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Abstract

Let X1, X2, ...and Yy, Ya, ... bei.i.d. random uniform points in a bounded domain A C R2
with smooth or polygonal boundary. Given n, m, k € N, define the two-sample k-coverage
threshold R, ,, i to be the smallest r such that each point of {Y7, ..., Y,} is covered at least
k times by the disks of radius r centred on X1, ..., X,. We obtain the limiting distribution of
Ry.m k asn — oo withm = m(n) ~ tn for some constant r > 0, with k fixed. If A has unit
area, then nw erl’ mm1 log n is asymptotically Gumbel distributed with scale parameter 1
and location parameter log t. For k > 2, we find that n Rim(”)yk —logn—(2k—3)loglogn
is asymptotically Gumbel with scale parameter 2 and a more complicated location parameter
involving the perimeter of A; boundary effects dominate when k > 2. For k = 2 the limiting
cdf is a two-component extreme value distribution with scale parameters 1 and 2. We also
give analogous results for higher dimensions, where the boundary effects dominate for all k.
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1 Introduction

This paper is primarily concerned with the following rwo-sample random coverage problem.
Given a specified compact region B in a d-dimensional Euclidean space, suppose m points
Y; are placed randomly in B. What is the probability that these m points are fully covered by
aunion of Euclidean balls of radius r centred on n points X; placed independently uniformly
at random in B, in the large-n limit with m = m(n) becoming large and r = r(n) becoming
small in an appropriate manner?
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In an alternative version of this question, the X -points are placed uniformly not in B, but
in a larger region A with B C A° (A° denotes the interior of A). This version is simpler
because boundary effects are avoided. We consider this version too.

We shall express our results in terms of the two-sample coverage threshold Ry, ,, which
we define to be the smallest radius of balls, centred on a set X, of n independent uniform
random points in A, required to cover all the points of a sample ), of m uniform random
points in B. More generally, for k € N the two-sample k-coverage threshold R, ,, i is the
smallest radius required to cover ), k times. These thresholds are random variables, because
the locations of the centres are random. We investigate their probabilistic behaviour as n and
m become large.

A related question is to ask for coverage of the whole set B, not just of the point set },,,. We
refer here to the smallest radius » such that B is contained in the union of the balls of radius »
centred on points of A, as the complete coverage threshold. The asymptotic behaviour of this
threshold has been addressed in Hall (1985) and Janson (1986) (for the case with B C A?)
and in Penrose (2023) (for the case with B = A). Clearly R, ,, provides a lower bound for
the complete coverage threshold.

Also related is the problem, when m = n and B = A, of finding the matching threshold,
that is, the minimum r such that a perfect bipartite matching of the samples &, and ), exists
with all edges of length at most r. This problem has been considered in Leighton and Shor
(1989) and Shor et al. (1991), with applications to the theory of empirical measures. See e.g.
Garcia Trillos (2016) for recent application of results in Leighton and Shor (1989) and Shor
et al. (1991) to clustering and classification problems in machine-learning algorithms.

Our problem is different since we allow the X -points to practice polygamy, and require all
of the Y -points, but not necessarily all of the X-points, to be matched. Clearly R, , is a lower
bound for the matching threshold. This lower bound is asymptotically of a different order of
magnitude than the matching threshold when d = 2, but the same order of magnitude when
d > 3. Aslightly better lower bound is given by 1%,1, n» which we define to be the smallest » such
that all Y -points are covered by X -points and all X-points are covered by Y -points. We expect
that our methods can be used to show that lim,,_, oo IP[Ién,n <r,] =1lmy o P[R,,, < r?
for any sequence (r,,) such that the limit exists, but proving this is beyond the scope of this
paper. It is tempting to conjecture that the lower bound Ién,n for the matching threshold might
perhaps be asymptotically sharp as n — oo in sufficiently high dimensions.

Another related problem is that of understanding the bipartite connectivity threshold.
Given X}, Y, and r > 0, we can create a bipartite random geometric graph (BRGG) on
vertex set X, U)Y),, by drawing an edge between any pair of points x € X),, y € ), adistance
at most r apart. The bipartite connectivity threshold is the smallest » such that this graph is
connected, and the two-sample coverage threshold R, ,, is a lower bound for the bipartite
connectivity threshold. Two related thresholds are: the smallest r such that each point of ),
is connected by a path in the BRGG to at least one other point of ),,, and the smallest » such
that any two points of ), are connected by a path in the BRGG (but isolated points in &},
are allowed in both cases). Provided m > 2, these thresholds both lie between R, ,, and the
bipartite connectivity threshold, and have been studied in Iyer and Yogeshwaran (2012) and
Penrose (2014).

Motivation for considering coverage problems comes from wireless communications tech-
nology (among other things); one may be interested in covering a region of land by mobile
wireless transmitters (with locations modelled as the set of random points X;). If interested
in covering the whole region of land, one needs to consider the complete coverage threshold.
In practice, however, it may be sufficient to cover not the whole region but a finite collection
of receivers placed in that region (with locations modelled as the set of random points Y;),
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and the two-sample coverage threshold addresses this problem. See Iyer and Yogeshwaran
(2012) for further discussion of motivation from wireless communications.

See also Banerjee and Iyer (2013), which discusses a similar model where the ))-sample
represents a set of ‘sensors’ which cover space over short distances, and the X'-sample
represents a set of ‘backbone nodes’ which communicate over longer distances. In Banerjee
and Iyer (2013) the interest is in the volume of the region of space that is covered by sensors
that are themselves covered by backbone nodes; a central limit theorem is derived for the
volume of the complementary region. The quantity of interest to us here corresponds to the
probability that all of the sensors are covered (at least k times) by backbone nodes.

We shall determine the limiting behaviour of P[R,, y(n),k < r,] for any fixed k, any
sequence m(n),>] of integers asymptotically proportional to n, and any sequence of numbers
(rn) such that the limit exists, for the case where B is smoothly bounded (for general d > 2)
or where B is a polygon (for d = 2). We also obtain similar results for the Poissonized
versions of this problem.

Our results show that when d > 3 the boundary effects dominate, i.e. the point of the )-
sample furthest from its k-nearest neighbour in the X'-sample is likely to be near the boundary
of B. When d = 2, boundary effects are negligible for k = 1 but dominate for k > 3. When
d = k = 2 the boundary and interior effects are of comparable importance; the point of
the Y-sample furthest from its second-nearest neighbour in the X'-sample has non-vanishing
probability of being near the boundary of B but also non-vanishing probability of being in
the interior.

In Section 6 we discuss the results of computer experiments, in which we sampled many
independent copies of R, ;,(n),k and plotted the estimated distributions of these radii (suitably
transformed so that a weak law holds) alongside the limiting distributions we state in Section 2.
These experiments motivated a refinement to our limit results, in which we explicitly included
the leading-order error term, so that we can approximate the distribution of R, ;(n),x Well
for given finite n.

We work within the following mathematical framework. Let d € N. Let A ¢ RY be
compact. Let B C A be a specified Borel set (possibly the set A itself) with a nice boundary
(in a sense to be made precise later on), and with volume |B| > 0. Suppose on some
probability space (S, F, P) that X1, Y1, X2, Y2, ... are independent random d-vectors with
X; uniformly distributed over A and Y; uniformly distributed over B for each i € N. For
x € RYandr > Oset B, (x) := B(x,r) := {y e R? [ly — x|l <r} where || - || denotes the
Euclidean norm. For n € N, let &, := {X1, ..., X, } and let Y, p := {Y1, ..., ¥,,}. Given
alsom, k € N, we define the k-coverage threshold Ry, ,, x by

Rumi(B) :=inf{r >0:X,(B(y,r)) >k Vy€Ynp}, nmkeN, (L)

where for any point set ¥ C R¢ andany D C R¢ we write X (D) for the number of points of X
in D, and we use the convention inf{} := +4oo. Inparticular R, ;, (B) := Ry m.1(B) is the two-
sample coverage threshold. Observe that R, ,,(B) = inf{r > 0: Y, p C U B(X;,1)}.

We are mainly interested in the case with B = A. In this case we write simply V,,,, Ry, k
and R, ,, for YV, 4, Ry m.k(A) and R, ,, (A) respectively.

We are interested in the asymptotic behaviour of R, ,, (B) for large n, m; in fact we take
m to be asymptotically proportional to n. More generally, we consider R, ,, x (B) for fixed
k e N.

We also consider analogous quantities denoted R;,u (B) and R;’ wk (B) respectively, defined
similarly using Poisson samples of points. To define these formally, let (Z;, ¢ > 0) be a unit
rate Poisson counting process, independent of (X1, Y1, X2, Y2, . ..) and on the same probabil-
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ity space (S, F, P) (so Z; is Poisson distributed with mean 7 for each > 0). Let (Z], ¢ > 0)
be a second unit rate Poisson counting process, independent of (X1, Y1, X2, Y2, ...) and of
(Z;,t = 0). The point process P; := {X1, ..., Xz} is a Poisson point process in RY with
intensity measure ¢, where we set u to be the uniform distribution over A (see e.g. Last and
Penrose 2018, Proposition 3.5). The point process Q;, g := {Y1, ..., Yz} is a Poisson point
process in R? with intensity measure v, where we set v to be the uniform distribution over
B. Then fort,u € (0, 00), k € N we define

R, «(B) :==inf {r > 0:Pi(B(y.r)) > kVy e Qu.p}. (1.2)
with Rl/,u = Rt/,u,l‘ When B = A we write simply Oy, R;’u,k, R;,u, for Q; 4, Rt”u,k(A),
R, 1 (A), respectively.

