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Non-Fragile Distributed Fusion Filtering for
Time-Varying Systems With Sensor Saturations: A
Decode-and-Forward Relay-Aided Approach

Xueyang Meng, Zidong Wang, Fan Wang, and Yun Chen

Abstract—In this paper, the problem of distributed fusion
filtering has been studied for discrete-time, time-varying systems
affected by sensor saturations, packet losses, and stochastic
gain perturbations. The transmission process between sensors
and remote filters is carried out via relay channels subject
to packet losses. To enhance communication quality and en-
sure transmission reliability, a decode-and-forward relay-aided
mechanism is introduced. Random perturbations in the local
filter gains are incorporated to model potential implementation
uncertainties and parameter fluctuations. The objective of this
work is to design an appropriate distributed fusion filter that
ensures specific performance constraints are satisfied for both
local and global filtering error systems. For each sensor node,
a sufficient condition, derived from stochastic analysis theory, is
first established to guarantee the existence of a desired local H..
filter. The associated filter gains are then computed by solving
a set of coupled difference equations. Building on these local
designs, a distributed fusion filter is constructed, and the corre-
sponding fusion parameters are determined through the solution
of a convex optimization problem. Finally, the effectiveness of the
proposed fusion filtering framework is demonstrated through a
numerical example.

Index Terms—Distributed fusion filtering, sensor saturations,
filter gain perturbations, packet losses, decode-and-forward
relay-aided mechanism, convex optimization.

I. INTRODUCTION

In recent decades, multi-sensor fusion filtering (MSFF) has
been increasingly recognized as a promising research focus,
owing to its proven effectiveness across a wide range of appli-
cations, including environmental monitoring, target tracking,
and autonomous driving [16], [20], [41], [53], [54]. The basic
idea of MSFF is that local measurement outputs (or state
estimates) are properly integrated to produce fusion estimates

This work was supported in part by the Zhejiang Provincial Natural Science
Foundation of China under Grant LQN25F030012, in part by the Fundamental
Research Funds for the Provincial Universities of Zhejiang under Grant
GK269910299001-020, in part by the National Natural Science Foundation
of China under Grant 62403175 and Grant U22A2044, in part by the Royal
Society of UK., and in part by the Alexander von Humboldt Foundation of
Germany. (Corresponding author: Yun Chen.)

Xueyang Meng and Yun Chen are with the School of Automation,
Hangzhou Dianzi University, Hangzhou 310018, China; Yun Chen is also
with the School of Information and Electrical Engineering, Hangzhou City
University, Hangzhou 310015, China (Emails: mengxy@hdu.edu.cn;
yunchen@hdu.edu.cn).

Zidong Wang is with the Department of Computer Science, Brunel
University of London, Middlesex, UB8 3PH Uxbridge, U.K. (Email:
Zidong.Wang@brunel.ac.uk).

Fan Wang is with the School of Automation, Nanjing University of Informa-
tion Science and Technology, Nanjing 210044, China, and also with Jiangsu
Provincial University Key Laboratory of Big Data Analysis and Intelligent
Systems, Nanjing 210044, China (Email: wangfan.92128Q@gmail.com).

with enhanced reliability and accuracy, in comparison with the
single-sensor counterpart. To date, tremendous effort has been
devoted to MSFF due to its significant application potential,
and numerous efficient fusion filtering algorithms have been
proposed, which can be roughly categorized into centralized
and distributed approaches [7], [17], [33], [36], [51]. It should
be noted that, in distributed fusion filtering (DFF), sensor out-
puts are processed separately and the resulting local estimates
are transmitted to the fusion center (FC) for further handling,
whereby distinctive merits are demonstrated in reducing the
computational burden and enhancing network reliability [47],
[48], [52], [55].

In practical engineering, inherent physical and technical
constraints inevitably lead to amplitude saturation in sensor
outputs. This phenomenon, known as sensor saturation, may
seriously degrade system performance. In recent years, sig-
nificant attention has been devoted to the filtering problem
under sensor saturations [1], [30], [43]. For instance, the H,
filtering problem has been investigated in [43] for a class of
nonlinear systems subject to randomly occurring sensor satura-
tions and missing measurements. In most filtering algorithms,
an implicit assumption is made that the designed filters can
be implemented precisely. However, the actual realization of
a desired filter is often affected by random gain perturbations
arising from undesirable implementation errors, such as round-
ing and programming errors [37]. Accordingly, the impact of
stochastic gain variations (SGVs) has been regarded as both
theoretically relevant and practically significant in the study of
MSFF problems [12], [18]. Nevertheless, only limited results
have been reported concerning MSFF problems under the joint
effects of sensor saturations and SGVs, particularly within the
DFF framework, which motivates the present study.

In networked environments, limited bandwidth is often
recognized as a primary contributor to data congestion and
collision, thereby giving rise to various network-induced com-
plexities such as packet loss, channel fading, and transmission
delay [3], [5], [9], [14], [15], [22], [32]. These complexities
impose significant challenges and practical difficulties on the
reliable and efficient implementation of filtering tasks. Among
them, packet loss, commonly modeled as a random process,
has emerged as one of the most widely investigated phenom-
ena in the literature [21], [29], [34], [35]. In particular, once
packet loss occurs, the transmitted information cannot reach
the receiver, which may seriously deteriorate the resulting
filtering performance. To date, substantial progress has been
made in addressing filtering problems for networked systems
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subject to packet losses through various robust and adaptive
filtering strategies [13], [26], [28].

In wireless communication systems, the transmission capa-
bility of the sensor-to-receiver channel is inherently limited,
which often restricts the transmission distance and degrades
communication quality. To enable reliable long-distance trans-
mission, an effective solution is to deploy one or more relays to
assist signal transmissions. Typical relay types include decode-
and-forward (DaF), compress-and-forward (CaF), amplify-
and-forward (AaF), and filter-and-forward (FaF) relays [2],
[19], [25], [40], [46], [56]. Among these, the DaF relay
relies on a predefined encoding-decoding scheme, where the
received signal is demodulated and decoded before the restored
data are forwarded to the receiver. In this regard, the main
advantage of the DaF relay over other relay types lies in its
ability to mitigate limited bandwidth and enhance data secu-
rity. While effectively extending the transmission distance, the
DaF relay may also increase system complexity and introduce
decoding errors, thereby posing additional challenges for the
analysis and design of networked systems. To date, initial
efforts have been directed toward the analysis and synthesis
problems involving DaF relays [24], [38], [44]. For example, a
particle filtering scheme has been developed in [24] for a class
of stochastic systems incorporating DaF relays. Unfortunately,
limited attention has been given to DFF problems involving
DaF relays, particularly under the simultaneous occurrence of
sensor saturations, packet losses, and SGVs, which constitutes
the principal motivation for the current study.

