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ARTICLE INFO ABSTRACT
Keywords: Let k,d be positive integers. We determine a sequence of constants that are asymptotic to the
Random geometric graph probability that the cluster at the origin in a d-dimensional Poisson Boolean model with balls of

Continuum percolation
Poisson approxima- tion
Stein’s method

Normal approximation

fixed radius is of order k, as the intensity becomes large. Using this, we determine the asymptotics
of the mean of the number of components of order k, denoted S, in a random geometric graph
on n uniformly distributed vertices in a smoothly bounded compact region of d-dimensional Eu-
clidean space, with distance parameter r(n) chosen so that the expected degree grows slowly as
n becomes large (the so-called mildly dense limiting regime). We also show that the variance of
S, is asymptotic to its mean, and prove Poisson and normal approximation results for .S, , in this
limiting regime. We provide analogous results for the corresponding Poisson process (i.e. with a
Poisson number of points).

We also give similar results in the so-called mildly sparse limiting regime where r(n) is chosen
so the expected degree decays slowly to zero as n becomes large.

1. Overview
1.1. Introduction and background

The Poisson blob model (PBM) of overlapping spheres centred on random points in space, also known as the Gilbert graph, is perhaps
the simplest model of random clustering in a continuous space. Cluster formation is governed entirely by spatial proximity of particles,
and their locations are governed by complete spatial randomness with no interactions, i.e. a homogeneous spatial Poisson process.
The random geometric graph (RGG) is obtained by restricting the PBM to a finite window, or in an alternate version, by specifying the
number of particles in the window.

In the present paper we investigate these models at high intensity, i.e. with a high density of particles relative to the range at which
connections form. For high densities, one expects most of the particles to lie in a single giant cluster, but the spatial randomness means
that from time to time smaller clusters may also be seen. We consider here clusters of fixed order k. We provide precise asymptotics
on the frequency of these clusters as the intensity increases, and moreover describe the fluctuations of the number of clusters in a
window that grows in size simultaneously with the growth of the intensity; the window needs to be large enough to observe clusters
of order k. We also describe the limiting internal spatial distribution of the k-clusters (suitably rescaled) at high intensity, and show
it is governed by an interesting energy functional defined on configurations of k points.

Formally, the RGG based on a random sample X of points in R¢ (with d € N) is the graph G(X, r) with vertex set X and with
an edge between each pair of points distant at most r apart, in the Euclidean metric, for a specified distance parameter r > 0. Such
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\begin {align}\left | g_r(\bz ) - \int _{\partial B_1} \max _{i \in [k]} \{ \|z_i\| (\cos \alpha (x,z_i))^+ \} \sigma (dx) \right | \leq c_4 r \lvvvert \bz \rvvvert ^2. \label {e:gz1}\end {align}


$\max _i \|z_i\| (\cos \alpha (x,z_i))^+$


$x$


$D(\bz )$


$g(\bz )$


$\Pr [|\cC (\la )|=1] = e^{-\lambda \theta }$


$\alpha _1=1$


$k=0$


$k \geq 1$


$h_r(\cdot )$


$B_r(\cdot )$


$V(\cdot )$


\begin {align}p_{k+1}(\la ) = \frac {\la ^{k}}{k!} \int _{\R ^d} \cdots \int _{\R ^d} h_1((o,x_1,\ldots ,x_k)) \exp (- \la V((o,x_1,\ldots ,x_k))) dx_k \cdots dx_1. \label {e:pk}\end {align}


$V((o,x_1,\ldots ,x_k)) = V'((x_1,\ldots ,x_k)) + \theta $


\begin {align}p_{k+1}(\lambda ) & = \frac {\lambda ^k e^{-\la \theta }}{k!} \int _{(\R ^d)^k } h_1(o,\bx ) \exp (- \la V'(\bx )) d\bx \nonumber \\ & = \frac {\lambda ^{k-kd} e^{-\lambda \theta }}{k!} \int _{(\R ^d)^k} h_1((o,\lambda ^{-1}\bz )) \exp (-\lambda V'(\lambda ^{-1} \bz )) d\bz . \label {0827a}\end {align}


$\lvvvert \bz \rvvvert \leq \la /2$


$h_1((o,\la ^{-1}\bz )) = h_\la ((o,\bz ))=1$


$\lvvvert \bz \rvvvert > k \la $


$h_\la ((o,\bz ))=0$


$\la \geq 4$


$\la ^{1/2} \leq \la /2$


$g_r(\bz ):= r^{-1}V'(r\bz )$


\begin {align}k!| \lambda ^{k(d-1)} e^{\lambda \theta } p_{k+1}(\la ) - \alpha _{k+1}| \leq \int _{(B_{\sqrt {\la }})^k} |e^{- g_{1/\la }(\bz )} - e^{- g (\bz )}| d\bz \nonumber \\ + \int _{(B_{\la k})^k \setminus (B_{\sqrt {\la }})^k} \exp (- g_{1/\la }(\bz ) ) d\bz + \int _{(\R ^d)^k \setminus (B_{\sqrt {\la }})^k} e^{-g(\bz )}d\bz . \label {0915a}\end {align}


$c = c(d)>0$


$g_r(\bz ) \geq c \lvvvert \bz \rvvvert $


$r>0$


$\bz \in (\R ^d)^k$


$\lvvvert r \bz \rvvvert \leq k$


$g_{1/\lambda }(\bz ) \geq c \lvvvert \bz \rvvvert $


$\lvvvert \bz \rvvvert \leq k \la $


$\lvvvert \bz \rvvvert > k\la $


$h_1((o,\la ^{-1} \bz ))=0$


$g(\bz ) = \lim _{r \downarrow 0} g_r(\bz ) \geq c \lvvvert \bz \rvvvert $


$\bz \in (\R ^d)^k$


$\int _{(B_{\la k})^k \setminus (B_{\sqrt {\la }})^k} \exp (-c \lvvvert \bz \rvvvert )d\bz ,$


$\theta ^k (\lambda k)^{dk} \exp (-c \la ^{1/2})$


$\int _{(\R ^d)^k \setminus (B_{\la ^{1/2}}(o))^k} e^{-c\lvvvert \bz \rvvvert }$


$O(\exp (-c' \la ^{1/2}))$


$\la \to \infty $


$c' >0$


$e^{-g(\bz )} |e^{g(\bz )- g_{1/\la }(\bz )} -1|$


$c'',c'''$


$\la $


$\bz \in (B_{\sqrt {\la }})^k$


$|g(\bz ) - g_{1/\la }(\bz )| \leq c'' \la ^{-1}\lvvvert \bz \rvvvert ^2$


$|e^{g(\bz )- g_{1/\la }(\bz )} -1 | \leq c''' \la ^{-1} \lvvvert \bz \rvvvert ^2$


\begin {equation*}c''' \la ^{-1} \int _{(\R ^d)^k} e^{-g(\bz )} \lvvvert \bz \rvvvert ^2 d\bz ,\end {equation*}


$g(\bz )\geq c\lvvvert \bz \rvvvert $


$\bz $


$f:(\R ^d)^k \to \R $


$\bY _{\la }:= (Y_{1,\la },\ldots ,Y_{k,\la })$


$\EE [f(\lambda \bY _{\la }) |\{ | \cC (\la ) | = k+1\}] \to \EE [f(V_1,\ldots ,V_k)]$


$(x_1,\ldots ,x_k) \in (\R ^d)^k$


$f^*((x_1,\ldots ,x_k)):= f((x_{(1)},\ldots ,x_{(k)}))$


$x_{(1)},\ldots ,x_{(k)}$


$\{x_1,\ldots ,x_k\}$


$f^*$


$(x_1,\ldots ,x_k)$


\begin {align*}\E [ f(\lambda \bY _{\la }) \1\{|\cC (\la )|=k+1\} ] & = \frac {\lambda ^k}{k!} \int _{(\R ^d)^k} f^*(\lambda \bx ) h_1((o,\bx )) \exp (-\lambda V((o,\bx ))) d\bx \\ & = \frac {e^{-\lambda \theta } \lambda ^{k(1-d)} }{k!} \int _{(\R ^d)^k} f^*(\bz ) h_1((o,\lambda ^{-1} \bz )) \exp (-g_{1/\lambda } (\bz )) d\bz .\end {align*}


$\Pr [|\cC (\la )|=k+1]$


$\la \to \infty $


$f^*(\bz ) e^{- g(\bz )}$


$\bz $


\begin {align*}\lim _{\la \to \infty } \E [f(\la \bY _\la )|\{|\cC (\la )|=k+1 \}] & = (k!\alpha _{k+1})^{-1} \int _{(\R ^d)^k} f^*(\bz ) \exp (-g(\bz )) d\bz \\ & = \EE [f^*((U_1,\ldots ,U_k))],\end {align*}


$f((V_1,\ldots ,V_k))=f^*((U_1,\ldots ,U_k))$


$A \subset \R ^d$


$\vol (A) >0$


$d \geq 2$


$A$


$C^{1,1}$


$x \in \partial A$


$U$


$x$


$\phi $


$\R ^{d-1}$


$\partial A \cap U$


$\phi $


$d=1$


$A$


$(X_1,X_2,\ldots )$


$d$


$\nu $


$f$


$A$


$0< f_0 \leq \fmax <\infty $


$\X _n:= \{X_1,\ldots ,X_n\}$


$\Po _{n}:= \{X_1,\ldots ,\X _{Z_n}\}$


$Z_n$


$n$


$n$


$\X _n$


$\Po _n$


$A$


$\E [\Po _n(dx)]= n f(x)dx$


$f = f_0 \1_A$


$f_0= 1/\vol (A)$


$n>0$


$r=r_n= r(n)>0$


\begin {align}\lim _{n \to \infty } nr_n^d = \infty ; ~~~~~~~~~~~~ \limsup _{n \to \infty } n \theta r_n^d/(\log n) < \frac {1}{\max (f_0, d (f_0 - f_1/2) ) }. \label {e:supcri3}\end {align}


$k \in \N $


$S'_{n,k}$


$G(\Po _n,r)$


$k$


$n$


$I_{n,k} := \E [S'_{n,k}]$


$h_r(\cdot )$


$B_r(\cdot )$


\begin {align}\label {e:def_Snk} S'_{n,k} = \sum _{\ph \subset \Po _n, |\ph |=k} h_r(\ph ) \1\{ (\Po _n\setminus \ph ) \cap B_r(\ph ) = \emptyset \}.\end {align}


$f_0^+$


$f_0^+ >f_0$


$I_{n,k} \to \infty $


$n \to \infty $


$f_0 < \alpha < \alpha ' < f_0^+$


$f_0$


$f$


$A$


$x_0 \in A^o$


$f(x_0) < \alpha $


$f$


$x_0$


$r_0 >0$


$B(x_0,2r_0) \subset A$


$f(y) \leq \alpha $


$y \in B(x_0,2r_0)$


$\eps \in (0,1/2)$


$\alpha (1+\eps )^d < \alpha '$


$2r \leq r_0$


$\bx =(x_1,\ldots ,x_k) \in A^k$


$x_1 \in B(x_0,r_0)$


$\{x_1,\ldots ,x_k\} \subset B(x_1,\eps r)$


$B_r(\bx ) \subset B_{r(1+\eps )}(x_1)$


$\nu (B_r (\bx )) \leq \alpha \theta (1+ \eps )^d r^d < \alpha ' \theta r^d$


$h_r(\bx )=1$


$n$


\begin {align*}I_{n,k} & \geq \frac {n^k}{k!} \int _{B(x_0,r_0)} \int _{B(x_1,\eps r)^{k-1}} \exp (-n \alpha ' \theta r^d) \nu ^{k-1} (d(x_2,\ldots ,x_k)) \nu (dx_1) \\ & \geq n (f_0^k \theta ^k r_0^d/k!) (n (\eps r)^d)^{k-1} \exp (- n \alpha ' \theta r^d),\end {align*}


$(ne^{-n\theta f_0^+r^d})/I_{n,k}$


$\limsup _{n \to \infty } ((\theta f_0 n r_n^d)/\log n) <1$


$I_{n,k} \to \infty $


$n \to \infty $


$\E [S_{n,k}]$


$k$


$c>0$


$\bx \in A^k$


$p= \nu (B_r(\bx ))$


\begin {align*}|e^{-np} - (1-p)^{n-k}| \leq e^{-np}|1- (e^p (1-p))^n| + (1-p)^{n-k}|(1-p)^k -1|.\end {align*}


$e^p(1-p) \leq e^p e^{-p} = 1$


$e^p(1-p) \geq (1+p)(1-p) = 1-p^2$


\begin {equation*}0 \leq e^{-np}(1- (e^p (1-p))^n) \leq e^{-np}(1- (1- p^2)^n) \leq np^2 e^{-np}.\end {equation*}


$1-(1-p)^k = O(r^d)$


$|e^{-np}-(1-p)^{n-k}|=O(nr^{2d})$


$\bx \in A^k$


$\int _{A^k} h_r(\bx ) \nu ^k(d\bx ) = O(r^{d(k-1)})$


\begin {align*}\binom {n}{k} \int _{A^k}h_r(\bx ) |e^{-n \nu (B_r(\bx ))}- (1- \nu (B_r(\bx )))^{n-k}| \nu ^k(d\bx ) = O(n^k r^{d(k-1)}(nr^{2d})),\end {align*}


$O((\log n)^{k+1} )$


$\delta >0$


$I_{n,k} = \Omega (n^{2 \delta })$


$c>0$


$(\log n)^{k+1}/I_{n,k} = O(n^{-\delta }) = O(e^{-c nr^d})$


$O(e^{-c n r^d}I_n)$


$c>0$


\begin {align*}\left | \frac {n^k}{k!} - \binom {n}{k} \right | \int _{A^k} h_r(\bx ) e^{-n \nu (B_r(\bx ))} \nu ^k(d \bx ) = O(n^{-1} I_{n,k}),\end {align*}


$O(e^{-c nr^d} I_{n,k})$


$c>0$


$|\E [S_{n,k}] - I_{n,k}| = O( e^{-cnr^d}I_{n,k})$


$c>0$


$I_{n,k}$


$I_{n,k}$


$k \in \N $


$z \in \partial A$


$\hat n_z$


$\partial A$


$z$


$A$


$\tau \geq 0$


$\tau $


$A$


$x \in \partial A$


$B(x+ \tau \hat n_x , \tau ) \subset A$


$B(x -\tau \hat n_x, \tau ) \cap A = \{x\}$


$\tau (A)$


$\tau $


$A$


$\tau (A) >0$


$\tau >0$


$\tau $


$A$


$0 < \tau < \tau '$


$\tau '$


$A$


$\tau $


$x \in \R ^d$


$\dist (x ,\partial A) < \tau (A)$


$x$


$\partial A$


$\kappa (\partial A,r)$


$r$


$\partial A$


$s \downarrow 0$


$\limsup (s^{-1}\vol (A \setminus A^{(s)})) < \infty $


$d=1$


$A$


$d \geq 2$


$x \in \partial A$


$x$


$V$


$x$


$(\partial A) \cap V$


$\{(u,\phi (u)): u \in U\}$


$U$


$\R ^{d-1}$


$\phi : U\to \R $


$\limsup _{s \downarrow 0} s^{d-1} \kappa ((\partial A) \cap V,s) < \infty $


$x=o$


$\nabla \phi (x) =0$


$\phi $


$V$


$U = B(o,\delta )$


$\delta >0$


$|\langle \nabla \phi (u) ,e\rangle | \leq 1$


$u \in U$


$e \in \R ^{d-1}$


$u,v \in U$


$w \in [u,v]$


\begin {equation*}|\phi (v) -\phi (u)| = | \langle v-u, \nabla \phi (w) \rangle | \leq \|v-u\|.\end {equation*}


$s >0$


$U$


$(d-1)$


$B_1,\ldots ,B_{m(s)}$


$s/2$


$U$


$B_i$


$u_i$


$i$


$m(s) = O(s^{1-d})$


$s \downarrow 0$


$i \leq m(s)$


$v \in B_i$


\begin {equation*}\|(v,\phi (v) ) - (u_i,\phi (u_i)) \| \leq \|v-u_i\| + \|\phi (v) -\phi (u_i)\| \leq (s/2) + (s/2) =s.\end {equation*}


$B((u_i,\phi (u_i)),s)$


$1 \leq i \leq m(i)$


$\partial A \cap V$


$0 < s < \tau (A)$


$x \in A \setminus A^{(s)}$


\begin {equation*}\left | \vol ( A \cap B_s(x) ) - ((\theta _d/2) + h(\dist (x,\partial A)/s))s^d \right | \leq \frac {2 \theta _{d-1} s^{d+1}}{\tau (A)},\end {equation*}


$h(a):= \vol (B_1(o) \cap ([0,a] \times \R ^{d-1})).$


$h(a) \geq 0$


\begin {equation*}s^{-d}\vol (A \cap B_s(x)) \geq (\theta _d/2) - 2 \theta _{d-1} s/\tau (A),\end {equation*}


$s>0$


$\kappa _s:= \kappa (\partial A,s)$


$\kappa _s$


$x_1,\ldots ,x_{\kappa _s} \in \R ^d$


$\partial A \subset \cup _{i=1}^{\kappa _s} B(x_i,s)$


$A \setminus A^{(s)} \subset \cup _{i=1}^{\kappa _s} B(x_i,2s)$


$\kappa _s = O(s^{1-d})$


$s \downarrow 0$


\begin {equation*}\vol (A \setminus A^{(s)} ) \leq \sum _{i=1}^{\kappa _s} \vol (B(x_i,2s)) = O( s),\end {equation*}


$\nu $


$A$


$I_{n,k} = \E [S'_{n,k}]$


$\Po _n^x$


$\Po _n \cup \{x\}$


\begin {align}I_{n,k} = \frac {n}{k} \int _A \Pr [|\cC _{r}(x,\Po _n^x)| =k] f_0 dx, \label {e:Ink}\end {align}


$V_r(\bx ):= \vol ( B_r(\bx ))$


$\bx \in (\R ^d)^k$


$x \in A^{(kr)}$


\begin {equation*}\Pr [|\cC _{r}(x,\Po _n^x) |=k ] = \frac {(nf_0)^{k-1}}{(k-1)!} \int _{(\R ^d)^{k-1}} h_r((x,\bx )) \exp (-n f_0 V_r((x,\bx ))) d \bx ,\end {equation*}


$x \in A^{(kr)}$


$h_r((x,\bx )) =1$


$B_r((x,\bx )) \subset A$


$x \in A^{(kr)}$


$h_r(o,\bx )$


$h_r((o,\bx ))$


$V_r(o,\bx )$


$V_r((o,\bx ))$


\begin {align*}\Pr [|\cC _{r}(x,\Po _n^x)| =k ] & = \frac {(nf_0)^{k-1}}{(k-1)!} \int _{(\R ^d)^{k-1}} h_r(o,\bx ) \exp (-n f_0 V_r(o,\bx )) d \bx \\ & = \frac {(nf_0 r^d)^{k-1}}{(k-1)!} \int _{(\R ^d)^{k-1}} h_r(o,r\by ) \exp (-n f_0 V_r(o,r \by )) d \by \\ & = \frac {(nf_0 r^d)^{k-1}}{(k-1)!} \int _{(\R ^d)^{k-1}} h_1(o,\by ) \exp (-n f_0 r^d V_1(o, \by )) d \by \end {align*}


$p_{k}(f_0n r^d)$


$n \to \infty $


\begin {align}\int _{A^{(kr)}} \Pr [|\cC _{r}(x,\Po _n^x)|=k] f_0 dx = (1+O(r)) \alpha _k (f_0nr^d)^{(1-k)(d-1)} e^{-\theta f_0 n r^d } (1+ O((nr^d)^{-1})). \label {0802b}\end {align}


$x \in A \setminus A^{(kr)}$


$f_0^- \in (0,f_0)$


$n$


$x \in A$


$\nu (B_r(x)) \geq \theta f_0^- r^d/2$


$n$


$x \in A$


\begin {equation*}\Pr [|\cC _r(x,\Po _n^x)| =k] \leq \frac {(n f_0)^{k-1}}{(k-1)!} \int _{A^{k-1}} h_r(x,\bx ) \exp (-n \theta f_0^- r^d/2) d\bx ,\end {equation*}


$O((nr^d)^{k-1} \exp (-n \theta f_0^- r^d/2))$


$x \in A$


\begin {equation*}\int _{A \setminus A^{(kr)}} \Pr [|\cC _{r}(x,\Po _n^x)|=k] f_0 dx = O(r (nr^d)^{k-1} \exp (-n \theta f_0^- r^d/2) ),\end {equation*}


$f_0^-$


$f_0$


$f_0=f_1$


$\limsup _{n \to \infty } (n \theta f_0 r_n^d/\log n) < 2/d$


$I_{n,k}$


$I_{n,k} \approx n \exp (-n \theta f_0 r_n^d)$


$I_{n,k}$


$k \in \N $


$f_0^+ > f_0$


$n$


$I_{n,k} \geq n \exp (-n \theta f_0^+ r^d)$


$\log (I_{n,k}/n) \geq - n \theta f_0^+ r^d$


\begin {equation*}\liminf _{n \to \infty } \left ( (n r^d)^{-1} \log (I_{n,k}/n) \right ) \geq - \theta f_0.\end {equation*}


$\nu (B_r(x) ) \geq \theta f_0 r^d$


$x \in A^{(r)}$


$f_1^- < f_1$


$n$


$\nu (B_r(x)) \geq (\theta /2) f_1^- r^d$


$x\in A$


\begin {align}I_{n,k} \leq & n \nu (A^{(r)}) (n \fmax \theta ((k-1)r)^d)^{k-1} \exp (-n \theta f_0 r^d) \nonumber \\ & + O(nr (nr^d)^{k-1} \exp (-n (\theta /2) f_1^- r^d) ). \label {e:Ilb}\end {align}


$r \exp (n \theta r^d(f_0 - f^-_1/2))$


$f_1^-$


$f_1$


\begin {equation*}\limsup _{n \to \infty } \left ( (n r^d)^{-1} \log (I_{n,k}/n) \right ) \leq - \theta f_0,\end {equation*}


$k$


$S_{n,k}$


$S'_{n,k}$


$S_{n,k}$


$S'_{n,k}$


$k\in \NN $


$c >0$


$n \to \infty $


\begin {align*}\Var [S'_{n,k}]= \EE [S'_{n,k}](1+O(e^{-cnr^d})) = I_{n,k} (1+O(e^{-cnr^d})).\end {align*}


$S'_{n,k}(S'_{n,k}-1)$


$k$


$G(\Po _n,r)$


$h(\cdot ):= h_r(\cdot )$


$S'_{n,k}(S'_{n,k}-1)$


\begin {align*}\sum _{\ph , \psi \subset \Po _n, |\ph |=|\psi |=k} h(\ph )h(\psi )\1\{ (\Po _n\setminus \ph \setminus \psi ) \cap B_r (\ph \cup \psi )=\emptyset , \dist (\ph ,\psi ) > r \}.\end {align*}


$k$


$\psi , \ph $


$\Po _n$


$r$


$k$


$\psi $


$\ph $


$|\psi \cup \ph |>k$


$\EE [(S'_{n,k})^2]-\EE [S'_{n,k}]$


\begin {align*}\frac {n^{2k}}{k!k!} \int _{A^{k}} \int _{A^k} h(\bx )h(\by ) \exp (-n \nu (B_r(\bx ,\by ))) \1\{\dist (\bx ,\by ) > r\} \nu ^k(d\by ) \nu ^k( d\bx ),\end {align*}


