STABILITY ANALYSIS OF TURING PATTERNS
GENERATED BY THE SCHNAKENBERG MODEL

DAVID IRON, JUNCHENG WEI, AND MATTHIAS WINTER

ABSTRACT. We consider the following Schnakenberg model on the inter-

val (—=1,1):
uy = Diu’ — u + vu? in (—1,1),
vy = Dov” + B — vu? in (—1,1),
uw(=1)=u(1)=2v(-1)=v(1) =0,

where

D1 >0, Dy>0, B>Q0.
We rigorously show that the stability of symmetric N—peaked steady-
states can be reduced to computing two matrices in terms of the diffusion
coefficients D1, Dy and the number N of peaks. These matrices and their
spectra are calculated explicitly and sharp conditions for linear stability
are derived. The results are verified by some numerical simulations.

1. INTRODUCTION

Since the work of Turing [18] in 1952, a lot of models have been established
and investigated to explore the so-called Turing instability.

One of the most interesting models in biological pattern formation is the
Schnakenberg model [16] on a one-dimensional interval, which can be stated

as follows:

uy = Dyu” — u 4 vu? in (—1,
vy = Dov” + B — vu? in (—1,
u(=1)=u'(1) =2 (=1)=2v'(1) =0,

where Dy > 0, Dy > 0, B > 0 are positive constants. Substituting
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and dropping hats we obtain the following form of the system
u = e2u’ — u+ vu? in (—1,1),
vy =Dv" + 1 — cou? in (—1,1), (1.2)
u(=1)=4'(1) =2 (=1)=2v'(1) =0,

if we choose

1
B=-
2/)7

and set
€€ =Dy, D=D, c=n"2
Here ¢ > is fixed. The Schnakenberg model is a prototype Turing system for

simple chemical reactions with limit cycle behavior.

Turing’s basic idea is as follows: Consider a system of reaction-diffusion
equations with very different diffusion coefficients. In the case of the Schnaken-
berg model this basic condition is €2 << D. Then the homogeneous state
u = v = 0 becomes unstable and stable patterns emerge. For the particu-
lar Turing patterns of symmetric N-peaked solutions we show the following

result: In the singular limit € << 1 there are thresholds
Dy >Dy>D3>...>Dy>...

such that for D > Dy the N-peaked solution is stable and for D < Dy the
N-peaked solution is unstable. Thus we have established the exact stability
threshold. Note in particular that for decreasing D more and more N-peaked
solutions cross this stability threshold and turn stable.

We note that the Schnakenberg model has been widely studied by analyt-
ical and numerical methods. We refer to [10] and the references therein —
in that paper the Schnakenberg model is posed in a two-dimensional square.
By using spatially varying diffusion coefficients the degeneracy of the Turing
bifurcation is removed and new phenomena appear including stable subcrit-
ical striped patterns, and the possibility that stable stripes lose stability

supercritically to give stable spotted patterns.

In the present paper we are concerned with a simple type of Turing pattern:

Symmetric N-peaked solutions in an interval. (See Figure 1 for the case
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FiGure 1. Fig. 1: stationary symmetric 3-peaked solutions.
Here D =1,e¢ = 0.01.

N = 3.) By symmetric solutions we mean solutions which have a translation

11
" N'N
as to constitute a steady state on (—1,1). Therefore existence which is based

symmetry: The solution consists of N peaks on say the interval ( ) so
on the implicit function theorem follows quite easily from [17]. A proof is
included in Appendix A.

What is at the focus of our interest, however, is the question of stability.
Here for € small enough (linear) stability can be explicitly expressed in terms
of the diffusion coefficient D and the number N of spikes. Our goal is
to provide a rigorous and explicit treatment for the stability of symmetric
N —peaked solutions in an interval. We emphasize that this analysis is not
the classical stability of Turing systems which studies the homogeneous state.
Rather we directly explore the stability of our Turing pattern which is far
from homogeneity.

We follow the theoretical foundation in [28]. Stability is established by

studying the large eigenvalues which tend to a non-zero limit and the small
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eigenvalues which tend to zero in the limit € — 0 separately. Large eigenval-
ues are explored by studying nonlocal eigenvalue problems.

Small eigenvalues are calculated by giving asymptotic expansions with
rigorous error estimates. Note that one needs to expand the eigenfunction
up to the order O(e) term. This requires some fine analysis and is done in
Section 4.

We believe that our approach can be very useful in the study of other
reaction-diffusion systems as well.

A similar analysis for the Gierer-Meinhardt system [5] has been carried
out in [28] (proofs) and [9], [19] (matrix calculations). We also refer to [14]
for the single-spike case and the survey article [11].

Note also the studies of multi-pulses on the real line [2], [3], [4] where the
geometric singular perturbation method is used.

For the Fitzhugh-Nagumo model singular limit eigenvalue analysis has
been done in [15].

In higher dimensions, in the shadow system case (D = 00) the existence
of single- or N-peaked solutions is established in [8, 7, 12, 13, 20, 21, 22]
and other papers. For the Gierer-Meinhardt system in the two-dimensional
strong coupling case (D < o0), the existence of 1-peaked solutions is estab-
lished in [25], and the stability of N-peaked solutions is studied in [26, 27].