‘We mention some notation used throughout. For D C R4, let D denote the closure of D.
Let | D| denote the Lebesgue measure (volume) of D, and |d D| the perimeter of D, i.e. the
(d — 1)-dimensional Hausdorff measure of d D, when these are defined. Given r > 1, we
write log log ¢ for log(log 7). Let o denote the origin in R¥.

Let 6, denote the volume of a unit radius ball in RY. Set fy := 1/|A|.

If 1o € (0, 00) and f(¢), g(¢) are two functions, defined for all r > g with g(¢#) > O for all
t > to, the notation f(t) = O(g(t)) ast — oo means that lim sup,_, (| f(¢)|/g(t)) < oo,
and the notation f(t) = o(g(¢)) ast — oo means thatlim sup,_, .. (| f(#)|/g(t)) = 0. If also
f(@) > 0forall t > 19, we use notation f(¢) = ®(g(¢)) to mean that both f () = O(g(¢t)
and g(t) = O(f ().

2 Statement of Results

Our results are concerned with weak convergence for R, , «(B) (defined at Eq. 1.1) as
n — oo with k fixed and m asymptotically proportional to n. We also give similar results for
Rt/, _ s defined at Eq. 1.2, as t — oo with T > 0 also fixed. In all of these limiting results
we are taking the variable n to be integer-valued and 7 to be real-valued.

Recall that our X-sample is of points uniformly distributed over a compact region A C R,
and the Y-sample is of points in B, where B C A has a ‘nice’ boundary. We now make this

assumption more precise. We always assume one of the following:

Al: d >2and B = A and A has a C"! boundary and A° = A, or

A2: d =2and B = A and A is polygonal, or

A3: d >2and B C A?, and B is Riemann measurable with |B| > 0. (Recall that a compact
set B is said to be Riemann measurable if 9 B is Lebesgue-null.)

We say that A has a C'! boundary if foreach x € 3 A there exists a neighbourhood U of x and
a real-valued function f that is defined on an open set in R¢~! and Lipschitz-continuously
differentiable, such that A N U, after a rotation, is the graph of the function f. The C!-!
boundary condition is milder than the C2 boundary condition that was imposed for analogous
results on the complete coverage threshold in Penrose (2023). The extra condition A = A
should also have been included in Penrose (2023) to rule out examples such as the union of
a disk and a circle in R2.

For compact A C R4 satisfying A1 or A2, let | A| denote the volume (Lebesgue measure)
of A and |d A| the perimeter of A, i.e. the (d — 1)-dimensional Hausdorff measure of d A, the
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topological boundary of A. Also define

[0A]

Note that o4 is invariant under scaling of A, and is at least dQ‘}/ d by the isoperimetric
inequality. Sometimes oz is called the isoperimetric ratio of A.

Our first result concerns the case with B C A°. Recall that f := 1/|A|.
Theorem 2.1 (Fluctuations of Ry, x(B) when B C A°) Suppose A3 applies. Let k € N

andt > 0,8 € R. Let m : N — N, and assume t, := m(n)/n — v asn — oo. Then as
n — oo we have
P[4 foRnmn x(B)! —logn — (k — 1) loglogn < f]

e Pk — 1)?loglogn
=X —
(k—1)!logn

) e~ @e/E=D L 0 ((logn) ). (2.2)

Also as t — o0 we have
Pl164 fo(R] 1, 1 (B))? —logt — (k — 1) loglog 1 < f]
e Pk — 1)?loglogt

=exp|—
(k— 1)!logt

Remark 1. Given & € R, 6 € (0, 00), let Gug ¢ denote a Gumbel random variable with
location parameter £ and scale parameter 0, i.e. with cumulative distribution function
(cdf) F(x) = exp(—e~@*~8/9) Since the right hand side of Eq. 2.2 converges to

exp(—(re‘ﬁ)/(k — 1)!) asn — oo, it follows from Eq. 2.2 that as n — oo we have the
convergence in distribution:

) T ED L ologn D). (23)

D
104 foRn mon k(B)! —logn — (k — 1)loglogn — GUiog(z/k—1)1),1-

Similarly, as t — oo, by Eq. 2.3 we have
D
n@dfoR;’”’k(B)d — 10g[ —k-=1 lOg lOgl‘ — Gulog(r/(k_])g).l.

2. The O((log n)~H term in Eq. 2.2 and the O((log H~H term in Eq. 2.3 come partly from
an error bound of O ((log 1)1~y in a Poisson approximation for the number of isolated
points; see Lemma4.1. If d > 3 the error bound in the Poisson approximation is of higher
order, and hence we can give a more accurate approximation with an explicit (logn) ™!
term (respectively, (log )1 term) included in the first exponential factor on the right,
and an error of 0((101%1%)2) in Eq. 2.2 (resp., of 0((1°ﬁ’z)tgt »2) in Eq. 2.3). See Egs. 5.3
and 5.4 in the proof of Theorem 2.1 for details.

All of our remaining results are for the case B = A.

First we briefly discuss the case where A is the d-dimensional unit torus (and B = A). In
this case, taking fo = 1, we can obtain exactly the same result as stated in Theorem 2.1, by
the same proof. We note that a result along these lines (for £k = 1 only) has been provided
previously (with a different proof) in (Iyer and Yogeshwaran 2012, Theorem 3.2), for 7 large.
Iyer and Yogeshwaran (2012) is more concerned with the threshold r such that each vertex of
Y has a path to at least one other point of ), in the BRGG. In any event, the authors of Iyer
and Yogeshwaran (2012) explicitly restrict attention to the torus, in their words, to ‘nullify
some of the technical complications arising out of boundary effects’. In our next results, we
embrace these technical complications.

We next give our main result ford =2, k = 1.
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Theorem 2.2 (Fluctuations of R, ,, in a planar region with boundary) Suppose d = 2 and
Al or A2 holds. Set fy = |A|™". Let 8,7 € R witht > 0. Suppose m : N — N with
T, :=m(n)/n — v asn — oo. Then as n — oo,

1,71 2o e P2

—1:,16_’S —1
Aiog )17 )e + 0((ogn)™).

24

P [nnngfl’m(n) —logn < ﬁ] = exp ( _

Also, as t — 00,

rnl/ZJAe_ﬂ/z

’ 2 _ — - 4
P [17 fo(R] )? —logt = B] = exp ( G

) exp (—reiﬁ) +0((ogH™h.  (2.5)

Remark Tt follows from Eq. 2.4 that n7 fj Rﬁ m(n) —logn i) GuUjog ¢,1. Denoting the median
of the distribution of any continuous random variable Z by u(Z), we have p(nm fo Ri m( n)) =

logn + u(Guyeg¢,1) + o(1). We can subtract the medians from both sides, and then we have

D .
nnfoRz,m(n) — “("”foerl,m(n)) —> GUioglog2,1, Where Guioglog2,1 is @ Gumbel random
variable with scale parameter 1 and median 0. The second row of Fig. 5 illustrates each of
these two convergences in distribution. It is clearly visible that subtracting the median gives

a much smaller discrepancy between the distribution of n fy Rﬁ m(ny — KT fo R,% m(ny) and

its limit, suggesting that u(nw foRs my) — logn — 1(GuUipg 1) quite slowly. However,

we estimated u(nmw foRz m(n)) using the sample median of a large number of indepen-

dent copies of nrw fy R}%.m(n)' When applying estimates such as Eq. 2.4 to real data, a large

number of samples may not be available, and we do not currently have an expression for
u(nm foR: ) = logn — i(Guieg r.1)-

Simulations with A taken to be a disk or square suggest that even for quite large values
of n, with m(n) = |tn] for some fixed t, the estimated cdf of nnfoRim(n) — logn from
simulations does not match the limiting Gumbel cdf particularly well. This can be seen in the
bottom-left plot of Fig. 5, where the estimated cdf (the blue curve) is not well-approximated
by the limit (the black dashed curve). This is because the multiplicative correction factor of
exp(—1, (ﬂl/z/Z)GA e’ﬂ/z(log n)~Y2), which we see in Eq. 2.4, tends to 1 very slowly. (We
have written it as a multiplicative correction to ensure that the right hand side is a genuine
cdf in 7, plus an O((logn)~!) error term.)

If instead we compare the cdf of n fo R

TT04e /2 —xy\ : . .
W) exp(—t,e™), illustrated as a red dotted line in the

same part of Fig. 5, we get a much better match.
Next we give results for d = 2, k > 2 and for d > 3. Given (d, k) we define the constant

2

wmn) log n estimated by simulations with the

corrected cdf F(x) = exp(—

—1/d _
edl 1/ a1- 1/d)k 2+4+1/d
k- DRi-1dg, |

Cdk = (2.6)

Theorem 2.3 Suppose Al or A2 holds.
Let B, T € Rwitht > 0. Suppose m : N — N with t, :==m(n)/n — 1 asn — 00, and
forn e N t > 0let

n = Plnby foRY 1 x — (2 — 2/d)logn — (2k — 4+ 2/d) loglogn) < BI;
u) == Pl10q fo(R] 1, )¢ — 2 —2/d)logt — (2k — 4 +2/d) loglog1) < B).
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If (d, k) = (2, 2) then, with g4(B) := 8e P + 712047 P2 asn — oo,

_ 7,84(B) loglogn s 7126 40Pl )

2.7)

and ast — o0,
;L 1g4(B)loglogt 8 7V2q e P12 1
u, = exp( T Sloer log1 )exp Tle” + — + O(—logt). (2.8)
Ifd =2,k >3orifd >3 thenasn — oo,
caxtaone P2 (k —241/d)*loglogn
(1—1/d)logn

Up = €Xp ( - ) exp (_Cd,anO'Aeiﬁ/z)

1

+0(7) 2.9)
logn

and as t — 00,

caxtore P2 (k —2 4 1/d)* loglogt
(1 —-1/d)logt

u), = exp ( — ) exp (—cd,kTer_ﬂ/z)

+0(@). (2.10)

Remark 1. It follows from Egs. 2.9, 2.10 that when d = 2,k > 3 or d > 3 we have as
n — oo that

D
nedfoR;‘f’m(n)qk —(2—=2/d)logn — (2k — 4 +2/d)loglogn —> GUiog(cy s104).2
along with a similar result for R; ;; x. On the other hand, when d = 2,k = 2 we have
from Eq. 2.7 that

2 D
It foRy, ). — logn — loglogn —> max(Guiegr,1, Guiog(ml/%/\/@,z)’

where Gu and Gu’ denote two independent Gumbel variables with the parameters shown.
The distribution of the maximum of two independent Gumbel variables with different
scale parameters is known as a two-component extreme value (TCEV) distribution in the
hydrology literature (Rossi et al. 1984).

