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Abstract—In this paper, the problem of proportional-integral
observer (PIO) design is investigated for a class of discrete-
time multi-rate systems with multiple sensors, with the sen-
sor sampling periods being allowed to differ from the system
updating periods. The facilitation of communication between
sensors and the remote PIO through wireless networks, which
are subject to probabilistic packet dropouts, is achieved through
the utilization of a decode-and-forward relay-based strategy.
The occurrence of packet dropouts is governed by a Bernoulli-
distributed random variable whose probability is dependent on
the available transmission power. A decode-and-forward relay-
based strategy, developed based on different components, is
capable of processing information from different encodersat
different physical locations. For the convenience of observer
design, the lifting technique is employed with aim to cast the
multi-rate system into a single-rate one. By establishing sufficient
conditions, the combined effect of external noises and relaying-
aided communication on estimation performance is intuitively
illustrated. Subsequently, a PIO with an adjustable parameter is
designed by solving certain optimization problems. A simulation
example is finally provided to validate the theoretical results.

Index Terms—Networked systems, proportional-integral ob-
server design, decode-and-forward relay, power-dependent pack-
et dropouts, multi-rate systems.

Abbreviations and Notations

PIO Proportional-integral observer
DaF Decode-and-forward
StR Sensor-to-relay
RtO Relay-to-observer
EUBMS Exponentially ultimately bounded in

mean-square sense
AUB Asymptotic upper bound
‖x‖ The Euclidean norm ofx
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0 The zero matrix
I The identity matrix
λmax(A ) The maximum eigenvalue of a symmetric

matrix A

λmin(A ) The minimum eigenvalue of a symmetric
matrix A .

I. I NTRODUCTION

The PIO, endowed with both proportional and integral
actions, offers greater design flexibility than the proportion-
type observer such as the Luenberger observer. This multi-
loop architecture enables the PIO to simultaneously leverage
current and historical data, leading to enhanced estimation
accuracy and reliability. In recent years, the PIO has attracted
significant attention from the research community for its
exceptional capability to manage uncertainties, delays, and
imperfect data across a range of linear/nonlinear systems [3],
[39], [41], [48]. Notably, the PIO has been tailored to address
the challenges posed by imperfect or unreliable information
in diverse contexts including artificial neural networks [4],
Takagi-Sugeno fuzzy systems [45], and sensor networks [38].

It is worth noting that a prevailing assumption in the litera-
ture concerning PIO-based state estimation is the alignment
of sensor sampling periods with system update intervals.
Nonetheless, this assumption often falls short of practical ap-
plicability, especially in scenarios like wireless communication
constrained by limited network capacities, where sensors are
allowed to sample and transmit data at irregular intervals [30],
[37]. This approach, known as amulti-rate sampling scheme,
is designed to optimize network resource utilization at the
cost of a marginal degradation in performance [8], [11], [12].
The adoption of multi-rate sampling, unfortunately, introduces
complexities in data transmission and analytical procedures.
Consequently, a considerable volume of research has been
dedicated to addressing the challenges posed by multi-rate
sampling [1], [19], [24], with the lifting technique being
widely applied in multi-rate systems for the development of
estimation algorithms [34].

Wireless communication, a pivotal technique in networked
interactions, has been recently extensively adopted across
diverse fields including but not limited to smart home systems,
traffic management automation, and geological surveys. The
advantages of this communication method are manifold, which
encompass ease of system maintenance, enhanced operational
flexibility, and cost-effectiveness [2], [31], [36], [46],[47].
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Note that the performance of wireless communication is
significantly influenced by the allocation of communication
resources and the distances over which communication oc-
curs. Constraints on communication resources can precipitate
congestion in data transmission or even result in data losses,
whereas communication over extensive distances may com-
promise data integrity [9], [10], [27], [28], [42]. Addressing
these challenges is contingent upon the development and
implementation of robust communication protocols, which are
essential for optimizing the use of resources and maintaining
the quality of communication [14], [18], [20], [21], [35], [43],
[44].

Packet dropout, a widespread issue inherent to network
communications, has garnered increasing attention in the realm
of state estimation research [6], [7], [40]. Within the extensive
literature that explores the implications of packet dropouts on
data integrity, it is often posited that the probability of such
dropouts remains a constant. Yet, in practical applications, this
probability is subject to variation, influenced by a multitude of
factors, among which transmission power stands out as a piv-
otal determinant. It is intuitive to anticipate that an increase in
transmission power correlates with a decrease in the likelihood
of packet dropouts. Nonetheless, the application of higher
transmission power is frequently curtailed by the limitations
of available resources, thereby complicating the assurance of
dependable data transmission within wireless digital networks.
Consequently, tackling the ramifications of transmission power
limitations on the state estimation process is imperative for the
sustenance of efficacious data communication.

To enhance communication quality across extended dis-
tances, a straightforward approach involves segmenting the
lengthy wireless route into shorter spans, thereby facilitating
relay-assisted communication. In such relay-based communi-
cation frameworks, relays are tasked with receiving signals,
processing the data, and subsequently forwarding these sig-
nals to distant endpoints [5], [23]. In engineering realms,
a variety of relay strategies find application, notable among
them are amplify-and-forward relays [15], [16], compress-and-
forward relays [13], compute-and-forward relays [26], filter-
and-forward relays [29], and DaF relays [17]. Specifically,DaF
relays engage in the encoding and decoding of received signals
prior to their transmission to the intended destinations. Recent
years have seen emerging research interest in networked
systems that integrate DaF relays [22], [25]. Presently, the
challenge of formulating a PIO design that incorporates DaF
relay-based strategies, particularly in contexts where packet
dropout is influenced by transmission power, stands as an
unexplored research frontier, and overcoming this challenge
constitutes a key objective of our current research efforts.

Driven by the preceding deliberations, this paper addresses
the problem of designing PIOs for multi-rate systems affected
by power-dependent packet dropouts, utilizing component-
based DaF relays. The core difficulties encountered in this
domain encompass: 1) formulating a viable strategy to miti-
gate the transmission challenges arising from the inherently
unreliable wireless network communication; 2) delineating
the cumulative impact of transmission power, ambient noise,
and relay-supported communication on the efficacy of state

estimation; and 3) identifying the optimal gains for the PIO
that take into account the multifaceted nature of the factors
involved.

In response to the challenges identified earlier, this paper
makes the following significant contributions.

1) This paper represents an inaugural effort to the explo-
ration of the PIO design problem within the context of
DaF relayed communication.

2) A novel component-based DaF relay strategy is intro-
duced, which not only markedly enhances the quality
of communication over extended distances, but also
facilitates the decoder’s ability to assimilate information
from various encoders dispersed across different locales.

3) An investigation is conducted into the collective influ-
ence of power-dependent packet dropout, external noise,
and relay-assisted communication on the design of PIOs
for multi-rate systems.

4) The development of a PIO endowed with a tunable pa-
rameter is achieved, which ensures the estimation error
dynamics to be EUBMS. This development represents a
substantial leap forward in enhancing PIO performance,
striking an optimal balance between estimation precision
and rate of convergence.

