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Global Synchronization for Delayed Complex
Networks with Randomly Occurred Nonlinearities
and Multiple Stochastic Disturbances
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Abstract

This paper is concerned with the synchronization problem for a new class of continuous-time delayed complex networks with stochastic
nonlinearities (randomly occurred nonlinearities), interval time-varying delays, unbounded distributed delays as well as multiple stochastic
disturbances. The stochastic nonlinearities and multiple stochastic disturbances are investigated here in order to reflect more realistic
dynamical behaviors of the complex networks that are affected by the noisy environment. By utilizing a new matrix functional with the idea
of partitioning the lower bound h; of the time-varying delay, we employ the stochastic analysis techniques and the properties of Kronecker
product to establish delay-dependent synchronization criteria that ensure the globally asymptotically mean-square synchronization of the
addressed stochastic delayed complex networks. The sufficient conditions obtained are in form of linear matrix inequalities (LMIs) whose
solution can be readily solved by using the standard numerical software. A numerical example is exploited to show the applicability of the
proposed results.
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I. INTRODUCTION

Over the past few decades, the studies of complex networks have been an active field of research in many scientific
and technical disciplines [1,5, 6,14-16, 26,31-33, 38]. Many systems in nature can be described by complex networks
with examples including genetic networks, information networks, the Internet, and social networks etc. Among many
literature on analyzing complex networks, one of the most widely investigated dynamical behaviors of complex networks
is the synchronization motion of its dynamical elements [6,14, 18,33, 38].

In practice, time delays are considered as ubiquitous in networks due to the fact that the information transmission
within complex networks is in general not instantaneous since the signals traveling speed is limited, and it is known that
the time delays may cause undesirable dynamic network behaviors such as oscillation and instability. In addition, it is
noted that continuously distributed delays, either bounded or unbounded [3,19,20,22, 28], have received more attention
since the complex network usually has a spatial nature due to the presence of parallel pathways with a variety of axon
sizes and lengths. Recently, there has been a growing number of papers dealing with both discrete and distributed
time-delays, see e.g. [3,8,19,20,28] and the references therein.

In real-time systems, the signal transmission is usually a noisy process brought on by random fluctuations from
probabilistic causes and, therefore, stochastic modeling has been of vital importance in many branches of science such
as neurotransmitters and packet dropouts. It is often the case that the dynamical behaviors of complex networks are
largely affected by the stochastic disturbances. Subsequently, the synchronization problem for stochastic networks has
begun to receive some initial research interests. In [16,17,29,33], the synchronization problems have been intensively
investigated for delayed complex networks with various kinds of stochastic disturbances, where the criteria ensuring the
synchronization among networks have been derived mainly based on the Lyapunov approach that is capable of coping
with the different type of time-delays.

In addition to the network-induced delay and external stochastic disturbances, “random” phenomena often appear
due to connections over communication channels, such as random communication delay, random measurements and
random packet losses, which have recently attracted much attention in the networked control society. However, another
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interesting random phenomenon, random nonlinearity, has been largely overlooked. As is well known, a wide class of
practical systems are influenced by additive nonlinear disturbances that are caused by environmental circumstances. For
complex networks with communication constraints, such nonlinear disturbances themselves may be subject to random
abrupt changes, which may result from abrupt phenomena such as random failures and repairs of the components, changes
in the interconnections of subsystems, sudden environment changes, modification of the operating point of a linearized
model of a nonlinear systems, etc. In other words, the nonlinear disturbances may occur in a probabilistic way and are
randomly changeable in terms of their types and/or intensity. The randomly occurred nonlinearities, also called stochastic
nonlinearities, have recently received some interest in the literature. For example, in [35,37], the filtering and control
problems for discrete-time systems with stochastic nonlinearities have been thoroughly investigated. Unfortunately, to
the best of the authors’ knowledge, the synchronization problem for complex networks experiencing randomly occurred
nonlinearities with or without time-delays and stochastic disturbances has received very little attention, and the purpose
of this paper is therefore to fill in such a gap.

Motivated by the above observations, in this paper, we aim to deal with the synchronization problem for stochastic
delayed complex networks (SDCN) with stochastic nonlinearities, multiple stochastic disturbances, time-varying delays
and continuously distributed delays. We are interested in deriving sufficient conditions for the addressed problem by
employing the properties of Kronecker product [13] and the stochastic analysis techniques [2,11,24], combined with the
‘delay fractioning’ approach [25,26,33]. A novel matrix functional is constructed to attain new synchronization criteria,
which are formulated in the form of linear matrix inequalities (LMIs) [4]. Note that the LMIs can be solved by using
the standard numerical software.

