Journal of Manufacturing Processes 172 (2026) 490-511

Contents lists available at ScienceDirect NG
PROCESSES

Journal of Manufacturing Processes

FI. SEVIER

4N

journal homepage: www.elsevier.com/locate/manpro

L))

Check for

Centerless grinding as an affine profile transformation: Physics-based and [
data-driven approaches

Lohit Kumar Pentakota ™", Marco Leonesio °, Moschos Papananias ", Giacomo Bianchi

2 CNR - STIIMA, Institute of Intelligent Industrial Technologies and Systems for Advanced Manufacturing National Research Council of Italy, Via Alfonso Corti 12,
20133, Milan, Italy

b Department of Informatics, Bioengineering, Robotics and Systems Engineering, University of Genova, Via alla Opera Pia, 13, 16145, Genova, Italy

¢ Department of Mechanical and Aerospace Engineering, Brunel University of London, Kingston Lane, Uxbridge, Middlesex, UB8 3PH, UK

ARTICLE INFO ABSTRACT

Keywords:

Centreless grinding
Process modelling

Affine transformation
Data-driven identification

Material removal processes are industrially adopted to transform a given initial workpiece geometry into a final
one with desired properties in terms of shape and accuracy. This paper analyses the modelling of the centerless
grinding process as a direct mathematical transformation between the initial and final workpiece profiles. By
modelling the grinding process as a discrete linear dynamical system, each stage of the operation (e.g., roughing
and finishing) can be described as an affine transformation operated by a constant transition matrix that embeds
the linearized discrete process dynamics, and an offset component that reproduces the nominal material removal
due to axis feed. Relying on an opportune state augmentation, the affine transformation includes a linear-phase
low pass filter that reproduces the contact filtering effect due to wheel and workpiece engagement. The affine
transformation can be built starting from the static physics-based model of the process but also identified from
grinding experiments, following a purely data-driven approach, by solving an over-determined linear system on
the measured initial and final profiles. For this latter case, the identification accuracy is analysed relying on
“virtual experiments” provided by a high-fidelity non-linear process model that allows the effect of all involved
phenomena, like structural dynamics and grinding wheel-workpiece detachment, to be investigated. The pro-
posed affine model, in addition to allowing a rapid estimation of the final profile quality, provides interesting
insight into the properties of the process in terms of profile transformation.

1. Introduction with geometric instability, also known as the “lobing effect”, which is

intimately related to geometrical parameters like blade angle and WP

The centerless grinding process is extensively used in industry due to
its efficient system for loading and unloading workpieces (WPs). In this
process, the WP is placed between the grinding (operating) wheel and
the control (rubbing or regulating) wheel, while being supported by a
work rest blade (see Fig. 1). This setup eliminates the need for clamping
devices and centering procedures, leading to significant time savings
and higher productivity compared to other centered grinding methods
[1]. Unfortunately, the absence of a centering device can lead to un-
stable operations if the setup parameters are not carefully chosen. This
instability can be attributed to two different phenomena that may
interact: regenerative chatter and geometric lobing [2].

Regenerative chatter is a common issue in all machining processes
and is caused by the interaction between the cutting process and the
machine's structural dynamics [3]. In centerless grinding, it interacts
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height. In fact, any initial deviation in the WP profile interacts with both
the control wheel and the supporting blade during rotation, causing
unwanted oscillations of the WP center. These oscillations lead to
irregular material removal, which can exacerbate WP imperfections.
This so-called “rounding mechanism,” as studied by Furukawa et al. in
[4], is crucial for achieving smooth WP profiles but can also be a source
of instability [5,6]. Furthermore, continuous improvement in compo-
nent roundness accuracy through Computer Numerical Control (CNC)
centreless grinding, particularly in high-productivity environments, is
becoming more and more challenging, especially in modern automotive
and bearing manufacturing. For example, grinding engine valve rods,
now, targets a roundness accuracy of down to 0.1 pm due to increasingly
strict energy efficiency standards in automotive engines [7,21].
Provided such a complexity, it is difficult to consistently produce
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Fig. 1. Geometrical entities in centerless grinding.

precise roundness in a reliable, efficient, and scientifically controlled
way. In particular, a reliable process parameters selection needs a model
that is able to predict the resulting WP quality, allowing what-if analysis
and optimization. The International Academy for Production Engi-
neering (CIRP) keynote [8] provided a comprehensive review of the
most widely used physical and empirical models for simulating key
process outputs, such as grinding forces and power, surface integrity,
surface finish, dimensional accuracy, and geometrical tolerances, taking
into account the specific grinding energy and the wheel wear. A sub-
sequent CIRP keynote in 2006 [9] expanded on this foundation by
presenting the state of the art in grinding process modelling and simu-
lation, discussing various approaches along with their capabilities,
limitations, and emerging trends. Dealing specifically with centerless
grinding, some time-domain simulation models have been developed for
the investigation of WP profile generation [10-13]. However, the sig-
nificant factors and their overall effects on the WP quality do not emerge
clearly from such an implicit modelling approach; therefore, they do not
provide an overall view on the relationship between the initial and the
final profiles, as a function of the selected process setup. Besides, their
open-loop construction implies the a priori accurate knowledge of
several process parameters, while their identification from experiments
can be carried out only by resorting to a time-consuming simulation-
error approach.

Even when structural dynamics is not considered, geometric
rounding mechanism entails a dynamic model, because the delayed
spatial interactions introduce additional states (in the theoretical case of
a continuous WP profile, the states form an infinite dimensional mani-
fold): therefore, centerless grinding operations can be modelled by
Delayed Algebraic Equations (DAEs). Unlike Delayed Differential
Equations (DDEs), which are crucial when tackling self-excited vibra-
tions in milling, turning and in-center grinding [14], these equations do
not involve time derivatives of the unknown function (in our case,
describing the discretized WP profile). Instead, they establish kinematic
relationships between the function's values at different points in time,
incorporating delay terms directly. The solution to DAEs often involves
iterative methods or fixed-point methods since these equations are
generally nonlinear. The primary challenge is handling delays in eval-
uating function values, especially when delays are not integer multiples
of a chosen time step. Fortunately, the centerless grinding rounding
mechanism gives rise to linear DAEs. In this case, when delays are fixed
and the coefficients are constant, the equations can be arranged in a
matrix form, equivalent to a linear or affine transformation. In [15], a
transition matrix approach was applied to the stability analysis of
milling processes, with the key focus on eigenvalues computation. A
similar approach has been introduced in [16], treating the stability of
multistage centerless grinding processes. In general, many works
involve the discretization of the dynamical system entailed by the cut-
ting process to carry out a stability analysis [17], but none exploit a

491

Journal of Manufacturing Processes 172 (2026) 490-511

discrete linear model to study the profile evolution, comprising the ef-
fect of the geometrical component produced by the nominal material
removal.

The approach proposed herein consists of modelling the grinding
process as a discrete linear dynamical system, so that each stage of the
operation, e.g., roughing or finishing, can be described as an affine
transformation operated by a constant transition matrix that embeds the
linearized discrete process dynamics, and an offset component that re-
produces the nominal material removal due to axis feed. Relying on an
opportune state augmentation, the affine transformation includes a
linear-phase low pass filter that reproduces the contact filtering effect
due to wheels and WP engagement. The affine transformation can be
built starting from a Physics-Based (PB) model of the process but also
identified from grinding samples, by a purely Data-Driven (DD)
approach, based on an over-determined linear system on the measured
initial and final profiles, avoiding the measurement of additional process
signals, not always available in an industrial context. The DD model,
identified by measurements during a past production, can be useful to
evaluate the effect of a new batch of initial profiles on the final WP
quality, thus, enabling a cheap off-line quality test, as outlined in Fig. 2.
In this work, the identification accuracy is evaluated relying on “virtual
experiments” provided by a High-Fidelity (HiFi) non-linear process
model.

The paper is structured as follows. In Section 2, the centreless
grinding model is introduced, in terms of physical phenomena and
proposed discretization, leading to the affine transformation represen-
tation. In Section 3, the mathematical properties of the affine trans-
formation are pointed out and traced back to grinding operation
characteristics and quality, thus being useful for parameters optimiza-
tion/selection. Section 4 exploits the reduced order frequency-based
representation to propose a DD approach to identify the affine trans-
formation, based on initial and final WP profile measurements. Section 5
presents the numerical validation of the proposed approaches, investi-
gating their operational limits. Section 6 is dedicated to the concluding
remarks.

