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Abstract

In the Bayesian world, referring to a variable as “random” means that this vari-
able — a scalar, tensor, a network, etc. — takes a value with a probability, such that
it attains a values that live in the support of this probabilistic distribution. lies in
a given interval, with uncertainties. We want to make inference on the unknown
parameters of a model, using the modelled probability distribution of each such
unknown, given the data. In my thesis, I discuss the motivation for undertaking
inference via sampling unknowns given the data, and introduce a learning of real-
isations of a random graph variable. This random graph is a Random Geometric
Graph (RGG) that is drawn in a probabilistic metric space. Further learning of this
graph variable has also been explored in the thesis, to identify the optimal cut-off
value that is imposed on the posterior probability of any edge given the (multivari-
ate) dataset at hand. Such an optimal cut-off then corresponds to graph realisations
that produces the most robust - to changes in the cut-off values - graph. Theoretical
illustrations of the learning of this graph and the applications of such graph learning
are presented using real-world data, towards: (1) scoring of severity of a disease, by
computing the distance between the posterior of the learnt random graph variables,
given the time series data on the physiological parameters of two patients as they
suffer from the disease; (2) a method for the learning of the individualised recovery
trajectory of patients who are enrolled on a physical rehabilitation programme, with
the aim of regaining their lost mobility; (3) a new way of recognising critical residues
of an example protein, using static and dynamic nodal degree distributions of ran-
dom graphs learnt using molecular dynamical simulations of the protein. Based on
my PhD research, future work is discussed.
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Chapter 1

Background

Graphs and networks are foundational tools for representing and analysing complex
systems composed of interconnected elements. Whether modelling the internet;
transportation systems; biological interactions; social relationships; etc. - networks
offer a powerful way of understanding how structure influences function. In each
of the cases enumerated above, each node in a network represents an individual
unit, such as a computer; city; gene; one single person; etc., while edges capture
interactions or relationships. Thus, graphs and networks provide a language that
helps describe and investigate diverse phenomena, using a common mathematical
framework. Moreover, many important behaviours in complex systems - such as the
spread of diseases or the flow of information - are not properties of individual com-
ponents, but emerge from the pattern of connections amongst them. Understanding
this whole structure, and how it influences dynamics, is central to the science of
networks.

This reveals one more strength of graphs and networks: clear and better visu-
alisation of inter-variable relationships, which offers intuition on how to inspect the
structure and behaviour of complex systems. By representing entities as nodes, and
their interactions as edges, network diagrams allow us to see patterns that would be
difficult to detect from raw data alone. This visual clarity is valuable in most fields,
such as social network analysis; biology; computer science; etc, where understand-
ing how parts relate to one another is often more important than understanding the
parts themselves.

In practice, however, the precise structure of a network is often unknown - too
large to fully observe, or constantly changing. Relationships are rarely formed by
design; instead, they arise from local interactions; environmental constraints; or
probabilistic behaviour. This is where randomness becomes essentially relevant.
Rather than relying on a fixed or deterministic structure, researchers often model
graphs as random structures, in which the collection of nodes and edges is generated
according to probabilistic rules. By embedding these aspects into models of random
graphs, researchers can construct more flexible, robust representations of real-world
systems and better understand the interplay between chance and structure in com-
plex networks. For instance, by treating a social network as a random graph, one
can ask how likely it is to be connected, how information might propagate, or how
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vulnerable it is to node failures. Random structures also allow for the exploration
of universality in networks - certain global properties emerge not from the specific
details of each system, but from shared statistical features. Many networks exhibit
small-world characteristics or scale-free degree distributions (Barabési and Albert,
1999; Barabasi et al., 2000; Kumar et al., 2000), regardless of their underlying mecha-
nisms. Modelling networks randomly helps reveal these broad patterns and provides
a testbed for comparing theoretical predictions with empirical observations.
Random graph models also help identify phase transitions. For example, in
the classic Erdos-Rényi model (Erdos and Rényi, 1959), as the probability of edge
formation increases, the network undergoes a critical transition: below a certain
threshold, most nodes are isolated or in small clusters, but above it, a giant con-
nected component rapidly emerges (Amaral et al., 2000). This behaviour mirrors
phase transitions in physical systems, such as the shift from liquid to gas, and has
profound implications for understanding real-world networks. In epidemiology, such
a transition might represent the tipping point at which a disease outbreak becomes
an epidemic (Mata, 2021), while in communication networks, it could mark the point
at which reliable connectivity is achieved (Cohen et al., 2000). Random graphs thus
offer a valuable framework for studying the emergence of global properties from local
randomness, and for anticipating critical thresholds in complex systems.

1.1 Random Geometric Graphs: existing studies

Random Geometric Graphs (RGGs) are an important class of spatially constrained
random graphs that have been widely studied in probability theory, combinatorics,
and network science. It provides a realistic model for networks where connectivity is
limited by geometric distance. An RGG is an undirected graph formed by randomly
sampling nodes from an identified distribution, (such as a uniform distribution) in a
metric space, where an edge is placed between two nodes if and only if the distance
between them in this host space, is less than a pre-defined threshold, excluding self-
loops. Here this pre-chosen threshold plays a crucial role in determining network
connectivity and clustering.

In the Erdés-Rényi model (Erdos and Rényi, 1959), every graph defined on a
fixed vertex set, with a predetermined number of edges, is equally probable. Gilbert
(1961) established fundamental connectivity properties, showing that a critical con-
nection radius exists: the Gilbert model, also known as the Erdds-Rényi-Gilbert
model, each possible edge has been assigned an independent probability of exis-
tence. Subsequent research by Penrose (1999, 2003) provided a rigorous proba-
bilistic learning of RGGs, exploring their degree distributions, clustering properties,
and connectivity thresholds. Dall and Christensen (2002) further investigated the
critical connectivity of RGGs by examining the size of the largest cluster and de-
rived an analytical expression for the clustering coefficient of RGGs. The study of
higher-order connectivity properties extends RGG theory beyond basic connectivity.
Penrose (1999) introduced the concept of “k-connectivity”, which ensures network
robustness by requiring each node to have at least k independent paths to others.

14 Chapter 1 Chugiao ZHANG



7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

107

108

109

110

111

112

113

114

115

116

117

118

Learning Random Geometric Graphs, and their Applications

Another variation of RGGs is the k-nearest-neighbour (k-NN) graph, where each
node is connected to its k closest neighbours instead of using a fixed radius (Bal-
ister et al., 2005). Devroye and Fraiman (2014) extended RGGs to inhomogeneous
random graphs, where the node density varies across space, and the probability of
an edge existing between two vertices varies according to a specified kernel function.
These models play a crucial role in probabilistic graph theory, as a rigorous frame-
work for defining properties that hold for graphs in large-scale settings. RGGs have
found numerous applications in wireless networks (Mao and Anderson, 2012; Gupta
and Kumar, 1998; Kumar and Gupta, 2000; Muthukrishnan et al., 2005), biological
interaction networks (Doncheva et al., 2012; Haspel and Jagodzinski, 2017; Kantelis
et al., 2022), and social network modelling (Newman et al., 2002), and have been
extensively analysed to improve real-world network designs.

However, in many real-world applications, connections between nodes are not
strictly deterministic - this limitation is then addressed by Soft Random Geometric
Graphs (Soft RGGs) (Penrose, 2016; Giles et al., 2016), where edge formation fol-
lows a probability function. The concept of probabilistic connections in geometric
graphs was first introduced by Waxman (1988), which became a foundational model
for SRGGs. SRGGs are an extension of traditional RGGs, where the connectiv-
ity rule is probabilistic. This makes them useful in modelling real-world networks
with uncertain connectivity. Penrose (2003, 2016) provided a theoretical framework
for analysing connectivity in both RGGs and SRGGs, which was a landmark in
geometric graphs.

1.2 Inter-graph distance

When talking about the distance between two graphs in my research, we are actu-
ally referring to the distance between two probability distributions - to be specific,
the posterior probabilities of two random graph variables, learnt given two datasets.
Several statistical distance measures play significant roles in probability theory, in-
formation theory, and machine learning. One of the earliest and most influential
measures of statistical distance is the Kullback-Leibler (KL) divergence introduced
by Kullback and Leibler (Kullback and Leibler, 1951). KL divergence quantifies the
divergence between distribution () and distribution P, and it is asymmetric. A sym-
metric divergence, Jensen-Shannon (JS) divergence (Lin, 1991; Gibbs and Su, 2002),
which has widely applied in bioinformatics and genome comparison. Wasserstein
distance (Kantorovich, 1939; Vaserstein, 1969; Villani, 2008) provides a meaning-
ful distance metric even when distributions have non-overlapping support. Beyond
divergence measures, probability metrics provide another way to quantify distribu-
tional differences, such as Total variation (TV) distance (Csiszédr, 1967), which has
been widely used in hypothesis testing and Bayesian inference. The Hellinger metric
(Hellinger, 1909; Bhattacharyya, 1943; Nikulin, 2001) is a robust distance measure
between densities, and is popular in the statistics literature given its ease of compu-
tation. The Hellinger distance is particularly effective in cases where distributions
have overlapping support and is frequently used in pattern recognition and Bayesian

Chapter 1 Chugiao ZHANG 15
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updating.

To compute the inter-graph distance/divergence between the posteriors of the
graph variable learnt given two distinct datasets, I have applied the Hellinger dis-
tance and the KL divergence.

1.3 Gist of my thesis

In my research, I have learnt realisations of a random the graph variable, given mul-
tivariate datasets, where this random graph-valued variable is a Random Geometric
Graph (RGG) drawn in a probabilistic metric space. I implement this graph learn-
ing by learning each edge of such a sought graph, given the inter-column correlation
of the given dataset, and apply this in multiple real-world settings.

In particular, T implement the computation of a statistical distance/divergence
between the posterior probability of a random graph given the correlation of one
given dataset, and that given a second dataset. Such a computed distance informs
on the strength of the effect of the generative mechanism that gives rise to one
dataset, distinguished from the second set. Such mechanisms comprise experimental
conditions under which the two datasets are generated, or even the time. Again,
my doctoral work is marked by applying this inter-graph distance to the solution of
multiple real-world problems as indicated below.

A random graph drawn in a probabilistic metric space also allows a data-driven
thresholding that defines the geometric aspect of the sought RGG. In this thesis I
demonstrate the details of our statistically driven, context-specific threshold selec-
tion technique and apply it to several datasets, in the latter chapters. By rooting
threshold selection in the data rather than in user preference, the resulting graphs
are interpretable, reproducible, and computationally tractable across a wide range
of applications.

1.3.1 In Chapter 1

Earlier in this chapter, I introduced graphs and networks as comprising a mathemati-
cal framework for modelling complex systems, emphasising probabilistic approaches.
I discussed the basic concept of a random graph, including random geometric graphs,
to realistically represent the correlation structure of a multivariate dataset, along-
side Bayesian techniques for learning graph structures from data. Details of RGGs
will be discussed in Chapter 2, and the learning of such graphs will be undertaken
within a Bayesian framework. In fact my entire doctoral work is performed within
the Bayesian approach.

I also undertake the Bayesian inference, following Bayesian modelling, and devote
the rest of this chapter to the discussion of such sampling-based inference methods,
as relevant to my graph learning endeavours. Sampling-based Bayesian inference
methods - such as MCMC and Rejection sampling - are applied to sample from
the posterior distribution of the correlation between two variables given the data
at hand; and to sample from the edge variable connecting two nodes in the graph,

16 Chapter 1 Chugiao ZHANG
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given the correlation between the random variables that are attached respectively to
these two nodes. The discussion of uncertainty quantification on any learnt variable
is further supported through Highest Posterior Density regions, which are incorpo-
rated in the graph learning that I undertake in my work. Thus, the graphs are learnt
such that any edge is learnt with identifiable uncertainty. These inferential tech-
niques establish the fundamentals of the inference that I undertake towards learning
the RGGs in various real-world settings, as discussed in the subsequent chapters.
In these chapters, I discuss further investigation of developing methodology and
applications of such probabilistic graph learning methods to real-world datasets. I
illustrate these sampling techniques by applying them to small real-world, as well
as synthetic datasets.

1.3.2 In Chapter 2

[ discuss the details of learning the random (geometric) graph - drawn in proba-
bilistic metric spaces - in Chapter 2, along with studies of thresholding edges with
a cut-off probability, that underlines the “geometric-ness” of the random geometric
graph that I seek, given the relevant dataset. A graph is learnt by learning the
edges of this graph variable, within a Bayesian approach, that permits the uncer-
tainty of any edge variable to exist in the graph, given the correlation structure
of the data. In this chapter, I also discuss the details of computing the statisti-
cal distance/divergence between the posterior probabilities of RGGs learnt given
two distinct - and disparately-long datasets. As stated above, such an inter-graph
distance/divergence is then useful in providing a scalar value that embodies the
difference between the capacities in the mechanism that generates the two relevant
datasets. Thus, Chapter 2 can be summarised as the chapter in which the basal tech-
nique for graph learning, and for the usage of the learnt graphs, towards solutions
to real-world problems, various examples of which I will address in the remaining
chapters.

As I stated above, in this chapter I choose the cut-off probability on the edge
posterior probability, allowing for acceptance of this edge in the pursued RGGs.
To clarify, I recall that by definition, an RGG places an (undirected) edge between
two nodes whenever the distance between them is below a certain threshold. In an
RGG drawn in a probabilistic-metric space, each potential edge is represented by
a probability distribution over positive support, and we include that edge in the
graph only if its associated probability exceeds a cut-off parameter 7. Choosing 7
“meaningfully” is crucial - if 7 is set too high, very few edges will be accepted and
the resulting graph will be overly sparse, potentially missing important structural
relationships in the data from the visualised graph. Conversely, if 7 is too low, almost
every pair of nodes will become connected, yielding a dense graph that obscures
meaningful patterns. In my thesis, I derive a method for selecting this threshold 7,
so that the learnt graph faithfully represents the correlation structure of the data.
In the future, I will seek other possible approaches to explore and reinforce our
threshold choice.

Chapter 1 Chugiao ZHANG 17
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1.3.3 In Chapter 3

Out of the several real-world applications that this graph-learning paradigm offers a
powerful lens on, Chapter 3 demonstrates its utility on understanding and usage of
clinical datasets comprising observations on patient phenotypic parameters, during
their period of sufferance from a disease called Veno Occlusive Diseases (or VOD)
that afflicts recipients of Bone Marrow Transplant (or BMT). Patient sof certain
blood cancers and other haematological ailments (such as Thalassemia) sometimes
opt to undergo a BMT, as a cure for their ailment, but the very BMT often induces
VOD in the patient. I am involved in a project in which the aim is the prediction of a
score that informs on the severity with which VOD will develop in a patient after they
would have undergone their BM'T, but we make this prediction at the pre-transplant
stage. This prediction is made possible by learning the relationship between the
vector of pre-transplant variables and this score, which in itself is possible only
if we have the adequate training dataset to use. The VOD severity score of any
patient who contributes to this training data then has to be learnt. I learn this a
part of my doctoral work, by learning the realisation of an RGG variable, given the
time series data on phenotypic parameters, recorded for each patient in the training
cohort, i.e. for each patient who has already had their BMT. Then during a time
interval that includes the time point of the BMT for such a patient, their parameters
recorded, though some patients die early, resulting in disparately-long time series
for the different patients. I learn the RGG given such a time series data for each
patient, and compute the inter-graph distance between the RGGs learnt for any
patient, and that of an arbitrarily-chosen “reference patient”. Such a distance then
offers the score that we seek, to populate the aforesaid training data.

1.3.4 In Chapter 4

In Chapter 4 again, I work on computing the distance between learnt RGG variables,
but in this application, the graph-pairs that I learn the distance and divergence be-
tween, are learnt given (time series) data generated by the same patient, at distinct
instances of them undertaking a given exercise. Such an exercise is undertaken at
multiple, sequential instances, by a patient who is enrolled in a physical rehabilita-
tion programme to regain their mobility, that is impeded in them, owing to a critical
illness or injury. Repeating the exercises helps the patient recover their lost mobil-
ity. The time series data that is generated on doing any exercise at any instance,
comprises values of the locations of 20 joints in the skeletal frame of the patient, that
change with time as the patient is undertaking their exercise. Indeed, the correlation
between locations of any two joints in this frame, reflects the level of recovery that
is current in the patient. Therefore, the inter-graph distance/divergence, informs
on patient recovery. Thus, I forward a score of such recovery, between one instance
of the patient doing an exercise, and the next instance, as the distance/divergence
between the posterior probability of the RGG learnt given the time series data gener-
ated by the patient at the second of these two instances, compared to that generated
at the first instance. Interestingly, the time series data on the joints is recorded at
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every instance of a patient doing an exercise, on a virtual platform.

1.3.5 In Chapter 5

Chapter 5 discusses a contribution to protein design. Three distinct methods for the
automated identification of critical residues are introduced, provided by the method
that permits the learning of RGGs in probabilistic metric spaces, where such RGGs
are objectively and meaningfully thresholded. Such RGGs are learnt given a large
multivariate dataset obtained from Molecular Dynamical simulations, performed by
a collaborator. My work in this project is the identification of critical residues of
this simulated protein, using random graphs that I learn, and meaningfully thresh-
old. Identifying critical residues in proteins is essential since these residues often
play key roles in maintaining structural integrity and in enabling catalytic activity;
facilitating molecular recognition; and regulating function. Understanding which
residues are critical allows, scientists to interpret the functional impact of genetic
mutations, many of which are linked to diseases. In practical applications, this
knowledge underpins drug development; protein engineering; and synthetic biology.

I learn the binary edge variable between any two nodes of this RGG, given
the correlation between the state variable of any two residues computed using the
simulated data that is the high-dimensional time series data on the state of each of
the (156) residues of this protein. I develop a parameter (called § parameter) that
is the degree of each node of the RGG that is learnt such that, to any node of this
RGG, is attached the (categorical) random variable that informs on the state of a
residue of the considered protein. In addition to this parameter, I also compute the
7 parameter that is the measure of dispersion of the temporally-evolving degree of
any residue, across time points that mark the temporal locations of intervals, that
I partition the full range of time included in the simulation, such that, a subset
of the full simulated dataset is produced at each such interval. In addition to this
dynamic parameter, I also define a parameter (§ parameter) for any residue, that
is the difference between the posterior probability of the RGG learnt with data
on all residues, and the posterior of the RGG learnt with the data on all but the
considered residue. Ranking these parameters, allows us to identify the critical
residues - residues with: the highest § values; the highest n values; and the lowest
0 values indicate criticality.

1.3.6 In Chapter 6

So in summary, in Chapter 6, I state that my thesis utilises newly developed theory
for learning a random geometric graphs of a multivariate datasets, the inter-variable
correlation structures of which are known or can be computed. While this graph-
learning approach offers a powerful new lens for examining dataset structure and
- as I present in the various chapters - finds many practical applications, and also
addresses the incompleteness in the current theory. The graph learning method
- and the inter-graph distance computation - will be applied to various real-world
applications from Healthcare and Biology, that I have expounded upon in the earlier
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chapters, with the basic sample-based Bayesian techniques discussed in the very first
chapter in the thesis. I will wrap up the chapter with a discussion of future work.

As stated above, all learning is performed within a Bayesian framework, using
sample-based Bayesian inference, that includes rejection Sampling and MCMC. 1
discuss these techniques now, and include some experiments on small real data, to
illustrate such inference.

1.4 Motivation, objectives and contributions

The motivation behind undertaking of my doctoral work is to employ random graphs
towards the solution of distinct real-world problems that are marked by multivariate
data. It is challenging to model the interaction amongst pairs of components of the
generative mechanism that produces such data, and such interactions can be tracked
within the high-dimensional setting, using random graphs. I am particularly inter-
ested in learning graphs of such data as random structures, so that we can attribute
a probability distribution to the sought graph variable. Said probabilistic signature
has the advantage of allowing for the computation of statistical distance/divergence
between the graph variables given pairs of datasets generated under distinct exper-
imental conditions, where said distance/divergence then serves as a proxy for the
strength of the conditions that cause one of the datasets to be different from the
other. I am also motivated to learn such random graphs as geometric, in order to
avail of greater flexibility in my search for the strength of interaction between the
distinct random variables that contribute to the data at hand. Ultimately, my aim
is to apply such graph learning techniques to address different real-world problems.
Objectives of my doctoral study are enumerated as follows:

1. Learn random geometric graph variables of a given multivariate dataset, using
sampling-based Bayesian techniques. Compute statistical distance/divergence
between the posterior probabilities of RGG variables learnt given respective
datasets. I will use the Hellinger metric and Kullback-Leibler measure as the
distance and divergence measures respectively, in my work.

2. Develop a meaningful thresholding on the RGGs that I learnt, towards clear
interpretability.

3. Learn the RGGs of time series data on physiological parameters of each patient
in a cohort, as they progress through their sufferance of an oncological disease.

4. Learn recovery trajectories of each patient in a cohort of patients who are
suffering from mobility loss, and are enrolled in a physical rehabilitation pro-
gramme to regain their mobility. I will learn these trajectories by computing
the distance/divergence between the RGGs of each patient learnt using the
time series of performance indicators that the patient realises during their
undertaking of an exercise on two consecutive instances.
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5. Use the RGG learning techniques to identify critical residues of a simulated
protein.

The methodological contributions of my work are enumerated below.

e In my doctoral work, I have implemented a recently-advanced method for
learning random geometric graph variables drawn in probabilistic metric space,
given multivariate datasets that comprise observations of a small to a high
number of random variables. I extended this method to include datasets that
comprise observations of categorical variables.

e | have also included learning of the correlation matrix using MCMC, within
my doctoral work, in addition to the learning of the graph variable.

e [ have developed a new interpretable method for thresholding in the geometric
graphs that I have learnt. This thresholding technique exploits the random
nature of the graph variable I learn, by identifying stationary points of the rate
of change of the (logarithm of the) graph posterior probability, with the change
in the thresholding. Thus, the best threshold in the given data is organically
identified.

I have applied graph learning, and inter-graph distance computation in the fol-
lowing real-world applications.

e In my doctoral work, I have learnt the graphs of each of a cohort of patients
given the respective patient’s time series data on multiple physiological param-
eters that were recorded from a few days before to 18 days after the patient
underwent a Bone Marrow Transplant. My learnt graphs were used within my
collaborating team, to compute the distance between the posterior probability
of the graph of each patient in this cohort, and an arbitrarily chosen “reference
patient”, as the relative score of severity of a disease that developed due to
the Transplant, in the patient.

e [ have employed my graph learning and inter-graph distance and divergence
computation to learn the recovery trajectory of each patient in a cohort of
patients who were suffering from mobility impediment, and were enrolled in a
physical rehabilitation programme to help them regain their lost mobility.

e [ have used the graph learning technique and my thresholding identification,
to identify critical residue of a simulated protein, by developing three distinct
parameters of criticality.

1.5 Sampling-based Bayesian inference I use in
the thesis

When we cannot perform closed-form inversion of the cumulative distribution func-
tion - corresponding to the (posterior) probability density of the variable that we
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want to learn given the data - we need to undertake Bayesian inference by sampling
from said posterior. If the posterior density is univariate and fully specified, we can
undertake Rejection Sampling, but otherwise, we will need to undertake Markov
Chain Monte Carlo (MCMC).

1.5.1 Rejection Sampling

Before we get into implementing MCMC algorithm, we introduce another method
for sampling a probability distribution, namely, rejection sampling (Forsythe, 1972;
Devroye, 1986). We need to invert f(x) to know the value of = to generate a sample
from f(x), while this f(x) might not be invertible in a closed-form way. In this case,
an invertible distribution, g(x) has been invoked, to help sample from f(x), such
that X = z* is a sample that is easily generated from g¢(z), and then X = z* is
accepted, (or not), according to a prescribed acceptance criterion, such that X = z*
is a sample from f(x), (or not).

Definition 1.5.1. If we sample X = x* from a function g(x), for a real M € (0, 00)
such that
Cg(x) > f(x),Vz;

For u ~ U|0,1], and we accept the sampled x* if

f(z*)
Cg(z~)

> u,
then the probability distribution of this sampled variable x*, is fx(x)

1.5.2 MCMC

Markov Chain Monte Carlo (MCMC) methods were developed to address the chal-
lenge of sampling from complex probability distributions, particularly in scenarios
where direct computation of expectations is infeasible, which has been widely ap-
plied and developed in fields such as statistics, econometrics, physics and computing
science. MCMC provides an essential tool for Bayesian inference. In this section, we
outline the motivation for using MCMC in the context of our research, along with
the applications in real-world data.

Motivation and theoretical foundation

One of the main challenges in Bayesian statistics is computing the posterior distri-
bution. Recall the very basic Bayes rule:

P(A|B)P(B) = P(B | A)P(A)

We replace A by an event - that we refer to as “model” - that some model
parameters X, ..., X, take values of x4, ..., z,, and replace B by the event - referred
to as “data” - that some observed variable Y takes value of y; at the i-th instance,
and there are N such instances of making observations.
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P(model | data)P(data) = P(data | model) P(model)

P(data | model) P(model)
P(data)

In this equation, P(model | data) is exactly what we want, namely the poste-
rior probability that Xi,..., X, take the value z,,...,z, respectively, given data
{y1,...,yn}. P(data | model) is easy to conceptualise and interpret since the prob-
ability of that which is sought - i.e. the model - is provided. Such a posterior
probability of the sought model is given, which is essentially fixed, namely the data.
We compute the sought posterior using that which is easy to compute (i.e. the
likelihood), and the prior (Gelman et al., 2013). The apparent shortcoming of
Bayesian statistics is that it only gives the probability of unknowns, instead of the
values of the unknown, which is ultimately desired in the real world. One ready
way to learn the values of unknowns is that, by maximising the posterior probabil-
ity density function given data, also known as MAP, namely, we are asking “which
values of X are most probable, given the data?” We observe the values of X with
the highest probability. However there are still some problems with optimisation.

= P(model | data) =

e For multimodal posterior probability density function, it is difficult to perform
Bayesian inference objectively, i.e. which peak do we choose, and why?

e Marginal posterior probability distribution is likely to be difficult to compute.
Suppose there are p unknowns, Xy, ...X,, such that the joint posterior pdf is

(X1, ..., X, | data).

Then maximising this joint posterior pdf does not tell us where X; attains its
highest posterior probability, Vi = 1,...p. i.e. we want to know the marginal
posterior probability distribution, for all X;, given the data i = 1,...;p. There
is nothing in the optimisation idea that offers a marginal posterior of X;, given
data Vi =1, ...p.

To overcome these problems of optimisation, we prefer Bayesian Inference that
comprises sampling from the joint posterior, allowing for the marginal posterior of
X; given the data Vi = 1,...,p. Markov Chain Monte Carlo (MCMC) provides
a sampling-based approach that bypasses the difficult direct computation of the
marginal posterior of X; via integrating X, ..., X;_1, X;11,..., X, out of the joint
posterior, by generating samples from the posterior distribution with an easy and
straightforward way, allowing for efficient approximation of the marginal distribution
of X;, Vi=1,...,p.

Thus, MCMC offers a method for generating samples from complex probability
distributions when direct sampling is infeasible. MCMC is particularly crucial in
Bayesian inference, where evaluating high-dimensional integrals is computationally
expensive, ruling out optimisation. MCMC operates by constructing a Markov chain
whose stationary distribution corresponds to the desired target distribution. By
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simulating this chain over multiple iterations, one can obtain a representative sample
set that can be used to approximate expectations, compute marginal distributions,
and perform model selection, etc.

The development of MCMC methods traces back to the Metropolis algorithm, in-
troduced by Metropolis et al. (1953), which was initially applied in statistical physics
to simulate thermodynamic systems. The algorithm was later generalised by Hast-
ings (1970), leading to the Metropolis-Hastings (MH) algorithm, one of the most
widely used methods for probabilistic inference. Hastings extended the Metropolis
algorithm by introducing a more flexible proposal distribution, which allowed the
algorithm to be applied to a wider range of statistical models and non-symmetric
proposal distributions. Chib and Greenberg (1995) provided an intuitive step-by-
step explanation of the MH algorithm, breaking it down into proposal distributions,
acceptance criteria, and Markov chain properties. They also highlighted the differ-
ences and connections between the MH algorithm and Gibbs sampling, demonstrated
that Gibbs sampling is a special case of MH, where the acceptance probability is
always 1, making it computationally efficient when full conditionals are available.
Geman and Geman (1984) introduced Gibbs sampling as a special case of MCMC
that enables efficient sampling from high-dimensional distributions by sequentially
updating individual parameters from their conditional distributions. Gelfand and
Smith (1990), introduced Gibbs Sampling to Bayesian Statistics, as a general statis-
tical tool for estimating posterior distributions. Casella and George (1992) provides
one of the most accessible and widely cited explanations of Gibbs sampling - a clear,
statistical explanation and mathematical justification of Gibbs sampling, and de-
scribes how Gibbs sampling constructs a Markov chain by iteratively sampling from
full conditional distributions, making it accessible to statisticians unfamiliar with
MCMC.

Over time, MCMC has evolved to include advanced variants. Robert and Casella
(2004) in their book, provided a detailed description of Monte Carlo methods and in-
depth Coverage of MCMC algorithms, not only MH algorithm, but also algorithms
developed in the past few decades, such as Hamiltonian Monte Carlo (HMC) (Neal,
1993), Reversible Jump MCMC (RIMCMC) (Green, 1995), and Sequential Monte
Carlo (SMC) (Del Moral, 2004), each designed to improve sampling efficiency and
convergence in complex models. Additionally, not only in the field of Bayesian
statistics (Chib and Greenberg, 1995; Gelman et al., 1995; Bolstad, 2010), MCMC
methods have found extensive applications in the field, such as spatial statistics
(Banerjee et al., 2014), machine learning (Andrieu et al., 2003), and financial areas
such as portfolio optimisation and financial forecasting(Asmussen and Glynn, 2007;
Rubinstein and Kroese, 2007).

The principle of MCMC algorithm is, for an arbitrary starting value (), we
can generate a chain (X (t)) using a transition kernel with a stationary distribution
f, such that the distribution of (X®) converges to a random variable from f. We
could consider MH algorithm with target density f and the proposal density ¢, to
produce a Markov chain (X®):
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Algorithm 1: Metropolis-Hastings Algorithm (Robert and Casella, 2004)

Given z(®)
Generate Y; ~ q(y|z«)) Take
Y, with probability p(z*),Y;)

X { +®  with probability 1 — p(z,Y;)
where p(z,y) = mzn{%—gg"z;, 1}.

It can be seen that the MH algorithm depends only on the ratios

fly) o a@" [w)
f(x®) q(ye | ®)

We implement MCMC on the real-world problem, namely, the learning of the
probability of failure of the O-rings of the Challenger Space Shuttle, which has
been widely used in statistical analysis, Bayesian inference, and logistic regression
modelling. We applied the following 4 types of MH and different proposal density ¢
in each case will be learned:

e Random Walk Metropolis-Hastings
e Vanilla MCMC
e Independent Sampler

e Gibbs Sampling

1.5.3 Metropolis-Hastings algorithm implementation: on real
(O-ring) data

On January 28, 1986, a routine launch was anticipated for the Challenger space
shuttle, the shuttle broke apart after seventy-three seconds, killing all seven crew
members on board. An investigation into the cause of the disaster focused on the
critical seal, namely, O-ring. It is believed that damage to these O-rings due to the
low temperature during the launch led to this disaster (Dalal et al., 1989). Table 1.1
below summarises observational data on O-rings for 23 shuttle flights. In the table,
we have the temperature at flight time (measured in Fahrenheit units) and the failure
of O-rings (1 stands for failure, 0 for success).

Mission 1 2 3 4 5 6 7 8 9 10 11 12 13 4 15 16 17T I8 19 20 21 22 23
Temperatrue 53 57 58 63 66 67 67 67 68 6 0 0 0 0 72 73 7 1 d6 76 787 8l
Failure 1 1 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0

Table 1.1: O-ring Data

To learn the data, we consider the failure status of the O-ring to be a variable X,
and the temperature to be a variable T'. Here X = 1 is "Fail”, i.e. O-ring stiffened,
or X =0, stands for “Not fail”. Therefore we have X ~ Bernoulli(p), where p is
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the probability that X = 1, namely the O-ring fails. The Bernoulli probability mass
function is

Pr(X=x2)=p"(1-p)' " 2=0,1
Hence, it is reasonable to regress this Bernoulli response X by using logistic regres-
sion:

1
1+ exp(—(Bo + BiT))’

Remark 1.5.1. We consider the log odds, which is a linear predictor,

Pr(X =1)

Pr(X =1)
[ = T
L= Pr(X =D+ PrX=1) _ | sunr
1—-Pr(X=1)
1
=1-Pr(X=1)= T oh BT
1
=Pr(X=1)=1- e
eﬁO“l’BlT
- 1 + ePot+6T
1
e (1.5.1)
: 1 : : :
i.e. Pr(X =1)= T o A AT 1S our regression equation.

Definition 1.5.2. We then consider the likelihood of N independent and identically
distributed (iid) samples: X1, Xo, .. Xy, L = Hf\il pmf of Bernoulli(p), i.e.