The organization of this paper is structured as follows.
Section II delivers an extensive exposition of the constituent
elements, encompassing the system model, the model of
transmission, the architecture of the PIO, and the index of per-
formance. Section III elucidates the principal results pertaining
to boundedness analysis and delineates the approach for the
determination of observer gains. Section IV is dedicated tothe
exhibition of simulation outcomes that corroborate the efficacy
of the methodology proposed. Section V draws the paper to a
close by encapsulating the primary insights and contributions
yielded by the study.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. System Model

Consider a class of linear discrete-time systems of the
following form:

x(zp+1) =Ax(zp) +Bw(zp) (1)

wherex(zp) ∈ R
nx is the system state andw(zp) ∈ W ,

{w : ‖w‖2 6 w̄; w ∈ R
nw} is the exogenous disturbance with

w̄ > 0 being a known scalar.A andB are known matrices
with appropriate dimensions. Here,zp (p = 0, 1, 2, . . .) is the
state updating instant of system (1), andzp+1 − zp =  is the
state updating period with being a known positive integer.

The system described by (1) is considered to be monitored
by n sensors, which are distributed across various physical
locations. The measurement obtained from sensori is modeled
by

y[i](dp) = C [i]x(dp) (2)

for i ∈ I , {1, 2, . . . , n}, wherey[i](dp) ∈ R is the measure-
ment value of sensori, C [i] is known matrix with compatible
dimension, anddp (p = 0, 1, 2, . . .) is the sampling instant
of sensors satisfyingdp+1 − dp = h with h being a known
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Fig. 1: The illustration of multi-rate sampling mechanism.

positive integer. Assume thatz0 = d0 = 0. Fig. 1 depicts
the rules for state updating and sensor sampling with different
integerh.

B. Communication Network

To alleviate the challenges posed by the unreliable na-
ture of wireless network communication, especially in the
context of long-distance transmissions, a DaF relay-based
protocol is utilized during the data transmission process from
sensors to the remote state observer. In practical scenarios,
data transmission from sensors, which are distributed across
various locations, may encounter diverse communication en-
vironments. These environments can differ in several aspects,
such as transmission distances, data resolution requirements,
and transmission power levels. Consequently, the parameters
of the DaF relay-based protocol are tailored specifically for
the different components, taking into account their unique
communication environments.

As depicted in Fig. 2, the transmission of measurement
outputs to the observer comprises two distinct phases: the StR
transmission and the RtO transmission. During the StR phase,
the measurement outputs are initially encoded into specific
binary codewords by the encoders, followed by the decoding
of these codewords by the decoder. The decoded signals are
then forwarded to the relay. In the subsequent RtO phase,
the transmission is subject to probabilistic packet dropouts,
a consequence of the inherent unreliability of wireless com-
munication.

1) StR transmission:Prior to transmission, the measure-
menty[i](dp) obtained by sensori (wherei belongs to the set
I) is converted into the indexκ[i](dp) through the encoding
function ♭́[i](·), which is defined as follows:

κ[i](dp) = ♭́[i]
(
y[i](dp)

)
. (3)

Subsequently, for the indexκ[i](dp), a codeword is generated
as:

ý[i](dp) =
[
κ́[i] κ[i](dp)

]
, (4)

whereκ́[i] serves as a reference to the sensor label.
For encoding the data, a scalar uniform quantizerΩ[i](.) :

R → R is utilized to generate the codeword. By choosing a

scale parameterγ[i] and an integerδ[i], the interval[−γ[i], γ[i]]
is uniformly partitioned intoδ[i] subintervals with theqth
subintervalM[i]

q (γ[i])
(
q ∈ D

[i] , {1, 2, . . . , δ[i]}
)

described
as

M
[i]
q (γ[i]) =

[

−γ[i] + (2q − 1)γ[i]

δ[i]
, −γ[i] + 2qγ[i]

δ[i]

)

and

M
[i]
a (γ[i])

⋂

M
[i]
b (γ[i]) = ∅

for any (a, b ∈ D
[i]) and a 6= b. Correspondingly, the scalar

uniform quantizer has the following form:

Ω[i](o[i]) =







γ[i], o[i] > γ[i]

− γ[i], o[i] 6 −γ[i]

− γ[i] +
(2~[i] − 1)γ[i]

δ[i]
, γ́[i] 6 o[i] 6 γ̀[i]

(5)

whereo[i] denotes the signal to be processed and

γ́[i] ,− γ[i] +
2(~[i] − 1)γ[i]

δ[i]

γ̀[i] ,− γ[i] +
2~[i]γ[i]

δ[i]
, ~

[i] ∈ D
[i].

To prevent quantizer saturation, an adaptive parameterθ[i]

is incorporated into the quantization process as follows:

Ω[i]
(
y[i](dp)

)
, θ[i]Ω[i]

(
y[i](dp)

θ[i]

)

, (6)

ensuring that when
∣
∣y[i](dp)

∣
∣ > γ[i], the ratioy[i](dp)/θ[i] falls

within the interval
[
−γ[i], γ[i]

]
.

Denotingζ [i](dp) , Ω[i]
(
y[i](dp)

)
− y[i](dp) as the compo-

nent quantization error, it is easy to derive that
∣
∣
∣ζ [i](dp)

∣
∣
∣ 6

θ[i]γ[i]

δ[i]
. (7)

For anyΩ[i]
(
y[i](dp)

)
∈ M

[i]
q (γ[i]), there exists an integer

κ[i](dp) such that

♭́[i]
(

Ω[i]
(
y[i](dp)

))

= κ[i](dp). (8)

For any codeword́y[i](dp), the sensor labelℓ[i] is extracted
by:

ℓ[i] = ý[i](dp)

[
1
0

]

. (9)

Correspondingly, the decoded signal is obtained by the decod-
ing function ♭̀[i](·) of the following form:

ỳ[i](dp) = ♭̀[i]
(
κ[i](dp)

)
= −γ[i] +

(
2κ[i](dp)− 1

)
γ[i]

δ[i]
(10)

whereỳ[i](dp) is the decoded value ofy[i](dp).
Letting ξ[i](dp) , ♭̀[i]

(
κ[i](dp)

)
− y[i](dp) be the decoding

error, it is not difficult to obtain

ξ[i](dp) = ζ [i](dp) 6
θ[i]γ[i]

δ[i]
. (11)

Accordingly, the output of the decoder can be expressed by

ỳ[i](dp) = y[i](dp) + ξ[i](dp). (12)
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Fig. 2: PIO design under DaF relay.

Defining

ỳ(dp) , col
{

ỳ[1](dp), ỳ
[2](dp), . . . , ỳ

[n](dp)
}

ξ(dp) , col
{

ξ[1](dp), ξ
[2](dp), . . . , ξ

[n](dp)
}

,

one further obtains

ỳ(dp) = y(dp) + ξ(dp). (13)

2) RtO transmission:The transmission of the signal from
the relay to the observer is influenced by probabilistic packet
dropout, resulting in the following actually received signal:

y̌(dp) = ι(dp)
√
ǫỳ(dp) +Gv(dp), (14)

where y̌(dp) denotes the relayed signal received by the ob-
server,ǫ represents the available transmission power, andG
is a known matrix with suitable dimensions. The termv(dp)
stands for the channel noise satisfying‖v(dp)‖2 6 v̄. The
Bernoulli random variableι(dp) is introduced to govern the
probabilistic packet dropout in the following manner:

Prob{ι(dp) =
{

0, packet dropout occurs

1, no packet dropout occurs.
(15)

Correspondingly, the probability distribution ofι(dp) is char-
acterized by:

Prob{ι(dp) = 0} = ῑ(ǫ), Prob{ι(dp) = 1} = 1− ῑ(ǫ) (16)

where ῑ(ǫ) , exp(−µǫ) with µ > 0 being a known scalar
related to the channel’s statistical properties.

