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Abstract 

 

Solid/liquid (S/L) interface energy (𝛾sl) and its anisotropy (φ) play a critical role in the 

understanding of nearly every single phenomenon that occurs during solidification of metals, 

such as nucleation, morphological instability and dendrite growth. However, due to 

difficulties associated with both experimental measurement and computer simulations, our 

current understanding of this topic is rather limited. In this work, a simple analytical model is 

developed to predict 𝛾sl and φ for pure metals. This model suggests that S/L interface energy 

originates from atomic ordering in the S/L interface templated by the solid. 𝛾sl can be 

expressed as the sum of contributions from both atomic layering (𝛾z) and the in-plane atomic 

ordering (𝛾xy). Further analysis shows that 𝛾sl for pure metals is determined by both heat of 

fusion per atom (∆𝐻f
a) and their crystal structures, while anisotropy depends only on crystal 

structure. The analytical model reveals that the physical origin of 𝛾sl is atomic ordering in the 

S/L interface templated by the solid, while the physical origin of anisotropy is the difference 

in structural templating power between different crystal planes. It is demonstrated that the 

current analytical model is capable of predicting solid/liquid interface energy (𝛾sl) and its 

anisotropy (φ) for any metallic element using parameters readily available in the literature. 

 

Keywords: Solid/liquid interface energy; Anisotropy; Analytical modelling; Metals; 

Solidification. 

 

1. Introduction 

 

The solid/liquid (S/L) interface energy, 𝛾sl, is a key parameter in many fields of science and 

technology [1]. It plays a critical role in understanding nearly every single process during 

solidification of metals, such as crystal nucleation, morphological instability, dendrite 

formation and overall microstructural evolution [2]. Although the anisotropy in 𝛾sl is usually 

small for metals with a diffuse S/L interface, it dictates the operating mechanisms of dendrite 

growth by selecting the preferred growth directions. However, our current understanding of 

interface energy and its anisotropy is limited due to difficulties associated with both 

experimental measurement and computer simulations [3]. 

 

Although a variety of other techniques have been investigated [4-6], experimental 

determination of 𝛾sl has been following two main approaches: homogeneous nucleation [7] 

and grain boundary groove [8]. The homogeneous nucleation approach pioneered by Turnbull 

[7] is an indirect method based on the classical homogeneous nucleation theory, where he 

assumed that the nuclei had a spherical shape and the impurity that might lead to 

heterogeneous nucleation was eliminated. Turnbull’s approach has so far provided most of 

the 𝛾sl data for metals, nevertheless neither of the above assumptions is true in real 

experiments. For instance, the maximum undercooling achievable in metallic liquids has been 

found to be much larger than that reported by Turnbull, indicating that heterogeneous 
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nucleation was responsible for triggering solidification in Turnbull’s experiments. The grain-

boundary groove method developed by Hunt and co-workers [8] is a direct approach to obtain 

𝛾sl from the Read-Shockley formula [9]. This technique also suffers from drawbacks [10] and 

usually leads to an overestimate of 𝛾sl, with the uncertainty ranging from 15 to 30% [11]. 

Consequently, the currently available orientation-averaged 𝛾sl data extracted from 

experiments are quite scattered. For instance, values of 𝛾sl for pure aluminium determined 

experimentally by different investigators has a broad range: 93 mJ/m2 [7], 97 mJ/m2 [12], 102 

mJ/m2 [13], 108 mJ/m2 [14], 122 mJ/m2 [15], 157 mJ/m2 [16], 158 mJ/m2 [17]. Even worse, 

there is no experimental technique currently available to provide reliable data for anisotropy 

in 𝛾sl for metals. 

 

Model systems, such as colloidal suspensions and organic analogues, have been used to 

mitigate the difficulties associated with direct experimental investigation of metallic systems, 

taking advantage of the sluggish physical process and optical transparency provided by such 

systems [18]. Colloidal interactions can be experimentally tailored to display hard sphere 

(HS) behaviour and charged sphere (CS) exhibiting hardcore Yukawa repulsions or 

electrostatic attractions [19]. These systems have been employed to model many structural 

transitions known to metallic materials with body-centred cubic (BCC), face-centred cubic 

(FCC) and hexagonal close-packed (HCP) structures. For example, Palburg et al. [20] used a 

BCC crystalising colloidal suspension with charged spheres to derive 𝛾sl and Turnbull’s 

coefficient. They found that the average Turnbull’s coefficient is 0.31±0.03 for BCC, which 

is consistent with other works in the literature [18,21-23]. More significantly, organic 

analogues have been used for experimental determinations of the anisotropy in 𝛾sl, based on 

the observed shape of either a small crystal surrounded by the melt or a melt inclusion within 

a crystal [24,25]. For instance, Glicksman and Singh [24] found that the BCC crystalising 

succinonitrile has a much weaker anisotropy in 𝛾sl (0.5%) than that for the FCC crystalising 

pivalic acid (5%). However, transient effects and polydispersity of colloidal systems could 

cause significant discrepancy in the results of experiments even with the same system. A 

fundamental question is that to what extent such model systems can be directly compared to 

real systems of metals and alloys. 

 

Molecular dynamics (MD) simulations have gained increasing importance in studying 𝛾sl due 

to the advances in both computing capacity and simulation techniques in recent years [3]. 

According to its definition, 𝛾sl is the excess energy of the coexisting system relative to the 

two bulk phases. The excess energy incurred in a diffuse S/L interface of pure metals is 

usually small compared with the total energy of the coexisting system, and thus it is 

particularly challenging to directly compute the S/L interface energy and its anisotropy with 

MD simulations [3]. To date, various techniques have been developed, such as the cleaving 

method [26-28], the capillary fluctuation method (CFM) [29-33], and the homogeneous 

nucleation (CN) method [34-37], as reviewed recently by Pasquale et al. [3] and Karma et al. 

[38]. The cleaving method is a direct assessment of 𝛾sl, but needs many trials to establish a 

stable interface in the calculation. Both CN and CFM are indirect methods. The CN method 

is straightforward to calculate 𝛾sl, nonetheless it cannot be used to determine the anisotropy. 

On the other hand, the CFM can extract 𝛾sl and its anisotropy by analysing the equilibrium 

fluctuation spectrum of the S/L interface. However, the accuracy of 𝛾sl calculated by all of 

these methods relies highly on the accuracy of the potentials used in the simulation and the 

details of the simulation techniques. An interesting fact is that interface energy data for the 

same system calculated from different potentials can be significantly different and this 

difference may be substantial even using the same potential but performed by different 

researchers [39]. Furthermore, the uncertainty in calculated interface energy by MD 
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simulation is around 5% [40], which is comparable with the anisotropy in 𝛾sl of metals, 

compromising the suitability of using MD simulation to assess anisotropy in 𝛾sl. 

 

To date, analytical modelling has been limited to the framework provided by Turnbull [7], 

who first proposed that 𝛾sl is linearly related to heat of fusion per atom (∆𝐻𝑓
𝑎) by fitting his 

experimental data. For instance, Skapski [12] introduced the contribution of surface tension 

of the liquid and entropy loss upon solidification to 𝛾sl. Ewing [15] and Waseda et al., [13] 

considered the contribution of the reduced liquid entropy at the diffuse S/L interface due to 

atomic ordering. Miedema et al. [41,42] and Benedictus et al. [43] considered the 

contribution of heat of mixing and entropy of fusion for binary alloys. Gránásy et al. [44] 

considered the entropy loss of the liquid in contact with the crystal. Spaepen et al. [45,46] 

proposed a negentropic analytical model, positing that the origin of the S/L interface energy 

is mainly entropic in negative value. Despite such advances, an appropriate understanding of 

𝛾sl and its anisotropy is still lacking [47]. 

