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We consider a recently derived mathematical model for the mechanism by which a wind9
driven flow entrains particles into a fluid from an otherwise static particle bed, a process10
that is fundamental in initiating and driving the phenomenon of particle cloud formation.11
This model was previously applied to the “helicopter brownout” problem, in which, as12
a helicopter descends towards a bed of sand, the downwash and swirling flow from the13
rotors entrain particles into the air, forming a high-velocity particle-laden cloud around the14
helicopter. Here, we define a new measure of particle cloud formation potential, outline how15
the model can be incorporated into existing Computational Fluid Dynamics software, and16
extend the model to scenarios including: formation of particle clouds in the absence of swirl,17
such as those caused by a bathysphere descending to the ocean bed, or a rocket landing on18
the lunar surface, in which case we can precisely predict the critical height above the surface19
at which particle cloud formation is initiated; generation of dust clouds by less powerful20
downwash and swirling flows caused by drones or other smaller rotorcraft, such as NASA’s21
Ingenuity Mars helicopter, in which case gravitational effects are included in the model;22
formation of dust devils (dust clouds formed within and around an upwardly circulating23
columnar air flow), in which case downwash is replaced by updraft. In each case, predictive24
models are derived through minor adaptations to key modelling assumptions.25
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1. Introduction28

In this paper, we consider a mathematical model for the generation of wind-driven particle29
flow fields from otherwise static particle beds, with the region above the static particle bed30
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considered as a fluidized region with particles in suspension in the fluid, forming a two-phase31
flow. A crucial aspect of developing an accurate model is including a rational mechanism to32
account for the process of entrainment/detrainment of particles into or from the flow to the33
particle bed. This process is fundamental in initiating and driving the phenomenon of the34
particle cloud, and its omission is likely to lead to models that may fail to accurately simulate35
the two-phase flow phenomena in the main fluidized region.36

In Needham & Langdon (2024), the authors developed a rational mathematical model37
for this process, consistent with the fundamental Newtonian laws of mechanics. This was38
achieved by considering the physical model across three structured regions, namely: the39
fluidized region in which the particles lifted from the surface of the static particle bed are40
in suspension in the fluid; the interfacial layer in which the interaction mechanisms between41
the fluid flow and the particle bed enable particle entrainment into (or detrainment from)42
the fluid; the static particle bed, in which the particles are stored. Careful consideration of43
the local force balance between the fluid flow and the incipiently fluidized particles within44
the interfacial layer enabled the derivation of a macroscopic boundary condition that could45
be applied at the interface of the fully fluidized region and the particle bed surface, closing46
the macroscopic two-phase flow problem in the fully fluidized region, with the entrainment47
and detrainment mechanism fully accounted for in a rational manner. Further details of this48
mathematical model are provided in §2.49

One key application of this model, which has received significant attention in the literature50
in recent years (see, e.g., Phillips & Brown (2009); Phillips et al. (2011); Govindarajan51
et al. (2013); Porcù et al. (2020); Tan et al. (2021, 2022a,b); Cao et al. (2022); Rovere52
et al. (2023); Li et al. (2023); Lin et al. (2024); Wu et al. (2026)), is the scenario in which53
a helicopter (or other rotorcraft) descends towards an otherwise static bed of sand, with54
the downwash and swirling flow from the rotors entraining particles into the air, forming55
a high-velocity particle-laden cloud around the helicopter. This can potentially lead to a56
significant deterioration in visibility and is often referred to as the “brownout problem” in57
the aero-engineering literature. The specific application of the model to this problem was58
presented in Needham & Langdon (2024, §6), and in Langdon & Needham (2025) it was59
shown that key features of the field (pilot visibility and surface deformation) could easily be60
extracted from the solution, enabling an analysis of how those features may depend on key61
model parameters (such as helicopter height, ratio of swirl velocity to downwash velocity,62
and physical properties of the particle bed).63

Here, we show how the model derived in Needham & Langdon (2024) can be applied64
(with some modifications) to address a variety of related scenarios and introduce some new65
ideas for using this model as a predictive tool. For each application considered, we revisit the66
model of Needham & Langdon (2024) and consider whether any additional features that were67
excluded from the helicopter brownout model of Needham & Langdon (2024, §6) should68
be included, for that particular application, and whether additional analysis could enable a69
clearer understanding, due to the specific nature of each scenario under consideration.70

We begin, in §2, by summarizing the mathematical model, as presented in Needham &71
Langdon (2024). We then introduce, in §3, a new measure of the tendency of a primary fluid72
flow field above a static particle bed to generate a significant fluidized particle cloud above the73
bed. This measure can be computed solely from the boundary data of the primary fluid flow74
field, enabling an a priori assessment of how the particle cloud formation potential of this75
fluid flow field may depend on key parameters in the specific application. Some properties76
of this measure are described in Appendix A.77

In §4, we consider the case in which there is no swirl component driving the primary fluid78
flow (that is, the case in which the particle entrainment is driven solely by primary fluid flow79
downwash). In this scenario, we can determine a priori, solely from a consideration of the80



3

boundary data, critical values of key parameters for which the nature of the primary two-phase81
fluid flow changes, and in particular, for which significant particle cloud formation becomes82
possible. Two applications in which the swirl component of the flow can be neglected are: the83
problem in which a bathysphere descends towards the ocean bed (see, e.g., Beebe (1934));84
the problem in which a lander descends towards a celestial body, such as the Moon or Mars85
(often referred to as the “lunar plume” problem in the aero-engineering literature, see, e.g.,86
Capecelatro (2022); Kim et al. (2025)). Here, we show how each of these applications can be87
modelled through an appropriate choice of the relevant parameters, as introduced in §2. The88
surface deformation calculation in Langdon & Needham (2025), measuring how the initially89
flat particle bed is deformed, may be particularly relevant to these applications.90

For the case in which the primary fluid flow field has both a downwash and swirl generated91
by a helicopter rotor (as was considered in Needham & Langdon (2024, §6) and Langdon92
& Needham (2025)), the effect of gravity on the particles in the flow was neglected, due93
to the relative effect of the different forces in such a rapid primary fluid flow. However, for94
comparable applications in which the downwash and swirling fluid flow are less powerful,95
such as those generated by a drone, it may be important to include the effect of gravity in96
the model. In §5, we show how the mathematical model derived in Needham & Langdon97
(2024) can be adapted to include gravity and consider two relevant applications: the problem98
in which a small drone hovers over a sand bed on Earth; the problem in which a small drone,99
such as the NASA Ingenuity Mars helicopter, is hovering over a particle bed on Mars (see,100
e.g., Rabinovitch et al. (2021); Caprace et al. (2025)). Again, these separate applications can101
be modelled simply through an appropriate choice of parameters.102

Through our numerical experiments in §5, we notice new features arising in the two-phase103
flow field whose presence appears to be due to small values of the parameter 𝛼 (defined104
precisely in §2 below), which measures the ratio of particle collision pressure to drag force105
in the particle flow phase. For sand fluidized in air, we tentatively estimate 𝛼 ≈ 0.1, but106
for smaller and lighter particles (such as Martian dust), we hypothesize that 𝛼 might take107
much smaller values. We explore further how these new features depend on 𝛼 (both with and108
without inclusion of gravity in the model) in Appendix B.109

As a final physical application, in §6 we consider the particle cloud generated by the110
naturally occurring phenomenon often referred to as a dust devil, modelling of which has111
been considered recently by Pandey & Yadav (2026). This is a dust cloud that can form112
within and around an upwardly circulating columnar air flow. For this application, the key113
change to our modelling assumptions is the replacement of downwash with updraft, and our114
results show that this leads to particle cloud formation in our model broadly consistent with115
that seen in photographs of dust devils (see, e.g., Lorenz et al. (2016, Figure 1)).116

The mathematical model considered in this paper contains a number of simplifying117
assumptions to enable consideration of the fundamental processes of the key two-phase118
flow without requiring consideration of the complexity of the fine-scale details of the119
primary fluid flow field. Although this is sufficient to enable an investigation of how the120
most significant features in the two-phase flow field depend on specific parameters, there121
are many applications for which fine-scale detail of the primary fluid flow field is required,122
such as modelling blade erosion (see, e.g., Tan et al. (2026)) or air intake duct sand ingestion123
(see, e.g., Li et al. (2025)), or consideration of brownout mitigation in rotor design (see,124
e.g., Huang & Cao (2026)). To improve accuracy in the current model, a more detailed125
description of the primary fluid flow in the helicopter brownout problem could be introduced126
(as provided in, e.g., Nathan & Green (2009)). As such, in §7 we outline how our model127
could potentially be incorporated into a Computational Fluid Dynamics (CFD) platform that128
provides an accurate representation of the single-phase fluid velocity field in the absence of129
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a particle bed. Such an integration could prove to be a powerful tool in enabling a clearer130
understanding of particle-cloud formation for a wider range of applications.131

Finally, in §8, we present some conclusions, and a discussion of potential future research.132

2. The mathematical model133

We begin by giving a brief review of the model developed in Needham & Langdon (2024)134
in the context of the helicopter brownout problem. Specifically, for the two-phase flow we135
introduce a continuum voidage field measuring fluid volume per unit spatial volume of the136
two-phase flow, and state the advection/diffusion partial differential equation (PDE) that it137
satisfies in the fluidised region (derived in Needham & Langdon (2024) from conservation138
of mass and momentum in the fluid and particle phases), with the condition at the boundary139
with the particle bed as derived in Needham & Langdon (2024). Throughout this section, we140
use the same notation as in Needham & Langdon (2024), and though the nonlinear elliptic141
boundary value problem is stated in full here, for a full explanation of the derivation of the142
model the present paper should be read in close conjunction with the theory and modelling143
developed in Needham & Langdon (2024, §1–5) and the application of the model to the144
helicopter cloud problem in Needham & Langdon (2024, §6).145

For a helicopter hovering steadily, with rotor blades rotating in a horizontal plane, in146
otherwise still air above a sand bed, which has undisturbed level at 𝑧 = 0, the steady problem147
for the associated voidage field in the fluid flow region can be stated in cylindrical polar148
coordinates (𝑅, 𝜗, 𝑧) (with 𝑧 measuring dimensionless distance vertically upward), with149
radial symmetry in 𝜗 (corresponding to the rotor-induced flowfield in the simple helicopter150
model being represented by a revolution-averaged induced flowfield), as the elliptic boundary151
value problem:152

𝐸

(
𝐸𝑅𝑅 + 1

𝑅
𝐸𝑅 + 𝐸𝑧𝑧

)
− 𝑎̄(𝑅, 𝑧)𝐸𝑅 − 𝑏̄(𝑅, 𝑧)𝐸𝑧 = 0, (𝑅, 𝑧) ∈ 𝜔, (2.1)153

𝐸 = 𝑔(𝑅) on 𝑧 = 0, 𝑅 ⩾ 0, (2.2)154

𝐸𝑅 = 0 on
{
𝑅 = 0, 𝑧 ∈ (0, 𝑧−

𝑑
) ∪ (𝑧+

𝑑
,∞)

