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Abstract—In this paper, the problem of proportional-integral
observer (PIO) design is investigated for a class of discret
time multi-rate systems with multiple sensors, with the sen
sor sampling periods being allowed to differ from the system
updating periods. The facilitation of communication betwen
sensors and the remote PIO through wireless networks, which
are subject to probabilistic packet dropouts, is achievedhrough
the utilization of a decode-and-forward relay-based straggy.
The occurrence of packet dropouts is governed by a BernouHi
distributed random variable whose probability is dependen on
the available transmission power. A decode-and-forward riay-
based strategy, developed based on different componentss
capable of processing information from different encodersat
different physical locations. For the convenience of obseer
design, the lifting technique is employed with aim to cast tk
multi-rate system into a single-rate one. By establishinguficient
conditions, the combined effect of external noises and reyang-
aided communication on estimation performance is intuitiely
illustrated. Subsequently, a PIO with an adjustable paraméer is
designed by solving certain optimization problems. A simution
example is finally provided to validate the theoretical resits.

Index Terms—Networked systems, proportional-integral ob-
server design, decode-and-forward relay, power-dependémpack-
et dropouts, multi-rate systems.

Abbreviations and Notations

PIO Proportional-integral observer

DaF Decode-and-forward

StR Sensor-to-relay

RtO Relay-to-observer

EUBMS Exponentially ultimately bounded in
mean-square sense

AUB Asymptotic upper bound

[l]| The Euclidean norm of:
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0 The zero matrix

1 The identity matrix

Amax () The maximum eigenvalue of a symmetric
matrix .o/

Amin (<) The minimum eigenvalue of a symmetric
matrix .«

|. INTRODUCTION

The PIO, endowed with both proportional and integral
actions, offers greater design flexibility than the projoort
type observer such as the Luenberger observer. This multi-
loop architecture enables the PIO to simultaneously lgeera
current and historical data, leading to enhanced estimatio
accuracy and reliability. In recent years, the PIO has etttch
significant attention from the research community for its
exceptional capability to manage uncertainties, delaysl a
imperfect data across a range of linear/nonlinear syst&ns [
[39], [41], [48]. Notably, the PIO has been tailored to addre
the challenges posed by imperfect or unreliable infornmatio
in diverse contexts including artificial neural networkg, [4
Takagi-Sugeno fuzzy systems [45], and sensor networks [38]

It is worth noting that a prevailing assumption in the litera
ture concerning PlO-based state estimation is the alighmen
of sensor sampling periods with system update intervals.
Nonetheless, this assumption often falls short of pralctipa
plicability, especially in scenarios like wireless comriaation
constrained by limited network capacities, where sensm@s a
allowed to sample and transmit data at irregular interag, [
[37]. This approach, known asraulti-rate sampling scheme,
is designed to optimize network resource utilization at the
cost of a marginal degradation in performance [8], [11],]]12
The adoption of multi-rate sampling, unfortunately, inlneces
complexities in data transmission and analytical proceslur
Consequently, a considerable volume of research has been
dedicated to addressing the challenges posed by multi-rate
sampling [1], [19], [24], with the lifting technique being
widely applied in multi-rate systems for the development of
estimation algorithms [34].

Wireless communication, a pivotal technique in networked
interactions, has been recently extensively adopted scros
diverse fields including but not limited to smart home system
traffic management automation, and geological surveys. The
advantages of this communication method are manifold, lwhic
encompass ease of system maintenance, enhanced opérationa
flexibility, and cost-effectiveness [2], [31], [36], [46]47].



FINAL VERSION 2

Note that the performance of wireless communication &stimation; and 3) identifying the optimal gains for the PIO
significantly influenced by the allocation of communicatiothat take into account the multifaceted nature of the factor
resources and the distances over which communication @wosolved.

curs. Constraints on communication resources can pratapit In response to the challenges identified earlier, this paper
congestion in data transmission or even result in data $osseakes the following significant contributions.

whereas communication over extensive distances may comi) This paper represents an inaugural effort to the explo-
promise data integrity [9], [10], [27], [28], [42]. Addresg ration of the PIO design problem within the context of
these challenges is contingent upon the development and DaF relayed communication.

implementation of robust communication protocols, which a  2) A novel component-based DaF relay strategy is intro-

essential for optimizing the use of resources and maimgini duced, which not only markedly enhances the quality
the quality of communication [14], [18], [20], [21], [35}4B]. of communication over extended distances, but also
[44]. facilitates the decoder’s ability to assimilate infornoati

Packet dropout, a widespread issue inherent to network from various encoders dispersed across different locales.
communications, has garnered increasing attention irgthler ~ 3) An investigation is conducted into the collective influ-

of state estimation research [6], [7], [40]. Within the exdizve ence of power-dependent packet dropout, external noise,
literature that explores the implications of packet drapan and relay-assisted communication on the design of PIOs
data integrity, it is often posited that the probability afch for multi-rate systems.

dropouts remains a constant. Yet, in practical applicatitins 4) The development of a PIO endowed with a tunable pa-
probability is subject to variation, influenced by a multiéuof rameter is achieved, which ensures the estimation error
factors, among which transmission power stands out as a piv- dynamics to be EUBMS. This development represents a
otal determinant. It is intuitive to anticipate that an ie@se in substantial leap forward in enhancing P1O performance,
transmission power correlates with a decrease in the ligell striking an optimal balance between estimation precision

of packet dropouts. Nonetheless, the application of higher and rate of convergence.

transmission power is frequently curtailed by the lim@a8  The organization of this paper is structured as follows.

of available resources, thereby complicating the asserafic Section Il delivers an extensive exposition of the conetitu

dependable data transmission within wireless digital neté. elements, encompassing the system model, the model of