Before we state the main results let us find out the right scaling. To this

end, set
D 1
D=—, v=ed, u=-u. (1.3)
€ €
Then (1.2) changes to
iy = 24" — 0 + o0 in (—1,1),
ety = Do" + 1 — <o’ in (—1,1), (1.4)

NG

i (=1)=a'(1)=09(-1)=0'(1) =0,
Let us drop the hats. We obtain the standard form

u = U’ —u+ vu? in (—1,1),
evy = Dv" + 1 — Spu? in (—1,1), (1.5)
u'(=1) =u/ (1) =v' (1) =v'(1) =0,
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From now on, we work with (1.5) exclusively and we assume that D > 0 and
¢ > 0 are constant and independent of e.

Before we state our main results we introduce some notation. Let L*(—1,1)
and H?(—1,1) be the usual Lebesgue and Sobolev spaces. With the variable
w we denote the unique solution of the following problem:

w' —w+w?=0 in R,
w >0, w(0) = maxyer w(y), (1.6)
w(y) — 0 as |y| — o0

In fact, it is easy to see that w(y) can be written explicitly

3
w(y) = i(coshy)_2. (1.7)
The steady-state problem for (1.5) is the following:
' —utovut=0 in (—1,1),
Dv" +1—ou? =0 in (—1,1), (1.8)

u (1) = (1) =0 (1) =2'(1) =0,
We will assume throughout this paper that

D < 400, e<<1. (1.9)

Our first result can be stated as follows:

Theorem 1.1. Assume that e << 1 and N is a positive integer. Then (1.8)

admits a solution (u. n,ven) with the following properties:

(a) uen(e) = & (zw(” —)+ o<1>) ,

j=1 (1.10)
where
z; = —1 2‘71\71, j=1,... N, (1.11)
and & satisfies
lim &, = N /_o:o w? = & (1.12)

(b) ven(zj) =&, j=1,---,N, (1.13)
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and ve n — Vo, where vy satisfies
DAvy+ 5 — 31 6., =0,
vo(zj) = cN [Z w? =&, wvo(£l) =0.
The main purpose of this paper is to study the stability of (u. n,ven). In

(1.14)

particular, we shall find an explicit threshold of D — we call it Dy — such
that below Dy, (uen,ven) is linearly stable and above Dy, (ten,ven) is

linearly unstable. More precisely, we have
Theorem 1.2. Assume that D is finite. For N > 2, let

11
Dyi=———.
N e fw? N3

(1.15)
Then for e <<'1

(a) (uc1,veq) is stable for finite D;

(b) for D < Dy, (uen,ven) is stable while for D > Dy, (ten,Ven) 1S

unstable.

Theorem 1.2 is the first result on the stability of multiple-peaked Tur-
ing patterns for the Schnakenberg model. It is surprising that an explicit
threshold Dy can be found. One may ask: What happens at D ~ Dy?7 It
turns out that for D ~ Dy asymmetric patterns (namely, Turing patterns
consisting of spikes with different heights) appear. For more details, see the
recent work of Ward and Wei [19] for the Gierer-Meinhardt system and [24]
for the Schnakenberg model.

This paper has the following structure: In Section 2 we study the large
eigenvalues of the linearized operator. In Section 3 we begin the study of the
small eigenvalues by proving some preliminaries and stating the key lemma,
which is Lemma 3.1. In Section 4 we compute the small eigenvalues and
prove Lemma 3.1. Section 5 contains some numerical simulations.

Finally, in Appendix A we give an existence proof for steady states and
in Appendix B we calculate the matrix B explicitly (which fills a gap left
from Section 2). In Appendix C we compute the matrix M explicitly by
calculating the Green’s function and their first two derivates, which enables
to calculate the expressions in Lemma 3.1 in terms of the diffusion coefficient

and the number N of peaks only.
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We use the notation e.s.t to denote an exponentially small term of order
O(e~€) for some d > 0 in the corresponding norm. By C we denote a

generic constant which may change from line to line.
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CUHK for their kind hospitality. We thank Professor M. J. Ward for valuable

discussions.

2. STABILITY ANALYSIS: LARGE EIGENVALUES

In this section, we consider the large eigenvalues of the associated lin-
earized eigenvalue problem.

Let (uen, ven) be the symmetric N—peaked solution constructed in The-
orem 1.1 (which is proved in Appendix A). Thus we have by Theorem 1.1
that

—1 N T — x] .
Ue,N = 65 Zw(T% ve,N($j> = 667 J = 17 ) N7 (21)
j=1

where z;, j =1,..., N are the N—peaked points given by (1.11).
We linearize (1.5) at (u n, ven). For simplicity, we drop the index N. The

eigenvalue problem becomes

€2¢/€/ - Qbe + 2ueve¢5 + @/}euf == )\E¢Ea (2 2)
Dwg - §¢Eu? - %’Ueue¢e = 6)\6@[}6- '
Here A, is some complex number and
¢(£1) = Y (£1) = 0. (2.3)

We consider two cases: The large eigenvalue case with A\, — Ay # 0 and
the small eigenvalue case, A, — 0.

The second case is more involved. We will analyze that case in the next
two sections.

Let us now assume that A\, — A\g, where )y is some complex number.
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Let x : R — [0,1] be a smooth cut-off function such that x(z) = 1 for
2| < v and x(z) = 0 for |z| > 55. Set
bej(y) = de(x)x(x —25), ==z +ey. (2.4)

Then it is easy to see that from the equation for ¢,

) = i) + et 29
=
in F2(~1,3)
We assume that
' 11 2(2) dz < C. (2.6)
Hence
[ e may<c 2.1

Assume that (after a standard extension from (—2,1) to the real line, see

€l e

for example [6])
Gej — ¢i(y) in L*(R).