$B_r(\bx ,\by ):= B_r(\bx ) \cup B_r(\by )$


\begin {align*}\EE [S'_{n,k}]^2 = \frac {n^{2k}}{k!k!} \int _{A^{k}} \int _{A^k} h(\bx )h(\by ) \exp (-n[ \nu (B_r(\bx )) + \nu (B_r(\by ))]) \nu ^k(d\by ) \nu ^k(d\bx ),\end {align*}


$\nu (B_r(\bx ,\by )) = \nu (B_r(\bx )) + \nu (B_r(\by ))$


$\dist (\bx ,\by ) > 2r$


$|\Var [S'_{n,k}]-\EE [S'_{n,k}]|\le J_{1,n}+J_{2,n}$


\begin {align}J_{1,n}&:=\frac {n^{2k}}{k!k!} \int _{A^{k}} \int _{A^k} h(\bx )h(\by ) \exp (-n \nu (B_r(\bx ,\by ))) \1\{\dist (\bx ,\by )\in (r,2r] \} \nu ^{k}(d\by ) \nu ^{k}(d\bx ); \label {e:J1def} \\ J_{2,n}&:= \frac {n^{2k}}{k!k!} \int _{A^{2k}} h(\bx )h(\by ) \exp (-n[\nu (B_r(\bx ))+\nu (B_r(\by ))]) \1\{\dist (\bx ,\by ) \leq 2r \} \nu ^{2k}(d(\bx , \by )). \label {e:J2def}\end {align}


$J_{1,n}$


$J_{2,n}$


$n_0 \in (0,\infty )$


$n \geq n_0$


$\by \in A^k$


$\nu (B_r(\by )) \geq (\theta /3) f_0 r^d$


$\bx \in A^k$


\begin {equation*}\frac {n^k}{k!} \int _{A^k} h(\by ) \exp (-n \nu (B_r(\by ))) \1\{\dist (\bx ,\by ) \leq 2r\} \nu ^k(d \by ) =O( (nr^d)^k \exp (-n (\theta /3) f_0 r^d)),\end {equation*}


$J_{2,n} = O( I_{n,k} (nr^d)^k\exp (-n f_0 (\theta /3) r^d))$


$O(I_{n,k} \exp (-n f_0 (\theta /4)r^d))$


$J_{1,n}$


$c>0$


$J_{1,n} = O(e^{-cnr^d}I_{n,k})$


$n \to \infty $


$\bx \prec \by $


$y \in \{y_1,\ldots ,y_k\}$


$\{x_1,\ldots ,x_k\}$


$y$


$\bx $


$\by $


$J_1$


$\bx $


$\by $


$J_1$


$\by $


$\bx \prec \by $


$\bx , \by \in (\R ^d)^k$


$h(\bx )=h(\by )=1$


$\dist (\by ,\bx )\in (r,2r]$


$\by \in (B_{2kr}(x_1))^k$


$\bx = (x_1,\ldots ,x_k)$


$\bx \in (A^{(9kr)})^k$


$\by \in (A^{(7kr)})^k$


$\bx \prec \by $


$r$


$\by $


$\nu ( B_r(\by ) \setminus B_r(\bx )) \geq (\theta f_0/2)r^d$


$B_r(\bx ,\by ) = B_r(\bx ) \cup (B_r(\by ) \setminus B_r(\bx ))$


\begin {align*}J_{1,n} \le \frac {2n^{k}}{k!} \int _{(A^{(9kr)})^k} h(\bx ) \exp (-n \nu (B_r(\bx ))) a(\bx ) \nu ^k(d\bx ) + z_n,\end {align*}


$z_n$


$\bx $


$\partial A$


$\bx , \by \in A^k$


$h(\bx )=h(\by )=1$


$r < \dist (\bx ,\by ) \leq 2r$


$\by \in ( B_{2kr}(x_1))^k$


\begin {align*}a(\bx ) \le \frac {(n\fmax )^k}{k!} e^{-(\theta f_0/2) nr^d} \theta ^{k} (2kr)^{kd} = O( (n r^d)^k e^{- (\theta f_0/2)nr^d}) = O( e^{- (\theta f_0/3)nr^d}),\end {align*}


$\bx \in A^k$


$J_{1,n} - z_n =O( e^{-(\theta f_0/3)n r^d} I_{n,k})$


$f_1^-< f_1$


$f|_A$


$n_1$


$n \geq n_1$


$\bx \in A^k \setminus (A^{(9r)})^k$


$\nu (B_r(\bx )) \geq n (\theta f_1^-/2) r^d$


$\bx = (x_1,\ldots ,x_k) \in A^k \setminus (A^{(9kr)})^k$


$x_1,\ldots ,x_k$


$A \setminus A^{(9kr)}$


$k$


$x_1$


$z_n/I_{n,k} = O( r \exp (n \theta r^d(f_0^+ -f_1^-/2)))$


$f_0^+ > f_0$


$\eps >0$


$f_0^+ >f_0$


$f_1^- < f_1$


$z_n/I_{n,k} =O(rn^{(1/d)-\eps })$


$O(e^{-c n r^d})$


$c>0$


$J_{1,n} = O(e^{-cnr^d}I_{n,k})$


$c >0$


$c>0$


$n \to \infty $


$\prec $


$\R ^d$


$S_{n,k}= \sum _{i=1}^n \xi _i$


\begin {align}\xi _i:= \1\{|\cC _r(X_i,\cX _n)|=k, X_i \prec y ~ \forall y \in \cC _r(X_i,\cX _n) \setminus \{X_i\}\}. \label {e:xidef}\end {align}


$\EE [S_{n,k}] = n \EE [\xi _1]$


$\EE [S_{n,k}^2]= n\EE [ \xi _1^2]+ n(n-1) \EE [\xi _1\xi _2],$


$\EE [S_{n,k}^2]= \EE [S_{n,k}]+ n(n-1) \EE [\xi _1\xi _2]$


$O(e^{-cnr^d}I_{n,k})$


$\bx = (x_1,\ldots ,x_k) \in (\R ^d)^k$


$h^*_r(\bx )$


$G(\{x_1,\ldots ,x_k\},r)$


$x_1 \prec x_i$


$i=2,\ldots ,k$


\begin {align}\EE [\xi _1]= \binom {n-1}{k-1} \int _{A^{k}} h^*_r(\bx ) (1- \nu (B_r(\bx )))^{n-k} \nu ^{k} (d \bx ). \label {e:Exi1}\end {align}


$\xi _1 = \xi _2 =1$


$\cC _r(X_2,\X _n) \cap B_r(\cC _r(X_1,\X _n) ) = \emptyset $


$1-t \leq e^{-t}$


$t \geq 0$


$B_r(\bx ,\by ):= B_r(\bx ) \cup B_r(\by )$


$n \EE [\xi _1 \xi _2]$


\begin {align}& n \binom {n-2}{k-1} \binom {n-1-k}{k-1} \int _{A^k} \int _{(A \setminus B_r(\bx ))^k } h_r^*(\bx ) h_r^*(\by ) (1- \nu (B_r(\bx ,\by )))^{n-2k} \nu ^{k}(d \by ) \nu ^{k}(d \bx ) \label {e:Exi1xi2} \\ & \leq \frac {2n^{2k-1}}{(k-1)!^2} \int _{A^k} \int _{(A \setminus B_r(\bx ))^k } h_r^*(\bx ) h_r^*(\by ) \exp (- n \nu (B_r(\bx ,\by )) ) \nu ^k(d\by ) \nu ^k(d\bx ), \label {0729d}\end {align}


$n$


$e^{2 k \nu (B_r(\bx , \by ))} \leq 2$


$\bx ,\by \in A^k$


$\alpha < \min (f_0,f_1/2)$


$n$


$\bx \in A^k$


$\by \in (A \setminus B_{2r}(\bx ))^k$


$\nu ( B_r(\bx ,\by )) \geq \nu (B_r(\bx )) + \theta \alpha r^d$


$(\bx ,\by )$


$h^*_r(\bx )h^*_r(\by ) e^{-n \nu (B_r(\bx ))} e^{-\alpha \theta n r^d}$


$\int _{A^k} h^*_r(\by )\nu ^k(d\by ) = O(r^{d(k-1)})$


$I_{n,k} = \frac {n^k}{(k-1)!} \int _{A^k} h^*_r(\bx ) e^{-n \nu (B_r(\bx ))} \nu ^k(d\bx )$


\begin {align*}n^{2k-1} \int _{A^k} \int _{(A \setminus B_{2r}(\bx ))^k } h_r^*(\bx ) h_r^*(\by ) e^{- n \nu (B_r(\bx ,\by )) } \nu ^k(d\by ) \nu ^k(d\bx ) = O( (nr^d)^{k-1} e^{-n\theta \alpha r^d} I_{n,k}).\end {align*}


$\by \in A^k \setminus (A \setminus B_{2r}(\bx ))^k$


$h_r^*(\by ) =1$


$\by \in (B_{2kr}(x_1) )^k$


$\int _{A^k \setminus (A \setminus B_{2r}(\bx ))^k} h_r^*(\by ) \nu ^k(d\by ) = O(r^{dk})$


$\nu (B_r(\bx ,\by )) \geq \nu (B_r(\bx ))$


\begin {align*}n^{2k-1} \int _{A^k} \int _{A^k \setminus (A \setminus B_{2r}(\bx ))^k } h_r^*(\bx ) h_r^*(\by ) e^{- n \nu (B_r(\bx ,\by )) } \nu ^k(d\by ) \nu ^k(d\bx ) = O( r^d (nr^d)^{k-1} I_{n,k}),\end {align*}


$O(e^{-cnr^d}I_{n,k})$


$c>0$


$O( e^{- c n r^d}I_{n,k})$


$c>0$


$n$


$\bx ,\by \in (\R ^d)^k$


$p_\bx = \nu (B_r(\bx ))$


$p_{\bx ,\by }:= \nu (B_r(\bx ,\by ))$


\begin {align}\EE [\xi _1 \xi _2] - \EE [\xi _1] \EE [\xi _2] = \int _{A^k} \int _{(A \setminus B_{2r}(\bx ))^k} \left [\binom {n-2}{k-1} \binom {n-1-k}{k-1} (1-p_\bx -p_\by )^{n-2k} \right . \nonumber \\ \left . - \binom {n-1}{k-1}^2 (1-p_\bx )^{n-k}(1-p_\by )^{n-k} \right ] h^*_r(\bx ) h^*_r(\by ) \nu ^k(d\by ) \nu ^k(d\bx ) \nonumber \\ + \binom {n-2}{k-1} \binom {n-1-k}{k-1} \int _{A^k} \int _{(A \setminus B_r(\bx ))^k \setminus (A \setminus B_{2r}(\bx ))^k } h^*_r(\bx ) h^*_r(\by ) (1-p_{\bx ,\by })^{n-2k} \nu ^k(d\by ) \nu ^k(d\bx ) \nonumber \\ - \binom {n-1}{k-1}^2 \int _{A^k} \int _{A^k \setminus (A \setminus B_{2r}(\bx ))^k } h^*_r(\bx ) h^*_r(\by ) (1-p_\bx )^{n-k}(1-p_\by )^{n-k} \nu ^k(d\by ) \nu ^k(d\bx ). \label {0729e}\end {align}


$p_\bx \leq k \fmax \theta r^d$


$\bx \in A^k$


$p$


$p_\bx $


$q$


$p_\by $


$n \to \infty $


$k$


\begin {equation*}\binom {n-1}{k-1}^2 \div \left [ \binom {n-2}{k-1} \binom {n-1-k}{k-1} \right ] = 1 + O(n^{-1}) ,\end {equation*}


\begin {align}& \binom {n-2}{k-1} \binom {n-1-k}{k-1} (1-p-q)^{n-2k} - \binom {n-1}{k-1}^2 (1- p -q+ pq)^{n-k} \nonumber \\ & = \binom {n-2}{k-1} \binom {n-1-k}{k-1} (1-p-q)^{n-k}\left [ (1-p-q)^{-k} - (1 +O(n^{-1})) \left ( 1 + \frac {pq}{1-p-q} \right )^{n-k} \right ] \nonumber \\ &\leq \frac {n^{2k-2}}{(k-1)!^2} \exp \left ( (n-k) \log (1-p-q) \right ) \times [ (n-k) pq + O(r^d) + O(n^{-1})] \nonumber \\ &\leq \frac {n^{2k-1}}{(k-1)!^2} e^{-np} (k \fmax \theta )^2r^{2d} e^{-nq}(1+ o(1)). \label {0730a}\end {align}


$n$


$\by \in A^k$


$q=p_\by \geq (f_0 \theta /3) r^d$


$h^*_r(\bx )h^*_r(\by )$


$\by \in (A \setminus B_{2r}(\bx ))^k$


$c'$


$n$


$I_{n,k} = \frac {n^k}{(k-1)!} \int e^{-n p_\bx } h^*_r(\bx ) \nu ^k (d\bx )$


$n^2$


$1-t \leq e^{-t}$


$n$


$n^2$


\begin {equation*}\frac {2 n^{2k}}{(k-1)!^2} \int _{A^k} \int _{(A \setminus B_r(\bx ))^k \setminus (A \setminus B_{2r}(\bx ))^k} h_r^*(\bx ) h_r^*(\by ) \exp (-n \nu (B_r(\bx ,\by ))) \nu ^k(d\bx ) \nu ^k(d\by ).\end {equation*}


$(\varphi ,\psi )$


$k$


$G(\Po _n,r)$


$\dist (\varphi ,\psi ) < 2r$


$2J_{1,n}$


$J_{1,n}$


$n^2$


$O(e^{-cnr^d} I_{n,k})$


$c>0$


$n$


$p_\by \geq f_0 (\theta /3) r^d$


$(1-p_\bx )^{-k}(1-p_\by )^{-k} \leq 2$


$\bx ,\by \in A$


\begin {align*}& n^{2 + 2(k-1)} \int _{A^k} \int _{A^k \setminus (A \setminus B_{2r}(\bx ))^k} h^*_r(\bx ) h^*_r(\by ) (1-p_\bx )^{n-k}(1-p_\by )^{n-k} \nu ^k(d\by ) \nu ^k(d \bx ) \\ & \leq c n^{2k} r^{dk} \int _{A^k} h^*_r(\bx ) e^{-np_\bx } e^{- (f_0 \theta /3) n r^d}\nu ^k(d\bx ) \\ & = I_{n,k} \times O((nr^d)^{k} e^{-f_0 ( \theta /3)nr^d}),\end {align*}


$O(I_{n,k} \exp (- (f_0 \theta /4) nr^d))$


$c>0$


$n^2$


$O( e^{-c nr^d} I_{n,k})$


$O( e^{-c nr^d} I_{n,k})$


$S_{n,k}$


$S'_{n,k}$


$(\xi _n)_{n\in \N }$


$C$


$\xi _n \tocc C$


$n \to \infty $


$\PP [|\xi _n-C|>\ep ]$


$n$


$\ep >0$


$S_{n,k}/I_{n,k} \tocc 1$


$S'_{n,k}/I_{n,k} \tocc 1$


$r=r_n$


$I_{n,k}$


$S_{n,k}$


$\log (S_{n,k}/n)$


$S_{n,k}$


$S'_{n,k}$


$r =r_n$


$\eps >0$


$\delta , n_2 \in (0,\infty )$


$n \geq n_2$


\begin {align}\Pr [ |(S_{n,k}/I_{n,k}) -1| > \eps ] \leq \exp (-n^{\delta }); \label {e:concB} \\ \Pr [ |(S'_{n,k}/I_{n,k}) -1| > \eps ] \leq \exp (-n^{\delta }). \label {e:concP}\end {align}


$n \to \infty $


$(S_{n,k}/I_{n,k}) \tocc 1,$


$S'_{n,k}$


$n \to \infty $


$\N $


$S'_{n,k}$


$S_{n,k}/I_{n,k} \toP 1$


$f_0=f_1$


$f_0^{-1} \min (2/d,1)$


$d \leq 3$


$d \geq 4$


$\EE [S'_{n,k}] = I_{n,k}$


$\ep >0$


$f_0^+> f_0$


$n$


\begin {align*}\PP [ |S'_{n,k} - I_{n,k}| \ge \ep I_{n,k}] \leq \Pr [|S'_{n,k}- \EE [S'_{n,k}]| \geq n e^{- f_0^+ \theta nr^d}].\end {align*}


$\RR ^d$


$r$


$k$


$c'$


$d$


$k$


$d$


$A$


$C_1,\ldots ,C_{m_n}$


$m_n = O(r^{-d})$


$n \to \infty $


$\ell \in [m_n]$


$\mathcal F_\ell $


$\Po _n\cap (\cup _{i=1}^\ell C_i)$


$D_i = \EE [S'_{n,k}|\mathcal F_i]-\EE [S'_{n,k}|\mathcal F_{i-1}]$


$i\in [m_n]$


$S'_{n,k}$


$S'_{n,k}-\EE [S'_{n,k}]=\sum _{i=1}^{m_n} D_i$


$|D_i|$


$C_i$


$\Po '_n$


$K_{k,r}(\X )$


$k$


$G(\X ,r)$


\begin {align*}D_i = \EE [K_{k,r}(\Po _n) - K_{k,r}((\Po '_n \cap C_i) \cup (\Po _n\setminus C_i)) |\mathcal F_i].\end {align*}


$|D_i|\le 2c'$


$i\in [m_n]$


$n$


\begin {align*}\PP [ |S'_{n,k} - \EE [S'_{n,k}]|\ge n e^{-nf_0^+\theta r^d} ] &\le 2\exp \left ( - \frac { n^2 e^{-2 nf_0^+\theta r^d} }{ 8 (c')^{2} m_n } \right ).\end {align*}


$f_0^+$


$\limsup _{n \to \infty } n \theta f_0^+ r^d/(\log n) < 1/2$


$\de >0$


$c>0$


$n$


$2 \exp (-c'' n^\delta )$


$S_{n,k}$


$c>0$


$\EE [S_{n,k}]= I_{n,k} (1+O(e^{-c n r^d})),$


$n$


\begin {align*}\PP [ |S_{n,k} - I_{n,k}| \ge \ep I_{n,k}] & \le \PP [ |S_{n,k}- \EE [S_{n,k}]| \ge \ep I_{n,k} /2] \\ & \leq \Pr [|S_{n,k}- \EE [S_{n,k}]| \geq n e^{- n f_0^+ \theta r^d}].\end {align*}


$\cF _\ell = \sigma (X_i: i\le \ell )$


$D_i = \EE [K_{k,r}(\cX _n) - K_{k,r}(\cX _{n+1}\setminus \{X_i\})|\cF _i]$


$(S_{n,k}/I_{n,k}) \tocc 1,$


$(S'_{n,k}/I_{n,k}) \tocc 1.$


$(S_{n,k}/I_{n,k}) \tocc 1$


$nr^d \to \infty $


$(nr^d)^{-1} \log (S_{n,k}/I_{n,k}) \tocc 0$


\begin {equation*}(n r^d)^{-1} \log (S_{n,k}/n) = (nr^d)^{-1} \log (S_{n,k}/I_{n,k}) + (n r^d)^{-1} \log (I_{n,k}/n) \tocc - \theta f_0,\end {equation*}


$S'_{n,k}$


$(S'_{n,k}/I_{n,k}) \tocc 1$


$k$


$S_{n,k}$


$S'_{n,k}$


$X,Y$


\begin {align*}\dk (X,Y) := \sup _{z\in \RR } |\PP [X\le z] - \PP [Y\le z]|.\end {align*}


\begin {align*}\dw (X,Y):= \sup _{h\in \mathrm {Lip}_1} |\EE [h(X)] - \EE [h(Y)]|,\end {align*}


$\mathrm {Lip}_1$


\begin {align*}\dtv (X,Y) := \sup _{A\in \mathcal B(\RR )} |\PP [X\in A] - \PP [Y\in A]|,\end {align*}


$\RR $


$X,Y$


$\Z $


$(1/2)\sum _{n \in \Z }| \Pr [X = n]- \Pr [Y =n]|$


$S_{n,k}$


$k$


$G(\cX _n,r)$


$S'_{n,k}$


$k$


$G(\Po _n, r)$


$\E [S'_{n,k}]= I_{n,k}$


$Z_t$


$t$


$\cN $


$k$


$r = r(n)$


$b:= \limsup _{n \to \infty } (n \theta r^d/\log n)$


$k\in \NN $


$c>0, n_3 > 0$


\begin {align}\dtv (S'_{n,k}, Z_{I_{n,k}}) \le e^{- c n r^d}, ~~~~~ \forall ~ n \geq n_3, \label {e:k_pois}\end {align}


$d \geq 2$


\begin {align}\dtv (S_{n,k}, Z_{\E [S_{n,k}]}) \le e^{- c n r^d}, ~~~~~ \forall ~ n \geq n_3. \label {e:k_bin}\end {align}


$d$


$\eps >0$


$n \to \infty $


\begin {align}\label {e:CLT_dk} \dk ( \Var [S'_{n,k}]^{-1/2}(S'_{n,k}-I_{n,k}), \cN ) =O(n^{\eps +(bf_0 - 1)/2})\end {align}


\begin {align}\dw ( \Var [S_{n,k}]^{-1/2}(S_{n,k}-\EE [S_{n,k}]), \cN ) = O(n^{\eps + (3bf_0 - 1)/2}). \label {e:CLTBi}\end {align}


$d \geq 2$


$c >0, n_4 > 0$


\begin {align}\dk ( \Var [S_{n,k}]^{-1/2}(S_{n,k}- \E [S_{n,k}]), \cN ) \leq e^{-cnr^d}, ~~~~~ \forall ~ n \geq n_4, \label {e:dKs}\end {align}


$S'_{n,k}$


$d \geq 1$


$S'_{n,k}$


$S_{n,k}$


$S'_{n,k}$


$b=0$


$e^{-cnr^d}$


$n^{-\eps }$


$\eps >0$


$b>0$


$c$


$b=0$


$n^\eps $


$b>0$


$S_{n,k}$


$S'_{n,k}$


$bf_0 \geq 1/3$


$S_{n,k}$


$d \geq 2$


$bf_0 < 2/d$


$f_0=f_1$


$S_{n,k}$


$\dw $


$\dk $


$\dw $


$\dk $


$\dw $


$x,y$


$x$


$y$


$\1\{\|y-x\| \leq r\}$


$S'_{n,k}$


$\bN (\R ^d)$


$\R ^d$


$\sigma $


${\cal S}(\R ^d)$


$\{\cX \in \bN (\R ^d): |\cX \cap B|= m\}$


$B \subset \R ^d$


$m \in \N \cup \{0\}$


$m \in \N $


$\bN _m(\R ^d):= \{\X \in \bN (\R ^d):|\X |=m\}$


$g$


$g$


$g: \bN _k(\R ^d) \times \mathbf {N}(\RR ^d)\to \{0,1\}$


\begin {align*}W:=F(\Po _n) := \sum _{\varphi \subset \Po _n, |\varphi |=k} g(\varphi , \Po _n\setminus \varphi ).\end {align*}


$n >0, k \in \N $


$\bx =(x_1,\ldots ,x_k)\in (\RR ^d)^k$


$p(\bx ):= \EE [g(\{x_1,\ldots ,x_k\},\Po _n)]$


$\mu = n \nu $


$\mu ^k$


$\bx $


$p(\bx )>0$


$U_\bx , V_\bx $


$\mathscr L(U_\bx ) = \mathscr L(W)$


$\mathscr L(1+ V_\bx ) = \mathscr L(F(\Po _n\cup \{x_1,\ldots ,x_k\})| g (\{x_1,\ldots ,x_k\},\Po _n)=1)$


