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We consider a recently derived mathematical model for the mechanism by which a wind
driven flow entrains particles into a fluid from an otherwise static particle bed, a process
that is fundamental in initiating and driving the phenomenon of particle cloud formation.
This model was previously applied to the “helicopter brownout” problem, in which, as
a helicopter descends towards a bed of sand, the downwash and swirling flow from the
rotors entrain particles into the air, forming a high-velocity particle-laden cloud around the
helicopter. Here, we define a new measure of particle cloud formation potential, outline how
the model can be incorporated into existing Computational Fluid Dynamics software, and
extend the model to scenarios including: formation of particle clouds in the absence of swirl,
such as those caused by a bathysphere descending to the ocean bed, or a rocket landing on
the lunar surface, in which case we can precisely predict the critical height above the surface
at which particle cloud formation is initiated; generation of dust clouds by less powerful
downwash and swirling flows caused by drones or other smaller rotorcraft, such as NASA’s
Ingenuity Mars helicopter, in which case gravitational effects are included in the model;
formation of dust devils (dust clouds formed within and around an upwardly circulating
columnar air flow), in which case downwash is replaced by updraft. In each case, predictive
models are derived through minor adaptations to key modelling assumptions.
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MSC Codes 76-10, 76T99

1. Introduction

In this paper, we consider a mathematical model for the generation of wind-driven particle
flow fields from otherwise static particle beds, with the region above the static particle bed

1 Email address for correspondence: stephen.langdon @brunel.ac.uk
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considered as a fluidized region with particles in suspension in the fluid, forming a two-phase
flow. A crucial aspect of developing an accurate model is including a rational mechanism to
account for the process of entrainment/detrainment of particles into or from the flow to the
particle bed. This process is fundamental in initiating and driving the phenomenon of the
particle cloud, and its omission is likely to lead to models that may fail to accurately simulate
the two-phase flow phenomena in the main fluidized region.

In Needham & Langdon (2024), the authors developed a rational mathematical model
for this process, consistent with the fundamental Newtonian laws of mechanics. This was
achieved by considering the physical model across three structured regions, namely: the
fluidized region in which the particles lifted from the surface of the static particle bed are
in suspension in the fluid; the interfacial layer in which the interaction mechanisms between
the fluid flow and the particle bed enable particle entrainment into (or detrainment from)
the fluid; the static particle bed, in which the particles are stored. Careful consideration of
the local force balance between the fluid flow and the incipiently fluidized particles within
the interfacial layer enabled the derivation of a macroscopic boundary condition that could
be applied at the interface of the fully fluidized region and the particle bed surface, closing
the macroscopic two-phase flow problem in the fully fluidized region, with the entrainment
and detrainment mechanism fully accounted for in a rational manner. Further details of this
mathematical model are provided in §2.

One key application of this model, which has received significant attention in the literature
in recent years (see, e.g., Phillips & Brown (2009); Phillips et al. (2011); Govindarajan
et al. (2013); Porcu et al. (2020); Tan et al. (2021, 2022a,b); Cao et al. (2022); Rovere
et al. (2023); Li et al. (2023); Lin et al. (2024); Wu et al. (2026)), is the scenario in which
a helicopter (or other rotorcraft) descends towards an otherwise static bed of sand, with
the downwash and swirling flow from the rotors entraining particles into the air, forming
a high-velocity particle-laden cloud around the helicopter. This can potentially lead to a
significant deterioration in visibility and is often referred to as the “brownout problem” in
the aero-engineering literature. The specific application of the model to this problem was
presented in Needham & Langdon (2024, §6), and in Langdon & Needham (2025) it was
shown that key features of the field (pilot visibility and surface deformation) could easily be
extracted from the solution, enabling an analysis of how those features may depend on key
model parameters (such as helicopter height, ratio of swirl velocity to downwash velocity,
and physical properties of the particle bed).

Here, we show how the model derived in Needham & Langdon (2024) can be applied
(with some modifications) to address a variety of related scenarios and introduce some new
ideas for using this model as a predictive tool. For each application considered, we revisit the
model of Needham & Langdon (2024) and consider whether any additional features that were
excluded from the helicopter brownout model of Needham & Langdon (2024, §6) should
be included, for that particular application, and whether additional analysis could enable a
clearer understanding, due to the specific nature of each scenario under consideration.

We begin, in §2, by summarizing the mathematical model, as presented in Needham &
Langdon (2024). We then introduce, in §3, a new measure of the tendency of a primary fluid
flow field above a static particle bed to generate a significant fluidized particle cloud above the
bed. This measure can be computed solely from the boundary data of the primary fluid flow
field, enabling an a priori assessment of how the particle cloud formation potential of this
fluid flow field may depend on key parameters in the specific application. Some properties
of this measure are described in Appendix A.

In §4, we consider the case in which there is no swirl component driving the primary fluid
flow (that is, the case in which the particle entrainment is driven solely by primary fluid flow
downwash). In this scenario, we can determine a priori, solely from a consideration of the
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3

boundary data, critical values of key parameters for which the nature of the primary two-phase
fluid flow changes, and in particular, for which significant particle cloud formation becomes
possible. Two applications in which the swirl component of the flow can be neglected are: the
problem in which a bathysphere descends towards the ocean bed (see, e.g., Beebe (1934));
the problem in which a lander descends towards a celestial body, such as the Moon or Mars
(often referred to as the “lunar plume” problem in the aero-engineering literature, see, e.g.,
Capecelatro (2022); Kim et al. (2025)). Here, we show how each of these applications can be
modelled through an appropriate choice of the relevant parameters, as introduced in §2. The
surface deformation calculation in Langdon & Needham (2025), measuring how the initially
flat particle bed is deformed, may be particularly relevant to these applications.

For the case in which the primary fluid flow field has both a downwash and swirl generated
by a helicopter rotor (as was considered in Needham & Langdon (2024, §6) and Langdon
& Needham (2025)), the effect of gravity on the particles in the flow was neglected, due
to the relative effect of the different forces in such a rapid primary fluid flow. However, for
comparable applications in which the downwash and swirling fluid flow are less powerful,
such as those generated by a drone, it may be important to include the effect of gravity in
the model. In §5, we show how the mathematical model derived in Needham & Langdon
(2024) can be adapted to include gravity and consider two relevant applications: the problem
in which a small drone hovers over a sand bed on Earth; the problem in which a small drone,
such as the NASA Ingenuity Mars helicopter, is hovering over a particle bed on Mars (see,
e.g., Rabinovitch et al. (2021); Caprace et al. (2025)). Again, these separate applications can
be modelled simply through an appropriate choice of parameters.

Through our numerical experiments in §5, we notice new features arising in the two-phase
flow field whose presence appears to be due to small values of the parameter « (defined
precisely in §2 below), which measures the ratio of particle collision pressure to drag force
in the particle flow phase. For sand fluidized in air, we tentatively estimate ¢ =~ 0.1, but
for smaller and lighter particles (such as Martian dust), we hypothesize that @ might take
much smaller values. We explore further how these new features depend on « (both with and
without inclusion of gravity in the model) in Appendix B.

As a final physical application, in §6 we consider the particle cloud generated by the
naturally occurring phenomenon often referred to as a dust devil, modelling of which has
been considered recently by Pandey & Yadav (2026). This is a dust cloud that can form
within and around an upwardly circulating columnar air flow. For this application, the key
change to our modelling assumptions is the replacement of downwash with updraft, and our
results show that this leads to particle cloud formation in our model broadly consistent with
that seen in photographs of dust devils (see, e.g., Lorenz et al. (2016, Figure 1)).

The mathematical model considered in this paper contains a number of simplifying
assumptions to enable consideration of the fundamental processes of the key two-phase
flow without requiring consideration of the complexity of the fine-scale details of the
primary fluid flow field. Although this is sufficient to enable an investigation of how the
most significant features in the two-phase flow field depend on specific parameters, there
are many applications for which fine-scale detail of the primary fluid flow field is required,
such as modelling blade erosion (see, e.g., Tan et al. (2026)) or air intake duct sand ingestion
(see, e.g., Li et al. (2025)), or consideration of brownout mitigation in rotor design (see,
e.g., Huang & Cao (2026)). To improve accuracy in the current model, a more detailed
description of the primary fluid flow in the helicopter brownout problem could be introduced
(as provided in, e.g., Nathan & Green (2009)). As such, in §7 we outline how our model
could potentially be incorporated into a Computational Fluid Dynamics (CFD) platform that
provides an accurate representation of the single-phase fluid velocity field in the absence of
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a particle bed. Such an integration could prove to be a powerful tool in enabling a clearer
understanding of particle-cloud formation for a wider range of applications.
Finally, in §8, we present some conclusions, and a discussion of potential future research.