Following the preceding discussions, the objective of this
study is to address the non-fragile DFF problem for time-
varying systems affected by sensor saturations and packet
losses over DaF relay channels. In pursuing this objective,
three significant and nontrivial challenges need to be ad-
dressed: 1) how to formulate a reliable DaF relay-aided mecha-
nism for governing signal transmissions across sensor-to-filter
communication channels? 2) how to overcome the inherent
complexities arising from sensor saturations, stochastic gain
variations (SGVs), packet losses, and decoding errors in the
transient analysis of filtering error systems? and 3) how to
design appropriate local filters and subsequently establish
an effective and practically implementable DFF algorithm?
Addressing these challenges is essential for improving the
flexibility, robustness, and reliability of signal transmissions
in relay-aided networked environments.

The main contributions of this paper are outlined as follows.

1) A comprehensive study is conducted on the relay-based
DFF problem with sensor saturations and SGVs, which
has not been previously addressed in the literature and
remains largely unexplored in practical scenarios.

2) A novel and unified measurement model is constructed
to accommodate the joint effects of sensor saturations,
DaF relays, randomly occurring packet losses, and addi-
tive channel noises, thereby capturing a more realistic
networked sensing environment and providing a solid
foundation for tackling remote DFF problems.

3) The local filter gains are recursively computed by solv-
ing two coupled backward Riccati difference equations

(RDEs), offering a numerically tractable and efficient
solution suitable for real-time implementation.

4) A new DFF algorithm is parameterized, and sufficient
analytical conditions are rigorously derived to guarantee
prescribed finite-horizon H, performance constraints for
both the local and fusion filtering error dynamics in
resource-constrained networked systems.

The structure of this paper is organized as follows. Section
IT presents the problem formulation of the non-fragile DFF
issue for time-varying systems affected by sensor saturations
under DaF relay channels. In Section III, the design of the local
filter gain is carried out to ensure that a prescribed performance
index is satisfied, after which the appropriate fusion parameters
are determined through the solution of a relevant optimization
problem. Section IV provides a numerical example to demon-
strate the effectiveness and applicability of the proposed DFF
algorithm. Finally, several concluding remarks and potential
future directions are outlined in Section V.

Notations: R™ denotes the m-dimensional Euclidean
space. I and 0 represent, respectively, the identity and
zero matrices with appropriate dimensions. col,,{x;} de-
notes a column vector expressed as [z] a3 - JJT]T.
diag,, {M;} designates a block-diagonal matrix written as
diag{M;, Ms,--- ,M,,}. For a symmetric matrix C, the
notation C > 0 implies that C' is positive definite. The
space l2([0, T],R™) refers to the set of square-summable m-
dimensional vector functions defined over the time interval
[0,T). || B|| denotes the Frobenius norm of a matrix B. Af
represents the Moore-Penrose pseudoinverse of a matrix A.
The notation “sign” refers to the signum function.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following class of time-varying systems with
sensor saturations operating over the interval [0,7] (T is a
known positive integer):

iy = Ay + By
Yir = 05(Ci2¢) + Dy vy (1)
zZt = Mt{Et

where x; € R"® is the system state, y;+ € R"* is the
measurement output of sensor i (i € D1 = {1,2,---,N}),
and z; € R"™* is the target output signal to be estimated. The
disturbance signal vy € 12([0, T],R"™") belongs to the space of
square-summable external disturbances. A¢, By, C; ¢+, D; + and
M, are known constant matrices of proper dimensions.

For any given vector h = [h1 ha hny]T, the
saturation function o;(-) : R™ +— R"¥ is defined as

Ui(h) £ [Uil (51) UiQ(hQ) Uz‘ny(hny)]T (2)

where the component function o;;(h;) is given by o;;(h;) £
sign(hj) : min{uij, |hj|} (2 € Dy,5 € Dy = {1,2, .. ,ny})
with f1;; > 0 denoting the corresponding saturation level.
Remark 1: In practice, sensor outputs often encounter sensor
saturations due to hardware limitations. In this case, the
measurement model y;; presented in (1) incorporates the
effect of sensor saturations described by (2), which poses
additional challenges for the subsequent performance analysis
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and filter design. Furthermore, the component function o;;(7;)
can be written as

hj 0< hj < Wij
Lhij s hj > piz
— Uij(—hj), hj < 0.

0i(h;) =

However, the DFF problem involving sensor saturations within
a finite-horizon framework remains an open and challenging
research topic that merits further investigation.

In order to enhance communication quality, N relays are
deployed across distinct communication channels to regulate
signal transmissions from sensors to local filters. The structural
diagram of the considered target plant under DaF relays
is illustrated in Fig. 1. Within this framework, each sensor
communicates with its corresponding relay via a sensor-to-
relay (STR) channel, while the relay communicates with the
filter through a relay-to-filter (RTF) channel. Specifically, the
sensor observation y;; is first encoded into a compressed
codeword with reduced bit length by encoder ¢, and this
codeword is subsequently transmitted to relay ¢ via the STR
channel. At the relay, the received signal is demodulated and
decoded before being retransmitted through the RTF channel.
Moreover, the packet loss phenomenon is taken into account
throughout the entire transmission process.

Sensor 4l
1

Fusion

Sensor g

i center

Sensor Ll
N

DaF
Communication network

Fig. 1: Distributed fusion filtering under DaF relay channels.