Consequently, tackling the ramifications of transmissiowgr  transmission, the architecture of the PIO, and the indexeof p

limitations on the state estimation process is imperatvéife formance. Section Il elucidates the principal resultsaiaing

sustenance of efficacious data communication. to boundedness analysis and delineates the approach for the
To enhance communication quality across extended distermination of observer gains. Section IV is dedicateiti¢o

tances, a straightforward approach involves segmentieg #Xhibition of simulation outcomes that corroborate thecaffy

lengthy wireless route into shorter spans, thereby fatitiy of the methodology proposed. Section V draws the paper to a

relay-assisted communication. In such relay-based cormmuelose by encapsulating the primary insights and contiaimsti

cation frameworks, relays are tasked with receiving signayielded by the study.

processing the data, and subsequently forwarding these sig

nals to distant endpoints [5], [23]. In engineering realms, ||. PROBLEM FORMULATION AND PRELIMINARIES

a variety of relay strategies find application, notable agho

them are amplify-and-forward relays [15], [16], compress- A Syst.em Model ) ) )

forward relays [13], compute-and-forward relays [26],efilt Coq3|der a class of linear discrete-time systems of the

and-forward relays [29], and DaF relays [17]. Specificdlgr  following form:

re!ays engage in the_ er_lcodmg and decoding of regewedl&gna 2(zp11) =Ax(2,) + Bw(z,) (1)

prior to their transmission to the intended destinatiorecdit

years have seen emerging research interest in networkdiere z(z,) € R"= is the system state and(z,) € W =

systems that integrate DaF relays [22], [25]. Presentlg, tHw : |[|w||* < w; w € R™} is the exogenous disturbance with

challenge of formulating a PIO design that incorporates DaF > 0 being a known scalatd and B are known matrices

relay-based strategies, particularly in contexts wherekgta with appropriate dimensions. Herg, (p =0, 1, 2,...) is the

dropout is influenced by transmission power, stands as state updating instant of system (1), and, — z, = 7 is the

unexplored research frontier, and overcoming this chgenstate updating period with being a known positive integer.

constitutes a key objective of our current research efforts ~ The system described by (1) is considered to be monitored

Driven by the preceding deliberations, this paper addeessyY 7 Sensors, which are distribu.ted across various physical
the problem of designing PIOs for multi-rate systems aff@ctlocations. The measurement obtained from sehgsomodeled
by power-dependent packet dropouts, utilizing componer'?cy
based DaF relays. The core difficulties encountered in this 4] _ i)
dormai _ . , e y(dp) = Ca(dy) )
omain encompass: 1) formulating a viable strategy to miti-
gate the transmission challenges arising from the inhlgrenfor i € 3 2 {1,2,...,n}, whereyl’ (dp) € R is the measure-
unreliable wireless network communication; 2) delinegtinment value of sensar, Cl! is known matrix with compatible
the cumulative impact of transmission power, ambient nois#imension, andl, (p = 0, 1, 2,...) is the sampling instant
and relay-supported communication on the efficacy of staté sensors satisfying,+1 — d, = hy with 1 being a known
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¢ sensorsampling instants (~3) scale parametey’! and an integef!’l, the interval —~l1, 1]
37 : “pdl"'ggl‘l‘“”z) is uniformly partitioned intosl! subintervals with thegth
subintervaM’ (+11) (q € @1 2 {1, 2, ..., 5l1}) described
d d % as
0 1 2 . . . .
[d] _ [i] [i] [i]
il 7"+ (2¢ — 1)y 7+ 2qy
% .d % % and
0 1 2 3 i i i i
7 ME ) (! (1) = 0
‘ l A A A A A for any (a,b € ®I) anda # b. Correspondingly, the scalar

uniform quantizer has the following form:

Zy &z, E oz, Zs 0 Zg
Fig. 1: The illustration of multi-rate sampling mechanism. '7[1]7 ol = V[z]
o _ A [ « Al
Q[](OH) - 7 ol " 0" s —Y (5)
; 2! — 1)yt . .
— Al T 4l il < Ali
7+ 5T YKo <y

positive integer. Assume thay = dy = 0. Fig. 1 depicts
the rules for state updating and sensor sampling with differ whereol? denotes the signal to be processed and
integerh.

: o 2Rl — 1)l
Al s ol %
B. Communication Network [d] 4]
. . NN B S BN G
To alleviate the challenges posed by the unreliable na- Y=o S € ‘

ture of wireless network communication, especially in the To prevent auantizer saturation. an adaptive paramister
context of long-distance transmissions, a DaF relay-based prevent quantizer saturation, plive p

protocol is utilized during the data transmission procesef IS Incorporated into the quantization process as follows:

sensors to the remote state observer. In practical scenario a7 T g (yl(d

data transmission from sensors, which arepdistributedsacro Q[](y[ ](dp)) = oo <%) ’ ©

various locations, may encounter diverse communicaticn en

vironments. These environments can differ in several aspe&NSurng i

such as transmission distances, data resolution requirtemeW'th'” the mterval[—y e ,

and transmission power levels. Consequently, the parasnete Denoting¢!”(d,) £ QU (yl(d,)) -yl (d,) as the compo-

of the DaF relay-based protocol are tailored specifically fé€nt quantization error, it is easy to derive that

the different components, taking into account their unique glil i

communication environments. ‘CM( p)| < S (7)
As depicted in Fig. 2, the transmission of measurement o P

outputs to the observer comprises two distinct phases: e s _For anyQlil(yll(d,)) e My (41, there exists an integer

transmission and the RtO transmission. During the StR phasé'(d,) such that

the measurement outputs are initially encoded into specific i 17 1 i

binary codewords by the encoders, followed by the decoding ol (Q[](y[ ](dp))) = ! ](dp)' (8)

of these codewords by the decoder. The decoded signals arg, any codeword!’

then forwarded to the relay. In the subsequent RtO phaﬁ ,

the transmission is subject to probabilistic packet dregou

a consequence of the inherent unreliability of wireless com ¢ — gl (d,) H . 9)

that whefy!’ ([;]z,,)|[ ]> ~li, the ratioy?(d,) /6! falls
AL

(d,), the sensor labell’! is extracted

munication.
1) StR tl’ansmi.SSiOHZPI’ior to transmission, the measureCorreSpondingb/’ the decoded Signa' is obtained by thedleco

mentyl(d,) obtained by sensar(wherei belongs to the set jng functionbl(.) of the following form:

J) is converted into the index(d,) through the encoding

ionblil(. ich i i : N Sl a0 (26l(d,) — 1)410
functionb™(-), which is defined as follows: i ](dp) — plil (H[ ](dp)) = Al ( gm ) (10)
[i] — plil (1] ) _

w8 (dp) =0 (4 () 3) wherel(d,) is the decoded value ofi(d,).
Subsequently, for the index®)(d,), a codeword is generated ~Letting £[7(d,) = b (k[(d,)) — yl(d,) be the decoding
as: error, it is not difficult to obtain
§dp) = [V wU1(dp)] (4) 5[](%) = (I ](dp) < i (11)

where[! serves as a reference to the sensor label.
For encoding the data, a scalar uniform quanti2€(.) : _ _ _
R — R is utilized to generate the codeword. By choosing a 9y = yi(dy,) + £(d,). (12)

Accordingly, the output of the decoder can be expressed by
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potentially complicate the dynamics of signal transmissas

well as the processes involved in analysis and synthesis.
Remark 2: The stochastic nature of packet dropouts is mod-

eled using a Bernoulli-distributed sequence, where thpalro

Sensor i — Encoder i | i—— probability is dependent on the available transmissiongrew

i This modeling approach is widely adopted in communication

studies, particularly for scenarios involving Rayleighaohel

Sensor 1 — Encoder 1

disturbance
noise

fading [32], [33]. In this context,(d,) = 0 signifies a “failed”
777777777777777777777777777777 transmission, resulting in data loss, wherg@s) = 1 denotes
a “successful” transmission, with the data successfulicine
dropou ing the remote observer. Importantly, as indicated by (&6),

PI i e | increase in transmission powers associated with a decrease
Observer [« 1| Relay — Decoder | fe— in the probability of packet dropoute), illustrating the impact

s ! of transmission power on communication reliability.
Fig. 2: PIO design under DaF relay.

Sensor n — Encoder n

C. The PIO
Defining no%(iir;s;:g:ermg both (1) and (14), and introducing the follagvin
) Y Nyl o2l 3l
y(dp) = CO'{?J (dp), 97 (dp), -, ¥ (dp)} #(dy) 2 col{a(dy_y + 1), (dp_r +29), ..., (dp)}
g(dp) é COI {g[l] (dp)a 5[2] (dp)a R §[7L] (dp)} Y w(dl)) é COI {w(dp)7 w(dl) +])a L} w(dl) + (h - 1)])}
one further obtains . B
R A= Ohnm Ny e Ohnw Ny AO
Y(dp) = y(dp) + &(dp). (13) z ~ -
2) RtO transmission:The transmission of the signal from T B 0 0 .0
the relay to the observer is influenced by probabilistic pack AB B 0 .0
dropout, resulting in the following actually received sadn pa A2B AB B 0
y(dp) = L(dp)\/g?)(dp) + Gu(dp), (14) : : : .
where(d,) denotes the relayed signal received by the ob- _A}L_IB A2p AMSB . B
server,e represents the available transmission power, @d Ap £ col{4, A% ..., Ah}
is a known matrix with suitable dimensions. The tevi,,) a 1 A2 [n]
stands for the channel noise satisfyifig(d,)||* < v. The ¢= COI{C y O O }
Bernoulli random variable(d,) is introduced to govern the
probabilistic packet dropout in the following manner: c2lo,, e 0, C
0, acket dropout occurs e
Prob{«(dy) = { P P (15) h=t
1, no packet dropout occurs we obtain the following single-rate system:
Correspondingly, the probability distribution ofd,,) is char- #(d —Az(d,) + Bw(d
acterized by: I(VPH) () - w(dy)
B - y(dyp) :L(dp)\/gcx(dp) + Gu(dp) . (17)
Prob{b(dp) = 0} = L(G), Prob{b(dp) = 1} =1—- L(G) (16) + L(dp)\/gg(dl))
where(e) = exp(—pe) with ;1 > 0 being a known scalar | this paper, to estimate the states of (17), the following
related to the channel’s statistical properties. PIO is adopted:
Remark 1: The technology of relaying-aid communication -
stands as a potent solution for enhancing long-distance- wir &(dps1) =Az(dy) + His(dp)
less communication, primarily by subdividing the extersiv +H2(g(dp) ,@(dp)) (18)

wireless path into shorter segments. In alignment with this . .
- ) =s(d, H. n) —

principle, our study adopts a DaF relay-based strategy by s(dp+1) =s(dp) + H3(9(dp) — 5(dy))

segmenting the signal transmission from sensors to thetmn\ghere@(dl)) £ Ci(dy,); #(d,) is the estimate of(d,,); s(d,)

transmission. As delineated in (14), the measurement ictugre opserver gains to be designed.

received by the observer is intricately linked to severatdes gy gefining the state estimation error and the augmented

including the decoding error, channel noises, transmissigiate vector, respectively, as follows:

power, and the probabilistic nature of packet dropoutssThi

interrelation introduces a significant challenge sinceahn c #(d,) £ z(d,) — 2(d,), 3(dp) = col{i(d,), s(dy,), z(dy)},
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we derive from (17)—(18) that Algorithm 2 Decoding Procedure
) =Ai(dy) + () A:3(d,) e o ey § 1)1z a0 o
+ Mi&(dp) + R(dp) M2£(dp) Step 2. According to (9), figure out the sensor laléi!.
_ Step 3. Looking up the corresponding alphabet, figure out the
+ Byw(dp) + Bav(dy) (19) parametersy[? and l%l.
Step 4. According to (10), figure out the decoded measurement
where il (dy).
[A— H,C —H, —HyC—i(e )\/_H2 Step 5. If there is another codewordl’l (d,,) (i € J), go to
A ~ Step 2 else go toStep 6
A = H3C I o(e )\/_Hd_c HyC Step 6. Stop.
I 0 0 A
[0 0 —\/eH,C B
A, £10 0 JeHsC |, B = |0 B. Analysis of the PIO
:0 0 0 B In Theorem 1, we aim to establish the conditions which
. —H>G . guarantee that the augmented system (19) is EUBMS.
By = | H3G |, N(dp) = u(dy) — 1+ 1(e) Theorem 1:Consider the augmented system (19) with the
| O PIO (18). Assume that parametdis, H, and H; are given.
—(€)\/eH, —\/€H> Then, the augmented system (19) is EUBMS if there exist
My 2| le)eHs |, Mo = | JeHs |. positive scalars,, 72, 13, n4, and positive definite matri®
such that
R *
1 11
D. Main Objective R = LR§1)) NON 0 (21)
(21) (22)