2. Modelling of centerless grinding

A vast literature on centerless grinding represents the process by a
linear model in the time domain, with non-linear dependency on process
parameters [4]. In these works, the shape of the cylindrical WP is
defined by the actual radius reduction at the contact point between the
grinding wheel and the WP (denoted by () in Fig. 1). The reduction is
produced by the wheel-WP engagement, due to the relative displace-
ment produced by the imposed feed and the structural deflection
generated by the grinding force. In this study, only the static compliance
is considered, i.e., the structural deflection is assumed to be in phase
with the process force applied to the structure, while the ground truth
data are obtained by a High-Fidelity model that reproduces also the
machine structure dynamics. Further, given that the grinding wheel
radius is much larger than the WP radius, short wavelength undulations
are quickly reduced by the well know contact filtering effect.

In this model, hereinafter referred to as Low-Fidelity (LoFi) model, the
radial reduction r(0) is expressed w.r.t. coordinate 6 as:

r(@) =k a(0) +r(0 —2z) = k(x(0) + Kir(0 — @) — (2. *Kar) (0 — (7 — ) )
— (271) (0 — 27) ) + (2°T) (0 — 27)
(€H)

where (referring to Fig. 1 for symbols definitions)

e a(0) is the actual depth of cut (or infeed)
e a=n/2—y—sin"(2h,/(ds+dy))
o f =sin"1(2h,/(d;s +dy))

e Ky := %, control wheel contact
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Fig. 2. Industrial application of the proposed data-driven centerless grinding model.

* K2 = Gty

e k is the so-called stiffness factor, i.e., the ratio between the nominal
and actual depth of cut

o x(0) = f,0/2x is the commanded feed motion, which depends on the
WP rotation angle ¢ and on the feed per revolution f,

® Zcc(17) are the Finite Impulse Response (FIR) low-pass filters
modelling the contact filtering effect at the operating wheel (cs) and
the control wheel (cc) contact point, respectively.

support blade contact

Dealing with contact filtering, it has to be observed that the inter-
ference between the two bodies with finite dimensions is a complex and
non-linear phenomenon [3] but, in order to quickly evaluate process
stability, linearized contact filtering models have been proposed.
Hashimoto [6] suggests describing contact filtering at both the control
wheel/WP interface and the grinding wheel/WP shear interface, in the
form of linear low-pass filters (Z,. and Z). These filters are modelled in
the wave-domain by zero-phase FIR filters, as discussed later in this
section. While the filtering effect for the control wheel is realized by a
low pass filter applied to the profile around the contact point, for the
grinding wheel contact two different approaches have been considered.
The first one is deduced from Hashimoto [6,18], taking into account that
we consider only an overall static compliance, due to the machine and
local compliances of the two wheel, as described in Section 3. The
resulting model is depicted in Fig. 4, in the frequency domain (or, better,
in the waviness domain). The low pass contact filter has as input the
nominal infeed (denoted with ay), while the output is used to compute
the static deflection produced by the normal process force, named a,,.
Then, the ratio between the nominal and actual depth of cut (i.e., stiff-
ness factor) becomes frequency dependent, and can be expressed as
follows:

a 1
k(n):=—=
( ) o 1+% cx(n)

where K; is the so-called grinding stiffness [25], i.e., the ratio between
the normal force (F,) and the actual depth of cut, and in turn can be
expressed starting from cutting specific energy (E,) and the WP length
(b), namely,

Q,d,
Qd;

K; := Fn/a =Eb (2)

K. is the overall relative stiffness between the operating wheel and
the WP, defined as follows
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Kot = (1/K. +1/Kp) ™" (3
being K. the overall contact stiffness (series of the contact stiffnesses
between the WP and the operating wheel (K;), and between the WP and
the control wheel (K.), as illustrated in Fig. 3, approximating cos f,,
cos ff, ~ 1), and K;, the relative machine stiffness between wheels hubs.
According to Hertzian contact theory for cylindrical bodies, K; and K,
can be considered as constants.

It can be observed that k(n) starts at low frequency from —!

T i.e., the
well-known constant stiffness factor [4], and reaches the value 1 at high
frequency. A unity equivalent stiffness factor corresponds to an infi-
nitely stiff machine that, in a centered grinding operation, would
instantaneously remove all WP waviness. In a centerless process,
instead, the actual infeed depends also on the displacement of the WP
center, named cyp in the block diagrams.

A waviness passing at the control wheel contact produces an infeed
that, depending on the f angle, can decrease or, instead, increase the
waviness amplitude. Considering that the grinding wheel should
anyhow attenuate high frequency waviness, an alternative model has

Fig. 3. Contact stiffnesses represented as lumped compliances.
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been proposed, as described in Fig. 5. In this model the grinding wheel
contact filter acts on the whole WP profile, before it undergoes material
removal. A quantitative comparison between the two models is pre-
sented in Section 4.4, after model discretization.

According to Hashimoto et al. [6], the contact filter has the following
frequency response:

1 lcs/cc
(1 + cos (d_w n) )

5 4

ch/cc(n) = y(zcs/cc(”) )(Tl)

where I/ is the length of the arc of contact between the wheels
(grinding or control) and the WP, and n is the number of waviness cycles
around the profile (i.e., “waves per turn”). Please note that the Fre-
quency Response Function (FRF) phase is identically null. The effect of
both filters is discussed in Section 4.4.

The actual contact length [, not explicitly defined in the reference
work [6], depends both on geometrical factors and bodies compliance,
according to the following relationship [4]:
lcs = lgsz + lfs2
where I is the geometric contact length of the wheel-WP engagement,
and I is the deflective component of the contact length due to the wheel-
WP local deformation. The relevant literature [4] states that:
a(d, " +d7) ®)

lgs

Iy =\/CFy(d, ' +d; ) (6)
where F, is the normal grinding force at the wheel-WP contact point and
C;s is a specific coefficient that depends on the wheel and WP materials,
wheel roughness and contact width (basically the WP length b). Ac-

cording to [4]:
_8R;
* " gbE*

where Ry is the so-called roughness factor, which takes into account the
fact that the contact occurs only on asperities and E” is the equivalent
Young modulus of the operating wheel and WP pair, given by E"

-1
(E;M} + E;T}) , where E,, and E,j, are the Young modulus of operating

wheel and WP materials, respectively.

On its turn, F, (at steady state) can be computed based on the
volumetric specific energy E, [4] and the other process parameters, as
done in Eq. (2). In the case of control wheel, given the null depth of cut,
the contact length depends only on the deflective component:

)

lcc = lfc C.F, (dw71 + dcwil)
where d, is the control wheel diameter and C, a specific coefficient,
analogous to C; in Eq. (6).

2.1. Stiffness factor and contact filters identification

The parameters C;, C. and K, appearing in Egs. (6), (7) and (3)
depend on complex constitutive laws and their theoretical estimation is
affected by large uncertainties. On these premises, the nominal values
Cs0, Cco and Ko [4] are adjusted by corresponding correcting factors ¢,
8¢, .0k, . They are estimated resorting to a simulation error approach that
minimizes a loss function that considers the computed profiles error w.r.
t. a reference grinding dataset, which in our case is provided by virtual
experiments generated by a HiFi process model, borrowed from [19].
Namely, we solve

{bk.,b¢,,0¢c.} = arg min L(5.,dc,,0c.|Z) ®
Sk B¢ Oce )
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where 7 = { (i‘f), pi) S } is the dataset of training reference
"Ji=1,...Ns

profiles, with & the i" initial raw profile, p; the vector of process pa-
rameters and #,_the final profile after N, WP revolutions generated by

the HiFi model. According to the LoFi model of Eq. (1),

p: = {hwzv-le'vdWi»Vi:QWriwZCS (Qwi7fzi’dwl> 1 Zee <Qwi7f.zi"dwi) } )
while E,, ds, dew, Km, Keo, Cs0, Ceos k., ¢, 6c. , 25 are considered fixed in
Z. It can be observed that WP velocity £,, does not appear explicitly in
Eq. (1), nor in the filters definition of Eq. (4), but it influences the value
of F,, which appears in Egs. (6), (7) and (2).

The loss function L in Eq. (8) is designed to account for two funda-
mental error components: one related to the final profile harmonics in
the frequency domain, which determine the shape, and the other to the
final roundness indicator, which is the most significant process perfor-
mance measure:

L := wegrrLerr +WrnpLrnp

where Lgpr is the Maximum Element-wise Hybrid Error (MEHE [27]) be-
tween the Discrete Fourier Transform (DFT) of the target profile r}\, and

the corresponding predictionsry, =T, (i‘g, |pl-); Lrnp is the Hybrid Error

(HybErr [27]) between i-}v and the roundness’ of r}'\,rb; wrrr and wgyp are

weights to adjust the relative importance of the error components.
3. Discrete affine transformation model

The Eq. (1) is a linear delayed algebraic functional equation that can
be discretized into an affine transformation. To do this, first of all, let the
WP profile (defined by the radial reduction r(#) w.r.t. an arbitrary ideal
circle) be discretized in M radial values as illustrated in Fig. 6, where

2
Al :=— MeN

M’ €
is the angular step between two subsequent radii. For sake of simplicity,
let the following notation be introduced:

0; = iA0i e N
r® = r(6;)
x; == x(6;)
Zesec (1) = 2o

In the same way, contact angles « and # must be transformed as well
into their discretized values, a4 and f; before computing the K; and Kz
factors:

m; = round(%), my = round (ﬂA;ﬂ), ag =mA0, f; = myA0 (10)

To implement the contact filters described by Eq. (4), since a phase
delay could lead to a fictitious process instability, zero-phase filters are
adopted, realized by a FIR with linear phase delay, centred around the
contact point between the wheel and the WP, i.e., 2 (11) = Zesjec( — 1),
to get a null phase delay in the filter passband. Half of the filter must be
applied to the original profile, on points that have already passed
through the material removal process. To be able to do it, the corre-

sponding radius values are stored in a buffer, as illustrated in Fig. 7.