2. The mathematical model

We begin by giving a brief review of the model developed in Needham & Langdon (2024)
in the context of the helicopter brownout problem. Specifically, for the two-phase flow we
introduce a continuum voidage field measuring fluid volume per unit spatial volume of the
two-phase flow, and state the advection/diffusion partial differential equation (PDE) that it
satisfies in the fluidised region (derived in Needham & Langdon (2024) from conservation
of mass and momentum in the fluid and particle phases), with the condition at the boundary
with the particle bed as derived in Needham & Langdon (2024). Throughout this section, we
use the same notation as in Needham & Langdon (2024), and though the nonlinear elliptic
boundary value problem is stated in full here, for a full explanation of the derivation of the
model the present paper should be read in close conjunction with the theory and modelling
developed in Needham & Langdon (2024, §1-5) and the application of the model to the
helicopter cloud problem in Needham & Langdon (2024, §6).

For a helicopter hovering steadily, with rotor blades rotating in a horizontal plane, in
otherwise still air above a sand bed, which has undisturbed level at z = 0, the steady problem
for the associated voidage field in the fluid flow region can be stated in cylindrical polar
coordinates (R, ,z) (with z measuring dimensionless distance vertically upward), with
radial symmetry in @ (corresponding to the rotor-induced flowfield in the simple helicopter
model being represented by a revolution-averaged induced flowfield), as the elliptic boundary
value problem:

E (ERR +LEg+ EZZ) —G(R,2)Er — b(R,2)E, =0, (R,2) € w, 2.1)
E=g(R)onz=0, R >0, 2.2)

R=0, z€(0,z;)U(z}, )
Er=0 2hd d 2.3
R On{ R=A, ze€[zy 7], 23)
E;=0onz=7z},z;, Re(0,4), (2.4)
E — 1as (R? + z%) — oo uniformly in w. (2.5)

Here E = E(R,z) € [E,, 1] is the voidage field (representing the volume of fluid per unit
spatial volume), with 0 < E; < 1 being the packing voidage of the particles, and the domain
w is defined by

w={(R,2):z2>0,R>0\{(R,2): z; <2<z, 0<R<A}

In this simple model, the effect of the helicopter is modelled as generating an incompressible,
inviscid fluid flow field represented by a half-space fluid dipole locatedat R =0,z =24 > 0
(in dimensionless variables, with z; measuring the ratio of the hovering height of the
helicopter rotor to the rotor blade radius), and a uniform fluid line vortex aligned along
the positive z-axis. The flow takes place in the half-space region z > 0 and exterior to
a small cylindrical shell, where A > O represents the dimensionless length and radius of
the cylindrical shell which is aligned with the z-axis and with the dipole at its centre, and
measures the ratio of the helicopter rotor hub to the rotor blade radius. In addition,

. _ A
Zd:Zd+§’ Zd:Zd_E,

Focus on Fluids articles must not exceed this page length
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and the boundary data is given in terms of the continuous and piecewise smooth function
g : [0,00) — R, which is defined by,

Es, for |V, $(R,0)[> > (vEs)™',
-1
972 R? Q2 _
R)y=1 y! d + for y~! < [V4@(R,0)]> < (YEs)™!
8(R) y RS R ory IVhé(R,0)" < (vEs) ™,
L for [V4G(R, 0)[2 < 1.
(2.6)
Here, again using the notation of Needham & Langdon (2024),
_ 972 R? o2
Vid(R,0)? = 2 + : 2.7
VbR OF = s 2.7)
_ 9 - 9
Cl(R, Z) = _a(R7 Z)s b(Ra Z) = _b(R9 Z)a
2a 2a
for (R, z) € w, where
3R (z+2zq) (z—2za) ]
R’ = - - N 2.8
(k0= 3 | o e s e 9
3 2 _ 2
b(R.2) = = [ (z+2za) _ (z-za) }
an | (R + 2+ 20D (R + (2 -2
1 1 1
+— - . 29
4n [(Rz +(z=za)?)?  (R2+(z+ Zd)2)3/2} 29

Full derivation of this boundary value problem from fundamental first principles is described
in Needham & Langdon (2024, §6), together with a discussion of the physical relevance of
each of the six dimensionless parameters appearing in the boundary value problem, namely
Eg,a,v,Q, z4 and A. Additional discussion of the relevance of these parameters to particular
helicopter operating velocity scales such as the downwash velocity and rotor blade tip velocity
can be found in Langdon & Needham (2025, §II). As discussed in Needham & Langdon
(2024, §6), and using typical helicopter parameters as recorded, for example, in Govindarajan
et al. (2013); Porcu et al. (2020); Tan et al. (2021, 2022a,b); Li et al. (2023); Lin et al. (2024),
the physical relevance and typical values of these parameters are as follows.

Whilst in the helicopter example and the drone examples of §5, A has a specific physical
meaning (the ratio of the helicopter rotor hub to the rotor blade radius), in some of the
other modelling scenarios (bathysphere (§4.1), lunar plume (§4.2), dust devil (§6)) A does
not have a specific physical meaning but rather denotes simply the size of the shell that we
place around the singularity. Typically for the helicopter example A ~ 1072, but in the other
examples we simply require A < min{1, z4}. Here, we take A = 0.04 in the examples where
it is constrained by a physical interpretation (specifically, the drone examples in §5), and for
computational efficiency we take the larger values A = 0.1 (in §4) and A = 0.2 (in §6) in the
examples where it is not.

Asnoted above, the parameter z; measures the ratio of the hovering height of the helicopter
rotor to the rotor blade radius, and typically in the helicopter example z4; ~ 10~'-10!. In
each of our examples below we consider values of z; within this range, but we note that for
the dust devil example just a single value z4 = 5 is appropriate (see §6 for details).

For the fluid flow, the ratio of the hovering helicopter induced swirl velocity to the induced
downwash velocity is measured by Q, and typically we have Q ~ 10~'-10°. For the case
where there is no swirl, as discussed in §4, we simply have Q = 0.
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The parameter E is the particle packing voidage, and for sand in air this is typically of
magnitude 10~2. We will take this value throughout.

The ratio of the lift force per unit volume to the gravity force per unit volume on particles in
the interfacial layer is given by , and for the helicopter example we typically have y ~ 10>—
103. For other examples, the value of y may vary significantly, and this is discussed further
in §4, §5 and §6.

Finally, as mentioned in §1, @ measures the ratio of the particle collisional pressure to the
drag force in the particle flow phase and we tentatively estimate, for sand fluidized in air, that
a ~ 10~!. For other examples, we consider a wider range of values of @, and in Appendix B
we consider in particular how very small values of @ may affect the flow.

For each example in §4, §5 and §6, representing closely related applications of the general
model developed in Needham & Langdon (2024) for generic wind-generated particle-fluid
flow fields, we derive the associated reduced forms in each case and illustrate the full solution
of the problem (in some cases representing a minor variation to (2.1)—(2.9), as described
below), computed using the numerical method introduced in Needham & Langdon (2024,
Appendix B). The numerical discretisation is uniquely defined by four parameters: € > 0
(see Needham & Langdon (2024, (B7))), defining the tolerance level for the nonlinear solve;
Lr > land L, > 1 (see Needham & Langdon (2024, (B8))), which control the truncation of
the unbounded domain w in the horizontal and vertical directions, respectively; N > 1 (see
Needham & Langdon (2024, (B9-B12))), which controls the mesh size. To enable precise
reproducability of our results, for each example considered below we state the values of e
(e < 107% in each example), Lr, L, and N, and the resulting total number of degrees of
freedom (given by Needham & Langdon (2024, (B14)), at least four million in each example),
used in our computations.