L= p(t:)" (1= p(t:)) ™",

where )

And therefore we have

[» _ a 1 x; 1 1—z;
N H( 1+ e—ﬂo—ﬁlti> (1 + ePotBiti ) ’
=1

N N
logl = Z[—xz log(1 + e~ Po=Fti)] 4 Z[—(l — 1;) log(1 + ePothrta)],
=/ i=1 =1

Hence logL = { is the log likelihood, namely, log(pdf of {t;;x;}Y.,, given B, B1).

With likelihood at hand, we now start to apply sampling on the posterior, i.e.
we apply MCMC sampling on the posterior.
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s Step I. Compute posterior
s We need to compute the posterior first.
Remark 1.5.2. Recall the Bayes rule,

P(data | model)P(model)
P(data) ’

P(model | data) =

509 likelthood x prior

pdf (data)
510 such that log posterior can be written as follows:

= m(unknowns | data) =

log posterior = log likelihood + log (prior of Bo)
+log (prior of 1) — log (pdf (data)),
su  here log posterior is the function of Bo, p1,, i.e. log(m(Bo, f1 | data)), and we have

likelihood x prior
pdf (data) ’

siz the log posterior probability function, given the data.

77(60751 ’ data) =

513 Note that since log(pdf(data)) is NOT a function of model parameters Sy, 31, it
su - can be considered to be a constant with respect to [y, 1. Recall in MH algorithm,
si5. we have the acceptance ratio to be defined as the ratio between posteriors, i.e. in

si6 one iteration, for the proposed value 3}, and the current value f3f , the acceptance
517 ratio is shown as follows:

(85, A1 | data)
(55, 57 | data)
sis the constant pdf(data) in the posterior, both in the nominator and denominator,

s will be cancelled in the calculation, which again reinforces one of the advantages
s0 MCMC technique - no need for computing the pdf of data.

1)

Acceptance ratio = min{

s2 Step II. Decide prior mo(8y), mo(51)

s2 Now we need to consider the prior of model parameters.

s23 Definition 1.5.3. set-up There is a simple setup for the prior:

7o(Bo) ~ Uniformla, b

7o(S1) ~ Uniform|c,d]

ss Another example of a prior widely chosen is the Normal prior, namely the prior of

s6 Do, b1
1 _<_6O - ﬂO(sp))2

exp
\/2mod | 203
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1 eXp[_(_Bl - Bl(sp))2]
Venot 201

Here our Normal priors are centred on some [y, 1 values, and variances o2,c3 are
chosen by us.

mo(B1) =

There are a lot of types of priors and various studies in terms of prior chosen
(Bernardo and Smith, 1994; Gelman, 2006; Gelman et al., 2008; Robert and Casella,
2004; Banerjee et al., 2015). We will use simple priors such as a uniform prior and
Normal prior as we defined above, in this initial setup of our implementation on
O-ring data. After setting up the posterior and the priors, we then begin to do the
sampling by MCMC.

Step III. Sampling by MCMC

We consider the Random Walk Metropolis-Hastings first. To apply Random Walk
MH to our O-ring data, we illustrate the detailed steps as follows:

1. Choose a seed value of 8; and a seed value of fj.

Recall:
1 1

1+ exp(—pfo — 51 T) T 1t e e AT

Pr(X=1|T)=

Since we don’t want the term e7 to be too large or too small, we then suggest
that the 3; be the order of % - the given O-ring data set the temperature is of

the order of 50 °F, therefore we suggest (3, to be the order of % (or 1—10 maybe).

2. Propose the 1st iteration, ﬁf*l), 5(()*1). That is,
f*l) ~ Normal(ﬁfo), o?)
fo) ~ Normal(53”, o7),
here 02, 07 are the variances we choose.

We need to decide if we will accept (ﬁ(()*l), f*l)) or not, depend on the accep-
tance ratio a:

a= log(w(ﬁfl), Bé*l) | data)) — log(n( P,Béo) | data)) > log(u),
here uniform random number u ~ U[0, 1].

If the inequality holds, then we have
B = B
if not, By remains the same value, i.e.
5(()1) _ 5(()0)
And we apply the same process for generating ﬁfl).

3. Repeat 2 in the next iteration, and keep doing it!
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Results of MCMC implementation

In this section we show the results of the application on O-ring data. We generated
our own Python code to implement MCMC, with four types of MH algorithms
applied.

Random Walk To start with, we apply the uniform prior, which normally shows
little information about the parameters, namely:

7TO(BO) ~ U[a’ b]770(51) ~ U[Cv d]

for some real a, b, c and d.
Consider the log posterior, recall that

log posterior = log likelihood + log (prior of (o)
+log (prior of p1) — log (pdf of data),

the log of uniform priors By and (1, also the log of pdf of data, can be scaled in the
calculation - in this case, the log posterior will simply be the log likelihood of 5 and
B1. We generate 500,000 iterations with the seed value Sy(seced) = 1, Bi(seeay = —%
and the Normal proposals with pre-chosen variances, namely

B ~ Normal(8\,62), B ~ Normal(8\?, o2).

The traces of MCMC and distributions of 5y and 3; are shown below.

Beta0 Trace histogram of beta0

[ -

0 100000 200000 300000 400000 500000
iteration

2 8

value of beta0

=)

value of beta0

Betal Trace .
histogram of betal

0.00 4
-0.25 {

050 { 2

-0.75 {

0 100000 200000 300000 400000 500000 ol i :
iteration -10 -08 -0.6 -04 -0.2 00
value of betal

value of betal

Figure 1.1: Using MCMC with a uniform prior along with a Normal proposal to
generate By and ;. The top plots indicate the values and histogram of £, with
proposal 5(()*) ~ N(B),4%), and the bottom plots show the values and histogram of

By with proposal 8\ ~ N (B, 4?)

For the case in Figure 1.1, we choose jump scale o2 = 0% for 3y and ;. While in
the real world, in case there are many parameters that need to be considered, it will
be a more reasonable choice to set up the individual jump scale, as a factor multiple
to the parameter. Figure 1.2 shows the results of MCMC with updated choice on
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variance o, the MCMC traces improve the convergence and the histograms present
a nice bell-shape.

Beta0 Trace histogram of beta0
E 50 004
©
= 25
- 0.02
2 0
S
T T T T T T 0.00
0 100000 200000 300000 400000 500000 0 10 20 30 40 50 60
iteration value of beta0
Betal Trace histogram of betal
E oo o
]
a 2
S 05
] 1
]
7 -0 - : v : ; ol . -
0 100000 200000 300000 400000 500000 -1.0 -0.8 -06 -04 -0.2 0.0
iteration value of betal

Figure 1.2: Using MCMC with a uniform prior along with a Normal proposal to
generate [y and ;. The top plots indicate the values and histogram of [, with
proposal ,6’(()*) ~ N( ﬂ(()c) , (2x1)?) and the bottom plots show the values and histogram
of 4, with proposal 6§*) ~ N(ﬁic), (2% %))

Apart from the uniform prior, we can use the Normal prior:

70(Bo) ~ Normal(uo, 502), 7o(B1) ~ Normal(uq, 812)

The traces of 500,000 iterations are shown in Figure 1.3, for the Normal prior
po =1 = 0,50 = s1 = 2.

Betal Trace

02
1 01

0 100000 200000 300000 400000 500000 00 -
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Betal Trace
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iteration
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value of betal
Figure 1.3: Using MCMC with Normal prior along with a Normal proposal to
generate [y and f;. The top plots indicate the values and histogram of [, with
proposal ﬁ(()*) ~ N( (()C), (2x1)?%) and the bottom plots show the values and histogram
of B with proposal 8 ~ N(B, (2 x =)?)

Immediately we see the problems from the [, trace - the 5, trace shows a con-
vergence between 0 and 5, which does not converge to, about 15, from our previous
study. The reason is that when we are proposing from the Normal density, the
support of the Normal density is the whole of the real line - we are suggesting that
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our [y can take both positive values as well as negative values, similarly (5; can
take negative values as well as positive values. Also, the scale of the excursion is
determined by the jump scale. In this case a very large jump scale, 0 = 2 X (scca)
for both £y and (1, has been applied to the calculation -the rule of thumb is that
the jump scale should be at least two orders of magnitude smaller than the typical
value of the variable. Our [, has a value of the order of 10, so the jump scale should
roughly have a value of about 0.1.

We then applied a smaller jump scale with o = 0.2 X (sceq) for both £y and 3y,
results shown in Figure 1.4. Currently we have a prior that is centred at 0 and has
a standard deviation of 2 - we have a prior that is too broad. Since our prior is
centred at 0, we are forcing the algorithm to basically move only around 0. When
our prior is wider, the prior will be less informative, and it will be less strong. The
weaker prior will be easier to overcome. So even though our prior says that our
value is centred at zero, the details in the calculation will overcome the prior. After
we adjust the proposal ¢ to the seed values times a factor of 0.2, we can find out
that the traces converge better than the previous attempt in Figure 1.3.

Beta0 Trace histogram of beta0

0.2
00-

0 100000 200000 300000 400000 500000 00 25 50 75 10.0 125 15.0
iteration value of beta0

value of beta0
=
=1}

o

Betal Trace histogram of betal

=01 10
-0.2 5

=03 1 . : r r . T v v
0 100000 200000 300000 400000 500000 -0.5 -04 -03 -0.2 =01 0.0
iteration value of betal

value of betal

Figure 1.4: Using MCMC with Normal prior along with a Normal proposal to gen-
erate fy and ;. The top plots indicate the values and histogram of 3, with proposal
ﬁo*) ~ N (ﬁéc), (0.2 x 1)?) and the bottom plots show the values and histogram of 3,
with proposal 8 ~ N (8, (0.2 x =)?)

From the trace of 3y in Figure 1.4, we can find out that our 3 still has a tendency
to be positive, namely, converges to positive - we have more sample values that are
positive than negative. Suppose we did not have any idea as to what the value of
Bo is, then this kind of trace that we have run, even using this kind of wide and
misplaced prior, we can still see that the next run will aim to achieve a positive
Bo - we can always analyse and take information from our previous traces. Bayes
rule allows us to sequentially update our results. And now, we have a bit more
information about the unknowns, after we had these previous attempts.

Vanilla MCMC After the random walk implementation in the previous section,
we now have more information about our parameters, therefore we then use a trun-
cated normal proposal instead, only taking positive values of 3, and negative values
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for f.

Definition 1.5.4. When the proposal distribution is not Normal, the MCMC is not
a random walk anymore - in this case, it is called a Vanilla MCMC' - the standard
MCMC' algorithms, more advanced MCMC methods such as Hamiltonian Monte
Carlo, Slice Sampling, are built on top of Vanilla MCMC' to improve efficiency and
convergence.

Notes that the acceptance ratio will not be simply the ratio between the posterior
of proposed values and the posterior of current values, since in the Random Walk we
have a Normal distribution as our proposal density q, which is symmetric. In this

case, the error functions of the truncated Normal proposal q will not be cancelled
(Wilkinson, 2012).

Beta0 Trace histogram of beta0
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Figure 1.5: Using MCMC with Normal prior along with Truncated Normal proposal
to generate By and ;. The top plots indicate the values and histogram of 3, with
proposal 8\ ~ TN(BY?, (2 x 1)2), and the bottom plots show the values and his-

togram of B; with proposal 8 ~ TN(B8, (2 x =)?).

We slightly tweak the jump scales of 8y and we have:

< 60
1
2 40
s
12
S o
0 100000 200000 300000 400000 500000
iteration value of beta0
Betal Trace histogram of betal
., 00
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Z
5 0.5 2
3 1
s
710 : - - . - 01— T v
0 100000 200000 300000 400000 500000 -10 -08 -0.6 -0.4 -0.2 00

iteration value of betal

Figure 1.6: Using MCMC with Normal prior along with Truncated Normal pro-
posal to generate By and ;. The top left and top right plots indicate the val-
ues and histogram of 3, with proposal B((,*) ~ TN (ﬁéc), (1 x 1)?), and the bottom
left and bottom right plots show the values and histogram of ; with proposal
B ~ TN(BY, (2 x £)?).

32 Chapter 1 Chugiao ZHANG



617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

Learning Random Geometric Graphs, and their Applications

In this section, we can see the traces fit the typical truncated Normal property -
we only sample the positive [y, similarly we have only negative ;. The fy still can
be found to converge to about 15, and ; converges to —0.2 roughly. In general, since
we keep updating our information about parameters from the traces, the truncated
Normal proposal shows better convergence in the traces and the nice bell-shape are
presented in the histograms of 5y and (.

Independent samplers

Definition 1.5.5. Independent sampler works similarly to vanilla MCMC, while the
mean of the proposal density is no longer the value of the unknown in the current
iteration, instead will be a fized mean we have chosen.

Compared with the Normal proposal, in the calculation of independent sampler,
the proposal density computed at the proposed value in the acceptance ratio, has
nothing to do with the current value in the iteration - immediately it can be seen that
one disadvantage of an independent sampler is the poor proposal will not easily drive
us to a good result, since we do not know how good our chosen proposal mean will
be, unless we know the approximate value of the unknown, which is often difficult
in the real world. The quality of the routine depends on the choice of the proposal
distribution, and its coverage of the target distribution.

Figure 1.7 shows the on example of an independent sampler we implemented.
The traces of unknowns We( %ain vary a lot when we are learning different fixed

proposal mean values fy = pg” 31 = ug*) and proposal standard deviations of 3y, 51,

to be o and o!*

applied.

respectively. The seed values By(seed) = 15, Bi(seeay = —% have

Beta0 Trace histogram of beta0

031
02
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Figure 1.7: Using MCMC for the Normal prior ug = 10, py = 0,00 = 07 = 22, with

fixed proposed truncated Normal mean and standard deviation values ,u(()*) = ,ug*) =0

and aé*) = 15, 0§*) = 5. The top plots indicate the values and histogram of ﬁ(()*)

and the bottom plots show the values and histogram ﬁf*)

The traces are not as good compared to the implementation on Random Walk
and Vanilla MCMC previously. In general, we can see that independent samplers
show worse performance in our data if we set our fixed proposal mean to be too
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far away from the real value of the parameters. Also, the wider jump scales might
be the reason why we have difficulties converging the values as we are using RW or
Vanilla MCMC - normally, we do not prefer using independent samplers to learn
the unknowns.

Gibbs sampling Gibbs sampling gives the idea that when we have more than one
random variable, we are trying to learn. Consider a vector-valued y given the data,
which is in p dimensions. We can update each of the components of y given the
data at the same time, like our previous implementation, or we can update the first
component of y only and not update everything else. Then we have another block
of this t iteration, in this second block we update the second element of y, namely,
we are updating y,. We write down the joint of i, y2, y3 and so on till y, given
the data - for this joint posterior, we will compute the y, at the proposed under the
current and the y; that we will input will be the current y,; that we have already
updated in the previous block of this same ¢ iteration.

Algorithm 2: Algorithm: Gibbs Sampling (Robert and Casella, 2004)

Given (ygt), T I(f)), we simulate:

1
L. Yl(t+ ) ~ gl(y1|y§t)7 "'7yl()t))7

2. YVQ(tJrl) ~ 92(y2|y§t+1)7y§t)a sy I()t))a

t+1 t+1 t+1 t+1
3. Y ~ gl )7"'73/1(371))

And the acceptance ratio in Gibbs has been proven to always equal 1 (Robert
and Casella, 2004).

Consider MH, the way we learn the unknowns 6 with p dimensions, is that we
have only one updating block inside the whole step, so we are in the ¢-th iteration,
we have only one block and we update 6y, 0, 05 ,..., 6, all of them in that same
block - when we are updating all of them at the same go, we are not really using the
correlation that is intrinsic between 6; and 6, when we are updating 6. Now suppose
we want to bring in information on how to update 6, by what the updated value of
0, is, we want to use the correlation between #; and 6, in a more effective way - we
want to update #, by using the correlation between 6, and 6;, we then update 6,
only after we have finished choosing the current value of 6;. One example is that
there is a strong correlation between the parameters we want to learn. Consider
a function we do not know how to learn, we can take the domain of the function
and partition the domain into little bits, then we have the first partition, the second
partition, the third partition and so on. The value of the function over the first
partition is #;, the value of the function of the second partition is 65, and so on till
6, - now this 6; is very strongly correlated with 6, since they are values of the same
function, 6; and 6, and further to 6, they are all very strongly inter-correlated - in
such a case, we will want to apply correlation to affect the updating.

For the comparison between a Gibbs sampling method and other cases in MH
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algorithm, Gibbs sampling derives its conditional distributions from the true distri-
bution f, whereas a MH, at best, is based on an approximation of this distribution
f- In particular, it can be seen that Gibbs sampling methods are more straightfor-
ward than MH methods, since they cannot have a “bad” choice of the instrumental
distribution and hence they could avoid useless simulations (rejections). On the
other hand, we can see the drawback of Gibbs - in reality, we do not often know the
marginal distribution of our parameter, so that we can make Gibbs derive its condi-
tional distributions from the marginal. In this case, Gibbs sampling is applicable if
we find out that the conditional distribution of the parameters is known and easier
to sample from, when the joint distribution is not known or is difficult to sample
from directly.

Metropolis within Gibbs Ghirmai (2015) suggested that although the Gibbs
sampler requires the availability of full conditional probability density functions of all
the parameters of interest, the full conditional pdfs of all the parameters of interest
might not all be available. In such cases, the MH method can be incorporated within
a Gibbs sampler to draw samples from the parameters.

Definition 1.5.6. Consider we have unknowns that have more than one dimension
to learn, 0 = (64,6, ...,0,), we will update 6, by proposing 8, ~ Proposal density 1,
gwen O, ...,0,, i.e. acceptance ratio will be

posterior(6;, 0, ...0,|data) ,proposal density 1(05]02, ..., 0,)

posterior(by, 6, ...0,|data)’ proposal density 1(6,|02,...6,)

Let 65urent 4s §S. Then in next block, update 0y by proposing 0o ~ Proposal density
2, gwen 07, ...,0,, i.e. acceptance ratio will be

posterior(65, 65,05, ...0,|data) ,proposal density 2(03]65,0s, ...,6,)

posterior (6, 6, ...0,|data) " proposal density 2(02|65, 05, ...0,)

In our O-ring case, we can implement MCMC by using Metropolis within Gibbs
- we update [y first, then update ; within an iteration. With a Normal prior,

71—U(BO) ~ N(0> 22)770(51) ~ N(O’ 22>7

we adjust our implementation, with better seed values and priors of 5y and [, since

we know that (3, is centred about 15 from our previous study, we set ﬁémd) =15

seed)

and similarly ﬂf = —%. We also consider more reasonable jump scales for our

iteration, i.e.

oo = 0.2 % B gy = 0.2 % gl
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Figure 1.8: MH with Gibbs with a Normal proposal. The top plots indicate the
values and histogram of ,6(()*) with proposal jump scale og = 0.2 X ,Béseed), and the

bottom plots show the values and histogram ﬁY) with proposal jump scale oy =
0.2 x gl

From Figure 1.8 above, we can see both 3y and (3, traces show a good convergence
to their real value. For a truncated Normal proposal, Metropolis within Gibbs also
works well, shown in Figure 1.9, as follows:

Beta0 Trace
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Figure 1.9: MH with Gibbs with Truncated Normal proposal. The top plots indicate
the values and histogram of ﬂé*), and the bottom plots are values and histogram of

B

Indeed, there is not much point in implementing O-ring data by Gibbs since we
only have two variables to learn. Consider in the case if there are 100 unknowns
and we make that partition of the 30 and 70 variables in each partition, we believe
that (from some information) 30 variables share some kind of commonality in their
correlation and the 70 of them also share a commonality in their correlation, but the
30 variables and the 70 variables are disparate in their correlations - we are actually
using the correlation structure to our advantage when making the updating. Then
we will get better results with Metropolis within Gibbs than with MH alone.
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1.5.4 Discussion

In a real-world situation, we will not usually know the value of unknowns - we might
choose the priors mistakenly s.t. that parameters become far away from what they
really should be. In this O-ring case, our 3y and 3, after learning a series of different
MCMC approaches, at the end we find that the S, is centred about 15, which means
that our Python code implementation is quite resilient to strange priors that we are
inputting by hand - a strange prior means it might cause MCMC very difficult to
converge. We then tweak the jump scale a little bit, by looking at the current traces
we have, then we improve the traces and get convergence:

e An increasing trend in the trace - slightly increase the jump scale.
e A decreasing trend in the trace - slightly decrease the jump scale.

e No showing an increase or a decrease, but not good - slightly decrease the
jump scale or make a better prior, i.e. change the prior mean, which is not
recommended. We would like to tweak the jump scale and see if we are getting
slightly better or slightly worse. For example, making a jump scale smaller
and running over a longer period of iterations usually gives better results than
a bigger jump scale and shorter period of running time.

e Large variety in trace - reduce the jump scale.

We always want to look at the traces and make a tweak for a better trace,
then sequentially run the chain. Again, this indeed shows the beauty of the Bayes
rule - allows us to sequentially update our results, and have better learning of the
unknowns as we constantly improve.

1.5.5 Highest posterior density regions applied to O-ring
Data

In the previous session, we had a discussion on the motivation for performing
Bayesian inference, one of the reasons is that we have the joint posterior probability
of all the unknowns, from the Bayes rule. In our O-ring case, we have the joint of
Bo and ;. What we want is the marginal posterior probability density function of
unknowns given the data, so that we can examine the probability for unknowns to
lie between some values - we now actually have the marginal posterior pdf of each
unknown given the data when we are using MCMC, namely, the traces we plotted.
MCMC gives the histograms of the unknowns given the data, and the histogram
looks like a bell-shaped function; sometimes it might turn out to be multi-modal.
We can then find out the highest probability density credible region to encapsulate
the most likely values of unknowns given the data, as we discuss now.

The ideal summary of 6 is an interval (or region) with a certain probability
of containing 6. Note that a classical (frequentist) confidence interval does NOT
exactly have this interpretation: a confidence interval states the probability that a
range of values contains the true value if the experiment were repeated many times.
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Definition 1.5.7. A credible interval (or in general, a credible set) is the Bayesian
analogue of a confidence interval. A 100(1 —a)% credible set C is a subset of © such
that

/ﬂ(9|X)d9:1—oz

c
and if the parameter space © is discrete, a sum replaces the integral.

We can similarly find the equal-tailed credible interval - the equal-tail credible
interval approach is ideal when the posterior distribution is symmetric. When 7(6|x)
is skewed, a better approach is to create our interval of #-values having the highest
posterior density.

Definition 1.5.8. A4 100(1 — «)% Highest Posterior Density (HPD) region for 6 is
a subset C € © defined by

C={0:7n0x) >k}

where k is the largest number such that

/ m(0lx)dd =1 — «
0:m(6|z)>k

The value k can be thought of as a horizontal line placed over the posterior
density whose intersection(s) with the posterior define regions with probability 1—av.
In other words, the highest density region is a region C that contains 100(1 — )%
of the posterior distribution and has the property that for all ; € C and 6y ¢ C,

7(01|x) > 7(0s|x).

The HPD region is defined so that inside the region, the posterior density is every-
where higher than outside the region (Kruschke, 2014). It indicates which points of
a distribution are most credible, and which cover most of the distribution - the HPD
region is the region with 100(1 — )% probability of containing § with the shortest
total length. Note that the HPD region is not invariant under reparametrisation
(Bernardo, 2005). For unimodal symmetric distributions, the HPD and credible in-
terval are the same. Credible intervals are generally easier to compute (particularly
if we are doing so by placing «/2 in each tail) and are invariant to transformations
of the parameters. HPDs are more complex, and there is a potential lack of in-
variance under parameter transformation. However, they are more meaningful for
multinomial distributions.

We applied the HPD concept to our MCMC implementation, since we already
have the marginal posterior pdf of fy and the marginal posterior pdf of 5y, given
the data. The table containing all HPD regions computed based on all traces in this
chapter has been included in the Reference Table in the Appendix A.

In Appendix C I have included a short discussion of Gaussian Process based
learning of random functions. This becomes relevant in my consideration of future
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work, following my learning of random graphs. For example when the learning
of the relationship between pre-transplant variables and a severity score variable
becomes relevant - as in the project, the early stage of which is my work, presented
in Chapter 3 - the sought relationship can be modelled as a random function that
is in turn considered modelled with a Gaussian Process.

1.6 Summary

In this chapter, I have spoken about the fundamental concepts of random graphs
- such as random geometric and soft random geometric graphs - that I will be us-
ing throughout this thesis. I also spoke about the need for an impactful threshold
that we can impose on such graphs, to bring out the geometric nature of these ran-
dom graphs. Additionally, I have spoken about the idea on computing statistical
distances and divergences between posterior probabilities of realisations of such a
graph-valued variable, given two distinct and (generally) disparately-long multivari-
ate datasets.
All such graph learning requires me to

e learn the correlation of the presented multivariate dataset, unless I compute
this correlation as estimated using the data, and

e learn the edge variable between two nodes of the graph, given the correlation
between the two random variables that are attached to each of the nodes.

This learning is undertaken using Bayes rule at its core, but it then requires me to
learn the sought value of the unknown, given the data, using the posterior probability
of thus variable that has resulted from using Bayes rule. In other words, I need
to undertake Bayesian inference of the value of the variable, using its posterior,
given the data. I undertake such inference using sample-based techniques, such as
Rejection sampling (from univariate, closed-form posterior) or MCMC (when the
available density is a joint posterior density of multiple variables, or when the full
posterior is not known). I dedicate the latter part of this thesis to discussions of
these techniques, including illustration on a small real dataset.
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Chapter 2

Theoretical Background to the
Learning of Random Geometric
Graphs

2.1 Introduction

As introduced briefly in the previous chapter, my Ph.D project involves the learning
of the realisations of the random graph variable, given a multivariate data set,
to then compute a statistical distance/divergence between the posterior of a pair of
realisations of two such graphs, learnt given the respective data set. This inter-graph
distance then tells us about the strength of the effect of the experimental conditions
(and/or time) - that have brought about the difference between the values of the
two random graph variables.

This random graph variable carries information about the correlation between
each of the pairs of those random variables, observations of each of which populate
the respective column of the available multivariate dataset. Each of the nodes of the
sought random graph is associated with one of these observed random variables. The
inter-nodal edge is driven by the correlation between the observables that are at-
tached to the two considered nodes. These graph edges are learnt within a Bayesian
approach, which allows the learning of the edge - and thereby the whole graph - with
uncertainty, given the correlation structure of the data. Thus, the posterior prob-
ability of this graph-valued random variable can be computed, conditional on the
correlation matrix, any element of which is the absolute correlation between a pair
of the observed variables. Consequently, we can learn the inter-graph distance as
the distance between the posterior probabilities of a pair of random graphs realised
given two given datasets.

In this chapter, I discuss details of the method of graph learning, and as I will
explain below, the edge posterior is in fact closed-form, given the correlation be-
tween the pair of observables that sit at the two nodes that straddle this edge. We
are then able to perform the sampling of the edge variable from its known closed-
form posterior, using rejection sampling. I perform this rejection sampling multiple
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times, and the relative frequency of the sampled values of an edge variable then
approximates the probability with which this edge exists, given the correlation of
the given dataset. If this probability of existence of this edge exceeds a pre-chosen
cut-off probability, this edge exists in the graph of this dataset, otherwise not. Thus
the graph is constructed.

The methodology of the graph learning that I report in this chapter, is existing
and under review; I refer to this below. While such method development is not my
own doctoral work, its implementation is. Indeed, my doctoral work is an endeavour
in making multiple new applications of a new method for learning random geometric
graphs, and computing inter-graph distances, where relevant. One methodological
contribution of my doctoral work is an attempt at the identification of the optimal
cut-off probability, at which any edge of the sought graph exists. In this chapter, I
discuss such methodological details, and will discuss three distinct applications that
I have undertaken - using such methodology - in the following three chapters, using
the sampling-based Bayesian inference that I discussed in the previous chapter.

2.2 Constructing an RGG given a dataset

As T introduced in the previous chapter, in a Random Geometric Graph (RGG)
(Giles et al., 2016; Penrose, 2016; Chakrabarty et al., 2023), edges exist between
pairs of points generated from a Poisson Point process, if the inter-point distance is
less than a cut-off distance. A Soft Random Geometric Graph (SRGG) (Penrose,
2016; Dettmann, 2018) generalises this model by introducing uncertainty on the
edges, such that (s.t.) the probability for the edge to exist between a pair of points
is given by a function (called the connection function) of the edge length.

Following Chakrabarty (2023); Chakrabarty et al. (2023); Zhang et al. (2024),
I learn the random graph in a probabilistic metric space, which means that to any
pair of points in this space - and thereby, any two nodes of the graph - we can
assign a probability distribution defined over a non-negative support. This is just
like we can assign a non-negative distance to any two points in any metric space.
That means that any edge that joins two nodes, is then a cumulative distribution
function (cdf) over positive support. As I am going to learn a graph variable in such
a probabilistic metric space, any such edge length - which is the distance between
the relevant nodal pair - is a cdf. Also, since the graph that I seek is an RGG, if this
inter-nodal distance falls short of a cut-off probability, it will be assigned a value of
1, i.e. will exist. Otherwise this edge variable will not exist, i.e. will be assigned the
value 0. But the inter-nodal distance is the complement to the inter-nodal affinity.
So if the inter-nodal affinity exceeds the cut-off, then the edge exists, otherwise not.
In the random graph variable that we learn, the inter-nodal affinity is given by the
edge posterior that is conditional on the correlation between the random variables
that are attached to the two considered nodes. I will learn each edge variable by
sampling from this closed-form edge posterior, to laern the full graph variable.
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2.2.1 Formal exposition

Consider a multivariate dataset, D built with n observations of each of p observables,
ie. D = [ry];i2.,—;. With this data, we will construct an RGG in a probabilistic
metric space, as follows.

— The sought random graph is defined on the vertex set V- = {1,2,...p}, with
the random variable X; attached to the ¢-th node in the graph, Vi € V| s.t.

— G; exists between the i-th and j-th nodes (i.e. G;; = 1) if the inter-nodal
distance d(z;, z;) falls below a cut-off 7.

— Since the inter-nodal distance for graphs drawn in probabilistic metric spaces
is a cdf, this cut-off is a probability, i.e. T € [0, 1].

— The probability of a random (edge) variable G;;, conditional on correlation
between X; and X, is given by the affinity between the i-th and j-th nodes,
where the inter-nodal affinity is complementary to the inter-nodal distance
d(ZEZ‘, Ij) .

— Here X; e X, Vie V.

2.2.2 Disparity between two nodes of the graph

Intuition: The distance d(X;, X;) between points X; and X;, is a cdf, since we
draw the graph in a probabilistic metric space. Then the complementary inter-
nodal affinity function is also a cdf. Here the affinity between the i-th and j-
th nodes is given by the posterior probability of the edge G;; conditional on the
correlation |p;;| between X; and X, (with all other random variables { Xy }revki bz
held fixed). This edge posterior then informs on the probability of the parameter that
measures the similarity - or lack of disparity - between the edge variable G;;, and the
absolute correlation |p;;|. Then the edge posterior of G;; given p;; is equivalently
the probability of the disparity variable S;; := Gi; — |pij|, between X; and Xj,
s.t. when disparity is highest, the edge posterior probability is minimal, and when
disparity is lowest (=0), the edge posterior is maximum. (Note above, that in the
strictest sense, all relevant random variables other than X; and X; are held fixed
when considering the correlation between X; and X;. Therefore, p;; is the partial
correlation. Difficulties with the computation of the partial correlation can lead us
to work with the correlation corr(X;, X;) instead. I will discuss partial correlations
later, and proceed with the notation that p;; = corr(X;, X;). )

Formalisation: Disparity S;; is the absolute difference between:

e connectivity between i-th and j-th nodes, where such connectivity can attain
values of either 1 or 0,

e and the absolute correlation |p;;| between X; and X, where the matrix of
correlations between observable pairs in this dataset is (@) = [pij].
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We define disparity S;; := |Gij — |pijl]-

Definition 2.2.1. We construct a Random Geometric Graph (RGG) variable upon
the vertex set i € V.= {1,2,...,p}, where this RGG is drawn in the probabilistic
metric space or PMS {X,d(-,-)}, given the dataset D.

To the i-th node of the RGG, we attach the random variable X; € X Vi € V =
{1,2,...,p}.

The distance function d(z;, ;) between the two points X, € X and X; € X, is a
cdf with positive support. For us, this distance function of the PMS is the cdf Fs,,(s)
of disparity variable S;; == |(Gij — |pij|)| € [0,1], VX;, X; € X. Thus,

1. Vi,j e V,d(ziy,z;) =0=Fg,,(s) =0 <= i=j;
2. d(zs,x;) = d(xj,7;), i.e. Fg,(-)=Fs,,();
8. d(xi, x;) + d(xj, x) < d(wi, 2p), e Fs, () + Fs, (-) < Fs, . ().

Thus, in an RGG that is drawn in a probabilistic metric space (Menger, 1942;
Schweizer and Sklar, 2011), the distance between any pairs of nodes of the graph
variable is a probability distribution that is defined over a non-negative support.