The remainder of this paper is organized as follows. In Section II, a stochastic complex network model with mixed
time-delays, stochastic nonlinearities and multiple stochastic disturbances is proposed, and some preliminaries are briefly
outlined. In Section III, by utilizing the approach of ‘delay fractioning’ and the matrix functional method, we conduct
the stochastic analysis to obtain delay-dependent sufficient criteria in terms of LMIs so as to ensure that the considered
SDCN with multiple stochastic disturbances and stochastic nonlinearities are globally synchronized in the mean square.
In Section IV, a numerical example is provided to show the applicability of the obtained results. The conclusions are
finally drawn in Section V.

Notations: Throughout this paper, R" and R"*™ denote, respectively, the n dimensional Euclidean space and the
set of all n x m real matrices. P > 0 means that matrix P is real, symmetric and positive definite. I and 0 denote the
identity matrix and the zero matrix with compatible dimensions, respectively; and diag{- - -} stands for a block-diagonal
matrix, col{---} denotes a matrix column with blocks given by the matrices in {---}. If A is a matrix, the notation
Amaz (A) means the largest eigenvalue of A. The superscript “T” stands for matrix transposition and the asterisk “+” in
a matrix is used to represent the term which is induced by symmetry. The Kronecker product of matrices @ € R™*"™ and
R € RP*9 is a matrix in R"*"? and denoted as Q@ R. We let C((—o0, 0]; R™) denote the family of continuous functions
¢ from (—00,0] to R™ with the norm |¢| = sup_ . <g<o ||¢(8)]|, where || - || is the Euclidean norm on R™. Moreover,
let (2, F,{Fi}1>0, P) be a complete probability space with a filtration {F;}¢>¢ satisfying the usual conditions (i.e., the
filtration contains all P-null sets and is right continuous). Denote by L% ((—oc0,0];R") the family of all F-measurable
C((—o0,0]; R™)-valued random variables { = {{(f) : —oo < 6 < 0} such that sup_ . .g<o E{|£(0)|P} < oo, where E{-}
stands for the mathematical expectation operator with respect to the given probabilitgl measure P. Sometimes, the
arguments of a function will be omitted in the analysis when no confusion arises.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following array of delayed complex networks with multiple stochastic disturbances and stochastic non-

linearities:
dri(t) = [Aari(t) + Dai(t — 7(t)) + 6(t)B1f (2i(t)) + (1 = 8(t))Bag(wi(t))
t N
+C / Kt — s)h(mi(s))ds] dt + > wi Ty (8)(dt + dws (¢))
N
+ 3w T (t — 7(1))(dt + dwa(t)) + o3 (t, 2i(t), 25 (t — 7(t)))dws (t), i=1,2,...,N, (1)
j=1

where z;(t) = col{z;1(t),...,xzin(t)} € R™ is the state vector of the ith network at time t; A, D, By and By are the
known real constant matrices; I'1, s € R™*™ represent the inner-coupling between the subsystems at time ¢ and ¢ —7(t),
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respectively; W) = (wg;))NxN and W®) = (wg)

coupling strength and the topological structure of the complex networks; furthermore, o;(-,-,-) : R x R® x R — R" is

)NxnN are the outer-coupling configuration matrices representing the

the noise intensity function vector, and wi(t) (k = 1,2, 3) are mutually independent scalar Brownian motions defined
on (9, F,P) satisfying

E{wr(t)} =0 and E{[wp(t)]?} = dt. (2)

Moreover, k(-) : [0, +00) — [0, +00) is the distributed time-delay kernel; and the discrete time delay 7(¢) is a time-varying
differentiable function satisfying [9]:

0<h <7(t) < hg, 7(t) < p, (3)

where hi1, his and p are constants. Finally, f(z;(t)) = col{ f1(z:1(2)), fa(zi2(t)), - - ., fa(@in(£))}, g(:(t)) = col{g1 (1 (t)),
g2(xi2(t))y .oy gn(zin ()} and h(z;(t)) = col{hi(x1(t)), ha(ziz(t)),. .., hn(xin(t))} are continuous nonlinear functions,
and 4(t) is a stochastic variable that describes the following random events for the system (1):

(4)

{ Event 1 : The system (1) experiences nonlinear function f(-),

Event 2 : The system (1) experiences nonlinear function g(-).
Letting 6(¢) be a Bernoulli distributed sequence defined by

1: if Event 1 occurs,
o(t) =

0: if Event 2 occurs,
it follows that §(t) satisfies
Prob{é(t) = 1} = E{6(¢t)} = dp, Prob{d(t) =0} =1—-E{6(t)} =1 — o, (6)

where the constant dg € [0, 1] reflects the occurrence probability of the event of the nonlinear functions f(-) and g(-). It
is further assumed that the variables §(¢) and wy(t) (k = 1,2,3) are mutually independent.