3. A measure of particle cloud formation potential

Before moving on to specific applications, in this section we introduce a simple useful
measure of the tendency of a primary fluid flow field above an otherwise static bed of
particles to generate a significant particle cloud in the associated fluid flow field. To achieve
this, we utilize the concept of incipient fluidization of particles in a thin interfacial layer
that accommodates the transmission of particles between the static particle bed and the fully
fluidized flow region above, as described in §1. The dynamics and in particular the localised
voidage field within this layer were fully developed and analysed in Needham & Langdon
(2024), and for ease of reference the notation that we use here is adopted directly from
Needham & Langdon (2024). To keep things simple at the outset, we will assume that the
otherwise undisturbed surface of the static particle bed, and the thin, incipiently fluidized,
interfacial layer above this, are horizontal, and occupy an open and simply connected region
A c R? whose boundary A is a simple smooth closed curve (the closure of this region
is denoted by A). Exterior to this region, the surface is assumed to be immobile. In the
notation of Needham & Langdon (2024) we write the tangential primary fluid velocity field
at the interfacial layer as uy(ry,) withrj, € A. Here uy A — R? is taken to be a smooth
two-dimensional vector field (except possibly at a finite number of interior points, at which
|uy (rp)| — oo as each such point is approached) on A. It is convenient to introduce the
associated non-negative scalar field y : A — [0, c0), given by

1 1
% when |u,(rp)|* < £,

x(rn) = 3 [wp(r)[* when § < |uy(r)* < g5, 3.1
£ When u,(r)* > 5.
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Here, both A and E; are the physical parameters introduced in Needham & Langdon (2024,
§3), with A given by Needham & Langdon (2024, (3.25)) and E; € (0, 1) denoting the
packing voidage of the particles (see also §2), with each regarded as fixed. This scalar field
x 1s henceforth referred to as the admissible scalar field associated with the tangential fluid
velocity field uy,. We readily observe that y is continuous, and bounded, with in particular,

1 —
— < x(rp) < V r, € A. (3.2)

1
A EN’

Furthermore, if two tangential fluid velocity fields “;11 and ufl are such that
w, (e) * < (e)%, Y 1y € A, (3.3)

then u}l is said to be a decrease of u%l. Correspondingly, the associated admissible scalar
field y is said to be a decrease of the associated admissible scalar field y,. We now follow
the theory in Needham & Langdon (2024) to introduce the incipient voidage field in the
interfacial layer (from equation (4.6) in Needham & Langdon (2024)), associated with the
admissible scalar field, as

E(x(rp)) = Vor, €A (3.4)

1
Ax(rp)’
It is worth noting here that it is from this incipient voidage field in the interfacial layer that
the boundary condition (2.2) in the elliptic boundary value problem (2.1)—(2.9) is ultimately
derived (again, see Needham & Langdon (2024, §5-6) for details).

This enables us to introduce the functional

PC: {y € C(A) : x is an admissible scalar field} — R (3.5)

as
Pcu):% / /ﬂ (1 - E(x(r4)))dA (3.6)

which gives a simple measure of the average particle volume that is fluidized in the interfacial
layer and, as such, immediately available for particle cloud formation in the bulk fluidized
flow region. Key properties of this functional are established in Appendix A. In particular, it
is determined that the image of PC is precisely the closed interval [0, 1 — E], and that it is
sufficiently regular to be Lipschitz continuous on its domain and to have a Fréchet derivative
at each point in its domain, whilst being decreasing on pairs of decreasing points in its
domain. The minimum value of zero is achieved if and only if y = A~!, while the maximum
value of (1 — Ey) is achieved if and only if y = (AE,)~'.

This measure can be used as a useful tool in rapidly assessing the particle cloud forming
potential of a given primary fluid flow field which, say, has M free parameters denoted as
i € X c RM_ This then leads to a parameterised admissible scalar field y = y (rj; u) = Xuos
and substitution into (3.6) results in a parameterisation PC = PC(xy) = f(u) where
f X — [0,1 - E] is now a prescribed real-valued function of the parameters u € X.
The effects on cloud forming potential through the parameters can now be investigated by
direct analysis of this scalar function. It should be noted here that the above theory relies
on applications for which the domain A is bounded on the plane. In applications where
A is formally unbounded, we can still use this theory by choosing a suitable fixed finite
representation of A based on the finite length scale and location of the flow geometry
in the associated fluidized region. For example, in the model we have introduced for the
helicopter brownout application, a suitable choice for A would be, in terms of the dimensional
coordinates used in the model, the circular disc in the plane z = 0, with centre at R = 0, and
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having radius ~ 10/. In order to enable direct comparison between each of the applications
considered in the sections below, and in particular to enable inclusion of the lunar plume
model (see §4.2), we choose the disc to have radius 12/ consistently across all examples.

As an illustration, we consider here the helicopter cloud problem, as described in Needham
& Langdon (2024, §6-7). For this and the other examples considered in §4, §5 and §6 below,
PC depends only on Q, ¥, E, and z4, as it is a function solely of boundary data which
depends only on those parameters and not on A or « (recall (2.6)). For each example, here
and in the subsequent sections, we can use (3.6) to predict particle cloud formation potential,
and then compare with key features of the voidage field calculated through numerical solution
of (2.1)—(2.9). In the dimensionless coordinates used throughout (with lengths scaled against
the applications’ geometric length scale /) we take A to be the circular disc on the plane
z = 0, with centre at the origin and radius R = 12 (as described above). The formula (3.6)
then becomes

2n R R
PCUG) = f() = /0 /O (1—g<R>)Rdee=% /0 (1-g(R)RAR, (3.7)

nR?
and this integral can be easily evaluated using a standard quadrature formula. For the
helicopter cloud problem, as described in Needham & Langdon (2024, §6-7), we fix
Es = 0.01, and investigate how f(u) depends on Q € [0.1,1], y € [100, 1000], and
zq € [0.5,5], noting that the broad conclusions of the numerical results in Needham &
Langdon (2024, §7) (computed with A = 0.04 and @ = 0.1, though those values do not affect
the value of f(u)) were that the particle cloud formation potential was greater for smaller
values of z4, and larger values of Q and vy.

First, in figure 1 we show how f(u) varies as z4 changes, for each combination of
v = 1000, 500, 100 and Q = 1.0,0.5,0.1. In each case, we see that f(u) is indeed greater
for larger values of Q and . In most cases, f(u) increases as z; decreases, but this is not
uniformly true - in particular, when y and € are sufficiently large, and z, is sufficiently small,
f(w) can in fact decrease (slightly) as z4 decreases.

Next, in figure 2 we explore how f(u) varies as Q changes, for each combination of
v = 1000, 500, 100 and z4 = 2.0,1.0,0.5. In each case, f(u) is greater for larger values of
Q, and in fact it appears that f(u) is a quadratic function of Q. For comparison, on each plot
we also show the best fitting quadratic (in a least squares sense). The quadratic curve is a
better fit to the data when z4, Q and y are larger.

Finally, in figure 3 we explore how f(u) varies as vy changes, for each combination of
Q =1.0,0.5,0.1 and z4 = 2.0, 1.0,0.5. In each case, f(u) is greater for larger values of v,
and in fact in several cases it appears that f(u) has a linear dependence on y. For comparison,
on each plot we also show the best fitting straight line (in a least squares sense). The linear
plot is, in general, a better fit to the data when z4,  and vy are larger. For Q = 0.1, and
zq = 1.0 or zz = 0.5, the curve is clearly not linear, and in fact in these cases it appears that
the dependence of f(u) on y follows a fractional power law.

The nature of the results obtained in this section regarding particle cloud formation
potential will be discussed in the context of each application in the subsequent sections.

4. Applications with no swirl

In this section we consider situations in which there is no swirl component driving the
primary fluid flow; that is, the case in which the parameter Q, which measures the ratio of
the induced swirl velocity to the induced downwash velocity, can be taken as zero. In this
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Figure 1: Plots showing how f(u) (given by (3.7)) varies with z4, for y = 1000 (left),
v =500 (middle), y = 100 (right) and Q = 1.0 (top), Q = 0.5 (middle), and Q = 0.1
(bottom).

case, the revised form of |V, (R, 0)|* (see (2.7)) is simply

_ ) 9z,
IVad(R,0)|" = ————, 4.1)
4
for R > 0, and parameter values z; > 0. A graph of equation (4.1), for a range of values of
z4 18 shown in figure 4. The local maximum is located at

1
R =Rm(za) = 52a; (4.2)

and the maximum value is given by

_ 576
|V (Rm(za),0)|* = 3125ﬂ2zd6 ~ 0.0187z,°. (4.3)
The qualitatively similar shape of |V,é(R, 0)|? for each value of z; can be clearly seen in
figure 4.

The absence of the swirl component in the primary fluid flow leads to a significant change
in the nature of the boundary function g : R — R in this application compared to the
corresponding form for the helicopter brownout application (as considered in Needham
& Langdon (2024, §6), see in particular Needham & Langdon (2024, Figure 7) and the
discussion immediately after Needham & Langdon (2024, (6.38))). A key new feature is that
since in this case |V, ¢(R, 0)|? is bounded, which is not the case for Q > 0 (see Needham &
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Figure 2: Plots showing how f(u) (given by (3.7)) varies with Q, for y = 1000 (left),
vy =500 (middle), y = 100 (right) and z4 = 2.0 (top), z4 = 1.0 (middle), and z; = 0.5
(bottom).

