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Distributed Recursive State Estimation Over Sensor
Networks With Compress-and-Forward Relays: A
Compressed Sensing Strategy

Pengyu Wen, Zidong Wang, Hongli Dong, and Weihao Song

Abstract—This paper addresses the distributed recursive state
estimation problem for wireless sensor networks operating under
stringent energy, bandwidth, and computational constraints. A
compress-and-forward relay architecture integrated with com-
pressed sensing is proposed to reduce the transmission burden
while preserving the information required for reliable estima-
tion. Within the proposed framework, sensor measurements
are compressed at the relay and reconstructed at the remote
estimator from low-dimensional observations. To account for
the uncertainty induced by wireless transmission, the effects
of channel fading and channel noise on the compressed-sensing
reconstruction process are analysed, and a corresponding recon-
struction error model is established by exploiting channel statis-
tical characteristics. On this basis, a distributed recursive state
estimator is developed to mitigate channel-induced distortion. An
upper bound on the estimation error covariance is then derived
in the presence of reconstruction error, and the estimator gains
are determined by minimizing this bound. Simulation studies
based on an unmanned surface vehicle mooring-assisted dynamic
positioning system demonstrate that the proposed method can
maintain satisfactory estimation accuracy and robustness while
significantly reducing communication overhead.

Index Terms—Distributed state estimation; wireless sensor
networks; compress-and-forward relay; compressed sensing; re-
cursive estimation; channel fading; unmanned surface vehicle.

I. INTRODUCTION

State estimation is regarded as a fundamental component
of modern technological systems, by which internal system
states are inferred from sensor measurements and mathemat-
ical models when direct observation is not available. Such a
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capability is required in a broad range of critical applications,
including precise navigation for autonomous underwater ve-
hicles, smart industrial automation, and real-time monitoring
in environmental sensing and offshore energy systems [3], [9],
[14], [42], [49], [51]. Over recent decades, substantial progress
has been achieved in estimation and filtering theory, leading
to statistically optimal solutions for diverse scenarios. Among
the available methods, the Kalman filter has been recognized
as one of the cornerstones of linear estimation. Its recursive
prediction-and-update structure is well known for optimally
fusing uncertain system dynamics with noisy measurements so
that minimum mean-square-error estimates can be obtained.
Owing to its robustness and computational efficiency, the
Kalman filter has been widely adopted as a fundamental
framework for state estimation in numerous engineering fields,
as extensively documented in the literature [19], [34], [37],
[41], [44].

Recent advances in networking and wireless communica-
tion technologies have made sensor networks a predominant
architectural framework for distributed monitoring and control.
Considerable attention has been devoted to such networks
because several practical advantages can be offered simul-
taneously, including simplified wiring, reduced cost, flexible
deployment, convenient scalability, and easier maintenance
[30], [31], [39], [44]. Owing to these merits, sensor networks
have been widely adopted in large-scale application scenarios
such as ocean monitoring, forest fire detection, and preci-
sion agriculture [4], [6], [22], [23], [47]. In such scenarios,
geographically dispersed sensing units can be organized in
a cooperative manner, so that information from different
locations can be collected and transmitted without requiring
rigid physical interconnections. Such a distributed architecture
makes sensor networks particularly attractive in environments
where centralized wiring is costly, deployment conditions
are harsh, or system expansion is frequently required. For
this reason, sensor networks have become an indispensable
technical foundation for many modern monitoring and control
systems.

It is noted that practical large-scale deployment is severely
restricted by the limited resources available at sensor nodes.
Energy scarcity remains one of the most prominent concerns,
because battery-powered nodes possess only restricted energy
budgets, while the repeated transmission of high-dimensional
raw data is highly energy-intensive and can drastically shorten
network lifetime [15]. Bandwidth limitation in wireless chan-
nels further aggravates the problem, since the transmission of
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massive raw data is likely to suffer from congestion, signifi-
cant delay, and high packet-loss rates. Meanwhile, the weak
computational capability of sensor nodes often makes complex
local data processing impossible in real time [45]. Under the
combined constraints of energy, bandwidth, and computation,
direct transmission of large raw data streams to a distributed
estimator becomes highly inefficient and often impractical
[20], [40], [43]. To ensure reliable state estimation under such
conditions, intermediary nodes with data-processing capability
should be introduced into the network architecture, so that
the burden on the sensor-to-estimator link can be alleviated.
Relay nodes are therefore strategically employed to form the
communication backbone. The effectiveness of such a relay-
assisted architecture, nevertheless, depends strongly on the
adopted relaying strategy, since different relaying mechanisms
do not address the above constraints with the same efficiency.

Remote state estimation scenarios usually involve measure-
ment signals transmitted over long-distance communication
channels [8], [48], [50]. Because of the limited transmission
power of sensors and the unavoidable fading of wireless
signals, direct communication with a remote estimator often
experiences severe path loss. Relay techniques are there-
fore indispensable for reliable communication [21], [26],
[35]. Among the predominant relaying protocols, amplify-
and-forward is attractive because of its low complexity, yet
both signal and noise are amplified simultaneously, which
inevitably degrades estimation performance [46]. Decode-and-
forward can suppress noise propagation by fully decoding
and re-encoding the received signal, but substantial com-
putational resources are required at the relay, resulting in
increased latency and energy consumption. Such a drawback
is particularly critical in resource-constrained sensor networks
[36]. The compress-and-forward (CF) strategy adopted in this
work provides a more balanced alternative. In CF relaying,
the received signal is compressed at the relay without full
decoding, and the data volume as well as bandwidth usage
can thereby be reduced, while the noise amplification associ-
ated with amplify-and-forward and the heavy computational
burden caused by decode-and-forward are both avoided [1],
[10]. For bandwidth-limited and energy-limited scenarios, CF
is therefore especially suitable. Efficient compression with
minimal information loss, nevertheless, remains a pivotal issue
in conventional CF relay frameworks.