$\E [|U_{\bx }- V_{\bx }|] \le w(\bx )$


$w: (\R ^d)^k \to [0,\infty )$


\begin {align}\dtv (W, Z_{\EE [W]}) \le \frac {\min (1, \EE [W]^{-1})}{k!}\int w(\bx ) p(\bx )\mu ^k(d\bx ). \label {0730b}\end {align}


$Z_t$


$t$


$k \in \N $


$c, n_5 >0$


\begin {equation*}\dtv (S'_{n,k}, Z_{I_{n,k}}) \leq e^{-c n r^d}, ~~~~~ \forall ~ n \geq n_5.\end {equation*}


\begin {equation*}g(\varphi ,\psi ):= h_r(\varphi )\1\{\psi \cap B_r(\varphi )= \emptyset \}.\end {equation*}


$\bx \in (\R ^d)^k$


$h_r(\bx )=1$


$(U_\bx ,V_\bx )$


$U_\bx := \sum _{\varphi \subset \Po _n, |\varphi | =k} g(\varphi , \Po _n \setminus \varphi )$


\begin {align*}V_\bx := \sum _{\ph \subset \Po _n\setminus B_r(\bx ), |\ph |=k} g(\ph , \Po _n\setminus B_r(\bx ) \setminus \ph ).\end {align*}


$\Po _n$


$\{ g(\bx ,\Po _n)=1\}$


$\Po _n\setminus B_r(\bx )$


$U_\bx -V_\bx $


$k$


$B_r(\bx )$


$k$


$G(\Po _n,r)$


$B_r(\bx )$


$k$


$k$


$\ph \subset \Po _n\setminus B_r(\bx )$


$g(\ph , \Po _n\setminus B_r(\bx ) \setminus \ph )=1$


$\Po _n (B_r(\bx )\cap B_r(\ph ) )\ge 1$


$k$


$B_r(\bx )$


$k$


$\xi _1(\bx )$


$k$


$G(\Po _n,r)$


$B_r(\bx )$


$\xi _2(\bx )$


$k$


$\ph $


$\Po _n\setminus B_r(\bx )$


$B_r(\ph )\cap B_r(\bx ) \neq \emptyset $


\begin {align}|U_\bx -V_\bx |\le \xi _1(\bx )+\xi _2(\bx ). \label {e:UVX1X2}\end {align}


$\EE [\xi _1(\bx )]$


$\EE [\xi _2(\bx )]$


\begin {equation*}\xi _1(\bx ) = \sum _{\ph \subset \Po _n: |\ph |=k, \ph \cap B_r(\bx ) \neq \emptyset } h_r(\varphi ) \1\{ (\Po _n \setminus \ph ) \cap B_r(\ph ) = \emptyset \},\end {equation*}


\begin {equation*}\E [ \xi _1(\bx ) ] = \frac {1}{k!} \int _{A^k \setminus (A \setminus B_r(\bx ))^k} h_r (\by ) e^{-n \nu (B_r(\by ))} (n \nu )^k(d\by ).\end {equation*}


$\by \in A^k \setminus (A \setminus B_r(\bx ))^k$


$h_r(\by )=1$


$\by \subset B_{kr}(\bx )^k$


$n$


$\nu (B_r(\by )) \geq f_0 (\theta /3) r^d$


$\by \in A^k$


$n$


$\bx $


\begin {equation*}\E [ \xi _1(\bx )] \leq \frac {n^k}{k!} (k \theta (kr)^d \fmax )^k e^{- f_0 (\theta /3) n r^d}.\end {equation*}


$p((x_1,\ldots ,x_k))= \EE [g(\{x_1,\ldots ,x_k\},\Po _n)]$


\begin {align}\int _{A^k} \EE [ \xi _1(\bx )] p(\bx ) (n \nu )^k(d\bx ) & \leq (\fmax \theta k^{d+1})^k(nr^d)^k e^{-(\theta /3)f_0nr^d} (\frac {n^k}{k!}) \int _{A^k} p(\bx ) \nu ^k(d\bx ) \nonumber \\ & = (\fmax \theta k^{d+1})^k (nr^d)^k e^{-(\theta /3)f_0nr^d} I_{n,k}. \label {0730c}\end {align}


$\gamma (\bx ,\by )= \1\{ r < \dist (\bx ,\by ) \leq 2r\}$


\begin {align*}\EE [\xi _2(\bx )] &= \frac {n^k}{k!} \int _{A^k} h_r(\by )\gamma (\bx ,\by ) e^{-n \nu (B_r(\by ) \setminus B_r(\bx ))} \nu ^k ( d\by ),\end {align*}


$B_r(\bx ,\by )$


$B_r(\bx ) \cup B_r(\by )$


\begin {align*}\int _{A^k} \EE [\xi _2(\bx )] p(\bx )(n \nu )^k (d\bx ) = \frac {n^{2k}}{k!} \int _{A^k} \int _{A^k} h_r(\bx ) h_r(\by ) \gamma (\bx ,\by ) e^{-n \nu (B_r(\bx ,\by ))} \nu ^k(d \by ) \nu ^k(d\bx ).\end {align*}


$k! J_{1,n}$


$O(e^{-c'nr^d}I_{n,k})$


$c' >0$


$c>0$


\begin {equation*}\int _{A^k} |U_{\bx } - V_{\bx }| p(\bx ) (n \nu )^k(d\bx ) = O( e^{- c n r^d} I_{n,k}).\end {equation*}


$g$


$W$


$S'_{n,k}$


$S_{n,k}$


$S_{n,k}$


$n \in \N $


$Y_1,\ldots ,Y_n$


$W:= \sum _{i=1}^n Y_i$


$p_i := \E [Y_i]$


$i \in [ n]$


$i \in [n]$


$U_i,V_i$


$\LL (U_i)= \LL (W)$


$\LL (1+V_i) = \LL (W|Y_i=1)$


\begin {equation*}\dtv (W, Z_{\EE [W]} ) \leq (\min (1,1/\EE [W]))\sum _{i=1}^n p_i \EE [ |U_i- V_i|].\end {equation*}


$d \geq 2$


$k \in \N $


$c >0$


$n_6 \in (0,\infty )$


\begin {equation*}\dtv (S_{n,k},Z_{\EE [S_{n,k}]})\le e^{- c n r^d}, ~~~~~ \forall ~ n \geq n_6.\end {equation*}


$S_{n,k}$


$Y_i$


$|\cC _r(X_i,\cX _n)| =k$


$X_i$


$\cC _r(X_i,\cX _n)$


$\xi _i$


$S_{n,k}= \sum _{i=1}^n Y_i$


$U_i$


$V_i$


$i \in [n]$


$\LL (U_i) = \LL (S_{n,k})$


$\LL (1+V_i)= \LL (S_{n,k}|Y_i=1)$


$\EE [|U_i-V_i|]$


$i=1$


\begin {equation*}\cE := \{Y_1=1\} \cap \{\cC _r(X_1,\X _n) = \{X_1,\ldots ,X_k\}\}.\end {equation*}


$(\tX _1,\ldots ,\tX _k)$


$(\R ^d)^k$


$\LL (\tX _1,\ldots ,\tX _k) = \LL ((X_1,\ldots ,X_k)|\cE )$


$(X_{i,j}, i \in [n], j \in \N )$


$\nu $


$(\tX _1,\ldots ,\tX _k)$


$\X _{n,1} := \{X_{1,1},\ldots ,X_{n,1}\}$


$k < i \leq n$


$J_i := \min \{j: X_{i,j} \notin \cup _{\ell =1}^k B_r(\tX _\ell ) \}$


$\tX _{i} := X_{i,J_i}$


$\X _{n,2}:= \{\tX _1,\ldots ,\tX _n\}$


$(\tX _1,\ldots ,\tX _k)$


$(X_1,\ldots ,X_k)$


$\cE $


$\X _{n,1}$


$\tX _1,\ldots ,\tX _k$


$i \in [n] \setminus [k]$


$X_{i,1} \notin \cup _{\ell =1}^k B_r(\tX _\ell )$


$\tX _i := X_{i,1}$


$\nu $


$\cup _{\ell =1}^k B_r(\tX _\ell )$


$\tX _i$


$(\tX _1,\dots ,\tX _k)$


$\tX _i$


$\nu $


$A \setminus \cup _{\ell =1}^k B_r(\tX _\ell )$


$U_1 := K_{k,r}(\cX _{n,1})$


$V_1 := K_{k,r}(\X _{n,2}) -1$


$(\tX _1,\ldots ,\tX _k)$


$(X_{1,1},\ldots ,X_{k,1})$


$k+1 \leq i \leq n$


$\tX _{i}$


$X_{i,1}$


$X_{i,1}$


$B_r((\tX _1,\ldots ,\tX _k))$


$\LL (U_1)= \LL (S_{n,k})$


$V_1$


$\LL (1+V_1)= \LL (S_{n,k}|Y_1=1)$


$Y_1=1$


$\cC _r(X_1,\cX _n)$


$k$


$X_1$


$\cC _r(X_1,\X _n)$


$X_2,\ldots ,X_k$


$\cX _n$


$\LL (\X _n|Y_1=1)= \LL (\X _n| \cE ).$


\begin {align}\LL ((\tX _1,\ldots ,\tX _n)) = \LL ((X_1,\ldots ,X_n)|\cE ). \label {e:condit}\end {align}


$\LL (\{\tX _1,\ldots ,\tX _n\}) = \LL (\X _n|\cE ) = \LL (\X _n|Y_1=1),$


$\LL (1+V_1) = \LL (K_{k,r}(\{\tX _1,\ldots ,\tX _n\})) = \LL ( S_{n,k}|Y_1=1)$


$\bx = (x_1,\ldots ,x_n) \in (\R ^d)^n$


$\bx _1^k := (x_1,\ldots ,x_k)$


$\bx _{k+1}^n := (x_{k+1},\ldots ,x_n)$


$g_r(\bx _1^k,\bx _{k+1}^n):= \prod _{\ell =k+1}^n \1\{x_\ell \notin B_r(\bx _1^k)\}$


$h_r^*$


\begin {align}\Pr [(X_1,\ldots ,X_n) \in d\bx ; \cE ] = h_r^*(\bx _1^k) g_r(\bx _1^k,\bx _{k+1}^n) \nu ^n(d\bx ), \label {e:0902a}\end {align}


$\Pr (\cE ) = \int _{A^n} h_r^*(\bx _1^k) g_r( \bx _1^k,\bx _{k+1}^n) \nu ^n(d \bx )$


$\bx _{1}^k \in (\R ^d)^k$


$I(\bx _1^k) : = \int _{(\R ^d)^{n-k}} g_r(\bx _1^k, \bx _{k+1}^n) \nu ^{n-k} (d\bx _{k+1}^n).$


\begin {align*}\Pr [(\tX _1,\ldots ,\tX _k) \in d\bx _1^k] & = \Pr [(X_1,\ldots ,X_k) \in d\bx _1^k | \cE ] = \frac { h^*_r(\bx _1^k) I(\bx _1^k) \nu ^{k} (d\bx _1^k) }{\int _{A^n} h_r^*(\bx _1^k) g_r(\bx _1^k,\bx _{k+1}^n) \nu ^n(d\bx ) }.\end {align*}


\begin {align*}\Pr [(\tX _1,\ldots ,\tX _n) \in d\bx ] &= \frac {g_r(\bx _1^k,\bx _{k+1}^n) \nu ^{n-k}(d\bx _{k+1}^n) }{ I(\bx _1^k) } \times \Pr [ (\tX _1,\ldots ,\tX _k) \in d\bx _1^k] \\ & = \frac { h^*_r(\bx _1^k) g_r(\bx _1^k,\bx _{k+1}^n) \nu ^n(d(\bx _1^k,\bx _{k+1}^n))} {\int _{A^n} h_r^*(\bx _1^k) g_r(\bx _1^k,\bx _{k+1}^n) \nu ^n(d \bx )} \\ & = \Pr [(X_1,\ldots ,X_n) \in d\bx | \cE ],\end {align*}


$\E [|U_1-V_1|]$


$\mathcal X_{n,2}=\{\tX _1,\ldots \tX _n\}$


$\X _{n,1}$


$X_{1,1},\ldots ,X_{k,1}$


$\tX _1,\ldots ,\tX _k$


$i \in [n] \setminus [k]$


$J_i >1$


$X_{i,1}$


$\tX _i$


$G(\X _{n,1},r)$


$G(\cX _{n,2},r)$


$\tcC $


$\{\tX _1,\ldots ,\tX _k\}$


$\tcC $


$G(\cX _{n,2},r)$


$|U_1-V_1|$


$N_i, 1 \leq i \leq 6$


$N_{1}$


$k$


$X_{1,1},\ldots ,X_{k,1}$


$N_2$


$k$


$r$


$X_{1,1},\ldots ,X_{k,1}$


$\tX _i$


$i>k, J_i>1$


$B_{2r}(\tcC )$


$X_{i,1}$


$1 \leq i \leq k$


$N_3$


$k$


$B_r(\tX _i)$


$i \in [n] \setminus [k]$


$J_i > 1$


$X_{i,1}$


$X_{i,1}$


$N_5$


$N_4$


$k$


$\tX _i$


$i >k$


$J_i >1$


$B_{2r}(\tcC )$


$\tX _i$


$i >k, J_i>1$


$N_5$


$k$


$B_r(\tcC )$


$B_r(\tcC )$


$N_6$


$k$


$B_{2r}(\tcC )$


$\tcC $


$B_r(\tcC )$


$\EE [N_i]$


$i \in [6]$


$\nu (B_s(x)) \geq (\theta /3)f_0s^d$


$s>0$


$x \in A$


$n$


\begin {align*}\EE [N_1] & \leq k \binom {n-1}{k-1} \int _{A^k} h_r(\bx ) (1- \nu (B_r(\bx )))^{n-k} \nu ^k(d \bx ) \\ & \leq 2 k n^{k-1} (\fmax \theta ((k-1)r)^d)^{k-1} \exp (-f_0 (\theta /3) n r^d),\end {align*}


$h_r(x,\bx )$


$h_r((x,\bx ))$


\begin {align*}\EE [N_2] & \leq k \binom {n-k}{k} \int _A \int _{A^{k}} h_r(x,\bx ) (1- \nu (B_r(\bx )))^{n-2k} \nu ^k(d \bx ) \nu (dx) \\ & \leq 2 n^{k} (\fmax \theta (kr)^d)^{k} \exp (-f_0 (\theta /3) n r^d).\end {align*}


$\Pr [J_i>1] \leq k \fmax \theta r^d$


$i >k$


$\X _{n,1} \setminus \{X_{i,1}\}$


$\{J_i >1\}$


$\tX _i$


\begin {align*}\EE [N_3] & \leq (n-k) (k \fmax \theta r^d) \binom {n-1}{k} \sup _{x \in A} \int _{A^{k}} h_r(x,\bx ) (1- \nu (B_r(\bx )))^{n-1-k} \nu ^{k}(d \bx ) \\ & \leq c (nr^d)^{k+1} \exp (- f_0 (\theta /3) n r^d).\end {align*}


$\Pr [J_i >1]$


$i \in [n] \setminus [k]$


$\X _{n,2} \setminus \{\tX _1,\ldots ,\tX _k,\tX _i\},$


$(\tX _1,\ldots ,\tX _k,\tX _i)$


$n-k-1$


$\nu $


$A \setminus \cup _{\ell =1}^k \tX _\ell $


\begin {align*}\EE [N_4] & \leq (n-k) (k \fmax \theta r^d) \binom {n-k-1}{k-1} \sup _{x \in A} \left \{ (2 \fmax \theta (kr)^d)^{k-1} (1- \nu (B_r(x)))^{n-2k} \right \} \\ & \leq c (n r^d)^k \exp (-f_0 (\theta /3) n r^d).\end {align*}


\begin {align*}\EE [N_5] & \leq n k \fmax \theta r^d \binom {n-1}{k-1} \sup _{x \in A} \int _{A^{k-1}} h_r(x,\bx ) (1- \nu (B_r(x,\bx )))^{n-k} \nu ^{k-1}(d\bx ) \\ & \leq c (nr^d)^{k} \exp (- f_0 (\theta /3) nr^d).\end {align*}


$\E [N_6]$


$N_1,\ldots ,N_5$


$\eps >0$


\begin {equation*}\E [ |U_1-V_1|] = O(\exp (- \eps n r^d)).\end {equation*}


$X_1,\ldots ,X_n$


$U_i, V_i$


$i \in [n]$


$\E [|U_i-V_i|]$


$\E [S_{n,k}] \to \infty $


$n \to \infty $


$W$


$S_{n,k}$


$n$


\begin {align*}\dtv (S_{n,k},Z_{\E [S_{n,k}]} ) & \leq (\E [S_{n,k}])^{-1} \sum _{i=1}^n \E [Y_i] \times O(\exp (-n \eps r^d)) = O(\exp (-n \eps r^d)),\end {align*}


$d \geq 2$


$N_6$


$k$


$G(\X _{n,2},r)$


$2r$


$\{\tX _1,\ldots ,\tX _k\}$


$\{\tX _1,\ldots ,\tX _k\}$


$c >0$


$\E [N_6] = O(\exp (-c nr^d))$


$n \to \infty $


$\EE [N_6]$


$\E [N_i], 1 \leq i \leq 5$


$k$


$k=12$


$d=2$


$\{\tX _1,\ldots ,\tX _k\}$


$r$


$k$


$\exp (-\Omega (nr^d))$


$\E [N_i]$


$r$


$\{\tX _1,\ldots ,\tX _k\}$


$\tX _1, \ldots ,\tX _k$


$\delta _1 >0$


$k$


$\delta _1 r$


$k$


$d=1$


$d \geq 2$


$d=1$


$A \subset \R ^d$


$\vol (A) >0$


$C^{1,1}$


$d \geq 2$


$\delta _1 >0$


$s>0$


$\delta _1 < 1/4$


$x \in A, y \in A^{(s)} \setminus B_s(x)$


$B_s(y) \setminus B_{(1+ \delta _1)s}(x)$


$s/4$


$A$


$\vol (B_s(y) \cap A \setminus B_{(1+\delta _1)s}(x)) \geq \theta (s/4)^d$


$\delta _2 = 0.01$


$\tau \in (0,\tau (A))$


$s \in (0, \delta _2 \tau ]$


$y \in A \setminus A^{(s)}$


$e(y)$


\begin {align}B^*(y;s, \delta _2, e(y)) \subset A, \label {e:halfball-}\end {align}


$B^*(y;s, \eta , e)$


$z \in B(x,r)$


$\langle (z-y) , e \rangle > \eta s$


$\langle \cdot ,\cdot \rangle $


$0 < s \leq \delta _2 \tau $


$y \in A \setminus A^{(s)}$


$w$


$\partial A$


$y$


$e= \hat n_w$


$A$


$y=o$


$e = e_d := (0, \ldots ,0,1)$


$d$


$u \in \R ^{d-1}$


$\|u\| < \tau $


\begin {equation*}\phi (u):= \sup \{a \in [-\tau ,\tau ]: (u,a) \notin A\}.\end {equation*}


$\phi (u) \leq \|u\|^2/\tau $


$z \in B^*(y,s,\delta _2,e)$


$\pi $


$d-1$


$s \leq \delta _2 \tau $


\begin {equation*}\langle z, e \rangle \geq \langle z-y,e \rangle \geq \delta _2~s \geq s^2/\tau \geq \phi (\pi (z))\end {equation*}


$z \in A$


$s < \delta _2 \tau $


$s \in (0,s_0)$


$y \in A \setminus A^{(s)}$


$e= e(y)$


$y=o$


$e = e_d$


$B_{\delta _2 s}(z)$


$B^*(y,s,\delta _2,e(y))$


$x \in A \setminus B_{s}(y)$


$x= -ue_1 + ve_d$


$u \geq 0$


$v \in \R $


$u^2+ v^2 \geq s^2$


$e_1 := (1,0,\ldots ,0)$


$\|s e_1 -x\| \geq \sqrt {2} s$


$z = (1-7 \delta _2)se_1 + 2 \delta _2s e_d$


$\|z-x\| \geq (\sqrt {2} - 9 \delta _2)s \geq (1+ 3 \delta _2) s$


$B_{\delta _2s}(z) \subset \R ^d \setminus B_{(1+ \delta _2)s}(x)$


$B_{\delta _2 s}(z)^o \subset B^*(y;s, \delta _2,e_d) \subset A$


$\delta _1 = \min (\delta _2,\theta \delta _2^d)$


$\delta _1 \in (0,1/2)$


$\bx = (x_1,\ldots ,x_k) \in (\R ^d)^k$


$x_1 \prec x_i$


$\|x_1 - x_i\| \leq \delta _1 r$


$2 \leq i \leq k$


$\prec $


$i \in [n] \setminus [k]$


$\X _{i,k,n} := \{\tX _{k+1},\ldots ,\tX _n\} \setminus \{\tX _i\}$


\begin {align*}N_6(\bx ):= \sum _{i=k+1}^n \1\{\tX _i \in B_{2r}(\bx ) \setminus B_r(\bx ), \X _{i,k,n} (B_r(\tX _i) \setminus B_{(1+ \delta _1)r}(x_1) ) < k \}.\end {align*}


$y=\tX _i$


$x = x_1$


$n$


\begin {align*}\E [N_6(\bx )] & \leq (n-k)2k \fmax \theta (2r)^d \Pr [\Bin ((n-k-1), f_0 \delta _1 r^d) \leq k-1 ] \\ & \leq \exp (- f_0 (\delta _1/2) n r^d).\end {align*}


$\MM $


$\{\tX _1,\ldots ,\tX _k\} \subset B_{\delta _1 r} (\tX _1)$


$\MM $


$N_6 \leq N_6((\tX _1,\ldots ,\tX _k))$


\begin {align}\E [N_6 |\MM ] \leq \exp (-f_0 (\delta _1/2) nr^d). \label {e:N7comp}\end {align}


\begin {align}\Pr [\MM ^c] & = \Pr [ \cup _{i=2}^k \{X_i \notin B_{\delta _1 r}(X_1) \} | \{h_r^*(X_1,\ldots ,X_k)=1\} \cap \cap _{\ell =k+1}^n \{X_\ell \notin \cup _{i=1}^kB_r(X_i) \} ] \nonumber \\ & = \frac { \int _{A} \Pr [ E_x] \nu (dx) }{\int _A \Pr [F_x] \nu (dx)} \label {e:PrMc}\end {align}


\begin {align*}F_x & := \{h_r^*(x,X_2,\ldots ,X_k) =1\} \cap \cap _{\ell =k+1}^n \{X_\ell \notin B_r((x,X_2,\ldots , X_k))\}; \\ E_x & := \{ \{X_2,\ldots ,X_k \} \setminus B_{\delta _1 r}(x) \neq \emptyset \} \cap F_x.\end {align*}