Langdon (2024, (6.32))), it follows that at heights above the static particle bed corresponding
to
576
zg > —312571_27 = (Z2)6 4.4)

we have g(R) = 1, and the corresponding voidage field exterior to the vehicle generating
the flow then has E(R, Z) = 1, so no particle cloud appears until the height of the vehicle
above the static particle bed has reduced below this critical value. This raises the speculative
thought that helicopter brownout could potentially be reduced significantly if the ratio of
swirling flow to downwash could be sizeably reduced towards the final stages of landing.

We now consider two specific applications for which the omission of the swirl component
of the flow seems reasonable, namely the bathysphere and the lunar plume problems. For
heights below the critical value z;, given by (4.4) we present typical examples of computed
voidage fields.

4.1. Ocean-bed descending bathysphere cloud model

In this application we consider the situation when a rigid spherical bathysphere slowly
approaches a horizontal ocean bed composed of saturated particulate sand augmented with
fine particulate biological debris, which we anticipate will form a quasi-steady particulate
cloud in the locally surrounding (otherwise static) ocean water field. This phenomena has
been observed by oceanic bathysphere descents which have taken place since the mid-1930’s
pioneering descents of William Beebe and Otis Barton (see Beebe (1934)). Here we will

Rapids articles must not exceed this page length
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Figure 4: Plot of [V, #(R,0)|? (given by (4.1)), for zg = 0.9, 1.0, 1.1.

take the flow resulting from the descending bathysphere (very simplistically) as that due to
a vertically aligned dipole at the centre of the slowly descending bathysphere, and contained
within a small cylindrical shell as introduced earlier in the brownout model.

We denote the descending velocity of the bathysphere as ug and the radius of the
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bathysphere as /. The balance between buoyancy, gravity, and the macroscopic drag on
the bathysphere then gives the following estimate:

2 8(1-1Dlg
u ~N —_—~

2 10> x (A= 1) ms™, (4.5)
3Cd

where we have written the mean density of the bathysphere as Apy, with p; being the
oceanic water density, the dimensionless parameter 4 > 1 and the total drag force on the
bathysphere has been taken as Fy = (1/2)nl%p ruc4, with ¢4 being the drag coefficient for
the bathysphere descending in oceanic water. The appropriate strength of the dipole is then
given by My = u,I3, and the height of the bathysphere centre above the ocean bed (at instant
t) is represented by /z4. When the speed of descent of the bathysphere is sufficiently slow, so
that we may adopt a quasi-steady approximation for the voidage field, the model determining
the voidage field in the fluid flow region local to the bathysphere is again given by equations
(2.1)-(2.9), but now with the parameter Q set to be identically zero (as described above,
simply reflecting that the fluid flow due to the slowly descending bathysphere generates no
swirl component). In addition, the two remaining parameters now have estimated values,
using (4.5) and the respective physical properties of sea water and granular sand,

2
3 2 pp (A=Dppga
=== ——~10'x(1-1), 4.6
V=16 e (A-1) (4.6)
and
9 a? Po
¥=——
2712 (A-1)prgl
Here a represents the mean radius of sand grains forming the ocean bed, p; is the density
of sand and u is the dynamic viscosity of the oceanic water. In this representative case, we
select A to give a settling velocity of the bathysphere of 2 ms~!, which requires the choice
A=1+1/(5x 10%) after which we obtain the estimates,

y ~10° and a ~ 107%. (4.8)

~pox(1-1)""x1073. 4.7)

We observe that in this application each of these parameters is at least an order of magnitude
larger and smaller, respectively, than in the helicopter brownout application, which is a
consequence of the lower macroscopic flow velocity scale and the higher density and dynamic
viscosity of water over air.

For these parameter estimates, we then obtain z§; ~ 3.5, (recall (4.4)) so that the centre
of the bathysphere is at a height of 3.5 times its radius above the ocean bed when a local
sand cloud begins to form. We now present some numerical examples which confirm and
illustrate that a local sand cloud forms only for z4 < ZZ, and is absent when z4 > ZZ- For

this example, following (4.8), we set y = 10°, and then, from (4.4), we have, precisely,

e [ 576\
g = (31257127) ~ 3.509232,
suggesting that we should expect a sand cloud for z4; < 3.5, but no sand cloud for z4 > 3.51.

With the dimensional height of the bathysphere centre above the ocean bed being Iz,
where [ is the radius of the bathysphere (as described above), we restrict attention to the
case z4 = 1.5 (i.e., the case where the gap distance between the bathysphere and the ocean
bed is at least half the radius of the bathysphere), as this seems like a reasonable range for
which the current simple fluid flow assumptions should remain reasonable, but below which
the fluid dynamics assumptions may lose accuracy. In figure 5 we plot the particle cloud
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Figure 5: Plot showing how f(u) (given by (3.7)) varies with z4, for the bathysphere
example.
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Figure 6: Boundary data g(-), z4 € [3.40, 3.50] (left) and z4 € [1.5, 3.0] (right)

formation potential PC(x,) = f(u), given by (3.7), for y = 105, Q = 0, E; = 0.01 and
zq € [1.5,3.51]. We see that f(u) is indeed zero for z; ~ 3.51, and that f(u) increases as
zq decreases from 3.5 to 1.5.

To illustrate this more clearly, in figure 6 we plot the boundary data g(-) (given by (2.6)),
for a small range of z,4 close to z{; (on the left of figure 6), and for a wider range of values of
z4 (on the right of figure 6). Note the differing scales on each plot. For z; > 3.51 we simply
have g(R) = 1 forall R > 0.

We then solve (2.1)-(2.9), with the same parameter choices as those listed above, and with
a =10"%and A = 0.1, using the numerical method described in Needham & Langdon
(2024, Appendix B), with discretization parameters € = 1075, Lg = 320, L, = 256, and
N = 8 (as described in §2). The precise number of degrees of freedom that we use in our
numerical scheme varies with z4, with more degrees of freedom for greater z4, as in each case
we require more degrees of freedom in the mesh below the bathysphere when z, is larger,
and in each case we require the same number of degrees of freedom in our computational
mesh above the bathysphere. Using the discretization parameters listed above, the number of
degrees of freedom ranges between 5,575,072 (for z4; = 1.5) up to 5,985,952 (for z4 = 3.5),
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Figure 7: Voidage field E(R, z), z4 = 3.50

so between approximately 5.5 million and 6.0 million degrees of freedom in our numerical
scheme for each example.

In figure 7 we show the voidage field E(R, z) for z4 = 3.50. For z4 = 3.51 (not shown
here), we simply have E(R,z) = 1 for all (R, z) € w, but then as z4 decreases we start to
see a sand cloud beginning to form. In order that the formation of the cloud can be seen, the
colour scale has been selected such that we have plotted over only a small range of values
from E = 0.99 to E = 1, with the blue region highlighting all points at which £ < 0.99.
We have also only plotted over a small range of values of R and z - the actual computational
domain is much larger (determined by the discretization parameters stated above).

In figures 8 and figure 9 we then plot the voidage field E(R, z) for z4 = 3.4, z4 = 3.2,
zqg = 3.0, zg = 2.5, z4 = 2.0, z4 = 1.5, using the full colour scale range from zero to 1.0
(recalling that E € [Ej, 1]) in figure 8, and a reduced colour scale from 0.9 to 1.0 in figure 9,
so that the patterns formed by the particle cloud can be more clearly seen, particularly for
zq = 3.4 and z4 = 3.2. As z4 decreases we start to see a sand cloud beginning to form. Note
that the blue region in the latter plot (figure 9) highlights all points at which E < 0.9. These
plots show more clearly the formation of a sand cloud when z4 < 3.5, with an increasing
amount of sand in the water as z,; decreases.

The supplementary file Langdon-moviel-bathysphere.mp4 shows in a video format how
the voidage field changes as z4 is reduced gradually from z4 = 3.5 to z4 = 1.5, using the
same parameter choices, discretization parameters and colour scale as for the results shown
in figure 8.