 

In this work, we propose that a diffuse S/L interface is a consequence of atomic ordering 

templated in the interface by the solid. Based on this we have developed a simple analytical 

model to predict the S/L interface energy and its anisotropy. It is shown that the predicted 

interface energy and its anisotropy are largely in good agreement with both experimental 

results and MD simulations. 

 

2. Atomic structure of the S/L interface 

 

At its melting temperature (𝑇m), the flat surfaces of a volume of solid (S) and a volume of 

liquid (L) of a pure metal are brought in contact with each other at the atomic level. Upon 

reaching equilibrium, a physical region of finite thickness is created between the solid and the 

liquid. This region has a distinctive atomic structure that is different from both the long-range 

order of the solid and the short-range order of the liquid. In contrast to the traditional Gibbs 

dividing S/L interface that has zero-thickness, this region of finite thickness is referred to as a 

diffuse S/L interface (Fig. 1a). Such a diffuse S/L interface can be viewed as a region 

between two imaginary planes: a solid plane beyond which there is no liquid atoms, and a 

liquid plane beyond which there is no atomic layering. Partial atomic ordering in the S/L 

interface can be characterised by two distinctive phenomena [48,49]: 

• Atomic layering: which represents the atomic ordering along the direction parallel to 

the normal of the interface (the z direction in Fig. 1) and is quantitatively described by 

an exponential decay of peak atomic density, 𝜌(z), as schematically illustrated in Fig. 

1b. 

• In-plane atomic ordering: which represents the atomic ordering in each atomic layer 

parallel to the interface (the xy plane) and is characterised by the in-plane order 

parameter (fraction of ordered atoms in each layer), 𝑆(z), as schematically illustrated 

in Fig. 1c. 

 

Recent MD simulations [50-52] reveal that atomic layering is independent of the atomic 

structure of the solid plane and thus isotropic, while in-plane atomic ordering is closely 

related to the atomic arrangement in the solid plane and thus is anisotropic by nature. From 

this point of view, atomic layering can be viewed as atomic ordering along the z direction 

templated by a structureless wall, while the in-plane atomic ordering in the xy plane is 

templated by the specific atomic arrangement in the solid plane [49]. 
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At 𝑇m, the free energy of the solid per atom (𝑔𝑠
𝑎) equals the free energy of the liquid per atom 

(𝑔𝑙
𝑎). The interface energy, 𝛾sl, is defined as the excess energy of the S/L interface per unit 

area, ∆𝐺ex, which is shown by the shaded area in Fig. 1d. Hence, one has 

 

  𝛾sl = ∆𝐺ex.        (1) 

 

3. An analytical model for the diffuse S/L interface energy and its anisotropy 

 

According to the previous analysis, the interface energy of a diffuse S/L interface (𝛾sl) is the 

excess energy of the interface per unit area, ∆𝐺ex, which consists of the contributions of both 

the atomic layering, 𝛾z, and the in-plane atomic ordering, 𝛾xy. Hence,  

 

𝛾sl = 𝛾z + 𝛾xy.        (2) 

 

𝛾z and 𝛾xy will be quantified in the following sections. 

 

3.1. Quantification of 𝛾𝑧 

 

Although there have been many investigations of atomic layering in the liquid adjacent to a 

structureless wall (e.g. [53-55]), so far, no effort has been made to quantify the contribution 

of atomic layering to 𝛾sl. MD simulation was used to quantify the contribution of atomic 

layering to the diffuse interface energy, 𝛾z, using pure aluminium (Al) as a starting point. A 

simulation system of bulk liquid Al with 77760 atoms was equilibrated at varied temperatures 

(𝑇) using LAMMPS [56] to create the reference states. The embedded-atom method (EAM) 

potential for Al, developed by Zope and Mishin [57], was employed to describe the 

interaction between Al atoms. A simulation system consisting of liquid Al (77760 atoms) 

between 2 structureless walls was then equilibrated at varied 𝑇, where the interaction between 

liquid atoms is described by the same EAM potential for Al [57] and the interaction between 

the wall and the liquid atoms is described by a Lennard-Jones potential: 

 

  𝐸 = 4𝜀 [(
𝜎𝐿𝐽

𝑧
)

12

− (
𝜎𝐿𝐽

𝑧
)

6

],      (3) 

 

where 𝑧 is the vertical distance between an atom and the structureless wall, 𝜀 and 𝜎𝐿𝐽 are 

parameters representing the bonding energy and the distance at which 𝜀 is zero, respectively. 

Here, 𝜀 and 𝜎𝐿𝐽 were optimized to be 0.412 eV and 2.6485 Å, respectively, with a cutoff 

distance of 12 Å, by using the data of bulk liquid Al simulated with the EAM potential [57]. 

 

Fig. 2 shows the atomic number density profile, 𝜌(z), of the liquid Al adjacent to a 

structureless wall as a function of distance (𝑧) away from the wall equilibrated at 𝑇 = 900 K. 

The liquid exhibits profound atomic layering adjacent to the structureless wall, where the 

liquid atoms are only subject to the effect of the structureless wall. By comparing with the 

total energy of the bulk liquid Al (the reference system), the excess energy induced by the 

structureless wall is evaluated to be 𝛾z = 12 mJ/m2. 

 

Intuitively, one would expect that 𝛾z should be related to both temperature and the heat of 

fusion per atom (∆𝐻f
a). To understand the temperature dependence of 𝛾z, the simulation 

system of liquid Al in contact with a structureless wall was equilibrated to evaluate 𝛾z at 

varying undercoolings (𝛥𝑇). The resultant 𝛾z values did not show any co-relationship to 
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temperature and subsequently such data were used to evaluate the standard deviation of 

𝛾z, which is 6 mJ/m2. Therefore, 𝛾z is taken to be temperature independent and for Al  

 

𝛾z
Al = 12 ± 6 mJ/m2.       (4) 

 

As will be demonstrated later, S/L interface energy due to in-plane atomic ordering (𝛾xy) is 

linearly related to ∆𝐻f
a π𝑟a

2⁄ , where ∆𝐻f
a is the heat of fusion per atom and 𝑟a is the effective 

atomic radius derived from the volume per atom (Table 1). It is assumed here that 𝛾z is also 

linearly proportional to ∆𝐻f
a π𝑟a

2⁄ . Hence, for a given element one has: 

 

𝛾z = 𝒜
∆𝐻f

a

π𝑟a
2 ,        (5) 

 

where 𝒜 is a constant, 𝒜 = π𝑟Al
2 𝛾z

Al ∆𝐻f
𝐴𝑙⁄ = 0.056, and ∆𝐻f

𝐴𝑙(= 1.74 × 10−17 mJ/atom) is 

the heat of fusion of aluminium per atom and 𝑟Al(= 1.61 Å) is the effective radius of an Al 

atom. 

 

3.2. Quantification of 𝛾𝑥𝑦 

 

As presented in Section 2, 𝛾xy is a consequence of transforming some of the liquid atoms in 

the interface into solid ones through structural templating. At 𝑇m, when a liquid atom with an 

effective atomic radius of 𝑟a in the interface is transformed into a solid atom through 

structural templating, the free energy change (∆𝑔f
a) is 

 

∆𝑔f
a = ∆𝐻f

a − 𝑇m∆𝑆f
a = 0,      (6) 

 

where ∆𝑆f
a is the entropy of fusion per atom. The resultant excess energy will be ∆𝐻f

a and the 

excess energy per unit area is ∆𝐻f
a π𝑟a

2⁄ . The total excess energy per unit area for a diffuse 

S/L interface due to structural templating will be: 

 

𝛾xy = 𝑓s
∆𝐻f

a

π𝑟a
2 ,        (7) 

 

where 𝑓s is the average fraction of solid atoms in the atomic layers that contain solid atoms, 

i.e., 𝑓s is the ratio of the total number of solid atoms in the interface to the total number of 

atoms in the layers that contain solid atoms (excluding the layers that contain only liquid 

atoms). 