2.2.3 Learning/estimation of the correlation matrix

We learn the edge variable G;; of this RGG, conditional on the absolute correlation
variable R;;, s.t. we define the edge posterior probability m(Gi; = gi;|Ri; = |pijl)s
which will be discussed right after this section. We discuss the details of the corre-
lation structure of the dataset D now.

Definition 2.2.2. Let the correlation matriz of this data D be £ = [pij], where
R;; = |pij| is the absolute correlation between the random variables X; and X, for

1,7=1,...,p.

We can learn each element of the correlation matrix (), by applying sampling
methods, such as Markov Chain Monte Carlo (MCMC), which I discussed in the
previous chapter. If we can identify the posterior probability density of the correla-
tion matrix 3@ given the data D at hand, we could learn this correlation matrix
by sampling from its posterior density. The simpler alternative is to estimate the
correlation between the observables X; and X; in the given dataset, i.e. using the
sample of n number of values of each of observables X; and X, as included within
the dataset, Vi < j;i,7 € V. This plug-in estimate of corr(X;, X;) is of course only
a sample estimate, and therefore, it gets closer to the true correlation, as the sample
size increases, i.e. n — oo. For small n, it could be wrong to consider the correlation
between these two observables to be given by such estimates.

Definition 2.2.3. The unbiased estimate of the correlation between X; and X;,
gwen the sample {x;1,...,xin} and{x;1,...,z;n} of values of these two observables
respectively, is denoted p;j, with
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N T T N G ).
Pij = .
n—1 S; 5

k=1

Here the sample mean T; = Y ,_ ;i and s; = \/ﬁ Yopi (@i — ;)2 is the
unbiased estimate of the standard deviation. Similarly Z; and s; are defined, Vi, j =
1,...,p.

Then the inter-column correlation matriz of the dataset D, ) can be estimated

(0) R
as X" = [pij]

2.2.4 Correlation and partial correlation

The correlation matrix is a fundamental tool in multivariate statistical analysis, of-
fering several advantages that contribute to its widespread use in research (Hotelling,
1936; Anderson, 2003; Johnson and Wichern, 2019; Bozhilova et al., 2020). One of
its primary strengths lies in its ease of computation, requiring only standardised
pairwise covariances, which are straightforward to estimate even in large and com-
plex datasets. As we discussed in the previous section, we learn RGG conditional on
the correlation structure of the dataset. Another choice is to learn an edge variable,
given the partial correlation matrix of the data, instead of the correlation matrix.
This is because the correlation can be confounded by shared influences of variables
other than the pair of variables that we are seeking the correlation between. On
the other hand, partial correlation quantifies the relationship between two variables
while considering the influence of the other variables fixed. This offers a refined
view of the direct association between the considered pair of variables and has been
explored in the context of linear regression and multivariate analysis. Kendall and
Stuart (1979) provides foundational derivations of partial correlation in the context
of linear models, and in recent decades, partial correlation has been widely applied
in graphical models (Lauritzen, 1996; Whittaker, 2009). This has led to its inte-
gration into Gaussian graphical models, particularly in the construction of sparse
networks using the inverse of the covariance matrix (also known as the precision
matrix). These applications are prominent in high-dimensional data analysis, in
fields such as genomics (de la Fuente et al., 2004; Schéfer and Strimmer, 2005) and
neuroimaging (Marrelec et al., 2006).
The partial correlation ;; between variables X; and X is defined as follows:

Definition 2.2.4. The partial correlation 1;; between observables X; and X; 1is
computed using the estimated correlation matriz ). Given the precision matriz
© = [0] = (D)1, the partial correlation matriz ® = 1] is defined as follows,

O ., . .
Vi = ———=—2—=,i # j, and we have ;; =1 fori = j. (2.2.1)
005,
herei1 < j,i,5€ V.
The partial correlation matrix W = [¢;;] of the given data D, is a random

variable. While partial correlations have the theoretical advantages in isolating
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direct effects between variables, they require inversion of the covariance matrix,
which makes it infeasible - or rather computationally intensive, in high-dimensional
settings. We appreciate both the partial correlation matrix ¥, and the correlation
matrix 2(©), when we learn the graph given the correlation structure of the data,
conditioned on which, the graph variable is learnt. Therefore in my thesis, I would
define the posterior of the graph variable conditioned on ¥ ,or X(©) (in the high-
dimensional case, see Chapter 5). In fact, in the case I learn the RGG conditioned
on the partial correlation matrix W = [¢;;], where the partial correlation variable
between X; and X; is W;; that takes the value v;;, in all discussions regarding the
gr(ap)h learning, we only need to substitute R;; with W;;; p;; with v;;; and ¥ with
=),

2.2.5 Edge posterior given correlation & inter-nodal dis-
tance

To define the graph posterior give ), we would invoke Bayes rule, and first in-
put into it, the likelihood of the model parameters in the observations, i.e. the
probability density of the observable £(©) given the model parameters. Here, said
model parameters are the edge variables that build the graph. Thereafter, we will
input into Bayes rule, the prior probability of each edge variable. So we begin by
understanding what the density of () is, given the relevant edge variable.

Recall that our RGG variable is drawn in a PMS as we defined in Definition 2.2.1
and therefore the posterior of the edge variable G is the cdf F,,(s) = Pr(Si; < s).
Here Gj; is a binary random variable, taking the value g;; = 1 if the edge between
the 7-th and j-th nodes; otherwise g;; = 0. Recall that in the definition of RGG, the
edge exists between the i-th and j-th nodes, if and only if the inter-nodal distance
between these nodes falls below a cut-off. We then need to consider: what is the
probability for G;; = 17 Chakrabarty (2023) addressed this question by learning
the edge posterior, conditional on the (partial) correlation between pairs of nodes.

Definition 2.2.5. For the RGG variable constructed according to the Definition 2.2.1,
the edge posterior is denoted m(Gi; = gi;|Rij = |pij])-

Taking cue from Chakrabarty (2023), I start by identifying the pdf of the partial
correlation R;; between X; and X, given the edge between the i-th and j-th nodes,
Vi < j, 1,5 € V. To learn this pdf, Chakrabarty (2023) has based on the limited
information about the existence of edge GG;; and the correlation p;; between X; and

X

-
e The probability of G;; = g;; = 1, given a high value of correlation p;;, is high.
e The probability of G;; = ¢;; = 1, given a low correlation p;;, is low.
e The probability of G;; = ¢;; = 0, given high correlation p;;, is low.

e The probability of G;; = ¢;; = 0, given low correlation p;;, is high.
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e The probability of R;; given G;; decreases, as the distance between G;; and
|pij| increases, i.e. |g;; — |pi;|| increases.

Definition 2.2.6. Given the limited information about the unknowns as enumerated
above, we suggest that the probability density of R;; conditional on the edge variable
Gi; and variance variable vy;, computed at Ry = |pij| is N'(gij, vij). Thus, fr,,(pij) o
exp(—(|pij| — gij)*/2vi;), given Gi; = gij. Here, the variance v;; of the density of
R;; s modelled to attain the value v.

Then, according to Bayes’ Rule, using a Bernoulli(0.5) prior on the binary
variable G;;, and the Uniform Uniform(0, 1] prior on the variance parameter v;;,
the joint posterior probability of the edge variable G;; and the variance parameter
0j, conditional on the correlation R;; = |p;j|, is

1 (G = |pyl)?
exp| ]
\/2m Vij 2V¢j
Then marginalising the variance parameter out of this joint, by imposing v;; €
(0, 1], one model for the marginal posterior of the edge variable G;;, conditional on
R;; = |pi;| can be computed. We refer to this edge marginal posterior as m(G;;|R;j =
|pis])-

m(Gij, vijllpisl) = K (2.2.2)

Definition 2.2.7. The edge posterior probability of G;; conditional on the correla-
tion R;; is denoted m(Gyj||pi;|). A closed-form expression for this conditional edge
probability is computed by marginalising the variance parameter ;; from it, using a
Uniform[0,1] prior on v;;. The resulting edge marginal is identified as the following:

m(Gi; = gi;|Rij = |pij|) = K [\/gexp (%) — (si5)erfc (’8—\/%’)] . (2.2.3)

where the disparity variable S;; = s;; = |gij — |pijl|, with Si; == |G;; — Ry;| and
the complementary error function is erfc(-) =1 — erf(-). K is closed-form, K > 0.

Now, the distance between the i-th and j-th nodes is d;; = d(z;, z;), where

d(z;,z;) = K’ [\/gexp(—(sij)Q/Q) + (845) erf(]sij]/Z)] , (2.2.4)

where S;; = s;; is the disparity |(Gi; — |pi;])|- So d;j € [0,1] is a cdf, as long as the

global scale K is [erf(1/v/2) 4+ +/2/em —/2/7]!. (As we can see, for i = j, d;j; = 0;
d: X x X — Rzo).

Definition 2.2.8. We adjust the zero-point of m(G,; = gi;l|pi;|), to define a;;(s) =

m(Gy = gijllpij|) — KA/2/7, where K = (\/2/(mexp(1)) + erf(1/v/2) —1)~'. Then
a;;(0) =0 and a;;(1) = 1. Also, a;;(s) is an increasing function of s € [0,1]. Here
a;;(s) is the affinity function between the i-th and j-th nodes, that takes the value of
the disparity variable S;; = |Gi; — Ryj| as its input.
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1062 Thus, the inter-nodal affinity function is given by the edge marginal posterior,
1063 conditional on the correlation between the random variables that are attached to
w64 these nodes.

1065 This distance function is related to this affinity function in the following way.
1066 o As d;; increases, m(Gi; = gi;||pij|) decreases, i.e. a;;(-) increases. Similarly,
1067 d;; decreases = m(G;; = ¢;;l|pi;|), and therefore a;;(-) increases.

1068 e So when d;; falls short of the cut-off probability 7, we set G;; = g;; = 1.
1069 This coincides with the following: when m(G;; = ¢ij||pij|) exceeds 7, ie.
1070 m(GU = ngprD >T = (Gij = 1, else Gij = 0.

1071 e This is equivalent to saying that the edge G;; exists (i.e. ¢;; = 1), if the affinity

1072 a;j exceeds a cut-off, which in turn is equivalent to the distance d;; falling short
1073 of a cut-off probability. Again, g;; = 0 if affinity falls short of a cut-off, i.e.
1074 distance exceeds a cut-off.

ws Definition 2.2.9. The distance function d(x;,z;) between the two points X; and
wis Xj, 1,5 € V is the cdf Fs,,(s), is:

d(x;, x5) = Fs,,(si5) = K’ [\/gexp(—sfjﬂ) + s;5erf(s;;/2) |, (2.2.5)

wrr  Here the disparity Si; = |(Gij — |pij|)| and the constant K' is positive, [erf(1/+/2) +

1078 \/2/67‘(‘ — \/2/_77']_1.

we 2.2.6 Random graph variable

wso Since the graph is built with independent edge variables, and there are no self-
g1 loops in this graph, we then have the closed-form posterior probability of the graph
02 variable, given the correlation structure of the data D, as presented next.

10ss  Definition 2.2.10. The posterior of the RGG variable QVM(E(C), T) that is

1084 — defined on the vertex set V;

1085 — 18 learnt using the edge posterior m(:|-) (Definition 2.2.7) s.t. the edge exists
1086 if the edge posterior exceeds the cut-off T, given the learnt/estimated/known
1087 correlation matriz 29 = [p;;] of data D,

T(Gv (B 1) pistijev) = [ m(Giy = giillois)-

ijev
wss  Here the RGG is constructed so that it has no self-loops, and the edges are included
wso independently of each other.
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Since the edge posterior of G;; is known Vi < 757,57 € V', we can simply perform
rejection sampling (Definition 1.5.1), which is a basic technique used to generate
samples from a target distribution by using a proposal distribution. We learn the
edge variable G;; by sampling from the marginal m(G;;|R;; = |p;;|) directly, i.e. the
target distribution in the rejection sampling algorithm refers to this edge posterior,
given the correlation between X; and X;. I undertake rejection sampling of g;; from

the closed-form edge posterior probability m(G;||pi;]), of Gy;. I generate N samples
of Gy; as {g(l) ...,gg«v)}. Here, ¢™ canbe 1or 0,¥n=1,..., N.

ij iJ

Remark 2.2.1. If we sample X = x* from a function g(x), for M € (0,00) s.t.
My(z) = f(z), Vz;

with u ~ UJ0, 1], we accept the sampled z* if

then z* ~ fx(x).

Definition 2.2.11. We undertake rejection sampling of the edge G, to generate N
sampled values of this edge variable. The relative frequency of the edge variable G

in this sample {gg),g(g) -~-79@'(;V)} is

iy

N
wij =Y g IN.
n=1

In the final graph that I will learn for the data D, over all N trials of rejection
sampling, the edge between the i-th and j-th node will exist, (i.e. g;; = 1) if and
only if wiy; >71,Vi<j;1,5€V.

2.3 Inter-graph distance

In previous chapter, our discussion about the distance between two graphs is refer-
ring as a distance between their corresponding posterior probability distributions
learned from different datasets, which enables graph comparison using tools from
probability theory and information theory. In particular, measures such as Hellinger
distance and Kullback—Leibler (KL) divergence are used to quantify differences be-
tween these posterior distributions. These metrics provide a principled way to com-
pute inter-graph distance in a probabilistic framework.

Definition 2.3.1. The square of Hellinger distance between the probability density
p1(x) and another density ps(x) (for x € X') is defined as :

D2 (1. p2) = /X (V@) — /oa(a)) 2
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Therefore, for the graph variables learnt for data D; and D, given that the graph
posterior probability is computed at each of the N number of samples generated
using sampling methods (which will introduced later in this chapter), we compute
the Hellinger distance between these two posterior.

Definition 2.3.2. Given the graph posterior probability of graph variables Gy, Go
learnt for data D1 and Dy respectively, the square of discretised Hellinger distance
between these posterior probabilities is

S, (\/W(Q1|D1)(T - \/7T(92|D2)(T)) (2.3.1)

Djz*-[(glag2) - N )

where w(G1|D1)") is the graph posterior given the data Dy, computed with the r-th
sample of the edges of the graph, Vr =1,..., N.

Definition 2.3.3. We can compute the Kullback-Leibler divergence between the pos-
teriors of the graphs Gy and Gy, given the data Dy and Do, as:

N
_ ;. [ 7(GiD)"
Dk1(G1,G2) = Y _m(Gi|Dy) log<7r(92’D2)(T) : (2.3.2)

r=1
where the posterior is computed of the graph variable given the datasets.

Details of the implementation of Hellinger distance and KL divergence have been
represented in the learning of real-world datasets in later chapters. In general, we
discuss the conceptualisation of learning of graphical variable, by computing the
distance and divergence between graphs, given real-world time series data. In my
thesis, I conduct such inter-graph computation for each of a pair of time series
datasets, and aim for further studies, such as learning the relationship - between a
system variable and an observable - as a function that is generated from a Gaussian
Process. An example real-world implementation of such learning has been included
in the Appendix C.

2.4 Choosing cut-off 7

In the previous section, we explored the theory behind the learning of the graph
variable, given a multivariate dataset, the inter-variable correlation structure of
which is known. Such graph learning provides a new and robust way of exploring
datasets and data structures, and this thesis discusses applications of this technique
in various real-world scenarios (details in later chapters). However, the exploration
of the theoretical aspect of the RGG learning is far from complete. We still need to
delve deeper into the identification of the cut-off probability 7 in our sought RGGs.
This 7 is a parameter of the RGG variable gv,m(E(C), 7) that we seek, given data
D.
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We recall that in an RGG an edge exists if the length of the edge, i.e. the distance
between two nodes, exceeds a cut-off distance. For an RGG in a probabilistic metric
space, its edge is a probability distribution over positive-definite support, s.t. the
edge exists if this probability exceeds a cut-off probability 7. Then, in order to
yield a graph which presents sufficient information about data structure, we need to
decide this cut-off parameter 7 carefully - the larger the 7 we use, the fewer the edges
that will be accepted in the graph, by the definition of edge acceptance criterion
Definition 2.2.11.

2.4.1 Existing studies

There are various studies that exist on selecting thresholds in network learning,
where such thresholding influences network topology; model performance; and in-
terpretability (Freeman et al., 2007; Bassett et al., 2008; Drakesmith et al., 2015).
Fixed thresholding is simple and computationally efficient (Freeman et al., 2007).
Another trick is retaining the top k percent of the edges in terms of correlation, which
is particularly useful in maintaining network sparsity (Ala et al., 2008). Perkins and
Langston (2009) addressed the challenge of determining thresholds in constructing
gene co-expression networks and proposed a systematic approach utilising spectral
graph theory. By computing eigenvalues and eigenvectors of a transformed adja-
cency matrix at various threshold levels, they employ spectral clustering methods to
assess the community structure within the data. This analysis facilitates the identi-
fication of thresholds that accurately reflect the underlying biological relationships,
moving beyond arbitrary or conventional cut-off values. Theis et al. (2023) combine
learning of normalised mutual information along with the density and clustering
coefficient to compare the baseline and thresholded networks.

However, there are still limitations that impact the accuracy, interpretability,
and lack of adaptability to different datasets. Fixed thresholding approaches apply
a chosen cut-off to determine the presence or absence of edges in a network. Then
the choice of the threshold might be subjective, and in general, it lacks a systematic
motivation, leading to inconsistencies across different datasets. Moreover, some
biologically or socially relevant interactions may have low correlation but may still
contribute to network functionality - a fixed threshold may oversimplify the complex
structures of a network. Also, spectral graph analysis requires significant processing
power, making it infeasible for learning of very large networks.

Hence we are looking for a data-driven thresholding method, which leverages
statistical analysis to determine meaningful optimal thresholds. Thus, the threshold
selection used here is context-specific rather than arbitrary, with this criterion of the
optimal 7, opening a possibility for preservation of network topology.

2.4.2 RGG-based thresholding approach comparing against
COGNET-based thresholding

I treat the posterior of the RGG variable, as a function of 7, and examine the 7
at which the rate of change of this function is least, and, most. Thus, the slope of
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this function (i.e. of the RGG posterior as a function of 7) is examined, in order
to identify the values 7,,;, of 7 at which this is a minimum, and identify the values
Tmaz Of T at which this slope is maximum. Then at 7 = 7,,;,,, the rate of change of
the (logarithm of the) posterior probability of the RGG variable is minimum, while
the graph posterior is changing the most with 7, when 7 = 7,,,,. Thus, the RGG
realised at 7 = 7,4, 1S most sensitive to changes in 7, while the graph learnt at
T = Tmin 1S the least sensitive to changes in 7. In other words, at 7 = 7y, | learn
the most robust - to changes in 7 - RGG.

In this implementation, I seek values 7* of 7, at which the slope of the logarithm
of the posterior of the RGG variable, conditional on (@, treated as a function
of 7, is (locally) maximised /minimised. As motivated above, such a locally maxi-
mum/minimum slope informs on the realisation of the graph variable that is maxi-
mally /minimally sensitive to changes in 7, at a given > 1 show more examples
of this approach in a real-world dataset in the later chapters (details in Chapter 3,
Chapter 4 and Chapter 5).

e Hence I attempt to identify the local maxima 7 = 7,4, of the function that is
the slope of the RGG posterior, as a function of 7. Then 7 = 7,4, yields the
graph that most sensitively reflects the correlation of the dataset.

e [ also looked at the slope function at 7 = 7,,;,, since these values of 7 yield the
highest consistency amongst the graphs learnt for a given data. Here, RGG
compatibility with () changes (i.e. RGG posterior changes), only because
7 has changed. I looked for the local minima in the slope of the log posterior
probability of the RGG given X(©). At this local minima in this slope, I claim
to have found the ‘most robust’ RGG, i.e. the RGG that is most 'robust’ to
changes in 7.

I have looked for a chance to compare the results of thresholding in the learning
of RGGs by looking for the most-sensitive or the most-robust graphs, where such
graphs are identified by the highest and lowest rates of change of the RGG posterior,
with change in the threshold 7. In order to address such a comparison, I looked at
another thresholding technique that addresses the consistency of graphs/networks.
This is the technique called COGENT (COnsistency of Gene Expression NeTworks).
COGENT is an R package designed to aid the construction of gene co-expression
networks, without the need for annotation or other external validation data. It
can be used to choose between competing co-expression measures (e.g. Pearson vs.
Kendall correlation coefficients), as well as to inform on the score cut-off choice
(Bozhilova et al., 2020; Pardo-Diaz et al., 2021, 2022).

In order to further understand the connection between our learnt 7 and the
threshold given by COGENT, we learnt RGGs for the same dataset that was used
by Bozhilova et al. (2020) to learn the most consistent network. This is the yeast
dataset that is taken from the Gene Expression Atlas and it contains 200 genes
expressed across 26 samples. Bozhilova et al. (2020) identified the threshold that
yields the most consistent network drawn for this dataset. I learn the posterior
of the RGG variable at different values of 7 for this same dataset, and generate a
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sample of posterior values of the RGG variable given the inter-gene correlation of
the data, generated at the chosen cut-off values of 7 € (0,1). Tracking changes in
the logarithm of the posterior of the graph variable with changes in 7, was motivated
to identify values of 7 that correspond to maximal and minimal rates of change in
the log posterior with change in 7.

Definition 2.4.1. [ define the rate of change of (logarithm of ) posterior with T, by
computing - via simple differencing between log posteriors generated at successive T
values - the ‘slope’ of the RGG posterior v, as follows:

__log posterior at 7; - log posterior at T;

= 5 ,

here 6., = 7, — 1;.¥i,j € N,7 € (0,1)

[ approximate this slope, v of the RGG posterior, as a function of 7. In Figure 2.1
I plot a sample of posterior values of the RGG variable, generated at the chosen cut-
off values of 7 € (0, 1), along with corresponding calculated ~.
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Figure 2.1: The left panel presents values of the posterior probability of RGGs
learnt for the gene expression data that Bozhilova et al. (2020) applied the CO-
GENT thresholding technique to. Each RGG is learnt at a distinct value of 7 s.t.
the log posterior value is plotted against 7. A linear interpolation fitted line in
orange. The right panel shows the slope v of the graph posterior, plotted against
the corresponding 7 value. In my work, 7,,., is approximately 0.80.

From the inspection of this slope 7, the most-robust (to changes on 7) RGGs
that are the most robust - to changes in the threshold 7 - occur at local minima in
the v, which is attained at 7 = 7,,;, ~ 0.4, The most-sensitive RGGs are those that
are learnt around 7 = T4, = 0.8. On the other hand, COGENT suggests that of
networks computed with this dataset, the networks that are the most consistent, are
attained at a threshold of about 0.3 (thresholding the top 70% of calculated Pearson
correlation coefficient values). This is depicted in Figure 2.2.
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Threshold choice for Pearson correlation networks
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Figure 2.2: The threshold value about 0.3 yields the most consistent network, sug-
gested by the COGENT method (Bozhilova et al., 2020), using the gene data.

I produce RGGs and the networks for the gene expression data presented by
Bozhilova et al. (2020), to compare the results using COGENT and the thresholding
method that I use on my learnt RGGs. The threshold at which COGENT yields
the most robust network, is referred to as 7 = w. The RGGs learnt at 7 = 7,4, and
T = Tmin are identified in the set of RGGs learnt using a given data, across values
of 7.

— I learn the graph at a 7 = 7,,,;, that produced the most-resilient (to changes
in 7) graph, and a 7 = 7,44, the least-resilient i.e. most-sensitive (to changes in 7)
graph;

— I also compare the results to learning the graph - as an RGG - at a 7 = w
that produces the most-robust network as COGENT suggest;

— and I learnt the graph as a network driven purely by the Pearson Correlation
coefficients, as done within the COGENT package.
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Threshold

Figure 2.3: For the data used by Bozhilova et al. (2020), the computed slope =
of the log posterior of the learnt RGG is plotted against thresholds. A fit to the
data is superposed in green, and the orange vertical line indicates the COGENT-
suggested best threshold of w = 1 — 0.27 = 0.73 (thresholding the top 73% of
calculated Pearson correlation coefficient values) that yields the most-consistent
network for this dataset. The local maxima/minima of ~ are labelled in blue/red
dots respectively.
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I then produced the RGGs at the thresholds of 7,,;, and 7,,,, values identified
by our criterion of thresholding, as suggested in Figure 2.3, and compared the learnt
RGGS to the network that was computed by Bozhilova et al. (2020) for the gene

expression data, at their best threshold of w =1 — 0.27 = 0.73.

Figure 2.4: The graphs produced by the thresholds suggested in Figure 2.3. From
top to bottom at T given by the best suggestion by COGENT (w = 0.73); at 7 = Ty
(chosen = 0.3368365); and 7 = Ty,4, (= 0.834835)
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I also compared the nodal degree distribution of the RGGs learnt given the data
used by Bozhilova et al. (2020) at (i)7 = Tipae; (11)T = Tinin; (iii) and such degree
distribution in the network computed using the COGENT-suggested best threshold

Wi T

50 lDD l 175 200 0 25 50 75 100 125 150 175 200
Genes Genes

Figure 2.5: Left panel: The nodal degree is plotted against the nodal index, in RGGs
learnt for the data used by Bozhilova et al. (2020), at the thresholds T,,in, Tinee and
w identified in Figure 2.3. The degree values computed at 7 = w = 0.73 are joined
with green lines; at 7 = 7,40 ~0.834835, is in red; at 7 = 7,,,;, ~0.3368365 is in blue.
Right panel: degree plotted against nodal index in RGG drawn at 7 = w(= 0.73, in
black); and at the same threshold w, when the graph is in fact a Pearson Correlation-
driven network.

e From Figure 2.4, both RGGs drawn at the 7 = w and 7 = 7,4, show two
clusters. After all, these two threshold values are closer to each other (at
about 0.73 and 0.8). The RGG learnt at 7 = 7,3, is indeed very different.

e In the right panel of Figure 2.5, we note that learning a Pearson Correlation-
driven network (shown in green) leads to a lower local discrimination in values

of the nodal degree across nodes - compared to when the graph is learnt as an
RGG (in black).

In later chapters, I will discuss further details of the application of the thresh-
olding technique that we have introduced.

2.5 Summary, discussion and contribution

The graph-learning framework that I have elucidated above, is firstly, easy to learn.
The closed-form edge posterior that is allowed within this framework, is very useful
since it allows for easy Bayesian inference - using rejection sampling from this known
closed-form edge posterior - to be carried out on each edge variable individually,
given the correlation between the random variables that are attached to each of
the two nodes that straddle this considered edge. This is an easily interpretable
way of defining an edge, and thereby the full graph that comprises said edges. At
the same time, this graph-learning framework suggests embedding the sought graph
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in a probabilistic metric space, such that the distance between any two nodes of
this graph, is in fact a probability distribution. Then, as long as this inter-nodal
distance falls short of a chosen cut-off probability, the edge exists in this Random
Geometric Graph; otherwise it does not. Equivalently, the edge exists if the inter-
nodal affinity exceeds this cut-off probability (where such affinity is complementary
to the inter-nodal distance).

The design of an optimal cut-off probability is my own methodological contri-
bution, and I have discussed this above, as an attempt at recognising that cut-off,
which minimises the rate of change of the posterior of the RGG variable, with change
in the cut-off. Thus, my method of identification of the optimal cut-off stems di-
rectly from the formulation of the sought graph as a random variable that admits
a posterior probability, given the data at hand - which in our consideration is the
correlation between the random variables attached to each of the considered two
nodes.

Importantly, multiple applications will become possible by computing a statis-
tical distance/divergence measure between the posterior of the RGG variable given
the correlation structure of one dataset, and that given another dataset, (with a
different length than the other dataset, in general). Such a holistic inter-graph dis-
tance is possible only because the graph is treated in this graph-learning framework,
as a graph-valued random variable, for which we can define a posterior probability,
given the correlation structure of a dataset. In lieu of such a lucid definition of
the graph posterior, one may use a node-by-node distance between two graphs, or
other more ad hoc distance definitions, such as Hamming distances (Hamming, 1950;
Waggener, 1995; Jarrous and Pinkas, 2009). The inter-graph distance defined above
is very easily interpretable, and easy to compute, while it is a lossless definition of
the difference between two graphs defined on a small/large-sized vertex set, given
multivariate datasets that can be of general types, including numerical observables,
as well as values of categorical observables. This is why I refer to this distance as
“holistic” above, and such a generic inter-graph distance will be invoked in the next
two chapters of my thesis, to undertake difficult real-world problems.

In the previous chapter, I have qualitatively invoked existing concepts of ran-
dom graphs; probabilistic metric spaces; correlation-based construction of random
geometric graphs; and motivated the background for modelling uncertainty in our
graph learning. In this chapter, I established the existing theoretical and method-
ological framework for learning RGGs of multivariate datasets, within a Bayesian
setting - a novel framework has been reported, in which the graph is modelled as
a random variable in a probabilistic metric space. In such a space, inter-nodal dis-
tances are defined as cumulative distribution functions (of a disparity variable), and
directly relevant to the existence of any edge. Within this framework, a closed-form
expression exists for the posterior probability of the edge variable, conditioned on
the correlation between this pair of nodes. We propose rejection sampling to sample
the edge from its posterior.

One of my methodological contributions is a data-driven threshold selection,
in which the optimal cut-off parameter is determined by analysing the sensitiv-
ity /robustness of the graph posterior with respect to the threshold. This approach
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1320 addresses limitations of existing fixed thresholding techniques. In general, the chap-
130 ter forms the methodological basis for the applications and of the extensions, that
1331 are developed in subsequent chapters.
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Chapter 3

Empirical Illustration of RGG
Learning on Oncological Data

3.1 Introduction

I have discussed the methodological framework within which we can learn graph-
valued random variables, the geometric aspect of which is acknowledged in this
framework. We aim to learn the edge variables of a graph by sampling from their
posterior distribution, given observed data. The posterior of an edge captures the
uncertainty in the presence or absence of edges, informed by the correlation structure
of the dataset.

In Chapter 2, for any nodal pair, I discussed the joint posterior distribution of
model parameters, namely the edge variable and the variance parameters, in Equa-
tion 2.2.2 - to learn the edge variable G;;, conditional on the partial correlation ¥;; of
a given dataset D, s.t. we can define a posterior probability m(G,; = ¢;;||Vi;| = ;).
Then all that is required to learn the edge variable Gj;, is to sample from this
closed-form edge posterior; of course, the geometric signature of the graph can be
then imposed, by accepting a sampled edge as 1, only if the inter-nodal distance
falls short of a chosen cut-off probability. Learning for all relevant nodal pairs, then
results in the learning of the random geometric graph variable. A fallout of this
graph learning is the inter-graph distance that is the distance between the posterior
probabilities of the RGG variable, given two distinct multivariate datasets.

It is an application of this inter-graph distance computation, that I discuss in
this chapter. I am part of a collaboration in which we employ inter-graph distances
between the posterior probabilities of an RGG variable that is learnt given time series
data recorded on the physiological parameters of one patient, and that given such
data on similar parameters of another patient. The inter-graph distance then informs
on the strength of the effect - that is the differential progression or severity of the
underlying disease in one patient, compared to that in the other - that distinguishes
the graph learnt for one patient, from that of another. Thus, the inter-graph distance
tells us about the relative severity of the disease in one patient, compared to that
in another. This is the part of the work in this collaboration that I have conducted
as part of my doctoral work. I focus on this part of this project in this chapter.

29
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3.2 Method

Remark 3.2.1. By Bayes’ Rule, using Bernoulli(0.5) and Uniform(0,1] to be the
priors for binary variable G;; and the variance parameter v;;, the joint posterior
probability of the edge variable G;; and the variance parameter o;;, conditional on
the partial correlation W;; = 1);; is

B 1 (Gij - WUDQ
W(Gz]a VZ]le]D - k\/ﬁ eXp {_ 2Vij

While we can sample both edge and variance parameters from this joint posterior
using MCMC, in most applications, we perform rejection sampling of the edge pa-
rameter only, from the edge marginal posterior that is obtained by marginalising out

m(Gij| Vi = i) = K [\/gexp (@) — (sy)erfe <|S_\/zj§|>

where the disparity variable S;; = s;;, with S;; := |Gi;—|¥;;|| and the complementary
error function is erfe(-) = 1 — erf(-). K is closed-form, K > 0. This holds ¥i <
Jii,j€{1,2,...,p}.

, (3.2.1)

I discuss my undertaking of sampling-based Bayesian inference (or MCMC) on
both graph parameters (G;; and variance parameter v;; in detail, given a real-world
dataset, in the Appendix B, Vi < j;i,7 € {1,2,...,p}. In this chapter, however,
I will undertake Bayesian inference from the posterior of any edge variable, after
having marginalised out the variance parameter from the joint posterior of the edge
and the variance. Since the resulting edge marginal is closed-form, I undertake
Bayesian inference on the edge, using rejection sampling.

To perform rejection sampling of G; ; from the edge marginal m(G;;|1;), I chose
the proposal distribution p;; to be Uniform, or Bernoulli, on separate instances. I
performed rejection sampling to draw N samples of the edge variable G;; that joins
the i-th and j-th nodes of the random graph variable, where the i-th node of this
RGG is associated with the ¢-th variable X; in the dataset D, for ¢ = 1,...,p.
The edge G;; is sampled from its closed-form marginal posterior m(G;;|v;;), such
that the binary edge variable G; its value is denoted gg) in the ¢-th sample. [
accept the proposed edge if the acceptance ratio exceeds or equals u where U = u,
with the Uniform random variable U ~ UJ0,1]. The acceptance ratio of the ¢-th
m(gy 11i;)

Cpij
Cpi;j > m(Gij|1i;), s.t. rejection sampling is valid.