4.2. Lunar landing plume model

In this application we consider the situation in which a lander descends towards a celestial
body, such as the Moon or Mars, with its speed of approach regulated by the expulsion of a
downward high speed fluid jet that may displace dust, gravel and rocks on the surface during
landing. This problem has received much attention in the recent literature from each of an
experimental (see, for example, Chambers (2020); Jimenez Cuesta et al. (2025)), modelling
(see, for example, Chambers (2020); Capecelatro (2022); Cao et al. (2023); Kim et al.
(2025)) and CFD (see, for example, Chambers (2020); Cao et al. (2023); Kim et al. (2025))
view point. However, much of this work focuses upon the fine details of the exhaust flow,
and relies purely on phenomenological mechanisms for the key aspect in cloud formation



461
462
463
464
465
466
467
468
469
470
471
472

7,734

2,34

Figure 8:

30

30

0 5 10 15 20 25
R

30

z,73.0

15

08

06

0.4

02

z,=3.0

0.8

06

04

02

0.98

1096

0.94

0.92

0.9
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associated with the local entrainment and detrainment of particles at the interface between
the bulk fluidized region and the otherwise static particle bed. From our point of view
we again use the much simplified model of the primary fluid flow characteristics but now
coupled with the key interfacial boundary condition which gives a rational representation
of the entrainment/detrainment dynamics. In this context, the lunar landing plume can be
easily modelled (albeit in a very simplistic and basic form, but one which captures the
principal features) within our framework through an appropriate choice of the relevant
dimensionless parameters, and the model can be readily used both to determine the voidage
field in the fluidized region, and in addition the local lunar surface deformation, following
similar calculations for the helicopter brownout problem presented recently in Langdon &
Needham (2025). We begin by estimating the magnitudes of the key model parameters y and
«. In this application the particulate matter is lunar surface dust whilst the fluid is principally
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Figure 10: Plot showing how f(u) (given by (3.7)) varies with z4, for the lunar plume
example.

the exhaust fluid from the jet landing thrusters. Lunar dust particles have typical radius
a ~ 3 x 107% m and material density py ~ 2700 kgm™3, whilst typical measurements for the
jet exhaust fluid give fluid density py ~ 1 kgm™3 and dynamic viscosity 4 = 2 x 107> pas,
with typical jet exhaust velocity estimated as u; ~ 3 x 10> ms~!. In addition, the lunar
gravitational acceleration is approximated as 1 ms~2, and we tentatively take the particle
collisional pressure coefficient as pg ~ 1072 pa. The typical flow length scale / should be
taken as that associated with the dimension of the landing vehicle. The key dimensionless
parameters in the model are then computed (using the definitions in Needham & Langdon
(2024)) from these estimates as having the orders of magnitude

y ~0(10° = 10%) and @ ~ 0(107% - 10717), (4.9)

and, as may be anticipated, we observe that y and « are, respectively, very much larger
and very much smaller than their corresponding values for the descending bathysphere
application.

Setting y = 108, we obtain (from (4.4))

. [ 576
“a = \3125227

In figure 10 we plot the particle cloud formation potential PC () = f(u), given by (3.7),
for y = 108, Q = 0, E; = 0.01 and z4 € [5,11]. We see that f(u) is indeed zero for
zq ~ 11, and that f(u) increases as z4 decreases from 11 to 5. Comparing the vertical scale
in figure 10 with that in figure 5, we also note the significantly increased particle cloud
formation potential of the lunar plume example, reflecting the significantly larger value of
the parameter 7 in this example.

We now present some numerical examples which confirm and illustrate that a dust cloud
forms only for zg < z§, and is absent when z4 > z;. We solve (2.1)-(2.9), with the

same parameter choices as those listed above, and with @ = 107% and A = 0.1, using the
numerical method described in Needham & Langdon (2024, Appendix B), with discretization
parameters € = 107°, L r = 800, L, =440, and N = 4 (as described in §2). Comparing these
values to those used for the bathysphere example, we note that the increased cloud formation
potential for the lunar plume leads to the need for a much larger computational domain. The

1/6
) ~ 11.097167.
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Figure 11: Lunar landing plume, voidage field E(R, z), z4 = 10,9,8,7,6,5

precise number of degrees of freedom that we use in our numerical scheme varies with z,
with more degrees of freedom for greater z4, as in each case we require more degrees of
freedom in the mesh below the lunar lander when z, is larger, and in each case we require
the same number of degrees of freedom in our computational mesh above the lunar lander.
Using the discretization parameters listed above, the number of degrees of freedom ranges
between 6,283,032 (for z4 = 5.0) up to 6,923,832 (for z4 = 10.0), so between six and seven
million degrees of freedom in our numerical scheme for each example.

In figure 11 we show the voidage field E(R, z) for z4 = 10,9,8,7,6,5. As z4 decreases,
we see the dust cloud grow. In figure 12 we show the voidage field E(R, z) for the same
values of z4 as in figure 11, but with a smaller colour scale range (a different scale for each
value of z,4), with in each case the blue region representing values of E below the lower end
of the plotted range, and the yellow region representing values of E above the upper end of
the plotted range. These plots show more clearly the formation of a dust cloud when z4 is
larger, with more dust being raised as z4 decreases, and also illustrate how the qualitative
structure of the plume is broadly comparable for each value of z,.

The supplementary file Langdon-movie2-lunar.mp4 shows in a video format how the
voidage field changes as z4 is reduced gradually from z4 = 11.1 to z45 = 5, using the same
parameter choices, discretization parameters and colour scale as for the results shown in
figure 11.

5. Applications requiring the inclusion of gravity

We now show how the mathematical model derived in Needham & Langdon (2024) can be
adapted to include gravity. This may be important in applications where the downwash and
swirling flow is less powerful than for a helicopter, such as the case in which the flow field
is generated by a much smaller drone.

Following Needham & Langdon (2024, §5), the principal PDE governing the structure of
the voidage field, now with the inclusion of gravity effects acting on the particle phase flow
field, becomes

(V¢ +TEQ'(E)K) - VE — «EV*(H(E)) =0, re€ D, (5.1)
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(compare to Needham & Langdon (2024, (6.15))), where we recall that Kk is the unit vector
pointing vertically upward, D is the region occupied by the particle cloud and the potential
¢ is as in Needham & Langdon (2024) (equation (6.14) with (6.5)), whilst,

H(E) = %(E —E,). (5.2)

In deriving this equation, we have followed precisely the same derivation as in Needham &
Langdon (2024, §5), except that when beginning the derivation (at equations (5.5) and (5.6)
in Needham & Langdon (2024)), we have included at the leading order of approximation, in
addition to all previously included terms, the term which represents the effect of gravity in the
particle phase momentum equation and is premultiplied by the parameter pG. Specifically,
the term —pG (1-E)K is carried forward from Needham & Langdon (2024, (5.6)) to Needham
& Langdon (2024, (5.15)), which becomes

0=aVE+(1-E)B(E)(u—v)-pG(1l - E)k,
so Needham & Langdon (2024, (5.16)) becomes
V(p-—aE)+pG(1 - E)k=0.
This new term introduces the dimensionless parameter
Mg
which measures the ratio of the magnitude of the gravitational force to the magnitude of the

drag force on the particle phase (with a, ps, u, us as introduced in Needham & Langdon
(2024)), and

r , (5.3)

Q(E)=(1-E)H'(E) = %(1 -E). 5.4)

The precise estimate for I" will vary according to the nature of each application. We see that
the inclusion of the gravity term has generated a nonlinear convective term in the vertical
direction, accounting for particle cloud settling under gravity. The elliptic boundary value
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problem describing the voidage field in the particle cloud region is as in (2.1)-(2.9), except
that now the coefficient b(R, z) is augmented by the addition of the term —(2/9)I'E, and
hence (2.1) is replaced by

1 I _
E ERR+EER+—EZ +E,;;|-a(R,z)ErR —b(R,2)E; =0, (R,z) € w. (5.5
a

In addition to this change in the field equation, there is also a consequent change to the
boundary condition at both the upper and lower surfaces of the cylindrical shell encasing
the dipole, and this is readily determined by following the development of this boundary
condition in Needham & Langdon (2024, §5,6); in the present application, this leads us to
modify boundary conditions (2.4) to

r
E,=—(1-E)onz=2z},z; Re(0A). (5.6)
a

We now show how, through an appropriate choice of parameters, we can model two relevant
applications: the problem in which a small drone hovers over a sand bed on Earth and the
problem in which a small drone, such as the NASA Ingenuity Mars helicopter, is hovering
over a particle bed on Mars.