Efficient compression in the CF paradigm can be effec-
tively addressed through compressed sensing (CS), which
has emerged as a powerful signal-processing framework. By
exploiting the fact that many natural signals are sparse or
compressible in a known transform domain, such as the
discrete cosine transform or wavelet domain, CS breaks away
from the limitations imposed by the traditional Nyquist-
Shannon theorem. Rather than acquiring the full signal as in
conventional schemes, CS employs a non-adaptive and signal-
independent measurement matrix to obtain a small number
of linear projections at a rate far below the Nyquist rate [5],
[11], [28], [38]. Provided that sufficient sparsity is present, the
original signal can be accurately reconstructed at the remote
estimator by solving an appropriate convex optimization prob-
lem. Such a property makes CS highly attractive for CF relays

[16]. The implementation burden at the relay is low, since
compression mainly involves a simple matrix-vector multipli-
cation, and this feature makes CS well suited to resource-
constrained nodes [33]. Moreover, CS is essentially signal-
agnostic, because its effectiveness depends on the existence
of sparsity rather than on any particular signal type. The
design of complicated application-specific compression codes
can thus be avoided [24]. Owing to its universality and strong
compression capability, CS provides an effective means for
integrating data compression and communication in CF relay
systems.

Motivated by the above discussion, in this paper, we investi-
gate the state estimation problem for wireless sensor networks
(WSNs), where a CF relay integrated with CS techniques is
adopted, by which highly efficient data compression can be
achieved at the relay. Within the proposed framework, three
core issues are addressed. i) The first concerns the establish-
ment of a CF relay model compatible with CS techniques. ii)
The second concerns the analysis of the effect of multiplicative
random fading in wireless channels on the accuracy of CS
recovery, because the compressed signals become stochastic
and partially unknown under such fading, and a reliable com-
pression error model must therefore be constructed. iii) The
third concerns the design of an appropriate state estimator for
processing the compressed-and-recovered signals generated by
the CS-based relay framework, so that the overall effectiveness
and robustness of system state estimation can be ensured. The
main contributions of this paper are summarized as follows.

1) For the first time, the CF relay architecture is sys-
tematically introduced into the state estimation problem
for resource-constrained WSNs, and a CF relay design
integrated with CS techniques is investigated. Compared
with traditional CF relay schemes, the proposed ap-
proach can effectively exploit CS technology to sig-
nificantly reduce the number of required measurements
while preserving the estimation performance.

2) One of the first systematic investigations of the influ-
ence of stochastic channels on CS recovery error is
provided in this work. By exploiting channel statistical
characteristics rather than instantaneous channel state
information, a state estimator is designed to counteract
the uncertainty induced by wireless channels.

3) The effectiveness of the designed estimator is rigorously
validated through simulations based on an unmanned
surface vehicle (USV) mooring-assisted dynamic posi-
tioning system (MADPS). The results demonstrate the
practical applicability of the proposed approach in a
realistic scenario.

The remainder of this paper is organized as follows. Sec-
tion II establishes a discrete time-varying sensor network under
a CF relay with CS techniques, analyzes the influence of
channel statistics on the CS recovery error, and develops the
corresponding distributed recursive state estimator. Section III
presents the distributed state estimation scheme by minimizing
an upper bound of the estimation error covariance. Section IV
provides a simulation case study of a USV-MADPS to verify
the effectiveness of the proposed approach. Section V con-
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cludes the paper.

Notation: R™ stands for the m-dimensional Euclidean
space. A > 0 represents that A is a positive definite symmetric
matrix. For a square matrix B, tr(B) illustrates the trace of
B. E{a} and V{a} show the expectation and the variance
of the random variable a, respectively. The symbol < means
“much less than” and is used to indicate that one quantity is
significantly smaller than the other.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. System Description

In this paper, a sensor network containing N sensor nodes
is considered, whose topology is described by a specified
directed graph G = (©,Z,A) of order N with the set of
nodes © = {1,2,..., N}, the set of edges = C © x ©, and
the weighted adjacency matrix A = [a;;]nxn With adjacency
elements a;; > 0. An edge of G is represented by pair (3, j).
The adjacency elements associated with the edges of the graph
are positive, i.e., a;; > 0 <= (j,4) € =, which indicates that
information is transmitted from sensor j to sensor 7. The set
of neighbors of node 7 is denoted by N; = {j € © : a;; > 0}
(J # 1.

Consider a class of discrete time-varying sensor networks
as follows:

Ts41 = Asxs + Bsws
Yi,s = Ci,sxs + Di,svi7sa

where z, € R"* and y; , € R"v are state and measurement
output of the i-th node, respectively. The vectors ws € R™
and v; s € R™ are noise sequences with zero mean and
covariance )5 > 0 and R; s > 0, respectively. A;, Bs, C; 5
and D; , are known matrices with appropriate dimensions.
Throughout this paper, all noise processes and stochastic
variables involved are assumed to be mutually uncorrelated
and independent across nodes.

1) Compress-and-Forward Relay Channel: In this paper, a
communication scheme employing a CF relay is adopted to
improve the transmission quality and extend the propagation
distance between sensors and remote estimators. As shown
in Fig. 1, the sensor measurements are transmitted to the
corresponding remote estimators through the CF relays. The
end-to-end transmission process consists of two cascaded
wireless channels and is described as follows:

2) Sensor-to-relay transmission: The sensor acquires time-
domain measurements y; ; and transmits them to the relay
through a wireless channel:

(1)

i=1,...,N

S
Z pzhzsy18+nzs (2)
where p? denotes the average transmit power of the sensor
node, hy', ~ N'(hi, hy) is the sensor-to-relay channel param-
eter, and n € R™ is the additive channel noise vector with
5 ll2 < ;. .

3) Compressive sensing at relay: It is assumed that the
sensor measurement y; ; admits a sparse representation in a
known transform domain. Specifically, y; s can be expressed
as

Yis = ViS; s 3)
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Fig. 1: Framework of CF relay-based transmission under the CS
techniques.