! The roundness R of a profile is the deviation from a perfect circle. For a
discretized profile it is defined as: R = maxr() — minr().
j j
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Overall, Eq. (1) can be discretized as:

N Ng;
r(g) ~ ) — g (xi +K1r(l*m1) —K, Z zglc)r(l*]*mz) + Z Zils)r(l*]*M) )
J=—Nrc Jj=—NF;s

N
+ ) 2 e € [6;, 004

Jj==Nrs

where z.; € R?Ns*1 and z,. € R*N=*1 are the coefficients vectors of the
symmetric FIR filters modelling the contact filters respectively at the
operating and control wheels contact points, as explained above. Then,

(1) (2) (M)

T
the evolution of the WP profile r,, := [r,, N PRI o1 ] from a generic

angular step n to step n+ 1, is obtained by composing the update of the
first element of r, (which corresponds to the wheel-WP contact point)
with a global circular shift that corresponds to a A@ rotation of the WP.
In compact form:

Toi1 = GT, +ku(x, + Ax) an
where
T
u = [170>“'70}1><(M+2Np3+1)
S [T 1T ._ | .T 1) (2 Ng) |7
Iy = [rn | S } - rn | rn71arn717--~7rn—l

where s, is a profile buffer that contains the original value of points that
already passed the grinding wheel contact point, required to apply the
digital contact filter with zero mean delay (see Fig. 7). The setup of the
T, vector, starting from r, and the reverse transformation can be realized
by matrix multiplications:

In

P = {
INF.;

where Iy and Iy, are identity matrices of size M and N, respectively,
and Oy, xm—n;, and Oy, are the null matrices of size Ng; x M — Ng, and
M x Np, respectively.

Adopting a coherent notation and rearranging, the resulting profile
transformation matrix, for a single processing step, is given by:

:|rn:, In = [IM OMXN;:;} I,
ONFSXMfNF,

G = 01><m1 kKl le(mz—ml—Npc—l) 7chk-K2 le(M—mg—Npc—NpS—lj Zcx(l_k)
Iv_1im Onm-1x1
(12)

The Eq. (5) must be appended with the evolution of machine feed
motion:

Xni1 = Xn + AX (13)

where Ax is the feed motion per simulation step, defined as
A0
AX = f,—
X fZZJT

The key elements of the discretized WP profile are represented in
Fig. 7. Three indices are respectively associated with the material
removal point (is) , the control wheel contact point (i;), and the support
blade contact (i,). The filters coefficients z,.. convolves the WP profile
around i; and i..

Iterating Egs. (11) and (13) from the initial state ¥, to the final state
T, the overall (multistep) profile transformation becomes:
~ ~ n-1_, 1-j .
£, = G"F +kzjzo G Fu(xo + (1 +j)Ax)

~ i-1 . 1 i-1_: 1 .
=Gt +kzj:0Gl Huxg +ijZOG’ a1 +j)Ax 14)

The last two addends of Eq. (14) are sums of matrix geometric series,
which have a closed form expression; hence, Eq. (14) can be rewritten
as:
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T, = T(Fo) := G"Fo + k (I1— G) ' (I — G") ux,

2 (15)
+k(I-G") [nG?-(n+1)G ' +G"' ]| uAx

It can be observed that T:RNetNe_—gNaetNe jg an affine trans-
formation, where the additive part is due to feed motion Ax. Through
coefficients Ky, K», k, Ax and filters z., the transformation T non-
linearly depends on process parameters, which can be grouped in the
parameters vector p, already defined in Eq. (9). If necessary, this de-
pendency will be denoted by T(T,|p).

It is worth noting that the depth of cut a(f) in Eq. (1) can never
become negative due to its physical meaning. This constraint is not
considered in the linear transformation T, entailing a relevant approxi-
mation of the affine approach if a wheel-WP detachment occurs, as it can
happen during the initial approach to the WP and during unstable op-
erations. In order to minimize air cutting limit this effect, the initial
position xo must be set to have the grinding wheel and WP touch each
other. The possible effect of detachment is discussed in Section 6.2.

A centerless grinding operation is usually composed by multiple
stages (e.g., for roughing, finishing and spark-out) characterized by
different process parameters (essentially feed rate, which is null in the
case of spark-out, even if more complex multi-stage approaches are
possible [16]). The change in grinding force modifies the elastic defor-
mation and, therefore, the contact length at the grinding wheel. As a
consequence, the stiffness factor k in Eq. (15) undergoes an instanta-
neous change that, because of Eq. (15), would provoke a step in the WP
profile, while, in reality the machine undergoes a smooth transient
elastic displacement due to the progressive change in grinding force.
Such a transient is not modelled by the proposed transformation
approach: for each stage the model assumes a unique structural defor-
mation, equal to the steady state value dependent on the stiffness factor
for that stage. To avoid this unrealistic effect, the initial xo position is
adjusted at each stage commutation by equating the effective displace-
ments at the beginning of the new stage and at the end of the previous
stage, i.e.,

kj,l

T (o1 My a%0)
j

Xoj =

where xo; is the value to be attributed to x, at the beginning of stage i,

k; and k;_; are the stiffness factors associated with stages j™ and (j — 1)™

respectively, N;, , and Ax;_; denote the number of steps and the feed per
step of stage (j — 1)". Then, the profile evolution of one stage can be
iteratively computed starting from the previous one:

, =G T, +k(1-G) (I —Gym) ) 1xo,

4. Properties of the transition matrix

The affine transformation model enables the direct mapping of
physical process phenomena onto the corresponding profile trans-
formations, thereby facilitating process analysis and optimization. This
chapter examines these fundamental properties through examples based
on the 2-stage grinding process (roughing, with linear feed axis motion,
and spark-out, with fixed feed axis) described by the parameters of
Table 1:

Applying Eq. (5) — Eq. (7) to the process parameters in Table 1, the
contact lengths between the WP and, respectively, the grinding and
control wheels are computed: I; = 0.72mm and [, = 0.35mm. The
target filter frequency responses, given by Eq. (4), are used to design the
Finite Response filters by the Matlab fir2 function, considering respec-
tively a filter order of 54 and 30.
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Table 1

Grinding process parameters.
Parameter Value Unit
hy, 8 mm
fz 15 pm
4 20 °
dy, 36 mm
d 610 mm
dey 355 mm
Qwp 3.2870 ps
N, 10 -
N, Tspark—out 2.5 -
M 1800

4.1. Eigenvalues and eigenvectors after more than one processing step

In typical grinding simulations the profile is discretized in the
angular domain with M = 1000-4000 points while the process lasts
10-30 WP turns. Therefore, the application of the affine transformation
from Eq. (15) requires the elevation of a G matrix containing from 1 to
16 millions of elements to a power of 10,000-130,000. This operation is
typically ill conditioned. To avoid large numerical approximations, an
eigen-decomposition is applied, exploiting then the matrix power rule:

G =dAD!,

where A is a diagonal matrix with G eigenvalues on the main diagonal
and ® contains the corresponding eigenvectors.

Therefore, when several processing steps are performed, the eigen-
vectors remain unmodified, preserving the structure described in Sec-
tion 4.3. For the eigenvalues, instead, if they are stable the modulus
decreases, while, if an eigenvalue is unstable, it increases, producing the
typical exponential growth of the waviness. The eigenvalues phase also
linearly increases, spreading the eigenvalues around the unit circle in
the complex plane. The relationship between eigenvalue phase and waves
per turn in the corresponding eigenvector is therefore lost because the
eigenvalue phase can travel several turns around the unitary circle,
producing an aliasing effect. It can be shown (see Appendix A) that there
is at least one marginally stable eigenvalue, i.e., with unitary modulus. If
no unstable eigenvalues are present, the marginally stable eigenvalues
determine the steady state profile shape, which results in a combination
of harmonic components: they are originated both from the initial WP
profile and from the nominal material removal due to feed motion
(produced by the terms that are multiplied by G" in Eq. (15). In general,
such harmonic components yield an almost integer number of waves per
turn that induce profile waves with limited precession during process
execution.