2. As in the case of Theorem 2.1, when d > 3 in Theorem 2.3 we could replace the

O ((logn)~") remainder in Eq. 2.9 with an explicit (log n) ™! term and an 0((1"@‘%)2)

remainder, and likewise for the O ((log 1)~ remainder in Eq. 2.10; see Egs. 5.16 and
5.15 in the proof of Theorem 2.3 for details.

Comparing these results with the corresponding results for the complete coverage thresh-
old (Hall 1985; Janson 1986; Penrose 2023), we find that the typical value of that threshold
(raised to the power d and then multiplied by n) is greater than the typical value of our two-
sample coverage threshold (transformed the same way) by a constant multiple of loglog n.
For example, our Theorem 2.1 has a coefficient of k — 1 for loglogn while (Penrose 2023,
Proposition 2.4) has a coefficient of k. Whend = 2, k = 1, our Theorem 2.2 has a coefficient
of zero for loglog n whereas (Penrose 2023, Theorem 2.2) has a coefficient of 1/2.

We shall prove our theorems using the following strategy. Fix k € N. Given t,r > 0
define the random ‘vacant’ set

Virk i ={x € A:P(B(x,r)) <k}. (2.11)
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Given y € (0, 00), suppose we can find (7;);~¢ such that tE[|V; ,, x N B|]/|B| = y.

If we know ¢|V; ., « N B|/|B| = y, then the distribution of Q; g(V; ;, 1) is approximately
Poisson with mean 7y, and we use the Chen-Stein method to make this Poisson approximation
quantitative, and hence show that ]P’[Rt’.m « < r:] approximates to e~ "7 for ¢ large (see
Lemma 4.1). By coupling binomial and Poisson point processes, we obtain a similar result
for P[RRy, mm)k < 7a] (see Lemma 4.2).

Finally, we need to find nice limiting expression for r; as t — oo. By Fubini’s theorem
E[| Vi, k NB|] = fB pi (x)dx, where we set p;(x) = P[x € V;,, «]. Hence we need to take
r; — 0. Under A3, for ¢ large p;(x) is constant over x € B so finding a limiting expression
for r; in that case is fairly straightforward.

Under Assumption Al or A2, we need to deal with boundary effects since p;(x) is larger
for x near the boundary of A than in the interior (or ‘bulk’) of A. In Lemma 3.7 we determine
the asymptotic behaviour of the integral near a flat boundary; since the contribution of corners
turns out to be negligible this enables us to handle the boundary contribution under A2.

Under Assumption Al, we need to deal with integrals of p;(x) over x near the curved
boundary of A. We approximate p;(x) by a function depending only on dist(x, dA) :=
infyega ||x — y|l, and parameterize x by the nearest point in 0 A and the distance from 9 A.
In Proposition 3.8 we provide a useful estimate on the Jacobian arising from this parameter-
ization. The upshot is that we can reduce the integral to a one-dimensional integral that can
be dealt with using Lemma 3.7.

Alternatively it is possible to handle the curved boundary by adapting methodology of
Penrose (2023), whereby one approximates A by a polytope A; with spacing that tends to
zero more slowly than r;. In an earlier version of this paper (vl on ArXiv) this alternative
method is carried out. However the method developed here, using Proposition 3.8, seems to
provide a cleaner proof and is likely to be useful in other settings.

It turns out that d = 2, k = 1 is a special case because in this case only, the contribution of
the bulk dominates the contribution of the boundary regionto E[|V; ,, «|]. Whend =2,k =2
both contributions are equally important, and in all other cases the boundary contribution
dominates the contribution of the bulk. This is why the formula for the centring constant for
Rl””y & OF Ry i in terms of d and k is different for Theorem 2.2 than for Theorem 2.3 (the
coefficient of loglogn being 0 rather than 1 in Theorem 2.2), and why in Theorem 2.3 the
limiting distribution is TCEV for d = k = 2 but is Gumbel for all other cases.

3 Preparatory Results

We use the following notation from time to time. Given r > 0, and A C RY set 9AM) =
AN UgegaBr(x)°. Asoset ACT) := A\ 9A").

Let 7 : RY — R?~! denote projection onto the first d — 1 coordinates and let eg :=
(0, ...,0, 1), the dth coordinate vector in R?. Let x - y denote the Euclidean inner product
of vectors x, y € R?. For a € [0, 1], let

h(a) := |B1(0) N ([0, a] x R~ (3.1)

We suppress the dependence of & (a) on on the dimension d.
Throughout this section we assume that A C R? is bounded with a C'"! boundary, and
that A = A°.
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3.1 Geometrical Lemmas

Definition 3.1 (Sphere condition) For z € dA let 7i; be the unit normal to d A at z pointing
inside A.

Given t > 0, let us say 7 satisfies the sphere condition for A if, for all x € dA, we have
B(x +1tny,t) C Aand B(x — 17y, T) N A = {x}.

Let 7(A) denote the supremum of the set of all t satisfying the sphere condition for A.

Lemma 3.2 (Sphere condition lemma) t(A) > O, that is, there exists a constant T > 0 such
that t satisfies the sphere condition for A.

Proof See (Lewicka and Peres 2020, Lemma 7). ]

Remark 3.3 (i) If 0 < t < t/ and 7’ satisfies the sphere condition for A, then so does 7.
(i) If x € R with dist(x, dA) < t(A), then x has a unique closest point in d A.

Given small » > 0, and x € JA™), we are interested in estimating the volume of A N
B(x, r). Using the sphere condition we can approximate this volume with that of a certain
‘sliced ball’.

For x € A leta(x) := dist(x, 3A), the Euclidean distance from x to dA. For x € A",
we shall approximate |B,(x) N A| by (%Gd + h(a(x) /r))rd, the volume of the portion of
B, (x) which lies on one side of the tangent plane to 9 A at the closest point to x on dA.

Lemma 3.4 Suppose 0 < r < 1(A), and x € A, Then

d 20— rdt!

|Br(x) N Al = ((64/2) + h(a(x)/r)r®| < BT (3.2)

Proof Without loss of generality the closest point on the boundary to x is the origin o and

x = aeq fora = a(x) € [0,r). Let H := {y € RY : y - eq > 0} the upper half-space,

and note that | B, (x) NH| = ((64/2) + h(a/r))r?, the volume we are using to approximate
|By(x) N A

Lett € (r,7(A)). Let S := B;(tey)° and S’ := B;(—71ey)°. Then the set (B, (x) N

A)A(B,(x) N H) is contained in R? \ (S U S"). Therefore by some spherical geometry, it is

contained in a cylinder C centred on o of radius r and height 2s, as illustrated in Fig. 1, with

s chosen sos < r and (t — s)2 +7r2 =12,502ts = r? + 52 < 2r2, and hence s < r2/r.

Thus |C| < 2641?17, and Eq. 3.2 follows by letting 7 4 7(A). O

In Lemma 3.6 below we give a lower bound on the volume within A of the difference
between two balls, having their centres near the boundary of A.

Lemma 3.5 For any compact convex F C R? containing a Euclidean ball of radius 1/4, any
unit vector e in RY, and any a € (0, 2] we have |(F 4+ ae) \ F| > 8 10,_1a.

Proof Without loss of generality, F D B(o, 1/4) and ¢ = ¢,4. By Fubini’s theorem,

I(F+ae)\F|z/

/1{(u, tye F,(u,t+a) ¢ Fldtdu.
7 (B(0,1/8))

For any fixed u € w(B(o, 1/8)), by convexity the set of # such that the indicator is 1 is an
interval of length at least min(a, 1/4). Hence, the double integral is bounded from below by
min(a, 1/4)04_18'~%. The result follows. O
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Fig. 1 Illustration for proof of
Lemma 3.4. The set

(Br(x) N A)A(Br(x) NH) is
contained in the shaded region

Lemma3.6 Ifr € (0,7t(A)/192) and x,y € A with ||y — x|| < 3r and dist(x,dA) <
dist(y, 0A), then

AN B, (y)\ By(x)| = 8 9017y — x]I. (3.3)

Proof Tt suffices to consider the case with x € dA") N A. Let x € A" N A. Without loss
of generality (after a rotation and translation), we can assume that the closest point of dA to
x lies at the origin, and x = ||x||eg.

Fix 7 € (0, t(A)). Since z = o is the closest point in dA to x, n, = ey, so by the sphere
condition By (teg) C A and B (—7ey)° C A°. For u € R?~! with |u|| < 7, define

¢ ) :=supfa € [—7, 7] : (u,a) ¢ A}

Then ¢ (1) < s(|ju||) where forO < v < 7 we define s(v) s00 < s(v) < vand (tr —s()2+
v2 = 2, and hence s(v) < v2/7 as in the proof of Lemma 3.4. Now suppose 0 < r < 7/4.
Set K = 16/7. Then

lp@)| <t Yul*> < Kr?, Yu e R with |ju|| < 4r. (3.4)

Lety € B3 (x) N A\ {x} with dist(y, 0A) > dist(x, dA). We need to find a lower bound
on |[AN By (y)\ Br(x)].