1) Encoder:

Let f;4 = col,, {fij:} denote the codeword generated by
encoder ¢, whose component fj;; (¢ € Dy, j € D) is given
as

fij,t = Eij(yz‘j,t) (3)

with y;; ; being the j-th component of the sensor measurement
i+ The encoding function E;;(-) is characterized by

Eij(yij) = i (Qij (iztt )) )

where 1);;; is a known positive scalar, and 7;;(-) is a scalar-
valued mapping defined as

0, Qij(m) =0
735 (Qiz(m)) = { sign(m)eje,  Qij(m) = sign(m)eqj1bije
sign(m)d, Qij(m) = sign(m)db;; +.

&)

Here, ();;(-) denotes a prescribed quantization function given
by

Qij(m)
0, —0.5bij4 < m < 0.5bsj,
a 5ij,tbij,t, Uyjy <m < U, e =1,2,--- ,d—1
B dbij)t, m 2 05(2d — 1)bij7t
— Qij(—m), m S _0-5bij,t
(6)

with w;;, = (2550 — 1)bije/2 and Gz = (22450 + 1)bije /2.
The parameter db;; ; represents the amplitude range of Q;;(-),
d is a known positive integer, and b;;; > 0 is a time-varying
scalar updated according to

T
biji+1 = Sijebije + Yijo YijtYigt (7

with an initial value b;;,, a positive scalar ¢;;; € (0,1), and
a given weighting matrix Y,;; > 0.

2) Decoder:

Let 7,4 = coly, {rij,+} denote the decoded signal at relay
1. The component 75 4 (i € Dy, j € Dg) is obtained from the
received codeword f;; ¢ as follows:

Tijia = 01iai i Qij (fije) (8)
where the function Q;;(-) is defined by
Qij(fije) = Fijitbijie. ©)

The random variables aq; + (¢ € Dq) are mutually independent
and are introduced to capture the occurrence of packet losses
over the STR channel. Their distribution is specified as

PI'Ob{Oéliﬂg = 1} = 14, PI‘Ob{OZliyt = 0} =1—ay; 0)

where @&1; > 0 (i € Dy) are known scalars. X

By defining the decoding error as d;; 4 £ Vi1 Qij (fije) —
Yij,e (0 € Dy, j € Dy), we infer readily from (5), (6) and (9)
that

|0ij,¢| = wij7t‘Qij(yij’t> _ Yt < 0.5%3j,¢bij . (11)
Vijt Vijt
Then, the decoded signal ;¢ is rewritten as
Tie = i (Yie + 0it) (12)

with (Siﬂg £ COlny {5ij7t}-

Next, the decoded signal r;; is transmitted to the corre-
sponding filter through the RTF channel. Let y; ; denote the
input to filter ¢, whose dynamics is modeled as

Uit = /Pic2i47it + Li i (13)

where p; is a known average signal energy, ¢; ; € l2([0,7],R)
is the channel noise, and L; ; is a given matrix with compatible
dimensions. The random variables aw;, (i € Dy) are also
mutually independent and model the packet loss over the RTF
channel, with their distribution specified by

PI'Ob{OéQi)t e 1} = Q9;, PI'Ob{O[Qi,t = 0} =1—ay; (14

where @; > 0 (i € D) are known constants.
Remark 2: In long-distance signal transmissions, commu-
nication quality tends to degrade with increasing distance
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because of limited transmission capacity, which may corrupt
measurement outputs and further deteriorate the resulting
filtering performance. To enable reliable signal transmissions,
a DaF relay-aided mechanism is employed, aiming to ex-
tend the transmission range while maintaining the desired
communication quality. Randomly occurring packet losses are
considered in both the STR and RTF channels, characterized
by Bernoulli sequences a; 1 and aig; ¢ (i € D) with statistical
properties given in (10) and (14), respectively. Taking into
account the joint effects of DaF relay-based communication,
packet losses, and channel noise, the received signal at the
remote filter ¢ is modeled in (13), indicating that the introduced
relay-aided mechanism significantly complicates the overall
data transmission process.

Remark 3: In this study, the dynamic quantizer described in
(6)-(7) is used to generate the codeword f;; ¢ (i € D1, j € Dy).
Compared with the commonly employed static quantizer [8],
the dynamic quantizer offers greater adaptability by incorpo-
rating the adjustable parameter b;;; in (7). Furthermore, the
scaling factor v;; ; ensures that fj}”f‘; stays within the quan-
tization interval [—db;;+,db;;+]. Based on the boundedness
condition (11) for the decoding error d;;, a smaller value of
;¢ reduces the decoding error. However, this may increase
the risk of quantizer saturation (i.e. ‘ Yij.t | > db;;, ). Therefore,
selecting an appropriate value of 1/)” ¢ 1s of critical importance
for achieving a trade-off between reducing decoding error and
avoiding quantizer saturation.

For presentation convenience, the following notations are
introduced:

A
Bi,t = 015,024t

Pi = /DiBi,  oix = 0i(Ciimy),
Bi & avidsi, Big = Bix — Bi-

Based on the received measurement y;; (¢ € Dy), the
structure of the local filter is specified as

{i’z‘,t-u = ATy + f(i,t(gi,t — piCitZit) (15)

Zig = M2y

with K, ; 2 K;; + gi+ K, where &;; € R" and ;; € R™*
are, respectively, the estimates of x; ; and z; ; K ; is the filter
gain to be designed; K;; is a known matrix of appropriate
dimensions; and g; ; € R is a stochastic perturbation having
zero mean and covariance G;; > 0.

Remark 4: The equation (15) reveals that the effects of
sensor saturations, noise disturbances, packet losses, and
SGVs are comprehensively incorporated into the local filter-
ing framework. In particular, SGVs, arising from unexpected
implementation errors (e.g. rounding or programming inac-
curacies), are characterized by the term gi,tf(m (i € Dy).
Consequently, the filter gain is given by K;; + gi K+
representing a randomly varying parameter. This formulation
reduces to the conventional deterministic case when szt =0.

Let e, = @y — 244 and %4 = 2 — 2;4 (i € Dy) denote
the local estimation errors of the state and output, respectively.