Remark 1:The technology of relaying-aid communication
stands as a potent solution for enhancing long-distance wire-
less communication, primarily by subdividing the extensive
wireless path into shorter segments. In alignment with this
principle, our study adopts a DaF relay-based strategy by
segmenting the signal transmission from sensors to the remote
PIO into two distinct phases: the StR transmission and the RtO
transmission. As delineated in (14), the measurement actually
received by the observer is intricately linked to several factors
including the decoding error, channel noises, transmission
power, and the probabilistic nature of packet dropouts. This
interrelation introduces a significant challenge since it can

potentially complicate the dynamics of signal transmission as
well as the processes involved in analysis and synthesis.

Remark 2:The stochastic nature of packet dropouts is mod-
eled using a Bernoulli-distributed sequence, where the dropout
probability is dependent on the available transmission powerǫ.
This modeling approach is widely adopted in communication
studies, particularly for scenarios involving Rayleigh channel
fading [32], [33]. In this context,ι(dp) = 0 signifies a “failed”
transmission, resulting in data loss, whereasι(dp) = 1 denotes
a “successful” transmission, with the data successfully reach-
ing the remote observer. Importantly, as indicated by (16),an
increase in transmission powerǫ is associated with a decrease
in the probability of packet dropoutῑ(ǫ), illustrating the impact
of transmission power on communication reliability.

C. The PIO

Considering both (1) and (14), and introducing the following
notations:

x̄(dp) , col{x(dp−1 + ), x(dp−1 + 2), . . . , x(dp)}
w̄(dp) , col{w(dp), w(dp + ), . . . , w(dp + (h− 1))}

Ā ,




0hnx×nx

· · · 0hnx×nx
︸ ︷︷ ︸

h−1

Ā0






B̄ ,










B 0 0 · · · 0

AB B 0 · · · 0

A2B AB B · · · 0

...
...

...
. . .

...
Ah−1B Ah−2B Ah−3B · · · B










Ā0 , col
{
A, A2, . . . , Ah

}

C , col
{

C [1], C [2], . . . , C [n]
}

C̄ ,




0n×nx

· · · 0n×nx
︸ ︷︷ ︸

h−1

C




 ,

we obtain the following single-rate system:






x̄(dp+1) =Āx̄(dp) + B̄w̄(dp)

y̌(dp) =ι(dp)
√
ǫC̄x̄(dp) +Gv(dp)

+ ι(dp)
√
ǫξ(dp)

. (17)

In this paper, to estimate the states of (17), the following
PIO is adopted:







x̂(dp+1) =Āx̂(dp) +H1s(dp)

+H2

(
y̌(dp)− ŷ(dp)

)

s(dp+1) =s(dp) +H3

(
y̌(dp)− ŷ(dp)

)
(18)

whereŷ(dp) , C̄x̂(dp); x̂(dp) is the estimate of̄x(dp); s(dp)
is the integral of the output estimation error;H1, H2 andH3

are observer gains to be designed.
By defining the state estimation error and the augmented

state vector, respectively, as follows:

x̃(dp) , x̄(dp)− x̂(dp), ℑ(dp) , col{x̃(dp), s(dp), x̄(dp)} ,
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we derive from (17)–(18) that

ℑ(dp+1) =A1ℑ(dp) + ℵ(dp)A2ℑ(dp)
+M1ξ(dp) + ℵ(dp)M2ξ(dp)

+ B1w̄(dp) + B2v(dp) (19)

where

A1 ,





Ā−H2C̄ −H1 −H2C̄ − ῑ(ǫ)
√
ǫH2C̄

H3C̄ I ῑ(ǫ)
√
ǫH3C̄ −H3C̄

0 0 Ā





A2 ,





0 0 −√
ǫH2C̄

0 0
√
ǫH3C̄

0 0 0



 , B1 ,





B̄
0

B̄





B2 ,





−H2G
H3G
0



 , ℵ(dp) , ι(dp)− 1 + ῑ(ǫ)

M1 ,





−ῑ(ǫ)
√
ǫH2

ῑ(ǫ)
√
ǫH3

0



 , M2 ,





−√
ǫH2√
ǫH3

0



 .

D. Main Objective

Definition 1: The augmented system (19) is said to be
EUBMS if there are scalars0 < α1 < 1, α2 > 0 andα3 > 0
such that

E{‖ℑ(dp)‖2} 6 α
dp

1 α2 + α3, ∀dp > 0 (20)

where α3 is called the AUB of‖ℑ(dp)‖2 in mean-square
sense.

The objective of this paper is to obtain conditions that
ensure system (19) to be EUBMS and then determine the PIO
gainsH1, H2 andH3 to minimize the AUB while maximizing
the decay rate.

III. M AIN RESULTS

A. Design of Encoding and Decoding Procedures

As discussed in the previous section, the encoding procedure
and the decoding procedure are essential in DaF relay-based
data transmission. In this subsection, we are interested infor-
malizing the encoding procedure and the decoding procedure.

According to (3)–(9), the detailed encoding process can be
summarized in Algorithm 1.

Algorithm 1 Component-Based Encoding Procedure

Step 1. Let the measurementy[i](dp), the scale parameterγ[i],
and the quantization levelδ[i] be given.

Step 2. According to the sensor label, figure outκ́[i] as the first
component of the codeword́y[i](dp).

Step 3. Find aθ[i], such that
y[i](dp)

θ[i]
∈

[

−γ[i], γ[i]
]

.
Step 4. According to (5)–(6), figure out integerq such that

Ω[i]
(

y[i](dp)
)

∈ M
[i]
q (γ[i]).

Step 5. According to (8), figure out the indexκ[i](dp) as the
second component of the codewordý[i](dp).

Step 6. Obtain and output the codeword́y[i](dp) of the form
[κ́[i], κ[i](dp)].

Based on the discussions in (10)–(13), the detailed steps of
the decoding procedure are outlined in Algorithm 2.

Algorithm 2 Decoding Procedure

Step 1. If the codewordý[i](dp) (i ∈ I) is accessible, go to next
step, else go toStep 6.

Step 2. According to (9), figure out the sensor labelℓ[i].
Step 3. Looking up the corresponding alphabet, figure out the

parametersγ[i] andδ[i].
Step 4. According to (10), figure out the decoded measurement

ỳ[i](dp).
Step 5. If there is another codeword́y[i](dp) (i ∈ I), go to

Step 2, else go toStep 6.
Step 6. Stop.

B. Analysis of the PIO

In Theorem 1, we aim to establish the conditions which
guarantee that the augmented system (19) is EUBMS.