𝑅 = Δ, 𝑧 ∈ [𝑧−
𝑑
, 𝑧+

𝑑
], (2.3)155

𝐸𝑧 = 0 on 𝑧 = 𝑧+
𝑑
, 𝑧−

𝑑
, 𝑅 ∈ (0,Δ), (2.4)156

𝐸 → 1 as (𝑅2 + 𝑧2) → ∞ uniformly in 𝜔. (2.5)157

Here 𝐸 = 𝐸 (𝑅, 𝑧) ∈ [𝐸𝑠, 1] is the voidage field (representing the volume of fluid per unit158
spatial volume), with 0 < 𝐸𝑠 ≪ 1 being the packing voidage of the particles, and the domain159
𝜔 is defined by160

𝜔 = {(𝑅, 𝑧) : 𝑧 > 0, 𝑅 > 0}\{(𝑅, 𝑧) : 𝑧−𝑑 ⩽ 𝑧 ⩽ 𝑧+𝑑 , 0 < 𝑅 ⩽ Δ}.161

In this simple model, the effect of the helicopter is modelled as generating an incompressible,162
inviscid fluid flow field represented by a half-space fluid dipole located at 𝑅 = 0, 𝑧 = 𝑧𝑑 > 0163
(in dimensionless variables, with 𝑧𝑑 measuring the ratio of the hovering height of the164
helicopter rotor to the rotor blade radius), and a uniform fluid line vortex aligned along165
the positive z-axis. The flow takes place in the half-space region 𝑧 > 0 and exterior to166
a small cylindrical shell, where Δ > 0 represents the dimensionless length and radius of167
the cylindrical shell which is aligned with the 𝑧-axis and with the dipole at its centre, and168
measures the ratio of the helicopter rotor hub to the rotor blade radius. In addition,169

𝑧+𝑑 = 𝑧𝑑 + Δ

2
, 𝑧−𝑑 = 𝑧𝑑 − Δ

2
,170
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and the boundary data is given in terms of the continuous and piecewise smooth function171
𝑔 : [0,∞) → R, which is defined by,172

𝑔(𝑅) =


𝐸𝑠, for |∇ℎ𝜙(𝑅, 0) |2 > (𝛾𝐸𝑠)−1,

𝛾−1

(
9𝑧2

𝑑
𝑅2

4𝜋2(𝑅2 + 𝑧2
𝑑
)5

+ Ω2

4𝜋2𝑅2

)−1

, for 𝛾−1 ⩽ |∇ℎ𝜙(𝑅, 0) |2 ⩽ (𝛾𝐸𝑠)−1,

1, for |∇ℎ𝜙(𝑅, 0) |2 < 𝛾−1.
(2.6)173

Here, again using the notation of Needham & Langdon (2024),174

|∇ℎ𝜙(𝑅, 0) |2 =
9𝑧2

𝑑
𝑅2

4𝜋2(𝑅2 + 𝑧2
𝑑
)5

+ Ω2

4𝜋2𝑅2 . (2.7)175

𝑎̄(𝑅, 𝑧) = 9
2𝛼
𝑎(𝑅, 𝑧), 𝑏̄(𝑅, 𝑧) = 9

2𝛼
𝑏(𝑅, 𝑧),176

for (𝑅, 𝑧) ∈ 𝜔, where177

𝑎(𝑅, 𝑧) = 3𝑅
4𝜋

[
(𝑧 + 𝑧𝑑)

(𝑅2 + (𝑧 + 𝑧𝑑)2)5/2 − (𝑧 − 𝑧𝑑)
(𝑅2 + (𝑧 − 𝑧𝑑)2)5/2

]
, (2.8)178

𝑏(𝑅, 𝑧) = 3
4𝜋

[
(𝑧 + 𝑧𝑑)2

(𝑅2 + (𝑧 + 𝑧𝑑)2)5/2 − (𝑧 − 𝑧𝑑)2

(𝑅2 + (𝑧 − 𝑧𝑑)2)5/2

]
179

+ 1
4𝜋

[
1

(𝑅2 + (𝑧 − 𝑧𝑑)2)3/2 − 1
(𝑅2 + (𝑧 + 𝑧𝑑)2)3/2

]
. (2.9)180

Full derivation of this boundary value problem from fundamental first principles is described181
in Needham & Langdon (2024, §6), together with a discussion of the physical relevance of182
each of the six dimensionless parameters appearing in the boundary value problem, namely183
𝐸𝑠, 𝛼, 𝛾, Ω, 𝑧𝑑 and Δ. Additional discussion of the relevance of these parameters to particular184
helicopter operating velocity scales such as the downwash velocity and rotor blade tip velocity185
can be found in Langdon & Needham (2025, §II). As discussed in Needham & Langdon186
(2024, §6), and using typical helicopter parameters as recorded, for example, in Govindarajan187
et al. (2013); Porcù et al. (2020); Tan et al. (2021, 2022a,b); Li et al. (2023); Lin et al. (2024),188
the physical relevance and typical values of these parameters are as follows.189

Whilst in the helicopter example and the drone examples of §5, Δ has a specific physical190
meaning (the ratio of the helicopter rotor hub to the rotor blade radius), in some of the191
other modelling scenarios (bathysphere (§4.1), lunar plume (§4.2), dust devil (§6)) Δ does192
not have a specific physical meaning but rather denotes simply the size of the shell that we193
place around the singularity. Typically for the helicopter example Δ ≈ 10−2, but in the other194
examples we simply require Δ ≪ min{1, 𝑧𝑑}. Here, we take Δ = 0.04 in the examples where195
it is constrained by a physical interpretation (specifically, the drone examples in §5), and for196
computational efficiency we take the larger values Δ = 0.1 (in §4) and Δ = 0.2 (in §6) in the197
examples where it is not.198

As noted above, the parameter 𝑧𝑑 measures the ratio of the hovering height of the helicopter199
rotor to the rotor blade radius, and typically in the helicopter example 𝑧𝑑 ≈ 10−1–101. In200
each of our examples below we consider values of 𝑧𝑑 within this range, but we note that for201
the dust devil example just a single value 𝑧𝑑 = 5 is appropriate (see §6 for details).202

For the fluid flow, the ratio of the hovering helicopter induced swirl velocity to the induced203
downwash velocity is measured by Ω, and typically we have Ω ≈ 10−1–100. For the case204
where there is no swirl, as discussed in §4, we simply have Ω = 0.205
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The parameter 𝐸𝑠 is the particle packing voidage, and for sand in air this is typically of206
magnitude 10−2. We will take this value throughout.207

The ratio of the lift force per unit volume to the gravity force per unit volume on particles in208
the interfacial layer is given by 𝛾, and for the helicopter example we typically have 𝛾 ≈ 102–209
103. For other examples, the value of 𝛾 may vary significantly, and this is discussed further210
in §4, §5 and §6.211

Finally, as mentioned in §1, 𝛼 measures the ratio of the particle collisional pressure to the212
drag force in the particle flow phase and we tentatively estimate, for sand fluidized in air, that213
𝛼 ≈ 10−1. For other examples, we consider a wider range of values of 𝛼, and in Appendix B214
we consider in particular how very small values of 𝛼 may affect the flow.215

For each example in §4, §5 and §6, representing closely related applications of the general216
model developed in Needham & Langdon (2024) for generic wind-generated particle-fluid217
flow fields, we derive the associated reduced forms in each case and illustrate the full solution218
of the problem (in some cases representing a minor variation to (2.1)–(2.9), as described219
below), computed using the numerical method introduced in Needham & Langdon (2024,220
Appendix B). The numerical discretisation is uniquely defined by four parameters: 𝜖 > 0221
(see Needham & Langdon (2024, (B7))), defining the tolerance level for the nonlinear solve;222
𝐿𝑅 ⩾ 1 and 𝐿𝑧 ⩾ 1 (see Needham & Langdon (2024, (B8))), which control the truncation of223
the unbounded domain 𝜔 in the horizontal and vertical directions, respectively; 𝑁 ⩾ 1 (see224
Needham & Langdon (2024, (B9–B12))), which controls the mesh size. To enable precise225
reproducability of our results, for each example considered below we state the values of 𝜖226
(𝜖 ⩽ 10−6 in each example), 𝐿𝑅, 𝐿𝑧 and 𝑁 , and the resulting total number of degrees of227
freedom (given by Needham & Langdon (2024, (B14)), at least four million in each example),228
used in our computations.229

3. A measure of particle cloud formation potential230

Before moving on to specific applications, in this section we introduce a simple useful231
measure of the tendency of a primary fluid flow field above an otherwise static bed of232
particles to generate a significant particle cloud in the associated fluid flow field. To achieve233
this, we utilize the concept of incipient fluidization of particles in a thin interfacial layer234
that accommodates the transmission of particles between the static particle bed and the fully235
fluidized flow region above, as described in §1. The dynamics and in particular the localised236
voidage field within this layer were fully developed and analysed in Needham & Langdon237
(2024), and for ease of reference the notation that we use here is adopted directly from238
Needham & Langdon (2024). To keep things simple at the outset, we will assume that the239
otherwise undisturbed surface of the static particle bed, and the thin, incipiently fluidized,240
interfacial layer above this, are horizontal, and occupy an open and simply connected region241
A ⊂ R2 whose boundary 𝜕A is a simple smooth closed curve (the closure of this region242

is denoted by A). Exterior to this region, the surface is assumed to be immobile. In the243
notation of Needham & Langdon (2024) we write the tangential primary fluid velocity field244

at the interfacial layer as uℎ (rℎ) with rℎ ∈ A. Here uℎ : A → R2 is taken to be a smooth245
two-dimensional vector field (except possibly at a finite number of interior points, at which246

|uℎ (rℎ) | → ∞ as each such point is approached) on A. It is convenient to introduce the247

associated non-negative scalar field 𝜒 : A → [0,∞), given by248

𝜒(rℎ) =


1
Λ

when |uℎ (rℎ) |2 ⩽ 1
Λ
,

|uℎ (rℎ) |2 when 1
Λ
< |uℎ (rℎ) |2 < 1

𝐸𝑠Λ
,

1
𝐸𝑠Λ

when |uℎ (rℎ) |2 ⩾ 1
𝐸𝑠Λ

.