Now using (2.1) and the equation for 1., we have as ¢ — 0, 1) — 1, and
1o satisfies

N N
D" =10 Y- s, =20 3( [ wii)a,, =0, (238)
j=1 j=1
where
_ e 2.9
& (2.9)
Let
Uit 1/’0(%) ®1
n= = A
nn @DO(ZUN) ON

In Appendix B, we shall show that the following relations hold:

DN
(2K - 7[) n = QC/wCID, (2.10)
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where K is a symmetric matrix given by

-1 1 0
1 —2
K —
-2 1
0 1 1

Thus

DN -
n:20<2K—’yI) /wCD.

Substituting (2.12) into (2.2), we obtain

" DN !
o —(I>+2w(I>+202(K—7]) (/wcb)w?:
& 2 R

Set
DN N\7*
B =~ <7] - —K ) .
2
Then we obtain a system of nonlocal eigenvalue problems
JpwB®

O — D+ 2wd —2 w? = \®.
wa2

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

The eigenvalues of B can be computed explicitly. From Appendix B, we

have that

Proposition 2.1. The eigenvalues of B are given by

DN —1 -
bj:<1— (cosﬂ(] )—1)> , j=1,...,N

v N
and the corresponding eigenvectors are given by

q: = (17"'71)7

-

qj:<Qj,17"‘7j,la"'a(Jj,N)Tv j:27"'7N7

where

1 i1 1
COSW(J )

q],l \/N N ( 2)7

j=2... N i=1,...

(2.16)
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From (2.15) and Proposition 2.1, we see that the large eigenvalues are

reduced to the following nonlocal eigenvalue problem (NLEP):

& —prows—m 0w Z g, =1 N. (2a7)

wag

Let us recall the following key lemma

Lemma 2.2. [23]: Consider the nonlocal eigenvalue problem

<%—¢+2w¢—m%3?ﬁ=A¢ (2.18)
R

(1) If o < 1, then there is a positive eigenvalue to (2.18).

(2) If o > 1 then for any nonzero eigenvalue o of (2.18), we have
Re(X\) < 0.
(8) If « #1 and A =0, then
¢ = cow'

for some constant co, where w is defined in (1.6).

From Lemma 2.2, we see that the critical threshold for the stability of

large eigenvalues is
2 min_ b; > 1. (2.19)

which is equivalent to 20y > 1, i.e.

DN (N —1
2>1-— -1
5 (cos N )
and thus
1
D < Dy = . 2.20
N N3 [w?(1 4 cos ) (220)

On the other hand, if D > D} by Lemma (2.2), there exists a positive
eigenvalue )y to (2.17) and by perturbation, for € small, there is a positive
eigenvalue for (2.2). (See [1] for related argument.)

In summary, we have arrived at the following proposition:

Proposition 2.3. Let \. — \g # 0 be an eigenvalue of (2.2). Then
(1) if D < DY, Re(\.) < 0,
(2) if D > DX, there exists a positive ).
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This finishes the study of large eigenvalues.
At the end of this section, we study the following linear operator, which

will be useful later. Let

b1
0% N
o=| . | €(H(R)
dn
and
Lo® = ®" — ® + 2wd.
Let

" @
LO =& —<I>—|—2w<I>—2f}UB w?. (2.21)

w?

It is easy to see that the conjugate operator L* is given by

L' = 0" — U 4 200 — 2%@, (2.22)
where
U1
U= wf e (HX(R))".
on
We obtain the following
Lemma 2.4. Assume that 2b; # 1. Then
Ker(L) = (Xo)V, (2.23)
where
Xo = span{w'(y)},
w is defined in (1.6), and
Ker(L*) = (Xo)". (2.24)

Proof: Let us first prove (2.23). Suppose
L® =0.
Let us diagonalize B such that
P 'BP =,
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where P is an orthogonal matrix and J has diagonal form, i.e.,

dy 0
J= -

0 dy

with suitable real numbers b; j=1,2,... N.
Defining
® = P
we have
waJi) 9

" — d+2wd—2 w? = 0.

Jw?

For [ =1,2,...,N we look at the [-th equation of system (2.25):

O, — & + 2wd, — 2bl(/R w)_l(/R wd))w? = 0.
By Lemma 2.18 (3), the last equation (2.26) tells us that
P, € X,.
Continuing in this way for [ =1,... , N, we have
d, e Xy, l=1,... N.

(2.23) is thus proved.

To prove (2.24), we proceed in the same way for L*.

(2.25)

(2.26)

(2.27)

(2.28)

Using o(B) = o(BT) the I-th equation of the diagonalized system is as

follows:

B~y 4 2w,

—2bl(/R w)_l(/R w))w = 0.

Multiplying (2.29) by w and integrating over the real line, we obtain

(1— 251)/ W, =0,
R

which implies that

/ w2\ifl = O,
R
since 2b; # 1.

(2.29)
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Thus all the non-local terms vanish and we have
Ly¥, =0, l=1,...,N. (2.30)

This implies that ¥, € Xy for [ =1,... ,N. O

As a consequence of Lemma 2.4, we have

Lemma 2.5. The operator
L: (H*(R)Y — (L*(R))"
s an invertible operator if it is restricted as follows
L ((Xo)™)" n(H*(R)™ — ((Xo)™)" N (L*(R))".
Moreover, L~! is bounded.