Theorem 1:Consider the augmented system (19) with the
PIO (18). Assume that parametersH1, H2 andH3 are given.
Then, the augmented system (19) is EUBMS if there exist
positive scalarsη1, η2, η3, η4, and positive definite matrixΘ
such that

ℜ(1) =

[

ℜ(1)
(11) ⋆

ℜ(1)
(21) ℜ(1)

(22)

]

< 0 (21)

with

ℜ(1)
(11) ,diag{−Θ+ η1Θ, −η2I, −η3I, −η4I}

ℜ(1)
(21) ,

[

ℵ̂A2 ℵ̂M2 0 0

A1 M1 B1 B2

]

ℜ(1)
(21) ,− I2 ⊗Θ−1, ℵ̂ ,

√

ῑ(ǫ)− ῑ2(ǫ).

Correspondingly, the AUB is given by

α3 ,
1

λmin(Θ)η1

(

η2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ η3hw̄ + η4v̄

)

. (22)

Proof: Choose the following Lyapunov function candi-
date:

V
(
ℑ(dp)

)
, ℑT (dp)Θℑ(dp) (23)

with its difference given by

△V
(
ℑ(dp)

)
, E{V

(
ℑ(dp+1)

)
|ℑ(dp)} − V

(
ℑ(dp)

)
. (24)

According to (23)–(24), the mathematical expectation of
△V

(
ℑ(dp)

)
is calculated by

E{△V
(
ℑ(dp)

)
}

=E
{
V
(
ℑ(dp+1)

)
− V

(
ℑ(dp)

)}

=E

{(

A1ℑ(dp) + ℵ(dp)A2ℑ(dp) +M1ξ(dp)

+ ℵ(dp)M2ξ(dp) + B1w̄(dp) + B2v(dp)
)T

Θ

×
(

A1ℑ(dp) + ℵ(dp)A2ℑ(dp) +M1ξ(dp)

+ ℵ(dp)M2ξ(dp) + B1w̄(dp) + B2v(dp)
)

−ℑT (dp)Θℑ(dp)
}

=E

{

ℑT (dp)
(
AT

1 ΘA1 + ℵ̂2AT
2 ΘA2 −Θ

)
ℑ(dp)

+ ξT (dp)
(
MT

1 ΘM1ξ(dp) + ℵ̂2MT
2 ΘM2

)
ξ(dp)
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+ w̄T (dp)BT
1 ΘB1w̄(dp) + vT (dp)BT

2 ΘB2v(dp)

+ 2ξT (dp)MT
1 ΘA1ℑ(dp) + 2w̄T (dp)BT

1 ΘA1ℑ(dp)
+ 2vT (dp)BT

2 ΘA1ℑ(dp) + 2ℵ̂2ξT (dp)MT
2 ΘA2ℑ(dp)

+ 2w̄T (dp)BT
1 ΘM1ξ(dp) + 2vT (dp)BT

2 ΘM1ξ(dp)

+ 2vT (dp)BT
2 ΘB1w̄(dp)

}

=E

{

ℑT (dp)
(
AT

1 ΘA1 + ℵ̂2AT
2 ΘA2 −Θ+ η1Θ

)
ℑ(dp)

+ ξT (dp)
(
MT

1 ΘM1ξ(dp) + ℵ̂2MT
2 ΘM2 − η2I

)
ξ(dp)

+ w̄T (dp)
(
BT
1 ΘB1 − η3I

)
w̄(dp) + vT (dp)

(
BT
2 ΘB2

− η4I
)
v(dp) + 2ξT (dp)MT

1 ΘA1ℑ(dp) + 2w̄T (dp)

× BT
1 ΘA1ℑ(dp) + 2vT (dp)BT

2 ΘA1ℑ(dp)
+ 2ℵ̂2ξT (dp)MT

2 ΘA2ℑ(dp) + 2w̄T (dp)BT
1 ΘM1ξ(dp)

+ 2vT (dp)BT
2 ΘM1ξ(dp) + 2vT (dp)BT

2 ΘB1w̄(dp)

− η1V
(
ℑ(dp)

)
+ η2ξ

T (dp)ξ(dp) + η3w̄
T (dp)w̄(dp)

+ η4v
T (dp)v(dp)

}

=E
{
χT (dp)Πχ(dp)− η1V

(
ℑ(dp)

)
+ η2ξ

T (dp)ξ(dp)

+ η3w̄
T (dp)w̄(dp) + η4v

T (dp)v(dp)
}

(25)

where

χ(dp) , col{ℑ(dp), ξ(dp), w̄(dp), v(dp)}

Π ,







Π(11) ⋆ ⋆ ⋆
Π(21) Π(22) ⋆ ⋆

Π(31) Π(32) Π(33) ⋆
Π(41) Π(42) Π(43) Π(44)







Π(11) ,AT
1 ΘA1 + ℵ̂2AT

2 ΘA2 −Θ+ η1Θ

Π(22) ,MT
1 ΘM1ξ(dp) + ℵ̂2MT

2 ΘM2 − η2I

Π(33) ,BT
1 ΘB1 − η3I, Π(44) , BT

2 ΘB2 − η4I

Π(21) ,MT
1 ΘA1 + ℵ̂2MT

2 ΘA2, Π
(31) , BT

1 ΘA1

Π(32) ,BT
1 ΘM1, Π(41) , BT

2 ΘA1

Π(42) ,BT
2 ΘM1, Π(43) , BT

2 ΘB1.

Applying Schur Complement Lemma to (21) in Theorem 1,
we haveΠ < 0, which implies

E{△V
(
ℑ(dp)

)
}

6− η1E
{
V
(
ℑ(dp)

)}
+ η2ξ

T (dp)ξ(dp)

+ η3w̄
T (dp)w̄(dp) + η4v

T (dp)v(dp). (26)

From the definitions ofξ(dp), w̄(dp) andv(dp), one derives
that

ξT (dp)ξ(dp) 6

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

w̄T (dp)w̄(dp) 6 hw̄

vT (dp)v(dp) 6v̄. (27)

Therefore, one has from (26) that

E{△V
(
ℑ(dp)

)
} 6 −η1E

{
V
(
ℑ(dp)

)}
+ ı̄ (28)

with

ı̄ , η2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ η3hw̄ + η4v̄. (29)

For anyυ > 1, it is derived from (25) and (28) that

E
{
υdp+1V

(
ℑ(dp+1)

)}
− E

{
υdpV

(
ℑ(dp)

)}

=υdp+1E
{
△V

(
ℑ(dp)

)}
+ υdp(υh − 1)E

{
V
(
ℑ(dp)

)}

6υdp+1

(

− η1E
{
V
(
ℑ(dp)

)}
+ ı̄
)

+ υdp(υh − 1)E
{
V
(
ℑ(dp)

)}

=υdp
(
υh − 1− υhη1

)
E
{
V
(
ℑ(dp)

)}
+ υdp+1 ı̄

=υdp♮(υ)E
{
V
(
ℑ(dp)

)}
+ υdp+1 ı̄ (30)

with

♮(υ) , υh − 1− υhη1.

For any integera > 0, taking the summation on both sides
of the above inequality from0 to a− 1 with respect top, one
obtains

υdaE
{
V
(
ℑ(da)

)}
− E

{
V
(
ℑ(d0)

)}

6♮(υ)

a−1∑

p=0

υdpE
{
V
(
ℑ(dp)

)}
+

υh(1− υda)

1− υh
ı̄. (31)

Note that

♮(1) = −η1 < 0, lim
υ→∞

♮(υ) = +∞.