Then, the corresponding error dynamics can be expressed as

Cit+1 = (At - plf(i,tci,t)ei,t + f%f(i,tci,txt
+ (Bt — /piBi Ki i Dit) vt (16)
- \/P_zﬂthz t(oit +0it) — thzt%t
Zit = Mye; .
By defining the augmented vector 7; ; = [a:? eg:t}T (i e

D), the following augmented filtering error system (AFES)
is obtained:

Nit+1 = Rug it + R rwi v + Ra; (05 + 0it)
- (17
Zit = My
where
T
Rijt 2 Ritie + gitRi2ig, wi = [U;‘F SDZJ ,

R ~ o

Roi i = Rovie + BitRooi + it Rosiye + Gi,05i,t Roai,
N ~ ~

Rsi ¢ = Ravie + BitRaoi + 9i,eR33i,0 + Gi,00i,tR3aie,

Riq:, 2 [ Ay 0
ot L ﬁiKi,tCiﬂt At - Ki,tCiﬂf ] ’
R 2| 0 0
2t | Pili1Ciy —piKiCiy |7
Rot:, 2 [ By 0 |
T By = piKi Dy itLig |’
Roo: 3 & [ 0 0]
224t — i _\/]TiKi’tDi7t 0 ] ,
. 0 .
Rosit 2 = _ ’
ot L _p’iKi,tDi,t _K’L,tLi,t :|
Rosie 2 | ’ 01 M2 My
244t — I _\/Z)_iKi’tDi7t 0 ] ) t — tls
_ T T
Ryt 2 [0 —pKL] . Reiy 20 —VmiK[]
T oy
Rssie £ [0 —piKZJ , Raus2[0 — \/P—zKth]

To improve estimation accuracy, the local state estimates
are next propagated to the FC and subsequently combined
according to a diagonal matrix-weighted fusion (DMWF)
criterion. Based on the available local estimates Z; ; (i € D),
the following distributed fusion filter is constructed:

N
Tt = E @il‘z‘,t
i=1

2y = My

(18)

where ©; £ diag{f;1,0;2, - ,0;n,} is the fusion parameter
matrix to be designed. Each component 6; (I € Ds e
{1 2,---,ng}) is constrained to satisfy 6; € (0,1) and
ZZ 1 Gzl = 1, ensuring proper convex weighting across all
sensors for each state component.

Let & £ xz; — @ and 3, £ 2 — % denote the fusion
estimation errors for the system state and output, respectively.
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Based on (1) and (18), the following fusion filtering error
system can be derived:

N
e = E O;€; ¢+
i1

19)

The objective of this paper is two-fold and stated as follows.

1 For the system (1) operating under the DaF relay-based
communication mechanism, design a suitable local filter for
each node ¢ € D; such that the following H,, performance
index is satisfied:

T

Ju 2 E{Z0ll® = 97 (lwaell® + Aie) } = v2n o Wimio
t=0
<0 (20)

over the finite horizon [0, 7] with

Ny

Aip 2025 w7 b2,
j=1

where 7; o is a given initial value, ; > 0 is a prescribed scalar,
and W; > 0 is a known weighting matrix.

@9: Determine appropriate fusion parameter matrices
©; (i € D) such that the fusion error system (19) satisfies
the global H, performance constraint:

T
I 23 B{IE)% — 32 (l@d® + A0} — 328 Wi < 0
t=0
(21)

where 7 > 0 is the desired disturbance rejection level, and the
auxiliary terms are defined by:

N
— AT T T T 1T A A A
wt—[vt Pt Par ‘PN,t] ) At—g Ai,ta
i=1

Mo £ COlN{ﬁi70}, A dlagN{Wz}

Before proceeding with the main results, the following
lemmas are introduced to support the design of the filter gain
K+ (i € D) in the subsequent analysis.

Lemma 1: [43] For the scalar-valued function o;;(y;) (¢ €
Dy,j € Dy), there exists a scalar A\;; € (0,1) such that the
following inequality holds:

[0ij(hj) — Nijhjlloii(h;) — hy] < 0.
Lemma 2: [27] Let M, N and S be nonzero matrices with
compatible dimensions. Then, the matrix X = MTSNT is the

solution to the following optimization problem:

m}}nHMKN—SHF.

III. MAIN RESULTS

In this section, the design of a non-fragile distributed fusion
filter is carried out for the target plant described in (1), taking
into account sensor saturations and packet losses under DaF
relay framework. First, a sufficient condition is established
to ensure that the performance constraint (20) is satisfied.
Based on this result, the desired filter gain for each local
filter (15) is computed by solving a set of coupled backward
RDEs. Subsequently, an appropriate distributed fusion filter
is constructed by solving a convex optimization problem,
ensuring the satisfaction of the global performance criterion.

A. Local H filter design

To begin with, a sufficient condition is established in the
following theorem to guarantee the performance index (20).

Theorem 1: Let the scalar ; > 0, weighting matrix W; > 0
and filter gain K;; (i € Dy,¢t € [0,7]) be given. The
performance constraint J;; < 0 is achieved if there exists
a positive definite matrix P; ;11 = diag{Pri¢s1, Poiti1}
satisfying the following RDE

Py =B + M{ My + 778500 + Bai i Y1420, (22)
under conditions
Piry1 =0, P <~iW;
Y1t =y — 22 >0 (23)

Esit <7 (I — Uiy)
where
SIS 3(R?1i,tpi7t+1 Rz + Gi,th{Zi’thH Ri2iz),
Sait £ 3R31,,Pivr1 Rovie + 36; Rang  Piyr Ragie
+ 3Gi7thBi7tPi,t+lR23i,t
+ 3ﬁ?Gi,th4i,tH,t+lR24i,ta
Egip = 4R§1i,tpi,t+1R31i,t + 4Gi,th3i7tPi,t+1R33i,t
+ 3ﬁ;R§2i,tﬂ,t+lR32i,t
+ Bﬁ;GLthM,tPi,t—Q—lRBM,ta
Eait £ Ry} Pias1Rovie + Giu Ry,  Piiy1 Rasis,
Zsip £ diag{C],(I — Ui 1)Cit, 0}, Bf £ B — B,
Ay £ diag, {Niji},  Uie 2 05(Aiy +1).
Proof: Selecting the Lyapunov-like function
Vit £ ng:tpi,t'r]i,t,
we calculate from (17) to obtain
E{AV;.}
£ E{Vigs1 — Via}
= E{[Ryi;mit + Rojpwis + Raie (050 + 8it)]" Piis
X [Rui it + Roj pwi + Rai (00 + 6it)]
- nZtPi,tni,t}-