First suppose y - eq > x - e4. Let H := {z € B,(x) : (z — x) - eq > r/4}. We claim
H+ (y —x) C A.Indeed, forz € H+ (y — x) we have |7 (z)|| < 4r, and hence ¢ (7 (2)) <
Kr? by Eq. 3.4. Therefore, provided r < 1/(4K), we have z - eq > r/4 > Kr? > ¢ (m(2)),
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so z € A, justifying the claim. Using the claim, and Lemma 3.5, we obtain that
[ANB(y)\ B ()| = [(H+ (y —x)) \ H|
> 8 0g-1r? My — x|l if y-ea = x - eq. (3.5)

Now suppose y - ¢4 < x - e4. Note that w(y) # m(x) since y # x and dist(y, 0A) >
dist(x, dA). Let B, be the closed half-ball of radius r centred on x, having the property that

Yy :=x+ (r/lly — x|)(y — x) has the lowest d-coordinate of all points in B.. Let H' be
the portion of B, (x) lying above the upward translate of the bounding hyperplane of B} by
a perpendicular distance of /4 (see Fig. 2).

Since dist(y, dA) > dist(x, dA) = x - e4, using Eq. 3.4 we have
yoeq = ¢(r()) +x-eq = x-eq— (K/9x*. (3.6)

Let x’ be the point in the bounding hyperplane of H’ that lies closest to x. Then the line
segment [x, x'] is almost vertical; the angle between this line segment and the vertical is the
same as that between the line segment [x, y] and the horizontal. Therefore

o' =x)-ea _ Iz
r/4 Iy —xII”
Using Eq. 3.6, provided r < 1/K we have
Iy —xll < lmW A+ (K/DNxID < O/ llx Il

so we obtain from Eq. 3.7 that

(3.7)

' —x)-eq > (2/9r.

Now letting y” be the point in H” + (y — x) with lowest d-coordinate, we have that y” =
x' +a(y —x) witha = 1 + (15/16)'/2r /||y — x|| (note H' is not quite a half-ball). Hence

(' =y") - eq < (
ly — x|

where the last inequality came from Eq. 3.6. Hence, provided r < 1/(12K) = t/192,

>(x—y)-ed§Kr2,

V' iea=x"-eq— (' =) eqg > x-eq+ (2/9r — Kr* > r/8.

On the other hand, for all z € H' + (y —x) we have ||77(2)| < 4r, so that ¢ (7 (z)) < Kr? by
Eq. 3.4. Provided r < 1/(8K) we therefore have ¢ (7w (z)) < r/8 < z-e4 and hence z € A.
Therefore H' + (y — x) C A. Also H’ contains a ball of radius r /4.

H’

H + (y—x)

ol )

[ ]
y
Fig.2 Illustration for proof of Lemma 3.6. The segment H' is centred on x
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Therefore using Lemma 3.5, we have
AN B, () \ B ()| = [(H + (y =)\ H'| = 8 017"y —xll, if y-eqa <x-eq.
Combined with Eq. 3.5 this yields Eq. 3.3. O

3.2 Integral Asymptotics

Fora € [0, 1], let h(a) := |B1(0) N ([0, a] x Rd_1)| as at Eq. 3.1. The following lemma is
very useful for estimating the integral of P[x € V; , x] over a region near the boundary of A,
where V; ,  was defined at Eq. 2.11.

Lemma3.7 Letl, j € Zy :=NU{0} and let ag > 0, ¢ € (0, 1). Then as s — 00,

1
fa—1 / e (g + h(a))ida = afs ™ + tafT s T2+ 0573, (3.8)

0

Also
1 .
- ' J j —1 o j=1 =2 £-3

04— / e "D (o +h(a))’! (1—{—7) da=ols ' +2jo] s+ 0.
1 ‘ s (@0 + h(@) 0 70

Proof Note first, for 0 < x < 1, that

X X
h(x) =ed_1/ (1—y2>(d—”/2dy=9d_1/ (14+0(%)dy
0 0
=04 1x+ Ok asx | 0.

Thus, setting w = 67_1sa, we have h(a) = w/s + O((w/s)3?), and e M@ = ¢~ (] +
O(w?3/s2)). Giveni € Z,let § = /(4 + i). Then

0a—1 /
0

sl i

d— s - .
O h(a)i da = /091 R O(w*;))(s%)(‘ - O(g)ydw

N

. 951,135 ) . Qd,ls‘s .
_—_— / we Ydw + O(S_S_l / w3+’dw)
0 0

[o,0)
= s7i71<i! — / wiefwdw> + O(s 73500y
)

d—15%

=ils7 7 4 oETTY.

Also fS{H =M@ p(a)ida is O(e=C%-1/25") since (04—1/2)s%~" < h(a) < 64/2 for a in
this range. Therefore by binomial expansion, for £ € Z, we have Eq. 3.8. Applying Eq. 3.8
with £ = j and (if j > 0) also with £ = j — 1 gives us Eq. 3.9. O

For integrating functions near the boundary of a smoothly-bounded set A, we have a useful
change of variables which allows us to turn an integral over a region near the boundary into
a double integral with one variable a boundary point and the other variable the distance to
the boundary.

Proposition 3.8 (Reparameterization) There are positive finite constants ¢ = c(A),ro =
ro(A), such that for all v € (0, rg), and all bounded measurable
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YA — [0, 00),

‘/ llf(y)dy—// !ﬁ(Z—f-sﬁz)dzds’SCI’/ V(z+si;)dzds, (3.10)
A 0 A 0 A

where the inner integral is a surface integral. If ¥ (y) depends only on dist(y, dA), i.e. there
exists W : [0, r9) — R such that Y (z + sn;) = V(s) for all (z,s) € dA x (0, ro), then

[ vwray=1oal [ weas
dAM) 0

Proof By the assumptions on A, for each x € 9A there is a constant §(x) € (0, t(A)/3),
such that after a rotation R about x, within the ball B(x, 36(x))?, the set A coincides with
the closed epigraph of a C!! function ¢ : U — R with U an open ball of radius 38(x) in
R?=1 centred on 77 (x) (recalling that 7 : R — R?~! denotes projection onto the first d — 1
coordinates); that is,

R(A)N B(x,38(x)) ={(u,s):uecU,s e[¢p(u),oc0)} N B(x,35(x)).

gcrIBAI/r W(s)ds. (3.11)
0

By a compactness argument we can cover d A with a finite collection of balls B (x;, §(x;)),
1 <i <Iwithxy,...,x; € dA. Forr < min; §(x;) we have A" C UI_ B(x;, 28(x;)).
Since we can consider separately the integral of ¥ over A" N B(xy, 28(x1), over A N
B(x2,28(x2))\ B(x1,28(x1)), over 9A") N B(x3, 28(x3)) \ [B(x1, 28(x1))UB(x2, 28 (x2))],
and so on, it suffices to prove the result for the case where ¥ is supported by a single ball
B(x,258(x)) for some fixed x € dA.

Without loss of generality we assume the rotation R is the identity map, so within the ball
B(x,368(x))°, A coincides with the closed epigraph of a C L1 function ¢ : U — R with U a
(d — 1)-dimensional open ball of radius 3§ (x) centred on 7 (x).

For (u,s) € U x (0,8(x)) let g(u, s) := (u, ¢ (u)) + $A(u,¢w)), as shown in Fig. 3, and
observe that 71, ¢y = (1 + IV |2)~1/2(=V ¢, 1). Since 8(x) < t(A), it follows from the
sphere condition that g : U x (0, §(x)) — A is injective. Since ¢ is cl V¢ (u) is Lipschitz
continuous on u € U, and therefore by Rademacher’s theorem (see e.g. Federer 1969), there
exists a set U’ C U of full (d — 1)-dimensional Lebesgue measure such that 71, ¢ is
differentiable for all # € U’. Moreover by the Lipschitz continuity, and the definition of
partial derivatives, all partial derivatives of 7, 4(,) are uniformly bounded on U’. Then for
0 < r < 8(x), by (Federer 1969, Theorems 3.2.5 and 2.10.43) (or if ¢ is C?, (Billingsley
1979, Theorem 17.2) we have

wm@=/
AAM)

U x (0,

a(g(u, s)
o(u,s)

\9(% s)

Wt dec( Yaw.o. @

0A

Fig.3 Illustration of the mapping g in the proof of Proposition 3.8
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where J := 855’(2“’;)) is the d x d Jacobian matrix of the mapping g, which is defined for

all (u,s) € U’ x (0,r). Given i, j € {1,...,d — 1} the (i, j)th entry J;; of J is given by

glf’ = 8;j + O(r), where the constant in the O term is independent of u € U and s € (0, r).

Also Jgj = ¢ + O(r), while J;; = 2809 (” 9 5o the last column of J is given by the vector

R, (u))- Therefore

a(g(u, s)) 12 99 \2 9 |2
‘det(ia(u,s) )| = 1+ 00+ Vo) (1+(a ) +-~-+(aud_l))

=140+ Vo',
where the O term is independent of (1, s) € U’ x (0, r). Therefore by Eq. 3.12,

[ vy =a+0e) [ [ )i+ VouPduds
= 14000 [ [ v 9 + sipionVTF V6@ Pduds

— 4 0(r>)/ / o+ sh)deds.
0 0A

which gives us Eq. 3.10. It is clear that Eq. 3.11 follows from Eq. 3.10. O

4 Probability Approximations

In this section we assume k € N is fixed and (r;);~¢ is given and satisfies trld = O(logt) as
t — oo. With V; , x defined at Eq. 2.11, for x, y € A we define

pi(x) :=Plx € Vi il m(x, ) :=Pl{x, y} C Vi il (4.1
Since £ is fixed we are suppressing the dependence on k in this notation. For Borel B C A

with |B| > 0, we define

i (B) := (t/IBDE[| Vi, k N Bl = (¢/|B]) /B pi(x)dx, (4.2)

where the second identity in Eq. 4.2 comes from Fubini’s theorem.