Remote
Estimator i

where ¥, € R™*" is a known sparsifying basis (e.g., the
discrete fourier transform matrix), and s; , € R™ is a K-
sparse coefficient vector satisfying [|s; s|jo < K < ny.

The CF relay applies a CS scheme to zfs and acquires a
compressed measurement vector given by

20, = @iz +nf 4)

where ®; € R"‘I’X”y denotes the compressive sensing matrix
with ne < ny, r]l o represents the compression noise satis-
fying H77 Sl < 771 and ¢ is typically related to the hard-
ware conditions during actual compression. This framework
enables signal reconstruction from ng compressed measure-
ments instead of the original n,-dimensional observations. To
guarantee unique and stable recovery, the sensing matrix ®;
is required to satisfy the Restricted Isometry Property (RIP),
which is defined as follows.

Definition 1: ( [S]) A matrix ¢ satisfies the RIP of order K
if there exists a scalar 0 € (0,1) such that for all K-sparse
vectors x:

(1= 0r)lIxII3 < 1913 < (1 + ) ][5 )

The smallest constant g satisfying (5) is called the K-
restricted isometry constant.

4) Relay-to-estimator transmission The relay forwards
only the compressed vector z&, € R™® to the remote estimator,
whereby the bandwidth requ1rement is reduced by a factor of
n, —ng. The received signal at the estimator is then given by

2 = \/7hRs Co i
PERE(Pizds +nfy) + 0l
PERE(®i(\/ PP RS yis +10s) +118s) + i
PEPIRIBT (®iyi s + i s (6)
with
Ni,s = hR

ans+ pthSnZS+nlS

where plt denotes the average transmit power of the relay node
i, nf, is the channel noise with [|n/ |2 < 7/, and Al
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N (hE hE) is the relay-to-estimator channel parameter. 7; ; is
defined as the overall noise. By applying the triangle inequality
and the sub-multiplicative property of the induced ¢/2-norm, the
following bound holds:

sl < /R [BE] (il 1], + S, + Il
(7

Since hiRs follows a Gaussian distribution, i.e., hf

7,8
N (Rt hE), for a prescribed confidence level 0 < aft < 1,
there exists a constant 37 > 0 such that

Pr{‘hfs — Al < ﬁf\/ﬁﬁ} =all. 8)

Consequently, the overall noise 7, , satisfies
Pr{|nisllz < mi} > off ©)

where

i 2 \/plt (lhfl + ﬂﬁ\/ﬁﬁ) (1231, 75 +77) + nf.

5) Signal reconstruction at estimator: Based on the re-
ceived signal z[%, the estimator reconstructs the signal as

1,8°
follows:
éi,s - pﬁpfilf{ilquzéz,s

where §; ¢ is obtained by solving the following convex opti-
mization problem:

(10)

S; ¢ = argmin [|8; 4|1

Si,s

st ||2f pEpPRER] 0,8,

Qs

<0+ &
2

Y

where the term €; characterizes the mismatch caused by the
random channel fluctuations.

The effect of random channel fluctuations can be character-
ized by

lleislla < \/pEDT |RERS S — R || @iWisi s, -

Note that the boundedness of the random channel pertur-
bation requires an upper bound on the norm ||¥;s; s||2. Since
Yi.s = ¥;s; s, this requirement is equivalent to assuming that
the sensor measurement y; s has finite fo-norm. In practical
systems, such a bound is usually available, because it is de-
termined by sensor hardware characteristics and transmission
power constraints.

Since hfs is a Gaussian random variables, for a prescribed
confidence level 0 < o < 1, there exists a constant 37 > 0

(12)

such that
Pr{|hfs—hf\ gﬁf\/ﬁf}:af. (13)
By virtue of the mutual independence of hfs and hfs,

the joint event that both channel parameters lie within their
respective confidence intervals occurs with probability no less
than afaf. Accordingly, €; ; admits the following bound:

Pr{|leisll, <&} > afal (14)

where

AT (ﬁflhflx/ﬁf T BIRS|\JRE + pRpS
xs/iszzf> @984, -

Remark 1: The constraint in the decompression optimiza-
tion problem is constructed on the basis of high-probability
confidence bounds for the random channel parameters hfs
and hE,. For prescribed confidence levels 0 < af,af < 1,
the cofresponding confidence intervals are given by |hf’S —

h?| < ﬁf\/ﬁ and |nff, — Bl < ﬁf\/ﬁ, where 37 and
BI are chosen such that Pr{|h;, — hi| < Bi\/h;} = o;
(- € {S,R}). Owing to the independence of Ay, and hf,
the probability that both parameters simultaneously lie within
their respective confidence intervals is at least o al*, which
provides a lower bound on the feasibility confidence of the
reconstruction constraint. For the complementary event, whose
probability is no greater than 1 —a«F, at least one coefficient
violates its confidence bound, and the received signal zfs may
then be subject to severe channel-induced distortion. Rather
than discarding such measurements, the corresponding recon-
structed signals are conservatively modeled as an unknown but
bounded disturbance. In this way, all received data can be in-
corporated into the estimation framework, channel distortions
can be explicitly taken into account, and the robustness of the
subsequent state estimation scheme can be preserved.
Lemma 1 (Reconstruction Error Bound [5]): Let ¢ be the
reconstructed signal obtained by solving the convex optimiza-
tion problem (15), (. be the received compression signal, ®
be the compression matrix, and ¥ be the transform domain:

§* = argméin I8]l1 st |[¢c—DTs|2 <7 (15)

where 7 is the noise bound. If & satisfies the RIP of order
2K with constant o < V2 — 1, the reconstruction error is
bounded as follows:

IE—cll < a”i‘/@ (16)

1 _
——=+bn, ox(y) =|s—skl:
-~ )1 = lIs = s«
where ( = Us, ok (y); is the K-term best approximation
error, sx is the best K -term approximation of s, and

_21—(1—\/5)521( V1+ 0ok

11+ V)0 1= (1+V2)dk

Lemma 2 (K -Term Approximation Error Bound [7]): Let s,
sk, and o (y)1 be defined as in Lemma 1. Assume that the
transform domain coefficients of ( satisfy a compressibility
condition: when arranged in non-increasing order of magni-
tude, denoted by [s[(1) > [s|i2) > -+ > [s](n,), there exist

constants H > 0 and v > 1 such that
sy S HK™?, K=1,2,...,n.