Remark 1: In this paper, the random variable §(¢) is used to model the probability distribution of the nonlinear
functions. To our knowledge, this represents the first attempt to take into account the occurrence of different nonlinear
functions in a probabilistic way for the addressed complex networks. In other words, in the complex network (1), the two
terms §(¢) By f(z:(t)) and (1 —6(t))Bag(x;(t)) can be used to account for the binary switch between these two nonlinear
functions according to the given probability distribution.

Remark 2: Tt follows from the given hypothesis that E{6(t) —dp} = 0 and E{(5(t) — 69)?} = do(1 —3p). As pointed out
in [39], 4(t) is a Markovian process and, for the following use, it is assumed that §(¢) follows an unknown but exponential
distribution of switchings.

Throughout this paper, the following assumptions are needed:

Assumption 1: [6] The outer-coupling configuration matrices of the complex networks (1) satisfy

N

w? = >0 (i£5), wf=- Y w? (¢=1,2 ij=12..N). (7)

Assumption 2: [10] For Vu,v € R™, the nonlinear Jﬁ:nllétf;ns f(), g(-), h(-) satistfy the following sector-bounded
conditions

[f(u) = f(v) = X1 (u = )]T[f(u) = f(v) = Xo(u—v)] <0, (8)

[9(u) = g(v) = Yi(u = v)]"[g(u) = g(v) = Ya(u - v)] <0, (9)

[h(u) = h(v) = Hi(u — )] [h(u) = h(v) = Ha(u = v)] <0, (10)

where X1,Y7, H; and X5, Y5, Hy are real constant matrices with Xo — X; >0, Y5, —Y; > 0 and H, — H; > 0.

Remark 3: The nonlinear functions f(-), g(-) and h(-) satisfying Assumption 2 are said to belong to the sector [X1, Xa],
[Y1,Y2] and [H1, Hs], respectively. Note that the sector-bounded nonlinearity of stochastic systems has been studied by
[33,34]. Tt should be pointed out that such a nonlinear condition is more general than the usual Lipschitz conditions
that have been widely used in [16,38].
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Assumption 3: [20] The distributed time-delay kernel s(-) : [0,4+00) — [0,+00) is continuous, integrable and also
satisfies

+oo —+oo
k= / k(s)ds < +00, K= / sk(s)ds < +00 (11)

0 0
Assumption 4: The noise intensity function vector o; : R x R™ x R" — R" satisfies the Lipschitz condition, i.e., there
exist constant matrices 31 and ¥, of appropriate dimensions such that the following inequality

T
(0i(t, ur,v1) — 04t ug, v2)) " (o3(t, ur,v1) — 05t ug, v2)) < [[B1(ur — ug)||* + [[S2(v1 — v2)||?

holds for all 4, 7 = 1,2,..., N and uj, vy, ug, vo € R".
By utilizing the Kronecker product ‘®’ of matrices, the network system (1) can be written in a compact form as

dz(t) = |[(INn@A+WD @T))x(t)+ Iy @ D+ WP @To)a(t —7(t)) + 6(t)(In @ Br)F(x(t))

t

+(1—-0(t)(In @ B2)G(x(t)) + (In ® C)/ k(t — s)H (z(s))ds|dt

AW @ T )a(t)dwr (1) + (WP @ To)a(t — 7(t))dws () + o (t, 2 (1), x(t — 7(t)))dws (1), (12)
where
z(t) = col{xy(t),z2(t),...,xn(t)},
F(z(t)) = col{f(z1(t)), f(z2(1)),.... flan (1))},
G(z(t)) = col{g(z1(t)),g(z2(t)),...,g(zn(t)},
H(z(t)) = col{h(z1(t)), h(z2(t)), ..., h(zn(t)},
(tz(t),z(t —7(t) = col{or(t,z1(t),z1(t —7(t ))) yon(tan(t),on(t —7(1)))}

Let the network (1) (or (12)) be supplemented with initial conditions of the form
zi(s) = ¢i(s) € Ly, ((—o0,0],R™), i =1,2,--- , N,

in which L% ((—oo,0],R") is the family of all Fo-measurable C((—oc,0], R")-valued random variables which satisfying
SUD_ oo cazo B 91(5) 2} < o0 [23,36].

