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Finite-Horizon H ., Consensus Control for
IoT-Enabled Multi-Agent Systems With Stochastic
Scheduling and Relay-Assisted Communications

Jie Ban, Liangdong Guo, Zidong Wang, and Lei Zou

Abstract—The Internet of Things (IoT) increasingly relies on
large-scale networked agents that cooperate over bandwidth-
limited and unreliable wireless links. This paper studies the
finite-horizon H., consensus control problem for a class of
discrete-time IoT-enabled multi-agent systems subject to random
parameters, stochastic communication scheduling, and relay-
assisted transmissions. To reflect practical IoT communication
constraints, a novel transmission framework is considered that in-
tegrates a stochastic communication protocol with a decode-and-
forward relay mechanism under random packet losses. Within
this framework, only a subset of sensing information is scheduled
for transmission, encoded, decoded, and forwarded by relay
nodes to improve communication reliability and coverage. Based
on the resulting networked system model, a distributed consensus
controller is designed to attenuate the effects of disturbances and
communication uncertainties over a finite time horizon. Sufficient
conditions guaranteeing finite-horizon /. consensus are derived
in terms of recursive linear matrix inequalities, and a correspond-
ing controller synthesis algorithm is developed. Simulation results
illustrate the effectiveness of the proposed approach in achieving
robust consensus for IoT-enabled multi-agent systems operating
over stochastic relay-assisted communication networks.

Index Terms—Multi-Agent systems; H., consensus control;
stochastic communication protocol; decode-and-forward relay;
packet losses

Abbreviations and Notations

R7xm The set of all n x m real matrices

R™ The set of all n—dimensional real vector

R>0 The matrix R is positive definite

I The identity matrix with an appropriate dimen-
sion

0 The zero matrix with an appropriate dimension

* The symmetric part in the symmetric matrix

® The Kronecker product

sym{X} The summation of X and its transpose X7

QT The transposition of the matrix @)

diag{---} The block-diagonal matrix
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I. INTRODUCTION

The Internet of Things (IoT) paradigm is enabling large-
scale interconnected systems in which massive numbers of
devices cooperate through wireless communication networks
to accomplish complex tasks [1], [2]. In this context, multi-
agent systems (MASs) have emerged as a fundamental mod-
eling and control framework for IoT-enabled applications,
owing to their inherent scalability, distributed decision-making
capability, and adaptability to dynamic environments [3]-[5].
In an IoT-enabled MAS, each agent is typically equipped with
sensing, computation, and communication modules, allowing
it to perceive local environmental states, exchange information
with neighboring agents, and execute coordinated control
actions to achieve global objectives [6], [7]. Representative
applications include drone swarms, cooperative mobile robots,
autonomous driving systems, and satellite constellations, all of
which rely on reliable information exchange and coordinated
control over wireless networks [8]-[11].

Among various coordination tasks in IoT-enabled MASs,
consensus control plays a central role, as it provides a funda-
mental mechanism for achieving agreement among distributed
agents through local interactions. Over the past decade, signif-
icant progress has been made in consensus control for MASs,
including adaptive and learning-based strategies for nonlinear
systems [12], human-in-the-loop coordination under external
disturbances [13], and optimization-oriented consensus with
time delays [14]-[17]. However, most existing works assume
that system parameters are time-invariant, which may not be
realistic in IoT environments where operating conditions are
highly dynamic [18]-[20].

In practical IoT deployments, agent dynamics often exhibit
time-varying characteristics due to factors such as component
aging, environmental variations, and changing workloads. This
has motivated increasing research interest in time-varying
MASs. For example, distributed H, consensus control has
been studied for discrete-time MASs with random parameters
using recursive linear matrix inequalities (RLMIs) [21], while
prescribed-time consensus strategies have been developed for
time-varying systems with communication delays [22]. These
studies provide valuable insights, yet they typically overlook
communication constraints that are intrinsic to IoT networks.
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In large-scale IoT systems, wireless communication resources
are inherently limited. Bandwidth constraints, interference, and
shared communication channels may lead to data collisions
and packet losses, which can significantly degrade closed-loop
performance [23], [24]. To address these challenges, various
communication scheduling protocols have been introduced,
including round-robin protocols [25], [26], try-once-discard
protocols [27], [28], and stochastic communication protocols
(SCPs) [29], [30]. Among them, SCPs are particularly at-
tractive for IoT applications due to their low implementation
complexity and strong robustness against interference. Recent
works have demonstrated the effectiveness of SCPs in state
estimation and control under unreliable communication con-
ditions [31], [32].

Beyond scheduling, long-distance wireless transmission in
IoT networks is often affected by path loss, multipath fading,
and noise, especially in scenarios involving sparse infrastruc-
ture or wide-area deployments [33], [34]. Cooperative relay
communication has been widely recognized as an effective
means to enhance transmission reliability and coverage [35]-
[37]. Depending on the processing strategy, relays can be clas-
sified into amplify-and-forward, decode-and-forward (DaF),
and filter-and-forward types [38]-[41]. Among these, DaF
relays are particularly suitable for IoT applications, as they
improve transmission quality through encoding and decoding
operations while also enhancing data confidentiality. As a
result, DaF-based relay mechanisms have attracted growing
attention in recent years [42]-[44].