Then, the K-term approximation error admits the following
bound:

a7)
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In particular, for a fixed sparsity level K, ok (()1 is uniformly
bounded by a time-invariant constant determined by the signal
prior.

According to Lemmas 1 and 2, if ®; satisfies the RIP of
order 2K and do < v/2 — 1, the reconstruction error of the
CF relay under the CS techniques can be expressed as follows:

Givs — Girsll2 < di (18)

ELS = \/ p?pﬁﬁfﬁﬁqusz,sa
P pERI R

:a§%+Ma+m)

Remark 2: From (18), we observe that the reconstruction
error consists of three distinct components: the sparsity ap-
proximation error, the error introduced by random channel
parameters, and the noise effect. Since the random channel
parameters only scale the transmitted signal without altering its
sparsity structure, they do not affect the sparsity approximation
term in Lemma 1. In particular, when the compression process
is noiseless (i.e., 77, = n<, = nff, = 0), the reconstruction
error reduces to the sparsity approximation error and the error
induced by random channel parameters. Furthermore, if the
signal y; . is exactly K-sparse in the transform domain (i.e.,
ok (yi)1 = ||s — sk|j1 = 0), the reconstruction error reduces
only to the error caused by the random channel parameters.
This demonstrates that with random channel parameters, the
CS framework achieves exact recovery for truly K-sparse
signals in the absence of measurement noise. -~

Based on the above analysis, the available signal (; s at the
estimator is modeled by

where

o
w
>

&
>

CNi,s = ai,séi,s + (1 - O[i,s)gi.,s (19)

where ¢; , denotes the reconstruction-failed signal satisfying

llsi,sll2 < e (20)

with ¢; being determined by the hardware constraints of the
computational unit.

Remark 3: 1t should be noted that ¢; is a positive constant
that bounds the ¢5-norm of the reconstruction-failed signal.
Physically, this bound originates from the hard amplitude
limits imposed by the hardware of the sensing and communi-
cation system. For a typical resource-constrained sensor node
equipped with an n,-channel analog-to-digital converter with
a saturation voltage of =V}, per channel, the worst-case /o-
norm bound is given by ¢; = Vinax\/ny, Which corresponds
to the maximum possible signal energy when all analog-to-
digital converter channels are saturated simultaneously. This
conservative bound ensures that even in the extreme case
of complete CS reconstruction failure, the signal magnitude
remains strictly bounded.

The variable «; ¢ is a Bernoulli-distributed random variable
satisfying

PI‘Ob{OZi7S = 1} = 4,

Prob{a;, =0} =1 — a; 1)

where @; denotes the probability of the successful reconstruc-
tion and satisfies a; > afa?.

Remark 4: This paper considers a CF relay architecture
enhanced by the CS techniques. Such an architecture is par-
ticularly suitable for WSNs because the physical coverage of
the network can be extended, while computationally intensive
signal-processing tasks, such as compression, can be shifted
from energy-limited and computation-limited sensor nodes to
a relay node with more abundant resources. It should also be
noted that, owing to random channel fading and noise, the
CS recovery process may not always remain feasible. Such
inherent uncertainty motivates the probabilistic modeling of
the CS-based reconstruction outcome adopted in this paper.

B. Distributed Recursive State Estimation Problem

Let #; 5415 and Z; 54 1)s+1 be the one-step prediction and
the updated state estimate of the i-th node, respectively. The
distributed recursive state estimator is designed as follows:

(22)

~ e * N
xi,s+1\s + Li,erl(gi,erl - Ci,s+1aixi,s+l\s)

N . o
+Ki,s+1 E Q5 (Cj,s+1 —Oj,s+104j$j,s+1|s>
JEN;

Tis+1|s = Asxi,s\sa

Tis41|s+1 =

(23)

where Oi*.,s—i—l = \/pZRpZSfileﬁiSC'i_,s_,_l, Li,s+1 and Ki,s+1 are
the state estimator parameters to be designed.

Define €i,s+1|s £ Ts41 — fi,s+1|s and €i,s4+1|s+1 £
Ts+1 — T s41]s+1 as the prediction error and the estimation
error, respectively. The corresponding covariance matrices are
defined as P, ;15 = E{€i7s+1\s€;{s+1‘s} and P oi1)541 =
E{ei=s+1|s+1ezs+1|s+1}'

For a compact network-level analysis, the node-wise es-
timation errors are augmented into a global error vector.
The corresponding prediction and estimation error covariance
matrices are denoted by Pyyqs and Psy1),41, respectively,
whose diagonal blocks are given by P; ;415 and P o1 1]511-

The objectives of this paper are summarized as follows.

1) Derive an upper bound on the estimation error covari-
ance Py q|s11-

2) Minimize the derived upper bound by appropriately
designing the estimator gains L; ;41 and K; 41 in the
distributed estimators (22) and (23).

IIT. MAIN RESULTS

In this section, the distributed state estimation scheme is
designed by minimizing an upper bound on the estimation
error covariance. Before the main results are presented, the
following three lemmas are introduced.

Lemma 3: [36] For any two vectors z,0 € R", the inequality

zoT + 027 < ezzT 4+ e Loo”

holds with € > 0 being a constant scalar.
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Lemma 4: [27] Let A = [a;j]nxn be a real valued matrix
and B = diag{b1, b2, ...,b,} be a diagonal stochastic matrix.
The following relationship holds:

E{b7}  E{bibo} E{b1b,}
E{BABT} = E{b:?bl} ]E{fb} E{b:gbn} )
E{bubi} E{bubo} E(i2)

where o is the Hadamard product defined as [Ao B];; = A;; -
Byj.