4.2. Profile transformation in the frequency domain

It is well known in the literature that a centerless grinding process
can be kinematically unstable [1] and produce WPs with a significant
periodic undulation. It is therefore of interest to evaluate the obtained
profile in terms of waviness components, applying the Fourier transform
on the WP profile:

T = Fci (16)

where each column m of F contains the complex harmonics F,, =
2mmp
(1/\/1? )e’ M, while p increases along the WP profile. The harmonic

shapes are scaled to get a unitary F matrix; c¢; contains the corresponding
complex coefficients for the profile at the i step. The complex co-
efficients entail the correct preservation of the phase of the harmonic
components, which is necessary to represent exactly both the profile
geometry and the WP initial angular position. In fact, it can be shown
that the initial angular position has an effect on the final profile, above
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all in the case of short operations (i.e., few WP revolutions).
Substituting Eq. (16) in Eq. (15) and, taking into account that F is a
unitary matrix, pre-multiplying by F' gives:

¢ =F'GFeo+kF(I-G) ' (I-G') uxo +kF'G (1-G 1) *[iG "2
—({+1) G +G " JuAx

The G, = F'G'F matrix defines how the spectral components of the
initial profile are transformed into the spectral components of the profile
at step i™. The next section discusses the structure of G.

4.3. Eigenvectors of the linear mapping and transformation matrix in the
frequency domain

The matrix G in the affine transformation relates the actual profile to
the profile at the previous step, representing the autonomous part of the
discrete system dynamics. To analyse the affine transformation, it is
useful to characterize the eigenvalues and eigenvectors of the trans-
formation matrix. The G matrix is composed of a generically non-zero
first row, reproducing the material removal process, while all other
rows of the matrix just shift the rest of the profile by one step (counter
clockwise). This qualifies G as a companion matrix, in row form (while
the transition matrix after i steps is no longer a companion matrix).
Usually, in standard companion matrices, the polynomial coefficients
are stored in the last row: our form of companion matrix, with the
polynomial coefficients located in the first row, is also defined as in
canonical form. Given the properties of companion matrices, naming Ay :
= pré« the eigenvalues of G, the corresponding eigenvectors are given
by:
de=v1 4 PRl ]T
where v is the usual free normalization parameter. The eigenvector
exhibits therefore an exponential evolution along the WP profile:

b = Vi [4"] = w[e®™] form=0,1,....M—1,

with g = —log(A) = — log(pk) +j(wy + 2nx) a7

Let's compute, by Eq. (17), the last value of eigenvector k, for m =
M- 1:
fin =0 e
The corresponding number of waves per turn, w, is:
M-1
2r

Therefore, the phase of the eigenvalues of G is proportional to the
number of waves per turn in the corresponding eigenvector.

Let's consider the analytical Fourier transform of the exponential
function in Eq. (17), over an infinite domain:

w 143

_ Vk _ Vk
" real(g) + j(w — imag(g) ) —log(px) + j(w — yy — 2n7)

If an eigenvalue J is at the stability limit, i.e., py = 1, the corre-
sponding eigenvector Eq. (17) is an undamped harmonic function. The
corresponding ¢y (@), in (18) has a strong localized peak at y, + 2nz. On
the contrary, if the modulus of 4 is far from 1, i.e., the eigenvalue is
strongly stable or unstable, the peak in the spectrum is spread on a larger
frequency range. As a consequence, the eigenvectors of eigenvalues near
the stability limit, being near undamped harmonic functions, are almost
orthogonal to each other.

More in detail, when transforming the G matrix into the frequency
domain Gy, the Fourier series is computed over a finite interval, corre-
sponding to one turn. As usually done in signal processing, the Fourier
Transform of an eigenvector can be obtained by convolving the

18)

(@)
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spectrum of the infinite exponential function, i.e., Eq. (18), with the
spectrum of a rectangular window of duration one turn. The signal
power is therefore diffused on some nearby spectral lines, by the so-
called leakage effect, also for marginally stable eigenvalues.

The Fig. 8 shows, for the sample process, the spectrum, in modulus,
of some complex eigenvectors. They are sorted by the modulus of the
corresponding eigenvalue, from the largest (the first eigenvalue, equal
to 1, as this process is stable) to the smallest (eigenvalue number 3654,
equal to 0.687, in this example). As expected, the width of the peak
increases when the eigenvalue gets far, in modulus, from 1.

Those remarks have an impact on the structure of the transition
matrix in the frequency domain. Exploiting the eigenvector/eigenvalue
decomposition:
G=®GAD!  G.=FOADP'F!=FbAFD)"’ 19)
where F® represents the Fourier series of the eigenvector, i.e., the [®]
previously computed. If F® is a diagonal matrix also G is a diagonal
matrix, i.e., each frequency component of the final profile depends only
on the corresponding frequency component in the initial profile. The
exposed eigenvalue/eigenvector analysis explains why, for the adopted
example, G} has an almost diagonal structure, shown in Fig. 9, with
some limited coupling between nearby harmonic components.

Additionally, the matrix shows the well-known property that,
depending on the adopted WP height, the process has a very different
amplification for the odd and even frequency components [18], as
further elaborated in the following section.

Given the almost diagonal structure of the process matrix in the
frequency domain, it's convenient to adopt this approach to better
analyse the process, evaluating its gains as a function of the frequency of
the various waviness components. This encourages the adoption of
reduction techniques in the frequency domain, to efficiently simplify WP
profile description. This approach will be adopted in Section 5, for the
DD process model identification. The residual coupling between
different harmonics is exemplified in Section 6.2.

4.4. Eigenvalues of the linear mapping

Provided that the transition matrix G basically performs a one-step
rotation of the discretized WP profile, with a small material removal
lumped in a single contact point, it is not very different from a unitary
circulant matrix [32]. Consequently, most eigenvalues have a modulus
near to one. The corresponding eigenvectors, as explained in the pre-
vious section, are similar to undamped harmonic functions, with very
localized frequency content. In this scenario the modulus of the eigen-
values quantifies the gain of the process at that frequency, similarly to
the information given, in linear dynamical systems, by an FRF, even if, in
this case, there is a partial coupling between different wavelengths. This
gain is related to the considered process duration, i.e., to a given number
of iterative steps.

Leveraging those remarks, a plot of the eigenvalue's modulus,
referred to the eigenvalue frequency (deduced by its phase), gives an
interesting overall view on process dynamics, directly quantifying how a
harmonic component in the initial WP profile is attenuated or amplified
in the final profile. As discussed in the previous section, this plot is
incomplete because it does not show the existing coupling between
different harmonics, especially when the eigenvalues are far from the
unitary circle. For example, Fig. 10 characterizes different solutions to
implement contact filters, described in Section 2, applied to the test
process defined in Section 4:

A) No contact filters. Some eigenvalues have modulus higher that
one, indicating an instable process;

B) One contact filter at the grinding wheel contact point, as depicted
in Fig. 5, but without the filter at the control wheel contact. The
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system is now stable but a branch of eigenvalues still has a higher
gain;

C) Contact filters at both the grinding and control wheel, as in Fig. 5;

D) Contact filter only at the grinding wheel, by the scheme proposed
by Hashimoto. As in Fig. 4, but without the filter at the control
wheel;

E) Contact filters at both the grinding and control wheel, as pro-
posed by Hashimoto and depicted in Fig. 4.

In both cases, when at least one contact filter is implemented, a
global decreasing trend appears in correspondence of the bandwidths of
the adopted filters.

Before analysing the different models, it is useful to further investi-
gate the type of information delivered by the plot, in particular the
structure shown at low frequency, inside the bandwidth of the contact
filters.

To study it, let's make the usual process stability analysis with the
Nyquist criterion applied on the characteristic equation (Eq. 13.16 of
reference [4]). Fig. 11 (a) illustrates the real part of 1 4 Ggpen oop func-
tion: when it assumes negative values, the closed loop system can be
unstable. This correctly corresponds, in Fig. 11 (b), to the location of the
eigenvalues of the transition matrix: an unstable system shows a 1 +
Gopen loop function that goes down toward negative values and, corre-
spondingly, transition matrix eigenvalues with modulus reaching, and
possibly bypassing, the value of one. In our case only the one per turn
component reaches a unity modulus, because the adopted test process is
stable (with GW and CW contact filters). As predicted by the theory of
geometrical stability in centerless grinding, the eigenvalues are near to
integer number of waves per turn, with a clear amplitude difference
between even and odd frequencies, expressed in waves per turn.

We can now go back to Fig. 10, to compare the various models:

A) with the Hashimoto approach without the Control Wheel filter
(model D) a branch of the eigenvalues remains high, showing
model instability. On the contrary, with the proposed approach
(model B), the whole profile is filtered, producing some ampli-
tude reduction on all eigenvalues. This effect has been preferred,
because, given the large grinding wheel radius, high frequency
waviness on the WP is always reduced;

B) When both the GW and CW filters are adopted, both approaches
(models C and E) give similar results.