Then, there exists a scalarb > 1 such that♮(b) = 0, which
indicates

bdaE
{
V
(
ℑ(da)

)}
− E

{
V
(
ℑ(d0)

)}
6

bh(1− bda)

1− bh
ı̄. (32)

Furthermore, it is derived from (32) that

E
{
V
(
ℑ(da)

)}
6

E
{
V
(
ℑ(d0)

)}

bda
+

bh(1− bda)

bda(1− bh)
ı̄. (33)

Combining (23) and (33), one has

E
{
‖ℑ(da)‖2

}

6
E
{
V
(
ℑ(da)

)}

λmin(Θ)

6
E
{
V
(
ℑ(d0)

)}

bdaλmin(Θ)
+

bh(1− bda)

bda(1− bh)λmin(Θ)
ı̄. (34)

By denoting

α3(dp) ,
bh(1 − bdp)

bdp(1 − bh)λmin(Θ)
ı̄,

one knows that

lim
p→∞

α3(dp) =
ı̄

λmin(Θ)η1
, α3. (35)

Furthermore, defining

α1 ,
1

b
, α2 ,

E
{
V
(
ℑ(d0)

)}

λmin(Θ)
,

it follows from (34)–(35) that

E
{
‖ℑ(dp)‖2

}
6 α

dp

1 α2 + α3. (36)

Based on Definition 1, the dynamics of the augmented
system (19) is guaranteed to be EUBMS. Referring to formulas
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(27), (29) and (35), it can be inferred that the AUB of
‖ℑ(dp)‖2 in mean-square sense is obtained as

α3 =
ῑ

λmin(Θ)η1

=
1

λmin(Θ)η1

(

η2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ η3hw̄ + η4v̄

)

, (37)

and the proof is now complete.
Remark 3:Theorem 1 offers a sufficient condition that

ensures the augmented system (19) to be EUBMS. Note that
the AUB presented in (22) is influenced byλmin(Θ), which
poses a considerable challenge to the optimization of the
PIO performance. To address this complexity, an additional
constraint on the matrixΘ is proposed in the subsequent
corollary.

Corollary 1: Under conditions in Theorem 1, if

Θ > I, (38)

then the AUB of‖ϑ(k)‖2 in mean-square sense can be given
by

α4 ,
1

η1

(

η2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ η3hw̄ + η4v̄

)

. (39)

Proof: First, it is deduced from (38) that

λmin(Θ) > 1. (40)

Then, recalling the conditions in Theorem 1, the following
relation is obtained:

lim
p→∞

E
{
‖ℑ(dp)‖2

}
6

ı̄

λmin(Θ)η1
6

ῑ

η1
= α4, (41)

which ends the proof.
Remark 4:The AUB encapsulates the combined influences

of external disturbances and the facilitation of communication
through relaying on the estimation accuracy. As illustrated in
(39), the AUB is intimately connected with several factors
including the number of sensors, the sensor sampling intervals,
the characteristics of the quantizers, and the maximal limits
of external disturbances and channel noise. Furthermore, the
AUB hinges on the parametersη1, η2, η3, andη4, which are
derived from the resolution of the matrix inequality presented
in (21). It is crucial to observe that, while (39) might not
overtly incorporate the transmission powerǫ, this power plays
a pivotal role in shaping estimation performance since it influ-
ences the solvability of the matrix inequality (21). In essence,
the transmission powerǫ impacts the viability of satisfying
the matrix inequality (21). The intricate dynamics between
transmission power and estimation accuracy motivates an in-
depth exploration in Section IV.

C. Design of the PIO

Building on the insights provided by Theorem 1 and Corol-
lary 1, the focus now transitions towards the determinationof
observer gains, aimed at optimizing the dynamic performance
of the PIO. We consider three cases where the PIO is designed,
respectively, 1) for a minimized AUB, 2) for a fastest conver-
gence rate of the error dynamics of the state estimation, and
3) for a desired trade-off between the estimation accuracy and
the error convergence.

1) PIO-A: In this case, the gains of PIO-A, represented by
H

[A]
1 , H [A]

2 , andH [A]
3 , are meticulously computed to achieve

the smallest possible AUB for the estimation error dynamics.
Theorem 2:Consider the augmented system (19) with the

PIO (18). Let the positive scalarη[A]
1 (0 < η

[A]
1 < 1) be

given. Then, the augmented system (19) is EUBMS if there
exist positive scalarsη[A]

2 , η[A]
3 , η[A]

4 , positive definite matrices
Θ

[A]
1 , Θ[A]

2 , Θ[A]
3 , and matricesH[A]

1 , H[A]
2 , H[A]

3 such that






ℜ(2) =

[

ℜ(2)
(11) ⋆

ℜ(2)
(21) ℜ(2)

(22)

]

< 0 (42a)

Θ[A] > I (42b)

with

ℜ(2)
(11) ,diag{−Θ[A] + η

[A]
1 Θ[A], −η

[A]
2 I, −η

[A]
3 I, −η

[A]
4 I}

ℜ(2)
(21) ,

[

ℵ̂A[A]
2 ℵ̂M[A]

2 0 0

A[A]
1 M[A]

1 B[A]
1 B[A]

2

]

ℜ(2)
(22) ,− I2 ⊗Θ[A], M[A]

1 ,





−ῑ(ǫ)
√
ǫH[A]

2

ῑ(ǫ)
√
ǫH[A]

3

0





A[A]
1 ,






Θ
[A]
1 Ā−H[A]

2 C̄ −H[A]
1 A[A]

1,(13)

H[A]
3 C̄ Θ

[A]
2 A[A]

1,(23)

0 0 Θ
[A]
3 Ā






A[A]
2 ,





0 0 −√
ǫH[A]

2 C̄

0 0
√
ǫH[A]

3 C̄
0 0 0



 , B[A]
1 ,





Θ
[A]
1 B̄
0

Θ
[A]
3 B̄





M[A]
2 ,





−√
ǫH[A]

2√
ǫH[A]

3

0



 , B[A]
2 ,





−H[A]
2 G

H[A]
3 G
0





Θ[A] ,diag{Θ[A]
1 , Θ

[A]
2 , Θ

[A]
3 }

A[A]
1,(13) ,−H[A]

2 C̄ − ῑ(ǫ)
√
ǫH[A]

2 C̄

A[A]
1,(23) ,ῑ(ǫ)

√
ǫH[A]

3 C̄ −H[A]
3 C̄.

Furthermore, the gains of PIO-A are given by

H
[A]
1 =(Θ

[A]
1 )−1H[A]

1

H
[A]
2 =(Θ

[A]
1 )−1H[A]

2

H
[A]
3 =(Θ

[A]
2 )−1H[A]

3 . (43)

Proof: Taking into account (21), (42a)–(42b) collectively,
and introducing the notationη[A]

1 , η1 and Θ[A] , Θ for
the sake of consistency across notations, we establish the
following relationship:

ℜ(2)
(11) = ℜ(1)

(11). (44)

Subsequently, by denoting

H[A]
1 ,Θ

[A]
1 H

[A]
1

H[A]
2 ,Θ

[A]
1 H

[A]
2

H[A]
3 ,Θ

[A]
2 H

[A]
3 , (45)
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and pre-multiplying (21) with̆Θ[A] , diag{I4⊗ I, I2⊗Θ[A]}
and post-multiplying (21) with(Θ̆[A])T , we can conclude that
the inequality (42a) holds under the condition (21).