Lemma 5: [32] For matrices X, Y, Z and symmetric matrix
P with appropriate dimensions, the following equalities hold:

T
0w(XYZ) _ yryr 0(XYTZ)
Y Y
XY Z)P(XY Z)T
otr( ; ( V1 _oxTxyzpIT

The state covariance matrix is calculated as follows:
Xo1 2 Elogpal, ) = AXAL + B,Q:BL. (24

For notational convenience, the following quantities are
introduced:

As £ Iy ® A, Bs 2 In ® B, 6511 = coln{sist1},
Ry = diag{R1s, ..., Rns}, Qs = Inxn @ Qs,
Lo = diag{L1 s41, -+, Lnst1}s Vsi1 = coln{visi1},
Ksi1 = diag{K1 641, ---» Knst1}s o1 = coln{Cist1},
Xop1 £ Inun ® Xop1, @5 = coln{ws},
AEARI,,, (o1 2 COlN{§i7s+1}7
Qgp1 2 diag{o s41ln, .- N sr1ln, },
as diag{ailn,,...,anl,, },
ot 2 diag{CT 115 ---, Cz*v,s+1}a
D;‘H £ diag{DisH, ce D7\77s+1}a

Theorem 1: Given positive scalars pu, hy, ha, ks, hy and hs,
for the distributed state estimators (22) and (23), the prediction
and estimation error covariances P 1, and Py 1,41 satisfy

Pops < Togags,
Poi1s41 < Dopagsyrs
where
Lyp1s 2 AT AL + BoQBL,
| RIS G I ) L CPURY RN | i
+ Lop AL LT + Kan A2 KL
+ £s+1A§+1ICZ+1 + ’Cs+1A§+1EZ+1
Ay = (L4 h)(Go (L+p~H)d? T+ (1+ p)(Clyy
X Xo1(Copn)" + Dy Rora(Dis)")))
+ (L4 Ayt + hy + hs)d*aa”
+ (14 hyH)aDi Rey1 (Dyy ) a”

+ (1 +hyt + gt + Ry (I — @),

AZop B AN AT AL B AL AT, AD B AN,
& = diag{(ar — a7)1n, xn,,---» (@N — &%) 1o, xn, b
M sp1 2 I — (Loy1 + Kep1N)acCh,,.

Proof: Considering (1), (22), and (23), the error dynamics
is acquired as follows:

€is+1]|s = Asei,s|s + BSUJS, (25)

ei,s+l\s+1 = ei,s+1|s - Li,erl ((O‘i,erlCLerl - diCi7s+1)
+ @i (Gisr1 — Ei,s+1) + @i(@,sﬂ

- Czs+1£i,s+l|s) + (1 - ai7s+1)§i,s+l)

— £y 541 Z Q5 <(aj,s+1<j,s+1

JEN;
— @;Gs+1) + 5 (Gs1 — Gst1)
+ @j (Cj,s-i-l - C;,s+1j;j7s+1\s)

+(1— O‘j,s+1)§j,8+l)

= €jet1)s — Li,s+1 ((ai,erl — @;)Gis41
+ @i (Gisr1 — Ei,s+1) + ai(czs+1ei,s+l|s

+ D; g 11Vis41) + (1 — O‘i,s+1)§i7s+1>

— Kis Z Qi <(0¢j7s+1 — @;j)Cjs+1

JEN;

+ @ (Gst1 = Gs+1) + @ (CF sp1€5511)s

+ D;,s+lvj,s+l) + (1 - aj>5+1)gj15+1) (26)

where D . £ \/pFp7h{hi Di o p1.
The compact forms of (25) and (26) are, respectively,
obtained as follows:

Ases|s + Bs@s; (27)

Cstlls =
€st1)s+1 = €st1)s — Lot1 (o1 — a)Csr1
+a@(lsy1 — Csr1) + a(Cii1esri)s + Diyqvsr1)
+ (I = agg1)ss41) — Kop1 A (o1 — a)Csr1
+ 6(Cog1 — Cor1) + a(Clir€sp1)s + Diy1vst1)
+ - as+1)<s+1)

=11 st1esp1)s + 2 s41Cs+1 + Iy s 110541

+ H3,5+l(és+l — Csp1) + M5 6116511 (28)
where
o511 = — (L1 + Ksr1A) (ast1 — @),
O3 501 = — (Ls1 + Ksp1M)a,
Iy i1 = — (Lsg1 + Ksp1A)aDl,q,
U5 5401 2 — (Ls1 + Ks1A) (I — asi1)
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The prediction error covariance Py s is expressed by
T T
Ps+l\s = ASPS|SA5 + BSQSBS . (29)
The estimation error covariance P11 is calculated as
follows:
Ps+l|s+1
T T AT T
=E {H1>S+1es+l|ses+1\SHI,erl + H275+1<S+1<s+ln27s+1
2 = 2 = \TT
+ 3 541 (Cs1 — Cs+1) (Cs1 — Cs1) " 13 549
+1II vspqvl, T +1I T uf
4,5+1Vs+1V5 1y 509 5,5+1Ss+1Ss 41115 541
AT T . T T
+ s 1€sp1)sCor1 Mo g1 + Hasr1Csr1€54 11510 511
£ = \TTT
+ H17s+1€s+1|s(Cs+1 — Cst1) H3,s+1
+ H3,s+l(<5+l -

T T T T
+ H1,5+1€s+1|svs+1n4,s+1 + 1_14,s+1115+1‘3s+1\sHLS+1

~ T T
<S+1)es+1\snl,s+l

T HT T T
+ H1,5+1€s+1|3§s+1n5,s+1 + H5,s+1§5+1es+1\snl,s+1
. 2 = \THT
+ o s41Co1(Cs1 — Cs1) " 13 54q
+ 5 641 (Cot1 —