Based on those remarks, the modelling approach C, with a filter at
the control wheel and the grinding wheel filter on the profile delayed by
one turn, has been adopted in the following of this paper. The filter on
the profile delayed by one turn attenuates the waviness even when there
is no actual material removal (i.e., when grinding wheel / WP detach-
ment occurs), producing a non-physical effect. But the overall effect is
negligible because the proposed affine model must anyhow be applied
when detachment is limited, given the linearity of the adopted LoFi
approach.

5. Data-driven identification of the affine transformation

The proposed approach allows one to build, from traditional process
models, an affine transformation that directly links, for fixed process
conditions, the initial and final WP profiles. In this section, we investi-
gate the possibility of learning the same model structure relying only on
the initial and final profiles that are normally available also in industrial
contexts.

Leti; € R denote the vector of Ny input features (e.g., initial profiles
represented in the angular or frequency domains) and o; € RV the
corresponding output features for the experiment j = 1,2, ..., N,, under
identical process parameters, including the feed per turn and number of
turns. The number of features Ny in the frequency domain depends on
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Fig. 4. Schematic of the process model with the grinding wheel contact filter modelled as in Hashimoto [18].
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Fig. 5. Schematic of the process model with two contact filters (LoFi model).

the relevant harmonic content that is to be preserved in the profile
description (as it has already mentioned at the end of Section 4.3 and
will be exemplified in Section 6.3), which anyway cannot overcome half
of the number of samples used in the discretization, according to
Shannon theorem, to avoid aliasing.

Recalling the analytical relationship of Eq. (14), we assume that the
relationship between input and output is governed by an affine
transformation:

0; = G ij + Cqq (20)

where

o Ggq € RNN) is the empirical DD transition matrix;

® Cyq € R(M<1) are the overall empirical DD bias coefficients of the
affine transformation (translation component).

Resorting to an augmented matrix [28], Eq. (20) can be cast into a
linear transformation as follows:

i
o=t 1]

with Tgg := [Ggq Caa | € RN (Nr+1)) (augmented matrix).

2D
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To ensure robustness with respect to overfitting, we aggregate data
across multiple N, experiments; then, Eq. (21) can be written Vj = 1,2,
...N, and assembled in the following overall system:

Ideal initial circle

WP profile

Fig. 6. Definition of the z-buffer profile: the elements represent the reduction
of workpiece rays with respect to an ideal circular workpiece.
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Fig. 7. Workpiece profile vector definition with the significant indices at the contact points between the workpiece and the grinding wheel (GW), the control wheel

(CW) and the support blade (SB).
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Fig. 8. Fourier Transform (modulus) of the eigenvectors of the transition ma-
trix, sorted by the distance from 1 of the modulus of the corresponding
eigenvalue. When the eigenvalue modulus is near to 1, the spectrum is more
localized in the frequency domain.
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Transition matrix in the frequency domain (modulus)

4 9 14 19 24 29

IS

©

final profile - harmonics nummber

N
N

29

intial profile - harmonics number

Fig. 9. Transition matrix in the frequency domain for adopted example.
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Then, exploiting Eq. (22), we can compute an estimate of the affine
augmented matrix T4 using a Ridge regression approach, which belongs

to the family of regularized least squares methods and entails the solution
of the following minimization problem:

Ta = arg HTldileO*TddAHgﬂﬂlGdd & @3

where 7 is a hyperparameter that modulates the matrix elements
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Fig. 11. (a): Real part of the open loop frequency response, used for the classic stability analysis. (b): Transition matrix eigenvalues (zoom of Fig. 10 (a)) for the
system with filters on the control wheel and on the previous profile, at the grinding wheel.
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Fig. 13. (a). Boxplot of parameter estimates across folds; Fig. 13 (b). Cross-validation results for the physics-based affine transformation model. The bar plots report
the HybErr (geometrical profile roundness) and the MEHE (profile spectrum) for both training and testing folds across K = 5 folds.
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Fig. 14. Roundness predictions for Fold 3 of the K-fold cross-validation (a) training, (b) testing. The experiments corresponding to violet and red dots have been
highlighted for reference in subsequent analysis. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of

this article.)
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Fig. 15. Material removal rate predicted by the ground truth model (High-Fidelity) for the two training samples highlighted respectively in violet and red in Fig. 14
(a). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 16. Final profile prediction error. Target and predicted profiles of the training samples highlighted in Fig. 14 (a): the red one (on the left) and the violet one (on
the right). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 17. Example of geometrical profile of a randomly selected test experiment, indicated as a red dot in Fig. 14 (b). Comparison with the static High-Fidelity model.
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

shrinking effect, which is chosen by minimizing the generalization error
on the validation set in a classical dataset split.

It is worth noting that the penalty term of the regularization involves
the transition matrix Gg4 only, as the bias contribution is considered a
priori important and decoupled with respect to the other components of
the linear map. On the other side, the linear map predictors grow with
Nj?: therefore, depending on profile measurements sampling density,
Gyq may become ill-conditioned due to predictors similarity and/or
reduced number, and the corresponding identification sub-system needs
to be regularized.

The optimization problem of Eq. (23) has a closed-form solution. In
fact, by defining

D= |:INf><Nf

Ofol c R(Nf+l)x (Np+1)
1><N[ 0
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it yields
Ta = AT(AA” +4D) 'O

It has to be noted that, in usual centerless grinding production, WP
profiles are measured by a roundness meter without a unique mechan-
ical reference for the center and the angular position: the profile is
numerically centred by a least square approach. While a roundness
evaluation does not require the centre and angular references, the use of
the initial and final profiles to train a DD model are impacted. The center
position has an impact only on the one per turn component, but the error
on the angular position has a generalized impact and must be limited by
defining a unique mechanical reference for the angular position on each
WP to be used when measuring the initial and final profiles.

Being the output multivariate (a vector), the general expression for
prediction uncertainty is well represented by a covariance matrix.
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Fig. 18. FFT of the geometrical profiles: (a) the detachment samples shown by the violet and red dots in Fig. 16, and (b) a randomly selected test sample shown in
Fig. 17. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Assuming that the initial input profile is represented as a vector whose
elements are i.i.d. and share the same variance 6%, (which can be traced
back to the accuracy of the roundness measuring instrument used to
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acquire these profiles), it follows that:

~ AT ~ ~
COV(O)l-j = O-IZNTdded + tr(O'IZNCOV(Tdd i Tddj,:) ) =

= UIZN ('/I\‘dd?;d + tr(Cov('T‘dd i ?ddj.:) ) )
where
COV(Tdd i Tag j:) = o2(AAT) -

and o2 is the unknown residuals variance that can be approximated by
the following unbiased estimator:

~ 2
o2 = 10 — TasAll

N, —N;
where ||...||gindicates the Frobenius norm.
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Fig. 20. (a): Distribution of model correction parameter estimates across folds; (b): Roundness predictions for Fold 4 of the K-fold cross-validation testing phase. The
experiments corresponding to blue (A), red (B) and green (C) dots are investigated in the following.
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Fig. 21. (a) Example of geometrical profile of a maximum error selected test experiment, indicated as a blue dot in Fig. 20 (b). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 22. Example of geometrical profile of the min error test experiment (C), indicated as a green dot in Fig. 20 (b). Plot (a): initial profile; plots (b) final profiles
predicted by the dynamic High-Fidelity model and the static physics-based affine transformation. (For interpretation of the references to colour in this figure legend,

the reader is referred to the web version of this article.)
6. Models validation
6.1. Design of virtual experiments using a high-fidelity ground truth model

In order to test the proposed approaches in a controlled environment,
a set of virtual experiments were conducted using a HiFi dynamic
simulation model as the reference or “ground truth”. Indeed, within the
proposed framework, the primary requirement is not an exact match
with real-world measurements, but the availability of realistic simulated
data in which the initial and final WP profiles are coherently and
consistently correlated. The adoption of the HiFi model allows full
control of the process conditions, enabling the evaluation of specific
phenomena on model performance (see, for example, the analyses in
6.2.2 and 6.2.3). In the model, inspired by [19], the material removal is
computed by considering the intersection between the WP (modelled as
a radial z-buffer) and an ideal circular operating wheel. Two versions of
the model have been developed. The first (denoted as static) neglects the
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relative machine-WP dynamics and considers only the static compli-
ance, including the wheel-WP contact stiffness. The second version
(denoted as dynamic) incorporates the relative wheel-WP dynamics,
described by a vector of modal parameters. The equilibrium under the
grinding forces is computed using a fixed-step Newmark integration
scheme with error monitoring. In the models validation section, this
dynamic formulation is employed to validate the DD affine trans-
formation learned from datasets of raw and final profiles, showing how
such a transformation has sufficient expressive power to capture the
underlying dynamic behaviour as well. Differently from [19], our HiFi
model considers both volumetric and edge components of the grinding
force.