Proof: This follows from the Fredholm Alternatives Theorem and Lemma
2.4.
O

3. COMPUTATION OF THE SMALL EIGENVALUES I: PRELIMINARY

In the next two sections compute the small eigenvalues of the problem
(2.2). From Section 2 and Lemma 2.4, if \c — Ao = 0, then

¢e,j - ¢j7
where Ly® = 0. Hence ¢; = c;w’(y) for some ¢;. This suggests that the first
term in the expansion of ¢ ; is a;w'(y) for some constant a;. As we shall
prove, the small eigenvalues are of the order O(€?). We need to expand the
eigenfunction up to the order O(e)-term. Let us define

We j(x) = x(z — xj)uc(z), (3.1)
where x(t) is defined before (2.4). Then it is easy to see that
N
u(z) => w.;(z) +est. in H*(R). (3.2)
=1
Note that

- _ r—X; .
We j ~ &, 110(76 j) in HZQOC(—I, 1)
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and W, j(x) satisfies

e — Wej + W v+ es.t. = 0. (3.3)

~7 d : .
Thus w, , := “5=! satisfies
2] dx

i, ,(+1) = 0.

Let us now decompose

with complex numbers aj, (the factor € is for scaling), where

/ 11
gbj_ L ICQte = Span {we,]lj = 1, Ce ,N} C HZ(—E, g)

Suppose that || el 2o, = 1, where Qc = (=1, 1). Then |a5| < C since

HE@DEJHH%{,%) >C>0.

Similarly, we can decompose

N
V=€) ase; + v (3.6)
j=1
where 1) ; satisfies
{ Dy, ; — fwe,ju? — 280U, ; = A, (3.7)
WL, (E1) =0
and 1 satisfies
l)AweL - ?ﬂiug - %Ueue(bi = EAGweL (3 8)
(&) (1) =0. '

Substituting the decompositions of ¢, and v, into (2.2) and using (3.4) we

have
N - ’
€Y aj (u§¢e,j - (w@j)%e)
j=1

+62(¢5L)U - ¢5L + 2ueve¢i_ + uzwel — )\gfzﬁ +e.s.t.

N
=\ (EZ a;.uv;j) . (3.9)
j=1
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Let us first compute

L= i a5 (e — (e5)*v,)

J=1
N , N
= e af ()2 (Vey —v)) + €D a5 D (ter) ey + 5.t
=1 =1 " k#j
(by (3.2))
N
=) aj(te ) (e = v)
j=1
N
Z Z ag e r( wﬁ]
=1k
We can rewrite I; as follows
N N ,
=y > a;wf,j (@De,k - U65jk> +est. (3.10)
j=1k=1
Let us also put
Lpt = EAGE — ¢F + 2ucvdt + ulyt (3.11)
and
a = (a,...,a5)". (3.12)
Multiplying both sides of (3.9) by w;l and integrating over (—1,1), we
obtain
N 1 / /
rhs. =ei ) aj/ W, W,
=t 1
= Aai;”? /R(’w/(y))2 dy (14 0(€)) + O(Aeelac]) (3.13)
and

N N 1 , ,
l.h.s. = (EZ Z a; /_1 wz]’ (we,k - UG(Sjk> ﬁ)e,l

j=1k=1

[ atwor [t )1+o<1>>

= (J1g + J2g + J30) (1 + 0(1)),
where J;;, @ = 1,2, 3 are defined by the last equality.
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We define the vectors
Ji = (Ji,b e Ji,N)T, 1=1,2,3. (3.14)

It remains to compute Jq,J,, and J3. To this end, we need to introduce
several matrices.
Let Gp(z, z) be Green’s function of

DGp(z,2)+1—-6.=0 in (—1,1),
f—ll Gg(x,Z) dx = 07 G,D(_LZ) = GID(LZ) =0.

(3.15)
We can decompose G'p(z, z) as follows
1
GD(x,z):EM—ZH—HD(x,z) (3.16)
where Hp(x, z) is the regular part of Gp.
We define
Gp = (Gp(ws,75)), (3.17)

Let us denote % as V,,. When i # j, we can define V,,Gp(z;, x;) in the
classical way. When i = j, we define

0
V., Gp(x;, x;) == (975|2:9“H(x’ ;).

Now the derivative of G are defined as follows:
VGp = (V,,Gp(xi, x))). (3.18)
Finally the key matrix M is defined as

M= _2];1 VG (T +1Gp) " (VG (3.19)

Then we have the following key lemma.

Lemma 3.1. For e sufficiently small, we have

N
Ji=a@ | =55l +9VGp(I =7Gp) " (VGp)" | ac + o(<?),
(3.20)

Jy = o(é%), (3.21)
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and

I3 = c1€®| = 29VGp(I —~Gp) (I +7Gp) " (VGn)" + |ac + o(€?),
(3.22)

where ¢y 1s given by

cfw [w?

cl = >0 3.23

and 7y is given by (2.9).

The proof of Lemma 3.1 is delayed to the next section.

Let us now use it to study the small eigenvalues. In fact, note that

Ji+J2+Js

=€’ [—;};I —9Gp(I =1Gp) " (2( +7Gp) ™" - ])(ng)T} ac + o(”)

N
=€ {—I —vVGp(I + ng)‘l(VgD)T} a. + o(e?).