2 T T T T
+ H2,5+1<5+1U5+1H4,s+1 + 1_[4,s+1US+1<s+1HZ7s+1

~ T T
<S+1)<s+1n2,s+l

+ H2,5+1és+1§g+1H5T73+1 + H5,s+1§s+1é?+1H2T73+1
+ H3,5+l(és+l -
+ 1y s 10541 (Cot1 — §s+1)TH3T75+1
S | PRRY (I §s+l)<5T+1Hg,s+l

+ 15 5416541 (és+1 - §s+1)TH3T,s+1

T [T T T
A0y 51105416541 105 o1 + s s 1651051 105 o1 }

= T T
<S+1)Us+ln47s+1

T T PAT T
=E {H1)5+1€S+1|385+1‘SH1)S+1 + H2,s+1<s+1<s+ln27s+1
e = 2 = T T

+ 3 541 (Cs1 — Cs+1) (Cs1 — Cs1) " 13 549
II [ II T .ol
Rl VIPEE LOPE aiNR § IS i o § EIPRE TR ESwTE § )
= THT
<S+1) H3,5+1

= T T
<S+1)es+1\snl7s+1

+ 1 s1€sq1)s(Co1 —

+ H3,s+l(<5+l -
T 1T T T

+ 1 spr1esp1)sSoplls o1 + s sp1csr1€, 4 o

A T T T T
M2 s 4141554105 541+ s s116s11C5 11105 544

2 = T T

+ 3611 (Cor1 — Cor1)vsp1 1y g

+ 104 s 410641 (Co1 — §s+1)TH3T73+1
2 = T HT

+ 3 541 (Cs1 — Cst1)Ss 1105 541

+H5,s+1<s+l(€s+l - 63+1)TH:7;,S+1} . (30)

It follows from (18) and (24) that
E{ierlésTJrl}
_ . _ _ . _ T
=K { (<s+l + (<s+1 - <s+1)) (<s+l + (<s+1 - <s+1)) }
< E{(l + M)ESJrlgg;l + Mil)(gsﬂ - €s+1)
X (Cs1 — Cor1) T}
< E{(1+ w)Co1Cy + (L4 p~H)d? I}

= (14 @) (€1 Xe1 (Co) " + Dy Roa (Diyr) ")
+ (14 pH)d1.

(1+

(€19

According to (29)—(31), Lemma 3, and Lemma 4, one has

Ps+1|s+l
< E{(l + I+ o) s yreginpseli g T o0 + (14 h3)

X Hz,s+1§s+1§§+1ﬂgs+1 + (L + A"+ by + hs)5 o1
X dQIHg:erl + (1 + hzzl)n4)5+1R5+1H£s+l

+(1+ht+hst + hgl)ﬂ57s+1C2IH5T,s+1}

= (L4 hy 4 ho)T o1 Py oI oy + Lo AL L7

Kot AL Ky + Lot AL Ky + Kt A L0
(32)

Following a similar line to that in [36], it can be readily
verified that Py 15 < I'syq)s and Popqjs41 < Igyqps1- The
proof is now complete. [ ]

Remark 5: In this section, the scalars p and h;, i =1,...,5
are introduced through Young’s inequality (Lemma 3) to
decouple the cross-covariance terms in the derivation of the
estimation error covariance upper bound. Consequently, the
resulting bound ', 1|51 depends explicitly on these param-
eters, making their selection an important issue for tightening
the bound. While any positive values of x4 and £h; are sufficient
to guarantee a valid upper bound and the stability of the
estimator, obtaining a tighter bound naturally leads to the
optimization problem min,, p, tr(I's41|541). This problem is
generally non-convex. For a more flexible design, one may
treat the scalars as time-varying, and then employ evolutionary
computation methods (e.g., particle swarm optimization) to
search for near-optimal parameters. These techniques are well-
suited to handle the non-convexity and can find suitable
parameters that yield a nearly optimal upper bound for the
estimation error covariance upper bound.

The following theorem is established to design the gain
matrices L; 11 and K; 411 for the proposed estimators (22)
and (23).

Theorem 2: Given positive scalars pu, hy, ha, hs, hy and hs,
for the distributed state estimators (22) and (23), the estimator
gain matrices L; 411 and K; .41 are designed as follows:

1 —_
Lisi1 = <Si1)s+1 — §SES+1) :1;4_1,
la —_
Kist1 = <S§,s+1 - §Sﬁ,s+1) S (33)
where
Q2[00 - 0l xn, 00 --- 0],
' N—— ~—
i—1 N—i
Q2000 - 0L, %, 00 -+ 0],
’ ~—— W yH,_/
i—1 N—1
Slair 2201+ by + ho)Qu il i5(Cly ) a7 QT
Shost 2 201+ + )T (C nTaTATQ%z,
57217s+1 ) i, s+191 sr1 (@351 + o5 r1)
Si2,5+1 257 s+192 §+1 (@3 or1 +Ou41),
Orst1 = (145 + hQ)aCs+1FS+1|S(Cs+1) al + Ay,
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@2,S+1 £ (1 + hy + hg)Adcz+1PS+1‘s(6z+l)TdT

x AT+ A2,

Os541 = (1471 + hg)aC;*+1Fs+1|s(C;‘+1)TdT
x AT+ A2,

Ots41 2 (1+hy + ho)AaCr (Tyyy)s(Coy)"a”
+ A%,

_ a .
O1,541 = Qz,i@1,5+1927i,

~ A T
O3,5+1 = 22,03 54105 ;,

_ A T
@2 ,s+1 — QZ i®2 s+192 e

Oss41 = Q9,04 s+19217

1, - _
5 (©3,541+ 07 411) O25 41
X ((:)?;’S+1 + (:)47s+1) 9

1, - = ~_
5 (®§S+1 + 64,S+1) 61;4»1
X ((:)3,s+1 + é4T,s+1) .