$b = \limsup _{n \to \infty } ( \theta nr^d/\log n)$


$b(f_0 -f_1/2) < 1/d$


$\delta _2 >0$


\begin {align}b(f_0-f_1/2) + b f_0 \delta _2 < 1/d, \label {e:de2}\end {align}


$y \in \R ^d \setminus B_{\delta _1}(o)$


$\vol (B_1(y) \setminus B_1(o)) \geq \delta _2 \theta $


$\delta _2 < 1/3$


$s >0$


$x \in A^{(3s)}, y \in A \setminus B_{\delta _1s}(x)$


$\vol (A \cap B_s(y) \setminus B_s(x) ) > \delta _2 \theta s^d$


$h_r^*(x,x_2,\ldots ,x_k)=0$


$x_2,\ldots ,x_k$


$B_{(k-1)r}(x)$


$n$


$x \in A^{(3r)}$


\begin {align*}\Pr [ E_x ] & \leq \int _{(B_{kr}(x))^{k-1} \setminus (B_{\delta _1r}(x))^{k-1}} (1- \nu (B_r(x,\bx )))^{n-k} \nu ^{k-1}(d\bx )\\ & \leq 2 \int _{(B_{kr}(x))^{k-1} \setminus (B_{\delta _1r}(x))^{k-1}} \exp (-n \nu (B_r(x,\bx ))) \nu ^{k-1}(d \bx ) \\ & \leq 2 \int _{(B_{kr}(x))^{k-1} \setminus (B_{\delta _1r}(x))^{k-1}} \exp (- n \nu (B_r(x)) - f_0 \theta \delta _2 n r^d) \nu ^{k-1} (d \bx ) \\ & \leq c r^{d(k-1)} \exp (-n \nu (B_r(x)) -f_0 \theta \delta _2 n r^d),\end {align*}


$c$


$x$


$\nu (B_r(x,\bx )) \geq \nu (B_r(\bx ))$


$x \in A \setminus A^{(3r)}$


$\Pr [E_x] \leq c r^{d(k-1)} e^{-n\nu (B_r(x))}.$


$A^{(3r)}$


$A \setminus A^{(3r)}$


$f_1^- < f_1$


$c$


$n$


\begin {align}r^{d(1-k)} \int _A \Pr [E_x] \nu (dx) \leq c \exp (- \theta (f_0 + f_0\delta _2) n r^d) + c r \exp (- \theta (f_1^-/2) n r^d). \label {e:intPE}\end {align}


$\delta _3 \in (0,\delta _1)$


$\eps >0$


$n$


$x \in A^{(2r)}$


$B_s^+(x)$


$B_s(x)$


\begin {align*}\Pr [F_x] & \geq \int _{(B^+_{\delta _3 r}(x))^{k-1}} (1- \nu (B_{(1+\delta _3)r}(x)))^{n-k} \nu ^{k-1}(d \bx ) \\ & \geq (f_0 (\theta /2) \delta _3^d r^d)^{k-1} \exp (-(1+ \eps )n \nu (B_{(1+\delta _3)r}(x))).\end {align*}


$\delta _3$


$\fmax ((1+\delta _3)^d-1) \leq f_0 \delta _2/4$


$\eps $


$2^d \eps \fmax < f_0 \delta _2/4$


\begin {align*}(1+ \eps ) \nu (B_{(1+\delta _3)r}(x)) & \leq \nu (B_r(x)) + \fmax \theta r^d((1+ \delta _3)^d - 1)) + \eps \fmax \theta (2r)^d \\ & \leq \nu (B_r(x)) + \theta r^d f_0 \delta _2/2,\end {align*}


$f_0^+ > f_0$


$c'>0$


$n$


$f$


$A$


\begin {align*}r^{d(1-k)} \int _A \Pr [F_x] \nu (dx) \geq c' \exp (- (f_0^+ + f_0 \delta _2/2) \theta nr^d).\end {align*}


$c''$


\begin {align*}\Pr [\MM ^c] & \leq c'' \exp [ (f_0^+ + f_0 \delta _2/2 - f_0 - f_0 \delta _2) \theta nr^d] + c'' r \exp [(f_0^+ + f_0 \delta _2/2 - f_1^{-}/2) \theta n r^d] \nonumber \\ & = c'' \exp [(f_0^+ - f_0 - f_0 \delta _2/2) \theta n r^d] + c'' r \exp [(f_0^+ + f_0 \delta _2/2 - f_1^-/2) \theta n r^d].\end {align*}


$f_0^+$


$f_0$


$f_1^-$


$f_1^-$


$O(\exp (- f_0 (\delta _2/4) \theta n r^d))$


$b:= \limsup _{n \to \infty } ((n\theta r^d)/\log n)$


$r n^{b(f_0- (f_1/2) + f_0 \delta _2 )}$


$O(\exp (-c nr^d))$


$c>0$


$N_6$


$d$


$k$


$c'$


\begin {align*}\EE [N_6] & = \EE [N_6|\MM ] \Pr [\MM ] + \EE [N_6|\MM ^c] \Pr [\MM ^c] \\ & \leq \exp (-\delta _1(f_0/2) n r^d) + c' \exp (-cn r^d),\end {align*}


$S'_{n,k}$


$m$


$X=(X_{\alpha }, \alpha \in {\cal V})$


${\cal V} \subset \Z ^d$


$m >0$


$X$


$m$


$A_1, A_2$


$\Z ^d$


$\min _{\alpha \in A_1, \beta \in A_2} \|\alpha -\beta \|_\infty >m$


$\sigma \{ X_{\alpha }, \alpha \in A_1 \}$


$\sigma \{ X_{\alpha }, \alpha \in A_2 \}$


$2 < q \leq 3$


${\cal V} \subset \Z ^d$


$(W_i, \ i \in {\cal V})$


$m$


$\EE [W_i]=0$


$i \in {\cal V}$


$W = \sum _{i \in {\cal V} } W_{i}.$


$\E [W^2] = 1$


$\E [|W_i |^q] < \infty $


$i \in {\cal V}$


\begin {align}\label {CS1} \dk (W,N(0,1)) \leq 75 (10\, m +1)^{(q - 1)d } \sum _{i \in {\cal V}} \EE [|W_i|^q].\end {align}


$S'_{n,k}$


$b= \limsup _{n \to \infty } n \theta r^d/(\log n)$


$\sigma = (\Var [S'_{n,k}])^{1/2}$


$\eps >0$


$n \to \infty $


\begin {align}\dk ( \sigma ^{-1}(S'_{n,k}-I_{n,k}),N(0,1)) = O(n^{\eps + (bf_0-1)/2 }). \label {e:SnPoCLTK}\end {align}


$f_0^-< f_0$


$f_0^+ > f_0$


$f_1^- < f_1^* < f_1$


$\delta \in (0,d^{-1/2})$


$f_0(1-2~d \delta )^d > f_0^-$


$f_1^* (1-2d \delta )^d > f_1^-$


$n$


$\R ^d$


$\delta r= \delta r(n)$


$\delta r \Z ^d$


$\Z ^d$


$z \in \Z ^d$


$C_z$


$\delta rz$


${\cal V} = \{z \in \Z ^d: C_z \cap A \neq \emptyset \}$


$|{\cal V}|= O(r^{-d})$


$n \to \infty $


$z \in {\cal V}$


$U_z$


$k$


$G(\Po _n,r)$


$C_z$


$p_z:= \EE [U_z]$


$W_z = \sigma ^{-1} (U_z - p_z)$


$\sum _{z \in {\cal V}}U_z = S'_{n,k}$


$\sum _{z \in {\cal V}} W_z = \sigma ^{-1} (S'_{n,k} - I_{n,k})$


$(W_z,z \in {\cal V})$


$m$


$m$


$n$


$q=3$


$c$


$n$


\begin {align}\dk (\sigma ^{-1}(S'_{n,k}-I_{n,k}),N(0,1)) \leq c \sum _{z \in \nu } \E [|W_z|^3] = c \sigma ^{-3} \sum _{z \in \nu } \E [|U_z - p_z|^3]. \label {e:0830a}\end {align}


$\delta < d^{-1/2}$


$\Po _n$


$G(\Po _n,r)$


$U_z$


$p_z$


$z \in \cV $


$\E [|U_z-p_z|^3] = p_z(1-p_z)^3 + (1-p_z)p_z^3 \leq p_z$


${\cal V}_1:= \{z \in \cV : \delta r z \in A^{(r)}\}$


$\cV _2:= \cV \setminus \cV _1$


$z \in \cV $


$\Po _n ( B_{r-d \delta r} ( \delta r z)) \geq k+1$


$U_z =0$


$c>0$


$z \in \cV _1$


\begin {equation*}p_z \leq \Pr [\Po _n ( B_{r-d \delta r}(\delta r z) ) \leq k] \leq c (nr^d)^k \exp (- f_0 \theta (1- d\delta )^d n r^d ),\end {equation*}


$c'$


$n$


$\cV _1$


\begin {equation*}c' r^{-d} \exp (-f_0 \theta (1-2d \delta )^d n r^d) I_{n,k}^{-3/2} \leq c' r^{-d} \exp (-f_0^- \theta n r^d) I_{n,k}^{-3/2},\end {equation*}


$n$


\begin {equation*}n^{-1/2} (nr^d)^{-1} \exp ( ((3/2)f_0^+ - f_0^- ) \theta n r^d).\end {equation*}


$b := \limsup _{n \to \infty } n \theta r^d/(\log n)$


$b < 1/f_0$


$\eps >0$


$f_0^+$


$f_0^-$


$f_0$


$n^{\eps +(bf_0 -1)/2 }$


$z \in \cV _2$


$z$


\begin {equation*}p_z \leq \Pr [\Po _n ( B_{r-d \delta r}(\delta r z) ) \leq k] \leq c (nr^d)^k \exp (- f_1^* (1- d\delta )^d (\theta /2) n r^d ).\end {equation*}


$|\cV _2| = O(r^{1-d})$


$\partial A$


$O(r^{1-d})$


$r$


$3r$


$O(r^{1-d})$


$\cV _2$


$\cV _2$


$c''$


$\cV _2$


$c'' r^{1-d} \exp (- f_1^- (\theta /2) n r^d) I_{n,k}^{-3/2},$


$\eps >0$


$n$


\begin {equation*}n^{-1/2} r (nr^d)^{-1} \exp ( ((3/2)f_0^+ - f_1^-/2) \theta nr^d) < n^{\eps -(1/2) - (1/d) + (b/2)(3f_0- f_1)}.\end {equation*}


$b(f_0-f_1/2) < 1/d$


$n$


$\eps - (1/2) + b f_0/2$


$\eps + (bf_0-1)/2$


${\cal V}_1$


$\bN (\R ^d)$


$F: \bN (\R ^d) \to \R $


$x \in \R $


$D_xF(\X ):= F(\X \cup \{x\} ) - F(\X )$


$\|DF\| := \sup _{x \in \R ^d,\X \in \bN (\R ^d)} |D_xF(\X )|$


$F$


$s \in (0,\infty )$


$s$


$F$


$D_xF(\X )$


$\X \cap B_s(x)$


$x \in \R ^d, \X \in \bN (\R ^d)$


$D_xF(\X ) = D_xF (\X \cap B_s(x))$


$x,\X $


$n \in \N $


$s \in (0,\infty )$


$F:\bN (\R ^d) \to \R $


$\|DF\| < \infty $


$\sigma := \sqrt {\Var [F(\X _n)]} \in (0,\infty )$


$s$


$F$


\begin {align}\dw \left ( \frac {F(\X _n) - \EE F(\X _n)}{\sigma },\cN \right ) \leq \frac { C n^{1/2}}{\sigma ^2} \|DF\|^2(\E [(\X _{n+4}(B_{s} (X_1)))^4])^{1/4} + \frac {4n}{ \sigma ^3} \|DF\|^3, \label {e:Chat}\end {align}


$C$


$G(\X _n,s)$


$F$


$G'$


$G(\X _{n+4},s)$


$\Delta _j f(X)$


$2\|DF\|$


$\bx = (x_1,\ldots ,x_n) \in (\R ^d)^n$


$\bx ' = (x'_1,\ldots ,x'_n) \in (\R ^d)^n$


$i,j \in \{1,\ldots ,n\}$


$i \neq j$


$\bx ^{i}= (x_1,\ldots ,x_{i-1},x'_i,x_{i+1},\ldots ,x_n)$


$\bx ^{ij}= (\bx ^{i})^j$


$\bx $


$\{x_1,\ldots ,x_n\}$


$\bx $


$\{x_1,\ldots ,x_n\}$


$\bx ^i$


$\bx ^{ij}$


$F(\bx ) - F(\bx ^j)$


$x_j, x'_j$


$\bx \cap B_s(x_j)$


$\bx \cap B_s(x'_j)$


$F(\bx ^i) - F(\bx ^{ij})$


$x_j, x'_j$


$\bx ^i \cap B_s(x_j)$


$\bx ^i \cap B_s(x'_j)$


$\|x_i-x_j\|$


$\|x'_i-x_j\|$


$\|x_i-x'_j\|$


$\|x'_i -x'_j\|$


$s$


$\bx \cap B_s(x_j) = \bx ^i \cap B_s(x_j)$


$\bx \cap B_s(x'_j) = \bx ^i \cap B_s(x'_j)$


$F(\bx )- F(\bx ^j)= F(\bx ^i)-F(\bx ^{ij})$


$G(\bx ,s)$


$F$


$\sigma = \sqrt {\Var [S_{n,k}]}$


$b:= \limsup _{n \to \infty } n\theta r^d/(\log n)$


\begin {align}\dw ( \sigma ^{-1}(S_{n,k}-\EE [S_{n,k}]),N(0,1)) & = O \left ( \frac {n}{\sigma ^3} \right ) \nonumber \\ & = O(n^{ \eps +(3b f_0 - 1)/2}). \label {e:SnBiCLTW}\end {align}


$n$


$F(\X ):= K_{k,r}(\X )$


$k$


$G(\X ,r)$


$r=r(n)$


$\|DF\|$


$n$


$x \in \R ^d$


$r >0$


$\X \subset \R ^d$


$G(\cX ,r)$


$B(x,r)$


$d$


$\X , x$


$r$


$\|DF\| \geq 1$


$\E [F(\X _n)] \sim I_{n,k}$


$\sigma ^2 \sim I_{n,k}$


$n \to \infty $


$s= (k+1)r$


$F$


$\X _{n+4}(B_{(k+1)r}(X_1))$


$1+\Bin (n+4,\fmax \theta ((k+1)r)^d)$


$\EE [ \X _{n+4} (B_{(k+1)r}(X_1))^4] \leq c (nr^d)^4$


$c$


$O(n^{-1/2}\sigma (nr^d)) = O(n^{-1/2} (nr^d)I_n^{1/2})$


$I_n^{1/2} = O( n^{1/2} (nr^d)^{(k-1)/2} e^{-c nr^d})$


$c>0$


$\dk (t^{-1/2}(Z_t-t),\cN )= O(t^{-1/2})$


$t \to \infty $


$\dk $


$\dk (X,Y) \leq \dtv (X,Y)$


$X,Y$


\begin {align}\dk ( (\E S_{n,k})^{-1/2}(S_{n,k}- \E S_{n,k}),\cN )\le \dtv (S_{n,k},Z_{\E S_{n,k}}) + O((\E S_{n,k})^{-1/2}). \label {e:PotoNbin}\end {align}


$O(e^{-cnr^d})$


$c>0$


$\E S_{n,k} = \Omega (n e^{- nf_0^+\theta r^d})$


$(\E S_{n,k})^{-1/2} = o(n^{\eps +(bf_0-1)/2})$


$bf_0 <1$


$\eps $


$c$


$O(e^{-cnr^d})$


$O(e^{-cnr^d})$


$c>0$


\begin {align*}\dk ((\Var S_{n,k})^{-1/2}(S_{n,k}- \E S_{n,k}), (\E S_{n,k}/\Var S_{n,k})^{1/2} \cN ) \\ = \dk ( (\E S_{n,k})^{-1/2} (S_{n,k} - \E S_{n,k}) ,\cN ) = O(e^{-cnr^d}).\end {align*}


$\sup _{t \in [-1/2,1/2] \setminus \{0\}} t^{-1} \dk ((1+t) \cN ,\cN ) < \infty $


$\dk $


$S'_{n,k}$


$d \geq 1$


$k \in \N $


\begin {align}\lim _{n \to \infty } nr_n^d = 0; ~~~~~~~~~~~~ \lim _{n \to \infty } n (nr_n^d)^{k-1} = \infty . \label {e:subcri}\end {align}


$S_{n,k}$


$n(n r^{d})^k \to 0$


$S_{n,k}$


$S'_{n,k}$


$\fmax < \infty $


$f$


$A$


$f$


$I_{n,k} := \E S'_{n,k}$


$\E [S_{n,k}] \sim I_{n,k}$


$n \to \infty $


$I_{n.k} \to \infty $


$n \to \infty $


$e^{-n \nu (B_r(\bx ))}$


\begin {equation*}\Var [S'_{n,k} ] = I_{n,k} (1+ O(nr^d)^k).\end {equation*}


$J_{1,n}$


$J_{2,n}$


$O(n^{2k}r^{d(2k-1)})$


$O( (nr^d)^kI_{n,k})$


$\E [ \xi _1(\bx )] = O((nr^d)^k)$


$\bx $


$\E [ \xi _2(\bx )] = O((nr^d)^k)$


$S_{n,k}$


$k \geq 2$


$k \geq 2$


$O(n^{2k-1}r^{d(2k-2)})$


$O(I_{n,k} (nr^d)^{k-1})$


$O(n^{-1})$


$O(n^{2k-3})$


$n^2$


$O(n^{2k-1} r^{d(2k-2)})= O((nr^d)^{k-1}I_{n,k})$


$n^2$


$O(n^{2k} r^{d(2k-1)})$


$O((nr^d)^{k} I_{n,k})$


$\Var S_{n,k} - \E S_{n,k} = O((nr^d)^{k-1}I_{n,k}) = O((nr^d)^{k-1} \E S_{n,k})$


$i \in [6]$


$\E [N_i] = O((nr^d)^j)$


$j = j(i) \in \{k-1,k,k+1\}$


$N_6$


$d \geq 2$


\begin {equation*}\dk ((\Var S_{n,k})^{-1/2}(S_{n,k}- \E S_{n,k}),\cN ) = O(\max ((nr^d)^{k-1}, (n (n r^d)^{k-1})^{-1/2})).\end {equation*}


\begin {equation*}\dk ((\Var S'_{n,k})^{-1/2}(S'_{n,k}- \E S'_{n,k}),\cN ) = O(\max ((nr^d)^{k}, (n (n r^d)^{k-1})^{-1/2})).\end {equation*}
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graphs are important in a variety of applications (see [1]), such as wireless communications (see [2]) and topological data analysis
(TDA) (see [3,4]).

The PBM is given by a union of balls of equal radius, say %, centred a homogeneous Poisson process H, of intensity 4 in R¢. The
clusters of the PBM correspond to those of the graph G(,, 1), which is often called the Gilbert graph. The terminology ‘Poisson blob
model’ is used in e.g. [5,6]. The PBM is a special case of the Poisson Boolean model with balls of fixed radius. This is a fundamental
model of spatial clustering and continuum percolation in stochastic geometry; see [7-12].

In this paper we consider, for fixed k € N, the number of components of order k (i.e., having k vertices) of the graph G(X,r), here
denoted K, .(X), where X is either a random sample of n points, denoted X,, uniformly distributed over a compact set A in R? with a
smooth (in fact, C!'') boundary or the corresponding Poisson process, denoted P,. In particular, we investigate asymptotic properties
of K, .(X,) and K, .(P,) for large n with r = r(n) specified and decaying to zero according to a certain limiting regime (see (1.1) and
(1.2) below). In the special case k = 1, K; (&) is the number of isolated vertices in G(X, r).

Some limiting regimes have been considered already. In the thermodynamic limiting regime with nr¢ held constant, K, .(X,) is
known to grow proportionately to n, with a strong law of large numbers (LLN) (see [1, Theorem 3.15]) and there are central limit
theorems (CLTs) both for K, ,.(&,) (see [1, Theorem 3.14]) and for K, .(P,) (see [1, Theorem 3.11]). There is also a strong LLN for
K, (&) in the sparse regime with nrd — 0, subject to some further conditions on r(n); see [1, Theorem 3.19]. Within the sparse regime,
when n(nr?)*=1 — oo but n(nr?)* — 0, a CLT for K, .(X,) can be derived from [1, Theorem 3.5] and the fact that the second condition
implies that the number of components of order larger than k vanishes, in probability. In fact the results in [1] are stated for the
number of components isomorphic to some specified connected graph T', but results for K, .(&,) or K, .(P,) can then be obtained by
summing over all possible I with k vertices; note that [1, Theorem 3.5] gives asymptotic independence, and hence a multivariate
CLT, for the I'-component counts indexed by all different feasible I" with k vertices (as discussed in [1], only I which are feasible
contribute to the k-component count). More recently, [13] gives a large deviations principle for the k-component count in the sparse
regime when also n(nr?)*~! - oo.

In the logarithmic regime we take nfr? = blogn for some constant b, where 6 denotes the volume of the unit radius ball in R¢.
Provided d > 2 and b exceeds the critical value b, = (2 —2/d)Vol(A) (where Vol denotes Lebesgue measure), it is known that with
probability tending to 1 as n — oo, G(&,, r) is fully connected so that K, .(&,) = 0 (see [1, Theorem 13.7]).

The main limiting regime for r = r(n) that we consider here is to make the assumptions

lim (nr) = oo; (1.1)
lim sup((Bnrd)/ log n) < min((2/d), 1)Vol(A). (1.2)

We call this the intermediate or mildly dense regime because the average vertex degree is of order ®(nr?) and therefore grows to infinity
as n becomes large, but only slowly in this regime. Our intermediate regime includes the logarithmic regime for small values of the
constant b; we discuss the significance of the upper bound in (1.2) later on.

While asymptotics for the number of k-clusters in continuum clustering models of this sort are a classical object of study [1,6,8,
12,14,15], there has also been renewed interest more recently, e.g. [13], often motivated by TDA, where topological properties of a
simplicial complex based on the sample of points are used to try to understand those of the underlying space. The sum }’, K, .(X) is
the total number of components in G(X, r), and this is of interest in TDA as one of the Betti numbers [3,4,16]

In TDA the number of components (and other Betti numbers) are of interest in the whole range of values of r, not just in the
sparse or thermodynamic limiting regime. One can also imagine other situations where the dense limit is of interest: for example the
structure of impurities in a gas that gets more and more compressed, or that of isolated communities in a society that becomes more
and more interconnected. However, most of the existing work on the limit theory is concerned with the sparse or thermodynamic
limit; in the TDA context, this is noted in the last paragraph of [4, Section 2.4.1]. It seems well worth building our understanding of
the mildly dense limit as well.

In a companion paper [17] we investigate the limiting behaviour of the total number of components in the mildly dense limiting
regime. It turns out that this quantity is dominated by the first term in the sum, namely K| ,(X) (which is also the case in the sparse
limit, as observed long ago in [15]). The results in [17] rely on those in the present paper, in particular the variance asymptotics in
Propositions 2 and 3 and the Poisson approximation results in Theorem 6. While it is the special case k = 1 of our results here that are
most relevant to [17], one can imagine some algorithm whereby all singletons are removed from the sample, and one is interested
in the number of remaining clusters. In this case we would expect the 2-clusters to dominate, and if these too were removed, the
3-clusters would dominate, and so on. So it seems natural to investigate the behaviour of k-clusters for general k.

1.2. Summary of results

Regarding the Poisson blob model, the number of components of order k in G(H,,1) will be infinite. Instead, we consider the
probability p,(4) that an inserted point at the origin o lies in a component of order k of G(H, U {0}, 1). This can be interpreted, loosely
speaking, as the proportion of vertices in G(H,, 1) that lie in components of order k.