(3.1)249
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Here, both Λ and 𝐸𝑠 are the physical parameters introduced in Needham & Langdon (2024,250
§3), with Λ given by Needham & Langdon (2024, (3.25)) and 𝐸𝑠 ∈ (0, 1) denoting the251
packing voidage of the particles (see also §2), with each regarded as fixed. This scalar field252
𝜒 is henceforth referred to as the admissible scalar field associated with the tangential fluid253
velocity field uℎ. We readily observe that 𝜒 is continuous, and bounded, with in particular,254

1
Λ

⩽ 𝜒(rℎ) ⩽
1
𝐸𝑠Λ

, ∀ rℎ ∈ A. (3.2)255

Furthermore, if two tangential fluid velocity fields u1
ℎ

and u2
ℎ

are such that256

|u1
ℎ (rℎ) |

2 ⩽ |u2
ℎ (rℎ) |

2, ∀ rℎ ∈ A, (3.3)257

then u1
ℎ

is said to be a decrease of u2
ℎ
. Correspondingly, the associated admissible scalar258

field 𝜒1 is said to be a decrease of the associated admissible scalar field 𝜒2. We now follow259
the theory in Needham & Langdon (2024) to introduce the incipient voidage field in the260
interfacial layer (from equation (4.6) in Needham & Langdon (2024)), associated with the261
admissible scalar field, as262

𝐸 (𝜒(rℎ)) =
1

Λ𝜒(rℎ)
, ∀ rℎ ∈ A. (3.4)263

It is worth noting here that it is from this incipient voidage field in the interfacial layer that264
the boundary condition (2.2) in the elliptic boundary value problem (2.1)–(2.9) is ultimately265
derived (again, see Needham & Langdon (2024, §5–6) for details).266

This enables us to introduce the functional267

PC : {𝜒 ∈ 𝐶 (A) : 𝜒 is an admissible scalar field} → R
+

(3.5)268

as269

PC(𝜒) = 1
|A|

∫ ∫
A
(1 − 𝐸 (𝜒(rℎ)))𝑑A (3.6)270

which gives a simple measure of the average particle volume that is fluidized in the interfacial271
layer and, as such, immediately available for particle cloud formation in the bulk fluidized272
flow region. Key properties of this functional are established in Appendix A. In particular, it273
is determined that the image of PC is precisely the closed interval [0, 1 − 𝐸𝑠], and that it is274
sufficiently regular to be Lipschitz continuous on its domain and to have a Fréchet derivative275
at each point in its domain, whilst being decreasing on pairs of decreasing points in its276
domain. The minimum value of zero is achieved if and only if 𝜒 ≡ Λ−1, while the maximum277
value of (1 − 𝐸𝑠) is achieved if and only if 𝜒 ≡ (Λ𝐸𝑠)−1.278

This measure can be used as a useful tool in rapidly assessing the particle cloud forming279
potential of a given primary fluid flow field which, say, has 𝑀 free parameters denoted as280
𝜇 ∈ Σ ⊂ R𝑀 . This then leads to a parameterised admissible scalar field 𝜒 = 𝜒(rℎ; 𝜇) ≡ 𝜒𝜇,281
and substitution into (3.6) results in a parameterisation PC = PC(𝜒𝜇) ≡ 𝑓 (𝜇) where282
𝑓 : Σ → [0, 1 − 𝐸𝑠] is now a prescribed real-valued function of the parameters 𝜇 ∈ Σ.283
The effects on cloud forming potential through the parameters can now be investigated by284
direct analysis of this scalar function. It should be noted here that the above theory relies285
on applications for which the domain A is bounded on the plane. In applications where286
A is formally unbounded, we can still use this theory by choosing a suitable fixed finite287
representation of A based on the finite length scale and location of the flow geometry288
in the associated fluidized region. For example, in the model we have introduced for the289
helicopter brownout application, a suitable choice forA would be, in terms of the dimensional290
coordinates used in the model, the circular disc in the plane 𝑧 = 0, with centre at 𝑅 = 0, and291
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having radius ∼ 10𝑙. In order to enable direct comparison between each of the applications292
considered in the sections below, and in particular to enable inclusion of the lunar plume293
model (see §4.2), we choose the disc to have radius 12𝑙 consistently across all examples.294

As an illustration, we consider here the helicopter cloud problem, as described in Needham295
& Langdon (2024, §6-7). For this and the other examples considered in §4, §5 and §6 below,296
PC depends only on Ω, 𝛾, 𝐸𝑠 and 𝑧𝑑 , as it is a function solely of boundary data which297
depends only on those parameters and not on Δ or 𝛼 (recall (2.6)). For each example, here298
and in the subsequent sections, we can use (3.6) to predict particle cloud formation potential,299
and then compare with key features of the voidage field calculated through numerical solution300
of (2.1)–(2.9). In the dimensionless coordinates used throughout (with lengths scaled against301
the applications’ geometric length scale 𝑙) we take A to be the circular disc on the plane302
𝑧 = 0, with centre at the origin and radius 𝑅̂ = 12 (as described above). The formula (3.6)303
then becomes304

PC(𝜒𝜇) ≡ 𝑓 (𝜇) = 1
𝜋𝑅̂2

∫ 2𝜋

0

∫ 𝑅̂

0
(1 − 𝑔(𝑅))𝑅 d𝑅 d𝜃 =

2
𝑅̂2

∫ 𝑅̂

0
(1 − 𝑔(𝑅))𝑅 d𝑅, (3.7)305

and this integral can be easily evaluated using a standard quadrature formula. For the306
helicopter cloud problem, as described in Needham & Langdon (2024, §6-7), we fix307
𝐸𝑠 = 0.01, and investigate how 𝑓 (𝜇) depends on Ω ∈ [0.1, 1], 𝛾 ∈ [100, 1000], and308
𝑧𝑑 ∈ [0.5, 5], noting that the broad conclusions of the numerical results in Needham &309
Langdon (2024, §7) (computed with Δ = 0.04 and 𝛼 = 0.1, though those values do not affect310
the value of 𝑓 (𝜇)) were that the particle cloud formation potential was greater for smaller311
values of 𝑧𝑑 , and larger values of Ω and 𝛾.312

First, in figure 1 we show how 𝑓 (𝜇) varies as 𝑧𝑑 changes, for each combination of313
𝛾 = 1000, 500, 100 and Ω = 1.0, 0.5, 0.1. In each case, we see that 𝑓 (𝜇) is indeed greater314
for larger values of Ω and 𝛾. In most cases, 𝑓 (𝜇) increases as 𝑧𝑑 decreases, but this is not315
uniformly true - in particular, when 𝛾 and Ω are sufficiently large, and 𝑧𝑑 is sufficiently small,316
𝑓 (𝜇) can in fact decrease (slightly) as 𝑧𝑑 decreases.317

Next, in figure 2 we explore how 𝑓 (𝜇) varies as Ω changes, for each combination of318
𝛾 = 1000, 500, 100 and 𝑧𝑑 = 2.0, 1.0, 0.5. In each case, 𝑓 (𝜇) is greater for larger values of319
Ω, and in fact it appears that 𝑓 (𝜇) is a quadratic function of Ω. For comparison, on each plot320
we also show the best fitting quadratic (in a least squares sense). The quadratic curve is a321
better fit to the data when 𝑧𝑑 , Ω and 𝛾 are larger.322

Finally, in figure 3 we explore how 𝑓 (𝜇) varies as 𝛾 changes, for each combination of323
Ω = 1.0, 0.5, 0.1 and 𝑧𝑑 = 2.0, 1.0, 0.5. In each case, 𝑓 (𝜇) is greater for larger values of 𝛾,324
and in fact in several cases it appears that 𝑓 (𝜇) has a linear dependence on 𝛾. For comparison,325
on each plot we also show the best fitting straight line (in a least squares sense). The linear326
plot is, in general, a better fit to the data when 𝑧𝑑 , Ω and 𝛾 are larger. For Ω = 0.1, and327
𝑧𝑑 = 1.0 or 𝑧𝑑 = 0.5, the curve is clearly not linear, and in fact in these cases it appears that328
the dependence of 𝑓 (𝜇) on 𝛾 follows a fractional power law.329

The nature of the results obtained in this section regarding particle cloud formation330
potential will be discussed in the context of each application in the subsequent sections.331

4. Applications with no swirl332

In this section we consider situations in which there is no swirl component driving the333
primary fluid flow; that is, the case in which the parameter Ω, which measures the ratio of334
the induced swirl velocity to the induced downwash velocity, can be taken as zero. In this335
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Figure 1: Plots showing how 𝑓 (𝜇) (given by (3.7)) varies with 𝑧𝑑 , for 𝛾 = 1000 (left),
𝛾 = 500 (middle), 𝛾 = 100 (right) and Ω = 1.0 (top), Ω = 0.5 (middle), and Ω = 0.1

(bottom).

case, the revised form of |∇ℎ𝜙(𝑅, 0) |2 (see (2.7)) is simply336

|∇ℎ𝜙(𝑅, 0) |2 =
9𝑧2

𝑑
𝑅2

4𝜋2(𝑅2 + 𝑧2
𝑑
)5
, (4.1)337

for 𝑅 ⩾ 0, and parameter values 𝑧𝑑 > 0. A graph of equation (4.1), for a range of values of338
𝑧𝑑 is shown in figure 4. The local maximum is located at339

𝑅 = 𝑅𝑚(𝑧𝑑) ≡
1
2
𝑧𝑑 , (4.2)340

and the maximum value is given by341

|∇ℎ𝜙(𝑅𝑚(𝑧𝑑), 0) |2 =
576

3125𝜋2 𝑧
−6
𝑑 ≈ 0.0187𝑧−6

𝑑 . (4.3)342

The qualitatively similar shape of |∇ℎ𝜙(𝑅, 0) |2 for each value of 𝑧𝑑 can be clearly seen in343
figure 4.344

The absence of the swirl component in the primary fluid flow leads to a significant change345
in the nature of the boundary function 𝑔 : R → R in this application compared to the346
corresponding form for the helicopter brownout application (as considered in Needham347
& Langdon (2024, §6), see in particular Needham & Langdon (2024, Figure 7) and the348
discussion immediately after Needham & Langdon (2024, (6.38))). A key new feature is that349
since in this case |∇ℎ𝜙(𝑅, 0) |2 is bounded, which is not the case for Ω > 0 (see Needham &350
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Figure 2: Plots showing how 𝑓 (𝜇) (given by (3.7)) varies with Ω, for 𝛾 = 1000 (left),
𝛾 = 500 (middle), 𝛾 = 100 (right) and 𝑧𝑑 = 2.0 (top), 𝑧𝑑 = 1.0 (middle), and 𝑧𝑑 = 0.5

(bottom).

Langdon (2024, (6.32))), it follows that at heights above the static particle bed corresponding351
to352

𝑧6
𝑑 ⩾

576
3125𝜋2 𝛾 ≡ (𝑧𝑐𝑑)

6 (4.4)353

we have 𝑔(𝑅) ≡ 1, and the corresponding voidage field exterior to the vehicle generating354
the flow then has 𝐸 (𝑅, 𝑍) ≡ 1, so no particle cloud appears until the height of the vehicle355
above the static particle bed has reduced below this critical value. This raises the speculative356
thought that helicopter brownout could potentially be reduced significantly if the ratio of357
swirling flow to downwash could be sizeably reduced towards the final stages of landing.358

We now consider two specific applications for which the omission of the swirl component359
of the flow seems reasonable, namely the bathysphere and the lunar plume problems. For360
heights below the critical value 𝑧𝑐

𝑑
, given by (4.4) we present typical examples of computed361

voidage fields.362

4.1. Ocean-bed descending bathysphere cloud model363

In this application we consider the situation when a rigid spherical bathysphere slowly364
approaches a horizontal ocean bed composed of saturated particulate sand augmented with365
fine particulate biological debris, which we anticipate will form a quasi-steady particulate366
cloud in the locally surrounding (otherwise static) ocean water field. This phenomena has367
been observed by oceanic bathysphere descents which have taken place since the mid-1930’s368
pioneering descents of William Beebe and Otis Barton (see Beebe (1934)). Here we will369

Rapids articles must not exceed this page length
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Figure 3: Plots showing how 𝑓 (𝜇) (given by (3.7)) varies with 𝛾, for Ω = 1.0 (left),
Ω = 0.5 (middle), Ω = 0.1 (right) and 𝑧𝑑 = 2.0 (top), 𝑧𝑑 = 1.0 (middle), and 𝑧𝑑 = 0.5

(bottom).