According to the definitions of /3; ; and g¢; ¢, one has from
(10) and (14) that

E{AV;.}

(24)
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= E{WZtR1i7tPi7t+1R1i,tm,t + wg:tR%;)tPi7t+1R2i)twi7t
+ UZthi,tPi,t—HRSi,tUi,t + 5Zth;7tPi,t+lR3i,t5i,t
+ 2773:,5R1i,tpi,t+1 (RZi,twi,t + Ra; 104, + Rgi,t5i,t)
+ QWZtR;7tH,t+1 (Rsi,t0i,¢ + Rai16i)
+ ZUZthTmB,t-HRsi,tCSi,t - T]thi,tm,t}
< E{nft(Eu,t — P )nie + wEtE%,tWLt + 03:,553i,t0i,t
+ 67164050 4 20 B pwie ) (25)

Noting Ai,t = diagny{/\ij7t}, Uit = 0-5(Ai,t + I), and
oi(h) = col,, {0i;(h;)}, the inequality in Lemma 1 yields

03}01‘715 + CE?C};@ULt — I)Ci7t$t — 255303_;[]1',1&01’715 <0
(26)
which further implies
UZTtUi t + CCtTCT (2Ui t— )CZ tTt
< x?C Ui tcztxt"‘gltUzto'zt (27)
and
CT;‘I:t(I —Ui)oir < $$Ogt(1 —U; 1 )Ci vy
=0} it (28)
On the basis of (11), we arrive at
Ty
5Et5z‘,t = Z5£,t5ij,t <Ay (29)
j=1
Substituting (28) and (29) into (25) gives

E{AV;.}

< E{n;{t(Elm — P )nit+ thE% Wi e + UTtEBi 0t
+ 67 130,405,042 Basqwie — 77 (07000 — Dive)
— ol (I = Ui p)oie — 0l Esieni]
+ (17012 =7 ) = (IZell® = AP llwiel®) }

= E{n},(Brip + M{ My + 778500 — Pit)mis
- w;{t ("/1‘21 - E2i,t)wi ¢t + 2nft54i Wit
- 53:15(71'2[ - Esi,t)5 t— 0, t(%l i U

:3i,t)0i,t

= [1Zl” = 27 (llwsell* + D) |} (30)
By letting w}, £ Y1;, =%, ,n; .+, one obtains
- WZt (VP — Epip)wi + 2773:t54i,twi7t (31)

= (W;t)TTli,tW;t - (wi,t - UJ;t)TTli,t(wi,t - w;t).
Applying (22) and (31) to (30) leads to
E{AV;}
< E{U;‘Ct (Eli,t + MIM; + T E4i,tTi7ltEZ;)t
- i,t)m,t - (wi,t - wf )TTU t(wi t
- 51‘7:15 (Vi1 —E3i4)0ix — 0}, DT —v2Uie — Zsi) 0
= [1Zel1* =22 (llws el* + Bi.0)] }
< —E{(wi¢ — W;t)Trli,t(wi,t - th)
= [IZaell® = 72 (lwie* + Aie) ]

- W;t)

(32)

Noticing T1;+ > 0 and summing up both sides of (32) from
t =0 to t =T, one obtains

T
E{Virs1—Vio}+ > E{lZ4l> — 4¥( 2+ Aiy)}
t=0
T
Z Wz t ) le t(wz t ;t)} S 0 (33)

t=0

Combining P; 741 =0 and P; o < Anyi, it follows that

T
Tii =Y E{lZill? — 92 (lwiel® + Bi o) } — v20T o Wirnio
t=0

< T]Zo (Pio — v/ W;)mi0 <0

which ends the proof of this theorem. [ |
Now, let us design the filter gain for each sensor node under
the worst-case scenario specified by

ok -1 =T
wit =wiy =T 505 Mt (34)

Under this scenario, the AFES in (17) is reformulated as

Nite1 = Ruianie + Raie(0is + 8it) — Ty 35)
Zit = Mt
where
Ryjp 2 Ritg + ginRazie + Rizig + Roi W, 4,
Ry, £ diag{A;, A}, Wi 2 TLEL
. 0 0] <af0
Rusie = [ pikKiCiy 0O ] 1= [ I ] ’
Cio 2K Cimie, Cit 2[00 Ciyl.
Define the cost function
T
5 " B{l1Z + 16} (36)
=0

In the following theorem, the filter gain K;; (i € Dy) is
designed by minimizing such a function.

Theorem 2: Let the scalar v; > 0 and matrix W; > 0 (z 6
;) be given. Suppose that there exist matrices P41 =
diag{P1; 111, Poit+1}> Oins1 = diag{O1; 441,02 4+1} and
K, (t € [0,T]) such that the RDEs (22) and

Oir =Ty + MIM; 4 Zs5is —
are feasible subject to conditions (23) and
Oir41=0
E6it 25170, 1 I1+1>0
Mo <I—-U;y

YoiiZe Yo (37

(38)

where

Iy, & 3(R{17t0i,t+1R117t + Gi,tRf2i7tOi7t+1R12i7t)
+ 4R{3i,t0i,t+lR13i,t
+ 4‘1’3:th11 0111 R215,4 Vit
+ 3‘1’;% 221 104101 Ro2i 1 Wiy
+ 3\P3:tGi,tR23i,tOi,t+1R23i,t\Pi,t
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+3\Ij;l:t fGi,tRzTu,tOi,HlR24i,t\1’i7t
+2 [Rﬂ,tOi,tHRwi,t + (GmRﬂi)tOi)tHRQgi)t
+ RY; ;0i 411 Rovie + Ris; 1 Oi 1 Rovie) Wi,
Iy 2 6R5); ,O; 41 Ra1it + 4G5 1 Ris; ,O; 141 Rssi e
+38; R§2i7t0i,t+1 R3¢
+ 3B:Gi7tR§4i7tOi7t+lR34i7t7
Seip = 51705 I+ 1, Yoip 2 RY, 054411,
Tsit £ B Y504