When I choose to perform MCMC to learn the unknowns, the constant K in
marginal posterior m(G;;|1;;) becomes irrelevant in the calculation, since MCMC
works oblivious to global constants. Although K is known, in the implementation
of rejection sampling, we can simply choose the constant C' in the acceptance ratio
to be large enough s.t. the denominator Cp;; is greater than the numerator all the

iteration is defined as , with the constant C' > 0 chosen to ensure that
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1300 time. T he relative frequency of the edge variable in this generated N-sized sample

1400 {gfj1 ), g” e ggv)} is recorded, as discussed in Definition 2.2.11.

w 3.2.1 My implementation of RGG learning & inter-graph
1402 distance given real Oncological data

uos I developed Algorithm 3 as the protocol for learning the RGG of data D. I have
s implemented this RGG learning technique to several real-world datasets.

Algorithm 3: Algorithm for implementation of RGG

/* Learning RGG of data D. */
Dataset D = [z;;];2).;_; which comprising N; measurements of X = (Xi,..., X))

Estimate p x p-dimensional inter-column correlation matrix X(©) = [pij]-

Calculate p x p-dimensional partial correlation matrix ¥ = [¢);;].

for i < 1 to p increment by 1, do

for j < 1 to p increment by 1, do

Given i, j-th element of ¥, sample g¢;; from edge marginal

m(Gij = gij|1i;) given in Definition 2.2.7

1405 Compute posterior probability m(Gy (¥, 7)|{1ij }i<j.jev) of random graph
variable Gy ., (¥, 7)

/* Sampling the edge posterior by performing rejection

sampling x/
for t < 1 to N increment by 1, do

Sample from posterior probability Gy ., (¥, 7) using rejection sampling,
to generate sample {gfj1 ), gg), e gZ(JN )} for edge variable
Gij=gij =1
Compute relative frequency w;; == S gg) /N.

Gijzl — Wi > T.

1406 Below, I have used the data on a cohort of patients who were at risk of developing
uor  a disease called Veno Occlusive Disease (or VOD). This disease often develops in
s recipients of Bone Marrow Transplants (BMTs), which is a procedure that is opted
oo for by sufferers of certain blood cancers, and other haematological diseases. However,
o the very technique that such patients opt for as a cure, induces VOD in these
i1 patients, where VOD can be terminal. In the project that I am a partof, the aim
2 was to predict a score of the severity with which VOD will develop in a patient,
113 where this prediction is sought before the patient has had their BMT. Then it is on
114 the basis of the patient’s pre-BMT variables that this prediction needs to be made.
s Such a prediction is undertaken after the relationship between the vector of these
s pre-BMT variables and a score variable is learnt. Such learning can be undertaken
iz only if a training dataset exists, comprising pairs of values of these the pre-BMT
s variable vector of a patient, and the corresponding score of the severity with which
9 VOD developed in this patient after their BMT.

1420 So we needed to learn this severity score of each patient in a cohort of patients
11 who had already received their BMT, and were suffering from various levels of VOD
u2 severity as a result. Patient charts were maintained from a few days before, to a
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few days after the BMT. Such charts included time series data on 11 physiological
parameters, recorded during this time interval. The scores were learnt by learning
the aforesaid RGG variable given the estimated correlation structure of a patient’s
11-dimensional time series data - this has been my contribution to this project.
Thereafter, the distance between the graphs learnt for any patient, and that learnt
for an arbitrarily-chosen “reference patient” was computed, to learn the scores.
This is the patient whom we assign an arbitrarily-chosen score value. We used this
assigned score value of 1. So we asked, what is the score of the severity with which
VOD has onset in the i-th patient, on the scale in which the reference patient has a
severity score of 1, Vi = 1,2,...,25. Given the reference patient’s assigned score of
1, the relative score of every other patient in the cohort can be computed. Results
of the illustration on one such patient’s time series data - i.e. their patient chart
- will be discussed later in this chapter. My contribution in the project includes
such inter-graph distance computation, (following the RGG learning of each of the
25 retrospective patients).

Thus, for my part of the undertaken work, the data set of each patient was con-
sidered; such a dataset included time series data on the 11 different physiological
features of 25 anonymised retrospective patients, in a cohort. Such feature param-
eters include: each patient’s blood pressure; pulse rate; temperature; body weight,
etc., recorded from six days before the BMT that the patient undergoes, to 18 days
after. These time series data on these multiple patient parameters are of diverse
temporal coverage, since some of the patients may expire before the interval of ob-
servation is over, given the terminal nature of the diseases that the patients are
suffering from.

I start the detailed discussion of this application with a short discussion on VOD.

3.3 Application on real-world data: Veno Occlu-
sive Disease (VOD) data

3.3.1 Existing studies on VOD

Hepatic Veno Occlusive Disease (VOD), also known as Sinusoidal Obstruction Syn-
drome (SOS), is a severe and potentially fatal complication that may occur fol-
lowing hematopoietic stem cell transplantation (HSCT, refer to ’transplant’ later).
Despite advances in transplantation medicine, VOD remains a major cause of early
transplant-related mortality, particularly in high-risk patients. Early studies of-
ten described VOD based on clinical observations (Berk et al., 1979; McDonald
et al., 1984). These foundational studies laid the groundwork for more detailed
investigations into the syndrome’s pathogenesis and the outcomes of VOD. In re-
cent years, the understanding of its pathogenesis and risk factors has improved.
Carreras et al. (1998) and Coppell et al. (2010) conducted large cohort studies iden-
tifying busulfan-based conditioning, pre-existing liver dysfunction, and younger age
as significant contributors to VOD risk. Nevertheless, challenges remain in achiev-
ing early diagnosis and timely intervention, which are crucial for improving clinical
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outcomes. There are various studies on the early diagnosis of VOD. Mohty et al.
(2016) proposed new severity grading for adult patients, allowing earlier diagnosis
based on clinical progression rather than fixed time frames, Corbacioglu et al. (2018)
emphasised age-specific diagnostic challenges and introduced adapted severity clas-
sifications. Corbacioglu et al. (2019) later expanded on this by exploring endothelial
injury and inflammation as key mechanisms in disease progression. Additionally, re-
cent studies have explored the application of machine learning to predict VOD after
HSCT (Shah and Shenoy, 2023; Lee et al., 2022; Salah et al., 2019).

Since no existing model reliably maps patient physiological parameter time se-
ries to VOD severity, we (Chakrabarty et al., 2023) proposed a new approach, as
described above. A score of severity of VOD is aimed for in a patient who is suffering
from this disease (post their Bone Marrow Transplant). In the cohort we consider,
the absolute difference between such a score of the i-th retrospective patient and
that of the arbitrarily-chosen “reference patient” is modelled as proportional to the
Hellinger distance between the posterior probability of the RGG learnt for the i-th
patient and that of the reference patient. Since we are defining the score, we can
set the proportionality constant to be 1. We recall from above, that in our work, we
arbitrarily assigned a score of 1 to the reference patient. Thus, maintaining internal
consistency amongst scores of all patients in this 25-sized cohort, we can learn the
scores of all patients. here 1 = 1,2, ..., 25.

As part of my thesis, my work is the learning of the RGG of 1 patient in this
cohort. I constructed an RGG in a probabilistic metric space.

3.3.2 Data

In the anonymised retrospective patient dataset I considered, the time series data on
various physiological parameters were recorded from a pre-transplant time point to a
post-transplant time point, where the disease VOD often follows BMTs. A patient’s
chart include time series data on the following features: systolic blood pressure;
pulse rate; temperature; body weight, bilirubin level; and a few other features that
are markers of VOD. For a considered patient, values of 11 such parameters were
recorded over 12 days. These observations form the 12 x 11-dimensional dataset
D, with the 11 different physiological parameter values presented in columns of this
dataset D. Thus 12 values of the i-th observable X; are recorded in the i-th column
of the patient chart, ¢ € {1,...,11}, and on the j-th day, X; takes the value z;; for

j€{1,...,12}. Thus we have D = {xw}zlillizl In Table 3.1, we present this data.
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blood_high blood_low pulse_rate respiratory temperature  caplillary body_weight fluid_balance bilirubin  transami inase crea tinine
Day1 130 70 84 18 97.8 98 68.3 10 0.54 20 0.84
Day2 120 60 90 20 97.8 98 65.7 -950 0.63 22 0.71
Day3 118 66 90 20 97.8 99 63 -1640 0.62 20 0.98
Day4 110 60 100 20 97.4 98 63 400 0.78 18 0.87
Day5 125 70 88 22 97.4 97 64.8 -10 0.75 17 0.85
Day6 122 64 120 20 101 97 64 -560 0.63 14.3 0.7
Day7 120 60 98 18 98.6 99 63.9 1307 0.42 336 0.79
Day8 136 70 100 19 978 98 65.1 6137 1.37 226 0.5
Day9 130 70 120 20 98.7 98 64.7 1456 2.22 25 0.61
Day 10 130 70 94 18 97.8 98 60.1 761 171 22.1 0.98
Day11 150 80 94 14 97.1 97 61.3 1262 1.04 12.2 0.68
Day12 120 60 89 18 97.8 97 60.1 -484 1.26 8.2 0.5

Table 3.1: 11-columned time series data on physiological parameters of a patient
suffering from VOD was observed on 12 days, from before transplant to after. The
patient expired before the full observational period was over.

3.3.3 Computing correlation and partial correlation

I wanted to learn the RGG variable Gy ,,,(¥,7) defined on the vertex set V =
{1,...,11}, given the partial correlation matrix ¥ = [¢;;] (for i,5 € V') of our
patient data D. I first computed the inter-column correlation matrix 2(9), by
computing the unbiased estimate of the correlation between each pair of observ-
ables in the time series data. I then transformed each estimated correlation to the
partial correlation to compute the partial correlation matrix W, as defined in Def-
inition 2.2.4. T present an excerpt of the inter-column correlation matrix 3@ and
the partial correlation matrix ¥ of the time series data generated by the patient
data, in Table 3.1.

' 1 0.90437591  —0.003579755 ... —0.327600617
0.90437591 1 —0.025185308 ... —0.022730316
© —0.003579755 —0.025185308 1 .. —0.309250562
E =1 0665616881 —0.472481885 0.181907337 ...  0.212750929
| —0.327600617 —0.022730316 —0.309250562 ... 1 |
[ 1 0.961626853 —0.634144217 ... —0.784329968
0.961626853 1 0.638902994 ...  0.871323903
—0.634144217 0.638902994 1 ... —0.565141096
U= | (745984214 0.588022985 —0.372874316 ... —0.344469457
| —0.784329968 0.871323903 —0.565141096 ... 1 |

3.3.4 Sampling from the edge marginal

To learn the realisation of the RGG variable, I learn the edge variables of the graph
by sampling from their posterior, given by the correlation of data D.
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I drew 500,000 samples of the edge variable G;;, which represents the connection
between the i-th and j-th nodes of the RGG. To each node is attached, one of the 11
physiological parameters in D, with 7,7 = 1,...,11. I performed rejection sampling
to sample the edge G;;, from its closed-form marginal posterior m(G;|1;;) that is
defined in Definition 2.2.7. The binary edge variable G;; attains a value 91;(;) in the r-
th sample. A proposal distribution p;; is either a Uniform or Bernoulli distribution,

and it is accepted if the acceptance ratio satisfies

(r)
U < m(gij |¢z‘j)7
Cpij

where U ~ U]0, 1] and ¢(ij) denotes the proposal density. The constant C'is selected
such that Cp;; > m(G;; | ¢y;) for all values of G;;, ensuring the rejection sampling
procedure is valid.

The MCMC application of sampling on both graph parameters (G;; and variance
parameter v;; given this real-world dataset has been included in the Appendix B.

3.3.5 Results: realisations of RGG variable

In this section, we present the realisation of the RGG variable using the time series
data D. Figure 3.3 presents results of using different proposal densities that have
been applied in our graph learning, namely, Bernoulli(p), with parameter p =
0.7,0.8 or 0.85 respectively. It can be seen that the learnt graphs are strongly similar,
even when the Bernoulli(p) proposal density is used in the rejection sampling.

Figure 3.1:  Graph realisations learnt wusing Bernoulli proposal densities
Bernoulli(p), with p = 0.7,0.8 and 0.85 (from left to right). Here, the constant
C =100 and cutoff 7 = 0.4.

The resulting graphs agree with each other, as well as when I alternatively use
a Uniform proposal density in the rejection sampling. Figure 3.2 below shows the
graphs learnt using Uniform proposal densities, at different cutoffs, i.e. at different
values of 7.
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Figure 3.2: Graph realisations learnt using Uni form [0,0.8] proposal density, with
constant C' = 100, and cutoff 7 = 0.4 (left) and 0.6 (right).

It will be worth comparing the graph realisation generated by MCMC (detail
included in Appendix B) and rejection sampling - the graphs learnt at the same 7
are strongly similar.

Figure 3.3: Left: graph generated by MCMC approach. Right: graph learnt using
rejection sampling. Both graphs are generated at a cutoff 7 = 0.4.

In Figure 3.4, T include RGGs I have learnt for three different patients in this
cohort.

Figure 3.4: RGGs of three different patients in this cohort. All graphs are generated
at a cutoff 7 = 0.6.

Impact of my RGG learning in VOD severity score prediction

My contribution to the project is the crucially-important step towards developing
the desired capacity for predicting the VOD severity score of a new or prospective
patient, who has not had their BMT at the time of the prediction. Such early and
individualised prediction allows for early intervention on the part of the doctors
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who will be treating this patient. They place the patient on a medication (called
Defibrotide) if the predicted score, and/or clinical assessments suggest that the
patient bears a high risk of developing severe VOD. The price of Defibrotide being
very high, only the very at-risk patients are placed early on this medicine. Details of
the project are discussed in Chakrabarty et al. (2023), and in a second paper from
the project, which has recently been submitted to Scientific Reports.

My learning of the RGGs for the patients in the retrospective cohort gives rise to
information about the posterior probabilities of each learnt RGG. This includes the
posterior of the reference patient. Then computing the distance between the poste-
rior of the RGG of any patient and that of the reference patient, my collaborators
in the project computed the scores of each patient, which are shown in Table 1 of
Chakrabarty et al. (2023). Basically, my learning of the RGGs is accompanied with
a sample of posterior values of the RGG, obtained by collating the RGG posterior
generated across the multiple instances of sampling that I undertake. My collab-
orators compute the Hellinger distance between the posterior of the RGGs of two
distinct patients, using the sample of RGG posterior values generated by learning
the RGG of one patient, given their time series data, and a similar sample of another
patient.

The Hellinger distance 9;,.; between the graph of the i-th patient, and the
reference patient is set as proportional to the absolute difference between the score
of the ¢-th patient and that of the reference patient. We know that the latter score
is 1, since we have by-hand assigned the reference patient’s score as 1. Here the
score of a patient is in R, since a patient can suffer from VOD, more severely than
the reference patient, or could be suffering a less severe version of VOD than the
reference patient. Then setting the proportionality constant as 1, (since we are
defining the unit of the score), the i-th patient’s score can be either 1 — 9;,.s or
dires + 1. My collaborators have resolved this problem by ensuring that the choice
sits consistently with the score of the the i-th patient relative to that of the j-th
patient, given the computed (known) distance d;; between the RGGs of these two
patients, for any ¢ # j, 4,5 € {1,...,25}. This consistency is sought within an
MCMC-based inference that is described in Chakrabarty et al. (2023). As a result,
the score of any patient is learnt with uncertainties - emanating from the MCMC-
based inference. Thus, the scores in Table 1 of Chakrabarty et al. (2023) are learnt
for each patient - except the reference patient - within 95% Highest Probability
Density credible region.

3.3.6 Results of choosing cut-off 7

For an RGG in a probabilistic metric space, any edge is a probability distribution.
Then, as we introduced in the previous chapter, an edge exists between each nodal
pair, if the length of the edge, i.e. the distance between two nodes, falls below a
cutoff distance i.e. probability, which equivalently implies that the edge exists if the
affinity (which is complementary to the distance) if the affinity exceeds this cut-off
probability. Here, the affinity is given by the edge posterior probability, (givn the
correlation between the random variables that are attached to the relevant nodes).
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Then an edge exists if this edge posterior probability exceeds a cut-off probability
7. By the nature of RGG, fewer edges will be accepted in the graph, for a larger
value of the cutoff 7.

Remark 3.3.1. I undertake rejection sampling of G;; to generate N sampled values
of each edge variable of the graph Gy (¥, 7). If the relative frequency for N to
attain the value of 1 in this sample exceeds the chosen cut-off probability T, we
retain the edge between the i-th and the j-th nodes in the final graph of data D.
The relative frequency of edge variable G,; in the sample {gg),gg), e ,gfjj-v)} 15
Wij = Zivzl gg)/N. Hence in our graph, edge between the i-th and j-th nodes exists,
i.e. g;; = 1, if and only if the relative frequency w;; > 7, Vi, j'si # j;i,j =1,...,11.

Figure 3.5: Graph realisations learnt using proposal density Uniform [0,0.8], with
constant C' = 100 at cutoff 7 = 0.4, 0.6 and 0.9 (from left to right).

As T introduced in Chapter 2, COGENT (Bozhilova et al., 2020; Pardo-Diaz
et al., 2021, 2022) addresses the consistency of graphs/networks and informs on a
cut-off choice. We implement COGENT on our dataset D and extract results from
this exercise. Figure 3.6 shows that COGENT suggests the optimal thresholds are
approximately at 0.15 - i.e. thresholding the top 85% of calculated Pearson correla-
tion coefficient values - to construct the network with the desired high consistency,
given our dataset D.

68 Chapter 3 Chugiao ZHANG



1596

1597

1598

1599

1600

1601

1602

1603

1604

1605

1606

1607

1608

Learning Random Geometric Graphs, and their Applications

Threshold choice for Pearson correlation networks
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Figure 3.6: The threshold value about 0.15 yields the most consistent network,
suggested by the COGENT (Bozhilova et al., 2020), using the our dataset D.

Similar to what we studied in Chapter 2, I produce RGGs and the networks for
this dataset D, and compare the results obtained at the optimal 7 (discussed in
Section 2.4) with those obtained using COGENT. I recall that I had identified the
RGG that is most robust (to changes in 7), as the value of the cut-off that minimises
the rate of change of the log posterior of the RGG, with change in 7. Here, the RGG
variable is learnt given a dataset. Figure 3.7 represents the plot of the logarithm of
the RGG posterior probability and the corresponding slope «, which is computed at
a chosen 7, across the different 7 values considered. Here, any RGG is learnt given
the correlation structure of the time series data on the physiological parameters of
the VOD patient - as recorded in their patient chart during a time interval that
includes the time point of this patient undergoing a BMT. Said data of one patient
is depicted in Table 3.1. We refer to this as the dataset D below.

et
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Figure 3.7: The left panel presents values of the log posterior probability of RGGs
learnt for the data D, which are learnt at distinct values of 7 s.t. the log posterior
value is plotted against 7. The right panel shows the slope 7 of the graph posterior,
plotted against the corresponding 7 value.

Figure 3.8 displays the results of comparing the optimal 7 identified using the
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slope v computed for the data D, with the COGENT-computed threshold for the
same dataset. Recall that the COGENT threshold yields the most robust network;
I refer to this threshold as 7 = w. My optimal 7 on the other hand, focuses on the
posterior of RGGs learnt at 7 that are identified as the local maxima/minima in the
~ profile, obtained by scanning across values of 7, using given data. Indeed, while
the 7 value relevant to a minima in v identifies with the most-resilient (to changes
in 7) RGG, the maxima of vy identifies the 7 at which the most sensitive (to changes
in the thresholding) RGG is produced - for the given dataset.

800
s
L]
600
x .
_O .
Y 100 4
200
0— *

0.0 0.2 0.4 0.6 0.8 1.0
Threshold

Figure 3.8: For data D, the computed slope 7 of the log posterior of the learnt RGG
is plotted against threshold 7. A fit to the data is superposed in green, and the
vertical line indicates the COGENT-suggested best threshold of w = 1—0.15 = 0.85
(thresholding the top 85% of calculated Pearson correlation coefficient values) that
yields the most-consistent network for this dataset. The local maxima of v, at
Tmaz =~ 0.51, is labelled in red dots.

We can see that for this dataset D, using the slope 7, can only identify the
thresholding, at which the most-sensitive RGG is produced. This thresholding hap-
pens at T = Tyqs, .. the graph is most sensitive to the changes in 7, at the value
Tmaz Of the thresholding. Note that for 7 > 0.967, the log posterior probabilities of
RGGs become zero, i.e. no edge exists between nodes. Results of implementation
of the best thresholding, on more datasets are included in later chapters.

Other thoughts: applying normalisation

I also considered normalising the log of the posterior of the RGG learnt at any
T - given the partial correlation matrix of data D - by the number of edges that
comprise this learnt RGG.
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Figure 3.9: The plot displays the log posterior of the RGG variable Gy ,, (¥, 7),
conditional on the inter-column partial correlation matrix ¥ of time series dataset
D (depicted in Table 3.1)), normalised by the number of accepted edges, plotted
against the chosen 7 € (0,1)

However this learning on the normalised log posterior has limited interpretive
value. Therefore I will not consider this learning with normalisation any further.

3.4 Discussions and Conclusions

In this chapter, I discuss my contribution to an undertaken Bayesian learning of
RGG variables, given data on patients’ sufferenace during their undergoing of a Bone
Marrow Transplant, as manifest in 11 of their time-varying physiological parameters.
Each such BMT-recipient is then rendered susceptible to VOD, which is a potentially
terminal illness. My role in this work has been to contribute to the learning of the
RGGs of the different patients in a cohort, such that the distance between the RGGs
learnt for a patient, and an earmarked “reference patient”, produces the considered
patient’s severity score of VOD, relative to that of the reference patient. Then on
the scale in which the reference patient is assigned a score of 1, the score of the
considered patient is computed. This way, scores of each patient in this cohort are
computed. Such score learning then allows for populating a training dataset that
comprises pairs of values of a patient’s pre-BMT parameters, and their score. Using
such a training set, we can then learn the relationship between the vector of the
pre-BMT variables and the score variable, allowing for the prediction of the score
of a test patient.

However, in this chapter, I limit discussions to my contribution to the project,
which is the learning of the RGGs of each patient in the considered cohort (of 25
patients). Some of these results are included above in Figure 3.4.

It is appreciated that the computing of a reliable, relative score of any patient has
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been possible only because the RGG that I learnt is a random variable, and therefore
can be ascribed a probability distribution. Then a statistical distance between the
posterior probability of one patient’s graph, and that of another patient, can be
easily computed, using the samples of the RGG realisations that are generated
across the instances at which rejection sampling of each of the edge variables (of
the RGG) is undertaken. It is the lossless nature of this inter-graph distance that
allows us to use this distance as a reliable measure of the holistic difference between
the information included in one patient’s RGG, distinguished from another patient’s
learnt RGG. Future work will extend the proposed framework by refining the choice
of threshold parameter and improving computational efficiency. Learning patient-
specific RGG from clinical time-series data, constitutes a novel application of RGGs
in the biomedical field. The applicability of this inter-graph distance to Healthcare
is then clear via the application. I will discuss another such application in the next
chapter.

One technical issue relevant to my RGG learning is the Bayesian inference on
the edge variables. For this, I have primarily used rejection sampling, (as reported
above), but have also tried Markov Chain Monte Carlo (MCMC), to sample from
the relevant posterior distributions. The similarity of the results on graph learning
demonstrates that the proposed RGG learning framework produces robust graph
structures, across different proposal distributions and sampling strategies, which
again validates the Bayesian approach to modelling uncertainty in graph edges.

A remaining issue involves the choice of the cut-off probability at which any RGG
- drawn in a probabilistic metric space - is produced. This is my methodological
contribution, which I support with empirical illustrations as well, inclusive of the
illustrations on the data of different patients, as shown above. Again, it is the
probabilistic treatment of the RGG that addresses the problem of recognising the
cut-off probability that is optimal given the data at hand. I have addressed this
by identifying the value of the cut-off probability 7, at which we can generate the
most sensitive or most resilient RGG, given changes in the RGG with changes in
7. Such is made possible by identifying the 7 at which the logarithm of the rate of
change of the posterior of the RGG variable - with change in 7 - is stationary. I have
computed this when trying to identify the optimal 7 for the RGG that I learnt given
an available dataset, using which, another thresholding strategy (called COGENT)
had computed the threshold value that gave rise to the “most resilient” network.
In the following chapters, I will illustrate my identification of the optimal 7 when
learning RGGs in different real-world contexts.
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Chapter 4

Learning Recovery Trajectories of
Individual Patients Using

Distance/divergence between
Learnt RGGs

In real-world scenarios, we often need to compare distinct outcomes of an event that
arise under different experimental conditions. For instance, when trigger variables
assume one set of values, they generate a particular system response, which has
been recorded as a time series. And a different set of trigger values will produce
an alternative response, yielding a separate time series. In such cases, our goal
is typically to compare the influence of the trigger variables across these differing
conditions - this comparison is made by analysing the resulting time series. Notably,
the system parameters do not need to cover the identical time intervals - the trigger
variables may give rise to the responses of varying durations, leading to time series of
different lengths. In this chapter, we address typical issues in real-world settings, the
comparison of such multivariate time series data that are diversely-long in length
with complex temporal evolution, which often display inhomogeneous correlation
structures. Our ultimate goal is to construct a single scalar-valued random variable
that captures the essential differences between two such multivariate time series,
regardless of their differing lengths. To achieve this, we propose a framework based
on graph representations of time series. For each pair of time series, we learn graphs
from the data and compute distances or divergences between these graphs. As we
introduced in previous chapters, each of such graphs is treated as a realisation of
an RGG, and we estimate the probability distribution over such graph realisations
conditioned on the observed time series data. And the distance between two graphs
reflects a statistical distance between the respective probability distributions.

We illustrate our methodology using data collected from an automated e-health
platform, MIRA. These data are recorded as patients perform mobility exercises
during recovery from injury or critical illness that affects their ability to move. We
undertake the learning of the graph variable given the relevant data, and discuss the
implementation of the inter-graph distance. We also discuss the advantages of our
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method over existing approaches used for assessing individualised patient recovery,
using the data we have (these results have been published as Zhang et al. (2024)).

4.1 Introduction and existing studies

Modern medicine requires early and individual-specific diagnosis. Stroke, the sec-
ond most common cause of death and the third-leading cause of adult disability
(Feigin et al., 2022), often results in reduced mobility and pain. One critical aspect
of rehabilitation is predicting a patients recovery trajectory to optimise therapy.
Recovery quantification methods in the existing studies vary widely, with a lack
of standardized definition. The International Classification of Functioning, Dis-
ability and Health (ICF) (Organization, 2001) has worldwide usage as a reference
model in the assessment of functioning recovery of patients who have suffered from
movement-impeding conditions, such as in the cases following traumatic injuries and
stroke. Walton (2009) advanced 30 different primary operationalisations of recov-
ery, in the context of acute Whiplash Associated Disorder (WAD) and Ritchie and
Sterling (2016) summarised approaching the concept of recovery from WAD, based
on self-reporting of relevant symptoms of the patient such as pain and dizziness,
and psychological observations such as pain catastrophising (Casey et al., 2015),
along with post-traumatic stress disorder symptoms. Kasch et al. (2001) and Oze-
govic et al. (2009) considered recovery as parametrised by proxy measures such as
reduction in working hours; sick leaves undertaken; and insurance claims.

In current literature, the learning of recovery trajectories using conventional
methods, refers to grouping patients by recovery instead of looking at the recovery
of individual patient, which lacks personalised analysis. Growth Mixture Mod-
elling (GMM) and Latent Class Growth Analysis (LCGA) (Nagin, 1999; Muthén
and Muthén, 2000; Nagin, 2005) are commonly used to classify patient recovery
trajectories. Jung and Wickrama (2008) applied LCGA and GMM techniques to
identify patient groups that are homogeneously recovered; Ram and Grimm (2009)
summarised a four-step procedure to implement a GMM-based analysis; Panken
et al. (2016) undertook GMM to describe the evolution of the intensity of lower-
back pain; Lee et al. (2020) identified meaningful subgroups of patients who suffered
from muscelo-skeletal trauma by using GMM and Walton et al. (2021) developed the
Traumatic Injuries Distress Scale, and predicted the rate of recovery of people with
muscelo-skeletal trauma. Machine learning-based assessment of individual move-
ment correction has also been widely used in recent studies (Osgouei et al., 2020;
Noureddin et al., 2019; Capecci et al., 2019; Paiement et al., 2014; Frangoudes et al.,
2022). The patients’ data is often collected by patients’ responses to questionnaires
(Walton et al., 2016; Herrera et al., 2007; Stark et al., 2013), or data obtained from
clinics (Royse et al., 2010).

My contributions: Existing work falls short of the desired characteristics that I
enumerate below:

1. Some data were collected from healthy individuals, rather than from patients,
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and a universal benchmark is used for all patients, regardless of the variation
of injury level.

2. An important shortcoming in the existing work is that there is no objective,
data-driven and model-free evaluation of the state of a patient’s recovery.

3. Current recovery assessments lack personalisation, relying on standardised
classification models rather than the specific data recorded for each patient.

To address this, I applied the learning of RGGs for reliable assessment of the mo-
bility recovery of patients with movement deficiencies, to construct each patient’s
individualised recovery trajectory, as they undergo physical rehabilitation. I use the
time-series data generated by a patient from them undertaking a given exercising -
as part of a rehabilitation programme - at each instance of the patient undertaking
this exercise. The distance between graphs learnt using the time series data gener-
ated from undertaking an exercise at two consecutive instances, then informs on this
patient’s recovery between the time points at which the exercise was undertaken at
these two instances. In other words, the distance then offers an objective, model-free
and fully data-driven parametrisation of this particular patient’s recovery between
two given time points.

Using such a parametrisation of recovery, I construct the individualised recovery
trajectory for this patient as they undertake this exercise. I perform similar recov-
ery trajectory learning for each patient in a cohort, undertaking distinct exercises.
Ultimately, I analyse the constructed recovery trajectories, and recommend the op-
timal exercise routines that are tailored to patients with varying degrees of mobility
impairment.

My identification of an individual recovery trajectory is supplemented by the
pre-therapy information about the patient’s mobility status. In future work, we will
augment each trajectory with pre-therapy mobility metrics and, through supervised
learning, model the relationship between a patient’s baseline status and the ensu-
ing trajectory. This extension will enable patient-specific, pre-treatment forecasts
of recovery under a given therapeutic programme, advancing the goal of precision
rehabilitation.

4.2 Methodology

4.2.1 Data

Our dataset has been collected via an at-home rehabilitation enabled by virtual
reality-assisted equipment, which is referred to as “telerehabilitation”. Such tel-
erehabilitation allows patients to exercise in a home environment and helps avoid
travel difficulties for patients, especially for low-mobility patients. There is an in-
crease over time in outpatient rehabilitation, as opposed to inpatient rehabilitation
(Olasoji et al., 2022). The telerehabilitation equipment extracts information about
movement biomarkers and collects such information using motion sensor devices,
such that the time series data have been generated while a patient is undertaking
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an exergame, that towards the construction of recovery trajectories - these exergames
used in physical rehabilitation are designed to stimulate certain movements, which
focus on improving physical activity. This is an important step in the attempt to
automatically assess individualised physical functioning within a home environment.
By invoking the telerehabilitation capacity, our method of learning an individualised
recovery-trajectory can inform the patient and their therapists, of the progress on
achieved recovery, obtained at an instance of rehabilitation. We are able to generate
a reliable mobility recovery score and accordingly provide advanced recommenda-
tions regarding optimal exercise routines for patients with a given level of pre-therapy
mobility deficiency, by learning such recorded movement data.

The data was secondary anonymised data, which was judged as not in require-
ment of ethics clearance, as stated in a letter with reference 41180-NER-Nov/2022-
42403-1, signed by Prof. Simon Taylor at Brunel University London. The data was
collected while a cohort of patients who were suffering mobility deficiencies due to a
stroke and were undergoing physical rehabilitation - played exergames on the virtual
rehabilitation platform MIRA Rehab (Rehab). Data consists of recordings of X, Y, Z
coordinates of 20 joints of the body of a patient who is undertaking an exercise. The
same is also referred to as the patient “playing an exergame”. Typically, a patients
movement is recorded for 3 minutes at a rate of 30Hz. In the cohort, 13 patients
have played various games, with multiple repetitions for each of them and at various
levels of difficulty, as presented in Figure 4.1.