Our first result, Theorem 1, determines the asymptotic behaviour of p,(4) for large A and fixed k € N. It says that p,(4) ~

a A07RE@=De=04 a5 ) — o, where @) :=land for k €N, ey := (l/k!)f(Rd)k 8@ gz, where

2(z) :=/ IxI'=9dx, z=1(z,...,2) € R
Uk B(3zllzil1/2)
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Here and elsewhere, for x € R?, r > 0 we write B(x,r) or B,(x) for {y € R? : ||y —x|| < r}, and || - || denotes the Euclidean norm on
R<. This result is both of interest in its own right, and important for understanding the asymptotics for number of components of
order k in RGGs in the mildly dense regime.

In Theorem 2, we shall provide a result on the large-A limiting distribution of the (rescaled) points of the component containing
the origin, given that it is of order k + 1. Namely, their joint density is given by e"¢®), normalized to a probability density function.
We have not seen the ‘energy functional’ g(-) in the literature before.

We now describe our main results on finite RGGs. Let A ¢ RY be compact with smooth boundary (in the C!'! sense that we
define later), and let X, X,, ... be independent identically distributed random d-vectors, uniformly distributed over A. For n € N set
X, :={X,.,...,X,}, which is a binomial point process (see e.g. [9]). Also, for n € (0, ) let Z, be a Poisson random variable with mean
n, independent of (X, X,,...), and set P, := X . Then (see [9, Proposition 3.5]) P, is a Poisson point process in A with intensity
measure (n/Vol(A))dx (in this case n does not need to be an integer).

Our results are concerned with the variables S, , := K, .(X,) and Sr’l = K, .(P,), with r = r(n) given, satisfying (1.1) and (1.2)
unless stated otherwise. For now we present them as asymptotic results as n — co with k fixed, but the precise statements of these
results later on come with bounds on the rates of convergence.

As first-order results we shall give the asymptotic behaviour of E[S, ;] and E[S, J- Setting I, 1= ELS/ «)» we show in Theorem 3
that (with ¢, given above)

Ly ~ k™ agn(nr? [Vol(A)1 €= exp(—(8/Vol(A))nr?) (1.3)

as n — co. We show in Proposition 1 that also E[S, ;] ~ I, as n = co.
Turning to second-order results, we shall show in Propositions 2 and 3 that
Var[S, ;] ~ \/ar[S;’k] o as n — oo. (1.4)
Note that (1.3), (1.1) and (1.2) together imply that I,; — oo as n — co. It is immediate from the asymptotics already de-
scribed, and Chebyshev’s inequality, that we have the weak LLNs (S, /1, ) 2 and (S;q o/ Inid) L as n — oo, and hence using

P
(1.3) we have S, /(k~apn(nr? /Vol(A))(1=kd=1) g=0nr /Vol(4)y _, | and likewise for S’ .- In Theorem 5, under the extra condition

lim sup((nr?)/ log n) < Vol(A)/2, we improve the weak LLNs to strong LLNs, i.e. we prove almost sure convergence

Sn,k/(k—lakn(nrd/vol(A))(l—k)(d—l)e—enrd/Vol(A)) a8 1 asn— oo,

and likewise for S’ 4 asn— o through N for any coupling of (Z,),»,. We do this by giving concentration of measure results for S, ;
and for S’ .
Turning to CLTs, in Theorem 6 we show that as n — oo,

-1/2
nk

-1/2

TS, — ELS,]) — N(O. ). 1.5)

’ D
LS = L) — NO Dy

We shall give two approaches to proving (1.5); one via approximating S, by a Poisson distribution with mean I, (of interest in
itself), and the other via more direct normal approximation. Both methods provide bounds on rates of convergence in various metrics
on probability distributions.

Finally, in Section 6 we shall present some new results in the sparse limiting regime, where instead of (1.1) we assume nr¢ — 0
and n(nr?)*~! > o0 as n — co. In this case, instead of (1.3) we have I, ; ~ cn(nr?)*~! for appropriate c. Again in this regime we can
show that E[S,, ;] ~ I,,;, and that (1.4) and (1.5) still hold, by similar arguments to those we use in the mildly dense regime.

It is natural to ask whether our results on S, , and S’ . generalize to non-uniform distributions. To answer this, we shall present
these results in greater generality. We shall assume X, X,,... are independent random d-vectors having a common probability
distribution v with density f, supported by A (so that P[X; € dx] = v(dx) = f(x)dx for x € A,i € N). We then define X, and P, as
already described.

For all of our results on the mildly dense limiting regime, we shall assume that f is continuous on 4, and that f, > 0, where we
set

Jo r=inf fCOr fy = inf fOOD fina :=§213f(X),
and dA denotes the boundary of A. By compactness of A and continuity of f, we have f,,, < co; moreover f; > f,. In the special
case where f is constant on A, we have f, = f| = fi. = 1/Vol(A); we call this the uniform case.

In the general (non-uniform) case, instead of (1.2) we assume

. d 1

IO e ) < S oo = 172
which reduces to (1.2) in the uniform case. This condition may be understood as follows. Suppose #nr? = blog n for some constant b.
A ‘back-of-the-envelope’ calculation suggests that the mean number of components of order k (which we shall call k-components or
k-clusters for short) in the interior of A is roughly of the order n(nr?)c=!e=fo%"" ~ y1=bf0 (up to logarithmic factors), which tends to
infinity if b < 1/f,. Similarly the mean number of k-clusters within distance kr of the boundary of A is of order nr(nrd)k=1e=/191/2 5,
n!=(/D=(f1/2 1f p is less than the right hand side of (1.6), then bf,, < (1/d) + bf, /2, so there are more k-clusters in the interior of A
than near the boundary, suggesting we can ignore boundary effects when analysing the asymptotic behaviour of S, and S’ e If b

1.6)
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were larger than this, we would have to take boundary effects into account more carefully, for example to determine the analogue
to (1.3) in the uniform case, and we leave this as possible future research.

All of the results for S, , and S’ described earlier for the uniform case remain valid in the general (non-uniform) case under
assumptions (1.1) and (1.6), except for the asymptotic (1.3). In general, I,,;, = [E[S’ ] is equal to a multiple integral, given at (3.3).
In the non-uniform case we are not able to describe the limiting behaviour of I, so explicitly, but we do show that I, ;, — co and
(nrdy~log(1,, ;. /n) = —0f, as n — oo; see Lemma 2 and Theorem 4.

Remark 1.

1. As alluded to earlier, in the thermodynamic or sparse limiting regime, it is of interest to further distinguish between different
components of order k, according to which of the possible graphs I" they are isomorphic to. In the mildly dense limiting regime
considered here, this is perhaps of less interest, because of the compression phenomenon already noted in [5]; for fixed k and large
n, nearly all of the components of order k are likely to be compressed into balls of diameter less than r (in fact, less than ér for
any fixed § > 0), and therefore fully connected. In other words, nearly all of the components of order k are likely to be cliques.

2. It seems plausible that one could derive a result on the limiting within-cluster spatial distribution of points in k-clusters of the
RGG in the mildly dense limit, suitably rescaled, using Theorem 2, but we do not do so here.

In [6] the mean volume of k-clusters of the PBM at finite intensities is investigated, in particular providing an expansion in A
for 4 small. We would expect Theorem 2 to be useful for understanding the limiting behaviour of the mean volume of k-clusters
for A large.

3. To prove our Gaussian approximation results, we shall use the local dependence methods of Chen and Shao [18] to deal with S’
and those of Chatterjee [19] to deal with S, ,. For the Poisson approximation, we shall use the coupling bounds from e.g. Llndvall
[20] for S, , and from Penrose [21] for S:: " All of these approximation bounds are obtained by a blend of Stein’s method and
stochastic analysis of general Poisson or binomial point process functionals. For a systematic account of the subject, we refer the
reader to [9,22-25], and to [26] for some recent developments about the methodology.

4. Our results hold for all d > 2, and also for d = 1 with the sole exception of our result on Poisson approximation for S, , (Proposi-
tion 5); we conjecture that even this result could be proved by other means for d = 1. Many of our results seem to be new even
for the special case with k = 1 (i.e., the isolated vertex count) and/or d = 1.

5. In TDA one is interested in interactions between topological invariants of G(X, r) for different values r (and the same X). With
this in mind, it could be of interest to investigate processes of the form (K, (X,))o (suitably scaled and centred) for some
suitable sequence of increasing functions (r,(¢),t > 0),cy such that for each fixed 7, r(n) := r,(r) satisfies (1.1) and (1.2). In view of
(1.5), one might hope for suitable r,(7) to be able to find a Gaussian process limit. The choice of r,(r) might require a stretching or
squeezing as well as scaling of the time-scale to get a limiting Gaussian process with non-trivial covariances. In particular, finding
(r,()50 such that we can apply the same scaling constant to (K, «(«,)) for different  would seem to require some work. This
topic is beyond the scope of the present paper.

1.3. Notation

We use the following notation for asymptotics. Given g : (0,00) —» R, and 4 : (0,00) — (0,00), we write g(x)= O(h(x)) if
lim sup |g(x)| /A(x) < oo, and g(x) = o(h(x)) if limsup |g(x)|/A(x) = 0, and g(x) = Q(h(x)) if liminf |g(x)|/A(x) > 0, and g(x) = O(h(x)) if
both g(x) = O(h(x)) and g(x) = Q(h(x)), and g(x) ~ h(x) if g(x)/h(x) tends to 1. Here, the limit is taken either as x — 0 or x — oo, to be
specified in each appearance.

We denote the origin in R? by o, and write just B, for B,(0). Also for finite X ¢ R? and r > 0, we define the set B,(X) := U,cy B,(x),

and the function h,(X) to be the indicator of the event that G(X, r) is connected. Also for m € N and x = (x,, ..., x,,) € (R?)" we define
B.(x) and h,(x) similarly, identifying x with {x,,...,x,,}; that is
B,(x) :=U!" B.(xp); h.(x)=1{G(xy,...,x,},r) is connected}. 1.7

Also we define 4’ (x) to be the product of 4,(x) and the indicator of the event that x; precedes all of x,, ..., x,, in the lexicographic
ordering (that is, x; is the left-most point of {x,...,x,}).

For ACRY,weset A" :={x € A : B,(x) C A}, and A° :=U,,,A", the interior of A. If ¥ C RY, and a > 0 let aX := {ax : x € X}.
If also ¥ ¢ R? and & and Y are locally finite and non-empty, let dist(X, ¥) :=inf ¢y ey Ily — x||.

For neN, set [n] :={1,....,n}. If £ meN and x=(x,...,x,) € R)’, y=y....,y,) € (RY)", then we set dist(x,y) :=
min;ez) jerm) 1% — 5 ll-

Given a random vector X and an event & on the same probability space, let #(X) denote the probability distribution (also called
the law) of X, and Z(X|&) the conditional probability distribution of X given that event & occurs.

Given r > 0, given locally finite X ¢ R? and given x € &, let C,(x, X) denote the vertex set of the component of the graph G(X, r)
containing x, and |C,(x, X)| the number of elements of this set.

Given m € N and p € [0, 1], we write Bin(m, p) for a Binomial random variable with parameters m, p,

2. High-intensity boolean model

Given A > 0, let H, be a homogeneous Poisson point process in R of intensity 4 (viewed as a random set of points), and let
H, :=H, U {o}. Then for r > 0 the graph G(H,, r) is the intersection graph of a PBM, i.e. a Boolean model of continuum percolation
with balls of fixed radius r/2. See [9,10] for background information on models of this type.

4
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Let C(4) :=C(o,H, ). For k €N let p;(4) := P[|C(4)| = k]. This section is concerned with the large-4 asymptotics of p,(1) for
fixed k, and the asymptotic conditional distribution of the point process C(1) given |C(4)| = k. These are relevant to the RGG model
described in the Section 1, as we shall show later on.

In [5, Theorem 2.2] Alexander proved (among other things) that as A — co we have

Prs1(A) = ©(A7KE=D=04), 2.1)

In other words, A¥@=Def%p (1) remains bounded away from 0 and co as A — co. This suggests that this quantity might tend to a
positive finite limit as 4 — oo, but this is not proved in [5]. Our next result shows that this is indeed the case, and provides a rate of
convergence. To describe the limit, we define for each z = (zy, ..., z;) € (RY)¥ the set

D(z) := Ul B(1/2)z;, 1z11/2). 2.2)

that is, the union of balls B, ..., By, where for each i the ball B} has opposite poles at o and z; (Fig. 1 shows an example with d = 2).
Define the function g : (R4)¥ - [0, o) by

5@ = / Ixl'dx, ze ®RIE @2.3)
D(z)

When d = 2, this can be interpreted as the gravitational energy of a flat object with the shape of D(z) and mass equal to the area of
D(z), and with its mass evenly spread, with respect to a large point mass at the origin; that is, the energy required to remove the
object from the gravitational field of the point mass. We are not aware of any physical interpretation of g(-) in other dimensions, but
nevertheless refer to g(z) as the quasi-gravitational energy of the set D(z). Set a; := a;(d) := 1, and for k € N define the constant

Upyy i= 0 (d) 1= (l/k!)/ exp(—g(z))dz. 2.4)
(R

Theorem 1. Let k € NU {0}. Then as A — oo,
AV g (B = ag +OGT). (2.5)

The existence of the limit in (2.5) is crucial for our other results later on, in which we shall establish the existence of limiting constants
in the limit theory for the mean and variance of the number of k-components of the finite RGG in the mildly dense limit.

Let k € N. Another part of [5, Theorem 2.2] says, in effect, that conditionally on |C(4)| = k + 1, the random variable ADiam(C(4))
is bounded away from zero and infinity in probability (here Diam is Euclidean diameter). In other words, Diam(C(4)) = ®(A~!) in
probability as A — oo, given |C(4)| = k + 1; that is, given £ > 0, there exists M € N such that P[Diam(C(4)) € (M~1A~1, MA~Y)|{|c(A)| =
k+1}] > 1 — ¢ for all large enough A. This phenomenon is known as compression [5,10]: the density of points in the cluster C(2) is of
the order of 44, compared to an ambient density of A.

We give a stronger result here, namely convergence in distribution of the point process AC(4). To describe the limit, let (U, ..., Uy)
be a random vector in (R?)* with joint density with respect to (dk)-dimensional Lebesgue measure, given by (k!a, ) Lexp(—g(»)), i.e.
with

Pl(U,,...,U,) € dz] = (Klay, )~ ' exp(—g(@))dz,  z € (R, (2.6)

with the energy function g given at (2.3), and «;,; given at (2.4). Informally, our result says that the point process AC(4) \ {0}
converges in distribution to the point process {U,, ..., U }.

To make this precise while avoiding technicalities on point process convergence, we list the points of our point processes in
increasing lexicographic order to get random vectors in (R¢)* (alternatively we could use distance from the origin for the ordering).
LetY, ,,...,Y; ; be the points of C(4) \ {0} taken in increasing lexicographic order, and let V;, ..., ¥ be the points of {U,, ..., U, } taken
in increasing lexicographic order.

Theorem 2. The conditional distribution of the random vector (1Y} ;, ..., AY} ;) given |C(4)| = k + 1, converges weakly, as A — oo, to the
distribution of (V1, ..., V}).

Remark 2.

1. The result (2.1) (but not (2.5)) also appears in [10, Section 5.3]. The results in [5,10] are also presented for components of order
k+1in G(H,, s) for general fixed s > 0 (rather than just for s = 1). It is easy to generalize (2.5) to this setting, since by Poisson
scaling (see e.g. [10], or the Mapping Theorem in [9])

PIIC (0. H, )| = k1 = P[ICy (0,57 H, )] = k] = pe(As®h.

2. When d = 1 we can compute a;,; exactly. In this case we have g(z) = max;c; z/ + max,cp; z; , and considering separately the case
where z, ..., z, all have the same sign and the case where they do not, we obtain that

(s (o] o0
Klag,, = 2k/0 Zle 2 dz + k(k - 1)/O du/o do(u + v)f2e~+0)

[so]
=2k! + k(k — 1)/ W 2e W wdw
0

=2k! + kl(k - 1),

soa  ()=k+1.
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Fig. 1. The union of the disks is the set D((z, z,, z3)).

3. We can also compute a,(d) more explicitly for general d. Indeed, when k = 1 it can be seen directly from (2.8) below that g(z) =
lim, o g,(z) = 0,_,||z|| for all z € R?, where 6,_; denotes the volume of a unit radius ball in d — 1 dimensions. Then by (2.4) we
have

5
ay(d) = / exp(=0,_, l1zlDdz = 677, / e llgy = egflde/ eri dr
Re Rd 0
=d0/09_,.

4. It may be possible to improve the right hand side of (2.5) to an infinite power series in A~! and to compute the first few coefficients.
This series expansion would provide a high-intensity complement to the low-intensity expansions in 4 which have been considered
previously in the literature dating back to [14]; see [6], [12, p.242] and references therein.

For the proof of Theorem 1, we introduce the following notation. Given x = (x|, ..., x;) € (RY)¥, recalling B,(x) := LJI’_‘:1 B,.(x;), we
define
V(x) :=Vol(B|(x));  V'(x) := Vol(B(x)\ B,(0)); il = max [1x; 1l (2.7)

The proof of Theorem 1 will use the following geometrical lemma, which begins to show the relevance of g(z), defined above at (2.3)
as the quasi-gravitational energy of D(z).

Lemma 1. For z € (RYX, and r > 0, set g,(z) :=r~'V'(rz). There exists a constant ¢ = c(d) € (0, o) such that for dll r € (0, 1] and
z € (R)¥ with r|||z]|| < 1,

lg@) — g@)| < crllzlll?. (2.8)

Proof. When d = 1, it is easy to see directly that g,(z) = max; z?’ + max, z; = g(z) whenever r|||z|| < 1, and hence that (2.8) holds in
this case. Therefore we can and do assume from now on that d > 2.
Letr € (0,1] and z = (zy, ..., z;) € (R?)* with r|||z||| < 1. Using polar coordinates, write

g (@) =r"! / /m 1{(1+ s)x € U B (rz)}(1 + 5)"dso(dx),
aB, Jo

where the outer integral is a surface integral with the surface measure denoted o.
Given x € 0B, y € By, let s(x,y) := (max{s : (1 + s)x € B;(»)})*. Then

max; s(x,rz;)
g,(z)=r“/ / (1 + 5)? ' dso(dx)
0B; JO

= / (rd)"' (1 + max s(x, rz))? — Do(dx). (2.9)
dB, !

By the triangle inequality, s(x, rz;) < r||z;||, so the integrand in (2.9) is bounded by a constant independent of x. We shall prove that
the limit lim, r~Ls(x, rz;) exists, for each i € [k] and x € 9, with a rate of convergence.

6
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By(rz)

Fig. 2. Illustration of the proof of Lemma 1.

The reader is invited to refer to Fig. 2 now. Let i € [k] and set z = z;. If z =0 then s(x,rz) =0. Given r € (0,1], z € By, \ {o}
and x € 0By, let a = a(x, z) be the angle between x and z, i.e the angle of (x,0, z), and assume « < z/2 (otherwise, it is not hard to
see that s(x,rz) = 0). Set s = s(x, rz). Let f = f(r, x, z) be the angle of ((1 + s)x,rz, z), i.e. the angle between (1 + s)x — rz and z. Then
[I(1 + s)x — rz|| = 1, and by the cosine rule,

1+ s)2 =|lrz+ 1+ s)x —rz)|| = (r||z||)2 + 1+ 2r||z]| cos B.

Also > a, and § — a is the most acute angle shown in Fig. 2; in other words, f — a = arcsin(r||z|| sin ).

If t = sinw with w € [0, z/2] then t > (2/7)w, so that arcsin(r) = w < (x/2)t. Hence for all r € (0,1], z € By, \ {0} and all x € 0B,
such that a(x, z) € [0, 7/2), we have 0 < f(r, x, z) — a(x, z) < (z/2)r||z|.

There is a constant ¢, such that for all # > —1 we have |(1 +7)!/2 — | — /2| < ¢,#2. Hence there is another constant ¢, such that for
allre(0,1],z € By, \ {o} and x € 0B, with a(x, z) € (0, z/2) we have

Is(x,rz) — rlizll cos a(x, 2)| = (1 + 2r|z]| cos f(r, x, 2) + r*||z]|))!/? = 1 = rl|z|| cos a(x, 2)]|
2
;
< Irllzll(cos A(r, x, 2) = cos a(x, )| + 12112 + e, rllzl] cos f(r, x, 2) + 72| 2]%)?
<eprflz)?
There is a further constant c; such that for #,u € [0, 1] we have |(1 +u)? — 1 — dt| < ¢5(|u|? + |u — t]). Therefore
((1 + max s(x,7z))? — 1 — rd max{||z;||(cos a(x, z;))*} < c3(max s(x, rz,)* + c,r|1zl]|?).
1 1 1

Hence by (2.9), and the inequality s(x, rz;) < r||z;]|, there is a constant ¢, such that

g,(l)—/ max({|1zll(cos a(x, z)) " Jo(dx)| < eyrllizll*. (2.10)
0B, i€kl

Using Thales’ theorem, one can show that max; | z;||(cos a(x, z;))*t is the distance from the origin to the furthest point from the origin
in the direction of x lying in the set D(z), defined at (2.2) (this is illustrated in Fig. 1; the triangle shown there is right angled.).
Therefore using polar coordinates again, we can verify that g(z), defined at (2.3), equals the integral in (2.10). O

Proof. (Proof of Theorem 1) Since P[|C(4)| = 1] = ¢™*?, and we set | = 1, (2.5) is immediate for k = 0. Therefore we can and do
assume from now on that k > 1.
Recall the definitions of 4,(-) and B,(-) at (1.7), and V(-) at (2.7). It is known (see e.g. [27]) that

k
P (D) = %/ / hi((0,x1, ..., x) exp(—=AV ((0, X1, ..., X} )))dxy -+ dx;. (2.11)
- JRd R4

This formula is a consequence of the multivariate Mecke formula (see e.g. [9]); a similar formula to (2.11) is derived later on at (3.3).
Since V((0,xy, ..., xp)) = V'((x}, ..., x;)) + 0 by (2.7), we obtain from (2.11) that

Ake—/w ,
Prr1(AD) = A / hy(o,x) exp(—AV'(x))dx
i ([Rd)k
Jk—kd =26 ) .
= —/ hy((0, A7 2)) exp(—AV' (A7 '2))dz. (2.12)
k! (Rd)k
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If |||z||| < A/2 then h,((0, A~'2)) = h,((0,2)) = 1, and if |||z||| > kA then h,((o0,z)) = 0. Thus provided 1 > 4 so that 1!/ < 1/2, recalling
the definition g,(z) := r~'V’(rz), by (2.12) and (2.4) we have

QD )=l < [ e - el
(B\/;)k

+ / exp(—gy/;(2))dz + / e 8@ dy, (2.13)
(Bm"\(Bﬁ)" (R")"\(Bﬁ)“

There is a constant ¢ = ¢(d) > 0 such that g,(z) > c|||z|||, for all » > 0 and z € (R)* with |||rz||| < k. Hence 81/2(2) 2 cll|zll| whenever
llzlll < k4, and when |[||z]|| > kA we have h;((o, A='2)) = 0. Moreover by (2.8) we also have g(z) = lim,  g,(z) > c|l|z||| for all z € (RY)*.
Therefore the second integral in (2.13) is bounded by /(B/Ik>k\(B\/’)k exp(—c|l|z|l)dz, and hence by ¥ (4k)?* exp(—cAl/?).

i

The third integral in (2.13) is bounded by /([Rd)"\(B 2O e=I2ll which is O(exp(=c’ 11/2)) as 1 — oo, for some ¢’ > 0.
A

The integrand in the first integral in (2.13) can be written as ¢~8®|¢8®=81/2® _ || By Lemma 1, there are constants ¢”, ¢’ such

that for all large 4 and all z € (B\/;)" we have |g(z) — g,/,(2)| < ¢ A7"|||zl||> and thus [5®~81/4® — 1| < ¢ A~!||lz]|[?, so that the first
integral in (2.13) is bounded by

it [ el
(RA)k

and since g(z) > c|||z||| for all z, the last integral is finite and the result is proved. O

Proof. (Proof of Theorem 2) Let f : (RY)¥ - R be bounded and continuous. Write Y, := (Y| ;,...,Y ;). We need to show that
ELfAYHDHIC)| =k +1}] = E[f(V}, ..., V). For (x,...,x;) € (Rd)k let f*((xy,....,x) := f((x(l)v ,x(k))), where X(1)s ++» X(k) Ar€
the elements of {x,,...,x,} taken in increasing lexicographic order. Then f* is a symmetric function of (x,, ..., x;). By the multivari-
ate Mecke formula

k
ELfAY)DHICH)] =k +1}] = % / , JH(ax)hy (0, %)) exp(=AV (0, X)))dx
. (R )k

e—AG /lk(l_d) |
= / [ @h (0, 47 2)) exp(=g; ,,(2))dz.
: (Rd)k

We divide by P[|C(4)| = k + 1] and take the A — oo limit. By Lemma 1 the integrand tends to f*(z)e~8®), and it is dominated by an
integrable function of z, as in the proof of Theorem 1. Hence, using (2.5) and the dominated convergence theorem we obtain that

Jim ELF(AYHHICAD]I =k + 1} = (Klay )™ / f*(@) exp(—g(z))dz
—00 (Rd)k

=E[f* (U}, ....U)],

the last line coming from (2.6) and the law of the unconscious statistician. Since f((V;,...,V,)) = f*((U,,...,Uy)), the result is
proved. O

3. First order asymptotics

Now we return to the model of finite random geometric graphs, described in Section 1. To recall, we let A ¢ R? be compact with
Vol(A) > 0. If d > 2 then assume, for the rest of this paper, that A has a C""! boundary in the sense that for each x € dA there exists a
neighbourhood U of x and a real-valued function ¢ that is defined on an open set in R?~! and differentiable with Lipschitz continuous
partial derivatives, such that 04 N U, after a rotation, is the graph of the function ¢. If d = 1 we assume A is an interval. This is our
smoothness assumption.