The dynamic HiFi model relies on a set of intrinsic system parameters
that define the machine-WP dynamics. These include the mass and
stiffness of the machine structure, damping characteristics, cutting
stiffness, and energy-related parameters such as the volumetric specific
energy and edge component. The HiFi model does not explicitly account
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Fig. 23. (a): Eigenvalues of the physics-based transformation matrix for the process in Table 1; (b): Error in the calculation of the final profile roundness, considering

only a limited number of harmonics.
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Fig. 24. Cross-validation results used to identify the optimal regularization
parameter 1 for the ridge regression-based data-driven affine trans-
formation model.

for parameters such as the mechanical properties of the WP material and
the grinding wheel: their influence is captured indirectly through vari-
ations in grinding stiffness, contact stiffness, and specific energy.
Together, these parameters control the system's dynamic response and
influence critical variables, including the stiffness factor and contact
length. The parameters used in the dynamic HiFi simulations are sum-
marized in Table 2.

A factorial Design of Experiments (DoE) was adopted to systemati-
cally investigate the influence of key process parameters on the
manufacturing process. The HiFi model accurately simulates the
detailed physics and complex interactions of the process under varying
operating conditions. Table 3 reports the control parameters varied in
the DoE, together with their ranges and levels, while Table 4 summarizes
the fixed parameters that were held constant. A reduced set of 210 ex-
periments was generated using Latin Hypercube Sampling (LHS) to
serve as a benchmark for validating the proposed PB affine trans-
formation model.

The HiFi process model has previously been validated on a reduced
set of grinding experiments, demonstrating its suitability for providing
realistic profiles [26]. As an example, a couple of comparisons between
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predicted and experimental profiles are shown in Fig. 12.

6.2. Validation of physics-based affine transformation model

6.2.1. Validation under static operating conditions

In this section, the PB affine transformation model is validated
against the outputs of the static HiFi model on the virtual experimental
dataset, described in Section 6.1, to assess the accuracy of the proposed
approach in reproducing the complex dynamics simulated by the HiFi
model.

A K-fold Cross-Validation (CV) was used to evaluate generalization
performance. In this study, the dataset was randomly partitioned into K
= 5 mutually exclusive folds of approximately equal size. In each iter-
ation, K-1 folds were used for training and the remaining fold was used
for testing. During training, the nominal parameters of Cy,
Cco and Ko [4], as described in Section 3, were corrected using factors
é¢,,0¢. .0k, , estimated by minimizing the multi-target loss function of Eq.
(8) on the training folds. This process was repeated K times so that each
fold was used as the test set exactly once.

The geometrical profiles from the HiFi model and affine models were
compared, quantifying the similarity by the HybErr and the linear cor-
relation coefficient between the roundness and the MEHE on the profile
spectra. Both HybErr and MEHE were computed with a smooth factor of
0.5 pm. The correction factors identified by the calibration procedure
are reported in Table 5.

Then, the calibrated model was tested on unseen process conditions
to evaluate its generalization capability. Fig. 13 (a) shows the boxplot of
parameter estimates across all folds, illustrating their distribution. Per-
formance metrics from each iteration were aggregated using a weighted
average (see the top legend in Fig. 13 (b)), accounting for differences in
fold sizes.

To further illustrate the predictive performance of the model, the
scatter plot of Fig. 14 compares all roundness predictions with the cor-
responding targets for both the training and testing datasets. Most points
show strong agreement between the HiFi and PB affine transformation
model, as quantified by the linear correlation coefficient (R) and the
average HybErr.

A few points substantially deviate from the diagonal line. A plausible
reason for these deviations can be traced back to the detachment at the
beginning of the process, that is correctly represented by the sole ground
truth model (HiFi), while it produces a non-physical negative material
removal in the linear affine model. This typically occurs in particular
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Fig. 25. Roundness comparison between High-Fidelity targets and the data-driven affine transformation predictions for (a) training and (b) testing sets. The test
indicated by the red dot is described in Fig. 27. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of
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Fig. 26. Roundness comparison between High-Fidelity targets and the physics-based model calibrated on the fixed process dataset: predictions for (a) training phase
and (b) testing sets (to be compared to the data-driven results, as shown in Fig. 25). The test indicated by the red dot is described in Fig. 27. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

cases, e.g., when the initial profile is characterized by a strong localized
peak (as exemplified by the peculiar profile of Fig. 15 (a)). The corre-
sponding operation sample, associated with poor model performance
(see the red dot in Fig. 14 (a)), exhibits a relevant initial detachment,
which can be appreciated by observing the Material Removal Rate
(MRR) behaviour, provided by the HiFi model, in Fig. 15 (b), repre-
sented by the red line (the detachment zone is boxed in black).
Conversely, an operation sample characterized by a good performance,
such as that corresponding to the violet dot in Fig. 14 (a), does not
exhibit any significant initial detachment (Fig. 15 (b), violet line). A
comparison in terms of profile error is provided in Fig. 16. The effect of
detachment is further analysed in the following Section 6.2.2.

To provide a general idea of model quality, an experiment was
randomly selected from the test dataset, with the process parameters
listed in Table 6. The close match between the predicted and HiFi pro-
files shown in Fig. 17 confirms that the affine model can reproduce the
detailed geometrical features across variable process conditions.

Finally, the frequency-domain characteristics of the same profiles

were examined. The Fig. 18 presents the corresponding FFTs: (a) shows
the FFT of the red-dot and violet-dot samples of Fig. 14 (roundness
measurements) and Fig. 15 (corresponding MRR). The overall compar-
ison between the ground truth (HiFi) and the PB affine transformation
yielded a MEHE of average 0.091 + 0.115 for training and 0.085 +
0.084 for testing, showing that the predicted profiles accurately preserve
the spectral content of the HiFi static model.

To further evaluate the effectiveness of the adopted affine trans-
formation, the final profiles have been estimated also by the traditional
approach that assumes an independent evolution of each harmonic
profile component, i.e., forcing to zero all elements of the trans-
formation matrix outside the main diagonal. The resulting errors in final
roundness estimation become 26.6% during training and 25.8% for
testing; almost three times the errors of the PB affine transformation.
This confirms the importance of reproducing the interaction between
different harmonic contents, as done by the PB affine transformation.
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6.2.2. Model sensitivity to contact detachment

To better understand the impact of the detachment phenomenon on
the proposed PB affine transformation, a virtual DoE has been executed,
exploiting the flexibility of the HiFi model. Different levels of detach-
ment have been obtained considering five distinct profiles, with initial
roundness ranging from 3.50 to 9.35 pm, and artificially increasing their
initial waviness by multiplying them by a scale factor ranging from 0.75
to 2.0 in steps of 0.25. The resulting set of 30 experiments has been
processed by the HiFi model and by the PB affine transformation
(correction factors listed in Table 5). The analysis has been performed on
the process described in Table 1, with a feed per turn of f, = 3 ym.

The resulting errors in roundness estimation are documented in
Fig. 19, as a function of observed numerical detachment (i.e., percentage
of time samples where detachment occurs, provided by the HiFi model).

The results indicate that the median roundness error remains
remarkably stable at lower detachment levels, with a narrow distribu-
tion and a median below 0.05 pm at 9.6% detachment. However, beyond
25.1% the interquartile range expands and maximum residuals
approach 0.32 pm, signalling a degradation in model robustness.
Nevertheless, the linear model performs well even at high levels of
initial detachment, maintaining a median error below 0.15 pm even at
36.4% detachment.
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Fig. 29. Roundness comparison between High-Fidelity targets and the data-driven affine transformation predictions for (a) training and (b) testing sets.
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Table 2
Summarizes the intrinsic High-Fidelity model parameters used in the
simulations.

Parameter Symbol Value Unit
Mass Mg 995 Kg
Relative Machine Stiffness Ky 146,570 N/mm
Damping ratio ¢ 0.05444
Contact Stiffness Ke 24,802 N/mm
Volumetric Specific energy per unit length Ey 282.8666 N xg
mm?2
Edge Component Ee 0 N/mm

Table 3
Control parameters in virtual experiments for validation.
Control Parameters Range Unit Levels
hy, 3-18 mm
[3,8,18]
S 20-150 pm [20,80,100,150]
0 8-20 pm
ow P [8,15,20]
Vi 30, 20 °
[20,30]
N, 8-15 -
[8,10,15]
Nrpor o 0.7-5.7 - [0.7, 1.6, 2.5, 4.1, 5.7]
dy, 16 - 36 mm [16,36]
Table 4
Fixed process parameters used in virtual experiments.
Fixed Parameters Range Unit
ds 610 mm
Qs 1000 rpm
dew 355 mm
WP material C45 -
b 146 Mm

It must also be considered that, in industrial applications, rougher
initial WPs require longer processes to reach an adequate finishing level.
Therefore, even if detachment occurs in the initial process phase, the
relative importance of detachment does not increase. This systematically
limits the importance of the detachment, reducing the error associated
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Table 5
Estimated correction factors for the physics-based affine
transformation model.