Then, the performance constraint J;; < 0 is satisfied, and
the optimal filter gain K;; is determined by the following
Frobenius norm minimization problem:

K = argr}r(lin 10:K:,:Cit — YTaiellp- (39)

Proof: Letting Vlt £ n{tOi7tr]i7t, we derive from (35)
that
E{AV;;}
£ E{Vitt1 — Vi)
= E{[Ryi,mis + Rsie(oie + 6ie) — ifi,t]TOi,tJrl
X [Rli,tni,t + Rgi(oi + i) — iéi,t}
- ﬁZtO@t??m}' (40)
From the expression of le, one has
E{niqthﬂ,tOi,tJrlRli,tni,t}
= E{nft [RﬂtOi,tHRll,t + Gi,tR{2i7tOi,t+1R12i,t
+ Rf3i,t0i,t+1R13i,t + \I/g:t (Rngi,tO@tHRmm
+ 5;R2Tgi7t0i7t+1 Ragi s + Gi,tRzTngi,tHRmm
+ 87 Gi,th4i7tOi,t+lR24i,t)\I/i,t
+ 2(R{17t0i,t+1R13i,t + GmRirgi,tOi,tHRzm,t‘Ifi,t
+ (Riv,e + R13i,t)TOi,t+1R21i,t\I’i7t)ﬂi,t} }. (41)
By utilizing the fundamental inequality technique, we derive
—2B{n/ R} ;011110 1}
= —2E{n} R, ,0i1311li s + 0] R{3; ,Oi 41110,
0V Ry 1 O i }
< E{%ZtiTOi,Hlifi,t - 2773:,5Rf17t0i,t+1i&,t
+ 77;‘2 (\I!Zth”)tOmH Ro1i+ V4
+ R{3i7t0i,t+1R13i,t)ni,t}-
It is easily checked from (40)-(42) that
E{AVi:}
= E{U;‘Ct (Rﬂ)tOi,t+lR1i,t — Oi,t)"]i,t + ég:tiTOi,t+1i€i,t
+ (oit + 5i7t)TR§Fi,tOi,t+1R3i,t(Uz',t +dit)
+ 2773:15R¥;,t0i7t+1 [R&',t(Ui,t + i) — iéi,t}
—2(0i¢ + 5i,t)TR3Ti,tOi,t+1i€i,t}
< E{n} (s — Ose)nis + 0] Mai40i g + 6] Tai 464
+ 5050705 11 — 2n] BT} 101041104} (43)

(42)

7
Denoting £}, £ T3; 47;¢, we have
fzt56i7tfi,t - 2773:tT2i7t‘€i,t
= (lie — ;) Bein(li — 05) — (6 ) Beinly,.  (44)
Then, combining (28), (29), (37), (43) and (44) leads to
E{AVi.}
< E{n, (¢ + M My + Es550 — Y0456, Y5,
= Oi)Mig — Uz:t(f — Uiy — ait)oie
- 5;‘@([ —1M9¢)0i¢ + (Lip — ff,t)TEGi,t(fi,t —Lliy)
— ([1Za,ell® + 1001”4+ Die) }
< E{(tiy — éZt)TEﬁi,t(&,t )
= (IZ0ell” + [1€.6]* + Aie) }- (45)

Recalling O; 71 = 0 and taking summation on both sides
of (45) from ¢t = 0 to t =1, we obtain

T
Toi = D E{|1Z” + 14all”}
t=0

T
< Z E{(t;is — €r7t)TEGi,t(€i,t — )} — Ay

t=0
+1700i.0mi,0

E{(piK;:Cimis — TBi,tni,t)TEGi,t

I
] =

t=
X (ﬁz‘Kz‘,tC'i,tm,t - TBi,t'fh’,t)} + 7]1‘1:001',0771',0 — Ay

B

[}

T
< Z E{|piKi1Cit — Y3i4l|F/|Z6i.¢]
=0
+ 17 0O0i0mi,0 — Aiy

Flniel
(46)

and, consequently, the filter gain K;; can be acquired by
solving (39) in order to minimize the cost function J3;. The
proof is complete. [ ]

Keeping in mind Y3 ; = Z¢;', T3 ,, we further set

st = Eﬁ_i}tOQi,t+1At- 47)

By invoking Lemma 2 and Theorem 2, the local filter design
problem is addressed in the following result.

Theorem 3: Let the scalar ; > 0 and the weighting
matrix W; > 0 (i € D;) be given. Suppose that there
exist matrices P; ;41 = diag{Pii 41, Poit+1}s Oitp1 =
diag{O1; 141,02 ¢t+1}, along with a filter gain K, (t €
[0, T7), such that the coupled backward RDEs (22) and (37) are
feasible under conditions (23) and (38). Then, the performance
constraint (20) is guaranteed to hold, and the corresponding
filter gain K ; is explicitly given by

Kiy = p; ' T3i4C], (48)
where Tgi’t is defined in (47) and Cl , denotes the Moore-
Penrose pseudoinverse of Cj ;.
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B. Distributed fusion filter design

Having obtained the local filter for each node ¢ € Dy,
we endeavor to design suitable fusion parameters ©; for
the distributed fusion filter (18) such that the performance
constraint (21) is achieved.