 

For a given undercooling (∆𝑇 = 𝑇m − 𝑇), when a liquid atom in the interface is transformed 

into a solid atom through structural templating, one has 

 

∆𝑔𝑎 = ∆𝐻f
a − 𝑇∆𝑆f

a       (8) 

 

where ∆𝑔𝑎 = 𝑔𝑠
𝑎 − 𝑔𝑙

𝑎 is the free energy change per atom at temperature 𝑇, and 𝑔𝑠
𝑎 and 𝑔𝑙

𝑎 

are the free energy per atom for the solid and liquid, respectively. As a good approximation 

under small undercoolings (∆𝑇), both ∆𝐻f
a and ∆𝑆f

a can be treated as temperature 

independent. By combining Eqs (6) and (8) one has: 

 

∆𝑔𝑎 = ∆𝑇∆𝑆f
a.       (9) 
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The excess energy of transforming a liquid atom into a solid atom at T will be ∆𝐻f
a + ∆𝑔𝑎. 

Following Eq. (7), 𝛾xy can be expressed as 

 

𝛾xy = 𝑓s
∆𝐻f

a+∆𝑔𝑎

π𝑟a
2 = 𝑓s

∆𝐻f
a+∆𝑇∆𝑆f

a

π𝑟a
2 .     (10) 

 

For simplicity, hereafter we will only discuss 𝛾sl at 𝑇m unless otherwise specified. 

 

By inserting Eqs. (5) and (7) into Eq. (2), one has the expression for a diffuse interface 

energy of a metallic element: 

 

𝛾sl = (𝒜 + 𝑓s)
∆𝐻f

a

π𝑟a
2 .       (11) 

 

The slope of a plot of 𝛾sl vs 
∆𝐻f

a

π𝑟a
2 is (𝒜 + 𝑓s), where 𝒜 is independent of crystal orientation 

(i.e., isotropic) while 𝑓s is dependent on crystal orientation (i.e., anisotropic). In addition, Eq. 

(11) implies that the contribution of atomic layering to 𝛾sl is quantitatively equivalent to an 

extra contribution by increasing 𝑓s by 0.056 (i.e., 𝒜). That means that the contribution from 

atomic layering is about 10% of 𝛾sl, as indicated in Section 4. 

 

Eq. (11) is universally applicable to all metallic elements/alloys for predicting their 𝛾sl with 

any crystal orientation as long as 𝑓s is known. As demonstrated previously [58], 𝑓s can be 

obtained from MD simulations using local bond-order analysis [59-62]. However, in the 

following section, 𝑓s for pure metals will be derived analytically based on structural 

templating. 

 

3.3. Quantification of 𝑓𝑠 for pure metals 

 

As described previously, solid atoms in the interface are outcomes of structural templating by 

a given solid plane, which is highly dependent on the crystal structure of the solid plane. 

Structural templating describes the phenomenon that a crystal plane provides potential 

energy minima where liquid atoms can be potentially transformed into solid atoms. 

Therefore, one would intuitively expect that 𝑓s should be closely related to potential energy 

(ℰp) of an adatom (denoted as A) located at the potential energy minima relative to its nearest 

neighbouring atoms in the solid plane (denoted as S), as shown in Fig. 3. An expression for 

ℰp will be derived here. 

 

For a given atomic plane, an adatom (A) has 𝑁a nearest neighbouring atoms (S) in the solid 

plane, i.e., the adatom has 𝑁a A-S bonds. Each A-S bond has a bond energy of ℰc/𝑁b, where 

ℰc is the cohesive energy of a bulk solid atom and 𝑁b is the number of coordinates in the bulk 

solid. Bond energy can be taken as the product of an attractive (or repulsive) force and the 

bond length (𝜎) between A and S atoms. The contribution of an S atom to structural 

templating depends on the projection of the attractive force along the plane normal scaled 

with cos(𝜃) = 𝑑/𝜎, where 𝜃 is the angle between the A-S bond and the solid plane normal 

and 𝑑 is the inter-plane spacing (Fig. 3). Hence, the contribution of an S atom to structural 

templating will be (ℰc/𝑁b)cos (𝜃) = (ℰc/𝑁b)(𝑑/𝜎). The potential energy (ℰp) of an adatom 

will be the total contribution to structural templating from all the S atoms, i.e., 
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  ℰp = ℰc
𝑁a

𝑁b

𝑑

𝜎
.        (12) 

 

Here we define the templating power (𝑃t) of a solid plane as ℰp/ℰc, thus one has: 

 

  𝑃t =
ℰp

ℰc
=

𝑁a

𝑁b

𝑑

𝜎
 .       (13) 

 

It is clear that 𝑃t is a fraction that varies between 0 and 1; 𝑃t = 1 when the adatom is a solid 

atom and 𝑃t = 0 when the adatom is a liquid atom. Eq. (13) suggests that structural 

templating is a geometrical phenomenon and that 𝑃t is closely related to the crystal structure 

but is independent of the chemical nature of the element (i.e., ℰc). Table 1 lists 𝜎, 𝑑, 𝑁a, 𝑁b, 

𝑃t and ra for the low-index planes of FCC, BCC and HCP crystals. 

 

It is assumed here that the solid fraction in a S/L interface, 𝑓s, is linearly proportional to 𝑃t. 

From the previous discussion, it is also expected that 𝑓s→ 0 when 𝑃t→ 0. Hence, one has: 

 

𝑓s = ℬ𝑃t = ℬ
𝑁a

𝑁b

𝑑

𝜎
,       (14) 

 

where the constant, ℬ, is the slope of the 𝑓s–𝑃t plot, which is dependent of neither the 

structural nor the chemical nature of the element if the element has metallic bonds. 

 

It should be noted that Eq. (14) is applicable to low-index planes of high-symmetry crystal 

structures (such as FCC, BCC and HCP), where 𝑑 > 𝑟a. However, for high-index planes of 

any crystal and many crystal planes of low-symmetry crystals (such as rhombohedral and 

orthorhombic), one has 𝑑 ≤ 𝑟a. In such cases, the nearest neighbouring atoms of an adatom 

could be located at several planes and the electron screening effect [63-65] must be taken into 

consideration. It is assumed here that the strength of electron screening is inversely 

proportional to the number of planes (i.e., 1/n, where n= 1, 2, 3, …) away from the adatom. 