5.1. Terrestrial drone cloud model

This application considers the situation in which a small-scale drone hovers above a horizontal
sand bed. As such, the modelling situation is the same as in Needham & Langdon (2024)
for the helicopter brownout application, except that there is now a significant reduction in
the macroscopic length scale (from helicopter blade radius to drone blade radius) and in
the macroscopic fluid velocity scale. The key change is that the parameter pG introduced
in Needham & Langdon (2024) (which measures the relative strength of the gravity term
to the drag term in the particle phase momentum equation) is significantly increased (now
10~! = 1072), which leads us to include this gravity term in the principal model, as described
above. In addition to the inclusion of this new term, we also observe that & (now 10~! — 10°)
increases compared to the parameter values estimated for the helicopter brownout application,
while Q and vy remain broadly similar, although typically smaller in general. From (5.3) we
estimate that I" is of O(10~"). In our numerical examples below, we thus take the following
parameter choices:

I'=0.1, y=500, «=0.1, Q=0.5, E;=0.01, A=0.04. (5.7)

In figure 13 we plot the particle cloud formation potential PC(x ) = f(u), given by (3.7),
for y =500, Q = 0.5, E; =0.01 and z4 € [0.1, 5]. As for the helicopter cloud example (see
the central plot of figure 1) we see that f(u) increases as z4 decreases from 5 to approximately
za = 1, before then decreasing as z4 decreases further.

We solve (5.5), (2.2), (2.3), (5.6), together with (2.5)-(2.9), using the numerical method
described in Needham & Langdon (2024, Appendix B), with discretization parameters
€=10"% Lgr =256, L, = 64, and N = 16 (as described in §2). Using these discretization
parameters, the number of degrees of freedom ranges between 4,403,712 (for z4 = 0.1)
up to 5,719,552 (for z4 = 0.9), so between four and six million degrees of freedom in
our numerical scheme for each example. In Figure 14 we plot the voidage field E(R, z) for
z2g =09,z4 =08,z4 =07,z4 =0.6,z4 =0.5,z4 =04, zg = 03, zg = 0.2 and
zq4 = 0.1. Each of these plots is plotted on the same scale, for ease of comparison, but in each
case the actual domain of computation was much larger (as determined by the discretization
parameters stated above). By plotting over a smaller range for R and z, we hope to make it
easier to see the finer detail of the field in the vicinity of the drone. As z4 decreases, we
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Figure 13: Plot showing how f(u) (given by (3.7)) varies with z4, for the terrestrial drone
example.

see the formation of a horn-shaped plume in the voidage field, with particles being drawn
into the horn and enveloping the drone, when z,4 is sufficiently small. For this example,
we take z4 much lower than we did for the helicopter examples presented in Needham &
Langdon (2024), noting that the ratio of rotor blade length to rotorcraft body is in general
much lower for drones than it is for helicopters. Despite the inclusion of gravity and the
different parameter choices considered in this section, the manner in which the horn-shaped
plume forms as z4 decreases is broadly comparable to the results for the helicopter presented
in Needham & Langdon (2024), and aligns well with experimental evidence as seen in, e.g.,
Nathan & Green (2009, Figures 6,7,8).

The supplementary file Langdon-movie3-terrestrial. mp4 shows in a video format how the
voidage field changes as z4 is reduced gradually from z4 = 2.48 to z4 = 0.12, using the
same parameter choices, discretization parameters and colour scale as for the results shown
in figure 14.

5.2. Martian drone cloud model

This application considers the situation of a helicopter drone hovering steadily over a dusty
Martian surface. Simulating dust cloud formation in this scenario has been considered
by Rabinovitch ef al. (2021) (who considered how terrestrial simulations might be scaled
appropriately) and Caprace et al. (2025) (who modelled entrainment of dust particles through
the physical process of saltation, see, e.g., Kok er al. (2012)). With the NASA-developed
Martian helicopter “Ingenuity” relying on vision-based navigation and, therefore, particularly
susceptible to dust clouds generated by hovering at low altitudes (see, e.g., Bayard et al. (2019)
and Gallon et al. (2026, §3 “Dust on Optics™)), understanding these processes is particularly
relevant to this application.

Again, the modelling situation is the same as that in Needham & Langdon (2024) for
the helicopter brownout application, except that there is again a significant reduction in the
macroscopic length scale (from helicopter blade radius to drone blade radius) and in the
macroscopic fluid velocity scale. Furthermore, the gravitational acceleration is significantly
reduced and the atmospheric density is much smaller than that on Earth. With drone operating
parameters based on those associated with the NASA Ingenuity helicopter (see National
Aeronautics and Space Administration (NASA) (2020)) the dimensionless parameters for
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Figure 14: Voidage field E (R, z), terrestrial drone, z4 = 0.9 (top left), z; = 0.8 (top
middle), z4 = 0.7 (top right), z4 = 0.6 (middle left), z; = 0.5 (middle), z4 = 0.4 (middle
right), z4 = 0.3 (bottom left) z4; = 0.2 (bottom middle), z4 = 0.1 (bottom right)

this application are estimated as
F~15%x1072, y~2x10%, a~ 1073, Q~ 10°. (5.8)

As in the last subsection, the value of the parameter I' is not sufficiently small to suggest
that gravitational terms can be neglected, and so this application again leads us to employ
the modified elliptic PDE given in (5.5) and the associated modified boundary condition
(5.6). We now determine the voidage field for the parameters estimated in (5.8) above, also
choosing E; = 0.01 and A = 0.04, as for the terrestrial drone example.

In figure 15 we plot the particle cloud formation potential PC (x,) = f (), given by (3.7),
for y = 2000, Q = 1.0, E; = 0.01 and z4 € [0.1, 10]. As for the helicopter cloud example
(see the central plot of figure 1) and the terrestrial drone example (see figure 13), we see that
f(u) increases as z4 decreases from 10 to approximately z4 = 1.5, before then decreasing
as z4 decreases further. Note also the scale on the vertical axis - for this example, the range
of values of PC(xu) = f(u) is extremely narrow.

We solve (5.5), (2.2), (2.3), (5.6), together with (2.5)-(2.9), using the numerical method
described in Needham & Langdon (2024, Appendix B), with discretization parameters
e=10"% Lr =288, L, =64, and N = 16 (as described in §2). Using these discretization
parameters, the number of degrees of freedom ranges between 5,321,984 (for z; = 0.3)
up to 6,986,624 (for z4 = 1.2), so between five and seven million degrees of freedom in
our numerical scheme for each example. In Figure 16 we plot the voidage field E(R, z) for
zZa=1.2,24=0.9, z4 = 0.6 and z5 = 0.3. Each of these plots is plotted on the same scale for
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Figure 16: Voidage field E (R, z), Martian drone, z4 = 1.2 (top left), z4 = 0.9 (top right),
zq = 0.6 (bottom left), z45 = 0.3 (bottom right)

646 ease of comparison, but in each case the actual domain of computation was much larger (as
647 determined by the discretization parameters stated above) - by plotting over a smaller range
648 for R and z, we hope to make it easier to see the finer detail of the field in the vicinity of the
649 Martian drone. A comparison with Caprace et al. (2025, Figure 14) reveals similarities with
650 the horn-shaped plume seen in the “initial burst of dust” in their simulation of “lifted dust
651 during take-off”.

652 The supplementary file Langdon-movie4-martian.mp4 shows in a video format how the
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Figure 17: Voidage field E (R, z), Martian drone, z4 = 1.2 (top left), z; = 0.9 (top right),
z4 = 0.6 (bottom left), z; = 0.3 (bottom right), reduced colour scale.

voidage field changes as z4 is reduced gradually from z4 = 2.48 to z4 = 0.28, using the
same parameter choices, discretization parameters and colour scale as for the results shown
in figure 16.

A new feature that we see in Figure 16 that was not present in the other results (in this
paper, or in Needham & Langdon (2024)), clearer in the figures for the smaller values of z4,
is a “second swirl”, i.e., a closed loop within the outer loop. To illustrate this more clearly, in
Figure 17 we show the same results as in Figure 16, but now with the colour scale set from
0.95 to 1, rather than from O to 1 (as was previously the case). In this case, if the plot is blue,
that means that £(R,z) < 0.95 in that region. As noted above, this feature appears to be
new for this example, and some computational experimentation suggests that it is primarily
driven by the choice of very small values of « in this application, rather than being specific to
other parameter choices for the Martian drone example. We further explore the dependence
of this new feature on the parameter choices in Appendix B.