Recall that (X, X,, ...) is a sequence of independent random d-vectors, each of which has distribution, denoted v, with density
function f with support A and with 0 < fj) < fj,,x < co. Recall the point processes &, := {X|,..., X,} and P, :={X,..., X }, where
Z, is Poisson with parameter » (in the second case n need not be an integer). Then X, is a binomial point process, and P, is a Poisson
point process in A with E[P,(dx)] = nf(x)dx. In the uniform case we take f = f,1,, with f, = 1/Vol(A). Forn > 0letr =r, = r(n) > 0
be given, satisfying (1.1) and (1.6), which we re-state here:

(3.1

. . 1
lim nr¢ = oo lim sup n0r¢ /(log n) < .
m st [0e ) < o AU = 11720

We shall continue to assume (3.1) throughout the rest of this paper, except for Section 6.
Let k € N, and recall that S r’, i denotes the number of components of G(P,, r) of order k (again, » need not be an integer here).
We give a formula for I, := [E[S; o With 4,(-) and B,(-) defined at (1.7),

Sl= Y h(@UP,\ )N B0 =2} (3.2)
@CPy.lol=k
Hence by the multivariate Mecke formula,

k
I, =E[S 1= % / R, (x) exp(—nv(B,(x))VF (dx). (3.3)
. T
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It will be useful to have a lower bound on this expectation.
Lemma 2. Let f(;’ be any constant with f(;' > fo. Then
nexp(—Gf(;’nrd) =o(,,) as n— oo.

In particular, I, — oo asn — co.

3.9

Proof. Let fy <a<a < f(;’ . By the definition of f;, and the assumption that f is continuous on A, we can (and do) choose x, € A°
with f(xy) <a and f continuous at x,. Choose r; > 0 such that B(x,,2r,) C A and f(y) < « for all y € B(x,2r;). Let € € (0,1/2)
with a(1+ &) < a'. If 2r <ry, and x = (x,, ..., x;) € A¥ with x| € B(x,.rg), and {x,,...,x;} C B(x,er) then B.(X) C B,(1,,(x;) and

V(B,(x)) < af(1 +€)?r! < a’6r¢; also h,(x) = 1. Hence by (3.3), for all large enough ,

k
I,>L / / exp(=na 0r W (d(xy, ..., x,))V(dx;)
Tk S B Bl enpe!
> n(f§0%rd kD (n(er)?) " exp(—na’0r%),

so that (ne™"0""/ I, tends to zero by the first part of (3.1), and hence (3.4).
Since the assumption (3.1) implies lim sup,,_, (6 fonr?)/logn) < 1, (3.4) implies I, ;, — co asn —> co. O

We next determine the asymptotics for E[S), ;].

Proposition 1 (Mean k-cluster count in binomial process). There exists ¢ > 0 such that

ELS, ] = I, (1+ 0 ™"")) as n— co.

Proof. Observe that

n

ELS,il = ( k) /A 0 = V(B 0N Ve ().
We compare this with (3.3). Let x € A* and set p = v(B,(x)). Then
e — (1= p)" ¥ < ™1 = ("(1 = p))'| + (1 = p)" (1 = p) ~ 1].
Now e?(1 — p) < ePe? = 1, and moreover e?(1 — p) > (1 + p)(1 — p) = 1 — p%. Therefore

0<e™ (1= (P =p)") <e™™(1—(1-p»)") < npe™.

(3.5)

Moreover 1 — (1 — p)* = O(r?). Thus |e™” — (1 — p)"~*| = O(nr??), uniformly over x € A*. Also [, h(x)v*(dx) = O(r**=D). Therefore

<Z> / hy(®)|e™ B0 — (1 = v(B, ()" [V (dx) = O r* =D D),
Ak

which is O((log n)¥*!) by (3.1). By Lemma 2 and (3.1) there exists § > 0 such that L= Q(n?%). Hence by (3.1) again there exists ¢ > 0

such that (log ny**1/1, , = O(n~%) = O(e=¢""y. Thus the last display is O(e=<""" I,) for some ¢ > 0. Moreover

(1)

/Ak R (x)e ™ BV (dx) = O(n~' I, ).

which is O(e=c" I, ) for some other ¢ > 0. Combining these estimates, and using (3.5) and (3.3), we obtain that |E[S, ,]1—I,,| =

O(e‘c”’d I, ;) for some ¢ > 0, as required. O

We now verify the asymptotic expression (1.3) for I, in the uniform case, with a bound on the rate of convergence.

Theorem 3 (Asymptotic for I, in the uniform case). Let k € N. In the uniform case,

d
n_l(fOnrd)(k_l)(d_”eng"’ L= k_lak + 0((nrd)_1) as n — co.

Before proving this, we give two geometrical lemmas that we shall use repeatedly later on to deal with boundary effects.

Definition 1 (Sphere condition). For z € 04 let 7, be the unit normal to 0A at z pointing inside A.

(3.6)

Given 7 > 0, let us say  satisfies the sphere condition for A if, for all x € dA, we have B(x + 7i,,7) C A and B(x — 7i,,7) N A = {x}.

Let 7(A) denote the supremum of the set of all  satisfying the sphere condition for A.

Lemma 3 (Sphere condition lemma). 7(A) > 0; that is, there exists a constant = > 0 such that t satisfies the sphere condition for A.

Proof. See [28, Lemma 7]. O

Remark 3. (i) If 0 < 7 < 7/ and 7’ satisfies the sphere condition for A, then so does z.
(ii) If x € RY with dist(x, dA) < 7(A), then x has a unique closest point in dA.

9



M.D. Penrose and X. Yang Stochastic Processes and their Applications 195 (2026) 104882

Lemma 4. Writing k(0A, r) for the number of balls of radius r required to cover 0 A, we have

limsup s%~ 'k (04, 5) < 0. 3.7)
510
Moreover
liminf(s~ inf Vol(A n By(x))) > 6/2. (3.8
510 xXEA

Finally, as s | 0 we have lim sup(s~' Vol(4 \ A®)) < .

Proof. If d =1 we are assuming A is a compact interval, and all the assertions of the lemma are clear.

Suppose d > 2, and let x € dA. By our smoothness assumption, there is a rotation about x and a neighbourhood V of x such that
after rotation the set (dA) NV equals {(u, $(u)) : u € U} where U is an open set in R?~! and ¢ : U — R is continuously differentiable
with Lipschitz derivatives. By a compactness argument, for (3.7) it suffices to prove that lim sup; sk (DA NV, 5) < 0.

Without loss of generality we can assume that x = o and our rotation is the identity map, and that V¢(x) = 0. Also since ¢ is
continuously differentiable we can also assume (by taking a smaller neighbourhood V if needed) that U = B(o, §) for some 5 > 0 and
that |(Ve(u), e)| < 1 for all u € U and all unit vectors e € R~!. Then by the Intermediate Value theorem, for all u,v € U we have for
some w € [u, v] that

[6(©) = )| = [{v — u, V(w))| < lv - ul|.

Given s > 0, we can and do cover U by (d — 1)-dimensional balls B, ..., B, of radius s/2 centred in U, with the centre of B; denoted
u; for each i, and with m(s) = O(s'~¢) as s | 0. Then for i < m(s) and v € B,

1w, $@)) = (. Pl < Mo = ]| + |P(@) = plull < (s/2) +(s/2) = s.

Therefore the balls B((y;, $(u;)), s), 1 <i < m(i), cover 0A NV, and this gives us (3.7).
For (3.8), we use [29, Lemma 3.4]. By that result, for 0 < s < 7(A) and x € A\ A®,

20d—1 sd+l
(A
where h(a) := Vol(B,(0) N ([0, a] x R¢~1)). In particular A(a) > 0 so that

Vol(A N By(x)) — ((8,;/2) + h(dist(x, 0A4)/5))s%| <

s7IVol(A N B,(x)) > (8,/2) — 20,_15/7(A),
and (3.8) follows.
For the last assertion, given s > 0, set k, := k(dA, s). By definition of «,, we can find x, ..., x,, € R? such that
0A C U2 B(x;, 9).
Then A\ A®) ¢ U:_ZI B(x;,25). Also k, = O(s'~¢) as s | 0, by (3.7). Hence by the union bound,

Vol(A \ AW) < Z Vol(B(x;,25)) = O(s),

i=1
which is the last assertion. [J

Proof. (Proof of Theorem 3) Assume v is uniform on A. By definition I, , = [E[Sr’, J- Hence, by the (univariate) Mecke formula, writing
P for P, U {x}, we have

_n

Ly kAP[ICr(X,P,f)I=k]fodx7 (3.9)

By the multivariate Mecke formula, setting V,(x) := Vol(B,(x)) for x € (R9)¥, for x € A*") we have

(nfo)*~!

PIIC, (e Pl =Kl = o,

/ h, ((x, %)) exp(=n foV,.((x, X)))dx,
(RA)k=1

where we used the fact that if x € A%”) and h,((x,x)) = 1 then B,((x,x)) C A. Hence by translation invariance, for x € A", writing
h,(0,x) for h.((0,x)) and V,(o,x) for V,((0,x)) we have

P X\ — _ (nf())k_1
[lcr(x, pn )l = kJ = hr(O,X) exp(—nfOV,(o, x))dx
(k - 1)' (Rd)k=1
B (nford)k—l ~
- (k= 1)! /([Rd)k—l h,(o,ry) exp(—=nfyV,(0,ry))dy
d\k—1
= (nfor®) / hy(0,y) exp(=nfor 'V, (0, ))dy
(k=D!  Jgay—1

and by (2.11), this equals p,( fonrd ). Therefore using (2.5) and the last part of Lemma 4 we obtain that as n — oo,
/ PLIC,(x. P)| = k] fdx = (1 + O()ay (fonr®)1=0E=De=0hom (1 4 O((nr?)~1)). (3.10)
Alkr)

10
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To deal with x € A\ A%, let fy €0, fo). By Lemma 4 we have for all large enough » and all x € A that v(B,(x)) > Hfo‘rd/z.
Therefore using the multivariate Mecke formula we have for all large enough » and all x € A that

o (fo)k_1
PUC(x, PO =kl £ ——— *—D

which is O((nr?)¥~" exp(—nf f;r? /2)), uniformly over x € A. Hence by the last part of Lemma 4 we obtain that

/ h,(x,x) exp(—n6 £ r /2)dx,

/ PIIC,(x, PY)| = k1 fodx = O(nr®Y*~" exp(—nb f5r* /2)),

A\AKD)

which is negligible compared to the right hand side of (3.10) by (3.1), provided we take f;~ close enough to f (here f; = f} so (3.1)
implies limsup,_, ., (n6 for? / log n) < 2/d). Thus using (3.9) we obtain (3.6). O

In the non-uniform case, we do not have such precise asymptotics for I, ,. However we do have the following, which formalizes
back-of-the-envelope calculations suggesting I, ; ~ nexp(—n6 for?).

Theorem 4 (Limiting behaviour of I, in the non-uniform case). Let k € N. Then

lim ((nr)~"log(I,, /1) = —0.f,. (3.11)

Proof. By Lemma 2, given fJ > fo we have for large n that I, > nexp(—nef(;'rd), so that log(1,,; /n) > —nefgrd, and hence
liminf ((nr?)™" log(,, /) > =6 f,.
n—oo

For a bound the other way, note that v(B,(x)) > 8 fyr? for x € A®. Also using Lemma 4, given f < /fp we have for n large enough
that v(B,(x)) > (0/2)f n r? for all x € A. Therefore using the last part of Lemma 4, we have that

I e <nv(AD) (1 f o 0 = DY ! exp(—nf for)
+O(nr(nr)~" exp(=n(0/2) 7 ¥)). (3.12)

The second term in the right-hand side of (3.12), divided by the first term, is bounded by a constant times r exp(n0r?(fy — f N /2)), and
using (3.1) we can show this tends to zero, provided £~ is chosen close enough to f,. Hence by (3.12) we can deduce that

lim sup ((nrd)’1 log(1,,./m) < =0 £,
n—oo
and hence (3.11). O

4. Variance asymptotics and laws of large numbers

In this section, we show that the variance of the k-cluster count S, , and its expectation are asymptotically equivalent, with explicit
rates, and likewise for S’ ke AAS mentioned in Section 1, this is enough to yield weak laws of large numbers for S, and S/, but we
shall also derive concentration results which yield strong laws of large numbers.

4.1. Variance asymptotics in the poisson setting

Proposition 2. Let k € N. Then there exists ¢ > 0 such that as n — o,
Var[S! ] = ELS! 1(1 + 0(™"")) = I, ,(1 + 0e™""").

Proof. Since S’ k(S’ — 1) is the number of ordered pairs of distinct k-clusters in G(P,, ), with h(-) := h,(-) as given at (1.7), we can
write S’ (S,/' — 1) as follows

h@hw)H{(P,\ ¢ \w) N B.(p Uy) = @,dist(p,y) > r}.
Py CP,.lol=|y|=k

Indeed, for distinct k-subsets y, ¢ of P,, their distance must be larger than r in order that they are both connected components of
order k, for otherwise y and ¢ are connected with |y U ¢| > k. Thus by the multivariate Mecke equation [E[(Sr’, k)2] — [E[S,/' A equals

T / / h(x)h(y) exp(=nv(B,(x, y))1{dist(x.y) > r}v*(dy) (dx),

where B,(x,y) := B (x) U B.(y). We compare this integral with
ELS, = 5 / / h(X)h(Y) exp(-n[v(B, (X)) + v(B,(yNDVF(dy)v* (dx),

which comes from (3.3). Observe that v(B,(x,y)) = v(B,(x)) + v(B,(y)) whenever dist(x,y) > 2r. Therefore I\/ar[S,’, - [E[S,’, AT+
J, ,» where

2k
J, =2 / / R(X)A(y) exp(—=nv(B,(x, y)H1{dist(x,y) € (r, 2r]}V*(dy)VF (dx); 4.1
’ k! J gk f gk

11
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n2k

20 =1 o R(x)h(y) exp(—n[v(B,(x)) + v(B,(y)D1{dist(x.y) < 2rhv*(d(x,y)). (4.2
k! /4

We estimate J, ,, in Lemma 5 below. For J, ,, note that by Lemma 4 there exists n, € (0, o) such that for all n > ny and all y € A* we
have v(B,(y)) > (8/3) . Hence for x € A* we have

k
% " h(y) exp(—nv(B,(y))1{dist(x,y) < 2r}vE(dy) = O((nr")* exp(—n(8/3) for")).
and hence J,, = O, (nr")* exp(-nfy(8/3)r!)), which is O, exp(-nfy(8/4)r')). Combined with Lemma 5, this completes the
proof. [

Lemma 5. Let J,, be given by (4.1). There exists ¢ > 0 such that J, , = o(e—m* I,))asn— oco.

Proof. Let us write x <y if there exists y € {y,, ..., y,} such that all points of {x,,...,x,} precede y in the lexicographic ordering (or
in other words, the rightmost entry of x lies to the left of the rightmost entry of y). Since the integrand in J, is symmetric in x and y,
J; is twice the same expression with the inner integral restricted to y satisfying x <y.

Suppose x,y € (RY)F with h(x) = A(y) = 1 and dist(y, x) € (r, 2r]. These conditions imply that y € (By,(x;))¥, where we write x =
(1, ..., x;). Thus, if also x € (A®*M)¥ then y € (A7¥)*, and if moreover x <y, by considering the right half of the ball of radius r
centred on the right-most entry of y, we see that v(B,(y) \ B,(X)) > (8f,/2)r. Therefore since B,(x,y) = B,(x) U (B,(y) \ B,(x)) and this
is a disjoint union,

k
Ji, < 2 h(x) exp(—nv(Br(x)))a(x)vk(dx) +z,,
° k! (AGkD)
where
K
a0 =g / e~/ ey )1 (dist(x, ) € (r, 2], % < yWA(dy), 4.3)
. Ak

and z, is a remainder term from x near dA (to be dealt with later).
As already mentioned, if x,y € A¥ with A(x) = h(y) = 1 and r < dist(x,y) < 2r, then y € (B, (x1))*, and consequently

k
ax) < (nf;:?x) e—(af0/2)nrd 9k(2kr)kd — O((nrd)ke—(efo/z)nrd) — O(e—(afo/fi)nrd)’

uniformly over x € A*. Therefore by virtue of (3.3), we have J; , — z, = O(e=@/0/¥" [ ).

For the remainder term, note that given f|” < f}, by Lemma 4 and the assumed continuity of f|,, there exists n; such that for
all n > n; and all x € A¥ \ (A®)X, we have v(B,(x)) > n@f7 /2)r?. Also if x = (xq, ..., x;) € A%\ (A®%)k then at least one of x,, ..., x;
lies in A\ A®*". Introducing a factor of k we can assume this is x,, and hence deduce that

21 f max)**

|z, £ ————
(k= 1)!

/ Ok dxy T = O(nr(urd 2102,
A\A(ri)

Combined with (3.4) this shows that z,/I, ;, = O(r exp(nerd(f(;r - f7 /), for any f(;’ > fo- Using (3.1), we can choose ¢ > 0, f(;’ > fo
and f~ < f, in such a way that this upper bound implies z, /I, , = O(rn{!/9=¢), and using (3.1) again we see that this is O(e="") for
some ¢ > 0. Thus J; , = O(e—cm" +x) for some ¢ >0. O

4.2. Variance asymptotics in the binomial case

Proposition 3. There exists ¢ > 0 such that as n — oo,

Var[S,, ] = E[S,,I(1 + O(e=""y). 4.49)

Proof. Let < denote the lexicographic ordering on RY. Write S, , = Y, &, here taking

& = 1{|C (X, X)| = k, X; < yVy € C,(X;, X,) \ { X, }}. (4.5)
Then E[S, ] = nE[£], and E[S2,] = nE[£2] + n(n — DE[£,&,]. so that E[S2,] = E[S,, ;] + n(n — DE[£,,]. Hence,
Var[S, ;] — ELS, x] = —nE[&, &1 + n*(E[&, &1 — E[& 1E[E,]). (4.6)
In view of Proposition 1 we need to show the right hand side of (4.6) is O(e‘””d I,0).
For x = (x{,...,x;) € (R, recall from (1.7) that h*(x) is the indicator variable of the event that G({x,,...,x,},r) is connected
and moreover x; < x; for i =2,..., k. Then
-1 * n—
E[&,] = <Z 1) / REx)(1 = v(B,(x)" vk (dx). 4.7)
_ Ak

Consider the first term in the right hand side of (4.6). Observe that if & = &, = 1 then C.(X,, X,) n B.(C.(X,,X,)) = @. Hence, using
the bound 1 -t < e for all 7 > 0 and writing B,(x,y) := B,.(x) U B,(y), we have that nE[¢,&,] equals

n(" - 2) (" -1- k) / / REOR Y = v(B, (X, Y))" 2 VE(dy)* (dx) (4.8)
k-1 k-1 A% J(a\B, ()

12
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k-1
< / / RE ()R (y) exp(—nv(B,(x, )V (dy)VF (dx), (4.9)
(k = D% Jark Ja\B,xk

provided n is large enough so that e2*V(B:&¥) < 2 for all x,y € A¥.

Let @ < min(f,, f,/2). Using Lemma 4, we have for all large enough » and all x € A¥, y € (A \ B,,(x))* that v(B,(x,y)) > v(B,(x)) +
Qard. Hence for such (x,y) the integrand in (4.9) is bounded by h*(x)h*(y)e"’V(Br("”e“"’”’d. Since [, h*(y)v*(dy) = O(**=D), and
L= 25 7. o [ E(x)e=™ B XDk (dx) by the multivariate Mecke formula,

n?k! / / HEQORE (p)e ™ B Ok (dy)k(dx) = O((nr < e 0 1, 1),
Ak J (A\ By, (x))F ’

On the other hand, if y € A%\ (A\ B, (x))¥, and h¥(y) = 1, then y € (By;,(x)))¥, and hence f, A\ By, () h*(y)v¥(dy) = O(r?*), and
V(B,(x,y)) 2 v(B,(x)), so that

e / / RERE(y)e ™ E I VE @y )k (dx) = O (nr! YT, ).,
Ak J AR\(A\ By, (x))k
which is O(e‘””d ) for some ¢ > 0 by (3.1). Thus the first term in the right hand side of (4.6) is O(e‘”"d k) for some ¢ > 0.