For the ith nearest neighbouring atom, 𝜎i is the distance between the adatom and the ith nearest 

neighbouring atom, and 𝑑𝑖 is the distance between the adatom and the solid plane where the 

ith nearest neighbouring atom is located. Thus, one has 𝑑𝑖 = 𝑛𝑑. The contribution of an 

individual neighbouring atom to the templating power must be calculated individually and 

hence Eq. (14) becomes: 

 

𝑓s = ℬ
1

𝑁b
∑ (

𝑑

𝜎i
)

𝑁a

𝑖=1
.       (15) 

 

Inserting Eq. (14) into Eq. (11), one has the following equation for 𝛾sl at 𝑇m: 

 

  𝛾sl = (𝒜 + ℬ𝑃t)
∆𝐻f

a

π𝑟a
2 = (𝒜 + ℬ

𝑁a

𝑁b

𝑑

𝜎
)

∆𝐻f
a

π𝑟a
2 .    (16) 

 

For an arbitrary temperature (𝑇) below 𝑇m, the excess energy for templating a solid atom will 

be ∆𝐻f
a + ∆𝑔𝑎 instead of ∆𝐻f

a and 𝛾sl can be thus expressed as: 

 

  𝛾sl = (𝒜 + 𝑓s)
∆𝐻f

a+∆𝑔𝑎

π𝑟a
2 = (𝒜 + 𝑓s)

∆𝐻f
a+∆𝑇∆𝑆f

a

π𝑟a
2 .   (17) 
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Eq. (16) suggests that at 𝑇m, 𝛾xy (= 𝛾sl − 𝛾z) is linearly proportional to 𝑃t∆𝐻f
a/π𝑟a

2. Thus, 

parameter ℬ can be determined by the slope of a plot of 𝛾xy vs 𝑃t∆𝐻f
a/π𝑟a

2. Experimental 

data from the literature [7,14,66-70] are used for 𝛾sl and other parameters can also be 

obtained from the literature [71,72]. Such a plot is presented in Fig. 4 and a linear regression 

gives ℬ = 2.24. 

 

3.4. Anisotropy in 𝛾𝑠𝑙 

 

Following the convention in the literature, anisotropy in 𝛾sl (φ) between two S/L interfaces 

with (ℎ1𝑘1𝑙1) and (ℎ2𝑘2𝑙2) orientations can be defined by the following equation: 

 

  𝜑 =
𝛾(ℎ1𝑘1𝑙1)−𝛾(ℎ2𝑘2𝑙2)

𝛾(ℎ1𝑘1𝑙1)+ 𝛾(ℎ2𝑘2𝑙2)
.      (18) 

 

Eq. (18) is applicable to all metals and alloys. For low-index planes of high symmetry metals, 

by inserting Eq. (16) into Eq. (18), one has: 

 

  𝜑 =
𝑃𝑡(ℎ1𝑘1𝑙1)− 𝑃𝑡(ℎ2𝑘2𝑙2)

2
𝒜

ℬ
+𝑃𝑡(ℎ1𝑘1𝑙1) +𝑃𝑡(ℎ2𝑘2𝑙2)

.      (19) 

 

Eq. (19) reveals that anisotropy in 𝛾sl originates from the difference in templating power of 

crystal planes: the larger the difference in templating power, the stronger the anisotropy. 

Therefore, anisotropy is dependent only on crystal structure and is independent of atomic 

bond energy. The physical origin of anisotropy in 𝛾sl can be investigated further by inserting 

Eq. (13) into Eq. (19): 

 

  𝜑 =
(𝑁𝑎𝑑)(ℎ1𝑘1𝑙1)− (𝑁𝑎𝑑)(ℎ2𝑘2𝑙2)

2𝑁𝑏 𝜎
𝒜

ℬ
 + (𝑁𝑎𝑑)(ℎ1𝑘1𝑙1)+ (𝑁𝑎𝑑)(ℎ2𝑘2𝑙2)

.    (20) 

 

Eq. (20) suggests that anisotropy between two low-index planes of high symmetry crystals is 

dictated by the difference in 𝑁𝑎 𝑑: the larger this difference is, the stronger the anisotropy. 

Eqs. (19) and (20) are only applicable to low-index planes of high symmetry crystals. For 

calculation of anisotropy of high-index planes of high symmetry crystals and any plane of 

low symmetry crystals Eq. (18) should be used. Table 2 gives a summary of anisotropy, φ, for 

FCC, BCC and HCP (Mg) and other crystal structures with low crystal symmetry. 

 

4. Model prediction and validation 

 

Eq. (14) was used to calculate 𝑓s at 𝑇m for pure metallic elements of high crystal symmetry 

(i.e., FCC, HCP and BCC) while Eq. (15) was used for elements of low crystal symmetry 

(e.g., rhombohedral and orthorhombic). The resulting 𝑓s data were used to calculate 𝛾sl at 𝑇m 

using Eq. (11). The resultant 𝑓s and 𝛾sl at 𝑇m for pure metallic elements are tabulated in Table 

3 for FCC metals, Table 4 for HCP metals, Table 5 for BCC metals and Table 6 for other 

metals of low crystal symmetry. 

 

To validate the model predictions, the calculated orientation-averaged 𝛾sl at 𝑇m using Eq. 

(11) are compared in Fig. 5 with the corresponding 𝛾sl derived from experiments using 

various techniques [7,14,66-70]. It is clear from Fig. 5 that the model predictions are in good 

agreement with experimental results for a broad range of metals available in the literature 

considering the difficulties associated with measuring S/L interface energy. Such good 
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agreement between model predictions and experimental data suggests that the present 

analytical model can be used to predict 𝛾sl at 𝑇m for metallic elements with high confidence. 

 

To understand the anisotropy of pure metals of different crystal structures, the 𝛾xy (= 𝛾sl −

𝛾z) data for S/L interfaces with {001}, {011} and {111} orientations in Tables 3-5 are plotted 

against 
∆𝐻f

a

π𝑟a
2 for FCC metals (in blue), BCC metals (in red), HCP metals (in green) in Fig. 6. 

The numbers adjacent to the dashed lines represent 𝑓s, which are the slopes of the dashed 

lines. To contrast the anisotropy difference in different crystal structures, the areas covered 

by 𝛾xy of different crystals are marked in different colours: light blue for FCC (triangle 

OAB), light green for HCP (triangle OCD) and light red for BCC (triangle OEF). In addition, 

the 𝛾xy data for metals of low crystal symmetry are presented as a function of 
∆𝐻f

a

π𝑟a
2 in Fig. 7, 

where crystal structures are marked with different colours, crystal orientations are marked by 

different symbols (circle for {001}/{101̅0}, square for {011}/{112̅0} and triangle for 

{111}/{0001}), and 𝑓s are marked on each of the dashed lines. Table 2 and Figs. 6 and 7 

suggest that: (1) FCC metals have the highest crystal symmetry but lowest anisotropy; (2) 

HCP metals are slightly less symmetrical and slightly more anisotropic than FCC metals; (3) 

BCC metals are less symmetrical and more anisotropic than FCC and HCP metals; and (4) 

metals with low crystal symmetry are generally more anisotropic than metals with high 

crystal symmetry. The general trend is that anisotropy increases with decreasing crystal 

symmetry. 

 

5. Discussion 

 

5.1. Turnbull’s coefficient 𝐶𝑇 

 

As early as 1950, in his seminal work Turnbull [7] proposed an empirical equation to 

describe his experimental finding that 𝛾sl extracted from maximum undercooling experiments 

was linearly related to the heat of fusion per atom: 

 

  𝛾0
−2/3 = 𝐶𝑇∆𝐻f

a,       (21) 

 

where 𝛾0 is the orientation-averaged S/L interface energy,  is the atomic number density of 

the solid, −2/3 represents an effective measure of the interfacial area per atom by treating the 

atom as a cube, and 𝐶𝑇 is often referred to as Turnbull’s coefficient in the literature. 

Turnbull’s original experimental data suggest that 𝐶𝑇 is 0.45 for metals and 0.32 for semi-

metals and non-metals. Over the last seven decades, there have been a number of assessments 

of 𝐶𝑇 for metals and colloidal systems. For example, Kelton [14] analysed the available 

experimental results for 28 metals and suggested that 𝐶𝑇= 0.43, followed by other 

determinations of 𝐶𝑇 = 0.55 for FCC metals simulated with the embedded atom method 

(EAM) potential [73] and 𝐶𝑇 = 0.31 for BCC crystalising colloidal charged sphere 

suspensions [20]. 