PATIENT ID

Total
GAME 3085 | 3070 | 3147 | 3071 | 3311 | 3327 | 3431 | 3462 | 3430 | 3165 | 3379 | 3011 | 3084 |sessions by
game
Airplane 26 26 6 20 1 79
Animals 12 8 13 21 3 57
Atlantis 24 55 10 20 2 111
Catch 76 55 53 48 35 32 26 24 | 22 7 4 382
Color Blocks 12 25 37
Color Clouds 15 12 1 28
Firefly 24 55 10 35 32 26 2 | » 1 2 229
Flight
Control 1 1
Follow 52 27 40 35 32 26 2 | 2 1 2 259
::::: 28 8 36
izythe Bee | 26 58 12 38 17 12 26 4 | n 7 2 3 247
Jugger 76 56 53 48 35 32 26 25 | 2 1 1 375
Matchday
rDon 40 26 19 18 4 107
Nimble 75 57 35 48 35 31 26 2 1 1 1 332
Piano 15 24 18 1 58
Seasons 25 25
Spaceship | 35 58 11 24 35 12 26 3 | n 2 2 1 1 252
Star Find 26 19 1 46
Total sesions | 304 | 371 | 3a1 | 245 | 223 | 182 | 161 | 158 | 3¢ | 1a 5 1 2661
by subject

Figure 4.1: Sessions played by each subject for each of the 18 games.

A game consists of a sequence of frames, with each frame capturing the 3D
coordinates of each of 20 joints of the human skeletal structure. This translates
into a sequence of time series, one for each dimension of each of the considered
joints. Each game engaged the subject to execute a certain physical exercise or a
combination of two or more exercises (for instance: knee flexion; knee extension;
lateral flexion; shoulder abduction; frontal flexion; hip abduction; full body turn,
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etc). Overall, we had 2,661 sessions recorded, which are not uniformly distributed
amongst patients and games.

The e-platform also outputs a machine-learnt point gained for each exergame
played, assigned by the platform itself - the in-built points are expected to function
as an indicator of patient performance in executing the exergame. However as we
will notice in the results, these points do not offer meaningful information.

Definition 4.2.1. In our dataset, spatial and rate coordinates of each of the 20 joints
are recorded, as the i-th patient plays the k-th game, at the j-th instance. The three
spatial coordinates of the s-th joint, recorded at time t during playing an exergame,
are denoted by variables X4(t),Ys(t), Zs(t) € R,s = 1,...,20. The total number of
times the i-th patient plays the k-th game denote as N;p; 7 = 0,1,..., N, for
t=1,...,Nyand k=1,...,N,.

In general, since the i-th patient will not necessarily play all the available N,
games, we then might have some k, s.t. N;j =0 .

Definition 4.2.2. The three spatial coordinates of the s-th joint, recorded at time
t during playing an exergame, has denoted by variables X,(t),Y,(t), Zs(t) € R, s =
1,..,20.

We then denote the location of the s-th joint to be

(mazx)

Then we generate the time series data {ri(t),ro(t),... ,rgo(t)}it__i’f’j , e we

record the time series of the locations of each of the 20 joints, at time T = t.

Definition 4.2.3. We generate the time series data on the location of each of the 20
monitored joints, i.e. we generate the time series data D;y ; that comprises values

of Ri(t),..., Roo(t), for time t € {1,2,... ,tg:f}x)} as the i-th subject plays the k-th

game, in the j-th instance. So the dataset D,y ; has t%‘;x) rows and 20 columns,
(max)

i.e. Djgj1sa tikj X 20-dimensional matrix.

Remark 4.2.1. The length of time by a subject takes to play a game in one instance
can differ from the length of time taken by the same or a different subject to play
the same or a different game in another instance.

In Table 4.1, we present the first few lines of values of the location of joints of the
body that are monitored on the e-platform MIRA, during the patient with reference
3071 played Airplane.

Chapter 4 Chugiao ZHANG 7
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hipcentre

spine

head

shouldercentre

1.684013855
1.687542467
1.688034792
1.688174173
1.688240062
1.688247039
1.688279093
1.688287023
1.688258504
1.688319709

1.680728421
1.680152844
1.680716982
1.680867813
1.680919118
1.681416153
1.681536837
1.681549649
1.681548505
1.681569607

1.694426789
1.689994086
1.6897329
1.690434507
1.690826397
1.690978133
1.691291841
1.691346302
1.691332804
1.691362489

1.694013087
1.690999615
1.692213936
1.69244093
1.692456947
1.693617492
1.693789355
1.69374882
1.693702386
1.693638131

Table 4.1: The first few lines of the time series data on locations of the 20 joints
of the body recorded at different time points, as Patient 3071 played the exergame
Airplane.

We aim to capture the level of recovery of movement ability while i-th patient
plays the k-th game in the j-th instance, compared to when they play the game at the
J — 1-th instance, Vj > 1; j < N, ;. In our work, we learn this recovery of movement
by learning the difference between the correlation structure of the time series data,
recorded at the j-th instance of playing the game, and that recorded at the previous
instance of playing this game - the correlation structure given by the location of the
20 joints of the human body that are tracked during playing exergames, comprises
information interplay between each pair of these 20 joints. A patient who is facing
movement difficulties in a certain joint, might have to invoke the usage of other
(nearby) joints to perform an action - there exists higher correlation amongst pairs
of (nearby) joints in such a patient, than in the case for healthy individual with
no or less severe movement difficulties, i.e. their inter-joint correlations are then
lower in general. So we look at the correlation structure of the locations of the
monitored joints as a marker of recovery of movement. To illustrate the correlation
structure of our multivariate dataset, we learn the graphical model of the time
series data on the spatial coordinates of each of 20 joints (monitored on the e-
platform MIRA, on every instance when the i-th subject plays the k-th game),
using the inter-column correlation matrix of our dataset. Namely, we compute the
strength of the effect that is responsible for the dataset D, ;. ; to change into dataset

D, ;. i/, where the length of the two datasets ¢lmar)

i,k,j
gl =1,. , Nix - we compute this strength of the effect as a distance/divergence
between the probability dlstrlbutlon of the graphs learnt condition on the inter-
joint correlation matrix 2( k) of the dataset D, ;, and the graph learnt given the
inter-joint correlation matrix of the dataset D; ;1.

# t(mwj in general, for j # j/;
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1878

1879

1880

1881

1882

1883

1884

1885

1886

1887

1888

1889

1890

1891

1892

1893

1894

1895

1896

1897

1898

1899

1900

1901

1902

1903

1904

1905

1906

1907

1908

Learning Random Geometric Graphs, and their Applications

4.2.2 Learning/estimation of the correlation matrix

Definition 4.2.4. The correlation matriz of this data D,y ;, EE(I’;)] = [ps,s'|, where
ps,s is the correlation between the random variables Ry and Ry, s,s' = 1,...,20.

The random variable Ry comprises the s-th column of the dataset Dy, ;.

The number of rows of the dataset D;j; and the dataset D, ;, are unequal,
(©)

which does not affect our Bayesian learning of the correlation matrices 33; ;" ; and

Egi)j ,, and therefore, inter-graph distance is robust to the difference in the number
of rows in either dataset. As we introduced in Chapter 1, we can undertake MCMC-
based learning to learn each element of the correlation matrix directly. However, in
this case we have (20 x 20 — 20)/2 = 190 distinct off-diagonal elements of the sym-
metric correlation matrix - it is extremely time-consuming to learn 190 (correlation)
parameters using MCMC. It may also be possible to undertake parametrisation of
the correlation matrix, using a covariance kernel. While considering the input vari-
able we have in our case, namely the location of the joint at a given time point as the
patient plays an exergame, the joint index has been randomly assigned. Therefore

the difference between the indices of two joints might not necessary meaningful.

Instead of learning each element of the correlation matrix, we can therefore
estimate each element, using the sample of values of the location variable Ry and
that of Ry, which includes across the tl(rgjx) rows of this dataset. We compute
the unbiased estimator of the correlation ps s between R, and Ry. The partial
correlation 1) ¢ is defined as follows:

Definition 4.2.5. The unbiased estimator of the correlation psy between R, and

— t(max)

Ry, using the values rsy,...,rsa and vy q,..., 7y v, where M ik

o of the dataset D;y ;, can be

Then the inter-column correlation matrix Zgikj)

. (C
estimated as EEZ},ZJ) = [ps.5']

Definition 4.2.6. The partial correlation sy 1s computed using the estimated

Egic,ij) - for the precision matriv @ = [0, 4] = (Egi’)j)_l, the partial correlation
matriz ¥ = [s ¢] is hence
93 s’ / /
Vs s = — ’ s # s, and we have Vs 5 =1 for s =s'. (4.2.1)

)
\V4 95,308’,5’

We present an excerpt of the inter-column correlation matrix estimated from the
time series data generated by Patient 3071 playing Airplane, at the first instance,
ie.

©) _
2Z’)O71,Az'1”pl(m(3,l -
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1
0.330917541
—0.26122886

0.330917541  —0.26122886
1 0.68856342
0.68856342 1

—0.319381464  0.544254133

0.692496065

—0.165895188 |

0.870462199
0.874589366
0.730793308

1910

1911

1912

1913

1914

1915

1916

1917

1918

1919

1920

1921

1922

1923

1924

1925

1926

1927

1928

1929

1930

—0.022265821  0.128763652  0.183350249 0.151056752

0.16721271  —0.094951013  0.02250426 —0.164855981
—0.051876216 —0.138002972 —0.006260628 —0.100540177
| —0.165895188  0.870462199  0.874589366 ... 1

Then using this inter-joint-location correlation matrix, we compute the partial
: : (@) :
correlation matrix Wairy aipiane1s 88

(©)
\113071 Airplane,1 —

1 0.229345539  —0.150743042 —0.201536622 ]
0.229345539 1 —0.12561909 0.941688165
—0.150743042 —0.12561909 1 0.299565913

0.041884517

0.024567646

0.067497723
—0.096152059

0.13053044
0.052365098
0.002226935

—0.023513329

0.210506791
—0.128422074
0.259867599
—0.111474649

—0.023659251

—0.018381679

—0.070459859
0.069071476

0.941688165  0.299565913 ... 1

| —0.201536622

4.2.3 Random graph variable

maa:)

We learn the graphical model of the ¢; x 20-dimensional D, ; dataset, using
reahsatlons of the random graph- valued Varlable that is defined on the vertex set

= {Ry,...,Ry}. This graph is drawn using the 20 x 20-dimensional partial
Correlation matrix \Ilz(i)J that can be computed by Equation 4.2.1. This graph vari-
able is a RGG drawn in a probabilistic metric space, s.t. any edge of this graph
is a probability, and the binary edge G, ¢ between the s-th and s'-th nodes exists,
(i.e. g5 = 1), if the probability of this edge variable exceeds a cut-off or threshold
probability 7 € [0, 1] which we choose. Here s,s' € V and s # &, i.e. self-loops
are excluded from the graph. The probability of the edge variable Gy is condi-
tional on the partial correlation v, ¢ between the random variables R, and Ry that
sit at the s-th and s’-th nodes, respectively. Thus, we write the edge probability
of G ¢ conditional on vy as m(Gsy|1)ss). As we already discussed in details in
Chapter 2, the edge marginal stems from the modelling of the probability density
of the magnitude of the partial correlation 1, ¢ between the variables Ry and Ry,
as N (gs.s, Uss), where v ¢ is the variance parameter relevant to this s, s'-th nodal
pair. Weak priors on the two model parameters have been applied - Bernoulli(0.5)
on G ¢ and Uniform on v, ¢ - we write the joint posterior probability density of the
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model parameters G ¢ and v, ¢, given the correlation of the dataset. Such a joint
is then proportional to (2mv, o) 2 exp(—(gs.s — Vs.s')/2Vs.5)-

Remark 4.2.2. Recall Definition 2.2.7 and Definition 2.2.10, we have the edge
probability of G5 conditional on the partial correlation 15y between the nodes by
integrating over the variance parameter and a closed-form expression for this condi-
tional probability, m(Gs ¢ |Vs.s ), as following:

m(Gy o |Yss) = K [\/gexp (@) - (Ssvs/)erfc<|5\;_’;/|>] : (4.2.2)

where Ssg = |Gss — |ss|| as defined previously and the complementary error
function erfe(-) = 1 —erf(-). K is a positive global scale.

The posterior of the RGG variable G; , ;(V',7)|D; . ;) that is learnt using the edge
posterior m(+|), given the estimated inter-column correlation matriz EES;J) of data
D“g’j, 18

ﬂ-(gi,k,j(v7 T))‘{¢$,$’}$,S’€V> = H m<Gs,s’ = Gs,¢ |ws,s’)

s,8' €V ik<k’

, where the RGG is constructed without self-loops, and the edges are included inde-
pendently of each other.

4.2.4 Sampling from the posterior

We draw N samples of the edge variable G ¢ that joins the s-th and s’ nodes of
the random graph variable, where the s-th node of this graph is associated with the
location of the s-th of the 20 monitored joints, as a patient plays an exergame. We
undertake rejection sampling of G ¢ from this closed-form marginal posterior proba-
bility m(Gs ¢ |ss) (of edge Gy ), to generate N samples of G ¢ as {gSS),, o ,géﬁ,)}.

i"s)/ can be 1 or 0, Vn = 1,..., N. The binary edge variable GG, 4 attains a

(r)

Here, ¢

value g, in the r-th sample, where Gy ~ Bernoulli(|is ).

Remark 4.2.3. Recall Definition 1.5.1, if we sample X = x* from a function g(x),
for a real M € (0,00) such that

Cg(x) > f(x),Vz;
For u ~ UJ0,1], and we accept the sampled x* if

f(z)
Cg(x*)

> u,

then the probability distribution of this sampled variable x*, is fx(x)
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We use a uniform proposal density in our implementation of rejection sampling,
and we accept the proposed edge if and only if the acceptance ratio exceeds or equals
U ~ U0, 1], where the acceptance ratio of the r-th iteration is

m(G(r—l) |¢(r—l))

/ /
$,8 8,8

Cyq(s,s) ’

with a chosen value assigned the constant C', such that we have Cq(s,s’) >

m<Gs,s/ ‘ws,s’)'

Definition 4.2.7. We undertake rejection sampling of Gs ¢ to generate N sampled
values of the edge variable. If the relative frequency for N to attain the value of 1 in
this sample exceeds the chosen cut-off probability T, we retain the edge between the
k-th and the k'-th nodes in our final graphical model of data D.

The relative frequency of edge variable Gy in the sample {gi’ls),,gfg,, e ,gg,)}

iS Ws g = 2521 ggns),/N
Hence in our graph, edge between the s-th and s'-th nodes exists, (i.e. gso =1)
if and only if wsy > T, Vs,s'; s <’y s=1,...,20.

In general, if this relative frequency of Gy that is generated using rejection
sampling, exceeds the chosen cut-off probability 7, we retain the edge between the
s-th and the s'-th nodes in our final graphical model Gy ,,,(¥, 7) that is learnt on
the vertex set V', using the edge probability m(-|-) defined previously, for the inter-
column partial correlation matrix ¥ of the dataset D,y ;, for the chosen cut-off
T.

For example the patient with identity reference 3071, (or ID3071), playing the
game Airplane 6 times, we use rejection sampling to draw a sample of size 50,000
of the edge variable Gy, Vs' > s;5 = 1,2,...,20, for each of the 6 instances. In
other words, we learn each of the 6 graphical models for this subject playing this
exergame on these 6 occasions.

4.2.5 Inter-graph distance formalisation

With samples of the edge variable G » in hand, we are able to calculate the joint
posterior of all edges of the relevant graph variable, given the partial correlation
matrix of the time series data on the 20 joints, generated as the i-th patient plays
the k-th game on this j-th instance, Vj =1, ..., Ni(”;wx). We then compute the inter-
graph distance/divergence between the joint posterior of all edges, i.e. posterior of
the graph variable learnt using the data generated for the j-th instance, and that
using the data obtained for the (j — 1)-th instance, Vj = 2, ..., Ni(’zwm) - a statistical
distance between the posterior probability of the graph variable conditional on the
time series data D; . ;, and that given data D, ; /.

As we introduced in Chapter 1, the Hellinger distance is an example of such a
statistical distance.
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Remark 4.2.4. Recall Definition 2.3.1, the square of Hellinger distance between the
probability density p1(x) and another density ps(z) (for x € X ) is defined as :

D5 (p1,p2) / (Vpi(z) — V/pa(2))?da

Therefore, for the graph variables learnt for data D; ; and D, ;/, given that
the graph posterior probability is computed at each of the N number of samples
generated using rejection sampling, we compute the Hellinger distance between these
two posterior.

Definition 4.2.8. Given the graph posterior probability of graph variables learnt for
data Djy; and D, ;/, the square of the discretised Hellinger distance between these
posterior probabilities is

D?{(gi,k,j(v7 T)v gi,k,j/ (Va T))

2
N—l (\/W(gi,k,j<vvT)‘Di,k,j)(r) - \/ﬂ-(gi,k,j/(vvT)’Di,k,j/)(r)> (4.2.3)

N Y

where 7(Gix j(V,7)|Dix ;)" is the graph posterior given the data D,y ;, computed
with the r-th sample of the edges of the graph, Vr =1,... N.

We compute the Hellinger distance Dy (G, x.;(V,7), Gk j—1(V, 7)) between graph
posterior given the data D;;; and D;; ;_1, for the i-th subject playing the k-th
game, for all 7 and k relevant in our data to 7 > 1, i.e. for all subjects who play a
game multiple times.

Definition 4.2.9. We can also compute the KL divergence between the posteriors
of the graphs G, j(V,7) and G, . j—1(V',T), given the data D ; and D, ;—1, as:

Drr(Giki(V,7), (Gikj-1(V, 7))

N
7(Gin i (V,7)|Djs) ™ (4.2.4)
T(Gii (V. 7)|Die) "o e T ,
T_Z1 e ( )| k,g) g(ﬂ(gi,k,jl(V,T)lDi,k,j1)(7")

where the posterior is computed of the graph variable given the datasets generated
by the i-th subject playing the k- th ame on successive instances, i.e. at the j — 1-th

and j-th instances, for j = 2,... maz),

Since the posterior of a graph given the time series data on the 20 joint locations
will comprise the joint posterior of all edges between (20? — 20)/2 nodal pairs, the
posterior of the graph variable G, ;(V,7) is a small number, which leads to the
distance/divergence between the posterior of G, ;(V,7) given data D,y ;, and of
Gikj—1(V,7) given data D, j_1, is small as well. To avoid working with such small
numbers, we scale the posterior of any random graph variable, learnt using any data
that we consider in our work, by 10, when we compute the Hellinger distance
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between any pair of graph posteriors, given any pair of datasets. Similarly, we scale
any such posterior value with 10% when we compute the KL divergence. Table 4.2
shows the scaled Hellinger distance and KL divergence between the posterior of
the graph variable given the partial correlation structure of the time series data
generated when the patient with ID3071 successively plays of the game Airplane.

Successive instances Hellinger distance Kullbeck-Leibler Divergence
(1,2) 0.10604219 0.10995603
(2,3) 0.10589288 2.5307512e-5
(3,4) 0.0040824151 2.4243133e-6
(4,5) 0.017579886 2.3849898¢-3
(5,6) 0.022596656 1.1390906e-3

Table 4.2: Hellinger distance and Kullback-Leibler divergence of patient 1D3071
playing the exergame Airplane between posterior of the graph variable learnt on
successive instances of playing the exergame.

4.2.6 Construction of recovery trajectories

We compute the inter-graph distance/divergence between adjacent instances, by the
posterior probability of a graph variable learnt given time-series datasets on joint
locations generated by the patient playing a given exergame at successive instances.
And such an inter-graph distance computed between the j-th and the j — 1-th
instances of the i-th patient playing the k-th game indicate the movement recovery
attained by th1s %)atient between these two instances of playing the exergame, for
j=2.. (maz) "~ \We will then treat this movement recovery as the difference
between the scores attained by adjacent instances, as we are defining below.

Definition 4.2.10. We assign a Mobility Recovery Score or MRS, MRS, x(j)
attained by i-th patient when playing the k-th game in the j-th instance, and a
MRS, i(j — 1) attained in the j — 1-th instance of playing this game.

Then the difference between MRS, (j) and MRS, (7 — 1) is defined as pro-
portional to the movement recovery, namely, the inter-graph distance/divergence
between the random graph variables learnt given the datasets D; i and D; 51,

Definition 4.2.11. We denote the score as MRS%E”)(-) when we compute the MRS
using the Hellinger distance. On the other hand, when we use the KL-divergence to
give the value of the MRS, we denote the score MRS, KL)( ).

We can model the difference between MRS(HEU)( ) and MRSZJZGH (7—1) as
proportional to the Hellinger distance between the graph variables learnt given the
time series data D; . ; and D,y ;1 respectively, i.e.

MRS (G) = MRS (= 1) o Dia(Giey (V. 7), Ginja (V7).

We define the value of 1 for the proportionality constant.
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Also, MRS, 1(j) — MRS, (7 —1) is the difference in the MRS between the j-th
and j — 1-th instances of playing the k-th game, is the same as the rate of change
of MRS at the j-th instance of playing this game.

Definition 4.2.12. The i-th patients rate of change of mobility improvement at the
j-th instance of playing the k-th game, using Hellinger distance is defined as:

Dy(Gipe (V. 7),Gig 0 (V, 7)),
such that their MRS at this j-th instance of playing this game s
MRS = Dat(Giei (V7). Gig s (V7)) + MRS (G - 1),

where j =2, ... ,Ni(yzwx).

We applied the same definition via using the KL-divergence to compute the inter-
graph distance, we set the MRS of the i-th patient at the j-th instance of playing the
k-th game to be:

MRSEH(§) = Dr(Gins (V. 7), Gir (V7)) + MRSED (- 1),

with j =2,... NG,
We set MRS, (1) =0 originally.

We plot MRSZ(,)C( Jj) against j, which constitutes the recovery trajectory for the
1-th patient, as they play the k-th game.

Table 4.3 shows the MRSs that are computed using the distance/divergence
calculated in Table 4.2, which were generated from the time series data when the
patient with ID3071 successively plays of the game Airplane, along with the points
assigned by the e-platform MIRA originally.

Instance MRS via Hellinger MRS via KL Points assigned by MIRA
1 0.05302109 0.05497801 230
2 0.15906328 0.16493404 255
3 0.26495617 0.16495935 290
4 0.26903858 0.16496177 360
5 0.28661847 0.16734676 395
6 0.30921512 0.16848585 315

Table 4.3: MRS calculated using the Hellinger distance and KL Divergence displayed
in Table 4.2, and points assigned by e-platform MIRA, for Patient ID3071 playing
the exergame Airplane on 6 instances

We can then visualise the recovery trajectories as the variation of the computed
MRS against the index of the occasion of a given patient playing a given game. We
learnt MRS using either the Hellinger distance or the KL divergence, and thereby
learnt the recovery trajectory, and compared our MRS against the points that are
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assigned by the e-platform, across instances in which a game is played. Figure 4.2
shows examples of these recovery trajectories for patient ID3071, playing Airplane
on 6 occasions.
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MRS via Hellinger
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MRS via KL
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Figure 4.2: Figure displaying plots of performance of playing the game Airplane,
by patient ID3071, against the index of the instance of playing this game. On the
left, the plot of MRS computed using the Hellinger distance is plotted against the
index of the instance of playing. In the middle panel, the MRS computed using
Kullback-Leibler divergence is plotted on the 6 sessions during which this patient
plays this game. On the right, points assigned by MIRA platform for playing the
game on 6 instances are plotted against the instance index.

4.3 Gist of the method

As we defined previously, in order to accomplish the learning of the recovery tra-
jectories of patients who play exergames and the data have been recorded on the
e-platform MIRA, we learn the graphical model of the time series data generated as
a patient plays an exergame. Then we compute the inter-graph distance/divergence
between the posterior probabilities of the pair of graphs, generated by two succes-
sive instances of playing this exergame - we compute the marginal posterior of the
edge of the graph variable, conditional on the estimated correlation structure of the
dataset and undertake rejection sampling on such marginal posterior, to construct
the graphical model of the relevant dataset.

e We learn the graphical model to comprise realisations of a random graph
variable. We learn this graph variable, condition on the correlation structure
of the time series data on locations of the 20 joints, given the ¢-th patient plays
the k-th game, in the j-th instance.

e Then we define a statistical distance/divergence between the probability dis-
tribution of the graph variable learnt given the time series dataset generated
by playing the k-th game in the j-th instance, and the graph learnt given the
data generated by playing the game in the j7 — 1-th instance. We do this for
all instances relevant to the playing of the k-th game by the ¢-th patient, i.e.
Vji>1; 7 < Nig.

e The distance computed for the j,j — 1 pair is then a recovery score obtained
between the playing of this game in the j-th instance and the previous instance,
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which can be both positive and negative. Using this recovery score (we learnt
MRS via using either the Hellinger distance or the KL divergence), we can
generate a recovery trajectory for the i-th patient playing this k-th game.
It is a clear visualisation of the recovery that the i-th patient has achieved,
by playing the j-th instance of the k-th game - we can visualise the recovery
trajectories by plotting learnt MRS against the index of the occasion of a given
patient playing a given game.

4.4 Results

Previously in this chapter, we have discussed our concept of computing a parameter
that carries as much relevant information as possible about the time-series datasets
we have, namely, the progress of the patient recovering their movement ability,
as they play an exergame. We have defined such a parameter as the distance or
divergence between the graphical models that are learnt given the respective time
series data. We conduct such inter-graph computation relevant to each patient in
the cohort, playing each of the games, on successive instances - we will compute
the inter-graph distance for each pair of graphs - learnt given the successive pairs
of time series data - to construct a recovery trajectory for each patient playing an
exergame.

4.4.1 Graphical Models

In Figure 4.3 we present the graphical models that are learnt given the joint location
time series datasets, produced, as patient ID3071 plays Airplane on six different
instances. Graphical models learnt given data produced by the patient ID3311
playing game Follow, are presented in Figure 4.4.

Figure 4.3: Graphical models learnt given data recorded for patient ID3071 playing
game Airplane on 6 successive instances, in the order of the instances of playing.
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Figure 4.4: Graphical models learnt given data recorded for the patient ID3311
playing game Follow, on 35 successive instances, 6 of the learnt graphs presented
here, in the order of the instance of playing.

To show the inference on the basis of which I learnt the RGGs shown above, the
following Figure 4.5, I present the heatmaps of the frequency fraction of the edge
variable G;; = 1,Vi,5 = 1, ..., 20, in each iteration in Rejection sampling, i.e. edge
Gi; = 11 got a ‘1’ from rejection sampling of a given edge ¢j, given data for the
patient ID3071 playing game Airplane, as we show in Figure 4.3.
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Figure 4.5: The heatmaps of the frequency of the edge appear in Rejection sampling,
given data recorded for the patient ID3071 playing game Airplane, on 6 successive
instances
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4.4.2 Recovery Trajectories and MRS

Having built the graphs, we now construct the recovery trajectories for each patient
as they play a given game. The following figures show the evolution in the learnt
MRS as the patient repeatedly plays a game, across all instances of playing it. In
Figure 4.6 and Figure 4.7 we displays recovery trajectories of the patient 1D3085
playing game Catch 76 times, and the patient 1D3327 playing game IzzytheBee 12
times from our learnt graphical models. For each patient, we show the comparison
of the rate of change for MRS and the MRS, using the Hellinger distance, KL
divergence, along with the scores assigned by MIRA.
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Figure 4.6: The comparison of computing scores of the patient ID3085 playing
the game Catch 76 times. The first column displays plots of the rate of change
of MRS (top) and MRS (bottom), across instances. Hellinger distance has been
applied to compute the distance between posteriors of the graph variables using
data generated at successive instances of playing the game. The second column
shows the results for the inter-graph divergence computed using the Kullback-Leibler
divergence. The plots in the 3rd column are the points provided by the e-platform
MIRA, in successive instances.
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Figure 4.7: Same as for Figure 4.6, with results displayed for the patient 1D3327
playing the game IzzytheBee 12 times.
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From Figure 4.6 and Figure 4.7, the MRS using Hellinger distance and KL exhibit
clear, robust trends and these trends remain consistent regardless of the number of
game-play instances or the duration of each session. In contrast, the native point-
scoring mechanism in MIRA yields highly variable performance indicators, obscuring
any meaningful recovery pattern.

Furthermore, while both Hellinger- and KL-based MRS trajectories generally
align, their mathematical properties produce distinct local behaviours. The Hellinger
distance, as a true metric, is always non-negative and thus ensures that successive
MRS values do not decrease. However, the KL divergence may take negative values
when the posterior distributions of successive graph models become more similar,
allowing the MRS to decrease between trials. This non-monotonicity is observed in
several subjects (e.g., ID3147 in Follow and ID3327 in Nimble). Nevertheless, the
overall agreement between the two measures suggests that most patients demon-
strate genuine improvements in movement ability with repeated gameplay.

In Appendix D, I present all the constructed recovery trajectories for each patient
in the cohort playing each exergame. Overall, the derived recovery trajectories
reveal that most patients experience measurable improvements in physical function
throughout the training program - an effect not readily discernible from the MIRA
platform’s native statistics. This conclusion is further corroborated by MRI profiles
and standardised functional assessments administered at the start and conclusion
of the approximately three-month intervention, demonstrating significant gains in
motor performance (Firwana et al., 2022). In general, our methodology offers a
clear, intuitive visualisation and interpretation of patient recovery dynamics.

4.4.3 Robustness of the graph learning

To assess the robustness of our graph-learning procedure under different proposal
densities in the rejection sampler, we learn the recovery trajectories of the patient
ID3071 playing the game Aurplane on six instances, using both a Bernoulli and a
Uniform proposal. For each pair of successive graphs, we drew a sample of size
500,000 for g5y, Vs > s;s,8" = 1,2,...,20, with a Bernoulli(|i)s|)proposal,and
separately, with Uniform|0, 1] proposal. We then computed the inter-graph dis-
tances and derived the corresponding recovery trajectories using both the Hellinger
distance and the KL divergence. As shown in Figure 4.8, the two trajectories nearly
coincide, demonstrating that our graph-learning implementation is insensitive to the
choice of proposal density.
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Figure 4.8: Comparison of recovery trajectories for patient ID3071 playing Game
Airplane in 6 instances, learnt using Uniform proposal (in black dashed lines and
unfilled circle markers) and the Bernoulli proposal (in red solid lines and red circle
markers).

4.4.4 Discussion of results

We aggregate recovery trajectories from across the patient cohort to advance recom-
mendations for the most appropriate exergame, given each patient’s initial mobility
impairment, when the physical rehabilitation programme is just about to begin - it
is the identification of the pre-rehab mobility level. We use the initial automatic
score (assigned by e-platform MIRA) of the i-th patient undertaking the k-th ex-
ergame at the first instance, S; (1), as a proxy for pre-rehabilitation mobility - the
lower is S; (1), the higher is the mobility impediment faced by the i-th patient.

Although the complete recovery trajectory - a vector-valued approximation of
a function - provides the richest depiction of patient progress, we summarise this
information with a single scalar. Here, we focus on the trajectory derived from the
KL-based MRS and define the recovery parameter.

Definition 4.4.1. We invoke a scalar-valued recovery parameter oy of the i-th
patient playing the k-th exergame. We define

MRSEP NGy — MRS (1)
MRSHP (NI

Q5 K =

Here we have the recovery parameter o,y is in [0, 1].

We then plot o, against S;;(1), for all those patients who played the k-th
game at least four times. In Figure 4.9, we show the plots for the 16 relevant
exergames, Airplane, Animal, Catch, ColourBlocks, ColourClouds, Firefly, Follow,
ForestLeaves, IzzytheBee, Jugger, MatchdayStriker, Nimble, Piano, Seasons, Space-
Ship, StarFind, which were undertaken by 10 patients.
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Figure 4.9: Plots of computed recovery parameter of all patients playing a particular
exergame, against the points scored by a patient on the MIRA e-platform at the
first instance when playing the considered exergame. The recovery parameters are
plotted only for those patients who played this exergame in at least four instances.

We focus on:

1. When comparing any two exergames, the one that yields a higher recovery
parameter « at lower initial automatic scores - that is, for patients with more
severe mobility impairments - is deemed more efficient.

2. We can then identify and recommend the best exergame for a given level of
initial impairment (as parametrised by the initial score), by using this figure.

Therefore according to points above, based on our cohort analysis, we rank
exergames by their rehabilitative efficacy relative to patients baseline mobility im-
pairments - for patients presenting with the most severe impairments (lowest initial
scores), the top three games are IzzytheBee; MatchdayStriker; Animal; Firefly and
Spaceship also perform strongly. In this dataset, Catch; Follow; Jugger also exhibit
consistently high recovery parameters, given a wide range of severity of mobility im-
pediments. Patients with the mildest impediments are recommended to the games
Catch; Follow; Jugger. Notably, while Nimble produces uniformly high recovery
across all severity levels, its lack of discrimination makes it a less informative choice
for tailoring rehabilitation to a patient’s initial condition.
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4.5 Further study on the choice of cut-off 7 in
Graph Model

We recall the basic concepts of RGG, throughout our learning - for an RGG in a
probabilistic metric space such that its edge is a probability distribution over positive
support, the edge exists if this probability exceeds a cut-off probability 7. As we
introduced in the previous chapter (see Chapter 2), our approach to learning on the
cut-off probability 7 from the posterior probability of the graph variable condition on
the partial correlation, given by the multivariate dataset. Although in the chapter,
as we parametrised the movement recovery by the difference between the posterior
probability of the graph variable conditional on the time series data directly, i.e. we
are including all edge probabilities in our calculation, such that our parametrisation
will not rely on the choice of cut-off 7. However, it is worth applying the 7 learning
to the various datasets.