In Lemma 4.1 below we approximate P[R] t.ce.4(B) =< r;] using Poisson approximation
(by the Chen-Stein method) for the number of Y-points lying in the region V; , . Then
in Lemma 4.2 we approximate P[R, ,, x(B) < r,] by a suitable coupling of Poisson and
binomial point processes.

Lemma 4.1 (Poisson approximation) Suppose Al, A2 or A3 holds. Assume that y,;(B) =
O(l)ast — oo. Let T € (0,00). Let ¢ > 0. Then

sup PR, ,, (B) <r/]—e "B = 0(logn)~).
Te(e,1/e) Y

Proof Let W; := ZyEQ , HP:(By,(y)) < k}. Then IP’[R’ wx(B) =ril= P[W; =0].
Let dtv denote total variation distance (see e.g. Penrose 2003). Then |[P[W, = 0] —
IV'(B)| <drv(W;, Z¢y,(B)). Hence, by a similar argument to (Penrose 2003, Theorem 6.7)

IP[W, = 0] — ™ B)| < 3(1;(t) + L (1)),
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where, with p;(x) and 7, (x, y) defined at Eq. 4.1, we set

11 (1) == ©%(t/|B))* / f pr(X) pr (Y)dydx; (4.3)
B JB(x,3r;)NB

L) = 72(1/|B) / / 70 (r. y)dyd, (4.4)
B JB(x,3r;)NB

Define the Borel measure v on R? by
V() = Aq(-NA)/|A] 4.5

where A4 denotes d-dimensional Lebesgue measure. Under any of Al, A2 or A3 (using
Lemma 3.4 in the case of Al), we can and do choose § > 0 such that for all y € B and all
r € (0, 1] we have v(B,(y)) > 28r?. Hence, for all large enough ¢ and all y € B we have
k—1
Py =Y ((tv(B,, () /jhe P < exp(—strf).
j=0

Since (¢/|B]|) fB p:(x)dx = y;(B) which we assume is bounded, we have
1) < 1B (00 Gro®)e ™" (1/|B]) / pr(0)dx = 0@~y (4.6)
B

Now consider I>(¢). For x,y € A let us write x < y if x is closer than y to dA (in the
Euclidean norm), or if x and y are the same distance from d A but x precedes y lexicograph-
ically. Since 7, (x, y)1{||y — x|| < 3r;} is symmetric in x and y, we have

/ / 7w (x, y)dydx = 2/ / 7 (x, y)dydx. 4.7
B JB(x,3r;)NB B J{yeBNB(x,3r;):x<y}

By the independence properties of the Poisson process we have

k—1
i (x,y) < pi(x) Z qr.m(y, x),

m=0

where we set g, (v, x) := P[P, (B,, () \ By, (x)) = m].

Suppose Assumption Al or Assumption A3 applies. Set kg := 8 90;_;. By Lemma
3.6, for all large enough 7 and all x,y € B with x < y and ||y — x| < 3r;, we have
V(By, () \ By, (x)) = ka for "y — x||. Moreover by Fubini’s theorem v(B,, (y) \ By, (x)) <
Qd,lfor,d*l ly — x||. Hence forallm < k — 1,

Grn (v, ) < (tfoba—1r{ "y = xID™ exp(—wa forrf "Iy — xI))-

Hence, setting B, := {y € B : x < y} we have that

t / Grm(y, x) < flOM 1t / trd= Ny ID™ exp(—ka forrd iy lhdy
ByNB(x,3r;) B(0,3r¢)

= fyoy rard=hH™ / lIzI™ exp(—ka follzI)dz
B(o,3trd)
< c(trdyt=4,
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for some constant ¢ depending only on d, fj and k. Therefore

t2/ / 7 (x, y)dydx <2 (t/ pt(x)dx> ck(trtd)l*d.
B JB(x,3r)NB B

Since the expression in brackets on the right is O (1) by assumption, we thus have I,(¢) =
O((trH'=%) = 0((log)'~4).

Now suppose instead that Assumption A2 applies. First we examine the situation where
x is not too close to the corners of A. Suppose that dist(x, ®o(A)) > Kr;, where ®g(A)
denotes the set of corners of A and the constant K will be made explicit later. We can
assume that the corner of A closest to x is formed by edges ¢, ¢’ meeting at the origin with
angle o € (0,2m) \ {mr}. We claim that, provided K > 4 + 8/|sin«/|, the disk B(x, 4r;)
intersects at most one of the two edges. Indeed, if it intersects both edges, then taking
w € B(x,4r;) Ne,w € B(x,4r;) Ne’ wehave |lw — w'|| < 8r;; hence dist(w, e’) < 8r;.
Then, ||w| = dist(w, ¢')/|sina| < 8r;/| sina|. However, |[w| > (K — 4)r; by the triangle
inequality, so we arrive at a contradiction. Also, for ¢ sufficiently large, non-overlapping
edges of A are distant more than 87, from each other. We have thus shown that if we take
K =5+ (8/min; | sine;|), where {«; } are the angles of the corners of A, then for large ¢, no
ball of radius 4r; distant at least Kr; from the corners of A can intersect two or more edges
of A at the same time.

We have B(x,r;) U B(y, ;) C B(x,4r;). Hence, the argument leading to Lemma 3.6,
shows that v(B(y, r;) \ B(x,r:)) > 0d718_df0||x — y|I¢. Using this, we can estimate the
contribution to the double integral on the right side of Eq. 4.7 in the same way as we did
under assumption Al.

Suppose instead that x is close to a corner of A and ||x — y|| < 3r,. The contribution to the
double integral on the right side of Eq. 4.7 from such pairs (x, y) is at most c”tzrt4 exp(—4; trtz)
where ¢” depends only on K and §; > 0 depends only on A. Therefore this contribution
tends to zero, and the proof is now complete. O

Lemma 4.2 (De-Poissonization) Suppose Al, A2 or A3 holds. Let m(n) be such that m(n) =
®(n) asn — oo. Assume y,(B) = O(1) as n — oo. Then

IPLRy ) 4 (B) < 1] — e~ M®/Mn@B| — 0 ((logn)'~9).

Proof Write m for m(n). Setnt :=n+n3* n=:=n—n3*andm* :=m+m3* m~ =
m —m3/*. Set

W= > HXu(B, () <kk W= > HPu(B,(y) <kl

YEYVm }'EQm—)B

Set y, = (0~ /IBDE[|Vy+ ,, x N Bl], where V,, , x was defined at Eq. 2.11. Then, with the
measure v defined at Eq. 4.5,

_ k—1

Vo= %' /B o T BCrN =B N (1404 u(Bx, ) /)1 ] d
j=0
= yu(B)(1 + O((logn)/4n=1/%)), (4.8)

By Lemma 4.1, [P[R, _ (B) <ry]— e~ /n = 0((logn)! =), and hence by Eq.
48, |P[R', _ (B) < ry]— e~/ B = 0((logn)!~?). Note also that |(m/n) —
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(mf/n+)| — 0(n71/4) so that |e*(m/n))/n(3) _ e*(Wl’/n*)yn(B)| = O(n71/4)‘ Also
|P[Rn,m(n),k(B) =< rn] - P[R;ﬁ’mf’k(B) = rn]' < P[W # W/]~

We have the event inclusion {W # W'} C E; U E; U E3, where, recalling the definition of
(Z:)¢>0 in Section 1, we define the events

Ey:={Zy,- <m < Z,+}U{Z_<n<2Z.}%

Ey:={3y € Qu- : P (B(y,1n)) <k, (P \ Py-)(B(y, ra)) # O};

E3 = {3)’ € QmJr \ Qm* : ,Pn*(B(Yv rn)) < k}
By Chebyshev’s inequality P[E1] = O(n~1/?). Also by a similar calculation to Eq. 4.8,
(n/|BDE[|V,— p, x N Bl = v (B)(1 + O((logn)n~'/*)), and

PE2] < B[V, N BI/|BIIm™ 20"*) fobarsl = O(n™"*logn).

Similarly P[E3] = 2m3/4E[|Vn7’,n,k N B|/|B|] = O(n~'/*). Combining these estimates
gives the result. O

5 Proof of Theorems
5.1 Proof of Theorem 2.1

Recall the definition of y; (B) at Eq. 4.2. For each theorem, we need to find (7;);>0 such that
y;(B) converges as t — 00; we can then apply Lemmas 4.1 and 4.2. We are ready to do this
for Theorem 2.1 without further ado. Recall that f := 1/]A].

Proof of Theorem 2.1 Fix k € N, § € R. For all t > 0 define r, € [0, c0) by

zf()@dr,d = max(log? + (k — 1) loglogt + B, 0).