2D (3.24)
Now we use l.h.s. to obtain that
Lh.s. = 0162§1€2Ma€ + o(€?), (3.25)
where M is given by (3.19). Comparing with r.h.s., we have
162 Ma +0(e?) = Mg [ (w/ () dy + O(AdJad).
& & Jn (3.26)
Equation (3.26) shows that the small eigenvalues A, of (2.2) are
Ae ~ €2cy0(M), (3.27)
where
e = f(;l)Q <0 (3.28)

and (M) is the spectrum of M. Therefore all that remains is to compute
the eigenvalues of M. They are difficult to compute and we delay these
calculations to Appendix C.

By Appendix C, we have the following lemma on the eigenvalues of M.
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Lemma 3.2. The eigenvalues of M are given by

2 0;
NN wehiogy
! 2D’ J 2Dtan2ﬁ _ i8662ﬁ’ v
2 ~ 2DN 2 (3.29)
where 0; = ”(jjgl), j=2,..,N.

From Lemma (3.2), we obtain the following main result of this section.

Proposition 3.3. The small eigenvalues of (2.2) are given by
Aej = €emy,j=1,..,N, (3.30)
where ¢; and m; are given by (3.23) and (3.29), respectively.

Now combining Proposition 2.3 and Proposition 3.3, we can finish the
proof of Theorem 1.2.

Proof of Theorem 1.2:

We first consider the case N = 1. In this case, by = 1 and thus the large
eigenvalue is always stable. For the small eigenvalues, m; = —% < 0. So
the small eigenvalue is stable, too.

Next we assume that N > 2. Since if D > D}, we have instability of large
eigenvalues, we may consider the case D < D},. In this case, it is easy to see
that

0
tan? 3 — 2;NS€C2§ < 0.

By Proposition 3.3, we conclude:

If 1 — 2= < 0, we have stability, while if 1 — ;2= > 0, we have instability.

2DN 2DN
It is easy to compute that 1 — 5735 = 0 if and only if
D ! = D3

S S
2N3¢ [ w? N

Since D} > D3, we see that we have the stability of both large and small
eigenvalues if and only if D < D3%,. This finishes the proof of Theorem 1.2.
0
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4. COMPUTATION OF THE SMALL EIGENVALUES II: PROOF OF LEMMA
3.1

In this section, we prove Lemma 3.1.
We remark that

1
~9 ’ "
/ 1 we,j (wﬁ,k - Ue(sjk)we,l

1 ) .
= /1 UNJil(’(ﬂQk — U€51k>w€7l + e.s.t.
So we need to study the asymptotic behavior of 1. near x;. Since 1.y
satisfies (3.7), we have that

. c rl !
Ve p(T) — Ve = 2[1 Gp(w, 2)[hesu? + v, ;] dz. (4.1)
where ¢ = % J*, ter. Hence we have
wa2 N

— > Gp(Th, T Ve j (Tm)

ge m=1

Ve j(Th) = Vep =

c [w?
§e
On the other hand, integrating (3.7), we obtain

c [w?

£2 Z—l ¢6»k(xm) = O(e). (4.3)

Note that by Appendix C we have

21 VanGp(Th, 2m) + O(€9). (4.2)

N

N
> Vi Gp(@p,mm) =0, > Gp(wp, zm) = A,

k=1 k=1

where A is a constant independent of m. (4.2) and (4.3) imply that

e = O(e). (4.4)
Hence

¢e,j (xl) Cf’LU2
V., = : =—( - VQD)_I(VQD)TT +O(é%).
bej(zy) € (4.5)

From (4.2) we also see that for [ # k

Ver(T1 + €y) — Yer (1)
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Z VIZGD(xlv xm)¢e7k(xm)

562 m=1
c [w?

£e
CfU)Q N

= 52 Z vfflGD(xka xm)we,k(xm)ey —+ O(yQ) (46)
€ m=1

(waQ N

VeV, Gt 7m) e + O(€)

since

ViV, Gp(xg, xm) = 0.

Tm

At [ = k, v, satisfies

D(v,)" = cuv, — %Xuvab,, =0,
/ 1 / (47)
v (z— %) =v.(z + +) =0.
Since the Green’s function for Du” = §,,—+ <z < +,u(—1) = u(3) is

s lo— 2|+ &5 (22— ), we have that v,(z) satisfies for © = zie+y, z = 1+€2

¢ (v (1 N 1
v (2 + ey) = / (2D z|—|—2D(xz—N2)) (uv, 4 2D ez)d

c [we 1 N
=- ely— 2|+ o 2
). <2D6\y z\—i—QD(e yz)) (u?v, + 2ucv b, e dz
2c [~ : 2
;/ — Z|ww —I— ey/ ww z + O(é%). (4.8)
Similarly
77Z)e,l<xl + Gy) - we,l (ZL’[)
1 !
= [ (Golo+ ey, 2) = Gplo, 2) (eat? + 2 ) dz
c [1 T+ ey)? — a? N
= E[ [ (|log + ey — 2| — |x — 2|) — (1 4‘% l] (we,luf—i—Qveuewe,l) dz
c [t w?
= 5p¢ |l =2 = [Eeson) g dz
_cew w?  2c [ PR
ly?ﬂez( )f — + T [m ly — z|w(2)w (2) dz. (4.9)
Hence

Vea(Tr + €y) — Yer() — (v.(20 + €y))