According to the approach that we mentioned in the previous chapter, we learnt
the posterior probability of the graph variable given the correlation of the multi-
variate dataset. Recall the Patient ID3085 who played game Catch, we have learnt
76 graphs corresponding to 76 instances. By looking at the graph generated by the
first instances, the following Figure 4.10 represents the graphs generated at different
values of the cut-off 7 that we have chosen.

Figure 4.10: Graphical models learnt given data recorded for patient ID3085 playing
game Catch at first instance, here 7 = 0.1,0.2,,0.9
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Similar to previous examples shown earlier in my thesis, I compare the results
using our 7 thresholding method that learnt RGGs and results using COGENT.
Figure 4.11 represents the plot of the log posterior probability of RGGs and the
corresponding slope 7y at a chosen 7 € (0, 1), given the dataset of the patientID 3085
playing game Catch at first instance.
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Figure 4.11: The left panel presents the log posterior probability of RGGs learnt for
the patientID 3085 playing game Catch at first instance, which are learnt at distinct
values of 7 s.t. the log posterior value is plotted against 7. The right panel shows
the slope ~ of the graph posterior, plotted against the corresponding 7 value.

Figure 4.12 shows that COGENT suggests the optimal thresholds are approx-
imately at 0.05 - i.e. thresholding the top 95% of calculated Pearson correlation
coefficient values - to construct the network with the desired high consistency. No-
tice that in this case, COGENT also provide the threshold that yields the least
consistency, approximately at 0.45.
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Figure 4.12: The threshold value about 0.05 yields the most consistent network
(fitted values in green), suggested by the COGENT (Bozhilova et al., 2020), using
the data of the patientID 3085 playing game Catch at first instance.
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Figure 4.13: For same data, the computed slope ~ of the log posterior of the learnt
RGG is plotted against thresholds 7. A fit to the data is superposed in green.
The blue vertical line indicates the COGENT suggested best threshold of w =1 —
0.04722222 ~ 0.95 that yields the most-consistent network for this dataset, and red
vertical line indicates the COGENT suggested the threshold of 1—0.4486036 ~ 0.55,
yields least network consistency. The local maxima of 7, at 7,,,, =~ 0.51, is labelled
in red dots.

In Figure 4.13 we again compare the results of our slope v thresholding and
COGENT thresholds chosen. We can see that for this dataset, our slope ~ threshold
identified the least resilient 7 = 7,,,,., showing a close to threshold resulting the least
network consistency, as suggested by COGENT. Indeed we have a few outliers of
our 7 for 7 less than this 7,,,,, which might need to be treated carefully and consider
further study. In general, from the trend of v, we agree that the graph produced by
the patientID 3085 playing game Catch at first instance, becomes more robust, as
the 7 values increase, for 7 > 7,,,42.

As we introduced, we aim to use a large dataset to produce random graphs and
networks to learn the resilience of which to changes in the threshold parameter, and
we compare our vy approach with the existing studies on threshold choosing, such
as COGENT (Bozhilova et al., 2020). In the next chapter, we will undertake this
cut-off 7 learning on the learnt SRGGs, which contains more than 100 nodes.
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Chapter 5

Applications of Graph Learning:
Graphical models for protein
design

A residue is one unit of a complex molecule such as a protein. Within a protein, cer-
tain residues - commonly referred to as “critical residues” - are essential for protein
function. Identifying those residues of a protein that most potently influence protein
function is therefore of significant importance. This can be done by analysing the
results of molecular dynamical simulations of the evolution of a considered protein
structure. In this chapter, I discuss a robust and fast identification of the “critical
residues” of a particular protein called skpl, where in this work, criticality implies
the propensity to undergo interactions with other residues. In fact, the most critical
residues are identified within our learning of the realisations of a random graph vari-
able, using data from molecular dynamical simulation of the evolution of the states
attained by skpl, over a given number of time steps. To recall from above, here the
learnt graph is a Random Geometric Graph drawn in a probabilistic metric space.

5.1 Existing studies on identifying critical residues
of protein

Proteins are fundamental to biological systems, playing key roles in molecular recog-
nition, structural stability, and allosteric regulation. These functions are largely
determined by the protein’s three-dimensional (3D) structure, which relies on intri-
cate residue-residue interactions. Identifying these residues is crucial in fields like
computational biology, as it helps to understand disease-related mutations, protein
engineering, and drug design.

Several computational strategies have been developed to identify these residues.
One widely used method is Sequence Conservation Analysis, which assumes that
highly conserved residues are crucial for function. Shannon Entropy (Cover and
Thomas, 1991; Sander and Schneider, 1991; Shenkin et al., 1991), which is a mea-
sure of sequence variability, where conserved residues exhibit low entropy, indi-

96



2259

2260

2261

2262

2263

2264

2265

2266

2267

2268

2269

2270

2271

2272

2273

2274

2275

2276

2277

2278

2279

2280

2281

2282

2283

2284

2285

2286

2287

2288

2289

2290

2291

2292

2293

2294

2295

2296

2297

2298

2299

2300

2301

2302

2303

Learning Random Geometric Graphs, and their Applications

cating high functional importance. An extension, Jensen - Shannon Divergence
(JSD), quantifies conservation more effectively by incorporating weighted evolution-
ary distances (Capra and Singh, 2007). Meanwhile, Statistical Coupling Analysis
(SCA), developed by Lockless and Ranganathan (1999), extends conservation anal-
ysis by detecting statistical dependencies between residues, revealing networks of
functionally linked residues. More recently, evolutionary coupling (ECs) methods
have further enhanced this approach. For example, Hopf et al. (2017) employed
evolutionary couplings derived from large sequence alignments to model sequence
co-variation - their EVmutation model is an unsupervised probabilistic method that
predicts how mutations alter protein stability based on evolutionary data, effec-
tively capturing residue-residue dependencies and their effects on protein fitness.
Another key strategy focuses on protein stability and energetics - these methods
assume that functionally important residues contribute to maintaining the protein’s
native state and facilitating structural transitions. Elcock (2001) employed con-
tinuum electrostatics methods to compute the energetic contributions of individual
residues within a protein structure to assess how each residue influenced the overall
stability, across six well-characterised structures proteins - in his calculations, his
method identifies those most destabilising residues, which are known as the func-
tionally important residues based on previous studies. Su et al. (2011) developed
an Elastic Network Model (ENM), which treats proteins as spring-like networks and
identifies key residues by analysing how perturbations affect free energy differences
during conformational transitions.

However, there are some limitations of these approaches in the current studies.
Sequence conservation-based methods do not consider protein structure and dynam-
ics - some highly dynamic residues, which may lack functional significance, while
residues critical for structural stability or allosteric regulation may not necessarily
exhibit strong conservation. Thermodynamic models, which offer high-resolution
functional insights, on the other hand, are computationally demanding and de-
pend on highly accurate protein structures. Moreover, they do not directly capture
network-wide residue interactions beyond local energetic contributions.

To overcome the limitations of traditional approaches, network-based modelling
has emerged as a powerful alternative for analysing residue importance in proteins.
These models treat proteins as Residue Interaction Networks (RINs), where amino
acid residues are represented as nodes and their interactions as edges, based on
structural distance, hydrogen bonding, or functional coupling (Doncheva et al., 2012;
Haspel and Jagodzinski, 2017; Kantelis et al., 2022). Unlike sequence-based meth-
ods, which assume local conservation provides, RINs provide a global perspective
on residue influence, capturing long-range dependencies and interaction pathways
within proteins. To determine which residues are functionally important, various
graph centrality measures are applied to protein networks. del Sol and O’Meara
(2005) used small-world network analysis to show that residues with high connec-
tivity tend to be functionally important; Thibert et al. (2005) evaluated several
centrality measures such as Degree Centrality (measuring connectivity), Closeness
Centrality (measuring how close a residue is to others), and Betweenness Centrality
(identifying residues that act as key bridges in the network), and combined with
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phylogenetic analysis to improve predictions and showed that network properties
predict residue importance more effectively than sequence-based conservation met-
rics alone. More recently, Cusack et al. (2007) introduced dynamic connectivity
(dk), a measure that evaluates how residues contribute to long-range information
flow within the protein and it considers how residues mediate communication across
the entire protein - a functionally important residues, such as active-site residues or
allosteric regulators, tend to have high dk values because they act as key mediators
in protein dynamics. The existing network-based methods also exhibit limitations
on rigid network construction - many RINs use fixed cutoft distances, which do not
fully capture flexibility in protein structures. Other methods provide useful snap-
shots but do not incorporate time-dependent conformational changes, resulting in
the lack of dynamic adaptability.

Giles et al. (2016) proposed a Soft Random Geometric Graph (SRGG) model,
which incorporates probabilistic edge weights instead of binary interactions. Build-
ing on this idea, in our work we used a new Random Geometric Graph (RGG)
defined over a probabilistic metric space to parameterise the criticality of residues
within a given protein, using data obtained from molecular dynamics (MD) simu-
lations. We demonstrate this approach by identifying critical residues in simulation
data for the protein skpl. We compute the inter-residue correlation matrix of this
protein, and this correlation matrix is then used to generate a realisation of a random
graph variable, where each node corresponds to the random variable that represents
the state a residue attains. In the realisation of the random graph variable, edges
exist with a probability, between a pair of nodes (residues, in this case), given the
inter-residue correlation matrix computed from the MD simulations that record the
states attained by each residue over a certain time interval. A higher edge proba-
bility indicates a stronger interaction between the associated residue pair.

5.2 Methodology

5.2.1 Data

Inside our cells, old or damaged proteins need to be removed so they don’t interfere
with normal function. This clean-up process is handled by a system that tags
these unwanted proteins for recycling, and this process is essential for maintaining
cellular health, regulating signals, and ensuring proper cell division. In this system,
E3 ligases (Berndsen and Wolberger, 2014) act like inspectors and they identify
which proteins need to be removed and attach a special “tag” (called ubiquitin)
to mark them for disposal. And skpl, is a connector within this tagging team. It
links the core machinery of the E3 ligase to specific proteins that need to be tagged.
Because skp1 can work with many different partners, it plays a key role in deciding
which proteins are marked for recycling. When this process goes wrong, it can lead
to diseases like cancer (Liu et al., 2015) or neurodegeneration (Fishman-Jacob and
Youdim, 2024).

There are wide structural studies of skpl in the literature. These studies re-
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vealed that skpl can change its shape depending on whether it is working alone or
connected to a partner protein (i.e. an F-box protein) (Chandra Dantu et al., 2016;
Bhattacharya et al., 2022). In particular, helix 8 of skp! (residues 147-158), is a key
part of skpl. When skp1 is bound to a partner, this section forms a tight, spiral-like
shape (i.e. a helix), which is stable and well-organised. But when skp! is on its
own, helix 8 becomes more flexible and unstructured (i.e. a coil). In our study, we
used molecular dynamics (MD) simulations to track this helix—coil transition and
identify the critical residues driving it - the initial coordinates for our MD simula-
tions were derived from the structure of Schulman et al. (2000), as reinterpreted by
Chandra Dantu et al. (2016). The simulations recorded data on states attained by
all residues of the protein skp1, over a total time period of about 1000 nanoseconds
(ns). Outputs are recorded at the end of each time window of width=100 picosec-
onds, (or ps, where 1 ps = 1072 ns), i.e. outputs are recorded in the simulation, at
Np =~ 1000/0.1 = 10,000 number of time steps. In fact, Ny = 10,006. Thus, we
have tracked the evolution of the protein over Ny = 10,006 number of time steps.

Secondary structure assignment was carried out using DSSP v3.0 (Define Sec-
ondary Structure of Proteins version 3.0), a program used to assign secondary struc-
ture to amino acid residues in protein structures, based on their 3D atomic coordi-
nates (Joosten et al., 2010; Kabsch and Sander, 1983). In our data, DSSP assigned
the states of each residue attained, into one of the following: ~: Coil, E: Beta-
Sheet; B: Beta-Bend; S: Bend; T: Turn; H: Alpha-helix; I: 5-Helix; G: 3-Helix. In
Figure 5.2, each state that is attained by a residue of the protein in the simulation,
is represented in 1 of 8 different colours. Thus, the state of a residue is a categorical
variable in our work. We denote residues with the index variable K that then takes
the value k € {1,...,158}. Since the first and last residues in our MD simulation
data, D, do not participate in the evolution that is tracked within the simulations,
we then ignored them from the dataset, resulting in 156 residues. Therefore in
dataset D, the state attained by the k-th residue at the t-th time point as a:,(:),
where k € {1,...,156} and t € {1,2,..., Nr}. States that are attained by all 156
residues at any time point, form a distinct row of the simulated dataset D, while
states attained by each residue form a column of this dataset. Therefore we have
our dataset D, with 10006 rows, and 156 columns.

Figure 5.1: Residues of skp! interacting with different F-box partners are highlighted
across the protein.
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Figure 5.2: A heat map of the simulated data D that depicts the state attained by
the k-th residue at the ¢-th time point, fort =1,..., Ny = 10006 and k = 1, ..., 156.
The categorical state variable that takes values at eight levels, is denoted one of eight

shades, each of which represents a geometric configuration; these configurations are
denoted ‘B: 1, ‘K2 2, ‘G™: 3, ‘H: 4, ‘I": 5, ‘S”: 6, “T": 7, ‘~": 8

5.2.2 A random graph variable

To identify the most critical residues in the simulations of skp1, we first learn the
graph of dataset D, where this graph is learnt using values (or realisations) of a
random graph variable. We learn values of this graph variable given the data D - this
random graph variable is an RGG (Giles et al., 2016; Penrose, 2016; Chakrabarty,
2023; Chakrabarty et al., 2023) that is drawn in a probabilistic metric space (Menger,
1942; Schweizer and Sklar, 2011). As stated in Chapter 2, just as in Euclidean space
we can assign a non-negative distance to any pair of points, in a probability metric
space we can assign a probability distribution - defined over positive support - to
any two points in this space. Thus, the distance between any two nodes of the graph
variable we consider, is a probability distribution that is defined over a non-negative
support.

We define X}, to be the random variable that represents the state of the k-th
residue, and k = 1,...,p, for p = 156. Then the variable X}, is attached to the k-th
node of the graph variable. Recall the definition in Chapter 2, the posterior of the
edge Gy that is either 1 or 0, to suggest that k-th and k’-th nodes are connected or
not, given by the absolute correlation |og| between X and Xy that are attached
to the k-th and k’-th node.

Remark 5.2.1. Recall Definition 2.2.7, we write the edge probability of Gy condi-
tional the absolute correlation Ry = [|okr|] between the nodes that this edge joins -

as m(Gr | R ). We identify a closed-form expression for this condition probability
(MG |Ryrr ) ) as following:

m(Gkk/|Rkk/) =K [\/gexp <@) — (Skk/)erf(j <|Sjg|>] , (5.2.1)
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where Sy = |G — |Riwr|| as defined previously and the complementary error func-
tion erfe(-) = 1 — erf(+).

Therefore the RGG that we construct in the probabilistic metric space, has
p = 156 nodes in the vertex set V. = {1,2,...,p}, with the random variable X}
attached to the k-th node, V& € V', and the edge variable between the k-th and
K'-th nodes denoted Gpp s.t. Grr = grwr € {0,1}. So we state that in our graph
variable, Gy = 1, (i.e. the edge exists between the k-th and k’-th nodes), if the
posterior probability m (G = grr | Rierr = |oki|) exceeds a cutoff probability 7. The
edge variable Gy of this RGG is then learnt, conditional on the absolute correlation
Rkk’~

Thus, the probability of the whole graph variable, given the inter-column cor-
relation structure of data D is then fully known, since the graph is built out of
edge variables that connect each nodal pair in this graph, with the edges formed
independently of each other, and in the absence of self-loops in this graph (by def-
inition). This closed-form identification of the posterior probability of the graph
variable, given the correlation structure of the data at hand, is useful since it per-
mits the computation of a statistical distance (or divergence) between the posterior
probability of a graph variable given one dataset, and that of the graph variable
given a different dataset. Recall from Definition 2.2.10, the posterior of the RGG
variable Gy ,,,(7, ) that is learnt using the edge posterior m(-|-), given the known
inter-column correlation matrix 3 = [0y of data D, is

7T(gV,m(Tu E)H%k'}kk/ev) = H m(Gkk’ = gk;k’|0kkz’7)

kk'EV k<K’

where the RGG is constructed without self-loops, and the edges are included inde-
pendently of each other. Here m(-|-) is defined in Definition 2.2.7.

5.2.3 Inter-residue correlation matrix

To learn the RGG variable, the absolute correlation oy between the state of the
k-th and the k’-th residues is sought, so that the inter-column correlation matrix
Y = [opw] of simulated dataset D can be estimated. Here oy is the value of
the absolute correlation |corr(Xy, Xi/)| = Riw between the state of the k-th and
the k’-th residues. Now, in the dataset D, we have X, and X, taking values in
eight categories, i.e. X} is a categorical variable, Vk € {1,...,156}. Then to learn
the value oy of the absolute correlation Ry between X and Xj/, we invoke the
Cramér’s V (Cramér, 1946), which is a measure of correlation between categorical
variables.

To define Cramér’s V between X and X, we need to recall the chi-squared
parameter, y%,, computed using the frequency of occurrence of X and Xj..

Definition 5.2.1. To define the correlation between the categorical variables X, and
Xy - that take values at 8-levels - we first construct an 8 x 2-dimensional contingency
table that we denote Wy The €, q-th cell of this table contains the frequency wy
with which X, attains value at the (-th level in data D, Vq € {kk'}; € € {1,..., N,}.
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Then Xty is defined as:

Xig = Z [Z Wig ~ Hea) ]>

q=kk' L=

where (g 4 15 the estimated expected frequency with which X, attains value in the (-th
level in D, 1i.e.

sum of the frequencies in the £-th rowX sum of the frequencies in the q-th column

He.q =

total frequency N,g;,) for Xy and Xy to attain values in all the 8 levels 7

given by the 8 X 2-dimensional contingency table Wyy,. Here k < K'; k' € V.

Definition 5.2.2. With the computed X3/, we construct the inter-residue correla-
tion matric X = o] as:

2 (T)
Xiw /2Ngy 2 (T)
) = — /X2 /2N, 5.2.2
Okk \/mzn(S -1,2-1) X/ 2N ( )

since there are N,g,) number of realisations of X; and Xy that we consider in the
computation of this correlation and the normalisation is done by (one less than) the
minima of the dimensions of the data considered here - there are eight states possibly
attained by the residues and there are two residue pairs we are considering here.

Thus, we can now compute X for the dataset D - the 156 x 156 inter-residue
correlation matrix to enable construction of the corresponding graphical model for
this D.

5.2.4 Sampling from the edge marginal

With the marginal posterior probability m(Ge|Rgr) defined in Definition 2.2.7,
we undertake rejection sampling of Gy to generate N, values of this edge vari-
able, i.e. these sampled values of GGy are used to construct a sample of size Nyy.
Such undertaking of rejection sampling is discussed in Definition 2.2.11, Chap-
ter 2. If the relative frequency for Gpp to attain the value of 1 in this sample
exceeds the chosen cut-off probability 7, we retain the edge between the k-th and
the k’-th nodes in our final graphical model of data D, as we have introduced in
the previous chapter. The Algorithm 4 below shows the implementation of RGG.
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Algorithm 4: Algorithm for implementation of RGG

/* Learning RGG of data D. x/
States attained by k-th residue at t = 1,..., Ny = 10006, Vk = 1,...,156,
populate the Ny x 156-dimensional dataset D
Estimate 156 x 156-dimensional inter-column correlation matrix ¥ = [o;;],
using Cramér’s V
for i «— 1 to 156 increment by 1, do
for j <~ 1 to 156 increment by 1, do
Given 4, j-th element of X, sample g;; from edge marginal
m(G;; = gi;|045) given in Definition 2.2.6
Compute posterior probability 7(Gy (7, £)|{0i; }i<j.jev) of random graph
variable Gy ,, (7, X)
for r +— 1 to N increment by 1, do
Sample from posterior probability Gy (7, ) using Rejection Sampling,

2)
i

Compute relative frequency f;; := Ziv:l gi(:) /N.
Gijzl = fij>T-

to generate sample {gfj1 ) g : ,gi(JN )} for edge variable G;;

5.2.5 Parameterisation of criticality

We propose three distinct methods for the automated identification of the ()-most
critical residues in the protein skpl, using its simulated trajectory data D.

Before I discuss the development of the parametrisation of “criticality” of residues
of the considered protein, I mention my definition of criticality. I define a residue to
be more “critical” than another, in two ways.

1. Firstly, a residue A in a protein is considered more critical than another residue
called B, if the influence of A on the random graph, nodes of which host states
of the residues of this protein, is higher than that of B, where I define this
influence in a well-defined way below. Thus, if we learn the graph of all
the residues except residue A, the probability of that random graph is more
different from the graph of the full protein, than is the graph of the protein
that comprises all residues except B. So in this treatment, the criticality of
a residue is viewed as a probabilistic influence of this residue, on all other
residues of the protein.

2. Secondly, such a residue-on-residue influence is viewed as the number of edges
that exist in the graph of the protein. Thus, if residue A interacts with fewer
residues of the protein, than residue B, then A is considered more critical than
B. Here, one question that arises is the time scale over which such interactions
are tracked. This time-scale could be the time interval over which the evolution
of the protein is monitored, or it could be a shorter time interval than the time
taken by the protein to evolve. Thus, in the latter consideration, the dynamic
criticality of residues is identified.
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Parametrisation of functional instability of a residue: ‘Hold-One-Out’

Our first identification of the critical residues suggests omitting each residue of
the protein from our consideration, one at a time. This is equivalent to stating
that we learn the posterior probability of the random graph variable given the
data D_; which is constructed by omitting the k-th column of the dataset D,
for k = 1,...,p,p = 156. Thus, D_; is the dataset that bears p — 1 columns
and Nt (=10,006) rows after omitting the k-th column from data D. So we will
need to estimate anew, the correlation matrix »_; of the data D_;,. Then we
will learn the graph variable Gy _, ,,(7,3_j), defined on the vertex set V_j, =
{X1,.. ., X1, Xbt1, ..., Xp} - we will learn this graph given data D_;. On the
other hand, we would already have learnt the graph variable Gy ,, (7, X), defined on
the vertex set V.= {Xy,..., X1, Xy, Xy41, ..., X, }, given data D. We will com-
pute the distance between the posterior probability of Gy _, ..(7, X _x) given data
D_;, and that of Gy ,,,(7, X) given data D. We refer to this distance as d;,. We will
compute 0 for k=1,...,p.

Definition 5.2.3. We learn the RGG variable Gy _, (7, %) defined on the vertex
set V_ . :={1,....k—1,k+1,...,p}, given inter-column correlations X_j. of data
D, Vk e {1,...,156}, and compute &y as:

5k = ﬂ(gvihm(ﬂ E—k)’{o—fk}i,jeV) — W(gV,m(Ta E)‘{O—ij}i7jev)’

Vk =1,...,p = 156. Here, X_j is the inter-residue correlation matriz of dataset
D_y, s.t. the i, j-th element of ¥_y is |corr(X;, X;)|, where i,j € V _y.

Hence for d;, < 0 implies that the “reduced” graph G_x (7, %) is less compatible
with the correlation structure of data D_j than the “full” graph G(7,¥) is with
the correlation of data D. Indeed, if for dy < 0 and d_p < 0, dpr < Jp, for any
K. k=1,...,p; k' # k, it implies that omission of values of X}, from the considered
data renders the graph learning worse (than the benchmark case, i.e. the full graph)
than when X, values are omitted from the data. Thus, without such X/, the
correlation structure of data D is more incorrectly learnt than without such an Xj.
This could happen if the &’-th residue is a (comparatively) more stable part of the
dataset D than the k-th residue, in the sense that, over time, the k’-th residue
retains its patterns of interplay with the other residues of the protein.

On the other hand, §, > 0 implies that the k-th residue is volatile - the k-th
residue of the protein is ephemeral in the way it interacts with the other residues
- it was correlating with another residue at one time point (during the evolution
of the protein) and again breaking this connection soon thereafter. Then dropping
this k-th residue from consideration of inter-residue correlation will improve the
compatibility of the resulting correlation representation, i.e. the reduced graph,
with the respective dataset, compared to the benchmark situation. Thus, the more
volatile the k-th residue is in the protein, in the way it interacts with the other
residues of the protein, the less negative is ;.

We define this volatility of connections of a given residue with other residues of
skp1 (as present as dj), to be an indicator of criticality of this protein - we interpret
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0r > 0 to suggest that the k-th residue is critical. So we sort the values ¢y, ..., dp,
and the @) highest values of this inter-graph distance then informs on the ) most
critical residues of this protein.

Remark 5.2.2. If the k-th residue provides a high 0y, then it implies high the

instability of this k-th residue, which leads to the RGG variable Gy _, (T, X _%) with

the correlation X_y, to be more compatible, than the RGG Gy ,, (7, X) is with X.
Thus, 95, parametrises the functional instability of the k-th residue.

The Algorithm for §. parameters computation is shown below in Algorithm 5.

Algorithm 5: Algorithm for the computation of

/* Start generating RGG */
States of k-th residues attained over Ny = 1, ..., 10006,

gives rise to N x 156-dimensional time series (on state location) dataset
Estimate 156 x 156-dimensional inter-column correlation matrix 32,

as per Equation 5.2.2.
for i + 1 to 156 increment by 1, do

for j < 1 to 156 increment by 1, do
Given 4, j-th element of X, sample g;; from edge marginal

m(G;; = gij|o4;) given in Definition 2.2
Compute posterior probability 7(Gy (7, )|{0;}ijev) of the random graph
variable Gy ,, (7, X)
/* Start calculating J; parameter */

for £ < 1 to 156 increment by 1, do
Remove k-th residue from the dataset, gives rise to

N7 x 155-dimensional dataset D_;
Estimate 155 x 155-dimensional inter-column correlation matrix 3 _;,
Compute posterior probability 7(Gy_, (7,3 _¢) of random graph
variable Gy _, (7, X_j)
/* We calculate 0 use the difference between posterior
probability of D_; and posterior probability of D */
Ok = m(Gv_ (T, Ek)) = 7(Gv (7, X)), Vb =1,...,p = 156.

Unlike the other parameters we introduce later, one advantage of using this
criticality identification parameter ¢. is that it is free from the choice of the cut-off
probability 7. Though this method is a robust way of identifying the ) most critical
residues, the computation of this instability parameter J, is time and resource-
intensive - we need to learn p + 1 realisations of RGGs, using the datasets D and
D_,,...,D_,, respectively - learning p = 156 reduced graphs Gy _, ,,,(7, X_;) is time
consuming - to accomplish the identification of the ) most critical residues.

Parametrisation of temporal variation of degree distribution

In the next parameter that we introduce to identify the critical residues, we compute
the standard deviation of the sample of temporally-local values of the degree of each
node of the RGG that is learnt with dataset D, where the k-th node is attached to
the variable that represents the state of the k-th residue - for each of the k£ nodes in
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the graph, we record its degree at every time point and then calculate the sample
standard deviation of that temporal sequence. Our underlying rationale is that
residues which play a critical, regulatory role tend to form and break contacts more
frequently than non-critical residues; in other words, their connectivity fluctuates
more during protein evolution. We look at this unevenness of the temporal variation
parameter. Thus, the standard deviation 7, of the temporal distribution of the
degree of the k-th residue, will provide a higher value than the value of n, if
the k'-th residue is less critical, Vk, k' € V. The bigger changes in the temporal
distribution of the degree of a node, the comparatively higher criticality of the
residue that corresponds with the other nodes - the higher 7, the higher criticality
of the k-th residue of the protein skpl.

Definition 5.2.4. We partition the full dataset D into N, blocks, each comprises
N, time steps, s.t each of such block is N, x 156-dimensional, for b =1, ..., Ny /N,,
elements of which are values of the state variable of each of the k residues of the
protein, over N, time points. Then we learn a random graph variable Gy, (T, ),
giwen the inter-residual correlation matriz 3, = [p;;], Vi,j € V' of the partition data
Dy, - we then this graph variable at a pre-chosen cut-off probability T s.t. g;; = 1 if
the edge posterior m(Gy; = 1|o5) > .

We denote n,gb) to be number of edges connected to the k-th node in the graph
Gmv(T,34), at a chosen 7. We then have

0 = (ki) g = 1,i £ ki€ V}|,Vk e V.

The unbiased estimate of standard deviation ny, of sample {77,9),77,22), . ,n,E:Nb)} is
then

Nb - Nb |

i=15ik i=15ik

Then for mi,...,np, p=1,...,156, we sort the Q-highest values of these 1. parame-
ters, which correspond to the (Q-most critical residues in the protein.

The Algorithm 6 shows the computation of 7. parameters.
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Algorithm 6: Algorithm for the computation of 7, at a chosen 7 = 0.854

/* Start generating RGG x/
Divide the states of residues attained over Ny = 1, ..., 10006 into NN, partitions,
each with N, = Ny /N, rows and 156 columns

for b + 1 to N, increment by 1, do
Estimate inter-column correlation matrix 3, of partition Dy,

for i < 1 to 156 increment by 1, do

for j « 1 to 156 increment by 1, do
Given 1, j-th element of X, sample g;; from edge marginal

m(G,j = gij|oi;) given in Definition 2.2.7
if m(Gw = 1‘0’@') > 0854, then

|9 =1
/* We then calculate the unbiased estimate of standard
deviation 7, of the sample {77,(61)’,715:2)’ N 7771(ng)} y

for £ + 1 to 156 increment by 1, do
= (ki) gu=1i#kicV},VkeV
We have n;, = ﬁ\ﬁl;i;ﬁk \/(n,(f) — )2/ (N, — 1),
where 7 = 30y 1 /N

Parametrisation of the degree of individual nodes in the full graph

We wanted to absorb the information that is borne by the instability parameter ¢.
that we spoke of above, and design a parameter that would help identify criticality
more easily than by computing d. across the dataset D. Effectively, both the value
0. and n. parameterisation inform on how relevant the k-th residue is, in the inter-
residue interplay within the protein, where such interplay amongst the residues
gives rise to the evolution of the protein. Therefore we included a weaker marker of
criticality, 3., i.e. the degree computed over the entire time interval [0, N7], namely,
Bk denotes the degree of the k-th node that exist in RGG Gy ,,,(7, %), here k € V.
It is interesting to look at the degree of nodes in the whole network - which has
been proposed widely in the structural biology study in the literature (Hamer et al.,
2010; Doncheva et al., 2012).

Definition 5.2.5. f;, := [{(k,%) : gri = 1,1 # k,i € V'}|, Vk € V', where Gy; is the
edge variable straddled by the k-th and i-th nodes of the RGG Gy ,, (7, X).

Thus, the higher the number of edges emanating from the k-th node of our
graph throughout the evolution of the protein, the more stable is the pattern of
interplay of the other residues with the k-th residue. So we compute the number of
edges emanating from a given node in the full graph Gy ,,,(7, ¥) that is learnt using
information recorded over the full course of evolution of the protein, and refer to
this parameter as the degree parameter [, such that the strength of connectivity
of the k-th residue is the value f; of 8, for k=1,...,p.

Algorithm 7 presents the protocol used to compute the 5. parameters.
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Algorithm 7: Algorithm for the computation of [, at a chosen 7 = 0.854

/* Begin by learning the RGG of data D. */
States of the k-th residue attained at Ny =1, ..., 10006

gives Ny x 156-dimensional time series (on state location) dataset D.
Estimate 156 x 156-dimensional inter-column correlation matrix 3
for j < 1 to 156 increment by 1, do

for 1 < 1 to j — 1 increment by 1, do

Given 4, j-th element of X, sample g;; from edge marginal

m(G; = gij|o4;) given in Definition 2.2.7

if m(GU = 1|Uij> > 0854, then

| gy =1
/* Start calculating [, parameter */
for k <+ 1 to 156 increment by 1, do
| Be={(ki) g =1i# ki€ V},VkeV

Remark 5.2.3. For a volatile residue k, the degree parameter By identified from
graph Gy (7, %) is the lowest. During the course of unfolding of the protein, the
rapidly-changing interaction between a volatile residue and the other residues, leads
to the nodes associated with volatile residues being consistently identified as least
connected over the whole time interval [0, Nr].

Detailed results of our implementation of these three parameters towards the
identification of the ()-most critical residues of skp! using the trajectory data D, is
presented in Section 5.3.

5.2.6 Choosing the cut-off 7

As we mentioned in the previous chapters, recall the basic concepts of RGG in
a probabilistic metric space such that its edge is a probability distribution over
positive-definite support, the edge exists if this probability exceeds a cutoff prob-
ability 7. Again, the choice of the cut-off 7 affects the degree of the k-th node in
the RGG learnt with the data of any of the N, partitions of data D, and affects
the degree of the k-th node in the full RGG that is learnt given the inter-column
correlation matrix of dataset D. To check the effect of 7 on the 7. and . parame-
ters, we consider our calculation of 1. and . parameters at a “meaningful” 7 - we
apply a 7 that is not chosen arbitrarily, but instead produces the “most robust (or
“sensitivity”) RGG” typically.