Set j = k — 1. Since we assume here that B C A°, fort large we have for all x € B that
B(x,r;) C A, and hence by (Last and Penrose 2018, Theorem 1.3), P;(B(x, r;)) is Poisson
with parameter ¢|B(x, r;)|/|A| = tfoedrld. By Eq. 2.11, P[x € Vi, k] = P[P/(B(x, 1)) <
k], so as t — oo we have uniformly over x € B that

Plx € V., 41 = e 0% ((to0r8)T /i + j (2 fobar®) ™" + O((og 1)) 5.1
=(1/jHt "ogt) Ve P(logt + jloglogt + B)/
x (14 j(logt + jloglogt + )~ + O((logt)™?))

e P (1 jloglogr + B jloglogt+/3)—‘

ﬁ logt logt

)j<1 + j(log z)*1<1 +
+ 0((1ogt)—2)),

where the O(-) term is zero for k = 1 or k = 2. Using Eq. 4.2, we obtain by standard power
series expansion that as t — oo we have

-8 -2 i
e ( j?loglogt  j(1+PB) 0((1°g10gt)2)>. (5.2)

B)=—-|[1
v (B) Jj! * logt logt logt
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Hence by Lemma 4.1, given 7 € (0, 00) as t — oo we have

Teh (1 j*loglogt  j(1+ B) 0((loglogt)2)))

PIR) 1,1 (B) < ri] =exp ( -
[Ri v (B) < ri] = exp j! logt logt logt

+ O ((logn)' ™)

B -p 2 .
e (exp (— LIRS 40 (logn) ) ifd =2

=) e b re P j2loglogt e Pj(1+p) loglog 712 .
et/ exp(— jlogt - j!{ogt )+0(( log? ) )) ifd =3,

(5.3)

yielding Eq. 2.3. Similarly, given alsom : N — N satisfying 7, := m(n)/n — tasn — oo,
by Lemma 4.2 and Eq. 5.2 we have as n — oo that

IED[Rn,m(n),k(B) <l

_ e e (- g ) + 0 (0em ) ifd =2
=) e ne~F % logl e P j(1+) loglogn )2y
e P exp ((— mefposlon _ e ) 4 o ((FEER)?) ifd = 3,
(5.4)
and Eq. 2.2 follows. O

Under assumption Al or A2 (with B = A), it takes more work than in the preceding proof
to determine r; such that y;(A) tends to a finite limit. The right choice turns out to be as
follows. Let 8 € R and let r;, = r;(8) > 0 be given by

fotbard = max ((2 —2/d)logt + (2k — 4 +2/d)J (d, k) loglog + B, o), (5.5)

where fy := |A|=! and J(d, k) = 1{4>3 or k>2). We show in the next subsection that this
choice of r; works.

5.2 Convergence of tE[| V¢ ,, x|]
Recall p,(x) at Eq. 4.1. By Fubini’s theorem, as at Eq. 4.2, we have
BIVerall = [ pitads. (5.6)
A

Recalling the notation A" and A") from the start of Section 3, we refer to the region
AT as the bulk, and the region Mo, := d A" as the moat.

Proposition 5.1 (Convergence of the expectation when d > 3) Suppose Assumption Al

applies withd > 3. Fix B € R, & > 0 and let r; :=r;(B), Vi r.x and cq i be as given in Eqgs.

5.5,2.11 and 2.6. Then as t — o0,

(k —2+1/d)*loglogt
(1—1/d)logt

(k—2+1/d)p+4k —4 )

O((logt)*™7). 5.7

2 —2/d)log1 ) +0((0g ") G.7)

(B Vi k] = e eqi fy 011+

To prove this, we shall investigate separately the contributions to the integral in the right
hand side of Eq. 5.6 from the the different regions A"*) and Mo, of the set A (it turns out
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that when d > 3, the main contribution always comes from the moat regardless of k.) To
avoid repeating ourselves later on, we shall deal with Mo, in a manner that covers the case
d =2 as well.

Lemma 5.2 (Contribution of the moat) Suppose Assumption Al applies with d > 2. Fix
B €R, e > 0andletr; .= ri(B) be given by Eq. 5.5. Set J'(d, k) :=1— J(d, k). Then

—1/d — iy (k =2+ 1/d)*J(d, k)loglogt
t dx = 1d =B12|3 Al (log 1)~ 27" @0 (1
fMo, P =cado e TEIRANe D (1 (1= 1/d)log

(k—2+1/d)B + 4k — 4
(2 —2/d)logt

+ 0((logt)£_2)). (5.8)

Proof Givent > 0,x € Aset u;(x) :=tfo|B, (x)NAlandleta(x) := dist(x, dA). Then by
Eq. 4.1, p;(x) =P[Z,, < k], where Z, ~ Poisson(u). Also for ¢ large we have 1, (x) > 1
for all x € A. Hence, similarly to Eq. 5.1 we have uniformly over x € A that

pr(x) = ((k — DH e O 1, R A+ ((k — D /i (1) + O (e (x)72). (5.9)

Fora € (0, 1] set A; 4 := tfgrtd(%éd + h(a)), with h(-) defined at Eq. 3.1. By Lemma
3.4 and Eq. 5.5, we have that

SUp [141(¥) = Aratuysn| = 0 ™!) = 0((ogn@/4,=1/4)

xeMoy

where we have used also the fact that trtd = O(og?). Also A; , = ©(logt) uniformly over
a € [0, 1]. Hence, for each x € Moy, by Eq. 5.9 we have

pi(x) = ((k = DY~ e Mrewm Af L (14 (k= D/ Asagosn) + O((log ™)),

where the constant in the O term is independent of x. Then by Proposition 3.8,

DA+ 0GD Y [ asii(y k=1 )
s = (PR ) [ e entat (1 St + 0 (G0 ) e

By Eq. 5.5, for ¢ large e~thobar! /2 — 1~ 1=V (1og 1) C—k=1/dDI (@K o =B/2 and setting s =
tford we have A, 4 = (164 + h(a)), so that

t/ pir(x)dx = (ﬂaA"t )l—(l—l/d)(logt)(Z—k—l/d)J(d,k)e—ﬂ/Zsk—l
Mo, (k —1)!

1 k—1 _
—sh(a) ba k—1 -2
X e — + h(a) 1+ ————— + O((logt)™ ) ) da.
0 2 s(% + h(a))

Hence by Lemma 3.7 with «p = 6;/2 and j = k — 1, given ¢ > O we have

t/ r () = (z|8A|r, )t—(lfl/d)(logt)(szfl/d)l(d,k)efﬁ/zskfl
Moy (k—1)!

04/2)% !
x (‘éii)ls (144k = De7's™ + 06"
—1/d gk—1 —B/2 k=2+1/d
059 Ale s e o )
— O(k_ ;1)‘2]{719(1 : 10gt (logt) 2/(d,k)(1+4(k_ 1)9dls 1+ O(Sg 2))
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By Eq. 5.5, for ¢ large we have
_ (2-2/d)logt (l n (k—2+1/d)J(d, k)loglogt + B/2
= rp

(1—1/d)logt )
Therefore
ok 19 Ale ﬂ/2<

2 — 0 /d\k-2+1/d
t/ pir(x)dx = 7= 1)'2,( v 0 / ) (logr)™ 30k
Mo, d—1 d

X( (k=2+1/d)((k =2+ 1/d)J(d, k)loglogt + B/2) 0((10g10gf)2>
(l—l/d)logt log[
( 4k — 4
x {1+

— +0(Qogn)®?) ),
2—-2/d)logt + (( og1) ))
and therefore by the definition Eq. 2.6 of ¢4 x, Eq. 5.8 holds

1/d
f/

O
Proof of Proposition 5.1 To deal with the bulk, we use Eq. 5.9, noting that for x € A7(8)
we have u;(x) =t foedr,d . Hence for such x we have

Pt(x) — 0(([rt )k 1 —lf()@dr,d) — 0((10g [)k_ll_(2_2/d) (10g[)4—2k—2/d)

where the constant in the O term does not depend on x, so that

t/ pi(x)dx = O((log )t~ 1+%/4). (5.10)
A1)

Using Egs. 5.8, 5.10 and 5.6, we obtain Eq. 5.7 for d > 3 as required O
Proposition 5.3 (Convergence of the expectation when d = 2) Suppose d = 2 and Al or
A2 applies. Fix € R, and let ry, V; »  be as given in Eqs. 5.5 and 2.11. Then ast — oo

|Ale™F + |9 Ale~PI2 V2L (Jb?+0((logt)_3/2))

ifk=1
B /3/24/71/]” ( loglogt) |Ale—P loglog ¢
(LY ] = |Ale™" 4 |0Ale™ (1 + 2ogr ) T Togt
o + O0((logn)™") fk=2
_82 Jalfo (2k—3)% loglog t 1 .
oAl G (14 PIEEE) 4+ 0 () itk =3

(5.11)

Proof Case 1: A has a C!'! boundary and A° = A. We first estimate the contribution to
Eq. 5.6 from the bulk. By Eq. 5.9, for x € A™"") we have

pr(x) =

k—1 1
—lforrr, 2\k—1 1
k—11° aomry = (14 tforr? +0(<tr,2>2))’

where the O term is 0 when k = 1 or k = 2. Also by Eq. 5.5, for ¢ large we have e ~//07"i
e B! (log 1)3=201u=2) Hence for k > 2 and x € A7) we have

pix)=("e Pk — ) (og)> H(logt + (2k — 3)loglogt + B)F~!

x(1+ (k —1)(log7)~' (1 4+ O((loglog 1)/ log1)))
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while if k = 1 and x € A7 then p,(x) = e Pt~!. Hence, since |[AC7)| = |A;| + O(ry),

e PIAI1 + 0 () if k=1,
/ peotdx = e PIAI(1+ SEREL 4 BE 4+ OCGESED) ifk=2,  (5.12)
AT - loglog ¢ .
& Dlaogn 2 T O (uogniT) ifk = 3.
For the contribution from the moat, we use Lemma 5.2. Note that ¢ y = (k 1),2k By Eq.