Definition 1: The augmented system (19) is said to be
EUBMS if there are scalat8 < a; < 1, as > 0 andag >0 With

such that %8)1) Adiag{79+n1@7 L, —nl, —al}
E{|3(dp)1%} < afaz + a3, Vd, >0 (20)

N [&Ag NM, 0 0]

where a3 is called the AUB of |S(d,)||? in mean-square A My By B

sense. éreg{) 2 _TL,o0 !l R2./ie)—2(e).
The objective of this paper is to obtain conditions th

ensure system (19) to be EUBMS and then determine the

gainsH,, H, and H3 to minimize the AUB while maximizing

glilA ! - -
the decay rate. oz £ N <n2 Z < 5T ) + nzhw + 7741)). (22)

1. M AIN RESULTS Proof: Choose the following Lyapunov function candi-
date:

<
=
>

rrespondingly, the AUB is given by

A. Design of Encoding and Decoding Procedures

As discussed in the previous section, the encoding proeedur V(S(dy)) £ ST (dy)OS(d,) (23)
and the decoding procedure are essential in DaF relay- baa%
data transmission. In this subsection, we are interestéalin
malizing the encoding procedure and the decoding procedureAV (3(d,)) £ E{V (S(dp+1))[S(dp)} — V(S(dp)). (24)

According to (3)—(9), the detailed encoding process can be
summarized in Algorithm 1.

its difference given by

Accordmg to (23)-(24), the mathematical expectation of
AV (S(dp)) is calculated by

Algorithm 1 Component-Based Encoding Procedure E{AV (3(dp))}
Step 1. Let the measurementl’)(d,,), the scale parameteril, =E{V (S(dps1)) = V(S(dyp)) }

and the quantization levell’) be given.
Step 2. According to the sensor label, figure otlf! as the first {(Al\’( ) + N(d )A2%(dp) + M1§(dp)

component of the codeworjglm (dp). T
Step 3. Find adlil, such thatZ—22 ch]lp) € [, 4], + N(dp) M2£(dp) + Brw(dy) + BZ”(%)) o
Step 4. Accordlng to (5)—(6), figure out integer such that

) (41 () & MUy, X (A13(dy) + R(dp)A2S(dy) + Mag(dy)
Step 5. According to (8), figure out the index![* (dp) as the

second component of the codewaft! (d),). + R(dp) M2€(dp) + Brw(d,) + B2U(dp))
Step 6. Obtain and output the codeworgd’! (d,,) of the form T

[0 Kl (dy)). -3 (d,;)@%(dp)}

=E337(d,) (AT O R2ATOA, — d
Based on the discussions in (10)—(13), the detailed steps of {\; (dp) (A{ ©As +R°A; 042 — ©)3( p)

the decoding procedure are outlined in Algorithm 2. + &7 (dy) (MTOM E(dy) + R2MTOM,)E(d,
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+a’ (dp)BY OB1w(dy) + v" () B3 ©Bav(dy)

+ 267 (dp)) MTOA1S(dy) + 20" (d,) BT ©A13(d,)
+ 207 (d,) BY O A1 3(d,) + 282%¢T (d, ) ME © A2 3(d,y)
+ 2" (d,) B OM;£(d,) + 207 (dy) BT OM £(d,)
+ QUT(dp)BQT@BIw(dp)}

:E{%T(dp)(AlTG.%h +R2ATO A5 — © + 7, 0)S(d))
+ &7 (dy) (MTOME(dy) + N2MFOM; — 1) E(dy)
+ " (d,) (B ©B1 — n3I)w(d,) + v" (dy,) (B3 OB
- 774I)U(dp) + 2§T(dp)M?®A1S(dp) + QU_JT(dp)

x BTOA;3(d,) + 207 (dy) BT OA13(d))

+ 28267 (d, ) MT O AL (d,) + 207 (d,) BT O M1£(d,y)
+ 207 (dy) B3 OME(dy) + 207 (dy) B3 OB @ (d,)

- 771V( ( )) + 7725 ( )f(dp) + nSwT(dp)w(dp)

+ < »)o(d >}

=E{x" (dp)1x(dp) — mV (S(dp)) + 126" (dp)&(dy)
+775U1( p)w(d )+n4v (dp)v(dy) } (25)
where

x(dp) = col{S(dp), &(dp), w(dy), U(dp)}

oty * *

A H(21) H(22) * *
= Gy 162 133) %
AL r42)  1p43) 144

n 24704, + R2ATOA; — © + 1,0

) 2 mFfoMe(d,) + R2MEOM, — 1]
G 28TeB, —nsl, MUY 2 BTeB, —nl
e 2 pmTe4, + R2MEeA,, TG 2 BTo 4,
e 2pTom,, mHY 2 Ble4,

n“ 2pfom,, n* 2 plops,.