Figure 4: Plot of |∇ℎ𝜙(𝑅, 0) |2 (given by (4.1)), for 𝑧𝑑 = 0.9, 1.0, 1.1.

take the flow resulting from the descending bathysphere (very simplistically) as that due to370
a vertically aligned dipole at the centre of the slowly descending bathysphere, and contained371
within a small cylindrical shell as introduced earlier in the brownout model.372

We denote the descending velocity of the bathysphere as 𝑢𝑠 and the radius of the373
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bathysphere as 𝑙. The balance between buoyancy, gravity, and the macroscopic drag on374
the bathysphere then gives the following estimate:375

𝑢2
𝑠 ∼

8(𝜆 − 1)𝑙𝑔
3𝑐𝑑

∼ 102 × (𝜆 − 1) 𝑚𝑠−1, (4.5)376

where we have written the mean density of the bathysphere as 𝜆𝜌 𝑓 , with 𝜌 𝑓 being the377
oceanic water density, the dimensionless parameter 𝜆 > 1 and the total drag force on the378
bathysphere has been taken as 𝐹𝑑 = (1/2)𝜋𝑙2𝜌 𝑓 𝑢

2
𝑠𝑐𝑑 , with 𝑐𝑑 being the drag coefficient for379

the bathysphere descending in oceanic water. The appropriate strength of the dipole is then380
given by 𝑀𝑠 = 𝑢𝑠𝑙

3, and the height of the bathysphere centre above the ocean bed (at instant381
𝑡) is represented by 𝑙𝑧𝑑 . When the speed of descent of the bathysphere is sufficiently slow, so382
that we may adopt a quasi-steady approximation for the voidage field, the model determining383
the voidage field in the fluid flow region local to the bathysphere is again given by equations384
(2.1)-(2.9), but now with the parameter Ω set to be identically zero (as described above,385
simply reflecting that the fluid flow due to the slowly descending bathysphere generates no386
swirl component). In addition, the two remaining parameters now have estimated values,387
using (4.5) and the respective physical properties of sea water and granular sand,388

𝛾 =
3
16
.
𝑙2

𝑎2 .
𝜌 𝑓

𝜌𝑠
.
(𝜆 − 1)𝜌2

𝑓
𝑔𝑎

𝜇2 ∼ 107 × (𝜆 − 1), (4.6)389

and390

𝛼 =
9
2
.
𝑎2

𝑙2
.

𝑝0
(𝜆 − 1)𝜌 𝑓 𝑔𝑙

∼ 𝑝0 × (𝜆 − 1)−1 × 10−8. (4.7)391

Here 𝑎 represents the mean radius of sand grains forming the ocean bed, 𝜌𝑠 is the density392
of sand and 𝜇 is the dynamic viscosity of the oceanic water. In this representative case, we393
select 𝜆 to give a settling velocity of the bathysphere of 2 𝑚𝑠−1, which requires the choice394
𝜆 = 1 + 1/(5 × 105) after which we obtain the estimates,395

𝛾 ∼ 105 and 𝛼 ∼ 10−4. (4.8)396

We observe that in this application each of these parameters is at least an order of magnitude397
larger and smaller, respectively, than in the helicopter brownout application, which is a398
consequence of the lower macroscopic flow velocity scale and the higher density and dynamic399
viscosity of water over air.400

For these parameter estimates, we then obtain 𝑧𝑐
𝑑
≈ 3.5, (recall (4.4)) so that the centre401

of the bathysphere is at a height of 3.5 times its radius above the ocean bed when a local402
sand cloud begins to form. We now present some numerical examples which confirm and403
illustrate that a local sand cloud forms only for 𝑧𝑑 < 𝑧𝑐

𝑑
, and is absent when 𝑧𝑑 ⩾ 𝑧𝑐

𝑑
. For404

this example, following (4.8), we set 𝛾 = 105, and then, from (4.4), we have, precisely,405

𝑧𝑐𝑑 =

(
576

3125𝜋2 𝛾

)1/6
≈ 3.509232,406

suggesting that we should expect a sand cloud for 𝑧𝑑 ⩽ 3.5, but no sand cloud for 𝑧𝑑 > 3.51.407
With the dimensional height of the bathysphere centre above the ocean bed being 𝑙𝑧𝑑 ,408

where 𝑙 is the radius of the bathysphere (as described above), we restrict attention to the409
case 𝑧𝑑 ⩾ 1.5 (i.e., the case where the gap distance between the bathysphere and the ocean410
bed is at least half the radius of the bathysphere), as this seems like a reasonable range for411
which the current simple fluid flow assumptions should remain reasonable, but below which412
the fluid dynamics assumptions may lose accuracy. In figure 5 we plot the particle cloud413
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Figure 5: Plot showing how 𝑓 (𝜇) (given by (3.7)) varies with 𝑧𝑑 , for the bathysphere
example.

Figure 6: Boundary data 𝑔(·), 𝑧𝑑 ∈ [3.40, 3.50] (left) and 𝑧𝑑 ∈ [1.5, 3.0] (right)

formation potential PC(𝜒𝜇) ≡ 𝑓 (𝜇), given by (3.7), for 𝛾 = 105, Ω = 0, 𝐸𝑠 = 0.01 and414
𝑧𝑑 ∈ [1.5, 3.51]. We see that 𝑓 (𝜇) is indeed zero for 𝑧𝑑 ≈ 3.51, and that 𝑓 (𝜇) increases as415
𝑧𝑑 decreases from 3.5 to 1.5.416

To illustrate this more clearly, in figure 6 we plot the boundary data 𝑔(·) (given by (2.6)),417
for a small range of 𝑧𝑑 close to 𝑧𝑐

𝑑
(on the left of figure 6), and for a wider range of values of418

𝑧𝑑 (on the right of figure 6). Note the differing scales on each plot. For 𝑧𝑑 ⩾ 3.51 we simply419
have 𝑔(𝑅) = 1 for all 𝑅 ⩾ 0.420

We then solve (2.1)-(2.9), with the same parameter choices as those listed above, and with421
𝛼 = 10−4 and Δ = 0.1, using the numerical method described in Needham & Langdon422
(2024, Appendix B), with discretization parameters 𝜖 = 10−6, 𝐿𝑅 = 320, 𝐿𝑧 = 256, and423
𝑁 = 8 (as described in §2). The precise number of degrees of freedom that we use in our424
numerical scheme varies with 𝑧𝑑 , with more degrees of freedom for greater 𝑧𝑑 , as in each case425
we require more degrees of freedom in the mesh below the bathysphere when 𝑧𝑑 is larger,426
and in each case we require the same number of degrees of freedom in our computational427
mesh above the bathysphere. Using the discretization parameters listed above, the number of428
degrees of freedom ranges between 5,575,072 (for 𝑧𝑑 = 1.5) up to 5,985,952 (for 𝑧𝑑 = 3.5),429
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Figure 7: Voidage field 𝐸 (𝑅, 𝑧), 𝑧𝑑 = 3.50

so between approximately 5.5 million and 6.0 million degrees of freedom in our numerical430
scheme for each example.431

In figure 7 we show the voidage field 𝐸 (𝑅, 𝑧) for 𝑧𝑑 = 3.50. For 𝑧𝑑 = 3.51 (not shown432
here), we simply have 𝐸 (𝑅, 𝑧) = 1 for all (𝑅, 𝑧) ∈ 𝜔, but then as 𝑧𝑑 decreases we start to433
see a sand cloud beginning to form. In order that the formation of the cloud can be seen, the434
colour scale has been selected such that we have plotted over only a small range of values435
from 𝐸 = 0.99 to 𝐸 = 1, with the blue region highlighting all points at which 𝐸 ⩽ 0.99.436
We have also only plotted over a small range of values of 𝑅 and 𝑧 - the actual computational437
domain is much larger (determined by the discretization parameters stated above).438

In figures 8 and figure 9 we then plot the voidage field 𝐸 (𝑅, 𝑧) for 𝑧𝑑 = 3.4, 𝑧𝑑 = 3.2,439
𝑧𝑑 = 3.0, 𝑧𝑑 = 2.5, 𝑧𝑑 = 2.0, 𝑧𝑑 = 1.5, using the full colour scale range from zero to 1.0440
(recalling that 𝐸 ∈ [𝐸𝑠, 1]) in figure 8, and a reduced colour scale from 0.9 to 1.0 in figure 9,441
so that the patterns formed by the particle cloud can be more clearly seen, particularly for442
𝑧𝑑 = 3.4 and 𝑧𝑑 = 3.2. As 𝑧𝑑 decreases we start to see a sand cloud beginning to form. Note443
that the blue region in the latter plot (figure 9) highlights all points at which 𝐸 ⩽ 0.9. These444
plots show more clearly the formation of a sand cloud when 𝑧𝑑 ⩽ 3.5, with an increasing445
amount of sand in the water as 𝑧𝑑 decreases.446

The supplementary file Langdon-movie1-bathysphere.mp4 shows in a video format how447
the voidage field changes as 𝑧𝑑 is reduced gradually from 𝑧𝑑 = 3.5 to 𝑧𝑑 = 1.5, using the448
same parameter choices, discretization parameters and colour scale as for the results shown449
in figure 8.450

4.2. Lunar landing plume model451

In this application we consider the situation in which a lander descends towards a celestial452
body, such as the Moon or Mars, with its speed of approach regulated by the expulsion of a453
downward high speed fluid jet that may displace dust, gravel and rocks on the surface during454
landing. This problem has received much attention in the recent literature from each of an455
experimental (see, for example, Chambers (2020); Jimenez Cuesta et al. (2025)), modelling456
(see, for example, Chambers (2020); Capecelatro (2022); Cao et al. (2023); Kim et al.457
(2025)) and CFD (see, for example, Chambers (2020); Cao et al. (2023); Kim et al. (2025))458
view point. However, much of this work focuses upon the fine details of the exhaust flow,459
and relies purely on phenomenological mechanisms for the key aspect in cloud formation460
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Figure 8: Bathysphere, voidage field 𝐸 (𝑅, 𝑧), various 𝑧𝑑

Figure 9: Bathysphere, voidage field 𝐸 (𝑅, 𝑧), various 𝑧𝑑 , reduced colour scale

associated with the local entrainment and detrainment of particles at the interface between461
the bulk fluidized region and the otherwise static particle bed. From our point of view462
we again use the much simplified model of the primary fluid flow characteristics but now463
coupled with the key interfacial boundary condition which gives a rational representation464
of the entrainment/detrainment dynamics. In this context, the lunar landing plume can be465
easily modelled (albeit in a very simplistic and basic form, but one which captures the466
principal features) within our framework through an appropriate choice of the relevant467
dimensionless parameters, and the model can be readily used both to determine the voidage468
field in the fluidized region, and in addition the local lunar surface deformation, following469
similar calculations for the helicopter brownout problem presented recently in Langdon &470
Needham (2025). We begin by estimating the magnitudes of the key model parameters 𝛾 and471
𝛼. In this application the particulate matter is lunar surface dust whilst the fluid is principally472
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Figure 10: Plot showing how 𝑓 (𝜇) (given by (3.7)) varies with 𝑧𝑑 , for the lunar plume
example.