According to Theorem 1 and Corollary 1, (42a)–(42b)
can guarantee that the augmented system (19) is EUBMS.
Moreover, the definitions ofH[A]

1 , H[A]
2 , H[A]

3 indicate that
the gains of PIO-A can be designed as stated in (43).

It is shown in (39) that the expression of the AUBα4 is
related toη[A]

1 , η
[A]
2 , η

[A]
3 , η

[A]
4 . Since η

[A]
1 is viewed as a

known constant, the design of PIO-A can be formulated as
the following optimization problem:

OP I:

min
η
[A]
2 , η

[A]
3 , η

[A]
4

η
[A]
2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ η
[A]
3 hw̄ + η

[A]
4 v̄

s.t. (42a) and (42b)

η
[A]
2 , η

[A]
3 , η

[A]
4 > 0. (46)

The gains of PIO-A can be calculated by using Theorem 2
and then solving the convex optimization problem (46).

2) PIO-B: The gains of PIO-B, denoted asH [B]
1 , H

[B]
2 ,

H
[B]
3 , are determined to achieve the fastest convergence of

the estimation error dynamics.
Theorem 3:Consider the augmented system (19) with the

PIO (18). The augmented system (19) is EUBMS if there exist
positive scalarsη[B]

1 , η[B]
2 , η[B]

3 , η[B]
4 , positive definite matrices

Θ
[B]
1 , Θ[B]

2 , Θ[B]
3 , Σ, and matricesH[B]

1 , H[B]
2 , H[B]

3 such that






ℜ(3) =

[

ℜ(3)
(11) ⋆

ℜ(3)
(21) ℜ(3)

(22)

]

< 0 (47a)

ℜ(4) =

[

ℜ(4)
(11) ⋆

ℜ(4)
(21) ℜ(4)

(22)

]

< 0 (47b)

Θ[B] > I (47c)

with

ℜ(3)
(11) ,− Σ, ℜ(3)

(21) , η
[B]
1 I, ℜ(3)

(22) , Θ[B] − 2I

ℜ(4)
(11) ,diag{−Θ[B] +Σ, −η

[B]
2 I, −η

[B]
3 I, −η

[B]
4 I}

ℜ(4)
(21) ,

[

ℵ̂A[B]
2 ℵ̂M[B]

2 0 0

A[B]
1 M[B]

1 B[B]
1 B[B]

2

]

ℜ(4)
(22) ,− I2 ⊗Θ[B], M[B]

1 ,





−ῑ(ǫ)
√
ǫH[B]

2

ῑ(ǫ)
√
ǫH[B]

3

0





A[B]
1 ,






Θ
[B]
1 Ā−H[B]

2 C̄ −H[B]
1 A[B]

1,(13)

H[B]
3 C̄ Θ

[B]
2 A[B]

1,(23)

0 0 Θ
[B]
3 Ā






A[B]
2 ,





0 0 −√
ǫH[B]

2 C̄

0 0
√
ǫH[B]

3 C̄
0 0 0



 , B[B]
1 ,





Θ
[B]
1 B̄
0

Θ
[B]
3 B̄





M[B]
2 ,





−√
ǫH[B]

2√
ǫH[B]

3

0



 , B[B]
2 ,





−H[B]
2 G

H[B]
3 G
0





Θ[B] ,diag{Θ[B]
1 , Θ

[B]
2 , Θ

[B]
3 }

A[B]
1,(13) ,−H[B]

2 C̄ − ῑ(ǫ)
√
ǫH[B]

2 C̄

A[B]
1,(23) ,ῑ(ǫ)

√
ǫH[B]

3 C̄ −H[B]
3 C̄.

Furthermore, the gains of PIO-B are given by

H
[B]
1 =(Θ

[B]
1 )−1H[B]

1

H
[B]
2 =(Θ

[B]
1 )−1H[B]

2

H
[B]
3 =(Θ

[B]
2 )−1H[B]

3 . (48)

Proof: Based on the relation

(Θ[B] − I)(Θ[B])−1(Θ[B] − I) > 0, (49)

we have

−(Θ[B])−1 6 Θ[B] − 2I. (50)

From (47a), one has
[ −Σ ⋆

η
[B]
1 I −(Θ[B])−1

]

< 0. (51)

Applying the Schur Complement Lemma to the above
inequality, we obtain

(η
[B]
1 )2Θ[B] < Σ. (52)

By denoting

Θ[B] ,Θ, Θ̆[B] , diag{I4 ⊗ I, I2 ⊗Θ[B]}
η
[B]
1 ,

√
η1, H[B]

1 , Θ
[B]
1 H

[B]
1

H[B]
2 ,Θ

[B]
1 H

[B]
2 , H[B]

3 , Θ
[B]
2 H

[B]
3 ,

and pre-multiplying the matrix in (21) with̆Θ[B] and post-
multiplying it with (Θ̆[B])T , we can conclude that the condi-
tion (47b) holds. The proof is complete.

As stated in Theorem 1, the following relation is established:

E
{
V
(
ℑ(dp)

)}

6
(
1− (η

[B]
1 )2

)dp
E
{
V
(
ℑ(d0)

)}

+
1

(η
[B]
1 )2

(

η2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ η3hw̄ + η4v̄

)

. (53)

As elucidated in (53), the convergence rate ofℑ(dp) is
contingent upon the expression1− (η

[B]
1 )2. More specifically,

a diminished value of1 − (η
[B]
1 )2 leads to a more rapid

convergence. Consequently, to ascertain the minimal valueof
1 − (η

[B]
1 )2, and thereby secure the optimal convergence rate

of ℑ(dp), the strategy involves maximizingη[B]
1 . This maxi-

mization is pursued through the resolution of the subsequent
optimization problems:

OP II:

max η
[B]
1

s.t. (47a)− (47c)

0 < η
[B]
1 < 1. (54)

Once optimization problem (54) is solved, the gains of PIO-
B can be directly obtained by means of Theorem 3.
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3) PIO-C: The gains of PIO-C, represented byH [C]
1 , H [C]

2 ,
andH [C]

3 , are formulated as linear combinations of the gains
from PIO-A and PIO-B. This design approach enables PIO-C
to simultaneously regulate the convergence rate and enhance
the accuracy of estimation, offering a versatile solution to
balance these critical aspects of system performance.

Theorem 4:Consider the augmented system (19) with the
PIO (18). Let the positive scalarν (0 < ν < 1) be given. Then,
the augmented system (19) is EUBMS if the gain matrices
H[C]

1 , H[C]
2 , H[C]

3 are determined by

H
[C]
1 =(Θ

[C]
1 )−1H[C]

1

H
[C]
2 =(Θ

[C]
1 )−1H[C]

2

H
[C]
3 =(Θ

[C]
2 )−1H[C]

3 (55)

with

Θ
[C]
1 ,νΘ

[A]
1 + (1− ν)Θ

[B]
1

Θ
[C]
2 ,νΘ

[A]
2 + (1− ν)Θ

[B]
2

H[C]
1 ,νH[A]

1 + (1− ν)H[B]
1

H[C]
2 ,νH[A]

2 + (1− ν)H[B]
2

H[C]
3 ,νH[A]

3 + (1− ν)H[B]
3 .