Applying Schur Complement Lemma to (21) in Theorem 1,

we havell < 0, which implies
E{AV (S(dy))}
—mE{V (3(dp)) } + 126" (dp)€(dy)
+ WSQT(dp)w(dp) + 774UT(dp)U(dp)-

(26)
From the definitions of (d,), w(d,) andwv(d

»), one derives
that
(=)

s
M:

Il
i

2

w? (dy)w(dy) < hw
ol (dp)o(dy) <0. (27)
Therefore, one has from (26) that
E{AV(S(dp))} < —mE{V(S(dp))} +7  (28)
with
glil~ !
T2, Z ( 57 ) + N3 had + 1n40. (29)

For anyv > 1, it is derived from (25) and (28) that
E{v "V (3(dp41)) } — E{v "V (S(dp)) }
=0 HE{AV (S(dp)) } + v (0" — HE{V ((
<vlrt (= mE{V(S(dy)) } + z)
+ ot (" = DE{V (S(d,)) }
=y ( hy 1 — v}”m)E{V(g(dp)

JE{V (S(dp) } + va

dp)) }

)} vt

=vtri(v (30)

with

hy

hs 1 —ohag,.

B(v) = v
For any integew > 0, taking the summation on both sides
of the above inequality from to a — 1 with respect to, one
obtains

v E{V (3(da)) } — E{V(S(do)) }
a—1 ,Uh] _,Uda
0) Y vPE{V (S(dp)) } + %z (31)
p=0
Note that

5(1)

Then, there exists a scalar> 1 such thatg(b) = 0, which
indicates

—m <0, lim glv) = +oc.

V—r 00

bI(1 — bla)

bE{V (S T

(da)) } —E{V(S(do))} < (32)

Furthermore, it is derived from (32) that
E{V (S(do) bR (1 — pe
(da))} { (bda : )} + bda((l _ bhj;
Combining (23) and (33), one has
E{[3(da)|1?}
_E{V(3(da))}
= )\mln((—))
E{V(S(do)) }
S Hmm(©)

By denoting

E{V (S

. (33)

DI(1 — o)
bda (1 - bh]))\min(@)

7. (34)

bhI(1 — br)
A —
as(dy) = b (L = b7 (0) 7,

one knows that
7

)\min (6)771

lI>

lim as(dp) (35)

p—0o0

as.

Furthermore, defining

o 2l

1 bv

it follows from (34)—(35) that
E{[S(dp)II”} <

Based on Definition 1, the dynamics of the augmented
system (19) is guaranteed to be EUBMS. Referring to formulas

. & EV(S(dy

)}

)\min(e) ’

al g + as. (36)



FINAL VERSION 7

(27), (29) and (35), it can be inferred that the AUB of 1) PIO-A: In this case, the gains of PIO-A, represented by

|S(d,)|| in mean-square sense is obtained as mg Y, and LY, are meticulously computed to achieve
T the smallest possible AUB for the estimation error dynamics
a3 = Amin (©)m Theorem 2:Consider the augmented system (19) with the

1 plil PIO (18). Let the positive scalaﬂA] (0 < 775’4] < 1) be
= o (7722 < 5 ) + nzhw +77417>, (37) given. Then, the au?mented system (19) is EUBMS if there
min exist positive scalars; ", n5 , 7;4 , positive definite matrices
and the proof is now complete. | @EA], @[QA], @[3A], and matrlces‘HlA], Y, H[A such that
Remark 3: Theorem 1 offers a sufficient condition that

ensures the augmented system (19) to be EUBMS. Note that P2 _ %(f)l) * 0 42
the AUB presented in (22) is influenced By, (©), which = %23)1 %(3)2 < (422)
poses a considerable challenge to the optimization of the (4] 1) (22)
P10 performance. To address this complexity, an additional e >1 (42Db)
constraint on the matrb® is proposed in the subsequeniyith
corollary.
Corollary 1: Under conditions in Theorem 1, if %g)l) Ldiag{—0 + pltlell _pltr i gy
©>1 (38) @ o [RAT 8MT 0 o
then the AUB of||¥(k)||? in mean-square sense can be given (21) A[lA] M[lA] BEA] B&A]
i 2) s | OV
[~ [4] R E Lol MmAL2] [A]
é 72 Z m + n3hw + 140 |. (39) 22) 2 ' L(E)\/EH3
; ol
Proof: First, it is deduced from (38) that oA —yMe —u A[Aﬁm)
(4] & A] A A A
Amin(©) > 1. (40) A £ e o A {29
Then, recalling the conditions in Theorem 1, the following L 0 0 O3 A
relation is obtained: » 00 — \ﬁH[QA] c » e[lA] B
r a A A A
lim E{[|S(d,)]?} < <t-a, (@) 27|00 vers'e Bt = [g] 5
P00 Amin ®>771 m 0 O 0 O;'B
which ends the proof. [ | _JeH _yAlg
Remark 4:The AUB encapsulates the combined ianuencesM[A] N Bl 2 [i]G
of external disturbances and the facilitation of commuinica 2 ‘/EHB 2 Hs
through relaying on the estimation accuracy. As illustiate 0
(39), the AUB is intimately connected with several factors O Adlag{@ , A], @[3A]}
including the number of sensors, the sensor sampling iat®rv 4] _ylAle e )\/—,H[A] A
2

the characteristics of the quantizers, and the maximalkdimi” - (13)
of external disturbances and channel noise. Furthermbee, tA1 (23) 2i(e )ﬁ?—[ lc—wnMe.

AUB hinges on the parameters, 72, 13, andny, which are

derived from the resolution of the matrix inequality presen Furthermore, the gains of PIO-A are given by
in (21). It is crucial to observe that, while (39) might not

. . . A :(@[A])ibﬂ[A]
overtly incorporate the transmission powethis power plays 1 1 1
a pivotal role in shaping estimation performance sincefitiin a7 =1yl
ences the solvability of the matrix inequality (21). In
S solvability ix inequality (21). In ess® H;QA] :(G[QA]>71H£A]' (43)

the transmission power impacts the viability of satisfying
the matrix inequality (21). The intricate dynamics between
transmission power and estimation accuracy motivates an
depth exploration in Section IV.

