cos(a:,(f’))
(21”)
sin(x,(f)) cos(x,(:’))

sin

flar) =8

The NN activation function and the initial NNW matrix are
selected as

T
¢(2x) = |tanh(("”) tanh(2(”) tanh(z(*)| |
. 1.5 1.65 1.5
Hy=|15 18 1.5

0.75 1.2 1.35

For the KF, the linear component in the state equation
adopts Ay, while the unknown nonlinear component is directly
neglected. For the EKF, since the classic EKF cannot directly
handle scenarios involving unknown nonlinearity, we use the
form of Ay + F) ( F} is the Jacobian matrix of f(xy), i.e.,
Fy, = 0f (x)/0xk|z,,,_,) for the linear component in its state
equation here to facilitate comparison. In other words, the
nonlinear information is actually incorporated into the EKF.

For the TBCP, we set the token added rate a = 2, the
transmission cost b = 3, the maximum capacity S = 10, and
the initial bucket level zy = 6. Let the positive scalars be
a;r=01(G=123,4) and 5, =09 (: =1,2,...,12),
9; =0.001 (i=1,2), H=8,¢p=1,and £ = 0.1.

With the above parameters, an upper bound for the state
estimation error covariance can be calculated iteratively and
the NN-based estimator gain and the NN tuning parameters
can be determined recursively by using Theorems 1 and 2.

Simulation results are presented in Figs. 1-5. Specifically,
Fig. 1 plots the state trajectories and their estimates for
three state estimators. Fig. 2 shows the state estimation error
covariances for three state estimators. Fig. 3 depicts the trace
of the obtained upper bound and the log of the state estimation
mean square error (MSE) of our proposed algorithm, which is
defined by

T
log(MSEY)) 2 2 S"(of — #)?

t=1
with 7' = 300, j = 1, 2, 3. Fig. 4 shows the unknown nonlinear
dynamics trajectories and their approximations by the designed
neural network. Fig. 5 describes the transmitted indicator for
the TBCP at each instant k. The simulation results demonstrate
that the filtering algorithm addressed in this paper is indeed
effective.

Remark 5: This simulation compares the state estimation
performance of three algorithms: Kalman Filter (KF), Ex-
tended Kalman Filter (EKF), and our estimator for a stochastic
discrete time-varying system with unknown nonlinear dynam-
ics and token bucket communication constraints. The KF
relies on a linear system assumption and directly ignores the
nonlinear term, leading to significant estimation bias when the
system nonlinearity is strong. The EKF mitigates this limi-
tation by linearizing the nonlinear term via first-order Taylor
expansion and Jacobian matrix calculation, but its performance
is highly dependent on the accuracy of linearization and may

degrade if the nonlinearity is severe or the operating point
changes rapidly. In contrast, the our proposed algorithm ex-
hibits distinct advantages: 1) it adaptively learns the unknown
nonlinear dynamics through online weight updates, avoid-
ing reliance on manual linearization or prior knowledge of
nonlinear structures; 2) it effectively handles communication
constraints (token bucket protocol) by integrating transmis-
sion indicators into the estimation framework, maintaining
robustness even when observations are intermittent. Overall,
our estimator provides a more reliable and adaptive solution
for state estimation of unknown nonlinear systems under com-
munication constraints, overcoming the inherent limitations of
linearization-based filters (KF/EKF).
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Fig. 1. State xj and its estimations Zj for three state estimators.
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log(MSE")) Compari
: ‘
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Fig. 2. State estimation error covariances for three state estimators.

V. CONCLUSIONS

In this paper, the recursive NN-based state estimation prob-
lem has been investigated under the joint consideration of
unknown nonlinear dynamics and the TBCP, which has been
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log(MSE('}) (blue full line) and its upper bound (red dashed line)
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Fig. 3. State estimation error covariance of this paper and its upper bound.
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Fig. 4. Unknown nonlinear dynamics trajectories and their approximations.

Transmitted indicator for Token Bucket communication protocol
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Fig. 5. Transmitted indicator for the TBCP at each instant k.

incorporated to prevent data congestion and reduce the energy
consumption associated with signal transmissions. The desired
NN-based state estimation scheme has been developed, and
the NN-based estimator gain parameters have been derived
in terms of the solutions to two sets of matrix difference
equations, aiming to minimize the upper bounds of both
the state estimation error covariance and the NNW error
covariance at each time instant. Finally, a numerical example
has been provided to validate the effectiveness of the recursive
NN-based state estimation algorithm proposed in this paper.

Future research will focus on extending the proposed
methods to distributed systems, incorporating more complex
network constraints, and enhancing robustness against model
uncertainties [7], [8], [19], [44]. For example, the proposed
framework can be extended to more general systems such
as multi-agent systems and distributed sensor networks by
incorporating distributed estimation and network interaction
mechanisms. In multi-agent systems, each agent can imple-
ment a local NN-based estimator to approximate unknown
nonlinear dynamics, while consensus or diffusion strategies
can be introduced to coordinate state estimates across the
network under communication constraints. For distributed
sensor networks, local estimators can be deployed at indi-
vidual sensor nodes, and distributed fusion techniques can
be integrated to achieve global estimation objectives. By
extending the matrix-recursion-based covariance analysis to
block-structured or graph-dependent forms, and incorporat-
ing time-varying or switching communication topologies, the
proposed communication-aware and learning-based estimation
framework can provide a scalable solution for cooperative
estimation in large-scale networked systems.
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