6. Dust devil cloud model

In this section we consider an application of our model to what is referred to as a dust devil.
To describe a dust devil, consider a static dry sand bed with horizontal free surface below
a static atmosphere of air at ambient temperature 7, and density p(7,). An approximately
circular patch of the surface of the static sand bed, of radius say rs(~ [), is heated to a higher
temperature 7y, and this heats the air just above to temperature T4, and as a consequence, to a
reduced density p(7y). This heated air rises in a column through buoyancy, and this requires
an inflow of cooler air at the base, and the process continues. In addition, local vortex lines
are concentrated and stretched in the core (of radius r. << rg) of the rising air column,
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and this drives a rapid horizontal circulation of the air about the thin vortex core. The rapid
horizontal inflow and circulation close to the surface of the otherwise static sand bed entrains
sand into the upwardly circulating columnar air flow, and a dust cloud is formed within and
around the column. This phenomenon is often referred to as a dust devil. Descriptions and
images of dust devils can be found in the review papers by Ives (1947), Lorenz et al. (2016)
and Sinclair (1969), where it should be noted that dust devils have been reported as frequently
occurring on the surface of Mars (see also Murdoch et al. (2022)). From a theoretical point
of view, the details of the fluid flow field within a dust devil have been addressed recently
from a computational standpoint (see, for example, Pandey & Yadav (2026)). However, the
key aspect of dust cloud formation has either been neglected entirely, or included in a purely
phenomenological way. This is due to the absence of a rational mechanistic model to account
for the entrainment/detrainment of dust from the surface into the two phase dust cloud. In this
section we can remedy this with use of our current theory, whilst adopting a very simplistic
representation of the overall fluid flow in the dust devil.

The coherent height of a dust devil (before collapse under cooling), say /4, has been shown
(Jackson 2020) to satisfy the scaling,

hg ~ O(r3). 6.1)

In addition a simple vertical momentum balance in the dust devil rising air column determines,
under the Boussinesq approximation, that the rising air in the column has vertical velocity
scale,

ui ~ (1= p(Ta)/p(T2))gha (6.2)
Also, with Iy representing the horizontal circulation of the air flow around the column, then
the angular horizontal velocity scale in the column has,

ug ~I's/2nry. (6.3)

A simple flow field which captures the principal features of the air flow in the dust devil is
obtained by taking exactly the same flow field that we used for the helicopter cloud model
reviewed in section 2, except now we reverse the orientation of the fluid dipole, and fix its
location at a distance (1/2)hg vertically above the origin, representing buoyancy balance in
the fluid flow occuring approximately halfway up the dust devil column. With this fluid flow
field, we take the dipole strength as,

My = uyr3, (6.4)
with the velocity scale u, given in (6.2), and the circulation of the line vortex as,
I's =2nrquy, (6.5)

with uy being the horizontal velocity scale for the air flow in the dust devil column. Under
this approximation to the airflow in the dust devil, our model for the particle voidage field
in the dust devil particle cloud again leads directly to the elliptic boundary value problem
(2.1)-(2.9), except that now the signs in front of the coefficients @ and b are reversed, and
in addition, we again choose to include the effect of gravity on the particle phase flow.
Hence (2.1) is replaced by

1 r -
E |Egrr + EER +—E,+E,;|+a(R,2)ER+b(R,2)E; =0, (R,z2) € w. (6.6)
a
In addition to this change in the field equation, there is again a consequent change to the

boundary condition at both the upper and lower surfaces of the cylindrical shell encasing the
dipole due to the inclusion of gravity and this leads us again to modify boundary conditions
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(2.4) to

r
E.=—(1-E)onz=2z42; Re(0,A). (6.7)
07

It now remains for us to use the approximations (6.1)—(6.5) to estimate the dimensionless
parameters Q, v, & and I for the dust devil application. Typical measurements from naturally
occurring dust devils (see, e.g., Ives (1947); Sinclair (1969); Jackson (2020); Pandey &
Yadav (2026)) lead to typical height and radius of the orders of hy ~ 100 m and rqy ~
10 m respectively (which are in accord with the empirical relation (6.1)), whilst typical
measurements of the vertical core air velocity scale are of the order u; ~ 10 ms~L, and a
similar order of ug ~ 25 ms~! for the angular air velocity scale in the core. This leads, via
(6.5), to a typical circulation scale of T’y ~ 1.5 x 10° m?s~!, whilst the strength of the dipole
in the model should be set as M = usrfl ~ 10* m*s~!. We note that these scales then predict
a typical air density ratio across the length of the dust devil as p(Ty)/p(T,) ~ 0.9, via (6.2),
which is in line with typical measurements. We can now use these estimates to compute the
dimensionless parameters €2, vy, @ and I', as introduced in Needham & Langdon (2024), for
this dust devil application. We obtain,

F~107"=10° y=2x(10'-10%), a=3x10"!, Q=1.5x(10'-10%). (6.8)

with the dimensionless height of the dipole location being z4 ~ 5.

We now present some numerical examples showing the voidage field generated by the
dust devil. We solve (6.6), (2.2), (2.3), (6.7), together with (2.5)-(2.9), with y =20, Q = 15,
a=03E;,=001,T =0.1, A =0.2, and z4 = 5, using the numerical method described
in Needham & Langdon (2024, Appendix B), with discretization parameters € = 1073,
Lg =128, L, =480, and N = 16 (as described in §2), for which the number of degrees of
freedom is 16,691,328.

For these parameter choices, the particle cloud formation potential PC () = f(u), given
by (3.7), is f(u) =~ 0.4. Comparing this to the other examples in this paper, we see that the
particle cloud formation potential for the dust devil is significantly larger than for all other
examples, with the exception of the lunar plume example considered in §4.2.

In figure 18 we show the voidage field E (R, z) on two different scales (note the range of
the colour bar in each plot). On the left, we plot the voidage field using the full colour scale
range from zero to 1.0 (recalling that E € [Ej, 1]), and on the right we plot over the range
E € [0.7,1], so that the detail of the pattern can be more clearly seen for £ ~ 1 (in this
plot, blue colour implies that E is less than or equal to 0.7 on the colour scale). Note also
the horizontal and vertical scales for the plot; the particle cloud for this example extends
far higher vertically, compared to all other examples elsewhere in the paper. In regard to
overall performance of the model, we see that the dust cloud voidage predictions from the
model in figure 18 give overall a favourable visual comparison with photographic images,
such as Lorenz et al. (2016, Figure 1), or the first photographic image on the Wikipedia page
“Dust Devil”, which is an image of a large scale dust devil taken in Arizona, see National
Aeronautics and Space Administration (NASA) (2005).

7. Model integration with fluid flow CFD platforms or fluid flow measurement
data

In this section we briefly explain how the model developed in Needham & Langdon (2024)
can be readily incorporated into a CFD platform, or with experimental data, which provides an
accurate representation of the primary single-phase fluid velocity field under consideration,
when the particle bed is absent and is replaced by a rigid impermeable smooth surface.
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Figure 18: Dust devil, voidage field E(R, z), two different colour scales

We denote the rigid (and possibly moving) boundaries in the fluid flow field away from the
particle bed location as M, and the surface of the particle bed as M;. We assume that the
fluid velocity field has been determined via a CFD platform or data measurements (for a
single-phase flow with relative no-slip boundary conditions applied on the whole boundary
M, U M)). In dimensionless variables (with lengths scaled on the macroscopic geometrical
length scale /; and velocities scaled on the macroscopic fluid velocity scale uy) we write
this determined fluid velocity field as u(r, ) with r and ¢ being vector position (relative to a
suitable origin that is static relative to the static particle bed)) and time t. Now, referring to
Needham & Langdon (2024, §4) we can estimate the locally tangential fluid velocity in the
thin interfacial layer, at any point p, located atr,, € M;, as,

w,(rp. 1) = (u— (WA)A)(r, + eh, 1), (7.1)

where € = a/l and a is the typical particle radius, whilst f is the unit normal at r,, pointing
into the fluid flow region. With € being small, for an inviscid fluid flow we may approximate
this as simply the slip velocity field induced on AM;, whilst for a viscous fluid we may
approximate as,
uy,(rp,t) = (u— (wh)n),(r,, t)e, (7.2)
with subscript n representing the normal derivative at r), in the direction of A. With the
determined fluid flow, on the macroscopic scales, generally being of moderately high to
very high macroscopic Reynolds number R s = ul /v, then the normal derivative in (7.2) is
calculated in the viscous boundary layer for the fluid flow, which determines the dimensionless
scale for uy, as
1
uy, ~ ER;. (7.3)
which we formally anticipate to be less than or equal to O(1) in many applications due to
the extremely small value of the microscopic to macroscopic length scale ratio €. Having
determined uy, on M; via (7.2) we can now immediately formulate the problem which
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determines the voidage field in the fluid flow region as:
E, + (u(r,t) + TEQ'(E)k) - VE — «EV*(H(E)) =0, re D(1), t >0, (7.4)

subject to the initial condition,

E(r,0) = Ey(r), re D(0), (7.5)
and the boundary conditions,
E(r,t) =g(r, 1)), re M, t >0, (7.6)
E,(r,t)=0, re M,, t >0, 7.7)
E(r,t) —> 1 as |r| — oo uniformly on D(z), t > 0. (7.8)