Proof: To facilitate the derivation, we first express the
aggregated gain matrices L¢11 and K,y in the form of local
parameters and projection matrices:

— A 6A
Els+1 = 207 541 —

—_ A s
Eos+1 = 202 541 —

N
s+1 ZQ:[Z 15+1QQ 7 s+1 ZQll 15+1Q2z
=1
(34)

where (21 ; and €5 ; are defined in (33).
The expression of I'y; 1,41 is rewritten as follows:

I‘s+1\s+1

= (14 hy + ho) (Fs+l|s - (£s+1 + /Cs+1]\) o

* * _ eyl
X Cs+1Fs+1|s — FS+1|5(Cs+1)TaT (£s+1 + ICS+1A) )

T T
+ £s+1@1,s+1£3+1 + K5+1@2,s+1K3+1

+ L4103, 511K + Ks11Oa541 L5 (35)

where ©1 511, O2 541, O3 541, and Oy 1 are defined in (33).
Substituting (34) into (35) yields

tr {Fs+1\s+1}
= tr [(1 + hy + h2)FS+1IS —

N N
x (Z O i Lic119,:6C Topnjs + YO Ki o1

i=1 i=1

(14 Ay + hy)

N
x Qg AaCs  Tyyq)s + Z Diqs(Ciy)a”
=1
N —
X Q3 LE Qi+ Y Tape(Cry)"a"ATQ],

i=1

N
T T T 57T
X Ki,s+1917i) + E Ql,iLi78+1927i6178+192,iLi,s+191,i

i—1
N
T T 3T
+ E 0K s+1922,02 511805 , K7 o1
i=1
N

T T 7-T
+§ Ql,iLi7S+1927i6378+1ﬂ2,iKi,s+191,i
i=1

N

T T 7T
+§ Ql,iKz}erl92,i947s+192,iLi,s+1QLi
i=1

Based on the definitions of €;; and (y; in (33), the
following properties hold:
Ql,iQ,{j = 0, Qg)iﬂg’j = 0, for i 75 j,

T T
Ql,iQLi - Inzxnxv QQ,iQQ,i = Inyxny-

(36)

According to Lemma 5, taking the partial derivative of
the trace of I'siy,11 with respect to L;s11 and K sy,
respectively, and letting the derivative be zero, one has

otr(Fsq)s41)

=0
OL; 541
= - 51-175+1 +2L; 54101 5+1 + Kis41 (é§5+1 +O4541)
—0 37)
and
5tr(Fs+1|S+1) _ 0
0K, 511
- — SZ'Q,S“ + 2K, 51102511 + List1 (é3,5+1 + é£5+1)
—0. (38)

Obviously, L; s+1 and K; .1 can be determined by solving
(37) and (38) simultaneously. The proof is now complete. W

Remark 6: Compared with distributed estimation schemes
employing conventional relay strategies, the proposed CS-CF
scheme achieves a favorable trade-off between complexity
and performance. Amplify-and-forward relay simply ampli-
fies the received signal with a linear operation, yielding
the lowest complexity of O(n,), but it amplifies channel
noise. The decode-and-forward relay performs full decoding
and re-encoding, which is generally an NP-hard problem
[17]. Consequently, algorithms for this problem typically ex-
hibit exponential computational complexity in the worst case.
CF relay lies between amplify-and-forward and decode-and-
forward in terms of complexity, as it compresses the signal
without complete decoding. In contrast, the proposed CS-CF
relay avoids decoding entirely: by leveraging CS technology,
it compresses the received signal via a single lightweight
matrix-vector multiplication with complexity O(nen,) (where
ne < ny). This design avoids the heavy decoding burden of
decode-and-forward and the noise amplification of amplify-
and-forward, which is particularly beneficial for resource-
constrained WSNs.

Remark 7: In this paper, an error model is established by
analyzing the impact of random channel fading and channel
noise on the decompression error within the CS recovery
framework, based on which a distributed recursive state esti-
mator is designed. The main features of the proposed method
are summarized as follows:

1) For the first time, the CF relay is systematically in-
troduced into the state estimation problem for WSNs,
where CS techniques are employed in place of con-
ventional compression methods. Compared with tradi-
tional schemes, the proposed framework exploits CS to
significantly reduce both the data volume required for
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transmission and the sampling rate while preserving the
estimation performance.

2) To the best of the authors’ knowledge, this paper rep-
resents the first attempt to investigate the impact mech-
anism of random channel fading on the CS recovery
error. By exploiting the statistical characteristics of the
channel, a corresponding error model is established,
and a state estimator capable of guaranteeing system
performance is designed.

3) By taking into account the reconstruction error induced
by CS techniques and wireless channel random fading,
an upper bound on the estimation error of the proposed
estimator is derived, and the estimator parameters are
obtained by minimizing this upper bound. The practical
effectiveness of the proposed approach will be further
validated through a simulation case study based on a
USV-MADPS in the following section.

IV. AN ILLUSTRATIVE EXAMPLE
A. Modeling of the MADPS Under Ice-Induced Loads

USVs operating in ice-prone offshore environments are
required to maintain precise positioning despite persistent ice
loads and environmental disturbances and communication lim-
itations [12], [13], [18]. In such scenarios, ice-induced forces
(including extrusion, bending, and sliding loads), wind, waves,
and ocean currents introduce continuous external perturbations
[2], [25]. Meanwhile, underwater acoustic channels impose
severe bandwidth constraints and signal attenuation, which
degrade the reliability of state estimation and information
transmission in networked USV systems.

To validate the proposed distributed recursive state esti-
mation framework integrating CF relay and CS techniques,
an MADPS of a USV operating in ice-prone environments
is adopted as the simulation platform. Although a USV is
inherently a six-degree-of-freedom system, dynamic position-
ing performance in ice zones is primarily dominated by
heading regulation. Therefore, only the yaw-axis dynamics are
considered, while other motions are neglected for simplicity.
This modeling choice yields a representative linear system for
estimation performance evaluation.