5.8,

{;|aA|eﬂ/2¢n/fo<(logr>1/2 +0((lognN™?) if k=1,
t/ pr(x)dx =
Moy

2
|0AleF/2 (k\/—nl/)!fgk (1 4 k=3 1oglogz) I 0(logt) k> 2

(5.13)

2logt

Combining this with Egs. 5.12, and using 5.6, yields Eq. 5.11 in Case 1.

Case 2: A is polygonal. In this case, the contribution of the bulk A" to the integral on
the right hand side of Eq. 5.6 can be dealt with just as in Case 1; that is, Eq. 5.12 remains
valid in this case.

Let |®o(A)| denote the number of corners of A and enumerate the edges and corners of
A in some arbitrary order. For 1 <i < |®((A)], let Rec; ; denote a rectangular region in A
having as its base part of the ith edge of A. We take each rectangle to have width r; and each
end of each rectangle to be distant Kr; from the corner of A at the corresponding end of the
corresponding edge of A, with K chosen large enough so that K > 3/|sin(«/2)| for each
angle « of the polygon A, as shown in Fig. 4. This choice of K ensures that the rectangular
regions are pairwise disjoint.

We define the corner region Cor; := Mo; \ Ul.q:)(;(AlRec,,i. Let Cor;; denote the inter-
section of A with the disk of radius (K + 1)r; centred on the ith corner of A. Then
Cor; C U"DO(A)'Cor,,i.

Then there exists « > 0 (depending on the sharpest angle of A), such that for all large # and
any i < |®g(A)|, x € Cor,;, we have p;(x) < e~thom1PK and hence by Eq. 5.5, pi(x) <t7¢
(note that the coefficient of loglog ¢ in Eq. 5.5 is nonnegative in this case). Each Cor; ; has
area at most 77 ((K + 1)ry)2, and hence

tfg/ pr(x)dx = O(tr2 )= O0((logt)t™ ), (5.14)
Coryj

leading to a total contribution from the corners to Eq. 5.6 of O((log#)t™"). Since there are
a fixed number of corner regions, so the total contribution of these regions to the integral on
the right hand side of Eq. 5.6 is O ((log#)t™").

By the proof of Lemma 5.2 we see that the total contribution of the rectangles Rec; ;, 1 <
i < |®Pg(A)], to the right hand side of Eq. 5.6 is the same as Eq. 5.13. There is an extra
multiplicative error term of O (r;) due to the total length of the rectangles being less than the
perimeter of A, but this error term is dominated by the error terms already included in Eq.
5.13.

Fig.4 Illustration showing the
rectangles Rec; ; (shaded) in the
proof of Proposition 5.3, Case 2
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Putting together these estimates yields Eq. 5.11 in Case 2. O

5.3 Proof of theorems 2.2 and 2.3

Proof of Theorem 2.2 Recall fy := 1/|A|. Suppose (r;);~0 satisfies the case d = 2,k = 1 of
Eq. 5.5, so that tmr for,2 — logt = B for all large enough . Then by Eq. 4.2, Proposition 5.3
and Eq. 2.1,

vi(A) = 1foEl| Ve 11 = €7 + (oae P12 /2)(log 1) ~1/% + O((log ) =/?).
Hence by Lemma 4.1,
PR, ., <ril=exp(—te P —t(oae P72 /2)(logt)™/?) + O((log) ™),
and hence Eq. 2.5. Also by Lemma 4.2, setting 7, = m(n)/n we have
P[R,.m < ry] =exp ( —1e P — rn(aAe_ﬂ/znl/z/Z)(log n)_l/z) + 0((logn)_1),
and hence Eq. 2.4.

Proof of Theorem 2.3 ford = 2. Taked = 2,k > 2. Let 8 € R and define (r;);~¢ by Eq. 5.5,
so that r7r fort2 —logt + (3 — 2k) loglogt = B for ¢ large.

First suppose k = 2. Set v; := 1+ big(}T()l,gz‘. By Eq. 4.2 and Proposition 5.3,

loglogt
2logt

V(A = OB Ve il = €7 + oae P2 2/ (1+ )+ Ottogn)™).

Hence by Lemma 4.1,

loglogt
2logt

PR; ;s < ri]l=exp ( —tye P - rgAe*ﬂ/Z(n1/2/4)<l + )) + 0((ogn)™h,

and hence Eq. 2.8. Also by Lemma 4.2, with 7, = m(n)/n,

loglogn

P[R, mmn).k = rp]=exp ( - Tnvne_ﬂ_TnUAe_ﬂ/z(ﬂl/z/“')(l‘l‘
T 2logn

)) +0((logn) ™",

and hence Eq. 2.7.
Now suppose k > 3. By Eq. 4.2 and Proposition 5.3,

oae Bl2g1/2 ( (2k — 3)*loglogt

A) =
A =Tk 2log1

)+ 0(ogn ™).

Hence by Lemma 4.1,

tose P2 1/2 ( (2k — 3)*loglogt

/ j— —
PR 5 = 1]l = exp( (k — 1)12k 2logt

) + 0togn™),

and hence Eq. 2.10 ford = 2, k > 3 (note that c2 ; = ('/?)/((k — 1)12¥) by Eq. 2.6). Also
by Lemma 4.2, setting t,, := m(n)/n, we have

Taope P12 ( (2k —3)?loglogn
(k — 1)12k

and hence Eq. 2.9 ford =2,k > 3. O

P[Rym(n k < Tn] = €Xp ( - )) + O((logn)™h,

2logn
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Proof of Theorem 2.3 ford > 3. Assume d > 3,k > 1. Let 8 > 0 and let (r;);~¢ satisfy
Eq. 5.5, s0 tfofré = (2 —2/d)logt + (2k — 4 + 2/d) loglogt + B for t large. Then by
Proposition 5.1, given ¢ > 0, we have Eq. 5.7, and hence
_ (k —2+1/d)*loglogt
A) = tfoE[|Vyy, 1] = e P/? (1
vi(A) = tfoElIVi k|l = e " “caroa(l + (1= 1/d)logr
(k—2+1/d)/3+4k—4> 2
O ((logt)*™7).
2—2/d)logt + (( ogh) )

Hence by Lemma 4.1 we have

(k —2+1/d)*loglog t
(1 —1/d)logt

PR; ., x <71l =exp ( - Te_ﬁ/zcd,kO'A<1 +

(k=24 1/d)B + 4k — 4
(2 —2/d)logt

) + 0(0gn®2), (5.15)

which gives us Eq. 2.10, and by Lemma 4.2, setting t, = m(n)/n we have

(k =2+ 1/d)*loglogn
(1—-1/d)logn

)+ O(togmy2), (5.16)

]P[Rn,m,k =< I"[] = exp ( - Tne_ﬁ/zcd,k0A<1 +

(k—=24+1/d)p+ 4k — 4
(2—-2/d)logn

giving us Eq. 2.9. O

6 Simulation Results and Discussion

We were able to write computer simulations which sample from the distribution
of Ry mm).x using a very simple algorithm: sample n + m(n) independent points
Xi,...., X0, Y1,...,Yu@. For each j € {1,...,m(n)} let d](.k) be the Euclidean dis-
tance between Y; and its kth-nearest point in &, = {Xj,---, X,}. Then Ry ok =
max j <m(n) d;k)‘

In Figs. 5 and 6, we present the results from simulations of many of the settings for which
we have proved limit theorems. In each of the eight plots, the blue curve is an estimate of
the cumulative distribution function of the quantity of the form n6;, fy R,‘f,m(n)’ ¢« —c1logn —
¢z loglogn for which we have obtained weak laws. These distributions were estimated by
sampling several tens of thousands of times from the distribution of Ry, ,,,(»),x and plotting
the resulting empirical distribution. The black dashed curves are the corresponding limiting
distributions as n — o0, from Theorems 2.1, 2.2 and 2.3. The red dotted curves are the
corresponding “corrected” distributions, i.e. the explicit distributions which occur on the
right-hand side of the expressions in our limit theorems, neglecting only the errors of order
(logn)~ 1.

The top row in Fig. 5 shows two cases covered by Theorem 2.1. The top-left diagram is
for B = B(0,0.9), A = B(o, 1), which meets condition A3. We have d = 2 and k = 1, so
there is no “correction” to the limiting distribution. This is the only diagram in which we have
taken n larger than 10*. When plotted for n = 10* (not pictured), the distance between the
empirical distribution and the limiting distribution appears to be smaller than for n = 10°,
but the shapes of the curves are very different, indicating that there is still a boundary effect
influencing the distribution of the two-sample coverage threshold.
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n=10% t,=1,d=2and k=1 for B(o, 0.9) € B(o, 1). 1o n=10% t,=1.0,d=2 and k=3 in a torus.

1.0 ——==
LemTIREEE
%dl ,”’ .
7 P o
7 P .
754 / o
0.8 v 0.84 LN
G /.
/) / g
/ .
4 D
/ L
/ / D
7 o
/ 7/ v
/
0.6 1 ’ 0.6 1 I’
! /
! /
1
/
/
’ /
/
/
/
0.4 / 0.4 7 d
7 o
’ / g
7 8
1 7 .
/ .
’ / 0
/ .
/ / .
7 .
0.2 / 0.2 ;[
[ fo
7 / . . .
/ ,I K = Empirical distribution
// = Empirical distribution V2 R == Limiting cdf
’ == Limiting cdf from Theorem 2.1 L ot = = = Corrected cdf from Theorem 2.1
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/ R
0.84 4 . 0.8
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Fig.5 The empirical distributions of n6, fj Rl‘f mny.k €1 logn — c3 log log n obtained from computer simu-
lations in the settings of Theorems 2.1, 2.2 and 2.3, plotted on the same axes as the limiting distributions. See
Section 6 for discussion of the simulation results

The top-right diagram is for our results when points are placed on the 2-dimensional unit
torus. As a remark following Theorem 2.1 states, the proof of that theorem would generalise
to this setting, giving exactly the same result. We have simulated Ry, ,,,(n),x for kK = 3, which
is a case covered by our Theorem 2.1 but not included in the results of Iyer and Yogeshwaran
(2012).