1 2(5
_ LG/_Ny — - |z])w§(j)¢e,j(xl> dz + eyV ., Gp (a1, 1) ey (21)

cfw

£
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N N cfw?
2DV ¢,

Combining (4.6) and (4.10), we have
(e — U,(Suc)(l’z +ey) — (Ve — U;(Slk>($l)

2D /1 &2

¢ f v’ Z V:El Gp (xka xm>¢e,j ($m>€y

562 m=1

+N c [ w?
—e¢
20"

Substituting (4.11) into the computation of J;, we obtain that
Ji=e¢ fc/ yw?(y)w (y) dy

53
N [ee] 2 2
[wcf—gw I CQ;" VQD(I+79D)_1(VQD)TCI€:U+O(e)] a
L1, 1 , [N

= (5 [T W) [T =26 (L~ 2Gp) (VGn)T +0(0)

+ O(€). (4.10)

we ,J (xl)élk

y—2 - |2) 5

!

2

cfw
2D

&e
2 3
‘W (551 = 79Go(1 = 7G0) ™ (VGn) +0(e)| a,

= 1€ [V2Gp + VG (I = 1Gp) " (VGn)" + O(e)] ac
which proves the asymptotic expansion for J.

Next we compute Jo and J3. To this end, we need to study the asymptotic
behavior of ¢t. Let

~ 1
0 = ~otxle — zy) (412)
Then it is easy to see that
N
b =€y oo+ O0(?) in H* (). (4.13)
j=1
Set ~
1
€1
éj‘ = .
il

e,N
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By the equation for ¢ :

2
DAY — SuPyt — Zuast = et (4.14)
€ €
we see that
—  cfuw? N
wi(“"l) — Pt = 5 Z GD(xi;xm)w () + 2ce Z Gp(xi, T /wgbem
¢ m=l m=1 (4.15)
Hence
? (1) ) -
wi=| | = =9G0)  eegp [wil +e B,
f (zn)
where
1
e =
1
Note that
N
Yt + 2ce Z /wgbﬁm =0
m=1
Let
11 1
11 1
FE = ] )
1 1 - 1
Then
U = (I —~Gp) " (2ceGp — 7E / wd} (4.16)
and

U (z + ey) — v (a)

N
= eyy Z VIZGD(xl,xm)w (2n) + 2y2¢ Z V., Gp(xy, T, /wgzﬁem
m=1 m=1 (4 ]_7)

By (4.5) we see that as € — 0

7 pan
(bE,j - ¢57j'
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We introduce the notation
o
ot — :
on
where & satisfies

{@)”—@Hw@ LS 2 4 (1 - 9Gp) " (VG0) 2L <0,

o

(I)J_ 1 (XO) )
with ;
w? c
B=—"—(I— __F
§0 ( ﬁygD) (CgD ~ )
—(I —=7Gp) ' (vGp — E)
lima, = a°.
e—0
Hence 2
ot =—(1-2B)""(I —~Gp)~ (ng)T chgww,
0
Uk = (I —~7Gp) " (2ceGp — — E / wt
2 2
—(I —=~Gp) ™" (2¢eGp — EE / w*(I = 2B)" (I = 7Gp)~ (ng>TC‘g”
and so we have
2 / ~
I3 = fzjﬁygw [ngwi +2¢VGp /R wdt
2, 2
— 2f?ﬂ£; w C.Q;U |:)/ng(] — ’YgD)_l(QCGD _ %}/CE) + QCVQD] /wci)i
2
=€ Cl[ng(I ")/gD) ( [_;E)
—(I =2B)7'(I —1Gp) ' (VGp)"|a’
Note that

B=(-~Gp) '(vGp — E),
I—2B=1+2(I—-~Gp) (vGp — E)
= (I —1Gp) I +1Gp — 2E),
(I—2B)"' = (I +~Gp —2E)"Y(I — 7Gp).
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So
V(I —Gp) (I - f)(—u —9B) (1~ 4Gp) )(VGp)"

— —VGu(I =1Go) 1 = )T +1Gp ~ 2B) (Vo)
Note that E(VGp)T =0 and EGp = GpE. Hence
(I +~Gp —2E) ' (VGp)" = (I +~Gp) 'VGp
and
Js = a1 [~2VGp(I = 1Gn) "' (I +7Gp) " (VGn)"] ac = o(e*),
which proves (3.22).

5. NUMERICAL SIMULATIONS

We have performed some numerical simulations to verify our results. In
all our computations, we take ¢ = 1 and work with the rescaled equation
(1.5). By Theorem 1.2, we have

1
Dy=———.
N 2¢ [pw?N3
Since [ w? = 6, we can compute
1
Dy = NG (5.1)

Let us first consider the dynamics of one-peaked solution first. It is well-
known that the single-interior spike solution is unstable when D = +oc.
(See [23].) However, if we take D < 400, the one-peak solution can become
stable. We have computed the dynamics of one-peaked solution when D = 5
and € = 0.05. Figure 2 contains the trajectories of u at different times:
t = 50,t = 2500, ¢ = 50000.

The trajectory of the center of the spike is given by Figure 3. We see that
the trajectory converges to the center.

Next we consider the stability of two-peaked solutions. We start with
D = 1,e = 0.006. By our theory, the critical thereshold for the stability of
two-peaked solution is Dy = % ~ 0.01. So it should be unstable and our

numerical computation confirms that. See Figure 4.
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Finally, we decrease D to be D = 0.008 < D,. By Theorem 1.2, the
two-peaked solution should be stable. Figure 5 confirms that.
Figure 6 shows that the trajectories of the centers of the two-peaked so-

lution converge to the stationary two-peaked location.