 

By comparing Eq. (21) with Eq. (11) one has: 

 

  𝐶T =


−
2
3

π𝑟a
2 (𝒜 + 𝑓s).       (22) 
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By noting that 
1


=

4

3
π𝑟a

3 (i.e., the average volume of an atom) one has 
−2/3

π𝑟a
2  = 0.83, and hence 

 

  𝐶T = 0.83(𝒜 + 𝑓s).       (23) 

 

It has long been speculated that 𝐶T is somehow associated with atomic arrangement at the 

S/L interface [73]. We have, for the first time, found that 𝐶𝑇 is closely associated with the 

fraction of solid atoms in the diffuse S/L interface, as suggested by Eq. (23). In Turnbull’s 

formulation (Eq. (21)) an atom is approximated as a cube while in the Eq. (11) it is 

approximated as a sphere. Consequently, the effective projected area of an atom in Eq. (11) is 

scaled down by a factor of 0.83 from that in Eq. (21). It is argued here that a sphere 

approximation is more reasonable than a cube one since an atom is closer to a sphere than a 

cube. 

 

Experimentally determined values of 𝛾sl for FCC, BCC, HCP elements and other elements 

with low crystal symmetry are plotted against 
∆𝐻f

a

π𝑟a
2 in Fig. 8. The slopes obtained by linear 

regression are 0.57 for FCC, 0.58 for HCP, 0.55 for BCC and 0.51 for other metals. The 

corresponding Turnbull’s coefficients are 0.47, 0.48, 0.46 and 0.42, respectively, for FCC, 

HCP, BCC elements and other elements with low crystal symmetry according to Eq. (23). 

The average 𝐶T over all metals is 0.46, which is very close to both Turnbull’s (0.45) and 

Kelton’s (0.43) assessments of 𝐶T. 

 

It is interesting to note that the short-dashed lines (marking different 𝑓s) in Fig. 8 form a 

funnel with its vertex located at the origin of the plot. The opening of the funnel increases 

linearly with the increasing 
∆𝐻f

a

π𝑟a
2. This implies that if the experimentally determined 

orientation-averaged 𝛾sl are plotted against 
∆𝐻f

a

π𝑟a
2 , the scatter of the data should be more 

pronounced at higher 
∆𝐻f

a

π𝑟a
2 . This is indeed the case, as shown by the funnel marked by the 

long-dashed lines in Fig. 8. Therefore, Turnbull’s coefficient 𝐶T represents the average of 

atomic ordering in the S/L interface over all the crystal structures of concern. 𝐶T is associated 

with 𝑓s only when 𝛾sl is plotted against 
∆𝐻f

a

π𝑟a
2  for elements with same crystal structure. 

 

5.2. The physical origin of 𝛾𝑠𝑙 and its anisotropy 

 

The current analytical model suggests that the physical origin of 𝛾sl is structural templating. 

A crystal plane will template atomic layering in the liquid adjacent to it although this atomic 

layering is independent of the atomic arrangement in the solid plane. In addition to atomic 

layering, a crystal plane will template atomic ordering in each of the atomic layers by 

providing potential energy minima where liquid atoms can be potentially transformed into 

solid atoms. It is obvious that such in-plane atomic ordering is highly dependent on the 

atomic arrangement in the solid plane. The templating power (𝑃t) of a crystal plane (Eq. (13)) 

represents its ability to transform an adatom (i.e., a liquid atom siting in the energy minima) 

into a solid atom: when 𝑃t = 1 the adatom will become a solid atom, while when 𝑃t = 0 the 

adatom will remain as a liquid atom. It is important to realise that 𝑃t is only related to crystal 

structure and is independent of the chemical nature of the metal. The outcome of structural 

templating is solid atoms in the interface and the value of interface energy 𝛾sl is determined 

by the fraction of solid atoms in the interface for a given metal. 
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According to Eq. (2), S/L interface energy (𝛾sl) originates from two sources: one is atomic 

layering (𝛾z) which is isotropic and the other is in-plane atomic ordering (𝛾xy) which is 

anisotropic. Therefore, the physical origin of anisotropy in 𝛾sl is the difference in structural 

templating power between individual crystal planes. Fig. 8 provides us with new insights, 

which will be discussed here. 

 

Firstly, let us analyse the key physical parameters that affect 𝛾sl. According to Eq. (11), 𝛾sl is 

determined by two parameters: (1) 𝑓s, which reflects the difference in templating power of 

different crystal orientations; and (2) 
∆𝐻f

a

π𝑟a
2 , which represents the latent heat released per atom 

or equivalently the entropy loss per atom upon solidification (∆𝑆f
a, since at 𝑇m ∆𝐻f

a =

𝑇m∆𝑆f
a). For a given metal 

∆𝐻f
a

π𝑟a
2 is a constant and anisotropy is hence determined by the 

difference in templating power of different crystal planes, as described by Eq. (19) or Eq. 

(20). This scenario is relevant to morphological instability and dendrite growth, where 

anisotropy is crucial but the absolute difference in 𝛾sl is not important. However, for different 

metals with the same crystal structure (𝑓s is fixed), while the anisotropy parameter (𝜑) 

remains constant the absolute difference in 𝛾sl between two different crystal planes is linearly 

proportional to 
∆𝐻f

a

π𝑟a
2 . In such cases, 

∆𝐻f
a

π𝑟a
2  is like a magnifier, and the larger the 

∆𝐻f
a

π𝑟a
2  is, the 

stronger the anisotropy is. The latter scenario is very relevant to phenomena like dendrite 

orientation transition (DOT) [74,75], where the absolute difference in 𝛾sl (Δ𝛾sl) rather than 

the relative difference (φ) is relevant. This implies that metals/alloys that have a smaller 
∆𝐻f

a

π𝑟a
2  

have more natural tendency to DOT than those with higher 
∆𝐻f

a

π𝑟a
2 . 

 

Secondly, crystals of higher crystal symmetry have weaker anisotropy and vice versa. FCC 

and HCP (𝑐/𝑎 ≈ 1.633) crystals have the highest crystal symmetry and the highest atomic 

packing density (72% for FCC and close to 72% for HCP). Fig. 6 suggests that such crystals 

have the lowest anisotropy, as indicated by the light blue triangle OAB for FCC and light 

green triangle OCD for HCP crystals. Here, HCP crystals showing slightly stronger 

anisotropy due to deviation of 𝑐/𝑎 ratio from the ideal value (1.63). On the other hand, BCC 

crystals have a lower crystal symmetry and lower atomic packing density (68%). They 

exhibit much stronger anisotropy than both FCC and HCP crystals, as suggested by the larger 

area of the light red triangle OEF in Fig. 6. Furthermore, crystals of low crystal symmetry, 

such as rhombohedral and orthorhombic crystals, exhibit the strongest anisotropy (Fig. 7 and 

Table 2) compared with those of higher crystal symmetry (FCC, HCP) (Fig. 6). 

 

Thirdly, crystal planes of different crystal structures can have the same or similar templating 

power and thus have the same or similar 𝑓s although they may have completely different 

interface energy (𝛾sl) and strength of anisotropy (𝜑). For example, FCC{011}, FCC{111}, 

and HCP{0001} interfaces have 𝑓s ≈ 0.46 (the slope of line OB in Fig. 6), and FCC{001}, 

and BCC{001} interfaces have 𝑓s ≈ 0.53 (the slope of line OA in Fig. 6). This implies that 

FCC{011} and FCC{111} interfaces may have similar growth rate, which is consistent with 

the recent theoretical prediction by Chattopadhyay et al. [76], who found that the growth 

velocities (𝑉) of pure FCC Ni have the following order: 𝑉{001} > 𝑉{011} ⩭ 𝑉{111}. 