Now consider the second term in the right hand side of (4.6). Given n, for x,y € (R%)* let p, = v(B,(x)) and Pyy = V(B,(X,y)). By
(4.7) and (4.8),

_ _ n=2\(n-1- 2k
El¢,6]1 - EI& JELS,] = /Ak /<A\32,<x>>k [(k— 1>< - )(1 - py)

2
- <" ~ i) (1= p)" (1= py>""] BRIV (dy)VF (dx)

k
+<"‘2> (”‘1‘ > / / R OR ()1 = py )2 VE(dy)VE(dx)
k-1 k AK J(A\B,(0)F\(A\ By (0))¥
(”‘1> / / REORE (1 = p)" ™ (1 = py)" Ve (dy)v¥ (dx). (4.10)
Ak J AF\(A\ By, ()

Note that py < kfy,,0r? for all x € A*. Writing p for p, and g for Py and using the fact that as n — oo with & fixed,

(=) (G0 - vone

we estimate the integrand in the first term in the right hand side of (4.10) as follows:

2
(Z:?)(";il )(l—p Q)" <Z:i> (=p—q+pp)™*
n—k
_(n=2\(n-1-k ok ok -1 pq
—(k_1)< 0 )(1 p—a) [(1 p— )" —(1+ 00 ))<1+—1_p_q> ]

2k—2

< o P (= logl = p = ) X L1 = K3pg + OC) + 0( ™)
't 2.2d
< me_np(kfmaxe) r e_nq(l + o(1)). .

By Lemma 4, for all large enough » and all y € A¥ we have q = py = (fof /3)r?. Multiplying the expression at (4.11) by Ry (x)h7(y) and
integrating over y € (A \ B,,(x))* yields an expression bounded by

c/nk(nrd )I‘_1 exp(—(f00/3)nr‘1) exp(—npx)er hf (x),

for some constant ¢’ independent of n. Recalling I, , = (k o / e~ "Px h*(x)v"(dx), we find that the absolute value of the first term in

the right hand side of (4.10), multiplied by »?, is bounded above by
! (k = DI mr"YH T, | exp(=(fo8/3)nr) = O, . exp(—(fo0 /Hnr)).

We turn to the second term in the right hand side of (4.10). By the bound 1 —t < ¢™, for large n this term, multiplied by »?, is
bounded by

—2/ / R () (y) exp(—nv(B,(x, y)V* (dx)vE (dy).
(k= D! J ok J(A\B,x)k\(A\ By, (x))

By the multivariate Mecke formula, the last displayed expression equals twice the expected number of ordered pairs (¢, y) of distinct
k-clusters of G(P,, r) with dist(g,w) < 2r. Hence by a further application of the multivariate Mecke formula, it is precisely equal to
2J, ,, where J; , was defined at (4.1). Therefore by Lemma 5, the second term in the right hand side of (4.10), multiplied by n?, is

o(e—* I, ) for some ¢ > 0.

13
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We turn to the last term in the right hand side of (4.10). For large enough n, by Lemma 4 we have p, > fo(6/3)r? and also
(1= p)7*(1 - py)‘k <2 for all x,y € A. Then

22k / / RERE(Y)( = p)" (1 = py )" K VF(dy)vF(dx)
Ak Ak\(A\Bz,(x))k

d
< cn2k rdk / h: (X)e—npx e—(f09/3)nr Vk(dX)
Ak

= Ly X O((nr Yk~ fo@/3mrty,

which is O(1,, ; exp(—( fo8/4nr?)). Thus there exists ¢ > 0 such that all terms in the right hand side of (4.10), multiplied by n?, are
O(e‘””d I, ). Therefore the right hand side of (4.6) is O(e‘c”rd ..k)> as required. O

4.3. LLNs And concentration results for S, and S’ ,

c.c.
A sequence of random variables (&), is said to converge completely to a constant C (written &, — C) as n — o if P[|£, — C| > €]
is summable in » for any £ > 0. In particular, complete convergence implies almost sure convergence for any sequence of random

variables defined on the same probability space. We now prove S, , /I, % 1 and s ik % | under an extra condition on r = Fus
namely

lim sup(9nr? /(log n)) < 1/(2£,). (4.12)
n—oo
Using our results about I, ;,, we can then give a sequence of constants that are almost surely asymptotic to S, (in the uniform case)
or to log(S, ,/n) (in the general case).

Theorem 5 (Concentration results for S, and S’ ). Suppose that r = r, satisfies (4.12) as well as (3.1). Given € > 0, there exist
5,n, € (0, 00) such that for all n > n,,

PU(S, /L) — 1] > €] < exp(=n®); (4.13)
PLICS, o/ Tug) = 1] > €] < exp(=n®). (4.14)

In particular, as n — co we have the complete convergence (S, /1, ;) % 1, and dlso

(Y 10g(S, 1 /1) —> —0 £, (4.15)

and likewise for S’ i (asn— oo through N). Finally, in the uniform case,

n—lefoenrd(nrd)(k—l)(d—nsmk ‘_‘) k—]fél—k)(d—l)ak’ (4.16)

and likewise for S/ ,.

Remark 4. If (3.1) holds but (4.12) does not, then as mentioned in Section 1, we still have S, /1, . i 1, and (4.15) and (4.16)
with convergence in probability.

When f,, = f|, the upper bound in (3.1) is fO‘ I'min(2/d, 1), so (4.12) is a stronger condition than the upper bound in (3.1) when
d < 3 (but not when d > 4).

Proof. (Proof of Theorem 5.) By definition E[S’ ] = I, ;. Hence by Lemma 2, given any ¢ > 0 and /7 > fy, for n large enough,

_ft d
PUS! = Lyl > €L, ] < PSS, —ELS] 1] > ne™/0 """,

Partition R? into cubes of side length r. Then the number of k-clusters intersecting a fixed cube in the partition is bounded
by a constant ¢’ depending only on d. Therefore, removing all the Poisson points in any fixed cube of the partition reduces or
increases the total number of k-clusters by at most a constant depending only on d. Enumerate the cubes in the partition that
intersect A as Cy, ..., C,, , where m, = O(r~¢) as n — co. For each ¢ € [m,], let F, be the sigma-algebra generated by P, n (Uf=1 C)). Set
D; = [E[S”,’k|7‘,-] - [E[S’/Lk|f’,.71] for i € [m,]. Then S;,k is written as the sum of martingale differences S:,,k - [E[S:,,k] = Z:’:l D,. To see
why |D;| is bounded from above by a finite constant, we re-sample the Poisson points in C; from an independent copy P, defined on
the same probability space. By the superposition theorem [9], recalling that K, .(X) is the number of k-clusters of G(X, r), we have
that

D; = E[Ky,(P,) — Kk’,((P,'l NnCHU@P,\ CHIF1

Hence |D;| < 2¢’ uniformly in i € [m,], as discussed in the last paragraph. From here, it follows easily by an application of Azuma’s
inequality [1, page 33] that for all n large

o —2nfterd
PLIS,, —ELS!, | = ne™d' ] < 2exp <—%>
n

14
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By the assumption (4.12), we may assume fJ is chosen so that lim sup,,_, ., n6 f(;' r? /(log n) < 1/2. Using this we can find § > 0 and ¢ > 0
such that for n large, the last bound is at most 2 exp(—c’'n%). This gives us the result (4.14).

Now consider S, , (i.e. the binomial case). By Proposition 1 we have for some ¢ > 0 that E[S, ;] = I, (1 + O(e~"")), and hence
for n large,

PSS,k = Lyl = €, ] S PSS, p — ELS, 11l 2 €1, /2]
< PlIS, 4 — ELS, ]l 2 ne 3],

Then (4.13) can be proved in the same manner as (4.14) with the filtration now given by 7, = 6(X; : i < ¢) and D; = E[K; (X,) —
Ky (X1 \ {X;DIF;]. We omit the details.

It is immediate from (4.13) and (4. 14) that (S, /1) 2% 1, and Sy o/ Tnid) “
For (4.15), note that since (S, /1, ;) 2% 1 and nrd > oo, (nrd)~! 1og(S, /Tn i) % 0, and thus by Theorem 4,

(") 1og(S,, /) = (nr) " og(S, /I, + (nr)™ 'log([nk/n)—> -0 £y,

which is (4.15). We obtain a similar result for S’ . using the fact that (S’ % /1) 24,
In the uniform case, we obtain (4.16) using (3 6). O

5. Asymptotic distribution of the k-cluster count

To present Poisson and normal approximation results for S, , and S’ we recall three notions of distance which measure the
proximity between the distributions of real-valued random variables X, Y. The Kolmogorov distance is defined by

dg(X.Y) 1= sup |P[X < z] - P[Y < z]|.
zeER

The Wasserstein-1 distance is defined by

dw(X,Y) := sup |E[A(X)] - E[AMX)]I,
heLip,

where Lip, denotes the family of Lipschitz continuous functions with Lipschitz constant at most one. The total variation distance is
defined by

dry(X,Y) := sup |P[X € A]—P[Y € A]],
AEB(R)
where the supremum is taken over all Borel measurable subsets of R. If X,Y both take values in Z, then this is the same as
(1/2) ¥,z IPLX = n] — P[Y = n]|. Convergence in any of the three aforementioned distances implies convergence in distribution.
In this section we prove the following result, concerning the asymptotic distributions of S, , (the number of k-clusters in G(X,,, r))
and S’ (the number of k-clusters in G(P,, r)), in the mildly dense regime. Recall from (3.3) that [E[S’ 1= 1, Recall that Z, denotes
a P01sson variable with mean ¢, and let N denote a standard normal random variable.

Theorem 6 (Distributional results on the k-cluster count). Suppose that r = r(n) satisfies (3.1), and set b := limsup,_, ., (n6r? / log n).
Let k € N. There exist finite ¢ > 0,n3 > 0 such that

dTV(Sn K nk) e _Cnrl Von2ns, (5.1)
and if d > 2 then
dry(Sy ks Zgs, 1) < e Y. (5.2)

Moreover (for all d), given ¢ > 0 we have as n — oo that

dy (Var[S] , 17'2(S] | = I,4), N') = O(n+®Fo=D/2) (5.3)
and

dw(Var[S,  17V2(S, . — ELS, 1), N) = O(ne+0/o=D/2), (5.4

Also if d > 2 then there exist finite ¢ > 0,n, > 0 such that

dy (Var[ S, 17/2(S,  — ELS, D, N) < e Vn>ny, (5.5)
and a similar result holds for S’ , for all d > 1.
Remark 5.
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1. The normal approximation (5.5) (and the corresponding result for S’ : ) will be proved via Poisson approximation, while (5.3) and
(5.4) will be obtained by direct normal approximation of S, , or .S’ i Itis of interest to compare the rates of normal convergence
in these results with one another.

When b = 0, the rates are better in (5.3) and (5.4) than in (5.5) since eenr? decays more slowly than n~¢ for any ¢ > 0. To fully
compare when 5 > 0, we would need to optimize the value of ¢ in (5.5), which is beyond the scope of this paper.

2. We conjecture that the rates in (5.3), and in (5.4) for b = 0, are optimal up to a factor of n*. When b > 0 the rate of convergence
given for S, , in (5.4) is worse than the rate given for S’ in (5.3). We expect that in this case the rate in (5.4) is sub-optimal.

3. When bf; > 1/3, (5.4) does not give a CLT for S, at all However provided d > 2 and (3.1) holds (which amounts to b/, < 2/d
when f,, = f;), we do still have a CLT for .S, , (possibly with a sub-optimal rate of convergence) by (5.5).

4. In (5.4) we found it more convenient to use dy, rather than dy. The proof of (5.4) is based on a general result on normal approx-
imation (in dy,) for stabilizing functionals of binomial point processes (Lemma 12) which is itself based on a result in [19]. It
might be possible to obtain a similar result with dy instead of dy, by utilizing [30] instead of [19].

5. A result along the lines of (5.3) (without any rate of convergence) is proved in [21] for a class of soft RGGs where the probability
of two vertices being connected given their locations at x, y say, is some function of x and y (called the connection function), rather
than being 1{||y — x|| < r} as in the graphs considered here. However, the result in [21] requires the connection function to be
bounded away from 1, so the result there does not cover the RGGs that we consider here.

5.1. Poisson approximation for S; B

Let N(R?) be the space of all finite subsets of R, equipped with the smallest s-algebra S(R?) containing the sets {X € N(R?) :
|&X N B| = m) for all Borel B c R? and all m € NU {0}. Given m € N, let N,,(RY) := {X € NR?) : |X| = m}.

Our main tool for proving the Poisson approximation result (5.1) in Theorem 6 is the following coupling bound in [21] adapted
to our situation (i.e. without marking). The function g in the next result has nothing to do with the g in Section 2.

Lemma 6 ([21, Theorem 3.11). Let g : N, (RY) x N(R?) — {0, 1} be measurable. Define
Wi=F®P):= Y g@P,\o.

@CPylol=k
Letn> 0,k €N. For x = (x, ..., x;) € (R with distinct entries, set p(x) := E[g({xy,...,x,}, P,)] and set yu = nv. Assume that for u*-a.e.
x with p(x) > 0, we can find coupled random variables Uy, V, such that

o LUy =2W);
e LU+ V) =ZFEP, U {xy,....x Dlglxy, ... x 1, Py) = 1.
o E[|U, — V4] £ w(x), where w : (R)F - [0, 00) is measurable.

Then

drv(W, Zgyy) <

M / WE)POHH (). (5.6)

We restate the first Poisson approximation result (5.1) from Theorem 6 in the following proposition. Recall that Z, denotes a
Poisson variable with mean 7.

Proposition 4. Let k € N. Then there exist finite constants ¢, n5 > 0 such that

dpy (S

d
—Cnr
"k,Z,mk)Se s vV n>ns.

Proof. In view of (3.2), we apply Lemma 6 with

g(p.y) 1= h.(p)l{y N B.(p) = @}.

For x € (RY)¥, with A,(x) = 1, we construct coupled random variables (U, V;) as follows. Define U, := Z(pcpM ol=k 8@, P, \ @),
and

Vi i= Z 8@, P, \ B.(x)\ ).
©CP,\B,(x),|o|=k
This coupling satisfies the distributional requirement because the conditional distribution of P, given the event {g(x,P,) = 1} is the
same as the distribution of P, \ B,(x).
There are two sources of contribution to the change U, — V; of k-cluster counts after removing all the Poisson points in B,(x).
First, after removal, all k-clusters of G(P,,r) that were originally intersecting B,(x) are destroyed, therefore reducing the k-cluster
count. Second, every k-set ¢ C P, \ B,(x) satisfying the two properties

@ gle,P,\B.x)\p)=1;
(b) P,(B.(x)N B.(p)) > 1;
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becomes a k-cluster only after removing all the Poisson points in B,(x), thereby increasing the number of k-clusters. Let & (x) denote
the number of k-clusters of G(P,, r) that intersect B,(x) and let &,(x) denote the number of k-subsets ¢ of P, \ B,(x) satisfying property
(a) and property (c) B,.(¢) N B,.(x) # @. It is clear that (b) implies (c) and

Uy = Vil £6,(%) + &(0). (5.7)
We estimate E[¢,(x)] and E[£,(x)] separately. Since

a0= 2 h()1{(P,\ @) N B.(p) = B},
@CP,:||=k,pNB,(X)#0

applying the multivariate Mecke equation leads to

L

El&100] = 7

/ hy (e O ) (dy).
AR\(A\B, ()

Ify € A*\ (A \ B,(x))¥ and h,(y) = 1 then y C B,,(x)*. Moreover by Lemma 4, if n is large enough then v(B,(y)) > f,(8/3)r¢ for any
y € A¥. Hence for all n large enough and all x,

E[&i (0] < Z—,:(ke(kr)d Fna) e~ 0@/
Therefore setting p((x;, ..., x,)) = E[g({x}, ..., x,}, P,)], and using (3.3), we have
/A" E[1001p(0(m)" (@x) < (fmaxede)k(nrd)ke_(gﬂ)fomd(z_l;) /Ak p(x)VE(dx)
= (fmaxekd+1)k(nrd)ke—(9/3)f0nrd Ly 58
Set y(x,y) = 1{r < dist(x,y) < 2r}. By the multivariate Mecke equation
Eley01 = /A B BN gy,

and therefore writing B,(x,y) for B.(x) U B,(y), we have that
2k
/ EL&(®)Ipx)(mv)*(dx) = “— / / R (Oh, (¥)r (X, y)e ™ B EIE (dy) K (dx).
Ak k Ak J Ak

By (4.1) this expression is equal to k!J; ,, and therefore by Lemma 5 it is o< 1, ;) for some ¢’ > 0.
Combining this with (5.8), and using (5.7), we obtain for suitable ¢ > 0 that

/ Uy = Vil p)(nv)(dx) = O™ 1, ).
Ak

Applying Lemma 6 with the present choice of g (so that the W of that result is .S’ ) gives the desired bound in Poisson approximation,
completing the proof. [

5.2. Poisson approximation for S,
For Poisson approximation in the binomial setting, i.e. for S,,, we use the following result from [20, Theorem II.24.3] or [22,
Theorem 1.B].

Lemma?7. Letn € N. SupposeY,, ...,Y, are Bernoulli random variables on a common probability space. Set W := Y | Y,, and p; := E[Y]
for i € [n]. Suppose for each i € [n] that there exist coupled random variables U,, V; such that Z(U;) = L(W)and (1 + V;) = Z(W|Y; = 1).
Then

dry (W, Zggy) < (min(1, 1/EIWD) Y pENU; = Vi[1.

i=1

We use this to obtain the analogue of Proposition 4 in the binomial setting, i.e. the second Poisson approximation result (5.2) in
Theorem 6:

Proposition 5. Suppose d > 2. Let k € N. There exist ¢ > 0, ng € (0, o) such that

dry(Syp Zegs, ) S e V2 ng.
We shall prove this in stages. To apply Lemma 7 to S, ,, we let Y; be the indicator of the event that |C.(X;,X,)| = k and X; is the
left-most point of C,.(X;,&,) (we called this ¢ at (4.5)). Then S, , = }7 | Y.

We need to define U, V; for each i € [n] so that Z(U;) = Z(S,;), and Z(1 +V;) = Z(S,,|Y; = 1), and so that we can find a good
bound for E[|U; — V;|]. We do this for i = 1 as follows. First define the event

€ 1= Y, = 1) 0 (G(X,. X)) = (X,..... X, }).
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Let (X,,...,X,) be a random vector in (R?)* with Z(X,...,X,) = Z(X|,... Xk)lg) Also let (X, ;,i € [n],j € N) be an array of

i,j°

independent v-distributed random variables, independent of ()? Lo Xp). Set X,y = {X .., X, )
Fork <i<nsetJ; :=min{j : X;; & u B (X,)} and set X, := X; i Then set X, 1= {Xl,... X, )
In other words, we sample the randorn Vector (X1ses Xp) from the conditional distribution of (X}, ..., X,) given that & occurs,

independently of X, . Given the outcome of X, ... ,Xk, for i € [n]\ [k], if X;, & Uf:]B,(Xf) we take X; := X, . Otherwise we re-
sample a random vector with distribution v repeatedly until we get a value that is not in U’;= 1B,(f( /), and call this X;. Thus, given

the value of (X, ..., X,), the distribution of X; is given by the measure v restricted to A\ U';zl B,(X,), normalized to a probability
measure.

Set U; := K, (&, ), and V| := K, (X, ,) — 1. Note that in this coupling we make no attempt to make a ‘good’ coupling of
(Xy,....Xp) to (X, ..., X, ). However, for k+1<i<n the variables X;, are the same as X, except in those rare cases where

X, lies in B,((X,, ..., X,)). This is what makes the coupling effective. Clearly Z(U,) = Z(S, ;).
Lemma 8. With V| as just defined, Z(1+V}) = Z(S,,,|Y; = D).

Proof. Given Y, = 1, we have that C,(X,, X,) has k vertices with X, the left-most of these, and by exchangeability we can assume
the other vertices of C,(X,,&X,) are X,, ..., X, without affecting the distribution of the point process &,. In other words, we have
ZLX,Y, =1) = ZL(X,|€). Moreover, we claim that

LX), ... X)) = LX), ... X,)|®). (5.9)

This implies that Z({ £}, ..., X,}) = Z(X,|€) = Z(X,|Y; = 1), and hence Z(1 + V}) = Z(K;,({X}, ..., X,}) = Z(S, 1Y, = 1), as re-
quired.

It remains to confirm the claim (5.9). The reader may think this is obvious, we provide a sketch proof. For x = (xy, ..., x,,) € (R?)",
let us set xf 1= (xy, ..., x;), X[, | 1= (xpqps o5 x,) and g, (5, %7, ) 1= [T, Hx, & B.(x})}). Then with 1* defined just after 1.7,
PLXy, ..., X,) € dx; E] = hE(X)g,(x}, X}, v (dx), (5.10)

so that P(&) = [, hr(x)g, (xf,x; v"(dx). For x§ € (RV)¥, let us set I(x}) 1= fipayr &}, X7, W'7F(dx] ). Then by (5.10),
R T(xF)vE (axb)
Ly e (Fyg, (xK,xt yvr(dx)”

Pl(X,.....X,) € dx}] = P[(X,, ..., X,) € dx}|&] =

Then
gr(x] X V' “(dx Xier)
I(Xl)
hy (D (%), X, V@, X))
S X8, (XF,x], v(dx)
=Pl(X},.... X,) € dx|&],

Pl(X,,..., X,) € dx] XP[(X,,....X,) € dx}]

where the last line comes from (5.10). Thus we have (5.9). O

Proof. (Proof of Proposition 5) We need to find a useful bound on E[|U; — V;|]. Note that the ‘new’ point process X,, = {X,... X,,}
is obtained from the ‘old’ point process X, | by replacing the points X, |, ..., X, ; with X, ..., X, and also, for those i € [n] \ [k] such
that J; > 1, replacing the point X, ; with X;, leaving the other points unchanged.

We refer to vertices and components (here also called clusters) of G(X, ;. r) as being old while vertices and clusters of G(X,, ,,r) are
new. We write C for {X, ..., X, }. By construction C is a cluster of G(X,,, ).

The value of |U, — V| is bounded by the sum of the following variables N;, 1 <i < 6.

N, is the number of old k-clusters involving X ;,..., X, ;, and N, is the number of new k-clusters within distance r of one of
X, ..., X}, but not using any of the new vertices X, w1th i > k,J; > 1, and with no vertex in B,,(C). These will be affected by
removing X;; for 1 <i <k.

N3 is the number of old k-clusters intersecting B,()? ;) for some i € [n] \ [k] with J; > 1, and not using X, (if such a cluster does
use X, it is included in N5 below). N, is the number of new k-clusters involving X; for some i > k with J; > 1, and having no vertex
in B,,(C). These are affected by the creation of new vertices at X; with i > k, J; > 1.

Ny is the number of old k-clusters having at least one vertex in B, (C). These clusters are affected by the removal of old vertices in
B,(C). i i

Ny is the number of new k-clusters having at least one vertex in B,,.(C), other than C itself. These could be created from previously
larger clusters due to the removal of old vertices in B,(C).

We estimate E[N,] for each i € [6], repeatedly using the fact that v(B,(x)) > (8/3)f,s? for all small enough s > 0 and all x € A by
Lemma 4. We have for large enough » that

E[N,] < k(" - 1) / R, = v(B,(x)))" vk (dx)
k—=1) J«
< 2k N (Fnax 0k = DR L exp(=£,(0/3)nr?),
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and writing A,.(x,x) for A,.((x,x)), we have

E[N,] < k(” - k> / / hy(x, )(1 = v(B,(x)))" 2K vk (dx)v(dx)
k A J Ak

< 205 (Frmax OkP)D)E exp(=£(0/3)nr).
Using the fact that P[J; > 1] < kfy,,6r for i > k, and the point process X, ; \ {X;,} is independent of the event {J; > 1} and the

random vector X;, we obtain that

E[N;] < (n - k)(k fmaxﬁrd)(n B 1> sup / R, (x,x)(1 = v(B(x)))"~ = vk (dx)
k x€A J Ak
< c(mr®) 1 exp(—fo(6/3)nr?).
Using the same bound on P[J; > 1] and the fact that for i € [n] \ [K] the distribution of X, , \ { X, ..., X;, X;}, given (X, ..., X;, X)) is
that of a sample of size n — k — 1 from the restriction of v to A4 \ U’;ZIX » normalized to be a probability measure, we have that

E[Ny] < (n - k)(kfmaxer">(" B , B 1) sup {2 max OGN (1 = W(B, ()"}
xe

< c(mr®)k exp(—f(8/3)nr).