Proof: Taking into account (21) (42a)—(42b) collectively,
fhd introducing the notation}’) 2 7, and ©/4) 2 © for
the sake of consistency across notations, we establish the

C. Design of the PIO following relationship:

Building on the insights provided by Theorem 1 and Corol- R _ )
lary 1, the focus now transitions towards the determinatibn () = an
observer gains, aimed at optimizing the dynamic perforrman8ubsequently, by denoting
of the P10O. We consider three cases where the PIO is designed,
respectively, 1) for a minimized AUB, 2) for a fastest conver
gence rate of the error dynamics of the state estimation, and H[QA] é@[lA] HQ[A]

3) for a desired trade-off between the estimation accurady a (A] & A[A] o [A]
the error convergence. Hz  =O©3 Hj3", (45)

(44)

,H[IA] éG[IA] H{A]
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and pre-multiplying (21) witr(:)[A][ ]é diag{I, ® I, I, @ 041} AIB(]B) 2 _yBle —ie)yeulPle
and post-multiplying (21) wit{©)”, we can conclude that B s Bl ~ Bl ~
the inequality (42a) holds ur:(der tr)1e condition (21). A[L(]%) :L(E)‘/EHg o~ Hg c.

According to Theorem 1 and Corollary 1, (42a)~(420grthermore, the gains of PIO-B are given by
can guarantee that the augmented system (19) is EUBMS.

Moreover, the definitions OHQA], HQA], H[BA] indicate that H{ :(@[13])_1%[13]
the gains of PIO-A can be designed as stated in (43). B LB :(@[B])—l/H[B]

It is shown in (39) that the expression of the AUB is Q[B] [113] B [QB]
related ton!), pl pl plA sincenl? is viewed as a Hy™ =(057)" Hy . (48)
known constant, the design of PIO-A can be formulated as
the following optimization problem:

Proof: Based on the relation

. O —nEF) O >0, W)
n /gl 2
(4] Hﬂxr]l 4] ngA] Z ( 5[?] ) + ngA] hw + 774[114]77 we have
Mo 5 M3 57y =1 B [B] 1 - [B] B 2I 50
s.t. (42a) and (42b) ") <o : (50)
néA]7 ngA], 774[;4] > 0. (46) From (47a), one has
The gains of PIO-A can be calculated by using Theorem 2 TB? * <o (51)
and then solving the convex optimization problt[an]ﬁ (46[).] n 1 7(@[B])71
. i B B
[ZB)] PIO-B: The_gams of PI_O-B, denoted a4, ™, H,", Applying the Schur Complement Lemma to the above
Hy™, are determined to achieve the fastest convergencej@dquality, we obtain

the estimation error dynamics.

Theorem 3:Consider the augmented system (19) with the ni#H2elBl < ¥, (52)
PI1O (18). The au%mented s?lstem (19) is EUBMS if there exist )
positive scalarg”, nl?), o) ylP), positive definite matrices ~ BY denoting
@[13], @[QB], (9[33], ¥, and matriceé‘-[[lB], H[QB], HQB] such that olfl2g, olF 2 diagl, o1, I, ® 0F1
(3) [B] & [B] & olBl g[8I
%(5) = %g’)l) (7;) <0 (473) nlB 7\/57 ;_[1 y Sl HlB B
Ry Rz Hy 2elPl P, plf & o i,
(4) v
@) §Rgn) o (47b) and pre-multiplying the matrix in (21) witt®!?] and post-
é)%(;l)l) %Eg;) multiplying it with (©151)T, we can conclude that the condi-
OBl > 1 (47¢) tion (47b) holds. The proof is complete. [ |
h - As stated in Theorem 1, the following relation is establishe
wi
E{V (3(d,)
3 3 B 3
R L s R 2L %) 26 o @)}

<(1 - P2 " E{V (3(do)) }
1 /gl 2 i i
B, ’722<—5m > +n3hw +n40 | (53)
(771 ) i=1

As elucidated in (53), the convergence rate ®fd,) is
contingent upon the expressian- (7753])2. More specifically,
a diminished value ofl — (n§31>2 leads to a more rapid
convergence. Consequently, to ascertain the minimal vafue

R, 2diag{—0F + 3, —ni1, —pP1, -1}
l&AgB] R0 0

-A[1B] M [13] BgB] BgB]

<
=
>

o o [THOVERS
(22 =~ L2® ol M2 i(e) /e
0

<
E
>

_6[13]21 - H[QB]C‘ fH[lB] A[f]m) 1- (nEB])Q, and thereby secure the optimal convergence rate

AP 2 ulPle ol A[13§23) of S(d,), the strategy involves maximizingt”. This maxi-
0 0 G[B]fl miz.ati.on .is pursued through the resolution of the subsequen

N 3 optimization problems:

0 0 —yeni’lo Ol OP II:
A2 o o yenlPle | B2 [ b ] 5

10 0 0 @[33]3 max 7y

r \/E,H[2B] ,H[2B] a s.t. (47a);3 (47¢)
MPLe | elBl | BT e | il 0<ni? <1. (54)

0 0

Once optimization problem (54) is solved, the gains of P1O-
08! 2diag{e!”! olf! olf) B can be directly obtained by means of Theorem 3.
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3) PIO-C: The gains of PIO-C, represented hﬂc], HQ[C], D. Design of Luenberger Observer

C . . . .
and #;”), are formulated as linear combinations of the gains | fact, the Luenberger observer can be seen as a special
from PIO-A and PIO-B. This design approach enables PIO-Gse of PIO (18) by settingl; = 0. Next, we will focus on
to simultaneously regulate the convergence rate and eahagg design problem of the Luenberger observer. To do this, we

the accuracy of estimation, offering a versatile solution jrst construct a Luenberger observer as follows:
balance these critical aspects of system performance.

Theorem 4:Consider the augmented system (19) with the &(dpy1) =A2(dy) + Ha(9(dp) — 9(dp)) (56)
PIO (18). Let the positive scalar(0 < v < 1) be given. Then, ) . )
the augmented system (19) is EUBMS if the gain matric¥éhereHy is the observer gain to be designed.