Similarly, the current model predicts that for an HCP metal HCP{101̅0} and HCP{112̅0} 

interfaces have closely matching 𝛾sl and thus similar growth rates. This prediction is in good 

agreement with the recent theoretical work of Sanchez-Burgos et al. [77], who found that for 
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a hard sphere HCP phase the solid/melt interface energy is 0.60, 0.59 and 0.55 (in 𝑘𝐵𝑇 𝜎2⁄ ) 

for HCP{112̅0}, HCP{101̅0} and HCP(0001) interfaces, respectively. This is also consistent 

with the recent experimental finding that HCP Mg {101̅0} and {112̅0} dendrites interchange 

easily [78,79]. 

 

5.3. Anisotropy in 𝛾𝑠𝑙 of BCC metals 

 

The current analytical model predicts that BCC metals have a stronger anisotropy in 𝛾sl than 

both FCC and HCP metals, as shown by the larger area of triangle OEF (BCC) than that of 

triangles OAB (FCC) and OCD (HCP) in Fig. 6. Although there is currently no direct 

experimental anisotropy data for metals available to validate this prediction, it strongly 

supported by the experimentally derived orientation-averaged 𝛾sl data. The Turnbull’s plot in 

Fig. 8 suggests that BCC metals have a comparable 𝐶T (0.46) with that for FCC (0.47) and 

HCP (0.48) metals. The overall 𝐶T for all the metals is 0.46, which is very close to Turnbull’s 

original 𝐶T (0.45). In addition, it is usually expected that closely packed crystals have higher 

crystal symmetry and hence weaker anisotropy. Therefore, one would intuitively expect that 

BCC metals would have stronger anisotropy than that of FCC metals.  

However, the current model’s prediction that BCC metals are more anisotropic than FCC 

metals is contradictory to the MD simulation results of Hoyt and coworkers [80]. These 

researchers used EAM potentials and the capillary fluctuation method (CFM) [29] to calculate 

𝛾sl and its anisotropy for a number of BCC and FCC metals. They found that the resultant 

Turnbull’s coefficient for BCC metals (0.29) was much lower than that for FCC metals (0.55), 

which is inconsistent with experimental results that 𝐶T = 0.55 [7]. They also found that BCC 

metals have weaker anisotropy compared with that of FCC metals, with the {001}/{011} 

anisotropy being 1–2.5% for FCC metals and 0.4–1.0% for BCC metals. Obviously, this 

contradiction warrants further investigation. Here we offer some discussion on the MD 

methodology. CFM monitors the fluctuations in the position of a wavy solid/liquid interface 

over the course of the MD simulation. Through calculations of interface stiffness, 𝛾sl and its 

anisotropy can be evaluated. Here we argue that it is the wavy S/L interface that causes the 

disappearance of the orientation-dependence of 𝛾sl. A general understanding is that a wavy 

crystal/liquid interface consists of many low-index crystal facets with {001}, {011} and {111} 

orientations, which is similar to the case for high-index crystal surfaces [81]. Once stabilised 

(metastable) the proportions of such facets will be independent of crystal orientation of the 

solid. This means that the calculated 𝛾sl will be independent of starting crystal orientation and 

that the numerical values for 𝛾sl will be within the uncertainty of MD simulation, which is 

around 5%. 

In addition, the current model’s prediction that BCC metals are more anisotropic than FCC 

metals is also contradictory to the experimentally determined Turnbull’s coefficient for BCC 

crystalising organic analogues and colloidal suspensions. Palburg et al. [20] found that 𝐶T =

0.31 for a BCC crystalising charged sphere suspension while Glicksman and Singh [24] 

found that the BCC crystalising succinonitrile has a much weaker anisotropy in 𝛾sl (0.5%) 

than that for the FCC crystalising pivalic acid (5%). It is interesting to note that predicted 𝑓s 

for the BCC {111) interface is 0.35 (Fig. 6), which converts to 𝐶T = 0.29. It is difficult to 

know whether this has any physical truth in it considering that the BCC{111} interface has 
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the lowest 𝛾sl or whether this might be just a coincidence. Nevertheless, this warrants further 

investigation. 

Furthermore, there are currently no experimentally determined anisotropy data for metals and 

alloys available in the literature. The anisotropy data predicted by the current analytical 

model should be used with caution before validation by reliable experimental data. 

 

6. Summary 

 

A simple analytical model has been developed to predict the diffuse solid/liquid interface 

energy and its anisotropy for pure metals. This model suggests that a diffuse S/L interface is a 

consequence of atomic ordering in the adjacent liquid induced by a crystal plane through 

structural templating. Such atomic ordering in the interface can be described by atomic 

layering that is isotropic and in-plane atomic ordering in each layer that is strongly dependent 

on the crystal structure and thus anisotropic. Interface energy (𝛾sl) can be expressed as the 

sum of contributions from both atomic layering (𝛾z) and in-plane atomic ordering (𝛾xy). The 

resultant equation reveals that 𝛾sl is determined by two key parameters: one is the fraction of 

solid atoms in the interface (𝑓s) that is the consequence of structural templating, and the other 

one is the heat of fusion per atom (∆𝐻f
a) that reflects the chemical nature of the element. This 

analytical model reveals that anisotropy in 𝛾sl originates from the difference in structural 

templating power (Pt) by different crystal planes. Therefore, anisotropy in 𝛾sl depends 

strongly on crystal symmetry but not on chemical nature of the elements; the higher the 

crystal symmetry is, the weaker the anisotropy is. Among all metals, FCC metals have the 

weakest anisotropy; HCP metals have a slightly stronger anisotropy than FCC metals; BCC 

metals have stronger anisotropy than that of FCC and HCP metals; and metals with low 

crystal symmetry have the strongest anisotropy. 
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Table 1 Summary of bond length (𝜎) between an adatom (A) and its nearest neighbouring 

atoms (S) in the solid plane of the interface, inter-plane spacing (𝑑), number of the nearest 

neighbouring S atoms in the solid plane for the A atom (𝑁a), number of coordinates in the 

bulk solid (𝑁b), templating power (𝑃t) and effective atomic radius (𝑟a) of FCC, BCC and 

HCP (Mg as an example) crystal structures. a and/or c are the lattice parameters. 