In the context of encoding and decoding mechanisms, in
[45], [46], the problem of recursive state estimation has
been addressed for networked systems operating over relay
channels. Specifically, [45] has investigated the finite-horizon
state estimation problem for a class of nonlinear time-varying
complex dynamical networks with stochastic coupling, where
a relay-based strategy employing the DaF protocol has been
introduced to schedule data transmission from sensors to the
remote estimator in order to ensure communication quality. In
[46], to further preserve data privacy during the relaying pro-
cess, a decryption-free relaying protocol has been developed,
and a matrix-inequality-based approach has been proposed for
parameter design. Quantization effects have been widely stud-
ied in networked control systems due to their close connection
with bandwidth-limited communication. Prior works [47], [48]
have investigated mismatched quantized H, output-feedback
control for fuzzy Markov jump systems and robust Hs control
of linear systems to mitigate performance degradation caused
by inconsistent quantization across system components. To
the best of our knowledge, the finite-horizon H,, consensus
control problem for IoT-enabled multi-agent systems based on
SCP and DaF protocols has not yet been investigated in the
existing literature, and the objective of this paper is therefore
to address this research gap.

Motivated by the above observations, this paper investigates
the finite-horizon H, consensus control problem for a class
of discrete-time multi-agent systems with random parameters
operating over loT-style wireless networks. A transmission
framework that integrates SCP-based scheduling with DaF
relay-assisted communication is considered. This problem

remains unexplored in the current literature and presents
significant challenges due to the following difficulties: 1)
how to design an efficient DaF relay framework for discrete-
time multi-agent systems with random parameters? 2) how to
accurately evaluate the H,, consensus performance of multi-
agent systems affected by data loss, random parameters, and
SCP? 3) how to design controller gains to guarantee the H
performance constraint? To address these issues, the main
contributions of this paper are summarized as follows.

1) The finite-horizon H,, control problem for MASs with
random variables under the combined effects of SCP
and the DaF relay protocol is studied for the first time.
The proposed H,, control framework integrates random
scheduling constraints, encoding-decoding mechanisms,
and packet loss effects arising from relay communication.

2) A cooperative control framework is developed to handle
the compounded challenges introduced by SCP and DaF
protocols. Simultaneous improvements in communication
quality and transmission range are achieved, while the
encoding-decoding mechanism ensures data security.

3) For discrete-time MASs with random variables, a novel
finite-horizon H, consensus control framework based on
SCP-DaF is proposed. Sufficient conditions for satisfying
the H,, performance constraint are established in terms
of RLMIs, and an algorithm based on SCP-DaF is devel-
oped to compute the control gain matrix.

The subsequent sections are organized as follows. In Sec-
tion II, the SCP and DaF relay strategies are introduced,
and a controller based on SCP and DaF is designed. Based
on this, a model transformation is performed, and the final
finite-horizon H., consensus control constraints are derived.
Section III presents the main theoretical results, where suffi-
cient conditions are derived to guarantee that the stochastic
MASs achieve finite-horizon H., consensus. Moreover, an
algorithm is proposed for computing the controller gain matrix.
In Section IV, a numerical simulation example is provided
to validate the effectiveness of the proposed method, and the
results are analyzed and discussed. Finally, conclusions and
directions for future research are given in Section V.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Graph Theory and System Model

In this paper, a discrete-time MAS with random variables
is considered, consisting of J agents with the communication
topology represented by a directed graph ¢ = (¢,7,.A4),
where § = {1,2,...,J} denotes the set of agents, 11 = § x §
is the set of edges, and A = [aj;] with a;, > 0 represents
the weighted adjacency matrix. A directed edge (I,k) € N
denotes the information of agent j can be received by agent
i. For the elements of A, a;;, = 1 indicates that (I,k) € 1,
whereas a;; = 0 implies (I, k) ¢ 7. Additionally, self-edges
(1,1) are excluded for any | € §. The Laplacian matrix is
defined as £ & A — @, where @ £ diag{di,ds,...,ds},
d; £ Zkegl ajr, §; denotes the neighbor set of node I.
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Consider a class of discrete-time MASs consisting of J
agents with random variables. The dynamics of the [-th agent
are modeled as follows:

2i(s+1) = (A(s) + G(s)pu(s))ai(s) + Bls)u(s)
+C(s)wi(s) 0
yi(s) = D(s)ai(s) + E(s)ui(s)
z1(s) = F(s)xi(s)
where x;(s) € R, y;(s) € R™, z/(s) € R, and u(s) €

R™ are, respectively, denote the system state, measured output
vector, control output, and the required control input of the
I-th agent; A(s), B(s), C(s), D(s), E(s), F(s) and G(s)
are known time-varying matrices with appropriate dimensions;
wi(s) € LI and vi(s) € LI represent the exogenous distur-
bances; u(s) € R denotes a one-dimensional Gaussian white
noise sequence. For notational convenience, the measurement
output vector is defined as y;(s) = col{yi1, ¥2, - - -, Yin, }-

B. SCP Protocol

During data transmission, bandwidth constraints may lead
to data collisions. To address this issue, the SCP protocol is
employed in this paper to coordinate data exchange, effectively
preventing conflicts and enhancing transmission efficiency.
Under the SCP scheduling protocol, each agent [ is constrained
to transmit exactly one datum per time slot s. As established
in [49], the SCP can be characterized as a stochastic process,
where ~y(s) denotes the permission marker for data transmis-
sion through the communication channel at time s. Given
T £ {1,2,...,n,}, the probability that (s + 1) = m given
~v(s) =t is characterized by

P{y(s+1) =mly(s) =t} = pim,t,me Y
where py, > 0, ZZ;;I Ptm = 1. The transition
probability matrix and the wupdating matrix are

denoted by P £ [pyulu,xn, and Vo £
diag{d(1,7(s)),0(2,7(8)),...,0(ny,v(s))}, respectively,
where () represents the Kronecker delta function.
Accordingly, the measurement output after SCP scheduling is
modeled as

i(s) =

C. DaF Relay Protocol

The output signal, after being scheduled by the SCP, will
be transmitted through the communication channel to the
next stage. During this process, the signal passes through a
relay-based communication network before finally reaching
the controller. This paper proposes an encode-decode-forward
mechanism within the communication link to extend the data
transmission range and enhance communication efficiency.