H[C], H[QC], ch] are determined by Defining the augmented state vector as
HIO —(0l¢))-13(¢] o(dy,) £ col{F(dy), (dp)},
zl =(elch -1 the augmented system is presented by
[C] _(olCly—14[C] . ~
. H3 *(@2 ) HS (55) p(derl) :Alp(dp) + N(dp)AQW(dp)
with ; ) . + Mlg(dp) + N(dp)M2§(dp)
ol 2,0 4+ (1-1)el? + Brio(dy) + Bov(dy) (57)
ol 2101+ (1 el anere
[CT &, 4/0A] _ [B] _ _ _ _
HIC H/HIA + (L —v)H, i a[A-HiC —HiC —i(e)\/eHsC
7—[[2 ] é1/7-1[2 Ly (1-— V)H[QB] L | 0 A

HL[))C] éVHL[))A] + (1 _ V)HEB] AQ é 0 —\/EH4C:| , Ml é |:_L(€)\/EH4:|
Proof: The proof of Theorem 4 is easily accessible from ;0_ 0 0
Theorems 2-3 and is therefore omitted here for space saving. g, 2 g] Ny 2 {—\/EHAL} B, & [—H4G}
’ 0 ’ 0 '
] L

Remark 5:Theorem 4 presents a strategy for configuring Wit

the PIO to achieve a balance between estimation precis Wen above, we calculate the gains of the Luenberger observ

arlld.the rate at which EITors converge. It is noteworthy th om different perspectives to further enhance the estonat
within the framework prescribed by Theorem 4, the parameg

h the Luenberger observer and the augmented system

L " . érformance, which will be elaborated in the following dero
v offers flexibility and can be tailored to meet the uniqu

. L ries.
performance demands of various real-world applicatiotés T

. L . . 1) Luenberger observer ALuenberger observer A is de-
bespoke approach provides a significant benefit, enablm%i ned to have a minimum AUB of the estimation error

focused enhancement of the PIO’s dynamic CharaCteriStiﬁyhamics and the gain of this observer is denoted{é@

which in turn contributes to the improvement of the overa ] . .
system state estimation performance. Corollary 2: Consider the augmented system (57) with

Remark 6: This paper makes the following major contribufne LL[JE]nberger observer (56). Let the positive sca
tions to the realm of PIO design for multi-rate systemsjrsgtt (0 << < 1) be given. Then, the augmented system (57) is
itself apart from existing literature through key innovceis. EUBMS if there exist positive scalars’, C%A], 4 positive

1) A novel component-based DaF relay protocol is intralefinite matrice@[lA], <I>[2A], and matrix?—LLA such that

duced that facilitates the decoding of information from

. L . . (1)
various encoders distributed across different locations. A — AEH) * <0 (58a)
This enhancement significantly bolsters the reliability Aé)n Ag;)
of information transmission over diverse communication ol > 1 (58b)

distances and under varying resource constraints.

2) A PIO equipped with a tunable parameter is develop@ith
d that allows for the simultaneous adjustment of the i
convergence rate and estimation accuracy. This dual 8)1) £diag{ — o +§{A]@[A]’ _§2[A]Iv _QEA]I’ _gle]I}
capability approach meets the nuanced performance N A A o 0
needs encountered in real-world applications, providing/ (21, = fl[’%‘] M[E‘] Al A
a balanced solution that can be finely adjusted. ! 1 L 2 N

Lo, ma [Z@\O/EHQ ]]

(1>

3) Comprehensive conditions are formulated that yield an, (1)
explicit expression of the AUB for the estimation error =~ (22)
dynamics. This crucial advancement enables a precise
guantification of the cumulative impact arising from A[lA]
external disturbances and the supportive role of DaF
relaying in communication, offering a clear metric for Al 5

oA -—ue —ulte - weyeno
0 oM A

. 0 —veHIC] i s [—vEry
assessing system performance. 2 = 1o 0 ; 73 = 0

>
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ol p
o p

ol 2diag{o ! ol

B 2

- [A]
B e [T

Furthermore, the optimization problem for the AUB of
llp(dy)||? is formulated as the following minimization task:

OP III:

n gl i 2
min ggA]Z( 7 ) +hw + Mo

A A A [i]
§£]g§£],§£] i=1 6

s.t. (58a) and (58b)

§£A], §;£A], 9[{4] > 0.

Based on the solution to the optimization probl@s IIl, the

gain of Luenberger observer A is given by

A Al\— A
i = (@)

2) Luenberger observer BLuenberger observer B is devel-

10

s.t. (6la)- (61c)
0< c{B] < 1. (62)
In this case, the gain of Luenberger observer B is given by
a7 = @)l (63)

3) Luenberger observer Ctuenberger Observer C, char-
acterized by its gairHJlC], is designed to offer a balanced
trade-off between the convergence rate and the estimation
deviation, aiming to optimize the overall performance by
carefully adjusting these two critical aspects of the obmses
functionality.

Corollary 4: Consider the augmented system (57) with the
Luenberger observer (56). Let the positive scaldf) < v <
1) be given. Then, the augmented system (57) is EUBMS if
the gain matrifolC] is determined by

H = (@)~ 13 (64)

oped to attain the fastest convergence of the estimatiar emwith

dynamics and the gain of this observer is denoted{g@.
Corollary 3: Consider the augmented system (57) with the

Luenberger observer (56). The augment?d] s;ist]em
B B
3 L]

EUBMS if there exist positive scalaréB], S5 S

positive definite matrice®!”, &%), ¥, and matrix#[”! such
that
(2)
A@ Ag)n . ] <0
A(21) A(22)
(3)
AG) — Ag)n . ] <0
A(21) A(22)
!B >1
with
(3) a2 (3) & _[B] (3) 2 &lB
Aahy E-9, Apy2aTT Apy £ elPl o1
Agéll)l) édiag{f@[B] + \Ilv 7§£B]Iv 7§£B]Iv 7§4[1B]I}

AW 2 AP P o 0
.,[l[lB] M[lB] [;,EB] [;,gB]

AD 2 _TeelBl miPla {5(6)\/%7"4 ]
B

el e oA -uPC PO - (o) veH|
Yl 0 ol A
(720 —VeuIC)  cim s [ie)VE
AQ _0 0 9 Mg 0
go o | BB am s [—HLB]G}

! olflp| 2 0

o7l 2diag{o”, o711,

Furthermore, the optimization problem for the fastest esnv
gence of the estimation error dynamics is formulated as th

following maximization task:
OP IV:

[B]

max ¢

ol 2,0l 4 (1 - 1)alP

3557) is 1 2 (1 — P

IV. NUMERICAL SIMULATION

In this section, we present a simulation example along with
comparative results to validate the efficacy of the proposed
PIO design scheme.