Proof: The proof of Theorem 4 is easily accessible from
Theorems 2–3 and is therefore omitted here for space saving.

Remark 5:Theorem 4 presents a strategy for configuring
the PIO to achieve a balance between estimation precision
and the rate at which errors converge. It is noteworthy that,
within the framework prescribed by Theorem 4, the parameter
ν offers flexibility and can be tailored to meet the unique
performance demands of various real-world applications. This
bespoke approach provides a significant benefit, enabling a
focused enhancement of the PIO’s dynamic characteristics,
which in turn contributes to the improvement of the overall
system state estimation performance.

Remark 6:This paper makes the following major contribu-
tions to the realm of PIO design for multi-rate systems, setting
itself apart from existing literature through key innovations.

1) A novel component-based DaF relay protocol is intro-
duced that facilitates the decoding of information from
various encoders distributed across different locations.
This enhancement significantly bolsters the reliability
of information transmission over diverse communication
distances and under varying resource constraints.

2) A PIO equipped with a tunable parameter is develope-
d that allows for the simultaneous adjustment of the
convergence rate and estimation accuracy. This dual-
capability approach meets the nuanced performance
needs encountered in real-world applications, providing
a balanced solution that can be finely adjusted.

3) Comprehensive conditions are formulated that yield an
explicit expression of the AUB for the estimation error
dynamics. This crucial advancement enables a precise
quantification of the cumulative impact arising from
external disturbances and the supportive role of DaF
relaying in communication, offering a clear metric for
assessing system performance.

D. Design of Luenberger Observer

In fact, the Luenberger observer can be seen as a special
case of PIO (18) by settingH1 = 0. Next, we will focus on
the design problem of the Luenberger observer. To do this, we
first construct a Luenberger observer as follows:

x̂(dp+1) =Āx̂(dp) +H4

(
y̌(dp)− ŷ(dp)

)
(56)

whereH4 is the observer gain to be designed.
Defining the augmented state vector as

℘(dp) , col{x̃(dp), x̄(dp)} ,

the augmented system is presented by

℘(dp+1) =Ã1℘(dp) + ℵ(dp)Ã2℘(dp)

+ M̃1ξ(dp) + ℵ(dp)M̃2ξ(dp)

+ B̃1w̄(dp) + B̃2v(dp) (57)

where

Ã1 ,

[
Ā−H4C̄ −H4C̄ − ῑ(ǫ)

√
ǫH4C̄

0 Ā

]

Ã2 ,

[
0 −√

ǫH4C̄
0 0

]

, M̃1 ,

[
−ῑ(ǫ)

√
ǫH4

0

]

B̃1 ,

[
B̄
B̄

]

, M̃2 ,

[
−√

ǫH4

0

]

, B̃2 ,

[
−H4G

0

]

.

With the Luenberger observer and the augmented system
given above, we calculate the gains of the Luenberger observer
from different perspectives to further enhance the estimation
performance, which will be elaborated in the following corol-
laries.

1) Luenberger observer A:Luenberger observer A is de-
signed to have a minimum AUB of the estimation error
dynamics and the gain of this observer is denoted asH

[A]
4 .

Corollary 2: Consider the augmented system (57) with
the Luenberger observer (56). Let the positive scalarς

[A]
1

(0 < ς
[A]
1 < 1) be given. Then, the augmented system (57) is

EUBMS if there exist positive scalarsς [A]
2 , ς [A]

3 , ς [A]
4 , positive

definite matricesΦ[A]
1 , Φ[A]

2 , and matrixH[A]
4 such that







Λ(1) =

[

Λ
(1)
(11) ⋆

Λ
(1)
(21) Λ

(1)
(22)

]

< 0 (58a)

Φ[A] > I (58b)

with

Λ
(1)
(11) ,diag{−Φ[A] + ς

[A]
1 Φ[A], −ς

[A]
2 I, −ς

[A]
3 I, −ς

[A]
4 I}

Λ
(1)
(21) ,

[

ℵ̂Ã[A]
2 ℵ̂M̃[A]

2 0 0

Ã[A]
1 M̃[A]

1 B̃[A]
1 B̃[A]

2

]

Λ
(1)
(22) ,− I2 ⊗ Φ[A], M̃[A]

1 ,

[

−ῑ(ǫ)
√
ǫH[A]

4

0

]

Ã[A]
1 ,

[

Φ
[A]
1 Ā−H[A]

4 C̄ −H[A]
4 C̄ − ῑ(ǫ)

√
ǫH[A]

4 C̄

0 Φ
[A]
2 Ā

]

Ã[A]
2 ,

[

0 −√
ǫH[A]

4 C̄
0 0

]

, M̃[A]
2 ,

[

−√
ǫH[A]

4

0

]
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B̃[A]
1 ,

[

Φ
[A]
1 B̄

Φ
[A]
2 B̄

]

, B̃[A]
2 ,

[

−H[A]
4 G
0

]

Φ[A] ,diag{Φ[A]
1 , Φ

[A]
2 }.

Furthermore, the optimization problem for the AUB of
‖℘(dp)‖2 is formulated as the following minimization task:

OP III:

min
ς
[A]
2 , ς

[A]
3 , ς

[A]
4

ς
[A]
2

n∑

i=1

(
θ[i]γ[i]

δ[i]

)2

+ ς
[A]
3 hw̄ + ς

[A]
4 v̄

s.t. (58a) and (58b)

ς
[A]
2 , ς

[A]
3 , ς

[A]
4 > 0. (59)

Based on the solution to the optimization problemOP III, the
gain of Luenberger observer A is given by

H
[A]
4 = (Φ

[A]
1 )−1H[A]

4 . (60)

2) Luenberger observer B:Luenberger observer B is devel-
oped to attain the fastest convergence of the estimation error
dynamics and the gain of this observer is denoted asH

[B]
4 .