Remark 5.2.4. On the vertex set V', using marginal posterior m(-|-) defined in
Definition 2.2.7; for the chosen cut-off T, we have for the kk'-th edge, given Ry =
‘O'klc’|; grk = 1 «<— m(Gkk/ = Hakk’) > T.

Remark 5.2.5. We undertake rejection sampling of Gy to generate Ny sampled
values of edge variable. If the relative frequency for Ny to attain the value of 1 in
this sample exceeds the chosen cut-off probability T, we retain the edge between the
k-th and the k'-th nodes in our final graphical model of data D.
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The relative frequency of edge variable Gy in the sample {g,(;c),, g,(i),, o ,g,(;,j,“’t)}

. . Niot (n)
1S Wgk! = Zn:l gkk//Ntot-

Hence in our graph, edge between the k-th and k'-th nodes exists, (i.e. g = 1)
if and only if wgry > 7, VEE'; k< k5 k=1,...,156.

We again compare our determination of thresholds with the existing technique,
COGENT (Bozhilova et al., 2020; Pardo-Diaz et al., 2021, 2022), as we introduced
in the previous chapter - COGENT identifies the most consistent network, while
the changes in the chosen threshold. Our pursuit of the most robust RGG, which
is defined on a given vertex set with given inter-residue correlation, is similar in
spirit to the most consistent network - we identify the values of 7 that yield the
most ‘robust’, or rather give the most consistency of the graphs, in our learning of
D - we computed the 7 at which the slope of the (logarithm of the) posterior of
our learnt graph variable which is conditional on ¥ and treated as a function of
7, is (locally) minimised - such a local minima slope informs on the realisation of
the graph variable that is minimally sensitive to change in 7, for a given 3 - we
identify values of 7 = 7,,;,, that yield the most ‘robust/consistency’ of the graphs,
for given data D. On the other hand, for the 7 that the (logarithm of the) posterior
of the RGG variable manifests a maxima, 7 = 7,4, we denote this 7,4, as ‘most
sensitive’.

Remark 5.2.6. The RGG Gy ,,(7,X) at a given V' and X, the posterior of which
(as in Definition 2.2.10) changes the least with changes in T, is referred to as the
most robust RGG. The T at which the most robust RGG is attained is denoted Ty,

On the other hand, the T at which the posterior of the RGG variable changes the
most, and the corresponding RGG realisation is then the one that is most sensitive
to changes in 7. This T is denoted Tyaz-

We present results of learning graphs given our dataset D, using varying values
of 7, and compare these results to those produced by networks of the same dataset
D, produced at optimal thresholds identified by the method COGENT (Bozhilova
et al., 2020). Recall the slope v we defined in Definition 2.4.1, in Figure 5.3 we plot
the slope 7 log posterior at distinct 7 values, vs 7 € (0,1), and we present results
of the choice of the value of 7 given the MD simulation data D of skpi, and the
COGENT-suggested threshold w, (Bozhilova et al., 2020), generated by the same
data D. Additionally, in Figure 5.4, we display the most robust RGG that is learnt
given data D at 7 = 7,,;,, most sensitive (to changes in 7) RGG of data at 7 = 7,44,
along with the network that is learnt using this data in the method forwarded by
Bozhilova et al. (2020), at the value of w that produces the most consistent network.
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Figure 5.3: Figure displaying computed (approximate) values of the slope of the
log posterior of the RGG variable with respect to 7 - learnt using the simulated
trajectory data D of the protein skpl - at chosen values of this 7 variable. The
values are shown in black filled circles. A fit is superposed in green, and the orange

vertical line indicates the “best” threshold value of w

~
~

0.740 that is suggested

by the COGENT method (Bozhilova et al., 2020), implemented to learn the most
consistent network in the data D. The local maximums/minimums of the slope are

labelled in blue/red dots respectively.
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Figure 5.4: Figure displaying graphs produced by the thresholds suggest by Fig-
ure 5.3. From upper panel to bottom: network of data D constructed as suggested
by Bozhilova et al. (2020), at the COGENT-suggested threshold of w ~ 0.740; most
robust RGG of data D realised at 7 = 7,,;, ~0.854; and most sensitive (to changes
in 7) RGG of data D, at 7 = 7,4, of about 0.601.
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In our search for the most critical residues using the 7. parameters, we use the
most robust RGG realisations that are attained at 7 = 7,,;,,. mx computed using
the most robust RGGs realised at 7 = 7,,,;,, is forwarded as a parametrisation of
criticality of the k-th residue, Vk € V _. Similarly, S is sought at 7 = 7.

In Figure 5.5 we plot the [, parameter for data D, i.e. the degree of all, i.e.
p = 156 nodes, for the realisation of the RGG variable, learnt at the COGENT-
suggested best threshold w, 7 = 7,4, and 7 = 7,,;,,, respectively. We also present
Br computed for all nodes for data D, in a Pearson Correlation-driven network,
i.e. learnt as per Bozhilova et al. (2020), at the COGENT-suggested best threshold
w ~ 0.740.

140 140 A

120 120 1

100 100

80 4 80

60 1
60 7

Connenctivity parameter
Connenctivity parameter

40 4
40

20 A

0 20 40 60 80 100 120 140 160 [} 20 40 60 80 100 120 140 160
Residues Residues

Figure 5.5: Left panel: Degree parameter [; plotted against nodal index k €
{1,...,156}, computed using realisations of the RGG variable, at the thresholds
suggested in Figure 5.4. [, is plotted in black in a realisation of the RGG variable
learnt given data D at the COGENT-suggested optimal threshold of w =~ 0.740).
The f) parameter against k for the RGG learnt at 7 = 7,4, (/0.601) is in red
line, while that for the RGG learnt at 7 = 7,5, (~0.854) is in blue. Right panel:
Here the green line indicates the  across the residue index values, for a Pearson
Correlation-driven network that is constructed at the optimal threshold of w ~ 0.740,
suggested by the method COGENT, within the COGENT package (Bozhilova et al.,
2020). This is compared to the /3 profile - in black - obtained for the RGG learnt at
w = 0.740, as in the left panel.

Thus Figure 5.5 indicates an overall consistency in the § parameters computed
across values of 7, as we scan across 7 € [0,1]. However, there are local variations
in computed values of 3, noted when we move from 7 values of about 0.854 to 0.740
to 0.601. An overall similarity in the computed degree distribution is also noted,
irrespective of whether we learn the graph of the given data D as an RGG, or as a
Pearson Correlation-driven network. Full details of the results are presented in the
following section.
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5.3 Results on identification of critical residues of
skp1

We calculate the inter-column correlation matrix 3, of the dataset D, and learn the
realisation of the RGG variable. These are presented in Figure 5.6.

Figure 5.6: The heatmap generated by the correlation matrix ¥ is shown on the
left. On the right, we present a learnt realisation of the RGG variable, given this
correlation matrix X of data D, using a cut-off probability 7 ~ 0.854.

5.3.1 Ceriticality using o

Our identification of the 10-most critical residues of the simulated protein skpl
is presented in a tabulated form in Table 5.1. Here, the criterion used for this
identification of criticality uses the computed J. parameters by Definition 5.2.3.
Thus, these 10-most critical residues are the 10-most functionally unstable residues,
in the simulated data D.

Residues index & O
150 0.004899353
147 0.004866306
151 0.004730643
152 0.004716151
149 0.004547655
146 0.004526048
148 0.004477291
125 0.004273505
126 0.004235072
130 0.004158892

Table 5.1: The 10-most critical residues as identified by computing the . parameters
in data D. The index of the residue is k € {1,2,...,156}.
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5.3.2 Ceriticality using 7

We computed n for K =1,...,p = 156, and plotted the degree distribution against
block index in Figure 5.7. The corresponding heat map also be presented.
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Figure 5.7: Left panel: a heat map representation of the degree distribution of the
k-th node, in each of the N, RGGs that are learnt at 7 = 7,,;, ~ 0.854, given
each row-wise partitions of the data D, for all £ € {1,2,...,156} and across all the
Ny = 21 number of such partitions. Right panel: the corresponding 7 is plotted
against the residue index k, for k =1, ..., 156, using the RGG learnt for data D.

Table 5.2 shows the 10 most critical residues identified by computing the 7.
parameter at 7 &~ 0.854, i.e. the 10 residues that show maximal temporal instability
in their interaction with other residues, during the evolution of the protein, as
captured by the simulations of the protein skp1.

Residue index k e
154 28.83552546
153 27.35157845
64 24.99451187
155 24.52080425
91 24.17322219
127 24.1343556
156 24.02757297
65 23.5788829
150 20.12489349
32 19.77882236

Table 5.2: 10 residues with the highest value of the 7. parameter at 7 ~ 0.854, in
the data D. Here k=1, ...,p = 156.
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5.3.3 Ceriticality using [

Table 5.3 shows the 10 most critical residues identified by the 10 smallest values
of the degree distribution 8y at 7 ~ 0.854, over the evolution time of the protein,
recorded by D.

Residue index kS
146 13
147 13
151 13
148 15
149 17
152 18
150 22
130 26
125 33
126 35

Table 5.3: Residues with the 10 smallest 3. values at 7 ~ 0.854, given data D.; Here
k=1,.. p=156.

5.4 Comparison of identified criticality, with ex-
perimental results

It can be seen that the results of the three parameters show some levels of concur-
rence with each other, i.e. the residues that have the largest d;, are the residues that
have the least 8. There is indeed unevenness of the 7, parameter and the critical
residues we identified, using the highest unevenness of the 7, parameter over time,
tally moderately well with the residues that have been identified as critical in our
other parameter, as well as the experimental results identify in the laboratory from
our biologists collaborators. We tabulate these results below.
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Residues identified by & Residues identified by n Residues identified by B Exprimental result
150 154 146 156
147 153 147 155
151 64 151 154
152 155 148 153
149 91 149 151
146 127 152 150
148 156 150 149
125 65 130 148
126 150 125 147
130 32 126 133

63 145 145 121
64 130 63 120
153 126 64 81
145 146 91 80
154 147 31 78
32 148 154 77
31 149 108 76
137 152 137 75
91 85 153 74
85 33 30 73

Figure 5.8: A comparison of the residues identified as critical, using the three
parametrisations 6., 7., and 8. we introduce above, and those found critical via
laboratory-based experiments. The shaded residues indicated themselves to be iden-
tified by all measures, given data D. 20 of the most critical residues are named.

Figure 5.9: Critical residues shown in Figure 5.8, depicetd by 4. (as squares); 7.
(grey crosses); 8. (diamonds); and experimental results (large white circles), marked
on an RGG learnt of data D.

2689 Among the three criticality measures introduced above, the d. parameter aligns
x00 most closely with experimental findings. Unlike approaches that rely on explicit
xs01  physical or structural models, d. directly captures each residue’s contribution based
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on the learnt random graph variable solely, given the evolution of the protein. We
believe that ¢. is robust across proteins of different sizes of graphs and networks,
providing a consistent means of identifying functionally critical residues. We also
notice that by design, 1. measures the temporal variability in the connectivity of
residue, and it can accommodate cases where nodes cluster into multiple, isolated
communities within the full graph. In such scenarios, a critical residue which is
expected to initiate or terminate contacts more abruptly than its neighbours, will
still yield a relatively higher standard deviation in its degree over time. Also, we
appreciate that 7. is sensitive to two implementation details: (1) the length of each
temporal block used to compute degree fluctuations, given the timescale of inter-
residue interaction evolution in the MD simulations, and (2) the choice of cut-off
7 when constructing the residue-interaction graph from dataset D. An arbitrary
partition 7 may therefore impair 7.’s performance. Similarly, the . parameter is
also sensitive to the cut-off threshold used to draw edges in the RGG, given the data
- which again illustrates the importance of the choice of cut-off in the learning of
RGG. In general, our application of RGG learning contributes to protein design, by
providing a new robust way of identifying critical residues. All three parameters (0.,
n., and f.) identify residues beyond those already examined in published mutagenesis
studies, suggesting new candidates for experimental validation. Future work might
involve the mutagenesis experiments at these predicted residues.
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Chapter 6

Summary, Contribution and
Further Work

6.1 Summary of the thesis

In my thesis, I discussed the research that I have undertaken on a new learning
of random graph variables, and the computation of distances/divergences between
the posterior probabilities of a pair of learnt graphs. I have discussed applications
of these techniques to various real-world problems, within a Bayesian framework.
I learn the graph of a multivariate data set by collating realisations of a random
graph variable, learnt given a real-world data, to then compute the aforesaid inter-
graph statistical distance/divergence between graphs learnt given two such data
sets that are generated within distinct experimental conditions. Such inter-graph
distance/divergence then informs on the strength of the effect of the difference in
the two sets of experimental conditions.

The graph of a given multivariate dataset that I learnt, followed the computation
of the correlation matrix of the data set - the correlation matrix here is such that any
of its elements is the correlation between a pair of variables, observed values of which
populate two columns of the given dataset. To make an inference on an edge in the
graph, I employed Bayesian sampling techniques - including MCMC and rejection
sampling - to sample from the posterior probability of the edge variable, conditional
on the correlation between the random variables that are attached to the nodes
that straddle the considered edge. Thus, it implies that I know the edge posterior
conditional on said correlation (or partial correlation in some of my applications).
Chapter 1 provides an overview of prior work on the kind of random graphs that
I study (RGGs drawn in probabilistic metric spaces); statistical distance measures;
and relevant studies on MCMC and Gaussian Processes that formed the foundational
and warming-up phase of my doctoral research. Then in Chapter 2, I presented the
details of my graph learning methods, along with the study of threshold selection
on the cut-off probability used in the acceptance (or not) of an edge, in the learnt
RGG.

My subsequent chapters were dedicated to distinct real-world applications of
the considered techniques. In Chapter 3, I present the research that develops a
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continuous-valued score that parametrises the severity with which a disease (called
VOD) develops in individual patients, following their Bone Marrow Transplantation.
To achieve this score, I learn the RGG of each patient’s chart, i.e. the time series
record of observations on multiple physiological parameters, over a time interval
around the patient’s transplant. These physiological parameters include blood pres-
sure, temperature, pulse rate, etc. Then the Hellinger distance between the learnt
RGG and a reference graph (learnt from one particular patient who has been chosen
to be a “reference patient”) yields a data-driven patient-specific score, on a scale in
which the “reference patient” has been assigned an arbitrarily-chosen severity score,
(of 1 in our work).

In Chapter 4, I applied the graph learning technique on clinical data, i.e. time
series recordings of locations of 20 joints of the skeleton of each patient, while they
engaged in executing an exercise, (referred to as “playing an exergame”). By com-
puting the distance between graphs generated from successive exergame play ses-
sions, we derive the Mobility Recovery Score relevant to each session. Thus, this
application highlights a method for the learning of recovery trajectories that enables
early, patient-specific recommendations for optimal rehabilitation pathways, before
physical therapy begins. While the prediction of a recovery trajectory is awaited,
even with the current results, we provided strong recommendations for selecting the
most appropriate exergames, based on categorised levels of impairment. Here, sever-
ity is proxied by the patient’s initial performance score, automatically recorded by an
e-platform during gameplay. In broader applications, the initial mobility state may
also be informed by other clinical assessments. We propose our method as a valuable
contribution to the ongoing pursuit of early, individualised diagnosis and treatment
planning. The protocol is not only automated and efficient - making it suitable
for small or larger patient cohorts, but also fast in predicting optimal exergames.
Most importantly, the recovery trajectories learned through this framework are both
robust and explainable.

Chapter 5 discusses a contribution to protein design. Three distinct methods
for the automated identification of critical residues have been introduced, with the
method that permits the learning of RGGs in probabilistic metric spaces, where such
RGGs are objectively and meaningfully thresholded. Such RGGs are learnt from
molecular dynamical simulation data. Our work is indeed foundational in terms of
real-world scenarios - identifying critical residues in proteins is essential since these
residues often play key roles in maintaining structural integrity, enabling catalytic
activity; facilitating molecular recognition; and regulating function. Understanding
which residues are critical allows scientists to interpret the functional impact of ge-
netic mutations, many of which are linked to diseases. In practical applications, this
knowledge underpins drug development; protein engineering; and synthetic biology.

So in summary, my thesis utilises a newly developed theory for learning a random
graph of a multivariate dataset, the inter-variable correlations of which are known or
can be computed. While our graph-learning approach offers a powerful new lens for
examining dataset structure and - as we presented in the previous chapters - finds
many practical applications, we also explored the incompleteness in the current
theory. In particular, I have focused on how we can choose the cut-off probability 7
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a0 on the edge posterior probability, allowing for acceptance of this edge in the pursued
200 RGGs. Let me clarify. Recall that by definition, an RGG places an (undirected)
a1 edge between two nodes whenever the distance between them is below a certain
a2 threshold. In an RGG drawn in a probabilistic-metric space, each potential edge is
a3 represented by a probability distribution over positive support, and we include that
s edge in the graph only if its associated probability exceeds a cut-off parameter 7.
a5 Choosing 7 “meaningfully” is crucial - if 7 is set too high, very few edges will be
a6 accepted and the resulting graph will be overly sparse, potentially missing important
arer - structural relationships in the data from the visualised graph. Conversely, if 7 is
e 100 low, almost every pair of nodes will become connected, yielding a dense graph
a0 that obscures meaningful patterns. In my thesis, I derive a method for selecting this
00 threshold 7, so that the learnt graph faithfully represents the correlation structure of
01 the data. In the future, I will seek other possible approaches to explore and reinforce
2502 our threshold choice.

2803 The contributions of my doctoral work are included in Section 1.4, Chapter 1.

= 0.2 Publications arising from this thesis

20 My following publications have resulted in part, from the research presented in this
2s06  thesis:

2807 1. Chakrabarty et al. (2023) “Constructing a Training Set Using Distance Be-
08 tween Learned Graphical Models of Time Series Data on Patient Physiology, to
200 Predict Disease Scores,” PLOS ONE (2023). DOI: 10.1371/journal.pone.0292404

2810 — This paper developed a new method for constructing training sets using prob-
a1 abilistic graph models to predict disease susceptibility in noisy, multi-parameter data
;12 spaces, in Chapters 3 of the thesis.

2613 2. Zhang et al. (2024) “Individualised Recovery Trajectories of Patients with
14 Impeded Mobility, Using Distance Between Probability Distributions of Learned
215 Graphs,” Artificial Intelligence in Medicine (2024). DOI: 10.1016/j.artmed.2024.103005

2816 — This paper developed personalised recovery predictions using Bayesian graphi-
217 cal models from rehabilitation data, introducing a Movement Recovery Score (MRS)
s based on statistical distances, in Chapters 4 of the thesis.

2819 3. Zhang et al. (2025) “Identifying critical residues of a protein using meaningfully-
s thresholded Random Geometric Graphs” Journal of Computational and Graphical
21 Statistics (under review)

2822 — This paper focus on identifying critical residues - specific amino acids essential
223 for protein, by proposing three different parametrisations based on learning from the
24 random graphs produced by the molecular simulations of the protein, and provides
225 a novel way to characterise residue criticality and structural dynamics, which is
226 crucial for understanding protein function, disease-related mutation analysis and
27 drug design. This part of the work is in Chapter 5 of this thesis.
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6.3 Future work

To further demonstrate the utility of my graph learning technique, I will consider
exploring several other real-world opportunities of the same, and for the usage of
computing inter-graph distance/divergence as a fully data-driven, scalar-valued sin-
gle index of a multivariate effect, and the evolution/variation of the same. The
relationship between such an effect and a vector representing the experimental con-
ditions can then be learnt - via probabilistic supervised learning - to possibly en-
able /facilitate prediction and forecasting.

One application that I am keen on is the establishment of the connection be-
tween the time series of the invasive test results (such as Ultra SonoGraph (USG)
features and some other post-transplant observations) in recipients of Bone Marrow
Transplants, and their score of the severity with which such a patient develops a
disease called VOD, post-transplant. Such a score is learnt using graphs of the time
series data that comprises observations of physiological parameters recorded during
a pre-transplant to a post-transplant time interval. After computing an inter-graph
divergence between graphs learnt for two patients, given data on their respective
invasive tests, I will seek the ranking of such a divergence measure between any
patient in the considered cohort and the pre-chosen “reference patient”. I will then
compare such a ranking with that of the VOD severity score. This will inform on
the validity of the easily-recovered, non-invasive VOD score, as a viable substitute
for invasive tests.

For the application in Chapter 4, in future work, we aim to extend our graph
learning approach to predict the complete recovery trajectory of a new patient who is
about to start their physical rehabilitation programme, if the patient were to exercise
using a given exercise routine. Achieving this requires a training dataset suitable for
supervised learning, allowing us to model the relationship between a patient’s pre-
rehabilitation mobility impairment and their subsequent recovery trajectory. This
trajectory is defined by the patient’s performance over a sequence of k-exergames, as
shown in Figure 4.9. We can model our graph observable of the data as a sample from
a Gaussian Process, as we introduced in Appendix C. Using supervised learning,
we can predict a patient’s recovery path based on their initial level of mobility
impairment at the start of therapy. This capability offers clinicians a robust, early-
stage, and patient-specific assessment of the anticipated rehabilitation process.

I am also very keen on undertaking the prediction and forecasting of states that
the residues in the simulated protein will attain. I plan on undertaking forecasting
within brief time intervals post a temporal mark within the simulated dataset, and
proceeding in a stepwise fashion thereafter. For the prediction exercise, I look for-
ward to undertaking this at times between two identified temporal points within the
dataset. I look forward to the possibility of a successful prediction that can compen-
sate for the lack of temporal resolution in the undertaken simulations. My learnt
inter-residue correlation matrix - which is interesting to compute given that states
attained by any residue are categorical by nature - will be the crucially important
tool in this exercise.
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.~ Reference Table of MCMC

- Implementation

Algorithm  Prior

Proposal

Notes

Random Uniform
Walk

71'()(BO) = N(0742)

mo(B1) = N(0,4)

mo(Bo) = N(0,4?)

mo(B1) = N(0,4%)

N(ﬁécurrent) 7 42)

N(churrent) 7 42)

o0 = (2657)?
g1 = (2550))2
a0 = (2652
01 = (2550))2

0o = (0-25(()0))2

o1 = (0.2

95% HPD of S :
(1.5523533, 35.2633635)
95% HPD of $, :
(—0.53081846, —0.03483466)

95% HPD of 5 :
(1.3165861, 35.66710102)
95% HPD of 5, :
(—0.53717194, —0.03592072)

95% HPD of 5, :
(—2.40103167, 5.0145067)
95% HPD of B; :
(—0.08898875, 0.02036492)

95% HPD of 5, :
(5.82341996, 15.2169578)
95% HPD of f; :
(—0.23725697, —0.09635899)

Algorithm  Prior

Proposal

Notes
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Vanilla 7o(Bo) = N (0, 4?) Truncated Normal 95% HPD of f :
MCMC mo(B1) = N(0,42) o = (28?2 (2.40161169, 35.46921622)
o1 = (28172 95% HPD of f; :
(—0.53239835, —0.0486979)
mo(Bo) = N(0,4%) Truncated Normal 95% HPD of py :
mo(B1) = N(0,42) oo = (1852 (2.26894305, 34.74050198)
o1 = (282 95% HPD of $ :
(—0.52220068, —0.04774905)
mo(Bo) = N(0,4%) Truncated Normal 95% HPD of py :
mo(B1) = N(0,42) oo = (0.185)? (2.83580678, 38.8319938)
o1 = (0.28{)2 95% HPD of f; :
(—0.58180209, —0.05575383)
Algorithm  Prior Proposal Notes
Independent y(fp) Normal 95% HPD of py :
Samplers = N(10, 22) oo = (B2, (3.14200287, 6.5259754)
m0(B1) = N(0,2%) o = (B2 95% HPD of 3 :
with fixed jip = 0, g =0 (—0.08788488, —0.05989835)
m0(Bo) Normal 95% HPD of py :
= N(15,22) oo = (0.018)2, (14.62630413, 15.0306031)
mo(61) = N(0,2?) o = (0.28\9)2 95% HPD of 8, :
with fixed jip = 15,0 = 0 (—0.01390083, —0.00347737)
m0(Bo) Truncated Normal 95% HPD of 3y :
= N(10,22) oo = (18?2 (2.2444736, 4.3730422)
mo(B1) = N(0,2%) o = (282 95% HPD of 3 :
with fixed o = 15,1, = 0 (—0.0773282, —0.00759171)
m0(Bo) Truncated Normal 95% HPD of py :
= N(15,22) oo = (0.18")2, (14.60755017, 15.02576763)
mo(B1) = N(0,2?) o1 = (0.0187)2 95% HPD of f; :
with fixed jio = 15,1, =0 (—4.6752698, —1.5494135)
Algorithm  Prior Proposal Notes
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N(B(Ecurren27 U%)
curren

N(Bl ) O%)
with o9 = )

(28
o1 = (25£0 )

]\[(ﬁ(()cm’renf)7 0'[2)>
current

N (B, o?)

with ¢ = (0 250 )
= (0.26,")*

Truncated Normal

0
o1 = (B )2

95% HPD of 5 :
(—2.05632582, 4.87334981)
95% HPD of B, :
(—0.08748003, 0.01458658)

95% HPD of A, :
(6.78419035, 14.19235037)
95% HPD of B :
(—0.22140035, —0.10904357)

95% HPD of 5, :
(2.05607863, 31.92206533)
95% HPD of 5, :
(—0.4812998, —0.04486532)
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Appendix B

Learning Graph Parameters Using
MCMC

To learn the unknown edge parameters (;; and variance parameter v;;, we undertake
Bayesian inference and sample the unknowns by MCMC, which has been introduced
in Chapter 1. Chakrabarty (2023) applied the Metropolis-with-2-block-update algo-
rithm, namely, update the inter-column correlation matrix of the dataset in the first
part of any iteration of this inference strategy, and thereafter, in the second block,
the edges are updated, conditional on the updated correlation matrix. It can be seen
that the updated edge variable does not affect the correlation updating in the first
block of the next iteration - so in each iteration of an MCMC chain, firstly update
the value of inter-column correlation matrix X(¢) given by the data D, and then in
the second block of the same iteration, update the RGG edge variable, given the
updated partial correlation matrix ¥ = [¢;;], as we defined in Chapter 2 (we trans-
formed 2@ to the partial correlation matrix ¥ at every iteration of the MCMC
chain, once (@) is updated).

Recall the posterior of the p x p-dimensional inter-column correlation matrix
> of the given dataset D that has been defined, to generate values of this ran-
dom inter-column correlation matrix using the Bayesian inference. The updated
(@) is then fed into the learning of graph parameters, G;; and variance parameter
Vij, Vi,7 = 1,...,p,t # j, that has been defined, along with their joint posterior prob-
ability density. We also need to consider the prior and proposal distributions of the
unknowns in the implementation of the inference strategy: for the 1st block of the ¢-
th iteration, it is clearly reasonable that correlations are proposed from a Truncated
normal density that is left truncated at -1 and right truncated at 41, for the 2nd
block of this ¢-th iteration, the RGG is updated, given the updated partial correlation
matrix W in 1st block. And the proposal density of the standard deviation param-
eter v;; is Normal with a mean that is equal to the updated value in the previous

iteration, I/Z-(;_l). The proposal distribution of Gy; is Bernoulli(] @/JS) |). Also weak
priors have been applied, Bernoulli(0.5) for the prior of G,;, and Uniform(0,1]
for the prior of v;; and we then have the joint posterior probability density of the
unknowns G;; and v;;, given the learnt |1;;], Vi,j = 1,...,p,7 # j, as we defined in

the Equation 2.2.2.
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Remark B.0.1. Considering the partial correlation V;; between r.v.s X;, X; - via
the learning of inter-column correlation matrix E(C), the joint posterior probability
of the binary edge parameters G;j, and variance parameter v;;, ¥i,j = 1,...,p,% # J,
given by dataset D s defined as follows:

1 (Gij — [¥u])*

exp[—

\/ 2TVij 2v5

2007 here k 1s a positive global constant, which can be omitted during MCMC.

m(Gij, vijlvij) = k ],

2008 Notice that although the proposed density of v;; > 0 has been chosen to be trun-
2000 cated normal, to simplify the calculation in MCMC, we can replace the variance
2010 parameter with the square of the standard deviation parameter v;; - thus, the dif-
ou  ference (Gy; — |1;])? is normalised by yfj, which allow us then choose the proposed
2012 density of this standard deviation parameter v;; to be normal instead.

2013 With the set-up of prior and proposal along with the joint posterior at hand, we
214 can now process the MCMC learning of unknowns. Notes that from the previous
215 study by Chakrabarty (2023), the variance parameter has been detected with a

2016 nature of instability - we will still make an attempt at learning this v, Vi,j =
2017 1, ...,p,i 7& j

2 B.1 Learning variance parameter matrix with equal
219 elements

2020 Let us consider the standard deviation parameter matrix where all elements are
221 equal, i.e. we want to learn only one value of all v;; parameters, for i, j € {1,...,11},i #
22 j. For a chosen seed V(seeqy = 0.99, With prior Uniform(0,1] for the prior of v,
223 and proposal density of the standard deviation parameter v;; to be Normal - with a
224 Mmean to be the updated value in the previous iteration and jump scale 3 = 0.001,
205 the trace of v for 500k iterations of MCMC are as follows:

099 ”\
098 M

1
0.97 w

v
096 'y
.~ 4
0.95 H"{
[I] 100‘000 EDG.UCID H.DG.DDD 400‘00[} SUOIDUO

Figure B.1: v trace with v(seeq) = 0.99, jump scale 3 = 0.001
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From the figure above, it can be seen that the trace only shows a trend of
convergence roughly after 325,000 iterations. Notice that longer iterations could be
generated to improve the convergence.

Simultaneously, the graphical model was learnt - the posterior of the RGG vari-
able Gy ,, (¥, 7) learning by using the edge posterior m(-|-), given the known partial
correlation matrix W of data D has been defined.

Remark B.1.1. As we defined previously in Definition 2.2.7 and Definition 2.2.10,
we obtained the marginal posterior probability of G;; conditional on the partial cor-
relation W,; between the nodes ¢ and j, as following:

m(Gis| i) = K [\/gexp <_(gl)2> - (Si-)erfc<|;9/%|>]7

where disparity S;; = |Gij—|¥,;|| as defined previously and the complementary error
function erfe(-) = 1 — erf(+).

Then given the edges to form independently of each other, the posterior probability
of the RGG wariable Gy ,,(¥,T), conditional on the partial correlation of data D,
for all i, j pairs, of the conditional edge marginal, at a pre-chosen T given as follows:

T(Gy (¥, 7)) = HijeV;i<j m(Gijlvy)
The realisation of the RGG generated by these 500,000 MCMC iterations, at
different 7 values that were chosen as 7 = 0.05,0.4,0.6,0.8 and 0.9, is shown below.

) !.4 %
EAK T
VSIS
::-|_~‘ -lhiﬁ’”wﬂ'iﬁ'-"’

® ]

® @
[ ] o L]

Figure B.2: RGG learnt given D at chosen 7 = 0.05, 0.4, 0.6, 0.8 and 0.9 respectively.
By the nature of RGG, the larger 7 we used, the fewer edges will be accepted in the
graphs.

B.2 Learning variance parameter matrix with dis-
tinct elements

Considering a more realistic choice, the standard deviation parameter v;;,¢,7 €
{1,...,11},7 # j matrix, where each ij pair of v;; is assigned by distinct values.

Chapter B Chugiao ZHANG 127



Learning Random Geometric Graphs, and their Applications

100
104

102 095

100
098
0.96 L\ 08s w@f\mﬂ\\l
094 080
092 W

075

0 100000 200000 300000 400000 500000 0 100000 200000 300000 400000 500000

Figure B.3: Traces of some elements of learnt standard deviation matrix, vz 4
and v(g 1) respectively, for 500k MCMC iterations with same prior and proposal as
Figure B.1, and seed value V(seeq) = [v3;] = 1 for all 4,5 =1,2,..., 11.

2046 We know that more iterations will help to learn a clearer trend of convergence of
207 the unknown, we apply a post-burnin N, = 100, 000 - we plot histograms generated
2as  after 100,000 iterations of the same 500,000 MCMC iterations in Figure B.3. We
2000 also generated graph realisation at different chosen 7 (7 = 0.05,0.4,0.6,0.8 and 0.9
050 respectively).
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Figure B.4: Corresponding histograms for each element of [v;;],4,7 = 1,2,...,11,
according to the 500k MCMUC iterations in Figure B.3, with post-burnin NV, = 100k.
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Figure B.5: Graph generated at 7 = 0.05,0.4,0.6,0.8 and 0.9 respectively

From the MCMC traces and histogram of the v;;, Vi,j = 1,...,p,1 # j, we
attempted, we can improve the better convergence of each element v;; trend by
sequentially update the learning on the unknown - we tweak some parameters
individually and generate an updated MCMC accordingly, such as choose strong
prior, or instead of assigning the same proposed density of each elements in v}, i.e.
yi(;) ~ N (ui(;fl),0.0()l) for all 7,5 at t-th iteration in our original setting, we can
tweak X;; to be a coefficient times to the mean of v;; generated from their distribu-
tions obtain by the pervious MCMC. While due to the nature of instability, as we
obtained the marginal posterior probability of G;; conditional on the partial corre-
lation W;; between the nodes ¢ and j, by integrating over the variance parameter,
m(G;;|V;;), we can learn the edge variable G;;,Vi,j = 1,...,p,i # j, directly, using
MCMC technique.