6. APPENDIX A. EXISTENCE OF N-PEAKED SOLUTIONS

We prove Theorem 1.1 in this appendix. Since this is similar to that of
[17], we shall give a sketch only. The main idea is that we restrict the solution
to be symmetric and then apply the implicit function theorem.

To this end, it is enough to consider the following problem

u' —ut+vu=0 in (—1,1),

Dv' +1— <=0 in (-1, (6.1)

u'(£l) = v'(£l) =0,
where [ = % We construct symmetric single-peaked solutions to (6.1). Then
by pasting N of these solutions together we obtain a symmetric N-peaked
solution in (—1,1).

Let

B ={ue -1l

€ € € €

’ €
o) = ul=) (£5) = 0},
Fix u € H2. We can solve for v first: Let v = T'[u] be the unique solution of
Dv' +1—<vu?=0 in (-L1),
v'(£1) = 0.
Then problem (6.1) can be re-written as a single non-local equationy,

Ayu—u+Tu* =0 in (=41, y=12
uwe HX (-1 1)

ele/’

Recall that

& =cN / - w?
and define
1
uwwzgwfnu»
0 €

where Y is defined before (2.4). Set u = w, + ¢.. Then we have

€0, — de + 2T[wwepe + T [we] (¢e)w?
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s L o
+ Tww?: — gwe +es.t.+ Np] =0 (6.2)
0

in H%(—1,1), where N[¢] represents all quadratic and higher-order terms in
oe. Let

Scod = ¢, — ¢e + 2T [wlwede + T’ [we] (de)w?.
As € — 0, we can compute easily that
2fwg ,
w*.

Se = Sy =Ad =6+ 2wp— =

We now have

Lemma 6.1. For e small,

11 11
Set H(—=,=) — Li(—, )
€ €

€ €
18 one-to-one, onto, and thus invertible.

Proof: This follows from the fact that the operator Sy is invertible in the
space
H}(R) = {u € H*(R)|u(y) = u(-y)}.

From Lemma 6.1 and the fact that

Tlu(0) = (1 + 0<e>>§0

we see that (6.2) is solvable for |[¢e|r2(_: ¢y small, by the contraction map-

ping principle.

7. APPENDIX B. COMPUTATION OF THE MATRIX B

In this appendix we prove Proposition 2.1.
We first analyze problem (2.8) in this section. We use an indirect approach.
For —1 <z < 1, ¢y = 0. Hence

Yo(z) = tho(z1) =M. (7.1)
Similary, for x; | <z <z, 1=2,... ,N
T; — X T — Tij—
Yo(x) = nia + 1 - (7.2)

Xy — Tj—1 Ty — Tj—1
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Hence
N
Y = 5(771 —mimq) for o <z <y (7.3)
Finally, for zy < z < 1, we have
%(17) =0, o(z)=1nn. (7.4)
At x;,i=1,...,N, we have
D e, =i = 2 [wes =0, (7.5)
where [t/'],, denotes the jump of ¢ at x;. So at z;, we have
DN
7[772 —m|=ym+ 20/w¢1. (7.6)
At x;,1=2,...,N — 1 we have
DN
T[mﬂ — 21 + 1] = ymi + 20/@0@- (7.7)
At xn, we have
DN
10— O = mx-1)] =y + 2 [won. (7.8)

From (7.6), (7.7), and (7.8), we arrive at
DN -
n= <2K—7]) QC/wCID,

which is exactly (2.12), where the matrix K is given by (2.11) .

DN -1
B=v (5 K-a1) -

Since K is a symmetric tridiagonal matrix, its eigenvalues of K can be com-

Hence

puted easily (see [9]):

— 1
k:j:2<cos7T(JN)—1>, j=1,...,N

and the eigenvectors of K are

q:(q1,17~-'7ql,N), l:2,...,N,

1 m(y—1 1 ,
q,yj:mcos< (JN )(5—2)>, j=2...,N, I=1,...,N.
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Hence the eigenvalues of B are

DN -t
bj:’}/(2]€j—’)/> s jzl,,N

8. APPENDIX C: COMPUTATION OF THE EIGENVALUES OF M

First, let us compute Gp(x, z) — Green’s function —

DGp(2,2)+3—-6.=0 in (—1,1),
ffll GD(xa Z) dx = OvG/D<_1>Z> = G/D(172> = 0:

which was introduced in (3.15). It is easy to calculate that

11 (@+D)?  (1-2)?
Gl ) b5 -] —l<a <y,
r,z) =
DA ;[;_ﬂ_ﬂ—ﬂ r<z<1
D |3 4 4 ’ - )

We decompose

1
Gp(z,z) = E|x —z|+ Hp(x, 2).

By simple computations,
1 1 2 2
o) = |3 -5 - 2.

For x # z we calculate

il e < 2

V.V.Gp(z,2) =0, V,Gp(z,2)={ "
_902;[)1 if z <ux.
We further have
z
V.Gp(x,2)|s=r = VoHp(x, 2)| 4= = ~5p
Let z; = -1+ % So we obtain
1
VOp = (cij)(=55),
where

r1+1 1< j,
Cij = ri—1 1> 7,

We need to compute the eigenvalues of

N
M = —EI — VGl ++Gp) 1 (VGp)"

(8.1)
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—_ﬁ _ i2 —1~T
=—5pl — (5 CU+1Gp)"C". (8.7)

To this end, we introduce two matrices which will play very important

roles. First, let us denote

P:<q17"‘ 7(1N)7

where
a =gl 1),
ql:(ql,la"'ac_Il,Na l:27aN (88)

qQ,; = \/%cos (L];l)(l - %)) , j=2,...,N.
(Note that P consists of the eigenvectors of K in Appendix B.)