Corollary 3: Consider the augmented system (57) with the
Luenberger observer (56). The augmented system (57) is
EUBMS if there exist positive scalarsς [B]

1 , ς
[B]
2 , ς

[B]
3 , ς

[B]
4 ,

positive definite matricesΦ[B]
1 , Φ[B]

2 , Ψ, and matrixH[B]
4 such

that






Λ(2) =

[

Λ
(2)
(11) ⋆

Λ
(2)
(21) Λ

(2)
(22)

]

< 0 (61a)

Λ(3) =

[

Λ
(3)
(11) ⋆

Λ
(3)
(21) Λ

(3)
(22)

]

< 0 (61b)

Φ[B] > I (61c)

with

Λ
(3)
(11) ,−Ψ, Λ

(3)
(21) , ς

[B]
1 I, Λ

(3)
(22) , Φ[B] − 2I

Λ
(4)
(11) ,diag{−Φ[B] +Ψ, −ς

[B]
2 I, −ς

[B]
3 I, −ς

[B]
4 I}

Λ
(4)
(21) ,

[

ℵ̂Ã[B]
2 ℵ̂M̃[B]

2 0 0

Ã[B]
1 M̃[B]

1 B̃[B]
1 B̃[B]

2

]

Λ
(4)
(22) ,− I2 ⊗ Φ[B], M̃[B]

1 ,

[

−ῑ(ǫ)
√
ǫH[B]

4

0

]

Ã[B]
1 ,

[

Φ
[B]
1 Ā−H[B]

2 C̄ −H[B]
4 C̄ − ῑ(ǫ)

√
ǫH[B]

4 C̄

0 Φ
[B]
2 Ā

]

Ã[B]
2 ,

[

0 −√
ǫH[B]

4 C̄
0 0

]

, M̃[B]
2 ,

[

−ῑ(ǫ)
√
ǫH[B]

4

0

]

B̃[B]
1 ,

[

Φ
[B]
1 B̄

Φ
[B]
2 B̄

]

, B̃[B]
2 ,

[

−H[B]
4 G
0

]

Φ[B] ,diag{Φ[B]
1 , Φ

[B]
2 }.

Furthermore, the optimization problem for the fastest conver-
gence of the estimation error dynamics is formulated as the
following maximization task:

OP IV:

max ς
[B]
1

s.t. (61a)− (61c)

0 < ς
[B]
1 < 1. (62)

In this case, the gain of Luenberger observer B is given by

H
[B]
4 = (Φ

[B]
1 )−1H[B]

4 . (63)

3) Luenberger observer C:Luenberger Observer C, char-
acterized by its gainH [C]

4 , is designed to offer a balanced
trade-off between the convergence rate and the estimation
deviation, aiming to optimize the overall performance by
carefully adjusting these two critical aspects of the observer’s
functionality.

Corollary 4: Consider the augmented system (57) with the
Luenberger observer (56). Let the positive scalarν (0 < ν <
1) be given. Then, the augmented system (57) is EUBMS if
the gain matrixH [C]

4 is determined by

H
[C]
4 =(Φ

[C]
1 )−1H[C]

4 (64)

with

Φ
[C]
1 ,νΦ

[A]
1 + (1− ν)Φ

[B]
1

H[C]
4 ,νH[A]

4 + (1− ν)H[B]
4 .

IV. N UMERICAL SIMULATION

In this section, we present a simulation example along with
comparative results to validate the efficacy of the proposed
PIO design scheme.

In the simulation, we consider a multi-rate system with the
state update period = 1 which measured byn = 3 sensors.
The system parameters are given as follows:

A =

[
0.9 0.01
−0.5 0.11

]

, B =

[
1.1
1.2

]

, G =





1.1
1.2
1.3





C [1] =
[
1.1 0.1

]
, C [2] =

[
1.2 0.2

]

C [3] =
[
1.3 0.3

]
, h = 2.

The external noise is set asw(zp) = 0.1 sin(zp) with w̄ =
0.1 and the channel noise is given asv(dp) = 1.1 sin(1.1dp)

with v̄ = 1.1. The initial state is set asx(z0) =
[
2 −2

]T
,

while the initial states of the PIO and the Luenberger observer
are set to be zero. The parameters related to quantization and
encoding are chosen as follows:

θ[1] =10, θ[2] = 20, θ[3] = 30

γ[1] =2, γ[2] = 3, γ[3] = 4

δ[1] =20, δ[2] = 30, δ[3] = 40.

In addition, the available transmission power is assumed tobe
ǫ = 1.6 and the parameterµ is selected as0.5.

A. Effectiveness and Advantages of Designed PIO

Based on the aforementioned parameter settings, the desired
observer gains are derived by Theorem 4 and Corollary 4,
under which simulation results are presented in Figs. 3–4. By
using the PIO, the estimation error dynamics are plotted in
Fig. 3, which verifies that the estimation errors are indeed
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Fig. 3: Trajectories of̃x(dp) under PIO-C.
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Fig. 4: Trajectories of̃x(dp) under Luenberger observer C.

ultimately bounded. Fig. 4 depicts the estimation error dy-
namics under the Luenberger observer, which is regarded as a
comparison to assess the superiority of the PIO. Evidently,
the ultimately upper bound under the PIO is smaller than
that under the Luenberger one, reflecting the better estimation
performance of the designed PIO.

In Fig. 5, the trajectories of the estimation error dynam-
ics under different PIOs are systematically compared. This
analysis reveals several key observations: 1) the PIO-A, as
formulated in Theorem 2, achieves a smaller AUB albeit with
a slower convergence rate; 2) PIO-B, as delineated in Theo-
rem 3, exhibits a more rapid convergence rate accompanied by
a larger AUB; and 3) PIO-C, as proposed in Theorem 4, strikes
a balance between estimation accuracy and error convergence
rate. These findings underscore the nuanced trade-offs inherent
in different PIO design strategies.

B. Effects of Available Transmission Power

The probability of packet dropout is closely tied to the
transmission power, making the available transmission pow-
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Time(p)
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4

6

8

10
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14

16

Fig. 5: Trajectories of‖x̃(dp)‖2 under different PIOs.
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Time(p)

0

1

ι(dp)

Fig. 6: The values ofι(dp) with ǫ = 1.6.

TABLE I: The minimum AUB of estimation error and the probability of
packet dropout with different transmission powerǫ

ǫ 1.1 1.6 2.1 2.6 3.1 3.6

ι(ǫ) 0.577 0.445 0.350 0.273 0.212 0.165

Minimum of α4 0.401 0.364 0.346 0.313 0.293 0.264

er, denoted asǫ, a critical factor in determining estimation
performance. In this simulation, with system parameters held
constant, the relationship between varying transmission power
ǫ and the upper bound of the estimation error is explored.
Fig. 6 illustrates the incidence of packet dropout whenǫ = 1.6.
Furthermore, the minimum AUB of estimation error alongside
the probabilities of packet dropouts for different values of
transmission powerǫ are detailed in Table I. From this
analysis, it is deduced that an escalation in the available trans-
mission powerǫ is associated with a corresponding decline
in both the probability of packet dropout and the AUB of
estimation error, leading to the conclusion that higher available
transmission power results in enhanced estimation accuracy.
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V. CONCLUSIONS

In this paper, the PIO design challenge has been dealt
with for multi-rate systems monitored by numerous sensors
distributed across various locations. The underlying system al-
lows for the sensor sampling intervals to deviate from the sys-
tem update cycles, employing the lifting technique to navigate
the complexities introduced by the multi-rate characteristics
during the PIO analysis and design phases. A novel DaF relay
strategy tailored for component-based systems has been intro-
duced to address power-dependent packet dropouts in wireless
transmissions. The impact of limited transmission power on
the dropout rate has been thoroughly examined. An AUB for
the mean-square estimation error has been established, which
effectively encapsulates the cumulative influence of external
disturbances and relay-assisted communication on estimation
accuracy. Optimization problems have then been formulated
within the observer gain design section with aim to balance
estimation precision with convergence speed. The proposed
estimation methodology’s effectiveness has been corroborated
through simulation, complemented by an in-depth examination
of the interplay between estimation performance and restricted
transmission power.
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