Next,
E[N5] < nk i, 0 (n ~ 1) SUP/ Ry (x,X)(1 = v(B,(x,x)))" V"1 (dx)
k—1/ xeaJ a1
< c(mr®)* exp(—f(8/3)nr).
We give an estimate for E[Ny] in Lemma 9 below. Combining this with the earlier estimates for N, ..., N5, we obtain that there

exists € > 0 that
E[|U, - V; |1 = O(exp(—enr?)).

By the exchangeability of X, ..., X,,, we can construct U, V; similarly for each i € [n], with the same bound for E[|U; — V;|]. Also we
know E[S,, ;] = o as n — oo by Proposition 1 and Lemma 2. Then by Lemma 7 (with the W of that result equal to our S, ;) we obtain
for n large enough that

dry(Sups Zis, ) < (ELS, D! Z E[Y;] x O(exp(—ner®)) = O(exp(—ner?)),

i=1

as required. O

Lemma 9. Suppose d > 2. Let N be the number of k-clusters of G(X,,,r) within distance 2r of {X,,..., X}, other than {X,,..., X}
itself. Then there exists a constant ¢ > 0 such that E[N¢] = O(exp(—cnr?)) as n — co.

It is harder to find a good upper bound for E[ N¢] than for E[N;],1 <i < 5. The main problem is that for fairly large k (for example,
k = 12 for d = 2) there can be a configuration of { X, ..., X, } such that the union of balls of radius r centred on these points surrounds
a very small (but non-empty) region. This causes a problem because the probability of having a second k-cluster inside this small
region does not include the exp(—Q(nr?)) factor seen in the estimates for the other E[N;], since all other points in the union of r-balls
centred on {X,, ..., X, } are removed anyway.

To deal with this difficulty, we shall integrate over X,,..., X, and verify that the aforementioned eventuality is very unlikely
because of the compression phenomenon mentioned before: given small but fixed 6, > 0, a k-cluster is very likely to be compressed
within a small ball of radius §,r, and if this happens the kind of possibility just mentioned cannot happen. We can deal with the
probability of non-compressed k-clusters by other means.

The proof of Lemma 9 uses the following geometrical lemma. The lemma fails when d = 1, and is the reason for the restriction to
d > 2 in the statement of Proposition 5. It may be possible to prove Lemma 9, and hence Proposition 5, by other means when d = 1.
Recall from the start of Section 3 that we are assuming A C R¢ is compact with Vol(4) > 0 and with C'-! boundary.

Lemma 10. Suppose d > 2. There exists a constant 5, > 0 such that we have for all small enough s > 0 that
VOI(B,(y) N A\ B(1y5,)(x) > 8,57, Vx€Aye A\ Bx). (5.11)
Proof. Suppose 6; < 1/4.If x € A,y € A® \ B,(x) then the set B,(») \ B(146,)5(X) contains a ball of radius s/4, and is contained in 4,

50 that VoI(By(y) N A\ B(i1s,)5(x)) > 6(s/4)".
Let 6, = 0.01, and let 7 € (0, 7(A)). We show first that for all s € (0,5,7] and all y € A \ A we can find a unit vector e(y) such that

B*(3;5,6;,e() C A, (5.12)

where the set B*(y; s, 7, e) is as defined at [1, p. 98], namely, it is the set of z € B(x, r) such that {(z — y), e) > ns, where (-,-) is the
usual Euclidean inner product.
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O

0A

Fig. 3. Illustration for the proof of Lemma 10. The small circle represents B; ((z). The larger segment represents B*(y, s, 6,, e(y)).

Suppose 0 < s < §,7. Given y € A\ AY, let w be the nearest point of dA to y. Let e = /. By translating and rotating A we can
assume without loss of generality that y=o0 and e =¢, := (0, ...,0, 1), the dth coordinate unit vector. For u € R/~ with |ju|| < 7,
define

@) :=sup{a € [-7,7] : (u,a) & A}.
Then as in the proof of [29, Lemma 3.6], ¢(u) < ||u[|?/z. But if z € B*(,s,6,,e) then writing = for projection onto the first d — 1
coordinates, since s < 6,7 we have

(z,€) 2 (z—y,e) 26, 5 2 5° /7 > P(x(2)

so that z € A. This gives us (5.12) for s < §,7.

Let 5 € (0,s0). Pick y € A\ A® and let e = e(y) be as just described. Without loss of generality, now assume y = o and e = ¢,. The
following argument is illustrated in Fig. 3.

Let x € A\ By(y). After a further rotation we can also assume without loss of generality that x = —ue, + ve,; for some u > 0 and

v € R with u? + v? > 52, where ¢; := (1,0, ...,0). It follows from this that ||se; — x|| > V2.
Let z = (1 — 768,)se; + 28,se,. By the triangle inequality ||z — x|| > (\/E —96,)s = (1 +36,)s. Hence B;, (2) C R4\ B(146,)5(x). More-
over By ((2)° C B*(y;s,8,,e4) C A. Therefore
VOI(By(y) N A\ B(jy5,),(x)) > Vol(Bs, (2)°) = 0(6, 5)°.
Thus taking 6§, = min(&z,eég) we have (5.11). O
Proof. (Proof of Lemma 9) Choose 6, € (0, 1/2) with the property in Lemma 10. Let x = (x|, ..., x;) € (R)* with x; < x; and ||x; —
x;|| < &,r for 2 <i < k (here < refers to the lexicographic ordering). For i € [n] \ [k], let X, = {X;,;..... X, } \ {X;}. Let

n

Ny(x) 1= Z 1{X; € By, (%) \ B,(X), X, 1 (B, (X)) \ B(y5,)(x1)) < k}.
i=k+1

Then using the property from Lemma 10 (taking y = X; and x = x,), and then a Chernoff-type bound (for example, [1, Lemma 1.1]),
we have for large n that

E[Ng(X)] < (1 — K)2K f 02r) P[Bin((n — k — 1), fo6,7%) < k — 1]
< exp(—fo(8,/2)nr).
Let . be the event that {X|,..., X,} C B(;l,()?l), i.e. ‘compressed’. If ./ occurs then Ng < N¢((X,, ..., X)), and thus we have

E[Ng|.] < exp(—fy(8,/2)nr). (5.13)
Also,
PLAY = PIUS (X, & Bs ,(XDY{RI(X,, ..., X)) = 1}nnl_ (X, €U B.(X)}
P[E d
— M (5.14)
[A P[F,]v(dx)

where we set
Fyi= {h(x. Xy . X) = 13000, (X & B Xy X))
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E, i={{Xy ... X} \ By ,(x) # B} N F,.
Set b = limsup,,_, .. (9nr? / log n) and note that b(f, — f;/2) < 1/d by (3.1). Take 6, > 0 such that
b(fy— f1/2) + b oy < 1/d, (5.15)

and such that moreover for all y € R \ Bj (o) we have Vol(B, (y) \ B,(0)) > 6,6, and also 6, < 1/3. Then for all small enough s > 0 and
all x € A®9),y € A\ Bj, ;(x) we have Vol(A N By(y) \ By(x)) > 8,059. Moreover, h*(x, x,, ..., x;) = O unless x,, ..., x; all lie in Bj_,(x),
and hence for all large enough n and all x € A®" we have

PLE,] < / (1 = v(B,(x, )" v (dx)
(B ()K= I\(Bj ()<~
<2 / exp(—nv(B,(x, )V (dx)
(Bir (K= T\ (B (x)F~!

<2 / exp(—=nv(B,(x)) — fo08,nr WE1(dx)
(B () =I\(Bj ()~

< er?®D exp(=nv(B,(x)) — fo08,nr?),

for some constant ¢ (independent of x). Similarly using the simpler bound v(B,(x,x)) > v(B,(x)) we obtain for x € A\ A®" that
PLE,] < cr®=De=(5-())_Hence by splitting the integral into regions A®") and A \ A®”, given f~ < f|, and using Lemma 4 we obtain
for some new constant c¢ that for n large,

pA0=0 / PLEV(dx) < cexp(=0(fo + fody)nr?) + crexp(=0(f] /2nr?). (5.16)
A

On the other hand, given 8; € (0,4,), and any £ > 0, we have for large enough n and all x € A", setting B} (x) to be the right half
of By(x), that

P[F,] > / (1 = V(B(145,), )"V (dx)
(B, ! :

2 (fo(0/2)85r") " exp(=(1 + )nv(B(14.5,),(x))).
Choose 85 so that f,,,, (1 +85)¢ — 1) < f,6,/4, and € so that 2%¢ f,,,, < fy8,/4. Then
(14 EWV(B 145, (%)) < V(B(X)) + frnaxOr (1 + 83)" = 1)) + & [ 02r)?
S V(B,(0) +0r fy5,/2,

so that given f(;’ > f, there is a further constant ¢’ > 0 such that for large n (using the continuity of f on A) we have

pd=h / PIFv(dx) > ¢ exp(—(f + f46,/2)0nr?).
A
Therefore by (5.14) and (5.16) there is a further constant ¢”” such that
PLa] < " expl(f + f062/2 = fo - fo82)0nr?] + " rexpl(fy + f06,/2 - £ 12)0nr]
=" expl(f] = fo = fo82/0nr 1+ " rexpl(fF + f962/2 = 7 [2)0nr].
Taking f(;’ sufficiently close to f,, and f T sufficiently close to f > we have that the first term is O(exp(—f,(8,/4)0nr?)), while taking
b :=limsup,_ . ((n6r?)/ log n), the second term is bounded by rn®?(/o~(/1/2+/052) ' and by (5.15) and (3.1), this is O(exp(—cnr)) for some
¢ > 0. Thus using (5.13) and the fact that Ny is bounded by a deterministic constant depending only on d and k, we have for some
constant ¢’ that
E[Ng] = E[Ng|A1P[AM] + E[Ng| A P[]
< exp(=6,(fo/2nr?) + ¢’ exp(—cnr),

which implies the result asserted. [
5.3. Normal approximation

We shall prove our central limit theorem for S”, by expressing it as a sum of variables having the structure of an m-dependent

random field, whose definition we now recall. Let X = (X,,a € V) be a collection of random variables indexed by a set V c Z¢. Given
m > 0, we say X is an m-dependent random field if for any two subsets A;, A, of Z¢ with min,c, \ped, lle = Bl > m, the sigma-algebras
o{X, a € A}, and 6{X,,a € A,}, are mutually independent.

Lemma 11. (see [18, Theorem 2.6]) Let 2 < q < 3. Let V C Z¢ and let (W, i € V) be an m-dependent random field with E[W;] = 0 for
eachi € V. Let W = },,, W,. Assume that E[W?] = 1 and E[|W;]9] < oo for all i € V. Then

dg (W, N(0,1)) < 75(10m + 1)4=D4 Z E[|W;]9]. (5.17)
i€y
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We shall apply Lemma 11 to S’ , to prove (5.3) from Theorem 6. The claim is restated in the form of a proposition.
Proposition 6. Set b =limsup, ., n0r /(logn). Set ¢ = (Var[S’, 1)!'/2. Let £ > 0. Then as n — oo,
dy (67" (S} = 1), N(O, 1)) = O(n+b/o7D/2), (5.18)

Proof. Let /5 < fyand [} > fy, and f7 < f < f;. Fix§ € 0,d=1/2), with fo(1 -2 dé)? > f; and also f(1 —2d8)? > f. Given n,
partition R¢ into cubes of side length r = r(n) centred on the points of 6rZ¢ and indexed by Z¢; for z € Z¢ let C, be the cube in the
partition that is centred on 6rz. Let V={z € Z¢ : C,n A # @}. Then |V| = O¢~%) as n — 0.

For z € V, let U, be the number of components of order k in G(P,,r) having their left-most vertex in C,, set p, := E[U,], and
let W, =6"'(U, - p,). Then 3, ., U, = Sr’,,k and ), W, = a‘l(S"l’k — 1, ;). Moreover, (W,,z € V) is a centred m-dependent random
field, where m is independent of n. Hence by Lemma 11 (taking g = 3), there is a constant ¢ independent of » such that

dg (6™ (8] = 1,0 N(O. 1)) < ¢ Z E[W, ] = co™3 2 E[U, - p,’]. (5.19)
zZEV zeV
Since 6 < d~/2, any two points of P, in the same cube are connected in G(P,,r), and therefore U, is a Bernoulli random variable
with parameter p_, for each z € V. Hence E[|U, — p_|*] = p,(1 - p,)* + (1 — p,)p} < p..
LetV, :={z€V:érz€ AV} and V, :=V\ V.
Let z € V. If P,(B,_45,(6rz)) > k + 1, then U, = 0. Therefore there exists ¢ > 0 such that for z € V,,

Pz < PIP(B,_y5,6r2)) < kI < c(nr?Y* exp(=f,0(1 — d§)? nrd),

so that by Proposition 2, there exists ¢’ such that for n large the contribution of V; to the right hand side of (5.19) is at most

/r exp(— fo0(1 — 2d ) nrd )1/

’—d - d\y=3/2
ik <cr exp(—fOBnr )In,k s

and by Lemma 2, for n large this is at most
n 2ty exp((B/2) 15 — fo )0nr?).
Set b :=limsup,_, ,, n0r¢ /(logn). Then b < 1/ f, by (3.1), and for any & > 0, provided f(;’ and fy are chosen close enough to f the

above is bounded by ne+(®/0=1/2,
Now consider z € ¥,. For such z, using Lemma 4 we have

Pz < PP, (B,_g5,(6r2)) < k] < c(nr) exp(—£; (1 — d6)* (0 /2)nr).

Also we claim that |V,| = O(r'~%). Indeed, using the first part of Lemma 4, we can cover dA by O(r'~¢) balls of radius r. Taking balls
of radius 3r with the same centres gives a collection of O(r'~9) balls such that each point of V, lies in at least one of these balls. Since
the number of points of V, contained in any one of these balls is uniformly bounded, the claim follows.

Therefore there exists a constant ¢ such that the contribution of V, to the right hand side of (5.19) is at most
¢/l exp(—f7 (6/2)nrd)1;i/2, and by Lemma 2, given ¢ > 0, for n large this is at most

n ey exp((B/2fF = f7 /200nr?) < nt=1/2=A/DHO/DGfo=h),

Using (3.1) we have that b(f, — f,/2) < 1/d and therefore the exponent of n above is at most € — (1/2) + bf,/2, i.e. e + (bfy — 1)/2.

Combining this with the contribution of ¥, and applying (5.19) yields (5.18). O

For a binomial counterpart of Proposition 6 using Wasserstein distance, we use the following lemma, which is based on a result
of Chatterjee [19], which requires further notation.

Recall the definition of N(R?) from Section 5.1. Given F : N(RY) » R and x € R, set D, F(X) := F(X U {x}) — F(X), and set
IDF|| := sup,crd yenrd) | Dx F(X)]. Given such F and given s € (0, ), we say that the constant s is a radius of stabilization for F if
D, F(X) is determined by X n B,(x) for all x € RY, X € N(R?), i.e. D, F(X) = D, F(X n By(x)) for all x, X.

Lemma 12. Letn €N, s € (0, 0). Suppose F : N(RY) — R is measurable with | DF|| < oo and o := /Var[F(X,)] € (0, %), and s is a
radius of stabilization for F. Then

F(Xn) - IEIT(‘/Yn)
(P22

1/2
N) < CZZ IDFIPEL(X,0a(ByX ) D' + %MDHP, (5.20)

where C is a universal constant.

Proof. We apply [19, Theorem 2.5]. As explained below, the graph G(&X,, s) is a symmetric interaction rule (in the sense of [19]) for
F, and we can take its symmetric extension G’ to be G(X,,4, s). The quantity denoted A ;f(X) in [19, Theorem 2.5] has its absolute
value bounded by 2||DF||.

Suppose x = (x{,...,x,) € R¥)y"and x’ = (x],...,x) € R¥)". Fori,j € {1,...,n} with i # j,setx' = (x|, ..., x;_, %}, X;41, ..., x,) and
xi/ = (x')/. As done elsewhere in this paper, we identify x with the set {x,...,x,} (with any repeated entry in x being included just
once in {xi,...,x,}), and likewise for x’ and x"/.

By the stabilization condition F(x) — F(x/) is determined by x, x;. and the sets x N B(x;) and x N Bs(x;-). Similarly, F(x') — F(x")
is determined by x;, x and the sets x' N By(x;) and x' N By(x)).

If lx; = x5 l1x! = x; 01, Hlx; = x;|| and ||x] - X}ll all exceed s then x N By(x;) = x' N By(x;) and x N Bs(x;) =x'n Bs(x;.), so that F(x) —
F(x/)) = F(x') — F(x), and this shows that G(x, s) really is a symmetric interaction rule for F in the sense of [19], as claimed earlier. [
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We can now provide the binomial counterpart for Proposition 6 using Wasserstein distance. This gives us the penultimate assertion
(5.4) of Theorem 6.

Proposition 7. Set o = 4/Var[S, ], and set b := limsup,_, nfr? /(log n). Then

dy (o™ (S, x = ELS, 1) N0, 1)) = o<§>

= O(ne+b/o=D/2), (5.21)

Proof. Given n, we apply Lemma 12, taking F(X) := K, (&), the number of k-components in G(&, r) (with r = r(n) as usual). Then
|IDF|| is bounded above by a constant independent of n, since for all x € R, r > 0 and finite X ¢ R? the number of components of
G(X,r) intersecting B(x, r) is bounded by a constant depending only on d (and not on X, x or r). Also | DF|| > 1. By Propositions 1
and 2, E[F(X,)] ~ I, and 6> ~ I, ; as n — co.

Clearly s = (k + 1)r is a radius of stabilization for F. Also X, 4(B)(X,)) is stochastically dominated by 1 + Bin(n + 4, f;,0((k +
Dr)?) and hence E[X,,4(B11)-(X1)*] < c(nr¥)*, for some constant c. Therefore in the present instance, the first term in the
right hand side of (5.20) divided by the second term is O(n~'/26(nr?)) = O(n‘l/z(nrd)l,l/z), which tends to zero because I,}/z =
O 2 (nrdyk=D/2¢=enry for some ¢ > 0, by (3.3) and (3.8). Then we obtain the first line of (5.21) from (5.20).

For the second line of (5.21) we use Proposition 3, Lemma 2 and (1.1). O

Proof. (Proof of Theorem 6) We have already proved (5.1), (5.2), (5.3) and (5.4). We now prove the normal approximation result
(5.5), using the Poisson approximation result (5.2). By the Berry-Esseen theorem dK(t‘l/ 2Z,—1t),N) = O(t™1/2) as t - 0. Hence, by
the triangle inequality for di, and the fact that dg (X,Y) < dpy(X,Y) for any X,Y, we have

dg (ES, 07" (S, = ES,) N) < dry( Sy Zgs, ) + OWES, )7 72). (5.22)

By (5.2) the first term in the right hand side of (5.22) is O(e“"”d) for some ¢ > 0.

By Proposition 1 and Lemma 2, ES, , = Q(ne™/5 "), Therefore (ES,,)~1/? = o(n**®f0=1)/2). Note that (3.1) implies bf, < 1. More-
over, using (3.1) and taking both ¢ and ¢ to be sufficiently small, we see that the second term in the right hand side of (5.22) is also
O(e*”"d ), and hence the left hand side of (5.22) is O(e’””d) for some ¢ > 0. Thus

dg (VarS, )7 2(S, . — ES, ), (ES, /VarS, )2 N)
= dg(ES, )" V2(S, . —ES, 0, N) = O

Now using the fact that sup,e(_/2,1,2)\(0) t~1dg (1 + HN', N') < 0, and Proposition 3, and the triangle inequality for dy, we can deduce
(5.5).
The same argument works for S’ , foralld > 1. O

6. The sparse limiting regime

Fix k € N. In this section, instead of (3.1) we assume the ‘mildly sparse’ limiting regime

lim nr? = 0; lim n(nrd)*~! = oo. (6.1)
n—oo h—o0
In Section 1.1, we mentioned how to obtain a CLT for S, , from previously known results in this regime under the extra condition that
n(nr?)* — 0. We now describe, without giving full details, how we can adapt the methods of this paper to derive limiting expressions
for means and variances, and CLTs both for S, ;, and S,’l o assuming only (6.1).

We assume f,,, < oo but now we do not need to make any other assumptions on f or on the geometry of the support A of f.
Defining I, :=ES! & 38 before, we now have

L ~ k! n(uar®)e! /d f(x)kdx/ . hy((0,X))dx as n — . (6.2)
R (Rd k=

Moreover E[S, ;] ~ I, asn — co. These can be proved along the lines of [1, Propositions 3.1 and 3.2]. By (6.2), (6.1) implies I, , — oo
as n — oo. Under (6.1), any factors of the form e~ arising in moment estimates no longer tend to zero, but remain bounded
above by 1.

Next we have

Var[S) 1= 1, (1 + O(nr®)").

To see this, follow the proof of Proposition 2. In the sparse regime, it can be seen directly from (4.1) and (4.2) that both J, , and J, ,
are O(n*rCk=D) which is O((nr¥)* 1, ).
Next we have

dry(S,

Z;,,) = 0(nry"). (6.3)
For this, we can follow the proof of Proposition 4. We now have E[&,(x)] = O((nr?)¥), uniformly over x. Likewise E[£,(x)] = O((nr?)*).
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For S, ,, we consider only the case k > 2 in the sparse limiting regime, since isolated vertices are not rare events. We claim that
if k > 2 then

Var[S, ] = ELS, (1(1 + O(nry*=h). (6.4)

This is proved by following the proof of Proposition 3. The expression at (4.9) is O(n*~1r?@k=2)) which is O, (nr?)*!). In the
penultimate line of (4.11) the last factor (in square brackets) now simplifies to O(n~!) so the expression in (4.11) is O(#**~3). Hence
the first term in the right hand side of (4.10), multiplied by n?, is now O(n*~1r?@*=2)) = O((nr4)*~11, ;). It can be seen directly that
the second and third terms in the right hand side of (4.10), multiplied by n?, are O(n?*r42¥=D) which is O((nr?)* 1, ;). Combining these
estimates shows that VarS,, ;, — ES, , = O((nr?)*~' I, ) = O((nr?)*~'ES,, ), as claimed.

Next we claim that by following the proof of Proposition 5, one can show

dry(Syps Zes,,) = O(nry=h). (6.5)

Indeed, for each i € [6] we have E[N,] = O((nr?)/) with j = j(i) € {k — 1,k,k + 1}. For N, this can now be seen directly without using
the more involved proof of Lemma 9. In particular, the restriction to d > 2 is not needed for (6.5).
By a similar argument to the proof of (5.5), using (6.5) and (6.4), we can obtain that

dg (VarS, ;) "V2(S, ;. — ES, 1) N) = O(max((nr Y=L, (n(nrd)<=1)~1/2)).
Using (6.3) instead of (6.5) we can similarly obtain that
dg ((VarS), )7'/2(S) , = ES] ), N') = O(max((nr®)¥, (n(nr)=1)71/2)).
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