Theorem 4: Let the scalar v; > 0 and the weighting matrix
W; > 0 (i € D) be given. Suppose that there exist the
matrix ©; = diag{60;1, 602, ,0;s, } and a positive scalar 7
satisfying the following inequality

—& I, I, Iy
a’ -1 o --- 0
Hg 0 -Ir ... 0 <0 (49)
L o o - -I

with 7 2 5% and 3 0, = 1 (I € D3), where

Then, the prescribed performance constraint is satisfied for the
fusion filtering error system.
Proof: From (19), one calculates that

N o N
iz = {Z @igi,t:| {Z @igi’t}
=1 =1

N N
<N Z 5515@?91‘51‘715 =N Z tr{@?®i2i7t23:t}

i=1 i=1

N
<N u{efe}: .. (50)

i=1

By using Schur Complement Lemma, the inequality (49)
implies that Efil Ntr{©7©;}y? < 72, then we have from
(20) and (50) that

T
> E{& %)
=0
T N
< ZNtr{@?@z}E{éaéz,t}
0 =1
<

T
Ntr{070,}?2 ( S E{lwid? + A} 6D

t=0

M=1

Il
-

K3

+ mT.,onz‘,O)

M=

< A E{l|@? + A} + 7205 Wi

t

Il
=]

Thus, the performance index (21) is satisfied for the system
dynamics (19), which completes the proof. [ ]

By solving a certain convex optimization problem, suitable
fusion parameters are designed in the following theorem to
achieve the performance constraint Jo < 0 with the minimum
disturbance rejection level v (namely, Ymin)-

Theorem 5: Based on Theorem 4, there exist optimal
parameter matrices ©; (i € D) satisfying the performance

constraint (21) with the minimum value 7, if the following
optimization problem

min
1,02,

Ymin = 7 subject to (49) (52)
N
is feasible.

Remark 5: Thus far, a systematic investigation has been
conducted on the non-fragile DFF problem for time-varying
systems subject to sensor saturations and packet losses over
relay-assisted communication channels. A major emphasis
has been placed on the development of a DaF relay-aided
mechanism, which enhances both communication reliability
and data security in long-distance signal transmissions. A
central contribution of this work is the establishment of a
sufficient condition in Theorem 1, which ensures that the
specified H, performance constraint is satisfied for the AFES
(17). Building on this result, Theorems 2-3 present a design
methodology for the local filter at each node ¢ € D; based on
the solutions to a set of coupled RDEs. In addition, Theorem 4
provides a sufficient condition for the existence of feasible
fusion parameters. These parameters are subsequently deter-
mined by solving the convex optimization problem described
in Theorem 5, ensuring that the fusion-level performance index
(21) is satisfied with the minimum possible disturbance rejec-
tion level. Collectively, the derived results contribute to the
advancement of robust and efficient non-fragile DFF schemes,
particularly in DaF relay network environments affected by
sensor saturation and packet loss phenomena.

Remark 6: This paper distinguishes itself from the existing
literature by addressing a challenging and practically relevant
problem that has not been thoroughly explored. The distinctive
features are summarized as follows:

1) the addressed problem represents one of the first system-
atic studies on the DFF problem for time-varying systems
subject to SGVs, sensor saturations, and packet losses
over relay channels;

2) a novel DaF relay-aided mechanism, relying on an inte-
grated encoding-decoding strategy and a dynamic quan-
tization scheme, is employed to govern signal transmis-
sions over sensor-to-filter channels, thereby enhancing
communication quality, prolonging transmission distance,
and improving system resilience;

3) the desired local filter is designed for each node by
recursively solving two coupled backward RDEs, which
are numerically tractable and efficient for real-time im-
plementation; and

4) the optimal fusion parameter matrices are obtained by
formulating and solving a dedicated convex optimization
problem, thereby guaranteeing the global filtering perfor-
mance under finite-horizon constraints.

IV. A NUMERICAL EXAMPLE

In this section, a numerical example is put forward to
verify the effectiveness of the proposed DFF scheme for the
underlying system with DaF relays.

Consider the system (1) with the following parameters

4| 01 0.8
t7 1 =01 —0.65 —0.3sin(1.6 + 0.05t) |’
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By =[-02 0.1]7,
Coy=Cur=1[05 0.5,
Csr =104 0.4cos(2k)],
Cg: =1[0.35 —0.35cos(3k)],
Dy, =D3y=Ds; = D7y =0.3,
Doy =Dy =Dsy =Dgy =0.2,

Ciy=Cs,=1[045 0.45],

Cs: = [—0.3cos(3k) 0.3],
Cri =106 0.6],

M, =1[0.02 0.02],

t € [0,20].

The initial system state and its estimates are set as

zo=1[03 —03]7, i10=[034 —0.287T,
P90 =1[032 —0277, @30=1[0.28 —0.29]7,
fa0=1[027 —028]", #50=1[031 —0.24]",
i60 =[035 —0.32]7, d70=1[0.26 —0.33]7,
#g0 =1[0.25 —0.23]7.

The noise disturbances are considered to be
0.1+ 0.5sin(2t) 0.1+ 0.03cos(?)

Ut = 1 y Pit = 1 )
and the other parameters are selected as

Q=0 =085, 1 =18, v =2,
v3 =25, v =15, ~5=1.6,
v6 =12, =22, ~v3=1.9,

bijo = 0.005, ¢j+=0.8, Y =0.11,
d=20, =1, N\; =06, p; =1,

wij =1, Ki;=1[03 057, Gi;=0.1,
T=20, W;=10I, Piry1=0;741=0.

Based on the presented DFF algorithm, the local filter gains
K (i = 1,2,...,8) are easily computed at each time step
t € [0,20]. The fusion parameters ©; and the scalar Ay, can
be obtained through the Matlab software that

O, = diag{0.1086,0.1172}, O = diag{0.0918, 0.0909},

O3 = diag{0.0591,0.0585}, ©, = diag{0.1630,0.1618},

05 = diag{0.1435,0.1420}, O = diag{0.2563, 0.2538},

O7 = diag{0.0761,0.0753}, O = diag{0.1016,0.1005},
Amin = 1.712.

Define E; £ ||&] as the Euclidean norm of the fusion
filtering error €,. Based on the designed DFF scheme, the
simulation results are illustrated in Figs. 2—13. Figs. 2-3 show
the occurrences of packet losses in the STR and RTF channels,
respectively. Figs. 4-11 depict the actual system states and
their corresponding local estimates for nodes ¢« = 1,2, ..., 8,
where the local estimates can track the true states despite sen-
sor saturations, packet losses, SGVs, and DaF relay channels.
Figs. 12—13 present the trajectories of the system state xy, its
fusion estimate Z;, and F;, demonstrating the effectiveness of
the proposed DFF method.