In the simulation, we consider a multi-rate system with the
state update periog= 1 which measured by, = 3 sensors.
The system parameters are given as follows:

1.1
1.2
1.3

0.9 0.01 1.1
A= [—0.5 0.11} , B= [1.2} , O=

The external noise is set agz,) = 0.1sin(z,) with @ =

0.1 and the channel noise is given a&l,) = 1.1 sin(l.ld%)

with o = 1.1. The initial state is set as(z9) = [2 —2]| ,

while the initial states of the PIO and the Luenberger oleserv

are set to be zero. The parameters related to quantizattbn an

encoding are chosen as follows:

ol =10, 0 =20, 6B =30
S g L3 LBy
o =20, 6P =30, o8 =40.

c=[11 01], cP=[12 0.2]
cBl=[13 03], h=2.

In addition, the available transmission power is assumdukto
e = 1.6 and the parameter is selected a$.5.

A. Effectiveness and Advantages of Designed PIO

Based on the aforementioned parameter settings, the desire
ogserver gains are derived by Theorem 4 and Corollary 4,
under which simulation results are presented in Figs. 3y4. B

using the PIO, the estimation error dynamics are plotted in
Fig. 3, which verifies that the estimation errors are indeed
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16

#1(dy) under PIO-C
d,) under PIO-C
dy)

| (d,)||* under PIO-A
14 —w— ||#(d,)||* under PIO-B
—— Hi(d,,)”z under PIO-C

12

10

e e R
) ) ) ) ) ) ) ) ) 0 10 20 30 40 50 60 70 80 90 100
0 10 20 30 2 50 60 70 80 % 100 Time(p)

Time(p)

Fig. 5: Trajectories of|#(d,)||? under different PIOs.
Fig. 3: Trajectories ofi(d,) under PIO-C.

6 m T T T )
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L L L L - L L L L 0 10 20 30 40 50 60 70 80 90 100

o 10 20 30 40 50 60 70 80 90 100 Time(p)
Time(p)

Fig. 4: Trajectories ofi(d,) under Luenberger observer C. Fig. 6: The values of(dp) with ¢ = 1.6.

TABLE I: The minimum AUB of estimation error and the probatyilof
ultimately bounded. Fig. 4 depicts the estimation error dy- packet dropout with different transmission power
namics under the Luenberger observer, which is regarded as=
comparison to assess the superiority of the P1O. Evidently,
the ultimately upper bound under the PIO is smaller than
that under the Luenberger one, reflecting the better estmat
performance of the designed PIO.

In Fig. 5, the trajectories of the estimation error dynam-
ics under different PIOs are systematically compared. This . . - S
analysis reveals several key observations: 1) the PIO-A, CTA denoted as, a critical factor in determining estimation

formulated in Theorem 2, achieves a smaller AUB albeit Witﬂerformance. In this simulation, with system parametetd he

a slower convergence rate; 2) PIO-B, as delineated in Thé&@nstant, the relationship between varying transmissemep
nd the upper bound of the estimation error is explored.

rem 3, exhibits a more rapid convergence rate accompaniedh 8 ill he incid ‘ ket d hen 1
a larger AUB; and 3) PIO-C, as proposed in Theorem 4, strikE .th : ustrate:rs]t € Inci en('::b% p?c ?t r?poutw efll 6. id
a balance between estimation accuracy and error conveeafgenldr ermore, the minimum ot estimation error alongside

rate. These findings underscore the nuanced trade—of'f&inhethe prqba_bilities of packetddro_ylaodut_s foTr gliffelrené value‘;_ 0
in different PIO design strategies. transmission powere are detailed in Table I. From this

analysis, it is deduced that an escalation in the availabtest

) o mission powere is associated with a corresponding decline

B. Effects of Available Transmission Power in both the probability of packet dropout and the AUB of
The probability of packet dropout is closely tied to thestimation error, leading to the conclusion that higheilalske

transmission power, making the available transmission-potwansmission power results in enhanced estimation acgurac

€ 11 1.6 2.1 2.6 3.1 3.6
t(e) 0.577 0.445 0.350 0.273 0.212 0.165
Minimum of a4 0.401 0.364 0.346 0.313 0.293 0.264
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V. CONCLUSIONS [13]

In this paper, the PIO design challenge has been dealt
with for multi-rate systems monitored by numerous sensors
distributed across various locations. The underlyingesysal-
lows for the sensor sampling intervals to deviate from the sy
tem update cycles, employing the lifting technique to natég
the complexities introduced by the multi-rate charactiess [15]
during the PIO analysis and design phases. A novel DaF relay
strategy tailored for component-based systems has baen int
duced to address power-dependent packet dropouts in ssrele
transmissions. The impact of limited transmission power o)
the dropout rate has been thoroughly examined. An AUB for
the mean-square estimation error has been establishech whi
effectively encapsulates the cumulative influence of ewter |17
disturbances and relay-assisted communication on egimat
accuracy. Optimization problems have then been formulated
within the observer gain design section with aim to balancgg
estimation precision with convergence speed. The proposed
estimation methodology’s effectiveness has been coredbdr
through simulation, complemented by an in-depth exanonati [19]
of the interplay between estimation performance and ctstti

transmission power.
[20]
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