Similarly, we define

Q = (Vla"‘ 7VN)7
where
\ = ﬁ(17_1717‘ .. ,(_1>N+1),

Vl:(vl,17""avl,N7 l:2a7N (89)
v = \/%sin<7”(3]\71)(l—%)), j=2,...,N.

We now make a few claims:

Claim I:
A1
P 'GpP = , (8.10)
AN
where
1 1
M= DN M T  2DNsin?(T95D)’ SR (8.11)
Claim II:
1%
QVGpP = , (8.12)
Un
where
=0, vy L j=2,...,N. (8.13)

- (1)
2D tan =
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We shall verify these two claims at the end of the appendix. Let us suppose

the above two claims are true. Then the eigenvalues of M are given by

So my = —% and for j =2,..., N,

—1
N 1, 1 0
m; = — l1— —— ,
1= 9p  ap) ( 2DNsin292j)

7]
2
which proves Lemma 3.2.
Finally we prove Claim I and Claim II.
Proof of Claim I: Let 8 # 0. We recall the following formulas:

al 1 in g N
> cosb(l— = _ o
=1

97
l—f Cosel—}) NsinisinNQ—5(219—0080]\[)008%’
2 2

1 N [cos N cosesinNH
(l — 5) COS@(Z — *) - —— <9>6 + (26)9

sin 5 4 sin 5

2 sm

2 sin

To prove Claim I, all we need to check is

N
ZGD(xiyxl)QZ,j = quimj' (814)
=1

When j = 1, we have that

C2s-lpr L2
Nz 2T 2Nl:1
1 xf

_zml,

where \; is given by (8.11).
For j =2,..., N, we need to check that

S G (s, ) cos(0, (1 — ;)) — )\, cos(6; (i — ;)), (8.15)

=1
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where G 1)
m(j—1
0, N
Note that ) )
x;
2DGp(xiyx)) = |w; — x| — = — ?Z — 21
1 22 1 20-1) 2(1-3)?
=372 et N T Tl
Since
al 1 in N0,
S costy(i— 5y = V0 g
= 2 2sin %
we have that
al 1
2D " Gp(x;, 2;) cos(;(1 — 5))
I=1
2 J 1 2 & 1
l— = [—— — 0;(l — =
lz:; ) cos(8;( ~ N3 Z % cos 0 ( 2)
2 & 1, 4 1
—l—N;l—z ) cos 8, ( §)+N (z—l)cosej(l—§)
_ 4 (cos N§; — )cos%
N 4 sin? %
2 N—COSNQJ'COS% Ncosgﬂ cos N sin %J
N2 4 sin? % 4sin® 3
4 : 1 1
N(z— ZCOSQ ;(Z—Q)cosej(l—2)>
4 ( 1)511192 isin = sinf;i — (1 — cos 6,i)5 cos cos%
= — 7 — —
N 2 281n92j 281112%  Nsin 29
_ cosB;(i—3)
N sin® 3
Therefore we obtain that
1
. —— J=2,...,N, (8.16)
2DN sin® (gN )
which proves Claim 1.
O

Next we prove Claim II.



32

DAVID IRON, JUNCHENG WEI, AND MATTHIAS WINTER

Proof of Claim II:

We need to show that

S () <o (T

For 7 = 1 we calculate

N
Zczl sz N—-i)=x;N+N—-2i—1=
So we get
vy = 0.
For 7 > 2, we consider
al i — 1 1
;Cd cos (W(‘]N )(l — 2))
N —1 1
— ;xz cos <7T<‘7N )(l — 2))
i—1 N 1
+ > cos <0J(l - )) + > cos (Qj(l - )>
=1 I=i+1
inf;(i—1 1
= _sinf, (@ p ) + 7 (sin NO; — sinib;)
2sin < 2sin <
_ sinf;(i — 1) + sin i6;
QSiH%
_ 2sinf;(i - %)cose
2sin EJ
1
B tane' (i - 2>'

Claim II is thus proved.

0.



STABILITY ANALYSIS OF TURING PATTERNS

0.25

01

0.05

FIGURE 2. Dynamics of one-spike solutions.
0.05 and the trajectories are at t=50,t=2500

0.5
Here D =5,¢ =
and t=50000.
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5000 10000 15000 20000 25000 30000 35000 40000 45000 50000

FIGURE 3. Trajectory of the center xo(t).
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0.2

0.1

Y

0.05 1 1 1
-1 -0.5 0 0.5

F1GURE 4. Unstable two-peaked solution above Dy. Here D =
1 > Ds,e = 0.06 and the trajectory is taken at t = 100.
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0.12 ; . :
004 | ‘ i
002 | i
0
0.02 ' : '
1 -0.5 0 05 1

FiGURE 5. Stable two-peaked solution below D,. Here D =
0.08 < Dy,e = 0.06 and the trajectories are taken at t =

10,100 and 1000.
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0.6 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000

FIGURE 6. Trajectories of the two centers. Here D = 0.008 <
Dy, e = 0.06.
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