To further evaluate the filtering performance and explore
the effects of packet loss probabilities, DaF relays, and fu-
sion methods, a comparative study is conducted under three
scenarios.

Case 1: The mathematical expectations of &y; and ag; are
reset as &; = aip; = 0.3 while keeping the other parameters

2 2 2 2
15 15 15 15
5 1 fchi ook ;: 1 g = 1 Ci 1 sk
05 05 05 05
0 Lskomer e 0bk—H— 0¥k
0 10 20 0 10 20 0 10 20 0 10 20
Time (t) Time () Time () Time (t)
2 2 2 2
15 15 15 15
S IoROR S Lo T LmROROK T Lok
05 05 05 05
o L s 0lx ol % % T —
0 10 20 0 10 20 0 10 20 0 10 20
Time (t) Time (t) Time (t) Time (t)

Fig. 2: The values of a1 (1 =1,2,...,8).

2 2 2 2
15 15 15 15
§ 1 § 1 g’ 1 P § 1 PHOK
0.5 0.5 0.5 0.5
0 HRK 0 HoKK 0 0 *
0 10 20 0 10 20 0 10 20 0 10 20
Time () Time () Time (t) Time ()
2 2 2 2
15 15 15 15
S Houb 5 Ry 5 1 i
0.5 0.5 0.5 0.5
H—k 0 K=Kk 0 be—H 0 ;oK
0 10 20 0 10 20 0 10 20 0 10 20
Time () Time (t) Time (t) Time ()

Fig. 3: The values of a2 (1 =1,2,...,8).

T
0.33 —3¥— The actual state 2"

—% - The state estimate ')
—%— The actual state z*
02 A —3% - The state estimate 2!’ | ]

0.1 0

-0.2

Actual system states and their estimates of filter 1
o

-0.3;

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time (t)

Fig. 4: z; and its estimate 21 ;.

unchanged. The obtained trajectory of [ is presented in
Fig. 14. A comparison between Fig. 13 and Fig. 14 shows
that the fusion filtering error decreases as &j; and awp; increase,
indicating that the estimation accuracy improves in scenarios
with fewer packet losses.

Case 2: Consider a scenario where no relay is deployed in
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k.
0.3%

0.2

Actual system states and their estimates of filter 2
o
T
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—% - The state estimate &}
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4 6 8

10
Time (t)

12

14

16

Fig. 5: x; and its estimate 22 ¢.
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Fig. 8: x; and its estimate Z5 ;.
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Fig. 6: x; and its estimate 23 .
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01r
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Fig. 7: x; and its estimate 4.

each sensor-to-filter channel, and the packet loss probabilities
and channel noises remain unchanged. The resulting trajectory
of E; is shown in Fig. 15, which exhibits lower filtering error
compared with Fig. 13. This indicates that although the DaF
relay enhances communication reliability and data security, it
may slightly degrade filtering performance due to decoding

01r

Actual system states and their estimates of filter 6
o

. . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time (t)

Fig. 9: x; and its estimate Z,¢.
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b —% - The state estimate &\,
©)

—¥— The actual state z;
02 —3% - The state estimate &)

0.1

-0.3% J

. . . . . . . . .

0 2 4 6 8 10 12 14 16 18 20
Time (t)

Actual system states and their estimates of filter 7
o

Fig. 10: z; and its estimate Z7 ;.

errors introduced during the encoding-decoding process.
Case 3: To further demonstrate the superiority of the
adopted DMWF method, a comparison with the scalar-
weighted fusion method is implemented, and the correspond-
ing trajectory of E} is shown in Fig. 16. As observed in Fig. 13
and Fig. 16, the distributed fusion filter based on the DMWF
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Fig. 11: x; and its estimate Zg¢.
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Fig. 12: ¢+ and its estimate of fusion filter.
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Fig. 13: The trajectory of E; with a1y = dvo; = 0.85.

criterion achieves higher estimation accuracy than that based
on the scalar-weighted fusion criterion.

In summary, the results indicate that: 1) the designed
distributed fusion filter can provide accurate state estimates for
the considered system; 2) the presented DaF relay-based fil-
tering approach shows slightly inferior performance compared

0.12 4

0 2 4 6 8 10 12 14 16 18 20
Time (t)

Fig. 14: The trajectory of E; with &1; = &2; = 0.3.

0.12

0.1 1

0 2 4 6 8 10 12 14 16 18 20
Time (t)

Fig. 15: The trajectory of E; without relays.

0.12 T T T T T T T T T

0 . . . . . . . .
0 2 4 6 8 10 12 14 16 18 20
Time (t)

Fig. 16: The trajectory of E; with scalar-weighted fusion criterion.

to the approach without relays; 3) lower values of {@y;, @2;}
(namely, more packet losses) lead to reduced estimation ac-
curacy; and 4) the proposed DMWEF-based DFF algorithm
achieves superior performance over the DFF algorithm with
the scalar-weighted fusion criterion.
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V. CONCLUSION

This paper has investigated the DFF problem for time-
varying systems subject to sensor saturations, packet losses,
and SGVs over relay-assisted communication networks. A
DaF relay-aided mechanism has been incorporated into the
sensor-to-filter communication channels to enhance the relia-
bility and efficiency of data transmission. Sufficient conditions
have been rigorously derived to ensure the prescribed H, per-
formance of the AFES, and the corresponding local filter gains
have been computed by solving a set of coupled RDEs. Based
on the designed local filters, appropriate fusion parameters
have been determined via the solution of a convex optimization
problem. The effectiveness and applicability of the proposed
non-fragile DFF scheme have been validated through a repre-
sentative numerical example. In the future, several promising
research directions can be considered, including 1) extend-
ing the proposed framework to more general communication
topologies such as multi-hop or mesh relay networks [6],
[45], [50]; 2) developing event-triggered or adaptive sampling
strategies to reduce the communication burden [10], [23], [42],
[49]; and 3) enhancing resilience against malicious attacks
and data injection under cyber-physical security constraints
[4], [11], [31], [39]. Moreover, it would be interesting to
incorporate model uncertainties and explore learning-based
filter adaptation in dynamic environments in order to further
enhance the robustness and practicality of the DFF designs.
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