Parameter Correction Factor ()
Cso 0.7165
Ceo 0.9401
Keo 0.9672

Table 6

Process parameters of a randomly selected sample.
Parameter Value Unit
hy, 3 mm
fz 8 pm
y 30 °
dy, 36 mm
ds 610 mm
dew 355 mm
OQwp 1.3148 TIPS
N; 8 -

Tspark—out 1.6 —

M 1800

with the affine approximation.

6.2.3. Model performance under dynamic operating conditions

In this section, the performance of the proposed PB affine trans-
formation model is assessed using the outputs of the dynamic version of
the reference HiFi model, that reproduces the WP-machine dynamics,
with the parameters reported in Table 2. The objective is to evaluate the
limits of the static version of the affine transformation, proposed in this
study.

The virtual experimental dataset described in Section 6.1 was
employed, covering a wide range of process conditions to ensure vari-
ability in both excitation sources and system responses. The analysis
methodology, in terms of error definition, model optimization, and cross
fold validation, was the same as that of the static validation documented
in Section 6.2.1.

The distribution of the correction factors identified during the cali-
bration procedure across the CV folds is presented in Fig. 20 (a). The
identified correction coefficients §¢, and &g, are near to 1, similarly to
the comparison with the static reference model. The contact length with
the control wheel, tuned by &c,, is significantly increased by the opti-
mization. This is due to the fact that the static PB affine model is trying to
(partially) emulate the frequency response of the structural dynamics by
the contact filter, that acts in series with the contact filters. Those filters,
nevertheless, cannot reproduce the low damping peak of the mechanical
structure: this generates a higher error in the roundness estimation. The
average HybErr on the roundness was 0.243 + 0.005 pm for the training
set and 0.25 + 0.02 mm for the test set. Regarding spectral accuracy, the
MEHE was 0.17 + 0.06 pm for the training set and 0.18 + 0.07 pm for
the test set.

The correction factors from Fold 4 were selected by minimizing the
CV loss. For this specific fold, the training phase achieved a HybErr of
24.94%, R = 0.58 and an MEHE of 0.1784 + 0.1436 pm. The corre-
sponding testing phase yielded a HybErr of 21.85%, R = 0.32 (see
Fig. 20 (b)) and an MEHE of 0.1612 + 0.1368.

To investigate the impact of system dynamics on the model's pre-
dictive accuracy, a detailed comparison was performed for the samples
highlighted in Fig. 20 (b). The corresponding process parameters are
reported in Table 7. Sample A corresponds to the blue dot (maximum-
error case), while Sample B corresponds to the green dot (minimum-
error case). Fig. 21, Fig. 22 illustrates the resulting geometrical profiles.

The left plot in Fig. 21 (a) represents the experimentally measured
initial profile, while the right plot (b) shows the target (HiFi, dynamic)
geometrical profile, which exhibits a large waviness at 16 lobes.
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Table 7

Process parameters of the samples highlighted in Fig. 20 (b).
Parameter Sample A (max error) Sample B (min error) Unit
hy 18 3 mm
fz 15 2 pm
4 20 30 °
dy 16 36 mm
ds 610 610 mm
dey 355 355 mm
Qwp 5.55 2.47 ps
N, 9 14 -
Nroork o 2.5 5.7 -
M 1800 1800

Considering the WP angular speed (Quwp= 5.54 rps, see Table 7), the
waviness corresponds to oscillations near 89 Hz. While the structural
parameters reported in Table 2 produce an open loop resonance near 61
Hz, oscillations at a higher frequency are expected when the structural
loop is closed by the grinding process. To investigate the relevance of the
dynamic response, the capabilities of the HiFi models have been
exploited, repeating the experiment with the static HiFi model (experi-
ment C). The dashed red line in Fig. 21 (b) shows the final profile pro-
duced by the static HiFi model, confirming that the process instability at
16 lobes per turn was related to the structural dynamics and that the PB
affine model is coherent with the forecasting produced by the static HiFi
model (red dot in Fig. 21 (b)), as already discussed in 6.2.1. The com-
parison with the static HiFi model is represented by the red dot in Fig. 20
(b).

In contrast, other experiments performed with the dynamic HiFi
model show that the PB static affine transformation performs well when
the process does not excite the structural resonances. For example, the
outcome of experiment (C), represented by the green dot in Fig. 20 (b), is
described in Fig. 22. In this case, the profile evolution is dominated by
the initial geometry and steady-state kinematics. The PB affine model
achieves a near-perfect match with the reference model, confirming its
reliability for the majority of stable operating conditions.

6.3. Validation of the data-driven affine transformation in frequency
domain

This section presents the validation of the DD approach for identi-
fying the affine transformation between the initial and final geometrical
profiles, provided by the ground truth (HiFi) simulations described in
the previous section. The analysis is carried out under the fixed process
conditions listed in Table 1 and relies on the first (static) version of the
HiFi model.

An efficient model identification requires reducing the number of
features used to describe the initial and final WP profiles. Given the
analysis developed in Section 4.3, a truncation in the frequency domain
is adopted focusing on the low order harmonic waviness that grows in
case of rounding instability, with a limited error on the preserved har-
monic components. This approach is also of interest because it nicely
agrees with the usual reasoning done by domain experts in terms of
stable and unstable lobe orders.

Fig. 23 (a) represents, on the left, the lower frequency eigenvalues of
the transformation matrix for the process conditions of Table 1. Given
the 10 turns duration of the process, which is stable, the modulus of the
eigenvalues is strongly reduced, compared to the typical values for the
one step transformation matrix (see, for example, the eigenvalues
plotted in Fig. 10), because of the contact filters effect. As a conse-
quence, in the final WP profile the contribution of the higher frequency
harmonics is negligible. Fig. 23 (b) shows the error in computing the
roundness on the final profile as a function of the number of preserved
harmonics. Analysing those plots, it has been decided to truncate the
model to the first 40 harmonics, with a 0.9% HybErr on the final
roundness, to identify the DD model.

508

Journal of Manufacturing Processes 172 (2026) 490-511

The affine transformation was learned using the ridge regression-
based method described in Section 5. The regularization parameter (1)
was set at 0.62 by CV, as shown in Fig. 24, balancing model complexity
and the generalization error. The validation was performed as for the PB
model in Section 6.2, computing the MEHE spectral error and the
HybErr on the roundness with respect to the profiles produced by the
HiFi model. The roundness error is evaluated after transforming back to
the spatial domain the predicted frequency-domain output. Fig. 25
compares the roundness values between the DD and HiFi models, for
both training and testing sets.

Furthermore, to compare DD and PB model performance focusing on
a specific process condition, also the PB model has been calibrated on
the fixed process dataset of Table 1. In this case, the errors of the PB
model decrease, with respect to those of Fig. 14, respectively to 7.17%
for the roundness measurement and to a MEHE of 0.0657 + 0.0476 for
the spectra. The scatter plots in Fig. 26 present the overall accuracy
analysis, to be compared to the corresponding DD accuracy in Fig. 25.
These results confirm that the PB affine transformation, when adjusted
with the identified correction factors, can reliably reproduce the static
HiFi model roundness, even if with a lower accuracy compared to the
corresponding DD model. A few points deviate from this linear trend,
due to the detachment instances, which were discussed in Section 6.2
(see Fig. 15).

To provide further support to model validity, Fig. 27. presents a
randomly selected sample (the red dot in Fig. 25-b and Fig. 26-b) from
the test dataset of the DD model identification. The figure shows on the
left the original initial profile and the filtered version, obtained
considering only the harmonic terms preserved in the frequency
domain. On the right, the (HiFi) target profile is compared to the profiles
produced by the DD and the PB affine transformations. While both
models provide a good estimate of the final profile, the DD model ap-
pears, also visually, to be more accurate than the PB model.

Fig. 28 presents the FFT of the same sample. The spectral content
closely matches the HiFi target, DD and PB model spectra, confirming
that both models accurately capture the frequency characteristics of the
process.

The overall spectral error metrics were also evaluated on all exper-
iments: the average MEHE is 0.041 + 0.028 for training and 0.052 +
0.030 for testing, confirming consistent performance of the DD affine
model.

6.3.1. Validation under dynamic operating conditions

After validation under static conditions, the analysis is extended to
the dynamic version of the HiFi model, to evaluate the capability of the
DD affine transformation to capture the effects of machine-WP dy-
namics. The same training and testing datasets used in Section 6.3 are
considered, ensuring a consistent validation framework.