1) Encoding Procedure: During this process, the SCP-
scheduled output signal g;(s) is encoded as:

91(s) = €1(Gu(s)) = &(q(Bu(s))) (3)

where &(qi(9:1(5))) £ col{&1 (@1 (i1 (s))), &2 (q2(Gi2(s))),
-+ &, (@in, (in, (s))) }, and q;;(91;(s)) is a scalar quantizer
defined as:

U )y (s)- 2

yl]( ) < —ay
5 < ii(s) <@y 4
l?lj(S) > ¢

—Cij,
Qljv
Clj,

@15 (915(s)) =

here, ¢;; denotes the given amplitude value, with the quan-
tization parameters determined by a positive constant b that
specifies the number of equal divisions over [—c;;, ¢;;]. The
lower and upper bounds of the e-th subinterval are respectively
given by:

B 2ecy;
Clj = ——

2e — 1)y
o, = Ze=Yey ‘

J b

— Cij, — Cij-
It is essential to note that the function &;;(-) is an index
generator function and satisfies

&5 (@1 (91(5))) € {1,2,..., b}

Let v;(s) = q;(91;(s)) — 9i;(s) denote the encode error,
which is bounded by: [|v;(s)|| < 5.

2) Decoding and Forwarding Procedure: In this process,
the encoded data will be decoded prior to transmission, and
the decoded signal with the packet dropout phenomenon can
be expressed as:

di(s) = ou(s)D1(gu(s)) (5)

where

Du(a1(s) 2 col{ D (91 (5)), Diz (912(5)): -, D, (910, (5)) }-
The mapping D;(g;(s)) decodes the encoded signal g;(s) into

the output signal ;(s), which can be further specified as:

D4 (g1;(s)) = w

— Cij-

Then, denoting 9;;(s) = Dy;(gi;(s)) — Gi;(s) as the decode
error, it is easily obtained that v;;(s) = ¥;;(s), and we can
finally derive the decoded signal as

di(s) = au(s)(i(s) + vi(s)) (6)

where v(s) £ col{yll( 12(8)s -+ 5 Viny (8 } a(s) is a
Bernoulli-distributed random Varlable that characterizes packet
loss and satisfies the following distribution:

P{loa(s) =0} =1—-a;, P{a(s)=1}=a.
The decoded signal is then amplified and forwarded by the
relay node, where packet loss is also considered. The signal
transmitted by the relay node can be expressed as:

= V/WiBi(s)

where W; denotes the average signal energy, H;(s) is a known
matrix with appropriate dimensions, n;(s) € I2([0,7],R™)
represents the noise vector within the finite-time horizon
[0, T]. Moreover, the Bernoulli random variable 5;(s), which
characterizes the random packet loss phenomenon, follows the
following Bernoulli distribution:

s) + Hi(s)m(s) (7

P{Bi(s) =0} =1-5, P{Bi(s) =1} =4
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D. SCP-DaF-based Controller Design and Model Transfor-
mation

Within the communication framework integrating the SCP
scheduling and the DaF relaying, the terminal measurement
output r(s) is transmitted to the remote controller via
distributed multi-agent interactions. Then, by incorporating
neighbor-agent information exchange to achieve cooperative
control under stochastic communication constraints, a novel
distributed controller is designed as follows:

= Kw(s)(s) Z ajk (Tl(s) - Tk(s))

ke

u(s)

®)

where KA/(S)(S) is the gain matrix at time s, which needs to
be designed.

To facilitate the subsequent analysis while ensuring clarity,
we adopt the following notations:

z(s) = col{w(s), 2(s),...,25(s)}
y(s) = col{yl(s),yz(8)7~--,yJ( )}
w(s) = col{w; (), wa(s),...,ws(s)}
v(s) £ col{vi(s),va(s),... ,vJ( )}
u(s) = col{uy (s),ua(s),...,us(s)}
2(s) £ col{z1(s), 22(5), ..., 25(5)}
n(s) = col{ny(s),na(s),...,ns(s)}
v(s) £ col{vi(s),va(s),...,vs(s)}.

By employing the Kronecker product, based on (2), (6),
(7), (8) and the definition of v;(s), we obtain the following
compact form of the stochastic MAS (1):

2(s+1) = (IJ ® (A(s) + G(s)u(s))
+(Wo(s)L @ B(s)K S)(s)\IIW(S)D(s)))x(s)
(W)L @ B(s) Koy 5) ()W E(5) ) v(s)
+(Wp(s)L @ B(s)Kys)(s) Jv(s)
+(H(s)L ® B(s) Ky (5)(s))n(s)
+(I; ® C(s))w(s)
y(s) = (I; ® D(s))a(s) + (I ® E(s))v(s)
2(s) = (I; ® F(s))x(s)
9
where
W £ diag{\/W1, v/ Wa,...,V/Ws}
p(s) = diag{ay(s)B1(s), aa(s)B2(s), .-, ay(s)Bs(s)}
H(s) = diag{H(s), Ha(s),..., Hs(s)}.