the exhaust fluid from the jet landing thrusters. Lunar dust particles have typical radius473
𝑎 ∼ 3× 10−6 𝑚 and material density 𝜌𝑠 ∼ 2700 𝑘𝑔𝑚−3, whilst typical measurements for the474
jet exhaust fluid give fluid density 𝜌 𝑓 ∼ 1 𝑘𝑔𝑚−3 and dynamic viscosity 𝜇 = 2 × 10−5 𝑝𝑎𝑠,475
with typical jet exhaust velocity estimated as 𝑢𝑠 ∼ 3 × 102 𝑚𝑠−1. In addition, the lunar476
gravitational acceleration is approximated as 1 𝑚𝑠−2, and we tentatively take the particle477
collisional pressure coefficient as 𝑝0 ∼ 10−2 𝑝𝑎. The typical flow length scale 𝑙 should be478
taken as that associated with the dimension of the landing vehicle. The key dimensionless479
parameters in the model are then computed (using the definitions in Needham & Langdon480
(2024)) from these estimates as having the orders of magnitude481

𝛾 ∼ 𝑂 (106 − 108) and 𝛼 ∼ 𝑂 (10−6 − 10−10), (4.9)482

and, as may be anticipated, we observe that 𝛾 and 𝛼 are, respectively, very much larger483
and very much smaller than their corresponding values for the descending bathysphere484
application.485

Setting 𝛾 = 108, we obtain (from (4.4))486

𝑧𝑐𝑑 =

(
576

3125𝜋2 𝛾

)1/6
≈ 11.097167.487

In figure 10 we plot the particle cloud formation potential PC(𝜒𝜇) ≡ 𝑓 (𝜇), given by (3.7),488
for 𝛾 = 108, Ω = 0, 𝐸𝑠 = 0.01 and 𝑧𝑑 ∈ [5, 11]. We see that 𝑓 (𝜇) is indeed zero for489
𝑧𝑑 ≈ 11, and that 𝑓 (𝜇) increases as 𝑧𝑑 decreases from 11 to 5. Comparing the vertical scale490
in figure 10 with that in figure 5, we also note the significantly increased particle cloud491
formation potential of the lunar plume example, reflecting the significantly larger value of492
the parameter 𝛾 in this example.493

We now present some numerical examples which confirm and illustrate that a dust cloud494
forms only for 𝑧𝑑 < 𝑧𝑐

𝑑
, and is absent when 𝑧𝑑 ⩾ 𝑧𝑐

𝑑
. We solve (2.1)-(2.9), with the495

same parameter choices as those listed above, and with 𝛼 = 10−6 and Δ = 0.1, using the496
numerical method described in Needham & Langdon (2024, Appendix B), with discretization497
parameters 𝜖 = 10−6, 𝐿𝑅 = 800, 𝐿𝑧 = 440, and 𝑁 = 4 (as described in §2). Comparing these498
values to those used for the bathysphere example, we note that the increased cloud formation499
potential for the lunar plume leads to the need for a much larger computational domain. The500
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Figure 11: Lunar landing plume, voidage field 𝐸 (𝑅, 𝑧), 𝑧𝑑 = 10, 9, 8, 7, 6, 5

precise number of degrees of freedom that we use in our numerical scheme varies with 𝑧𝑑 ,501
with more degrees of freedom for greater 𝑧𝑑 , as in each case we require more degrees of502
freedom in the mesh below the lunar lander when 𝑧𝑑 is larger, and in each case we require503
the same number of degrees of freedom in our computational mesh above the lunar lander.504
Using the discretization parameters listed above, the number of degrees of freedom ranges505
between 6,283,032 (for 𝑧𝑑 = 5.0) up to 6,923,832 (for 𝑧𝑑 = 10.0), so between six and seven506
million degrees of freedom in our numerical scheme for each example.507

In figure 11 we show the voidage field 𝐸 (𝑅, 𝑧) for 𝑧𝑑 = 10, 9, 8, 7, 6, 5. As 𝑧𝑑 decreases,508
we see the dust cloud grow. In figure 12 we show the voidage field 𝐸 (𝑅, 𝑧) for the same509
values of 𝑧𝑑 as in figure 11, but with a smaller colour scale range (a different scale for each510
value of 𝑧𝑑), with in each case the blue region representing values of 𝐸 below the lower end511
of the plotted range, and the yellow region representing values of 𝐸 above the upper end of512
the plotted range. These plots show more clearly the formation of a dust cloud when 𝑧𝑑 is513
larger, with more dust being raised as 𝑧𝑑 decreases, and also illustrate how the qualitative514
structure of the plume is broadly comparable for each value of 𝑧𝑑 .515

The supplementary file Langdon-movie2-lunar.mp4 shows in a video format how the516
voidage field changes as 𝑧𝑑 is reduced gradually from 𝑧𝑑 = 11.1 to 𝑧𝑑 = 5, using the same517
parameter choices, discretization parameters and colour scale as for the results shown in518
figure 11.519

5. Applications requiring the inclusion of gravity520

We now show how the mathematical model derived in Needham & Langdon (2024) can be521
adapted to include gravity. This may be important in applications where the downwash and522
swirling flow is less powerful than for a helicopter, such as the case in which the flow field523
is generated by a much smaller drone.524

Following Needham & Langdon (2024, §5), the principal PDE governing the structure of525
the voidage field, now with the inclusion of gravity effects acting on the particle phase flow526
field, becomes527

(∇𝜙 + Γ𝐸𝑄′ (𝐸)k) · ∇𝐸 − 𝛼𝐸∇2(𝐻 (𝐸)) = 0, r ∈ 𝐷𝑐, (5.1)528



18

Figure 12: Lunar landing plume, voidage field 𝐸 (𝑅, 𝑧), 𝑧𝑑 = 10, 9, 8, 7, 6, 5, reduced
colour scale.

(compare to Needham & Langdon (2024, (6.15))), where we recall that k is the unit vector529
pointing vertically upward, 𝐷𝑐 is the region occupied by the particle cloud and the potential530
𝜙 is as in Needham & Langdon (2024) (equation (6.14) with (6.5)), whilst,531

𝐻 (𝐸) = 2
9
(𝐸 − 𝐸𝑠). (5.2)532

In deriving this equation, we have followed precisely the same derivation as in Needham &533
Langdon (2024, §5), except that when beginning the derivation (at equations (5.5) and (5.6)534
in Needham & Langdon (2024)), we have included at the leading order of approximation, in535
addition to all previously included terms, the term which represents the effect of gravity in the536
particle phase momentum equation and is premultiplied by the parameter 𝜌𝐺. Specifically,537
the term−𝜌𝐺 (1−𝐸)k is carried forward from Needham & Langdon (2024, (5.6)) to Needham538
& Langdon (2024, (5.15)), which becomes539

0 = 𝛼∇𝐸 + (1 − 𝐸)𝛽(𝐸) (u − v) − 𝜌𝐺 (1 − 𝐸)k,540

so Needham & Langdon (2024, (5.16)) becomes541

∇(𝑝 − 𝛼𝐸) + 𝜌𝐺 (1 − 𝐸)k = 0.542

This new term introduces the dimensionless parameter543

Γ =
𝜌𝑠𝑔𝑎

2

𝜇𝑢𝑠
, (5.3)544

which measures the ratio of the magnitude of the gravitational force to the magnitude of the545
drag force on the particle phase (with 𝑎, 𝜌𝑠, 𝜇, 𝑢𝑠 as introduced in Needham & Langdon546
(2024)), and547

𝑄(𝐸) ≡ (1 − 𝐸)𝐻′ (𝐸) = 2
9
(1 − 𝐸). (5.4)548

The precise estimate for Γ will vary according to the nature of each application. We see that549
the inclusion of the gravity term has generated a nonlinear convective term in the vertical550
direction, accounting for particle cloud settling under gravity. The elliptic boundary value551
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problem describing the voidage field in the particle cloud region is as in (2.1)-(2.9), except552
that now the coefficient 𝑏(𝑅, 𝑧) is augmented by the addition of the term −(2/9)Γ𝐸 , and553
hence (2.1) is replaced by554

𝐸

(
𝐸𝑅𝑅 + 1

𝑅
𝐸𝑅 + Γ

𝛼
𝐸𝑧 + 𝐸𝑧𝑧

)
− 𝑎̄(𝑅, 𝑧)𝐸𝑅 − 𝑏̄(𝑅, 𝑧)𝐸𝑧 = 0, (𝑅, 𝑧) ∈ 𝜔. (5.5)555

In addition to this change in the field equation, there is also a consequent change to the556
boundary condition at both the upper and lower surfaces of the cylindrical shell encasing557
the dipole, and this is readily determined by following the development of this boundary558
condition in Needham & Langdon (2024, §5,6); in the present application, this leads us to559
modify boundary conditions (2.4) to560

𝐸𝑧 =
Γ

𝛼
(1 − 𝐸) on 𝑧 = 𝑧+𝑑 , 𝑧

−
𝑑 , 𝑅 ∈ (0,Δ). (5.6)561

We now show how, through an appropriate choice of parameters, we can model two relevant562
applications: the problem in which a small drone hovers over a sand bed on Earth and the563
problem in which a small drone, such as the NASA Ingenuity Mars helicopter, is hovering564
over a particle bed on Mars.565

5.1. Terrestrial drone cloud model566

This application considers the situation in which a small-scale drone hovers above a horizontal567
sand bed. As such, the modelling situation is the same as in Needham & Langdon (2024)568
for the helicopter brownout application, except that there is now a significant reduction in569
the macroscopic length scale (from helicopter blade radius to drone blade radius) and in570
the macroscopic fluid velocity scale. The key change is that the parameter 𝜌𝐺 introduced571
in Needham & Langdon (2024) (which measures the relative strength of the gravity term572
to the drag term in the particle phase momentum equation) is significantly increased (now573
10−1 −10−2), which leads us to include this gravity term in the principal model, as described574
above. In addition to the inclusion of this new term, we also observe that 𝛼 (now 10−1 − 100)575
increases compared to the parameter values estimated for the helicopter brownout application,576
while Ω and 𝛾 remain broadly similar, although typically smaller in general. From (5.3) we577
estimate that Γ is of 𝑂 (10−1). In our numerical examples below, we thus take the following578
parameter choices:579

Γ = 0.1, 𝛾 = 500, 𝛼 = 0.1, Ω = 0.5, 𝐸𝑠 = 0.01, Δ = 0.04. (5.7)580

In figure 13 we plot the particle cloud formation potential PC(𝜒𝜇) ≡ 𝑓 (𝜇), given by (3.7),581
for 𝛾 = 500, Ω = 0.5, 𝐸𝑠 = 0.01 and 𝑧𝑑 ∈ [0.1, 5]. As for the helicopter cloud example (see582
the central plot of figure 1) we see that 𝑓 (𝜇) increases as 𝑧𝑑 decreases from 5 to approximately583
𝑧𝑑 = 1, before then decreasing as 𝑧𝑑 decreases further.584