Before stating the main results, a definition and some lemmas are introduced here.

Definition 1: The complex networks (1) (or (12)) is said to be globally asymptotically synchronized in the mean
square if

i B{ e, i(5) = 0.3 (DI} =0 (13)

holds for any i,5 € {1,2,...,N}.
Lemma 1: [13] The Kronecker product has the following properties:
(1) () ® B=A® (aB);
(2) (A+B)@C=A®C+ B®C,
(3) (A® B)(C ® D) = (AC) ® (BD);
(4) (Ao B)T = AT » BT.
Lemma 2: [3] Given any real matrices €1, Qo, A of appropriate dimensions and a number £ > 0 such that A > 0,
then the following inequality holds:

QT Qy + 070y <eQTAQ) + 7 1QTATIQ,.

Lemma 3: Let U = (quj)nxn, P € RY", z = col{z1,22,...,xn} where x; = col{zi1,zi2,...,%in} € R™ and
y = col{y1,y2, ..., yn } where y; = col{yi1, ¥i2, ..., Yin} €ER" (k=1,2,..., N). If i/ =UT and each row sum of U is zero,
then

U Py =— >yl —) Py — ;).
1<i<j<N
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Lemma 4: [20] Let M be a positive semi-definite matrix, a(-) : (—o0,a] — [0,+00) be a scalar function and F(-) :
(—00,a] — R™ be a vector function. If the integrations concerned are well defined, the following inequality holds:

< /_ ; a(s)f(s)ds>TM< /_ Oo a(s)f(s)ds> < /_ OO a(s)ds( /_ OO a(s)]-'T(s)Mf(s)ds). (14)

Remark 4: In the above lemma, if we take
1: b<t<a,
at) =

0 : otherwise,

we can get the following well-known Jensen inequality [12]:

(/]—‘ ds) (/]—‘ ) a—b(/ﬂ Mf()ds) (15)

Therefore, the Jensen inequality (15) is a special case of the inequality (14). Lemma 4 will be used to deal with the
infinite integral such as the unbounded distributed delays considered in this paper.

Lemma 5: [27] Let f be a nonnegative function defined on [0, +o00). If f is Lebesgue integrable and is uniformly
continuous on [0, +00), then lim;_,  f(t) = 0.

III. MAIN RESULTS

In this section, we deal with the globally mean-square synchronization problem of the complex networks (1) (or (12))
with stochastic nonlinearities and multiple stochastic disturbances.
In the following, for simplicity, we denote

X=XIXo+XIXx), X=XT+ XTI, v =VYo+V] 1,
V=YI+Yl, H=HIH,+HIH, H=HF+HI.
Rewrite system (12) as

dz(t) = [(IN @A+ WO @T)a(t) + (In @ D+ WP @To)a(t — 7(t) + do(In ® B1)F(2(t))
+ (1 —680)(In ® B2)G(x(t)) + (6(t) — dp) ((IN ® B1)F(z(t)) — (In ® BﬂG(:z;(t)))

+ (N ®0) / t Kt — S)H(x(s))ds} dt + (WD @ Ty)a(t)dwr (t)

+ (WO @ To)(t — 7(t))dws(t) + ot 2(t), 2(t — 7(t)))dws (1), (16)

In this paper, the discrete time delay we consider exists in an interval 0 < h; < 7(t) < hg, that is, the range of the
delay varies in an interval for which the lower bound is not restricted to 0. Let us represent the time delay 7(t) as two
parts: the constant part A; and the time-varying part d(t),

T(t) =d(t) +h, 0<d(t) <hg—hi, d(t) <p. (17)

By utilizing the most updated techniques for achieving delay dependence, the idea of ‘delay partitioning’ [25,26] is now
introduced to the constant part hp, that is, we divide A; into r equal divisions, where the integer r > 1 denotes the
number of fractions.