Here D(¢) represents the open region occupied by the two-phase flow at time ¢ > 0, the
subscript n represents the directional derivative in the direction normal to the relevant surface
and pointing into D(#), k is the unit vector pointing vertically upwards and the functions
Q(E) and H(E) are as introduced in (5.4) and (5.2), respectively. The prescribed function

g M xR — Ris given in terms of the determined fluid velocity on M;, following directly
the derivation in Needham & Langdon (2024, (5.8)), as

1 when |uy(r,1)]* < %
g(r.1) = 1 (Ylup(r )P~ when L < Juy(r, 0 < £, (7.9)
Es when |u,(r,0)]> > £,

for (r,t) € M;x R where uy,(r, 1) is as given in (7.2). The function Eq : D(0) — [Eq, 1] is
the prescribed initial voidage field and is taken to be continuous and satisfying the boundary
constraints in (7.6)—(7.8) at t = 0. The parameter I" is as given in (5.3), whilst,

3u? 2

y= b o PO (7.10)

agps Lspus
as introduced in Needham & Langdon (2024), with p( being the interparticle collisional
coefficient and y the dynamic viscosity of the fluid. We note that it is straightforward to
establish that this parabolic evolution problem has a global in time classical solution, which
is unique, and depends continuously on the positive parameters « and v, and on the initial
data function Ey. In addition, the Strong Parabolic Maximum/Minimum Principles determine
that

Es<E(t)<1YreD(@),t>0. (7.11)

The parabolic evolution problem (7.4)—(7.8) can be solved numerically using an approach
such as that described in Needham & Langdon (2024, Appendix B), combined with an
appropriate timestepping scheme.

8. Conclusions

In this paper, we have generalised a recently derived model for particle-fluid flow fields
generated by static particle bed entrainment, and have applied it to a range of applications.
The key features of our simulated particle clouds resemble those seen in photographs, where
those are readily attainable. It would be interesting to undertake experimental work in order
to further validate our model; for the bathysphere application in particular, we anticipate
that such an experimental programme should be reasonably straightforward. For applications
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involving swirling flows and extraterrestrial applications, such an experimental programme
would be more challenging, but the level of this challenge also serves to highlight the value
of simulations based on rational mathematical models.

To enable a straightforward comparison of particle cloud formation potential across
different applications and parameter choices, we have derived a simple a-priori measure
that can be calculated requiring only the knowledge of the tangential primary fluid velocity
field at the particle bed surface. The relative values of this measure can be seen to align well
with qualitative features of the particle cloud in the full two-phase flow field.

As described in §1, our model contains a number of simplifying assumptions that enable
consideration of the key features of the flow without requiring consideration of the complexity
of the fine-scale details of the primary fluid flow field. To facilitate wider applicable use of our
model, we have outlined in §7 how it could potentially be incorporated into a CFD platform,
thereby enabling simulations requiring finer-scale details to be considered. We anticipate that
implementation of such an approach may be a fruitful topic of future research.
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Appendix A. Properties of PC

In this appendix we determine the main properties of the functional £C. In the current
setting it is appropriate to work in the Banach space of real, continuous scalar fields on
A under the usual sup-norm, which we denote as B(C(A), || - ||«), and we denote by
K(A) c C(A) the closed subset of scalar fields in this Banach space which have image in
the interval [A~', (AE;)~!]. Clearly this closed subset contains all admissible scalar fields.
The functional PC is now considered as a mapping from K (A) to R (PC: K(A) :— @Jr).
It is a straightforward consequence that Im(PC) = [0, 1 — E], after also noting that y = cis
in K (A) for each constant ¢ € [A~!, (AEs)~']. Next, let y; and y» be chosen from K (A).
It then follows from (3.4) and the Mean Value Theorem that,

|E(x2(r)) = EQri(xn)| < Alxa(rn) — xi(rp)| ¥ 1y € A (A
Consequently from (3.6) we obtain,
1PC(x2) = PCx1)| < Allxz = xille, (A2)

via the triangle inequality, and we conclude that P C is Lipschitz continuous on K (A), with
Lipschitz constant A. Next suppose y is a decrease of y;. It then follows from (3.4) that,

E(x2(rn) = E(x1(rp)) <0V rj, € A, (A3)

and so from (3.6),
PC(x1) —PC(x2) <0. (Ad)
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Thus PC is decreasing on pairs of points in K (A) which are decreasing. Since all points
x € K(A) are continuous and we have (1 — E(x)) = (1 — (Ay)™") it also readily follows
that,

PC(y) =0 ifand only if y = A7!, (A5)
and,
PC(x) = (1 —Ey) ifand only if y = (AEs)~L. (A6)
Finally we observe that at each point y € int(K (A)) we have the Fréchet derivative given
by the bounded linear mapping DPC, : C(A) — R where,

_ h(rp) —
DPC, (h) = = //ﬂ Al Ay e CR). (A7)

We observe that, for each point y € int(K(A)), then,
IDPC,(h)| < Al|hl|lw V h e C(A). (A8)

Appendix B. Low ratio of particle collision pressure to drag force in the particle
flow phase

In this appendix, motivated by our findings in §5.2, we consider the case in which the
parameter «, measuring the ratio of particle collision pressure to drag force in the particle
flow phase, is very small. As noted in §5.2, for the specific parameter choices considered for
the Martian drone example, we see a new feature, not present in the other examples, namely
a closed loop within the main swirl on the voidage contour colour maps. The key difference
between the Martian drone example and the terrestrial drone example is the reduced value
of @, though the variations in I" complicate matters.

To explore this, we begin by fixing all parameter choices as in (5.8), with the exception of
", which we decrease from 1.5 x 1072 to 1.0 x 1073, so that I'/a = 1, as for the examples
in §5.1, with parameter choices given by (5.7), i.e., here we choose

r=10"3, y=2x10°, «=107, Q=10" (B1)

The voidage field for this example, for z; = 0.6 is shown in the top left plot of figure 19. The
results in figure 19 were computed by solving (5.5), (2.2), (2.3), (5.6), together with (2.5)-
(2.9) using the numerical method described in Needham & Langdon (2024, Appendix B),
with discretization parameters € = 1078, Lg = 256, L, =64, and N = 16 (as described in
§2). Using these discretization parameters, the number of degrees of freedom is 5,226,112
(for zz = 0.6). As we can see, the “second swirl” is still present, leading us to hypothesise
that this could be caused by the low value of a rather than the presence of I'. To test this, in
the other plots of figure 19, we repeat the example shown in the top left of figure 19, with in
each case I' = @, but now with @ = 5.0x 1073, @ = 1.0 x 1072, @ = 5.0 x 1072, We see that
the swirl is present for @ = T' = 5.0 X 1073, as well as for @ = I" = 1.0 x 1073 but it does
not appear to be present for the larger values of «. It seems that the strength of this effect
decreases as « increases, when @ = I".

This can be seen more clearly in figure 20, where we repeat the results in figure 19 but
with the colour scale set from 0.9 to 1, rather than from O to 1 (as was previously the case),
so that all regions where the plot shows blue represent that E(R, z) < 0.9 in that region.

Noting that it appears to be the low value of «, rather than the presence of I' > 0, that
causes this phenomenon, we further undertake a series of experiments for the case I' = 0,
replicating the experiments presented in Needham & Langdon (2024) but with much lower
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Figure 21: Voidage field E(R, z), @ = 0.001 (top left), @ = 0.002 (top right), @ = 0.004
(bottom left), @ = 0.008 (bottom right).

values of a. Specifically, we make the following parameter choices:
=0, =500, Q=05 E;=001, A=004, z4=1.0. B2)

We solve (2.1)-(2.9) using the numerical method described in Needham & Langdon (2024,
Appendix B), with discretization parameters € = 1078, Lg = 144, L,=72,and N = 18 (as
described in §2), for which the number of degrees of freedom is 4,577,634 (for z; = 1.0).
The voidage field for this set of parameter choices, for a range of choices of «, is shown in
figure 21. In figure 22, we repeat the results in figure 21 but with the colour scale set from
0.9 to 1, rather than from O to 1, so that all regions where the plot shows blue represent that
E(R,z) < 0.9 in that region. It is clear from figure 21 and figure 22 that this “second swirl”
occurs when « is sufficiently small even when I' = 0.
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