We solve (5.5), (2.2), (2.3), (5.6), together with (2.5)-(2.9), using the numerical method585
described in Needham & Langdon (2024, Appendix B), with discretization parameters586
𝜖 = 10−8, 𝐿𝑅 = 256, 𝐿𝑧 = 64, and 𝑁 = 16 (as described in §2). Using these discretization587
parameters, the number of degrees of freedom ranges between 4,403,712 (for 𝑧𝑑 = 0.1)588
up to 5,719,552 (for 𝑧𝑑 = 0.9), so between four and six million degrees of freedom in589
our numerical scheme for each example. In Figure 14 we plot the voidage field 𝐸 (𝑅, 𝑧) for590
𝑧𝑑 = 0.9, 𝑧𝑑 = 0.8, 𝑧𝑑 = 0.7, 𝑧𝑑 = 0.6, 𝑧𝑑 = 0.5, 𝑧𝑑 = 0.4, 𝑧𝑑 = 0.3, 𝑧𝑑 = 0.2 and591
𝑧𝑑 = 0.1. Each of these plots is plotted on the same scale, for ease of comparison, but in each592
case the actual domain of computation was much larger (as determined by the discretization593
parameters stated above). By plotting over a smaller range for 𝑅 and 𝑧, we hope to make it594
easier to see the finer detail of the field in the vicinity of the drone. As 𝑧𝑑 decreases, we595
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Figure 13: Plot showing how 𝑓 (𝜇) (given by (3.7)) varies with 𝑧𝑑 , for the terrestrial drone
example.

see the formation of a horn-shaped plume in the voidage field, with particles being drawn596
into the horn and enveloping the drone, when 𝑧𝑑 is sufficiently small. For this example,597
we take 𝑧𝑑 much lower than we did for the helicopter examples presented in Needham &598
Langdon (2024), noting that the ratio of rotor blade length to rotorcraft body is in general599
much lower for drones than it is for helicopters. Despite the inclusion of gravity and the600
different parameter choices considered in this section, the manner in which the horn-shaped601
plume forms as 𝑧𝑑 decreases is broadly comparable to the results for the helicopter presented602
in Needham & Langdon (2024), and aligns well with experimental evidence as seen in, e.g.,603
Nathan & Green (2009, Figures 6,7,8).604

The supplementary file Langdon-movie3-terrestrial.mp4 shows in a video format how the605
voidage field changes as 𝑧𝑑 is reduced gradually from 𝑧𝑑 = 2.48 to 𝑧𝑑 = 0.12, using the606
same parameter choices, discretization parameters and colour scale as for the results shown607
in figure 14.608

5.2. Martian drone cloud model609

This application considers the situation of a helicopter drone hovering steadily over a dusty610
Martian surface. Simulating dust cloud formation in this scenario has been considered611
by Rabinovitch et al. (2021) (who considered how terrestrial simulations might be scaled612
appropriately) and Caprace et al. (2025) (who modelled entrainment of dust particles through613
the physical process of saltation, see, e.g., Kok et al. (2012)). With the NASA-developed614
Martian helicopter “Ingenuity” relying on vision-based navigation and, therefore, particularly615
susceptible to dust clouds generated by hovering at low altitudes (see, e.g., Bayard et al. (2019)616
and Gallon et al. (2026, §3 “Dust on Optics”)), understanding these processes is particularly617
relevant to this application.618

Again, the modelling situation is the same as that in Needham & Langdon (2024) for619
the helicopter brownout application, except that there is again a significant reduction in the620
macroscopic length scale (from helicopter blade radius to drone blade radius) and in the621
macroscopic fluid velocity scale. Furthermore, the gravitational acceleration is significantly622
reduced and the atmospheric density is much smaller than that on Earth. With drone operating623
parameters based on those associated with the NASA Ingenuity helicopter (see National624
Aeronautics and Space Administration (NASA) (2020)) the dimensionless parameters for625
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Figure 14: Voidage field 𝐸 (𝑅, 𝑧), terrestrial drone, 𝑧𝑑 = 0.9 (top left), 𝑧𝑑 = 0.8 (top
middle), 𝑧𝑑 = 0.7 (top right), 𝑧𝑑 = 0.6 (middle left), 𝑧𝑑 = 0.5 (middle), 𝑧𝑑 = 0.4 (middle

right), 𝑧𝑑 = 0.3 (bottom left) 𝑧𝑑 = 0.2 (bottom middle), 𝑧𝑑 = 0.1 (bottom right)

this application are estimated as626

Γ ∼ 1.5 × 10−2, 𝛾 ∼ 2 × 103, 𝛼 ∼ 10−3, Ω ∼ 100. (5.8)627

As in the last subsection, the value of the parameter Γ is not sufficiently small to suggest628
that gravitational terms can be neglected, and so this application again leads us to employ629
the modified elliptic PDE given in (5.5) and the associated modified boundary condition630
(5.6). We now determine the voidage field for the parameters estimated in (5.8) above, also631
choosing 𝐸𝑠 = 0.01 and Δ = 0.04, as for the terrestrial drone example.632

In figure 15 we plot the particle cloud formation potential PC(𝜒𝜇) ≡ 𝑓 (𝜇), given by (3.7),633
for 𝛾 = 2000, Ω = 1.0, 𝐸𝑠 = 0.01 and 𝑧𝑑 ∈ [0.1, 10]. As for the helicopter cloud example634
(see the central plot of figure 1) and the terrestrial drone example (see figure 13), we see that635
𝑓 (𝜇) increases as 𝑧𝑑 decreases from 10 to approximately 𝑧𝑑 = 1.5, before then decreasing636
as 𝑧𝑑 decreases further. Note also the scale on the vertical axis - for this example, the range637
of values of PC(𝜒𝜇) ≡ 𝑓 (𝜇) is extremely narrow.638

We solve (5.5), (2.2), (2.3), (5.6), together with (2.5)-(2.9), using the numerical method639
described in Needham & Langdon (2024, Appendix B), with discretization parameters640
𝜖 = 10−8, 𝐿𝑅 = 288, 𝐿𝑧 = 64, and 𝑁 = 16 (as described in §2). Using these discretization641
parameters, the number of degrees of freedom ranges between 5,321,984 (for 𝑧𝑑 = 0.3)642
up to 6,986,624 (for 𝑧𝑑 = 1.2), so between five and seven million degrees of freedom in643
our numerical scheme for each example. In Figure 16 we plot the voidage field 𝐸 (𝑅, 𝑧) for644
𝑧𝑑 = 1.2, 𝑧𝑑 = 0.9, 𝑧𝑑 = 0.6 and 𝑧𝑑 = 0.3. Each of these plots is plotted on the same scale for645
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Figure 15: Plot showing how 𝑓 (𝜇) (given by (3.7)) varies with 𝑧𝑑 , for the Martian drone
example.

Figure 16: Voidage field 𝐸 (𝑅, 𝑧), Martian drone, 𝑧𝑑 = 1.2 (top left), 𝑧𝑑 = 0.9 (top right),
𝑧𝑑 = 0.6 (bottom left), 𝑧𝑑 = 0.3 (bottom right)

ease of comparison, but in each case the actual domain of computation was much larger (as646
determined by the discretization parameters stated above) - by plotting over a smaller range647
for 𝑅 and 𝑧, we hope to make it easier to see the finer detail of the field in the vicinity of the648
Martian drone. A comparison with Caprace et al. (2025, Figure 14) reveals similarities with649
the horn-shaped plume seen in the “initial burst of dust” in their simulation of “lifted dust650
during take-off”.651

The supplementary file Langdon-movie4-martian.mp4 shows in a video format how the652
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Figure 17: Voidage field 𝐸 (𝑅, 𝑧), Martian drone, 𝑧𝑑 = 1.2 (top left), 𝑧𝑑 = 0.9 (top right),
𝑧𝑑 = 0.6 (bottom left), 𝑧𝑑 = 0.3 (bottom right), reduced colour scale.

voidage field changes as 𝑧𝑑 is reduced gradually from 𝑧𝑑 = 2.48 to 𝑧𝑑 = 0.28, using the653
same parameter choices, discretization parameters and colour scale as for the results shown654
in figure 16.655

A new feature that we see in Figure 16 that was not present in the other results (in this656
paper, or in Needham & Langdon (2024)), clearer in the figures for the smaller values of 𝑧𝑑 ,657
is a “second swirl”, i.e., a closed loop within the outer loop. To illustrate this more clearly, in658
Figure 17 we show the same results as in Figure 16, but now with the colour scale set from659
0.95 to 1, rather than from 0 to 1 (as was previously the case). In this case, if the plot is blue,660
that means that 𝐸 (𝑅, 𝑧) ⩽ 0.95 in that region. As noted above, this feature appears to be661
new for this example, and some computational experimentation suggests that it is primarily662
driven by the choice of very small values of 𝛼 in this application, rather than being specific to663
other parameter choices for the Martian drone example. We further explore the dependence664
of this new feature on the parameter choices in Appendix B.665

6. Dust devil cloud model666

In this section we consider an application of our model to what is referred to as a dust devil.667
To describe a dust devil, consider a static dry sand bed with horizontal free surface below668
a static atmosphere of air at ambient temperature 𝑇𝑎 and density 𝜌(𝑇𝑎). An approximately669
circular patch of the surface of the static sand bed, of radius say 𝑟𝑑 (∼ 𝑙), is heated to a higher670
temperature 𝑇𝑑 , and this heats the air just above to temperature 𝑇𝑑 , and as a consequence, to a671
reduced density 𝜌(𝑇𝑑). This heated air rises in a column through buoyancy, and this requires672
an inflow of cooler air at the base, and the process continues. In addition, local vortex lines673
are concentrated and stretched in the core (of radius 𝑟𝑐 << 𝑟𝑑) of the rising air column,674
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and this drives a rapid horizontal circulation of the air about the thin vortex core. The rapid675
horizontal inflow and circulation close to the surface of the otherwise static sand bed entrains676
sand into the upwardly circulating columnar air flow, and a dust cloud is formed within and677
around the column. This phenomenon is often referred to as a dust devil. Descriptions and678
images of dust devils can be found in the review papers by Ives (1947), Lorenz et al. (2016)679
and Sinclair (1969), where it should be noted that dust devils have been reported as frequently680
occurring on the surface of Mars (see also Murdoch et al. (2022)). From a theoretical point681
of view, the details of the fluid flow field within a dust devil have been addressed recently682
from a computational standpoint (see, for example, Pandey & Yadav (2026)). However, the683
key aspect of dust cloud formation has either been neglected entirely, or included in a purely684
phenomenological way. This is due to the absence of a rational mechanistic model to account685
for the entrainment/detrainment of dust from the surface into the two phase dust cloud. In this686
section we can remedy this with use of our current theory, whilst adopting a very simplistic687
representation of the overall fluid flow in the dust devil.688