Both diagrams on the bottom row of Fig. 5 are representations of the same simulation, with
points placed inside the two-dimensional unit disc, which certainly has a smooth boundary.
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n=10% t,=1,d=2 and k=1 in the square [0, 1]°. 10 n=104 t,=1,d=2 and k=2 in the unit radius disc
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Fig.6 The continuation of Fig. 5, with results from simulations in several more settings

The inclusion of the explicit term of order (log n) ~!/? improves the accuracy of the estimated
distribution considerably, as can be seen from the fact that the red dotted curve in the left
diagram is much closer to the empirical distribution than the black dashed curve. In this
d =2, k = 1 setting the correction is of a larger order than the O(M) terms in all of the

. logn
other settings.
D

We remarked after stating Theorem 2.2 that nm fORl%,m(n) — u(nmw foRZ’m(”)) —
GuUioglog2,1, Where pi(-) is the median and Guioglog2,1 is @ Gumbel distribution with scale
parameter 1 and median 0. To illustrate this, in the second diagram on the second row of
Fig. 5 we have translated all of the curves from the first diagram so that they pass through
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(0, 1/2), i.e. so that they are the distributions of random variables with median 0. We can see
that the corrected distribution is very close to the empirical distribution from the simulation,
indicating that the shape of the corrected limiting distribution closely matches the actual
distribution of nm fy R}%,m(n) for finite n, but with an offset corresponding to the difference
between log n and the median of nx fy Rim ()

In the setting of Theorem 2.2, the presence of a boundary has an effect on the distribution of
nm fo erl’ m(ny Which disappears as n — 00, so is not reflected in the limit. Broadly speaking,
the terms involving e # come from the interior, and terms involving e #/? come from the
boundary. Our correction term corrects the shape of the distribution to account for these
boundary effects.

The blue curve in the left-hand diagram was translated by the sample median in order
to pass through (0, 1/2) in the right-hand diagram. However, for applications of these limit
theorems to real data, it is unlikely that tens of thousands of independent samples of R,
will be available to estimate the median of the distribution.

Theorem 2.2 covers two cases for d = 2, k = 1: when A has a smooth boundary, and
when A is a polygon. The first diagram in Fig. 6 is in this latter case, with A = [0, 1]2. If we
compare this diagram with the bottom-left diagram of Fig. 5, which is also ford =2,k =1
but with A = B(o, 1), all of the same qualitative features can be observed: a fairly large gap
between the empirical distribution and the limit, a large improvement due to the correction,
and an “overshoot” so the corrected distribution approximates the empirical distribution from
the right-hand side while the limiting distribution is to the left.

This indicates that the behaviour of the two-sample coverage threshold (at least in two
dimensions) is not strongly affected by the presence of “corners” on the boundary of A. It
is likely that in higher dimensions, the limiting behaviour of R, ,,(,y when A is a polytope
would be different from the behaviour when A has a smooth boundary, as was observed for
the coverage threshold in Penrose (2023).

The top-right diagram in Fig. 6 is for d = 2, k = 2 with points inside the unit disc, which
is the setting of the first limit result in Theorem 2.3. The d = 2, k = 2 case is unique in
that the limiting distribution has two terms, corresponding to the boundary and interior. In
the other settings the limiting distribution for the position of the point in )); which is last
to be k-covered as the discs expand is either distributed according to Lebesgue measure on
A, or according to a distribution supported on d A. However, the existence of both terms in
the limit in Eq. 2.7 indicates that for d = k = 2, the “hardest point to k-cover” has a mixed
distribution: the sum of a measure supported on the interior of A with a measure supported
on JA.

The bottom row of Fig. 6 contains the distributions from two simulations with d = 3 and
k = 1 inside the unit ball. In the left diagram we have taken 7 = 1, and the corrected limit
approximates the empirical distribution well. In the right diagram we have taken 7 = 100.
The empirical distribution is extremely far from the limiting distribution, and the correction
term has the wrong sign, so the corrected limit is an even worse approximation to the empirical
distribution than the uncorrected limit is.

The fact that the empirical distribution is far to the left of the limit (i.e. that Ri mn).k
is generally smaller than the limit would predict) when 7 is large is rather surprising. If we
consider 7, 1 oo sufficiently fastas n — oo, then R, ;,(n),x should approximate the coverage
threshold considered in Penrose (2023). As we remarked after the statement of Theorem 2.3,
the coverage threshold is generally much larger than our R, j,(n),k. Inthe cased =3,k =1,
the coefficient of loglogn in the weak law for the coverage threshold corresponding to
Theorem 2.3 is larger, and so we might expect that if 7 is large than the empirical distribution
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for ngdfORg,m(n),k —(2—-2/d)logn — (2k —4+2/d)loglogn in Fig. 6 would be far to the
right of the limiting distribution.

To explain the surprising fact that it is instead far to the left of the limit, we should
examine Lemma 4.1. In the “Poissonized” setting of that Lemma, given the configuration
of “transmitters” Xy, the conditional probability IP’[R;’”’ ¢ < 111&;] is the probability that
no point from Y, lies in the vacant region V; ;; ;. The lemma shows that when we replace
the marginal probability P[Rz/,n, « < r:] with the probability that no point from Y, lies in
aregion of Lebesgue measure EV; 1, , the error induced is O ((log 11=9). However, this is
for fixed 7. It can be seen from the proof that the error is proportional to 72 (log £)'~¢, which
is not negligible unless ¢ is very large compared to 7.

To see why the corrected limiting cdf is below the empirical cdf, let f(x) = e~ ™.
In Lemma 4.1, if I'; := (¢/|B])|Vi,r,.x N B, then ]P)[R;’”,k(B) < ry] = E[f(I')], while
e~ ™(B) = f(E[I']). Hence by Jensen’s inequality, e~ *¥* can only ever be an underestimate
for IP’[RI” o, «(B) < r¢], with an error proportional to 72. All of our corrected expressions in
Theorem 2.3 are approximations of e =777,

If we think of X}, as a set of transmitters and ),,(,) as a set of receivers, then for most
applications we would expect 1, to be large. It should be possible to improve the estimate
in this case by computing the leading-order error terms in Lemma 4.1, using moments of
t|V; . 11.k| or otherwise.

Acknowledgements We thank Keith Briggs for suggesting this problem, and for some useful discussions
regarding simulations. We also thank an anonymous referee for some helpful and detailed suggestions.

Author Contributions Penrose and Yang wrote most of Sections 4 and 5. Higgs did all the simulations and
wrote the text describing these in Section 6. Penrose and Higgs wrote most of Section 3. All authors contributed
to Sections 1 and 2, and reviewed the manuscript.

Funding All three authors were supported in doing this research by EPSRC grant EP/T028653/1.

Data Availability The code for the simulations discussed in Section 6 is available at https://github.com/
frankiehiggs/CovXY and the samples generated by that code are available at https://researchdata.bath.ac.uk/
id/eprint/1359.

Declarations

Competing interests The authors declare no competing interests.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Banerjee T, Iyer SK (2013) Limit laws for coverage in backbone-sensor networks. Stochastics 85:98—110
Billingsley P (1979) Probability and measure. Wiley, New York
Federer H (1969) Geometric measure theory. Springer-Verlag, New York Inc, New York

@ Springer


https://github.com/frankiehiggs/CovXY
https://github.com/frankiehiggs/CovXY
https://researchdata.bath.ac.uk/id/eprint/1359
https://researchdata.bath.ac.uk/id/eprint/1359

40 Page280f28 Methodology and Computing in Applied Probability (2025) 27:40

Garcia Trillos N, Slepcev D (2016) Continuum limit of total variation on point clouds. Arch Ration Mech
Anal 220:193-241

Hall P (1985) Distribution of size, structure and number of vacant regions in a high-intensity mosaic. Z Wahrsch
Verw Gebiete 70:237-261

Iyer S, Yogeshwaran D (2012) Percolation and connectivity in AB random geometric graphs. Adv Appl Prob
44:21-41

Janson S (1986) Random coverings in several dimensions. Acta Math 156:83-118

Last G, Penrose M (2018) Lectures on the poisson process. Cambridge University Press, Cambridge

Leighton T, Shor P (1989) Tight bounds for minimax grid matching with applications to the average case
analysis of algorithms. Combinatorica 9:161-187

Lewicka M, Peres Y (2020) Which domains have two-sided supporting unit spheres at every boundary point?
Expo Math 38:548-558

Penrose M (2003) Random geometric graphs. Oxford University Press

Penrose MD (2014) Continuum AB percolation and AB random geometric graphs. J Appl Prob 51A:333-344

Penrose MD (2023) Random Euclidean coverage from within. Probab Theory Related Fields 185:747-814

Rossi F, Fiorentino M, Versace P (1984) Two-component extreme value distribution for flood frequency
analysis. Water Resour Res 20:847-856

Shor PW, Yukich JE (1991) Minimax grid matching and empirical measures. Ann Probab 19:1338-1348

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Covering One Point Process with Another
	Abstract
	1 Introduction
	2 Statement of Results
	3 Preparatory Results
	3.1 Geometrical Lemmas
	3.2 Integral Asymptotics

	4 Probability Approximations
	5 Proof of Theorems
	5.1 Proof of Theorem 2.1
	5.2 Convergence of t mathbbE[|Vt,rt,k|]
	5.3 Proof of theorems 2.2 and 2.3

	6 Simulation Results and Discussion
	Acknowledgements
	References