B.3 Learning Graph Edge Parameter G;; directly

The following figure is the graph results of 500,000 MCMC iterations with a Bernoulli(0.5)

for the proposal distribution Bernoulli(| ¢Z-(;) |) applied on the edge variables G;;,Vi, j =
1,.p=11,i #j.
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\

Figure B.6: Graph generated by learning edge parameter G;; only, Vi, j = 1,...,p,1 #
J, from left to right and top to bottom, we have graphs realisation of Gy ,,,(¥, 7) at
different cutoff 7 = 0.05,0.4,0.6 and 0.9 respectively

It would be worth comparing the graph realisation of Gy ,,(¥,7), via learning
the variance parameter together, with our approach of learning the edge variable
directly. We also compare graphs generated by one-value variance learning vs those
generated by the variance matrix with distinct elements.

Figure B.7: Left panel: graph realisation shown in Figure B.2, for one value variance
learning case, with labelling probabilities, at 7 = 0.6.; Right panel: graph realisation
shown in the Figure B.5 with labelling probabilities, for the variance parameter
matrix which contains distinct values of elements, at cutoff 7 = 0.6. Post-burin
N, = 100,000 has been applied in both cases.
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Figure B.8: Left panel: graph realisation shown in Figure B.2, for one value variance
learning case, with labelling probabilities, at 7 = 0.4.; Right panel: graph realisation
shown in the Figure B.5 with labelling probabilities, for the variance parameter
matrix which contains distinct values of elements, at cutoff 7 = 0.4. Post-burin
N, = 100,000 has been applied in both cases.

We compare the graphs generated using different cutoff 7 in both cases, namely,
learning one value v variance and learning v;; variance matrix. It can be seen
that in general, when learning both graph parameters G;; and v;; at the same
time, the graphs learnt at a given 7 are robust to the choice of the way to update
the standard deviation parameter. While the graphs learnt when only the edge
parameter G;;, by sampling from the corresponding edge marginal posterior, are
distinct from the graphs learnt when edges and standard deviation parameters are
sought simultaneously, as shown in Figure B.9. One possible reason is that there are
biases that we are bringing into the implementation when the standard deviations
have not converged well enough.

Figure B.9: Left panel: graph realisation shown in Figure B.5, with labelling proba-
bilities, for the variance parameter matrix which contains distinct values of elements,
at 7 = 0.6; Right panel: graph realisation shown in the Figure B.6 via learning edge
parameter G;; directly, Vi,7 = 1,...,p,1 # j, at cutoff 7 = 0.6.
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B.4 Further Study on the Prior

In the approaches we discussed previously, we have learnt the standard deviation
parameter matrix v;; and graph edges matrix G,j, Vi,j = 1,...,p = 11,¢ # j, by
using the Metropolis-Hastings-with-2-blocks-updated technique. A uniform prior
was chosen for learning the variance parameter v. Recall that using a uniform prior,
we have generated a chain for 500,000 iterations with post-burnin N, = 100000, the
multi-panel histogram and graph results are shown as Figure B.4 and Figure B.5.
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Figure B.10: The multi-panel histogram Figure B.4 and graph realisations generated
at different 7 in Figure B.5.

From this multi-panel histogram we can see some elements of v;;,Vi, 7 = 1,...,p, 1 #
J, have unique peaks shown in the histogram. While some histograms of elements,
do represent a shape of multi-modally distributed. It would be reasonable to apply
different types of priors, apart from the Uniform prior, to learn the variance un-
known - we are allowed to update the prior when we have more information about
the unknowns, in Bayesian inference.
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B.4.1 Gaussian Prior

Firstly we apply Normal prior to learn the standard deviation parameters v;;, apart
from the Uniform prior - a Normal prior with distinct parameters has been applied to
each ¢, 7 pairs of standard deviation parameters v;;, Vi,j = 1,...,p, ¢ # j - namely,
based on the pilot MCMC we implemented previously (shown in Figure B.3) in
which we used Uniform prior on all standard deviation parameters, we have yield
the distribution of standard deviation parameter v;;, and now we choose the (largest)
mode of these distributions of v;; in the pilot chain, to be the mean of the Normal
prior in our updated MCMC chain. And the prior standard deviation for each
element of v;; has been chosen to be 0.05 times this chosen mean. In other word,
we apply Normal prior M (5, 0.05 X ;)

For the updated MCMC with 50,000 iterations, using the Normal prior we defined
above, the trace of 113 in this new chain is shown below in Figure B.11; the chain
converges more quickly. We also plot the distributions of v;;, Vi,7 =1,...,p,i # j in
Figure B.12.
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Figure B.11: The traces and histograms for vy, for uniform prior run (upper) and
normal prior run(bottom). The trace for the normal prior chain converges better
with fewer iterations.
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Figure B.12: The multipanel histogram according to the 50k-iteration MCMC chain
using normal prior, with jump scale = 0.005, post-burnin N, = 100

It is clear that compared to the multi-panel histogram in Figure B.4 in which
we applied a uniform prior to the standard variance parameter v;;, in the updated
Normal prior approach, most of the histograms for each 75 pairs ot v;; have relatively
well-converged to a bell shape. While there are still some of the v elements that
seem truncated from one side -generally, normal prior works better than uniform
prior, in terms of learning the variance parameter v, since more prior information
has now been included in our MCMC.

Again we also generated graph realisation of Gy ,,(¥,7) at different chosen 7

(1 =0.4,0.6 and 0.9 respectively).

Figure B.13: Graphs generated by learning Gy ,,,(¥, 7) at cut-off 7 = 0.4,0.6 and

0.9 respectively, from left to right.
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B.4.2 Wishart Prior

We keep making our prior of individual v;; to be stronger, apart from the Normal
distribution, a Wishart Distribution has been chosen, which is often used to estimate
the covariance matrices in multivariate statistics. Note that in Bayesian statistics,
the Wishart distribution is the conjugate prior to the inverse covariance matrix of
a multivariate-normal random vector.

Definition B.4.1. Let X be a p X p symmetric matrixz of random variables that is
positive semi-definite. Let 'V be a fized symmetric positive definite matrix of size
p X p. Then, if n > p, X has a Wishart distribution with n degrees of freedom if it
has the probability density function:

1
22| V|"/2T(3)

‘Xl(n—p—l)/2€—%tr(V*1X)

fx(X) =

For the Wishart prior we design for the variance parameter v, we again use
previous normal prior chain to update our prior choice - choosing the biggest mode
which indicates in each histogram, to be our Wishart prior mean for each individual
Vij, Vi,7 = 1,...,p,1 # j. And we use the coverage of that mode, times coefficients
such as 0.05, to define each individual element of the fixed symmetric V matrix in
the Wishart pdf. While with Wishart prior has been applied through, there are some
elements of v;;, such as the trace of 134 in Figure B.14 shown below, the trace does
perform some levels of convergence at the beginning, while after 20,000 iterations
the trace is getting stuck. This might be due to our Wishart prior design for this /34
being so peaky that the chain is getting stuck at a value that is presumably close to
the true value of the vs4.

100 I
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070

10000 20000 30000 60000 50000

Figure B.14: Example of the trace with Wishart prior applied, 3 in this case.

In light of this result with our first implementation of the Wishart prior, we
decided to make our prior less peaky. The following multi-panel trace and histogram
for a 500,000-iteration MCMC chain, with a chosen Wishart prior with the same
mean, but the symmetric matrix V fixed to 3 times that used in the previous chain
in Figure B.14.
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Figure B.15: The traces and distribution of v;;, Vi,j = 1,...,p,¢ # j for the 500k-
iteration MCMC chain, with jump scale = 0.0005 and post burn-in N, = 200000.

3044 And we also generate the graph results for this run, at different cutoffs.
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Figure B.16: From left to right and top to bottom, we have graphs realisation of
Gv,m (¥, 1) at different cutoff 7 = 0.05,0.4,0.6 and 0.9 respectively, generated by
updated MCMC chain.

From Figure B.15 we can see that there are some elements that did not show a
good convergence - either an increase or a decrease trend, and the poor convergence
affects our histogram. The histograms are generally much worse than when the
Gaussian prior we have in Figure B.12.

As we keep updating our Gaussian prior results, by using updated means for the
Gaussian priors of the standard deviation parameters and updated new Gaussian
prior variance to be such as Wishart variance as we have used in the previous run.
We set up MCMC chains sequentially and keep tweaking the parameters. Although
we can still see quite a few trend-displaying traces in some particular run, the graph
realisations, generated by our MCMC approach with updated Gaussian prior chain,
are as follows:
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Figure B.17: From left to right and top to bottom, we have graphs realisation of
Gv.m(¥, 1), at different cutoffs 7 = 0.05,0.4,0.6 and 0.9 respectively, generated by
one of the updated MCMC with a Gaussian prior.

Comparing the graph results in Figure B.13, Figure B.16 and Figure B.17, in
general, the graph realisations represent the similarities at given 7 values. It is
encouraging that our graph results indicate an agreement with each other, even for
the different prior choices.
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Appendix C

Gaussian Process: Learning a
random function

Early in my doctoral research, I have undertaken learning of a function that has
been treated as a sample function drawn from a Gaussian Process (GP), where said
function represents the relation between two random variables. I will now discuss
such GP-based supervised learning, and present results of such learning given a real
dataset.

C.1 Background

When we want to learn the relationship between a pair of variables, we are trying to
learn the functional form of this relationship. Here the said variables are the input
X and output variable, Y, s.t. their relationship is depicted as Y = f(z), where f is
an unknown function that we wish to learn. In the Bayesian approach, anything that
is unknown is random. So we treat this unknown function f as a function-valued
random variable, i.e. as a random function. Randomness for a Bayesian means that
the particular variable takes a certain value with a certain probability, and that
probability is dictated by the probability distribution of this random variable. So
the random function, f, will take a certain shape with a given probability, i.e. the
function will attain a value at a given value (z) with a given probability, s.t. f(x) is
a random variable. This probability is given by the probability distribution of this
random function f.

Definition C.1.1. We aim to learn the unknown function
f: X =R, Y=fX),
where X denotes a random variable (r.v.) taking values x € X, and Y is another

0. , using a training set

D= {(%%)}Z]\ip

where each observation y; s the realized value of Y; at X = x;.
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Since f is unknown, we treat it as a random function and place a probability
distribution over the space of all candidate functions. Such a distribution is provided
by a Stochastic Process (Dudley, 1989; Doob, 1990).

Remark C.1.1. A sample path or sample function of a stochastic process is a
particular realisation of the process (Lamperti, 1977; Rogers and Williams, 2000;
Florescu, 2014), i.e. a sample function comprises one set of variables X (t) for all
t € T, (where the deterministic variable T might be discrete or continuous).

In my learning of the function f(-), I choose to model the random function f(-)
as a sample function of a Gaussian process (GP) (Dudley, 1989; Rasmussen and
Williams, 2006). A GP offers minimal constraints on its sample functions and it is
easy to compute. The only constraint is that any finite subset of random variables -
that are realisations of a sampled function at chosen inputs - is jointly, a multivariate
Normal. Thus, the collection of random variables Y7,...,Yy that are outputs of
f(-) - modelled as a sample function of the GP - realised at the inputs xy, ..., xy,
are jointly distributed as a multivariate Normal distribution. Here, x,...,xy are
the design points in the training set that is available. So Yj,..., Yy are jointly
multivariate Normal.

Definition C.1.2. For the function f(-) ~ GP(u(:),K(-,-)), the joint pdf of N
realisations Y1,...,Yn of f(+), is the multivariate Normal density with parameters
that are the mean vector p and the covariance matriz 3.

Here, the mean vector and covariance matrix are induced upon by the mean
function pu(-) and covariance function K(-,-) of the GP. Thus, ¥ = [Cov(Y;,Y))].
Then for' Y = (Y1,...,Yx)T, the joint fy(y) of the N realisations Y1,...,Yn of
f() is the density:

_exp(—3(y—p)'S (y—p)
hrtw) e |

I will learn the model parameters of this multivariate Normal density. This is the
likelihood, i.e. the probability of the observables given the data. Then I will invoke
priors on the model parameters and compute the posterior probability density of
the model parameters given the training data {(z;,y;)}Y,. I will undertake MCMC
to perform Bayesian inference on the model parameters given this data.

I will start by standardising the data on the output variables, using the sample
mean and sample standard deviation. Then the mean vector g can be considered
as a null vector. Standardising also renders the covariance matrix 3 the correlation
matrix, s.t. 3 = [corr(Y;,Y;)].

Definition C.1.3. We standardise the outputs variables Y1, ..., Yy which have val-
ues {y; }V, s.t.:

Yi 7 1 N 1 N
1 ey P 1] — — . — - ) 2'
Ui s TN ;:1 Yis Sy N1 ;:1 (yi — 9)
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Having zero-mean, unit-variance data allows us to set the GP prior mean vector to
pn=0,
and interpret the covariance matriz 3 as the correlation matrix with entries
¥ = [Corr(Y;,Y;)], i,je{l,...,N}

Now we want to know how to populate this 3. For a non-diagonal element,
the correlation between y; and y;, we can learn this value directly from MCMC.
However, if we have a sample size N = 20, which is a small dataset, we have 20
diagonal elements but 190 distinct off-diagonal elements - it is clear that learning
all such 190 parameter values using MCMC is infeasible, i.e. the proposed method
of learning seems impossible, even for a small dataset.

Consider that we are at the input X = z; with the random variable Y; = f(z;),
and then we move from x; to x; where the realised output is the variable Y; =
f(x;). Then the distance between the i-th and j-th input values will decide how the
correlation between these outputs changes. We parametrise the correlation between
Y; and Y; as a function of z; and z; - to be precise, as the distance between x; and
xj. The farther the distance, the less the correlation, i.e. the correlation between Y;
and Y is a declining function of the difference between x; and z;.

Definition C.1.4. corr(Y;,Y;) is parametrised as a function K(-,-) of x; and x;’s.
K s called a correlation kernel, which is a declining function of the distance between
x; and x; in a simple, i.e. stationary model of the GP.

I have worked only with a kernel that takes the Fuclidean distance between x;
and x; as its input, i.e. with a stationary kernel.

I then had to determine a length scale parameter to learn how quickly the cor-
relation between Y; and Y; decreases with the distance between x; and ;.

Definition C.1.5. We can model these correlations via a stationary kernel function
K with a single length-scale hyperparameter {:

Y = [K(lzi — 20 0)].

The Squared exponential kernel (SQE), uses a Gaussian-like form with the dis-
tance between x; and x; as its input. It is one type of covariance kernel which uses
the Buclidean distance between x; and x; as its input. Notice that in general, the
distance between the differences between x; and x; does not necessarily have to be
chosen as Fuclidean distance.

SQF is defined as:
N 1 2 /2
K (|ai =l €) = exp i — 2,/ ¢2)

so that when |z; — x| = £, the correlation decays to e~'/2.
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Definition C.1.6. Likelihood is defined on the model parameter £, in the available

data:
1

SO e"p(_% y B0 y)'

To complete the Bayesian model, I will typically place a Normal prior on ¢ s.t.

p(y|0) =

t ~ ./\/’(,Ug,O'g)-

and will perform posterior with MCMC: at iteration ¢, propose ¢* (e.g. from a Normal
proposal density), compute the Metropolis—Hastings acceptance ratio

oy &)
ply | (D) p(#-D)

I will accept ¢* with probability min(1,«). After I spot the convergence of the
MCMC trace, I will then summarise ¢ by its posterior mean { within the 95%
highest posterior density interval, to predict the expectation and variance of Y, at
X = z,. Rasmussen and Williams (2006) presents such a closed-form mean and
variance of the multivariate Normal predictive density: for a new test input x,, the
predictive distribution of the output y, is given as:

My = k;rz(é)il Y, ‘73 = K — ka(g)ilkh

ko = [K(lze = 21]:0), .. K(J2e — )i 0)] ) Fue = K (2. — 2.];£) = K(0;0).

Rescaling back by ¥ and s, yields the final predicted mean and variance for Y.

C.2 Discussion: singularity in X

Definition C.2.1. Any N x N-dimensional matric C = [C;;] is positive semi-
definite if Zf\il Zjvzl a;a;C;; > 0, where i,j € {1,2,...,N}, Va;,a; € R.

Now, variance of the weighted sum of the N random variables X;,..., Xy is al-
ways > 0, i.e. var(X N, ¢ X)) = SN, Zjvzl a;a;Cov(X;X;) > 0, Va;,a; € R. Thus,
the matrix ¥ = [Cov(X;, X;)] is positive semi-definite, by Definition C.2.1. Indeed,
3 being a covariance matrix, is a positive definite symmetric matrix. When the
outputs are standardised, ¥ = [Cov(Y;,Y;)] reduces to ¥ = [Corr(X;, X;)]. Here,
the standardisation is done with the sample mean and sample standard deviation
derivation of the sample of values of the output that live in the training data.

To compute X, I model its ij-th element as K (x;, x;), where K(-,-) is a declining
function of the Euclidean distance between x; and z;, as done (for example) in the
choice of an SQE kernel: Corr(Y;,Y;) = K(z;, ;) = exp(—(z; — x;)?/2¢%). This
holds Vi,j € {1,...,N}. In my learning of the length scale hyperparameter ¢ of
the SQE kernel, there may exist some proposed value of ¢ that causes X to violate

142 Chapter C Chugiao ZHANG



3179

3180

3181

3182

3183

3184

3185

3186

3187

3188

3189

3190

3191

3192

3193

3194

3195

3196

3197

3198

3199

3200

3201

Learning Random Geometric Graphs, and their Applications

positive definiteness. Hence, when choosing ¢, one should be careful. Indeed, a
judicious seed becomes relevant, about which I need to glean some information using
the available training data. Since I have decided to choose SQE to compute my 3
matrix, it would be helpful that I examine key information, such as the average values
of (z; — z;), which goes into my numerator of the exponential term. I could then
consider the order of magnitude of the parameters I want to learn, namely ¢, chosen
to be closer to the true value. Also, I undertake a trick (Rasmussen and Williams,
2006) of adding a very small number to the diagonal elements of the correlation
matrix, to guard against falling prey to violating positive definiteness. (Once I
make the prediction on the output realised at a test input, I will un-standardise the
predicted output using the sample mean and standard deviation employed earlier
to standardise the output values).

Inversion of the 3 matrix can be achieved using Cholesky decomposition (Benoit,
1924; Press et al., 1992).

Definition C.2.2. Fvery symmetric, positive definite matriz A can be decomposed
into a product of a unique lower triangular matriz L and its transpose:

A =LLT

where L is the Cholesky factor of A (Golub and Van Loan, 1996; Horn and Johnson,
1985; Trefethen and Bau, 1997; Schabauer et al., 2010), and can be interpreted as
a generalized square root of A, as described in Cholesky decomposition .

a11 QAo A3 611 0 0o .. 611 Egl £31 énl
921 A22 A23 621 621 0o .. 0 ggg 632

A= |azn =
QAn1 Qnn Enl En? énn 0 0 énn

1 k—1
Ezk - %(azk - z_;gzggk])
J_
Then for
3= [K(xlu Ij)]v
UsINg
> =LL%,
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we get

C.3 Implementation

We now apply our GP learning on the datasets:

1. The first dataset is {(z;,sin(0.92;))}Y_,, where N = 100, with x € [-5,5]

=1

Vi=1,...,N. We refer to this dataset as a “simple dataset” below.

2. The second dataset is a real-world, publicly-available data comprising values
of power consumption in Tetouan city (Salam and El Hibaoui, 2018).

C.3.1 Simple data set

We set up a training set {(z;,sin(0.92;))}Y_, for N=100. We set a test dataset of

=1
size 50, and make predictions at the test inputs.

For the seed value of parameters ¢(°**¥ = 5 and proposed jump scale o, = 0.02,
we undertake 50,000 MCMC iterations:

value of ell
w -
in =Y

w
=)

0 10000 20000 30000 40000 50000
iteration

o = N W &

250 275 3.00 325 350 375 400 425 450
value of ell

The 95% Highest Posterior Density Regions of ell is [2.98953579 3.42919971]

Figure C.1: Figure showing results of learning the model parameter ¢ using RW and
a training set of size 100. The plot of the trace of ¢ is in the top panel and the
histogram that approximates the marginal posterior of ¢ given the training set, is at
the bottom. This learning of ¢ has been undertaken with a prior variance o7 = 0.02%.
The 95% HPD can be calculated using this marginal of /.
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Figure C.2: The red line joins the true values of the outputs, and the blue rectangles
show the predicted output at each test input, for the ¢ learnt with MCMC.

C.3.2 Real-world dataset: Tetouan city data

For an application to real-world data, I chose the dataset on Power consumption in
Tetouan city (Salam and El Hibaoui, 2018). This data is relevant to the power con-
sumption of three different power-distribution networks of Tetouan City in northern
Morocco. There are 9 attributes in this dataset: Date; Time; Temperature; Humid-
ity; Wind Speed of Tetouan city; General diffuse flows; Power consumption of zone
1; zone 2; and zone 3 of Tetouan city, respectively. As we can appreciate, there is
a relationship between temperature and power consumption. Hence we could set
temperature X to be our predictive variable and average power consumption of the
three zones in this city, Y becomes the response variable in the model in which we
regress Y against X, completely non-parametrically, i.e. the functional relationship
between the input X and output Y is not assigned a pre-chosen parametric form,
but is learnt.

Since every parameter in this data has been recorded every 10 minutes, we could
tidy up the figures to achieve data on a daily basis, and also standardise the response
variable, namely the average power consumption of three zones, Y, in order to
study the hyperparameter ¢ in SQE. I used Cholesky decomposition to calculate the
inversion of our covariance matrix 3. I used this publicly available dataset as my
training dataset of sample size 300, and my test dataset is of size 64.
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Figure C.3: Training data and test data visualisation: the (standardised) average
power consumption in zones 1, 2 and 3 of Tetouan city, is plotted against temperature
(in degrees Celsius).

By choosing our prior to being Normal prior, my(¢) ~ N(20,2?), with seed values
of parameters £(**?) = 20, and proposed jump scale o, = 0.2, we run for the 50,000
iterations:

value of ell

T T T T
20000 30000 40000 50000

iteration

T T
4] 10000

0.30
0.25
0.20
0.15
0.10

0.05 4

0.00 T T T T T
20 30 40 50 60 70
value of ell

Figure C.4: Using MCMC with a Normal prior and Normal proposal, the plots
show the values and histogram of learning ¢, with o, = 0.2. The 95% HPD is
(38.2089275942.68057076) according to the distribution of .

We can then see how our predictions work.
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Figure C.5: The red crosses are the true values of the output at the test inputs, and
the blue dots show the mean of the predicted output at each test point at all learnt
¢ in Figure C.4.
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Recovery Trajectories of Stroke

Patients Playing Exer-games
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Figure D.1: The comparison of computing scores of Patient ID3071 playing Game
Airplane 6 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.2: The comparison of computing scores of Patient ID3085 playing Game
Airplane 26 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores

themselves.
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Figure D.3: The comparison of computing scores of Patient 1D3147 playing Game

Airplane
MRS via

26 times.

The first column plots are the calculated rate of MRS and
Hellinger distance, and the middle column plots are the calculated rate of

MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.4: The comparison of computing scores of Patient ID3327 playing Game
Airplane 20 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
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Figure D.5: The comparison of computing scores of Patient ID3071 playing Game
Animal 13 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and

MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.6: The comparison of computing scores of Patient ID3085 playing Game
Animal 12 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and

MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.7: The comparison of computing scores of Patient ID3147 playing Game
Animal 8 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.8: The comparison of computing scores of Patient ID3165 playing Game
Animal 3 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.9: The comparison of computing scores of Patient 1D3462 playing Game
Animal 21 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.10: The comparison of computing scores of Patient ID3070 playing Game
Catch 55 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.11: The comparison of computing scores of Patient ID3071 playing Game
Catch 48 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.12: The comparison of computing scores of Patient ID3085 playing Game
Catch 76 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.13: The comparison of computing scores of Patient 1D3147 playing Game
Catch 53 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.14: The comparison of computing scores of Patient ID3165 playing Game
Catch 7 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.15: The comparison of computing scores of Patient ID3311 playing Game
Catch 35 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.16: The comparison of computing scores of Patient 1D3327 playing Game
Catch 32 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.17: The comparison of computing scores of Patient 1D3379 playing Game
Catch 4 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.18: The comparison of computing scores of Patient ID3430 playing Game
Catch 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.19: The comparison of computing scores of Patient ID3431 playing Game
Catch 26 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.20: The comparison of computing scores of Patient 1D3462 playing Game
Catch 24 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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2 1D.4 Game Colour Block
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Figure D.21: The comparison of computing scores of Patient ID3085 playing Game
Colour Blocks 12 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.22: The comparison of computing scores of Patient ID3147 playing Game
Colour Blocks 25 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.23: The comparison of computing scores of Patient ID3085 playing Game
Colour Clouds 14 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores

themselves.
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Figure D.24: The comparison

themselves.
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of computing scores of Patient ID3147 playing Game
Colour Clouds 12 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
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2 1.6 Game Firefly

Figure D.25: The comparison of computing scores of Patient ID3070 playing Game
Firefly 55 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.26: The comparison of computing scores of Patient ID3071 playing Game
Firefly 10 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.27: The comparison of computing scores of Patient ID3085 playing Game
Firefly 24 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.28: The comparison of computing scores of Patient ID3311 playing Game
Firefly 35 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.29: The comparison of computing scores of Patient ID3327 playing Game
Firefly 32 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.30: The comparison of computing scores of Patient ID3379 playing Game
Firefly 2 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.31: The comparison of computing scores of Patient 1D3430 playing Game
Firefly 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.32: The comparison of computing scores of Patient 1D3431 playing Game
Firefly 26 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.33: The comparison of computing scores of Patient ID3462 playing Game
Firefly 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.34: The comparison of computing scores of Patient ID3070 playing Game
Follow 40 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.35: The comparison of computing scores of Patient ID3085 playing Game
Follow 52 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.36: The comparison of computing scores of Patient ID3147 playing Game
Follow 27 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.37: The comparison of computing scores of Patient ID3311 playing Game
Follow 35 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.38: The comparison of computing scores of Patient ID3327 playing Game
Follow 32 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.39: The comparison of computing scores of Patient 1D3379 playing Game
Follow 2 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.40: The comparison of computing scores of Patient ID3430 playing Game
Follow 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.41: The comparison of computing scores of Patient ID3431 playing Game
Follow 26 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.42: The comparison of computing scores of Patient 1D3462 playing Game
Follow 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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2 1.8 Game Forest Leaves

Figure D.43: The comparison of computing scores of Patient ID3085 playing Game
Forest Leaves 28 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.44: The comparison of computing scores of Patient ID3147 playing Game
Forest Leaves 8 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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= 1.9 (Game Izzy the Bee
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Figure D.45: The comparison of computing scores of Patient ID3011 playing Game
Izzy the Bee 2 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

Figure D.46: The comparison of computing scores of Patient ID3070 playing Game
Izzy the Bee 58 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.47: The comparison of computing scores of Patient ID3071 playing Game
[zzy the Bee 38 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

Figure D.48: The comparison of computing scores of Patient ID3085 playing Game
Izzy the Bee 26 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.49: The comparison of computing scores of Patient ID3147 playing Game
Izzy the Bee 12 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.50: The comparison of computing scores of Patient ID3165 playing Game
Izzy the Bee 7 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.51: The comparison of computing scores of Patient ID3311 playing Game
[zzy the Bee 17 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

B

mnsstraie T et

...........................................

Figure D.52: The comparison of computing scores of Patient ID3327 playing Game
Izzy the Bee 12 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.53: The comparison of computing scores of Patient ID3379 playing Game
Izzy the Bee 2 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.54: The comparison of computing scores of Patient ID3430 playing Game
Izzy the Bee 22 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.55: The comparison of computing scores of Patient ID3431 playing Game
[zzy the Bee 26 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.56: The comparison of computing scores of Patient ID3462 playing Game
Izzy the Bee 24 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.57: The comparison of computing scores of Patient 1D3147 playing Game
Seasons 25 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.58: The comparison of computing scores of Patient ID3071 playing Game
Star Find 19 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.59: The comparison of computing scores of Patient ID3147 playing Game
Star Find 26 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.60: The comparison of computing scores of Patient ID3070 playing Game
Jugger 56 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

prorverese

Figure D.61: The comparison of computing scores of Patient ID3071 playing Game
Jugger 48 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.62: The comparison of computing scores of Patient ID3085 playing Game
Jugger 76 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.63: The comparison of computing scores of Patient ID3147 playing Game
Jugger 53 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.64: The comparison of computing scores of Patient ID3311 playing Game
Jugger 35 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.65: The comparison of computing scores of Patient 1D3327 playing Game
Jugger 32 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.66: The comparison of computing scores of Patient ID3430 playing Game
Jugger 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.67: The comparison of computing scores of Patient ID3431 playing Game
Jugger 26 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.68: The comparison of computing scores of Patient 1D3462 playing Game
Jugger 25 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.69: The comparison of computing scores of Patient ID3071 playing Game
Matchday Striker 19 times. The first column plots are the calculated rate of MRS
and MRS via Hellinger distance, and the middle column plots are the calculated rate
of MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column
are the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

Figure D.70: The comparison of computing scores of Patient ID3085 playing Game
Matchday Striker 40 times. The first column plots are the calculated rate of MRS
and MRS via Hellinger distance, and the middle column plots are the calculated rate
of MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column
are the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.71: The comparison of computing scores of Patient ID3147 playing Game
Matchday Striker 26 times. The first column plots are the calculated rate of MRS
and MRS via Hellinger distance, and the middle column plots are the calculated rate
of MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column
are the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.72: The comparison of computing scores of Patient ID3165 playing Game
Matchday Striker 4 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

Chapter D Chugiao ZHANG 187



Learning Random Geometric Graphs, and their Applications

Figure D.73: The comparison of computing scores of Patient ID3311 playing Game
Matchday Striker 18 times. The first column plots are the calculated rate of MRS
and MRS via Hellinger distance, and the middle column plots are the calculated rate
of MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column
are the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.74: The comparison of computing scores of Patient ID3070 playing Game
Nimble 57 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.75: The comparison of computing scores of Patient ID3071 playing Game
Nimble 48 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.76: The comparison of computing scores of Patient ID3085 playing Game
Nimble 75 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.77: The comparison of computing scores of Patient ID3147 playing Game
Nimble 35 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.78: The comparison of computing scores of Patient ID3311 playing Game
Nimble 35 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.

Figure D.79: The comparison of computing scores of Patient 1D3327 playing Game
Nimble 31 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.80: The comparison of computing scores of Patient ID3430 playing Game
Nimble 22 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.81: The comparison of computing scores of Patient ID3431 playing Game
Nimble 26 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.82: The comparison of computing scores of Patient ID3071 playing Game
Piano 18 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.83: The comparison of computing scores of Patient ID3085 playing Game
Piano 15 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback—Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.84: The comparison of computing scores of Patient ID3147 playing Game
Piano 24 times. The first column plots are the calculated rate of MRS and MRS via
Hellinger distance, and the middle column plots are the calculated rate of MRS and
MRS using Kullback-Leibler divergence. The plots in the 3rd column are the rate
of change of the points/scores provided by MIRA, and the points/scores themselves.
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Figure D.85: The comparison of computing scores of Patient ID3070 playing Game
Space Ship 58 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

Figure D.86: The comparison of computing scores of Patient ID3071 playing Game
Space Ship 24 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.87: The comparison of computing scores of Patient ID3085 playing Game
Space Ship 35 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.88: The comparison of computing scores of Patient ID3147 playing Game
Space Ship 11 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

196 Chapter D Chugiao ZHANG



Learning Random Geometric Graphs, and their Applications

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

Figure D.89: The comparison of computing scores of Patient ID3165 playing Game
Space Ship 2 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.

Figure D.90: The comparison of computing scores of Patient ID3311 playing Game
Space Ship 35 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.91: The comparison of computing scores of Patient ID3327 playing Game
Space Ship 12 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.92: The comparison of computing scores of Patient ID3379 playing Game
Star Find 2 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.93: The comparison of computing scores of Patient 1D3430 playing Game
Space Ship 22 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.94: The comparison of computing scores of Patient ID3431 playing Game
Space Ship 26 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback—Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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Figure D.95: The comparison of computing scores of Patient 1D3462 playing Game
Star Find 23 times. The first column plots are the calculated rate of MRS and
MRS via Hellinger distance, and the middle column plots are the calculated rate of
MRS and MRS using Kullback-Leibler divergence. The plots in the 3rd column are
the rate of change of the points/scores provided by MIRA, and the points/scores
themselves.
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