Define the deviations of the state vector x;(s) and the
controlled output z;(s) for the [-th agent relative to the mean
values across all J agents:

J
nls) 2 as) = 5 Y i(s)
=1
J
z(s) 2 z(s) — % z1(s)
=1

Then, one can easily derive that

(s+1) = (1 @ (A(s) + G(s)n(s))
H(Wp()L' @ B($)K () (5) W30y DI(s) ) (5)
+(Wp(s)JL ® B(S)K,Y(S)(S)\I/,Y(S)E(S))’U(S)
+(Wp()9L @ B($)E ) (5) ) ()
+(H(s)JL @ B(8) K (5)(s))n(s)
+(9 @ C(s))w(s)
Z(s) = (I; ® F(s))z(s)
J—1 1 1 (10)
I I
where § £ S :J
11 J-1
T T T
From the definition of ¢, the following result holds directly:
gL =L (11)

Defining x(s) £ col{x(s),Z(s)} and combining (9)-(11),
we obtain the augmented system as:
(s +1) = (A(s) + S5 (5))X(5) + By5)(s)v(s)
+€(3)w(8) + G'y(s ( ) ( )"_Q'y(s ( )n( )
Z(s) = 3(s)x(s)

(12)
where
A(s) £ As(s) + As(s), F(s)2[0 I, ®F(s)]
a |15 ® A(s) 0
A1(s) = [ ! 0 b@A(s))}
a (L7 @ G(s)u(s) 0
2As(s) = [ ! 0 I;® G(s),u(s)]
2 |B5(0() 0 a |1y C(s)
Srls) = 171G @3%5)(@] w2 7 oe0)
6'1«/%5) (5) = W,O(S)OC ® B(S) 'y(s)(s)\ll'y(s)D(S)
6'272(5) (3) é (S)gl' Y B(S)K’y(s) (S)qlw(s)D(S)
B (8) é ( )”C ® B(S)Kv(s)(s)\l]v(s)E(s) }
) Wp(s) 9L @ B(5) Ky (5) (5)Wr ) E(s)

g & [ Wols)L @ B(s)K ) (s)
Cy0)(8) = [ Wp(s)gL @ B(s )KM(S)}

L @ B(s) Ky (s)(s)
Ds)(s) £ H{s) V() )
1) ()90 © Bs) Koo )
Letting 5(s) £ p(s) — p, the augmented system (12) can be

reformulated as:

X(s+1) = (A(s) + G5 (s ( s) + &) (8)) (s)
+(%’Y(s ( ) ) )) (
+(€v(s (s) + e'Y(S)( ))V (s) (13)
+D(s) (s)n(s) + €(s)w(s)
Z(s) = §(s)x(s)
where
pé diag{ﬁhﬁQv"'vﬁJ}a ﬁl = O_‘lﬂ_l
_ &l (s) 0
G5 (s £ () 722
¥ ( )( ) 0 @7(5)(5)‘|
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in(s (S) =
&0(s) =

WL @ B(s8) Ky (5)(5) Uy (5)D(s)
WpgL ®B(S)K,Y(5)(S)\I’.Y(S)D(S)

. o [B1 (s 0
em(s)éwws)x@B() ()W) D(s)
822, (5) 2 W(s)JL © B(5) K (sy(5) W0 D(5)
L a [WiLeB()K, <>w73E<>
%V(s)(s)* {WpiiI@B ) () ) V(i }
oy a [ WAL © B(S)K (o) (9)W 0 E(s)
Bats)(9) { WH)GL © B(s) Ko ()W i B <>]

@R

(5 & {Wpl’@B( 8) K (s )(s)}
VT Wag L © B(s)Kys)(s)

()2 { Wi(s)L @ B(s) Ko (s (s) ]
() Wp(s)JL @ B(s)Kys)(s)|

As analyzed, the augmented system (13) is subject to
random parameters and external disturbances. The objective
of this paper is to design an effective controller gain K., ,)(s)
such that system (13) achieves the H, performance require-
ment. To this end, the following finite-horizon H, consensus
constraints are proposed.

Definition 1: For a given directed graph ¢, disturbance
attenuation level A > 0, and positive definite symmetric
matrix II, the SCP-DaF-based augmented system (13) is
said to achieve finite-horizon H, consensus if the following
inequality holds over the finite time horizon [0,§ — 1]:

(X

§—1
E{ Y (I26)12 = 22 (o)1 + [w()]2 + ()]
s=0
n a)) ATy @ H)X(O)} <0

where ¢ = Zl 1 Z] (F ).

Remark 1: In this paper, the SCP is integrated with the
DaF relay strategy. After being output from the sensor, the
signal is first scheduled by the SCP, ensuring that only one
output component is transmitted. Before the signal is received
by the relay, encoding-decoding processing is applied to en-
sure information security and reliability. The model explicitly
incorporates random packet loss phenomena, quantified by
Bernoulli-distributed random variables «;(s) and S;(s), to
account for practical communication impairments such as
network-induced packet drops. Crucially, the synergistic im-
plementation of SCP and DaF strategies introduces heightened
complexity in signal handling, while the probabilistic packet
loss characterization enhances the model’s applicability to
real-world engineering scenarios.