Expecting the presence of higher order waviness produced by the
structural resonance, the selection of the required number of harmonics
is repeated for the experiments produced by the dynamic model. In this
case, the number of retained harmonics for the DD model is increased to
70, resulting in a 0.3% HybErr on the final roundness for the truncated
representation.

The DD model is then identified following the same ridge regression-
based procedure described in Section 5, including the estimation of the
regularization parameter (7), set to 0.0695 by minimizing the 5-fold CV
loss on the training set. As previously described, the validation is per-
formed after transforming the predicted frequency-domain output back
into the spatial domain and computing the corresponding roundness
values.

Fig. 29 (a) and (b) show the comparison between the roundness
values obtained from the dynamic HiFi simulations and those predicted
by the DD model for the training and testing datasets, respectively.

The results demonstrate that the DD model captures the influence of
structural dynamics on the final WP profile. In comparison with the
static PB affine transformation, the DD model exhibits significantly
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improved predictive capability, as it inherently learns these effects from
the training data.

In addition to the roundness-based validation, the spectral accuracy
of the DD model under dynamic conditions is evaluated through the
MEHE, computed between the DD predictions and the target (HiFi, dy-
namic) frequency-domain representations. The obtained results show an
average MEHE of 0.013 + 0.071 for the training set and 0.021 + 0.010
for the testing set. These values are consistent with those observed under
static conditions and confirm that the DD affine transformation accu-
rately reproduces not only the overall roundness but also the detailed
spectral content of the profiles, including the higher-order harmonics
induced by the structural resonance.

As discussed in Section 5, the model accuracy can be evaluated by
computing the covariance matrix of the predicted profiles. This is ob-
tained from the estimated residual variance and the variance of the
input, the latter assumed to coincide with the measurement accuracy of
the roundness instrument used to acquire the profiles [33] (0.2 pm in the
present case).

The resulting covariance matrix (Fig. 30) is nearly diagonal, indi-
cating that the waviness components are only marginally correlated. A
higher variance is observed for component #43, related to the higher
gain shown by the HiFi model for that harmonic.

These results demonstrate that the DD affine transformation accu-
rately maps initial to final profiles in both spatial and frequency do-
mains, under static and dynamic conditions. In comparison, the
accuracy of the PB model is only marginally improved when the
correction factors are calibrated for the specific process conditions, and
only in the static case (see Fig. 26). It can also be observed that the
measurement noise associated with instruments commonly used to
assess WP profiles is negligible when compared to both the model
generalization error and the specified accuracy requirements [33].

7. Conclusions

Centreless grinding is a widely used machining process for cylin-
drical mechanical parts in different industries, such as automotive and
aerospace, due to its accuracy, productivity and versatility in terms of
process parameters, workpiece (WP) materials and sizes. Of particular
importance is therefore a detailed understanding of the relationship
between the input conditions, including the initial WP profile, and the
process capability to meet the specified geometric tolerance specifica-
tions, such as WP roundness on the final WP profile. While several
studies have been performed focusing on the evaluation of process sta-
bility in the time or frequency domain, this paper analyses an original
approach (partially introduced by the authors in [16]), where the pro-
cess is represented by an affine transformation that directly links the
initial and final profiles.

The proposed approach has been validated using a High-Fidelity
(HiFi) process model, which served as the ground truth, allowing full
control of the involved phenomena. The general characteristics of the
profile transformation have been studied: given that the transformation
is represented by a companion matrix, it has been demonstrated that the
eigenvectors are quasi-harmonic functions along the WP profile. As a
consequence, the transformation matrix in the frequency domain is
almost a diagonal matrix, with limited coupling between different har-
monic terms. This allows consideration of the absolute value of the
transition matrix eigenvalues, referred to the number of waves in the
corresponding eigenvector, to get an informative overall description of
the process dynamics, analogously to a frequency response function for
dynamical systems in the time-domain. The affine transformation
correctly reproduces the marginal but not negligible interdependencies
between different harmonic components: the approximation of
assuming that each harmonic depends only on the corresponding term in
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the input profile, as often done in industrial practice, has been evalu-
ated. The HiFi model allowed the execution of virtual experiments to
separately quantify the effect of phenomena not included in the Physics-
Based (PB) affine transformation, like grinding wheel-workpiece
detachment and structural machine dynamics.

Furthermore, the direct profile transformation approach allowed the
development of an original non-parametric, Data-Driven (DD) affine
process model in the waves-per-turn domain. It allows a rapid model
identification based only on the measurement of the initial and final WP
profiles, easily done also in an industrial environment. Once identified,
the DD model, that effectively reproduces also the structural dynamics
effects, can be exploited to evaluate how a new batch of raw WPs (with
known profile characteristics) influences the final WP roundness.

With the proposed approach, the process models can be exploited to
simultaneously optimize the roughing and finishing phases, investi-
gating how they attenuate the different waviness components, as dis-
cussed in [16]. Differently from the asymptotic approach of stability
analyses typically proposed in the literature, the transformations
correctly consider the finite duration of each phase. Overall, the present
work fits within the broader research line, in the grinding field, aimed at
identifying process conditions that ensure the acceptability of the final
product [34].

The procedure proposed to identify DD models (i.e., measurement of
the initial and final profiles, with appropriate phasing, order reduction
in the waves-per-turn domain) will be exploited, in a future develop-
ment, to generalize the current linear DD model, limited to operations
with fixed process parameters (e.g., feed per turn, WP height, and
number of WP turns), in order to handle variable operating conditions.
Nonlinear machine learning approaches, such as artificial neural net-
works, will be evaluated.

Future work will extend the proposed PB transformation, augment-
ing the current static modelling framework to incorporate machine's and
wheels dynamic response into the affine transformation, which has been
shown to have, in some cases, a relevant effect on regenerative chatter
onset. Both PB and DD approaches will be applied to WP profiles gath-
ered during experimental campaigns, to further validate and refine the
proposed methodology.
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Appendix A. : Existence of a marginally stable 1 per turn component

The WP profile is described by the radial distance from a reference circumference with an arbitrary diameter and center (see Fig. 6). Moreover, the
conventional kinematic process model (as detailed in [1]) is linear and assumes that the profile is almost circular (i.e., the roundness error is small,
compared to the mean radius): for this reason the center of the mean, best fit circumference is adopted. This corresponds, from the experimental point
of view, to the fact that the WP is placed on the roundness meter without exploiting a mechanical centering feature: the center is defined in order to
minimize the mean square radial error. As the specific choice of the reference center is arbitrary, it must have no effect on process simulation and on
the estimated final profile. From the mathematical point of view, the transition matrix G must have at least one marginally stable eigenvalue (i.e.,
indifferent equilibrium), associated with a sinusoidal eigenvector with periodicity of 1-per-turn, which is moreover orthogonal to the other
eigenvectors.

In fact, when the offset 0 of the reference origin from the mean circumference is small, compared to the mean radius, the eccentricity adds to the
WP profile a one per turn harmonic term:

e, := [0 sin(ird + ¢)]" == [asin(iA8) + b cos(irg) )", i =1,2, ..., Ny

where | 0| := /a2 + b2 and tanz 0 := a/b. Then, given the linear nature of the affine transformation, we can analyse how the process acts on e;. The
first row of the G matrix provides the updated cumulated material removal produced by the grinding operation, neglecting here, for simplicity, the
contact filters, given that their effect is negligible at the one per turn frequency. Now, consider the discretized notable angles a4 and $,; defined in Eq.
(10); the aforementioned material removal is given by

el = [gu]er = kK, (a sinag + beosay) — kK (a sin(z — f3) + b cos(m — ;) ) + (asin0 + bcos0)(1 — k)

sinay
sin(f; + aq)

= k% (asinaq + bcosay) — k

sin(f; + aq) (a sinB; — b cosp,) +

+b(1—k)

a (sinay sinf; — sinag sinf,) + b (sinf,; cosay + sinay cosf;)

=k p :
cosfsinay + cosagsingy

+b(1-k)=b 249

Noting that the previous cumulated profile at the grinding point (i.e., M A0=2x, e(lM)) was already equal to “b”, it is confirmed that a WP profile
determined by a one per turn harmonic waviness is not modified by the grinding process. This corresponds, in the affine transformation, to a couple of
eigenvalues with unitary modulus and eigenvectors describing a one per turn, complex, harmonic waviness. As this component has no effect on
material removal, it has no effect on the final roundness.

On the other side, it can also be demonstrated that, if a profile is not modified by a grinding operation, it implies that there is a 1-per-turn harmonic
component, at most null. Let us prove it by construction. Consider a stable profile, with a generic n-per-turn not null harmonic component: substituting

in Eq.(24), n does not multiplies a4 and f; in the expressions that are used to compute K; and Kz and therefore the various terms do not cancel out as in

the case with n = 1. Therefore, after a WP revolution, e(lNW") # b, meaning that the material removal has undergone a variation during process

execution.
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