 

Interface σ d 𝑁a 𝑁b 𝑃t 𝑟a 

 {001} 𝑎/√2 𝑎/2 4 12 0.236 

(
3

16𝜋
)

1/3

𝑎 FCC {011} 
𝑎/√2 √2𝑎/4 4 

12 0.208 
𝑎/√2 𝑎/√2 1 

 {111} 𝑎/√2 𝑎/√3 3 12 0.204 

BCC 

{001} √3𝑎/2 𝑎/2 4 
14 0.236 

(
3

8𝜋
)

1/3

𝑎 

𝑎 𝑎 1 

{011} 
√3𝑎/2 𝑎/√2 2 

14 0.218 
𝑎 𝑎/√2 2 

{111} 

√3𝑎/2 𝑎/2√3 3 

14 0.157 𝑎 𝑎/√3 3 

√3𝑎/2 √3𝑎/2 1 

HCP 
(Mg) 

{112̅0} 
√𝑎2/3 + 𝑐2/4 𝑎/2 2 

12 0.250 

(
33/2𝑎2𝑐

16𝜋
)

1/3

 

𝑎 𝑎/2 2 

𝑎 𝑎 1 

{101̅0} 
√𝑎2/3 + 𝑐2/4 𝑎/√3 2 

12 0.241 
𝑎 √3𝑎/2 2 

{0001} √𝑎2/3 + 𝑐2/4 𝑐/2  3 12 0.204 
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Table 2 Summary of anisotropy, φ, in S/L interface energy (𝛾sl) of FCC, BCC, HCP (Mg), 

Hex (Se), Rhomb (Bi), Orth (Ga), FCDC (Ge) and BCT (In) crystal structures. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Interface 𝜑(001)→(011) 𝜑(011)→(111) 𝜑(001)→(111) 

FCC 0.056 0.009 0.065 
BCC 0.038 0.142 0.178 

HCP (Mg) 
𝜑(112̅0)→(101̅0) 𝜑(101̅0)→(0001) 𝜑(112̅0)→(0001) 

0.018 0.069 0.087 

Hex (Se) 
𝜑(0001)→(112̅0) 𝜑(112̅0)→(101̅0) 𝜑(0001)→(101̅0) 

0.056 0.119 0.174 

Rhomb (Bi) 
𝜑(001)→(111) 𝜑(111)→(011) 𝜑(001)→(011) 

0.089 0.039 0.128 

Orth (Ga) 
𝜑(001)→(011) 𝜑(011)→(111) 𝜑(001)→(111) 

0.053 0.011 0.064 

FCDC (Ge) 
𝜑(001)→(111) 𝜑(111)→(011) 𝜑(001)→(011) 

0.066 0.091 0.156 

BCT (In) 
𝜑(111)→(001) 𝜑(001)→(011) 𝜑(111)→(011) 

0.03 0.102 0.132 
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Table 3 Summary of melting point (𝑇m), effective atomic radius (𝑟a), heat of fusion per atom 

(∆𝐻𝑓
𝑎), solid fraction (𝑓s), and S/L interface energy (𝛾sl) for elements with FCC crystal 

structures. 𝛾0 is orientation-averaged 𝛾sl. 

 
 

  

Elements 
𝑇m 𝑟a ∆𝐻f

a 𝑓s 𝛾sl, mJ/m2 

K Å 10-17mJ/atom Average {001} {011} {111} 𝛾0 {001} {011} {111} 

Ag 1233.8 1.63 1.84 0.483 0.527 0.466 0.456 119.6 129.4 115.8 113.7 

Al 933.1 1.61 1.74 0.483 0.527 0.466 0.456 115.1 124.4 111.4 109.4 

Au 1336.0 1.62 2.12 0.483 0.527 0.466 0.456 139.2 150.5 134.7 132.3 

Ca 1115.0 2.21 1.39 0.483 0.527 0.466 0.456 48.7 52.6 47.1 46.3 

Co 1768.0 1.45 2.57 0.483 0.527 0.466 0.456 211.2 228.4 204.4 200.7 

Cu 1357.8 1.44 2.16 0.483 0.527 0.466 0.456 179.4 194.1 173.7 170.6 

Ir 2719.0 1.52 4.32 0.483 0.527 0.466 0.456 319.0 344.9 308.7 303.2 

Ni 1728.0 1.40 2.85 0.483 0.527 0.466 0.456 248.5 268.8 240.6 236.2 

Pb 600.6 1.95 0.80 0.483 0.527 0.466 0.456 36.0 38.9 34.8 34.2 

Pd 1828.1 1.55 2.77 0.483 0.527 0.466 0.456 198.6 214.8 192.2 188.8 

Pt 2041.4 1.56 3.27 0.483 0.527 0.466 0.456 231.4 250.3 224.0 220.0 

Rh 2237.0 1.51 3.75 0.483 0.527 0.466 0.456 282.1 305.1 273.0 268.1 

Sr 1043.0 2.40 1.39 0.483 0.527 0.466 0.456 41.7 45.1 40.4 39.6 
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Table 4 Summary of 𝑇m, effective atomic radius (𝑟a), heat of fusion per atom (∆𝐻𝑓
𝑎), solid 

fraction (𝑓s), and S/L interface energy (𝛾sl) for elements with HCP crystal structures. 𝛾0 is 

orientation-averaged 𝛾sl. 

  

Elements 
𝑇m 𝑟a ∆𝐻f

a 𝑓s 𝛾sl, mJ/m2 

K Å 10-17mJ/atom Average {112̅0} {101̅0} {0001} 𝛾0 {112̅0} {101̅0} {0001} 

Be 1560.0 1.27 2.03 0.519 0.564 0.543 0.450 229.3 247.1 239.0 201.8 

Cd 594.2 1.74 1.06 0.511 0.541 0.517 0.476 63.4 66.7 64.0 59.5 

Er 1795.0 1.98 2.85 0.519 0.564 0.543 0.450 133.7 144.1 139.3 117.6 

Ho 1747.0 1.98 2.85 0.519 0.564 0.543 0.450 132.8 143.1 138.4 116.9 

Lu 1936.0 1.95 3.20 0.519 0.563 0.542 0.451 154.2 166.0 160.5 136.2 

Mg 923.0 1.80 1.46 0.518 0.559 0.538 0.455 82.5 88.5 85.5 73.5 

Ru 2607.0 1.50 4.27 0.519 0.563 0.542 0.451 346.0 372.4 360.1 305.4 

β-Sc 1811.0 1.84 2.67 0.518 0.562 0.541 0.452 144.6 155.5 150.3 127.9 

Tc 2430.0 1.53 3.82 0.518 0.561 0.540 0.454 297.7 319.9 309.1 264.2 

Tb 1633.0 2.00 2.71 0.519 0.563 0.542 0.451 124.4 133.9 129.5 109.8 

Tm 1818.0 1.97 3.06 0.519 0.564 0.543 0.450 144.6 155.8 150.7 127.3 

Y 1803.0 2.02 1.90 0.519 0.563 0.543 0.450 85.1 91.7 88.7 74.9 

Zn 692.7 1.55 1.21 0.512 0.543 0.519 0.474 90.5 95.4 91.6 84.5 
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Table 5 Summary of 𝑇m, effective atomic radius (𝑟a), heat of fusion per atom (∆𝐻𝑓
𝑎), solid 

fraction (𝑓s), and S/L interface energy (𝛾sl) for elements with BCC crystal structures. 𝛾0 is 

orientation-averaged 𝛾sl. 
 

 

  