Remark 2: Unlike the related work in [45], Definition 1
provides an H, performance index for a coupled augmented
system model that simultaneously accounts for the random
switching induced by SCP and the packet loss occurring during
the DaF process. This study aims to design an appropriate
controller gain K, (s) such that the augmented system (13)
satisfies the finite-horizon H., consensus condition defined
in (14). It is particularly noteworthy that system (13) must
account for random packet losses occurring in both the SCP

(14)

scheduling and DaF relaying processes. This characteristic
endows the system with superior efficiency and security in
signal transmission compared to existing approaches.

III. MAIN RESULT

In this section, sufficient conditions are first established
in the form of a theorem for the augmented system (13) to
achieve finite-horizon H., consensus over the time horizon
[0, & —1], under the assumption that the gain matrix K.,y (s) is
known. Building upon these results, solvability conditions for
K.,(s)(s) are subsequently derived in terms of RLMIs. Without
loss of clarity, v(s) = t is hereafter adopted for notational
simplicity.

A. Finite-Horizon H., Performance Analysis

Theorem 1: For any t € Y, let a directed graph G,
disturbance attenuation level A > 0 (i.e., the upper bound of
the H., consensus performance), positive definite symmetric
matrix II and controller gains be given. The stochastic system
(13) satisfies the H, consensus constrains (14) if there exists
a set of non-negative definite matrices {Q:(s)}scs—1 and the
weighted sum Q;(s) = Y1 pimQm(s) (t,m € T with
Q:(0) < A2II) such that the following RLMI holds:

531(3) 552(3) 553(3) 534(3) 535(3)
* Etzz(s) 533(5) 554(5) 535(5)
Ei(s) = * * 553(5) 534(5) E§5(s) <0
x . £ Ely(s) Eisls)
* * * * ELe(s)
(15)
where
E41(5) 2 (A1(5) + B4(5)) Qels + 1)(Aa(s) + Bi(s))
+Q1(s) — Qul(s) + FT(5)8(s) + A3 ()Qu(s +1)
5 5 a2 |17 ®G 0
<Al (s 2 (MEF L
Ehy(5) 2 (A(s) + B1(s5)) Quls + 1)€(s)
Eha(s) 2 (A(s) + B4(5)) " Qels + 1)By(s) + Qa(s)
Eh4(5) 2 (A(s) + B4(5))" Quls + 1)&(s) + Qs (s)
=t5(s) 2 (A(s) + B(s)) " Quls + 1)D(s)
Ehy(s) = Q:T(S)Qt(s +1)€(s) — NI
Ehs(s) 2 €T(5)Qu(s + 1)By(s)
=4y(5) 2 €T(5)Qu(s + 1)&(s)
b (5) 2 €T(5)Qu(s + 1)D(s)
Zha(s) 2 BT (5)Qu(s + 1)Bi(s) + Qu(s) — AT
=44(s) 2 BT (5)Qu(s + 1)€(s) + Qs(s)
Z55(s) £ 7 tT(S)Qt(S +1)D(s)
Els 2 € (s)Qi(s + 1)D(s)
524(5) £ (;3? s) 7,‘(5 + l)QEt(s) + Q6(s) — A2
:25(8) £ @T(S)Qt(s +1)D(s) — AT
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Gli(s) 0

0 Qﬁf%(s)
B11(s) £ WL ® B(5) K, (5)(5) Uy 5 D(s)
62(s) £ WLYL @ B(5)K(4)(5) ¥y 5)D(s)
I, £ diag{0,...,0,1,0,. 0}

-1 Jfl
J
%(s) £ 3 (1 = MBT Qs + 1Beals)

\IIE()]
(s) W, E(s)

éﬁt}l(s) é

WIL ® B(s

A
Bals _{ lgcf@B

J
Qa(s) 2 pi(1— 1) 67, (5)Qu(s + 1) € u(s)
1=

o [ WILL @ B(s)Ky(s)
€i(s) = [W]llga[‘ ® B(S)Kt(s)}

Proof: By selecting the Lyapunov-like function V' (s) =
xT(5)Q¢(s)x(s), we derive the difference V(s + 1) — V(s)
along the system trajectory described by (13), as well as its
expected value, as follows:

E{V(s+1)—V(s)}
—E{ ((2(s) + Bu(3))x(5) + Buls)v(s) + E(s)w(s)
& (s) +Du(s)n(s)) Quls+ 1) (A(s) + 84(5))
< X(8) + Ba(5)0(8) + €(s)ls) + Els)r(s) + Do)
<n(9) + (Bls)n(s) + Bilsots) + &t )’
X Qu(s+1

/\ /—\

(16)

Based on the definitions of &,(s), B¢(s), and &(s), it can
be easily obtained that:

vl (5)B7 (s)
()()+ (8) () i(s + 1)E(s)
B(s)o(s)

1 T (s)B] (s)
th (s+1) @t }}

{Z (1= 2) (X (9)BL1(5)Qu(s + 1)1 ()x(s)
e Qs+ DS TR
) sz 1—p1)
x (sym{xT<s> F()Quls + DBy ()0(s)
()87 (5)Qu(s + D& ()0(s) + 07 (5)
< BT+ DE (0} ) }

X Qf(5+1

a7

Furthermore, it follows from (16) that
E{V(s 1) — V(s)}
{3 (:)(31(6) + 8,(6) ()25 + (@0 6) + €1(5)