The coherent height of a dust devil (before collapse under cooling), say ℎ𝑑 , has been shown689
(Jackson 2020) to satisfy the scaling,690

ℎ𝑑 ∼ 𝑂 (𝑟2
𝑑). (6.1)691

In addition a simple vertical momentum balance in the dust devil rising air column determines,692
under the Boussinesq approximation, that the rising air in the column has vertical velocity693
scale,694

𝑢2
𝑠 ∼ (1 − 𝜌(𝑇𝑑)/𝜌(𝑇𝑎))𝑔ℎ𝑑 . (6.2)695

Also, with Γ𝑠 representing the horizontal circulation of the air flow around the column, then696
the angular horizontal velocity scale in the column has,697

𝑢𝑑 ∼ Γ𝑠/2𝜋𝑟𝑑 . (6.3)698

A simple flow field which captures the principal features of the air flow in the dust devil is699
obtained by taking exactly the same flow field that we used for the helicopter cloud model700
reviewed in section 2, except now we reverse the orientation of the fluid dipole, and fix its701
location at a distance (1/2)ℎ𝑑 vertically above the origin, representing buoyancy balance in702
the fluid flow occuring approximately halfway up the dust devil column. With this fluid flow703
field, we take the dipole strength as,704

𝑀𝑠 = 𝑢𝑠𝑟
3
𝑑 , (6.4)705

with the velocity scale 𝑢𝑠 given in (6.2), and the circulation of the line vortex as,706

Γ𝑠 = 2𝜋𝑟𝑑𝑢𝑑 , (6.5)707

with 𝑢𝑑 being the horizontal velocity scale for the air flow in the dust devil column. Under708
this approximation to the airflow in the dust devil, our model for the particle voidage field709
in the dust devil particle cloud again leads directly to the elliptic boundary value problem710

(2.1)-(2.9), except that now the signs in front of the coefficients 𝑎 and 𝑏 are reversed, and711
in addition, we again choose to include the effect of gravity on the particle phase flow.712
Hence (2.1) is replaced by713

𝐸

(
𝐸𝑅𝑅 + 1

𝑅
𝐸𝑅 + Γ

𝛼
𝐸𝑧 + 𝐸𝑧𝑧

)
+ 𝑎̄(𝑅, 𝑧)𝐸𝑅 + 𝑏̄(𝑅, 𝑧)𝐸𝑧 = 0, (𝑅, 𝑧) ∈ 𝜔. (6.6)714

In addition to this change in the field equation, there is again a consequent change to the715
boundary condition at both the upper and lower surfaces of the cylindrical shell encasing the716
dipole due to the inclusion of gravity and this leads us again to modify boundary conditions717
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(2.4) to718

𝐸𝑧 =
Γ

𝛼
(1 − 𝐸) on 𝑧 = 𝑧+𝑑 , 𝑧

−
𝑑 , 𝑅 ∈ (0,Δ). (6.7)719

It now remains for us to use the approximations (6.1)–(6.5) to estimate the dimensionless720
parameters Ω, 𝛾, 𝛼 and Γ for the dust devil application. Typical measurements from naturally721
occurring dust devils (see, e.g., Ives (1947); Sinclair (1969); Jackson (2020); Pandey &722
Yadav (2026)) lead to typical height and radius of the orders of ℎ𝑑 ∼ 100 𝑚 and 𝑟𝑑 ∼723
10 𝑚 respectively (which are in accord with the empirical relation (6.1)), whilst typical724
measurements of the vertical core air velocity scale are of the order 𝑢𝑠 ∼ 10 𝑚𝑠−1, and a725
similar order of 𝑢𝑑 ∼ 25 𝑚𝑠−1 for the angular air velocity scale in the core. This leads, via726
(6.5), to a typical circulation scale of Γ𝑠 ∼ 1.5× 103 𝑚2𝑠−1, whilst the strength of the dipole727
in the model should be set as 𝑀𝑠 = 𝑢𝑠𝑟

3
𝑑
∼ 104 𝑚4𝑠−1. We note that these scales then predict728

a typical air density ratio across the length of the dust devil as 𝜌(𝑇𝑑)/𝜌(𝑇𝑎) ∼ 0.9, via (6.2),729
which is in line with typical measurements. We can now use these estimates to compute the730
dimensionless parameters Ω, 𝛾, 𝛼 and Γ, as introduced in Needham & Langdon (2024), for731
this dust devil application. We obtain,732

Γ ∼ 10−1 − 100, 𝛾 = 2 × (101 − 102), 𝛼 = 3 × 10−1, Ω = 1.5 × (101 − 102). (6.8)733

with the dimensionless height of the dipole location being 𝑧𝑑 ∼ 5.734
We now present some numerical examples showing the voidage field generated by the735

dust devil. We solve (6.6), (2.2), (2.3), (6.7), together with (2.5)-(2.9), with 𝛾 = 20, Ω = 15,736
𝛼 = 0.3, 𝐸𝑠 = 0.01, Γ = 0.1, Δ = 0.2, and 𝑧𝑑 = 5, using the numerical method described737
in Needham & Langdon (2024, Appendix B), with discretization parameters 𝜖 = 10−8,738
𝐿𝑅 = 128, 𝐿𝑧 = 480, and 𝑁 = 16 (as described in §2), for which the number of degrees of739
freedom is 16,691,328.740

For these parameter choices, the particle cloud formation potential PC(𝜒𝜇) ≡ 𝑓 (𝜇), given741
by (3.7), is 𝑓 (𝜇) ≈ 0.4. Comparing this to the other examples in this paper, we see that the742
particle cloud formation potential for the dust devil is significantly larger than for all other743
examples, with the exception of the lunar plume example considered in §4.2.744

In figure 18 we show the voidage field 𝐸 (𝑅, 𝑧) on two different scales (note the range of745
the colour bar in each plot). On the left, we plot the voidage field using the full colour scale746
range from zero to 1.0 (recalling that 𝐸 ∈ [𝐸𝑠, 1]), and on the right we plot over the range747
𝐸 ∈ [0.7, 1], so that the detail of the pattern can be more clearly seen for 𝐸 ≈ 1 (in this748
plot, blue colour implies that 𝐸 is less than or equal to 0.7 on the colour scale). Note also749
the horizontal and vertical scales for the plot; the particle cloud for this example extends750
far higher vertically, compared to all other examples elsewhere in the paper. In regard to751
overall performance of the model, we see that the dust cloud voidage predictions from the752
model in figure 18 give overall a favourable visual comparison with photographic images,753
such as Lorenz et al. (2016, Figure 1), or the first photographic image on the Wikipedia page754
“Dust Devil”, which is an image of a large scale dust devil taken in Arizona, see National755
Aeronautics and Space Administration (NASA) (2005).756

7. Model integration with fluid flow CFD platforms or fluid flow measurement757
data758

In this section we briefly explain how the model developed in Needham & Langdon (2024)759
can be readily incorporated into a CFD platform, or with experimental data, which provides an760
accurate representation of the primary single-phase fluid velocity field under consideration,761
when the particle bed is absent and is replaced by a rigid impermeable smooth surface.762
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Figure 18: Dust devil, voidage field 𝐸 (𝑅, 𝑧), two different colour scales

We denote the rigid (and possibly moving) boundaries in the fluid flow field away from the763
particle bed location as M𝑢 and the surface of the particle bed as M𝑙 . We assume that the764
fluid velocity field has been determined via a CFD platform or data measurements (for a765
single-phase flow with relative no-slip boundary conditions applied on the whole boundary766
M𝑢 ∪M𝑙). In dimensionless variables (with lengths scaled on the macroscopic geometrical767
length scale 𝑙𝑠 and velocities scaled on the macroscopic fluid velocity scale 𝑢𝑠) we write768
this determined fluid velocity field as u(r, 𝑡) with r and 𝑡 being vector position (relative to a769
suitable origin that is static relative to the static particle bed)) and time t. Now, referring to770
Needham & Langdon (2024, §4) we can estimate the locally tangential fluid velocity in the771
thin interfacial layer, at any point 𝑝, located at r𝑝 ∈ M𝑙 , as,772

uℎ (r𝑝, 𝑡) = (u − (u.n̂)n̂) (r𝑝 + 𝜖 n̂, 𝑡), (7.1)773

where 𝜖 = 𝑎/𝑙𝑠 and 𝑎 is the typical particle radius, whilst n̂ is the unit normal at r𝑝 pointing774
into the fluid flow region. With 𝜖 being small, for an inviscid fluid flow we may approximate775
this as simply the slip velocity field induced on M𝑙 , whilst for a viscous fluid we may776
approximate as,777

uℎ (r𝑝, 𝑡) = (u − (u.n̂)n̂)𝑛 (r𝑝, 𝑡)𝜖, (7.2)778

with subscript 𝑛 representing the normal derivative at r𝑝 in the direction of n̂. With the779
determined fluid flow, on the macroscopic scales, generally being of moderately high to780
very high macroscopic Reynolds number 𝑅 𝑓 = 𝑢𝑠𝑙𝑠/𝜈, then the normal derivative in (7.2) is781
calculated in the viscous boundary layer for the fluid flow, which determines the dimensionless782
scale for uℎ as783

uℎ ∼ 𝜖𝑅
1
2
𝑓

(7.3)784

which we formally anticipate to be less than or equal to 𝑂 (1) in many applications due to785
the extremely small value of the microscopic to macroscopic length scale ratio 𝜖 . Having786
determined uℎ on M𝑙 via (7.2) we can now immediately formulate the problem which787
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determines the voidage field in the fluid flow region as:788

𝐸𝑡 + (u(r, 𝑡) + Γ𝐸𝑄′ (𝐸)k) · ∇𝐸 − 𝛼𝐸∇2(𝐻 (𝐸)) = 0, r ∈ 𝐷 (𝑡), 𝑡 > 0, (7.4)789

subject to the initial condition,790

𝐸 (r, 0) = 𝐸0(r), r ∈ 𝐷 (0), (7.5)791

and the boundary conditions,792

𝐸 (r, 𝑡) = 𝑔(r, 𝑡)), r ∈ M𝑙 , 𝑡 > 0, (7.6)793
794

𝐸𝑛 (r, 𝑡) = 0, r ∈ M𝑢, 𝑡 > 0, (7.7)795
796

𝐸 (r, 𝑡) → 1 as |r| → ∞ uniformly on 𝐷 (𝑡), 𝑡 > 0. (7.8)797

Here 𝐷 (𝑡) represents the open region occupied by the two-phase flow at time 𝑡 ⩾ 0, the798
subscript 𝑛 represents the directional derivative in the direction normal to the relevant surface799
and pointing into 𝐷 (𝑡), k is the unit vector pointing vertically upwards and the functions800
𝑄(𝐸) and 𝐻 (𝐸) are as introduced in (5.4) and (5.2), respectively. The prescribed function801