Elements 
𝑇m 𝑟a ∆𝐻f

a 𝑓s 𝛾sl, mJ/m2 

K Å 10-17mJ/atom Average {001} {011} {111} 𝛾0 {001} {011} {111} 

Ba 1002.0 2.51 1.27 0.455 0.528 0.486 0.351 32.9 37.6 34.9 26.2 

Cr 2180.0 1.43 3.47 0.455 0.528 0.486 0.351 275.0 314.3 291.8 219.0 

Cs 302.8 3.03 0.35 0.455 0.528 0.486 0.351 6.2 7.0 6.5 4.9 

Dy 1682.0 1.92 2.85 0.455 0.528 0.486 0.351 125.7 143.6 133.3 100.1 

Eu 1099.0 2.32 1.74 0.455 0.528 0.486 0.351 52.5 60.0 55.7 41.8 

δ-Fe 1811.0 1.41 2.52 0.455 0.528 0.486 0.351 205.8 235.1 218.3 163.8 

β-Gd 1585.0 1.99 2.57 0.455 0.528 0.486 0.351 106.1 121.3 112.6 84.5 

β-Hf 2506.0 1.74 4.00 0.455 0.528 0.486 0.351 214.2 244.8 227.2 170.6 

K 336.2 3.03 0.40 0.455 0.528 0.486 0.351 7.0 8.0 7.4 5.6 

Li 453.7 1.74 0.49 0.455 0.528 0.486 0.351 24.3 29.9 27.7 20.8 

δ-Mn 1519.0 1.41 2.44 0.455 0.528 0.486 0.351 213.1 243.7 226.1 169.3 

Mo 2896.0 1.57 5.91 0.455 0.528 0.486 0.351 390.4 446.1 414.1 310.8 

Na 370.9 2.12 0.44 0.455 0.528 0.486 0.351 15.8 18.1 16.8 12.6 

Nb 2750.0 1.65 4.87 0.455 0.528 0.486 0.351 289.8 331.1 307.4 230.7 

Ta 3290.0 1.66 4.10 0.455 0.528 0.486 0.351 243.2 277.9 258.0 193.7 

β-Th 2023.0 2.03 3.13 0.455 0.528 0.486 0.351 123.5 141.1 131.0 98.3 

β-Ti 1668.0 1.65 2.91 0.455 0.528 0.486 0.351 174.8 199.7 185.4 139.2 

β-Tl 577.0 1.92 0.71 0.455 0.528 0.486 0.351 31.7 36.2 33.6 25.2 

V 2183.0 1.52 2.78 0.455 0.528 0.486 0.351 197.1 225.2 209.1 156.9 

W 3695.0 1.58 5.85 0.455 0.528 0.486 0.351 380.2 434.5 403.4 302.8 

γ-Yb 1097.0 2.01 1.53 0.455 0.528 0.486 0.351 61.9 70.7 65.7 49.3 

β-Zr 2125.0 1.80 3.20 0.455 0.528 0.486 0.351 161.9 185.0 171.8 128.9 
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Table 6 Summary of 𝑇m, effective atomic radius (𝑟a), heat of fusion per atom (∆𝐻𝑓
𝑎), solid 

fraction (𝑓s), and S/L interface energy (𝛾sl) for elements with low crystal symmetry. 𝛾0 is 

orientation-averaged 𝛾sl. 

 
 

  

Elements 
𝑇m 𝑟a ∆𝐻f

a 
𝑓s 

𝛾sl 

K Å 10-17mJ/atom mJ/m2 

Hexagonal Average {0001} {112̅0} {101̅0} 𝛾0 {0001} {112̅0} {101̅0} 
Se 494.0 1.92 1.04 0.669 0.781 0.692 0.533 65.2 75.3 67.3 53.0 

Te 722.7 2.06 2.92 0.670 0.774 0.698 0.537 146.2 181.4 164.6 129.5 

Rhombohedral Average {001} {111} {011} 𝛾0 {001} {111} {011} 
Bi 544.7 2.17 1.81 0.582 0.677 0.558 0.512 78.3 90.0 75.3 69.6 

Hg 234.3 1.96 0.39 0.522 0.451 0.523 0.593 18.4 16.2 18.5 20.7 

Sb 903.8 1.97 3.30 0.553 0.666 0.528 0.465 165.3 195.9 158.6 141.4 
Orthorhombic Average {001} {011} {111} 𝛾0 {001} {011} {111} 

Ga 302.9 1.66 0.93 0.541 0.589 0.524 0.512 64.1 69.2 62.2 60.9 
Face-centered diamond cubic Average {001} {111} {011} 𝛾0 {001} {111} {011} 

Ge 1211.4 1.77 6.11 0.553 0.645 0.559 0.456 378.3 435.4 381.6 318.0 

Si 1687.0 1.70 8.41 0.553 0.645 0.559 0.456 568.0 653.5 573.1 477.4 

Body-centered tetragonal Average {111} {001} {011} 𝛾0 {111} {001} {011} 

In 429.7 1.86 0.54 0.521 0.583 0.547 0.434 29.0 32.1 30.2 24.6 

β-Sn 505.1 1.91 1.18 0.519 0.592 0.511 0.453 59.2 66.7 58.5 52.5 
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Fig. 1. Schematic illustration of the physical model for a diffuse solid/liquid (S/L) interface of 

a pure metal. The diffuse S/L interface (a) exhibits profound atomic ordering within 6 atomic 

layers. Such atomic ordering is manifested by (b) atomic layering with an exponential decay 

of peak atomic density (𝜌(z)) and (c) in-plane atomic ordering quantified by the in-plane 

order parameter (𝑆(z)), defined as the fraction of solid atoms in each layer. The S/L interface 

energy is attributed to the excess Gibbs free energy per unit area, ∆𝐺ex, of the interface (d). 

The light blue and light red spheres in (a) represent solid and liquid atoms, respectively. 𝑔s 

and 𝑔l are the Gibbs free energy of bulk solid and liquid, respectively. 
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Fig. 2. Atomic density profile, 𝜌(z), of the liquid Al adjacent to a structureless wall as a 

function of distance (𝑧) from the wall equilibrated at 𝑇 = 900 K, showing a layered structure 

at the interface. 

 

 

 

 

 

  

                  



26 
 

A A

S

S

A

SS

S

A

S

S

S

S

S S

FCC{001}

S

A

S

A

σ

S

S

S

S

d

(a)

(b)

θ

σ dθ σ
θ d

FCC{011} FCC{111}

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3. Schematic illustration of the geometrical parameters that define the position of an 

adatom (A) relative to its nearest neighbouring atoms (S) located in a crystal plane of FCC 

structure with low-index orientations. (a) Top views and (b) side views. 𝑟𝑎 is the radius of the 

atoms. 
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Fig. 4. (𝛾𝑠𝑙
𝑒𝑥𝑝 − 𝛾z) as a function of 𝑃t∆𝐻f

a/π𝑟a
2 for FCC, BCC, HCP elements and other 

elements with low crystal symmetry, where 𝛾𝑠𝑙
𝑒𝑥𝑝

 is the experimental S/L interface energy 

taken from the literature [7,14,66-70]. Linear regression gives ℬ = 2.24. 
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Fig. 5. Comparison of the calculated 𝛾sl from the current analytical model with experimental 

values taken from literature [7,14,66-70]. 
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Fig. 6. The calculated 𝛾xy as a function of ∆𝐻𝑓
𝑎/π𝑟a

2 for FCC, BCC, HCP crystal structures 

with low index planes. The areas covered by 𝛾xy of individual structures are coloured with 

light blue, green and red, respectively, for FCC (triangle OAB), HCP (triangle OCD) and 

BCC (triangle OEF). The numbers adjacent to the dashed lines represents 𝑓s of high and low 

boundaries of the coloured areas. 
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Fig. 7. Calculated 𝛾xy as a function of ∆𝐻𝑓
𝑎/π𝑟a

2 for elements with low crystal symmetry. The 

numbers adjacent to the dashed lines represent 𝑓s, the slope of each dashed line.  
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Fig. 8. Experimental values of 𝛾sl plotted as a function of ∆𝐻𝑓
𝑎/π𝑟a

2 for FCC, BCC, HCP 

elements and other elements with low crystal symmetry. The short-dashed lines represent the 

fitted slope of 𝛾𝑠𝑙
𝑒𝑥𝑝

 against ∆𝐻𝑓
𝑎/π𝑟a

2 for each crystal structure, where the slope is 0.57, 0.55, 

0.58 and 0.51 respectively, for FCC, BCC, HCP elements and other elements with low 

symmetry. The average slope for all metals is 0.55. The long-dashed lines represent the 

envelope for the scattered data showing increasing data scatter with increasing ∆𝐻𝑓
𝑎/π𝑟a

2. 
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