)
x x(s) + X7 ()3 () Qe (s + 1)Aa(s)x(s) + T(S)
x €l (s )Qt(5+ DE(s)w(s) + ( )%
X %t( Ju(s) + v ( (
n’(s)D ( )Q:

S

o=1
=¢"(5)Z4(5)¢(5) (18)
where
((s) = Colix(S),w(S),v(S), v(s)}
531(3) ?32(8) 533(3) 534(3) Eﬁs(s)
B N * Eby(s) 553(5) Eb4(s) Ebs(s)
Ei(s) = * * E5s(s) §§4(5) E55(s)
* * * Eha(s) ?45(5)
% % % * =L(s)
21(5) 22 (9) - 37 (903(5)
?52(5) 2 Zh,(s) + N1, ?33(5) £ Ehy(s) + NI
Eha(s) 2 Ela(s) + VI, Shs(s) £ Ehs(s) + AT

Recalling the definition of v(s) and the property ||v;(s)|| <
%, we obtain

J ny

ZZ ([ (s

=1 j5=1

)2 <6, (19)
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In consideration of (15), (19) and the finite-horizon H.,
consensus constraints (14), we can infer that

]E{V(s+ 1) — V(s)}
SE{CT(S);(S)C(S) =X (VT (i)~ ¢) + Iz
= N2 (o)1 + )2 + In(s)1?) = (112(s)]1?
=R (I + I + ) |
:E{H@)Et(s)«s) = (=) 12 = X2 ()2 + w(s)]
+In(s)I? + é))}

<= B{ 17617 - X (oI + [l + (o)l + ) |
(20)

and, subsequently, by summing both sides of (20) with respect
to s from 0 to & — 1, we arrive at

S—1

IEI{ >
5o

< - E{ (IIE(S)II2 = N2 ([[o(s)1* + lw ()1 + [In(s)]?
s=0

+é))}.

Then, from Q;(0) < A\?IT and V(s + 1) > 0, it is straightfor-
ward to obtain:

E{|12(s)] }<E{ > X (o) + w(s)]2 + lin(s)]*

N

V(s+1) - V(s))}

2n

+&) + AT (0) Iy ® H)X(O)}. (22)

Thus, the augmented system (13) satisfies the finite-horizon
H,, consensus constraint defined in (14) over the finite
horizon. [ |

B. Design of the Controller

In this section, the gain matrix K;(s) in controller (8) is
designed to ensure that the stochastic MAS (1) satisfies the
finite-horizon H., performance. To facilitate the subsequent
derivation, the following lemma is presented based on the
description in [21].

Lemma 1: [21] For a full-column-rank matrix B(s) €
R™=*"u there exist orthogonal matrices A(s) € R =X
and ©(s) € R™*™ guch that the following singular value
decomposition holds:

=00 [ = g oo

where Aj(s) € R™>" and Ay(s) € R™%*(e—mu) are
submatrices of A(s), and X(s) = diag{ei(s),...,en,(9)}

contains the nonzero singular values of B(s). If matrix
Q+(k + 1) adopts the block-diagonal structure:

Qi(s+1) = ngg]T [Pt1(30+ ) Pt2(30+ 1)] [/[égsﬂ

VA

or equivalently,
Qe(s +1) = Ai(s) P (s + AT (s) + Aa(s) PP (s + 1)AZ (s),

with P}(s 4+ 1) > 0 and P?(s 4+ 1) > 0, then there exists a
nonsingular matrix ();(s + 1) € R™*"+ satisfying

B(s)Qu(s +1) = Qe(s + 1) B(s),
which is explicitly given by:
Qi(s+1) =0T (s)%~

Theorem 2: For any agent ¢ € Y, consider a di-
rected communication graph ¢, disturbance attenuation level
A > 0, and positive definite symmetric matrices IIj,
II,. The stochastic multi-agent system (13) achieves H.,
consensus under constraints (14) if there exist a ma-
trix sequence {Qt(S)}Se[Oﬂé’_l]; positive definite matrix se-
quences P} (s), P2(s), Q1(8)sep0,5—1) satisfying initial condi-
tions: P(0) < A2TI;, P?(0) < A?Il,; a weighted coupling
term Q:(s) = Y pim@Qm(s), (t,m € T) with struc-
tural decomposition Q;(s + 1) = A1(s)P}(s + 1)A](s) +
Aa(s)P?(s+1)Al(s) such that the following RLMI is feasi-
ble:

H(s) P (s + 1) Z(5)0/s).

=1
- = *
= _ |=t
=t = {&2 &3} <0 (23)
= O
where
SN T 2 2 2
Sh :dlag{—Qt(s)—i—S (8)§(s), =T, —N\°1,—\°1,
- )\21}
21 S22 S23 &S24 S25
=P S = = =
s |22 0 0 0 0
el =
=210 =211 =212
E200 o E211 222

=2 2 diag{1) @ Qu(s + 1)A(s) + WpL @ B(s)Qul(s + 1)
X W,D(s), Iy ® Qu(s + 1) A(s) + WpgL®
B(s)Qu(s +1)¥:D(s)}

=22 A -IJ®Qt(S+1>C( ):|
t |9 ®@Qu(s+1)C(s)
o3 o | WpL @ B(s)Q4(s + 1)U, E(s)

T (WapdL @ B(s)Qy (s+1)\1/tE(s)]
s [ WpL © B(s )}(s+1)}

¢ (WpJL @ B(s)Qu(s+ 1)