As illustrated in Fig. 2, two reference frames are defined:
1) a body-fixed frame attached to the USV’s center of gravity,
and 2) an earth-fixed frame following the East-North-Down
convention.

The yaw-axis dynamics are described by [29]:

Mssirg + Nasvg + Fs303 = T3 + bice + do (39)

where v3 and p3 denote the yaw angular velocity and yaw
angle, respectively. 73 is the yaw control input. b;c, represents
the slowly varying ice load torque. d,, denotes the environmen-
tal noise. M3ss, N33 and F33 are the yaw moment of inertia,
the yaw hydrodynamic damping coefficient and the tension,
respectively.

To capture the slow variation of ice-induced disturbances,
bice 1s modeled as a first-order inertial system:

. 1
bicc = _—bicc + dicc

4
T‘ice ( 0)

Mooring-Assisted

Y(EARTH)

A

Mooring-Assisted

X(EARTH)

O(EARTH

Fig. 2: Body-fixed and earth-fixed reference frames for ice zone
USV.

where Tice = 50 ~ 100 is the time constant and d;. represents
the stochastic fluctuation noise.

Define the state vector as x5 = [of vI bl ]7. Combining
(39) and (40), the discrete-time linear state space model

employed in the simulation is then given by
Ts+1 = Axg + By + Fuws 41

where the constant matrices (strictly linear, state-independent)
are:

0 1 0 d
F: N- 1 w
A= _M—s??s _M_3333 M313 +I7 Ws = |:dice:| )
= O O _ﬁCC
[0 0 0
1 1
B = Mss |2 E= M3z 0
0 0 1

In the simulations, the system parameters are chosen as
follows [29]:

Mas = 2.153, Naz = 0.034, Faz = 0.651, Tice = 50.

B. Simulation Results and Discussion

The effectiveness of the proposed distributed state estima-
tion framework integrating CF relay and CS techniques is
evaluated through a series of simulations based on the USV-
MADPS model. The estimation performance of the proposed
distributed state estimation is examined. Fig. 3 depicts the
estimation error trajectories of the first state component ob-
tained by four sensor nodes. To further quantify the estima-
tion accuracy, the mean square error (MSE) is defined as:
MSE 2 - SN ||esbli||§ Fig. 4 shows the trace of
the minimal upper bound on the estimation error covariance
(TMEE) and the MSE of the system, which further validates
the effectiveness of the proposed algorithm.

Fig. 5 compares the time-domain trajectories of (1,s and
é 1, s. Despite the presence of multiplicative channel fading
and additive noise, the estimated signal closely follows the
true trajectory with bounded deviations, indicating that the
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proposed framework achieves stable and reliable signal recov-
ery over time. To provide further insight into the underlying
CS mechanism. Fig. 6 illustrates the sparse representations
of s; and S; in the transform domain at a time instant.
It can be observed that most coefficients remain close to
zero, while the dominant nonzero components are largely
preserved in terms of their support. Although certain amplitude
deviations are present due to channel fading and noise, the
overall sparse structure is effectively recovered, which sup-
ports the feasibility of CS-based information recovery in the
proposed framework. In addition, Fig. 7 presents the amplitude
distribution of the compressed measurement signal z{ at the
same time in Fig. 6. This signal is obtained by projecting the
signal onto a low-dimensional space via the sensing matrix
and CF relay transmission, and it exhibits distinct amplitude
fluctuations despite interference from channel coefficients and
Gaussian noise. This indicates that the core information of
the original signal has been effectively encoded in the low-
dimensional measurements. Fig. 8 compares the dimension
of the signal before compression with the dimension of the
signal after compression by the proposed CS-based CF relay.
The results show that the proposed framework reduces the
required transmission signal dimension by approximately 66 %,
significantly alleviating the bandwidth burden and energy
consumption.

Overall, the above simulation results demonstrate that the
proposed distributed estimation framework achieves reliable
estimation performance while substantially reducing com-
munication overhead. These results collectively validate the
effectiveness of integrating CF relay and CS techniques for
state estimation in WSNss.

V. CONCLUSIONS

In this paper, the distributed recursive state estimation prob-
lem has been addressed for WSNs under stringent resource
constraints. An estimation framework integrating CF relay
with CS techniques has been proposed. To cope with the
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Fig. 3: Estimation error trajectories of the first state component
from four sensor nodes.
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Fig. 5: Time-domain trajectories of the signal (1,5 and its
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Fig. 6: Sparse-domain representations of s; and its reconstruction
51.
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Fig. 7: Amplitude distribution of the compressed signal z{.

Fig. 8: Comparison of signal dimensions before and after CS-based
compression.

uncertainty introduced into the CS recovery process by random
channel fading, the impact mechanism of channel statistics
on the recovery error has been thoroughly investigated, and
a robust error model has been accordingly established. A
state estimator has then been designed to counteract such
uncertainty. By taking into account the recovery error induced
by CS techniques, an upper bound on the estimation error for
the designed estimator has been derived, and the estimator
parameters have been obtained by minimizing this upper
bound. Finally, simulation studies based on a USV-MADPS
have been conducted to verify the effectiveness of the proposed
approach in preserving estimation accuracy and robustness
while reducing communication overhead.

Several research directions may be further pursued in future
work. One promising direction lies in extending the proposed
framework to distributed secure state estimation problems
for WSNs subject to hybrid cyber-attacks, such as deception
attacks, denial-of-service attacks, and data tampering. Another

meaningful direction is to investigate adaptive relay selection
and dynamic resource allocation strategies, so that transmis-
sion power, compression ratio, and communication topology
can be jointly optimized according to time-varying channel
conditions and network energy budgets. It is also of practical
interest to develop distributed estimation schemes for nonlin-
ear or multi-rate systems under CF relay architectures, where
stronger modeling flexibility would be required. In addition,
experimental validation on real wireless sensing platforms may
be conducted to further examine the practical applicability of
the proposed method in complex networked environments.
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