𝑔 : M𝑙×R
+ → R is given in terms of the determined fluid velocity on M𝑙 , following directly802

the derivation in Needham & Langdon (2024, (5.8)), as803

𝑔(r, 𝑡) =


1 when |uℎ (r, 𝑡) |2 ⩽ 1
𝛾
,

(𝛾 |uℎ (r, 𝑡) |2)−1 when 1
𝛾
< |uℎ (r, 𝑡) |2 < 1

𝐸𝑠𝛾
,

𝐸𝑠 when |uℎ (r, 𝑡) |2 ⩾ 1
𝐸𝑠𝛾

,

(7.9)804

for (r, 𝑡) ∈ M𝑙 ×R
+

where uℎ (r, 𝑡) is as given in (7.2). The function 𝐸0 : 𝐷 (0) → [𝐸𝑠, 1] is805
the prescribed initial voidage field and is taken to be continuous and satisfying the boundary806
constraints in (7.6)–(7.8) at 𝑡 = 0. The parameter Γ is as given in (5.3), whilst,807

𝛾 =
3𝑢2

𝑠𝜌 𝑓

𝑎𝑔𝜌𝑠
, 𝛼 =

𝑝0𝑎
2

𝑙𝑠𝜇𝑢𝑠
, (7.10)808

as introduced in Needham & Langdon (2024), with 𝑝0 being the interparticle collisional809
coefficient and 𝜇 the dynamic viscosity of the fluid. We note that it is straightforward to810
establish that this parabolic evolution problem has a global in time classical solution, which811
is unique, and depends continuously on the positive parameters 𝛼 and 𝛾, and on the initial812
data function 𝐸0. In addition, the Strong Parabolic Maximum/Minimum Principles determine813
that814

𝐸𝑠 < 𝐸 (r, 𝑡) < 1 ∀ r ∈ 𝐷 (𝑡), 𝑡 > 0. (7.11)815

The parabolic evolution problem (7.4)–(7.8) can be solved numerically using an approach816
such as that described in Needham & Langdon (2024, Appendix B), combined with an817
appropriate timestepping scheme.818

8. Conclusions819

In this paper, we have generalised a recently derived model for particle-fluid flow fields820
generated by static particle bed entrainment, and have applied it to a range of applications.821
The key features of our simulated particle clouds resemble those seen in photographs, where822
those are readily attainable. It would be interesting to undertake experimental work in order823
to further validate our model; for the bathysphere application in particular, we anticipate824
that such an experimental programme should be reasonably straightforward. For applications825
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involving swirling flows and extraterrestrial applications, such an experimental programme826
would be more challenging, but the level of this challenge also serves to highlight the value827
of simulations based on rational mathematical models.828

To enable a straightforward comparison of particle cloud formation potential across829
different applications and parameter choices, we have derived a simple a-priori measure830
that can be calculated requiring only the knowledge of the tangential primary fluid velocity831
field at the particle bed surface. The relative values of this measure can be seen to align well832
with qualitative features of the particle cloud in the full two-phase flow field.833

As described in §1, our model contains a number of simplifying assumptions that enable834
consideration of the key features of the flow without requiring consideration of the complexity835
of the fine-scale details of the primary fluid flow field. To facilitate wider applicable use of our836
model, we have outlined in §7 how it could potentially be incorporated into a CFD platform,837
thereby enabling simulations requiring finer-scale details to be considered. We anticipate that838
implementation of such an approach may be a fruitful topic of future research.839
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Appendix A. Properties of PC849

In this appendix we determine the main properties of the functional PC. In the current850
setting it is appropriate to work in the Banach space of real, continuous scalar fields on851

A under the usual sup-norm, which we denote as 𝐵(𝐶 (A), | | · | |∞), and we denote by852

𝐾 (A) ⊂ 𝐶 (A) the closed subset of scalar fields in this Banach space which have image in853
the interval [Λ−1, (Λ𝐸𝑠)−1]. Clearly this closed subset contains all admissible scalar fields.854

The functional PC is now considered as a mapping from 𝐾 (A) to R
+

(PC : 𝐾 (A) :→ R
+
).855

It is a straightforward consequence that Im(PC) = [0, 1−𝐸𝑠], after also noting that 𝜒 ≡ 𝑐 is856

in 𝐾 (A) for each constant 𝑐 ∈ [Λ−1, (Λ𝐸𝑠)−1]. Next, let 𝜒1 and 𝜒2 be chosen from 𝐾 (A).857
It then follows from (3.4) and the Mean Value Theorem that,858

|𝐸 (𝜒2(rℎ)) − 𝐸 (𝜒1(rℎ)) | ⩽ Λ|𝜒2(rℎ) − 𝜒1(rℎ) | ∀ rℎ ∈ A. (A 1)859

Consequently from (3.6) we obtain,860

|PC(𝜒2) − PC(𝜒1) | ⩽ Λ| |𝜒2 − 𝜒1 | |∞, (A 2)861

via the triangle inequality, and we conclude that PC is Lipschitz continuous on 𝐾 (A), with862
Lipschitz constant Λ. Next suppose 𝜒1 is a decrease of 𝜒2. It then follows from (3.4) that,863

𝐸 (𝜒2(rℎ)) − 𝐸 (𝜒1(rℎ)) ⩽ 0 ∀ rℎ ∈ A, (A 3)864

and so from (3.6),865

PC(𝜒1) − PC(𝜒2) ⩽ 0. (A 4)866
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Thus PC is decreasing on pairs of points in 𝐾 (A) which are decreasing. Since all points867

𝜒 ∈ 𝐾 (A) are continuous and we have (1 − 𝐸 (𝜒)) ≡ (1 − (Λ𝜒)−1) it also readily follows868
that,869

PC(𝜒) = 0 if and only if 𝜒 ≡ Λ−1, (A 5)870

and,871

PC(𝜒) = (1 − 𝐸𝑠) if and only if 𝜒 ≡ (Λ𝐸𝑠)−1. (A 6)872

Finally we observe that at each point 𝜒 ∈ int(𝐾 (A)) we have the Fréchet derivative given873

by the bounded linear mapping 𝐷PC𝜒 : 𝐶 (A) → R where,874

𝐷PC𝜒 (ℎ) =
1
|A|

∫ ∫
A

ℎ(rℎ)
Λ𝜒(rℎ)2 𝑑A ∀ ℎ ∈ 𝐶 (A). (A 7)875

We observe that, for each point 𝜒 ∈ int(𝐾 (A)), then,876

|𝐷PC𝜒 (ℎ) | ⩽ Λ| |ℎ| |∞ ∀ ℎ ∈ 𝐶 (A). (A 8)877

Appendix B. Low ratio of particle collision pressure to drag force in the particle878
flow phase879

In this appendix, motivated by our findings in §5.2, we consider the case in which the880
parameter 𝛼, measuring the ratio of particle collision pressure to drag force in the particle881
flow phase, is very small. As noted in §5.2, for the specific parameter choices considered for882
the Martian drone example, we see a new feature, not present in the other examples, namely883
a closed loop within the main swirl on the voidage contour colour maps. The key difference884
between the Martian drone example and the terrestrial drone example is the reduced value885
of 𝛼, though the variations in Γ complicate matters.886

To explore this, we begin by fixing all parameter choices as in (5.8), with the exception of887
Γ, which we decrease from 1.5 × 10−2 to 1.0 × 10−3, so that Γ/𝛼 = 1, as for the examples888
in §5.1, with parameter choices given by (5.7), i.e., here we choose889

Γ = 10−3, 𝛾 = 2 × 103, 𝛼 = 10−3, Ω = 100. (B 1)890

The voidage field for this example, for 𝑧𝑑 = 0.6 is shown in the top left plot of figure 19. The891
results in figure 19 were computed by solving (5.5), (2.2), (2.3), (5.6), together with (2.5)-892
(2.9) using the numerical method described in Needham & Langdon (2024, Appendix B),893
with discretization parameters 𝜖 = 10−8, 𝐿𝑅 = 256, 𝐿𝑧 = 64, and 𝑁 = 16 (as described in894
§2). Using these discretization parameters, the number of degrees of freedom is 5,226,112895
(for 𝑧𝑑 = 0.6). As we can see, the “second swirl” is still present, leading us to hypothesise896
that this could be caused by the low value of 𝛼 rather than the presence of Γ. To test this, in897
the other plots of figure 19, we repeat the example shown in the top left of figure 19, with in898
each case Γ = 𝛼, but now with 𝛼 = 5.0 × 10−3, 𝛼 = 1.0 × 10−2, 𝛼 = 5.0 × 10−2. We see that899
the swirl is present for 𝛼 = Γ = 5.0 × 10−3, as well as for 𝛼 = Γ = 1.0 × 10−3 but it does900
not appear to be present for the larger values of 𝛼. It seems that the strength of this effect901
decreases as 𝛼 increases, when 𝛼 = Γ.902

This can be seen more clearly in figure 20, where we repeat the results in figure 19 but903
with the colour scale set from 0.9 to 1, rather than from 0 to 1 (as was previously the case),904
so that all regions where the plot shows blue represent that 𝐸 (𝑅, 𝑧) ⩽ 0.9 in that region.905

Noting that it appears to be the low value of 𝛼, rather than the presence of Γ > 0, that906
causes this phenomenon, we further undertake a series of experiments for the case Γ = 0,907
replicating the experiments presented in Needham & Langdon (2024) but with much lower908
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Figure 19: Voidage field 𝐸 (𝑅, 𝑧), 𝛼 = Γ = 10−3 (top left), 𝛼 = Γ = 5.0 × 10−3 (top right),
𝛼 = Γ = 10−2 (bottom left), 𝛼 = Γ = 5.0 × 10−2 (bottom right).

Figure 20: Voidage field 𝐸 (𝑅, 𝑧), 𝛼 = Γ = 10−3 (top left), 𝛼 = Γ = 5.0 × 10−3 (top right),
𝛼 = Γ = 10−2 (bottom left), 𝛼 = Γ = 5.0 × 10−2 (bottom right), reduced colour scale.
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Figure 21: Voidage field 𝐸 (𝑅, 𝑧), 𝛼 = 0.001 (top left), 𝛼 = 0.002 (top right), 𝛼 = 0.004
(bottom left), 𝛼 = 0.008 (bottom right).

values of 𝛼. Specifically, we make the following parameter choices:909

Γ = 0, 𝛾 = 500, Ω = 0.5, 𝐸𝑠 = 0.01, Δ = 0.04, 𝑧𝑑 = 1.0. (B 2)910

We solve (2.1)-(2.9) using the numerical method described in Needham & Langdon (2024,911
Appendix B), with discretization parameters 𝜖 = 10−8, 𝐿𝑅 = 144, 𝐿𝑧 = 72, and 𝑁 = 18 (as912
described in §2), for which the number of degrees of freedom is 4,577,634 (for 𝑧𝑑 = 1.0).913
The voidage field for this set of parameter choices, for a range of choices of 𝛼, is shown in914
figure 21. In figure 22, we repeat the results in figure 21 but with the colour scale set from915
0.9 to 1, rather than from 0 to 1, so that all regions where the plot shows blue represent that916
𝐸 (𝑅, 𝑧) ⩽ 0.9 in that region. It is clear from figure 21 and figure 22 that this “second swirl”917
occurs when 𝛼 is sufficiently small even when Γ = 0.918
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