[ H(s)£®B(s)Q~t(s+ 1) }

| H(s)JL @ B(s)Q(s + 1)

’"26 £ dlag{IJ ® Qi(s +1)G(5), I ® Qs+ 1)G(5)}
=72 pidiag{WhL @ B(s)Qu(s + 1)¥,D(s),
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WYL ® B(s)Qu(s + 1)‘1’tD(5)}

208 &/ [ WL @ B(s)Qi(s + 1), E(s) }

=20 & /% { WL @ B(s)Qi(s +1) }
WYL ® B(s)Qi(s + 1)

g202 /) dlag{WIQOL ® B(s)
WI,JL ® B(s
211 & *{W12£®B( 5)Q4(

Je(s +1)¥,D(s),
)Q(s + 1)WD(s) }
+

(s + 1)V E(s )]
WIJL @ B(s)Qu(s + 1)¥, E(s)

(s

=t

=212 A& s | Wl @ B(s)Q; )
=SV {szgec@B( )Q <s+1)}

=3 2 ding{ 1, © Quls + 1), 1y @ Qu(s + 1), 1) @ Qu(s + 1),
I; @ Qs + 1)}’ pi = o(1—p).
Moreover, the control gain matrix K;(s) can be designed by

Ki(s) = O(s)S(s) (P s + 1)) 'S4 (5)0T (5)Qu(s + 1)
(24)

where O(s), 3(s), and A(s) are as defined in Lemma 1.
PNroof: From Lemma 1, it can be directl~y deduced that
B(s)Q¢(s+ 1) = Q¢(s +1)B(s). By setting Q¢(s) = Q¢(s +
1)K¢(s), and applying the Schur complement lemma to (15) in
Theorem 1, the inequality (23) is derived, thereby completing
the proof. ]
Based on Theorem 1 and Theorem 2, we propose the
following SCP-DaF-based Finite-Horizon H ., consensus con-
troller design (FHCCD) algorithm. This algorithm allows
for the computation of the gain K;(s) at each time instant
se 0,8 —1].

SCP-DaF-based FHCCD Algorithm

Step 1  Set s = 0, given parameters A > 0 and IT > 0, then determine
the initial values P} (0) and P2(0) according to the inequalities:
P}(0) < N2T14, P2(0) < ,\2H2

Step 2 Solve RLMI (23) to obtain P} (s+1), P?(s+1), and Q¢(s+1),
then compute the gain K. t(s) at step s using (24).

Step 3 If s < &—1, increment s = s+ 1 and return to Step 2; otherwise,
proceed to Step 4.

Step 4  Stop.

Remark 3: In Theorem 1, a sufficient condition is estab-
lished for system (13) to satisfy the H., performance crite-
rion by utilizing RLMIs and stochastic analysis techniques.
Building on this result, an RLMI formulation is presented in
Theorem 2 for computing the parameter matrices through the
application of the Schur complement lemma. Subsequently,
the feasible controller gain K;(s) is obtained via (24), and the
SCP-DaF-based FHCCD Algorithm is proposed to compute
the controller gain K;(s). From an implementation viewpoint,
the proposed FHCCD algorithm is mainly intended for offline
controller synthesis. For the MAS studied in this paper, which
has a fixed system size, the overall computational cost grows
approximately linearly with S, because the recursive LMI
feasibility problem is solved at each time instant s € [0, S—1].
With an increasing number of agents, the cost of solving each

RLMI grows more significantly due to the enlarged matrix
dimensions and coupled constraints.

Remark 4: Compared with existing literature, this paper
differs in the following aspects: 1) It considers stochastic
scheduling, DaF relay communications, encoding-decoding
errors, and random packet losses in a unified framework;
2) The scheduled signals are further encoded, decoded, and
forwarded through relay nodes, which has not been addressed
in previous studies; 3) It focuses on distributed finite-horizon
H, consensus control, where the consensus error among
agents is used as the main performance index; 4) Packet losses
in both the decoding-to-relay and relay-to-controller stages
are explicitly considered, which better reflects practical IoT
communication environments. Based on this joint SCP-DaF
communication model, an augmented stochastic consensus-
error system is constructed, recursive LMI-based sufficient
conditions are derived, and a scheduling-dependent controller
design algorithm is developed to guarantee finite-horizon H,
consensus performance.

IV. ILLUSTRATIVE EXAMPLE

In this section, the effectiveness of the SCP-DaF-based
controller (8) is verified through the following numerical
example.

Consider a multi-agent system consisting of three agents,
where the communication topology is represented by a di-
rected graph ¢. The set of nodes is § = 1,2,3, and the
corresponding adjacency matrix A is given as follows:

0 1 1
A = 0 1
1 0
For the stochastic MAS (1), the parameters are chosen as
follows:

[ —sin(0.4s) —0.5
A= o1 " o4 }

0.5 0.3cos(3s
Bs) =1 02 0.4( )]

Cls) = 062 0.1 531(23) }

o= Mo 02

£6)=| Zoor 00

Fe = | 063 0(.)1 ] Gls) = [ 0.(())1 0'81 ]

The updating matrix is set as

0.4 0.6
P= [ 0.5 0.5 ] ’

the disturbance attenuation level is chosen as A = 0.8, the
packet loss parameters are set as @; = 0.7 and 3 = 0.7,
corresponding to a packet loss rate of 30% in the transmission
from the decoder to the relay and from the relay to the
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controller, respectively, for each agent at each time step. The
remaining parameter settings are given as follows:

M=15I, W;=2, ¢; =01, b=20, Hys)=0.1.

The augmented system (10) is obtained from system (1)
under the simultaneous influence of SCP and DaF. The ex-
ogenous disturbances w;(s), v;(s), and n,(s), as well as the
initial conditions, are selected as follows:

a= 3] = [rreton]
= [oaemti)] o= [
= [ mmiora] 0= et

_ v !
ni(s) = Lol%} (le9), =(0)= [—6.5]

Additionally, we assume that z;(—3) = z;(—2) = x;(-1) =

21(0) for I = 1,2,3. The remaining parameters are set as
follows:
0.1 cos(s) 0.15 cos(s)
=0.05 =7 — 2
€ . nu(s) (s+1)2’ n(s) (s+1)2

Using the YALMIP toolbox, the feasible solutions to LMIs
(23) and the corresponding H., gain matrices are obtained
for s = 3 as follows:

- ~ [0.0410 0.0122 ]
Pl =1.0343, Q= | —0.0000 —0.0000
- [0.0396  0.0118 ]
K1 =
|—0.0000 —0.0000

- ~ [ 0.0000 —0.0000]
Py =1.0329, Q2= |—0.0357  0.0156 |
[ [0.0000 —0.0000]

>~ 1-0.0345 0.0151 |-

i‘;l(s)

. . . . .
0 5 10 15 20 25 30
Time(s)

Fig. 1. Trajectories of the agent state deviation Z;1(s),l € ¢.

—
—-—'5722(8) 1
—_ol

10 15 20 25 30
Time(s)

o
o b

Fig. 2. Trajectories of the agent state deviation Z;2(s),l € ¢.

‘ Zn(s)| |
221(8)
231(3) 7

Z1(s)

0 5 10 15 20 25 30
Time(s)

Fig. 3. Trajectories of the controlled output deviation zj;(s),l € ¢.

—==Z12(s)| |
—-—'222(8)
—OlR

W o S
-0.05
-0.1

0151

-0.2

0 5 10 15 20 25 30
Time(s)

Fig. 4. Trajectories of the controlled output deviation Z;5(s),! € ¢.
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2 ‘ ‘ ‘ ‘ ‘
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Time(s)
2 ‘ ‘ ‘ ‘ ‘

:1 FAA AAAAA AAAAA AA A

[s]
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0 5 10 15 20 25
Time(s)
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AAA A LAAA AAAAAAA | AA
0 5 10 15 20 25
Time(s)
Fig. 5. The values of ay(s),l € §.
2 ‘ ‘ ‘ ‘ ‘

ok % 20,029 2 0. 0. 0 ¢ *k K
0 e—edek e Atk FdeFhIAie——IeIe
0 5 10 15 20 25

Time(s)
2 ‘ ‘ ‘ ‘ ‘
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Time(s)
2 ‘

:2511(** Yok S Sokdokokok Yok dk 4
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0 5 10 15 20 25

Time(s)

Fig. 6. The values of 3;(s),l € ¢.

According to the SCP-DaF-based FHCCD algorithm, the
control gain matrix K;(s) is computed at each time step s. The
effectiveness of the control strategy, which incorporates the
SCP and DaF relay protocols, is verified through simulation
results presented in Figs. 1-6. Specifically, Figs. 1 and 2 illus-
trate the evolution trajectories of the deviation Z;(s) between
the individual agent states x;(s) and their average. Figs. 3 and
4 depict the trajectories of the deviation z;(s) between z;(s)
and its average. Collectively, these four figures demonstrate
that consensus is achieved, indicating that the states of all
agents tend to synchronize over time. Furthermore, Figs. 5 and
6 present the occurrence of stochastic packet dropouts in the
communication network. In these two figures, markers indicate
successful data transmission when «y(s) = 1 or By(s) = 1;
otherwise, when «;(s) = 0 or 89(s) = 0, agent ! experiences
a packet loss. These results confirm the effectiveness of the
controller (8) for the stochastic MAS system (1) under the
influence of the SCP protocol and the DaF relay mechanism
with random packet losses.

V. CONCLUSION

In this paper, the finite-horizon H, consensus control prob-
lem has been investigated for loT-enabled MASs with random

parameters under the joint influence of SCP scheduling, DaF
relay-assisted communications, and stochastic packet losses.
A unified SCP-DaF communication framework has been de-
veloped, where the transmitted signals are first scheduled by
the SCP and then encoded, decoded, and forwarded through
relay nodes. Based on this framework, an augmented stochastic
consensus-error system has been constructed, and sufficient
conditions have been derived in terms of RLMIs to guarantee
the prescribed finite-horizon H,, consensus performance. A
corresponding FHCCD algorithm has also been proposed to
compute the scheduling-dependent controller gains. Simula-
tion results have demonstrated that the proposed controller
can effectively drive the agent-state and controlled-output
deviations to consensus despite external disturbances and ran-
dom packet losses. Nevertheless, the approach assumes known
packet-loss probabilities, a fixed communication topology, and
centralized RLMI-based controller computation, which may
limit its scalability and adaptability in large or dynamic IoT
systems. Future research will consider finite-horizon consensus
control with unknown or time-varying packet-loss probabili-
ties, distributed and structure-exploiting RLMI algorithms, and
experimental validation on practical IoT-enabled multi-agent
platforms.
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