Define

y(t) = An(t), (18)

where

A= [(IN @A+ WO T, Onnxrnn, (In @D+ W3 @T9), Onnxnn,

do(In ® B1), (1 =00)(In ® Bz), In ®C, ONann:|a

n(t) = col{:t(t) x(t — @), I r-1

r

hl), ,’E(f—hl), ,’E(f—T(t)), ,’E(f—hg),

F(t)), G(x(t)), /

— 00

k(t — s)H (z(s))ds, y(t)}
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Then, the network (12) can be expressed as
dx(t) = [ y(t) + (5(¢t) — 00)Bn(t) ]dt + o(t)dw(t), (19)

where B = |Onpx(ri3ynn, (IN ® B1), — (In ® Ba), oNnngn}, dw(t) = col{dw; (t), dws(t), dws(t)}, o(t) = |(WD @

Ty)x(t), (W(Q) @)zt —7(t)), o(t,x(t),z(t —7(t)))].

Theorem 1: Consider the complex network (1) (or (16)) with unbounded distributed delay and a discrete interval
time-varying delay (0 < k3 < 7(t) < hi2). For a given integer r > 1, the asymptotic synchronization in the mean square
for (1) (or (16)) can be achieved if there exist matrices P, > 0 (I =1,2), Qx >0 (k=1,2,...,7+1), R> 0, Z > 0,
matrices My, S and positive scalars A, «, 3, v such that the following LMIs hold for all 1 <i < j < N:

P < A, (20)
=y M M
Gij = * —-R 0 <0, (21)
* x =7
where
- TA T ~ . h h hy —
g :WQQWQ+WS HijWS, M:dlag —Ml, —Mg,..., —MT,O,O, hg—thT+1,0,0,O,O,O 5
T T T
I Inxn 0n><(rn+7n) i
Onxrn In><n On><7n
OnX(Tn+n) Inxn Onxen
Irnxrn Ornxn Orn><7n A Q+M+MT -M 0n><(rn+2n) Inxn On><5n
Wq = ] Q= |: ] Ws = Onx(rn+3n) Inxn Onxan |,
Ornxn Irnxrn Ornx7n * _Q
Onx(rn+4n) Inxn Onxan
0n><(rn+5n) Inxn On><2n
0n><(rn+6n) Ian Onxn
L Onx(rn—i—?n) Inxn
[ T(1,1) 0 (1,3) 0 aX + 6o P1 By ﬁY + (1 — 50)P132 ’YH T(1,8) PC T
£ 0 0 ML, 0 0 0 0 0
* * 7T(313) 0 0 0 0 7T(3,8) 0
* * * —2M, 11 0 0 0 0 0
IL;; = * * * * T(5,5) (5,6) 0 SoBT ST 0 ,
* * * * * (6,6) 0 (1 —80)BEST 0
* * * * * * (7,7) 0 0
* * * * * * * hBR—-S—-ST SC
S * * * * * * * —%Pg ]
my = (ATP 4+ PLA) £ 25781 + Qi1 — Nwl ) TT ATy — Nwl) (PTy +TTPy) — aX — Y — 74,
T3 = P.D — Nwl) P\T, mg) = ATST — Nwl )TT 87,
7T(373) = AE%EQ - (1 - 'LL)QTJrl - ng’z)FQTPlfg, 7T(3,8) = DTST - waj)FgST,
T(5,5) = —2ad + 50(1 — 50)h2B,irZBl, T(5,6) = —50(1 — 50)h2B,irZBQ,
T6,6) = —2B1 + 6o(1 — 00)ha B3 ZBo, T,y = =291 + KPP,
Q:diag{Q17Q27"'7QT}7 M:diag{M17M27"'7MT}u

and WOD — O — (wg;’l))NxN, w22 — w@w @ = (’LUEJ2-’2))N><N-
Proof: Construct a matrix functional V (¢, z;) € CH?(R x R™ RT) as follows

V(tu :Et) = Vl (tu :Et) + ‘/2(t7 :Et) + ‘[‘3(% xt) + V4(t7 :Et) + ‘/E)(tu :Et) + ‘/G(t7 :I;t)7 (22)
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where
Vi(t,z,) = 2" () (U @ Pr)a(t),
t—uhl
Va(t, x¢) Z o 5)(U @ Qr)x(s)ds

Vat. 1) = / LU S Qe

+oo t
Valt,z) = / K(s)ds [ HT@O)U @ Po)H(a(0))d.

5(t, ) / / YU @ R)y(0)dods,
t hg S

Vis(t, ) = do(1 — &) / / 0)BT (U @ Z)Bn(0)dods
t—ho Js

-1, a #m;

with 7 > 1 (number of fractions) being an integer and U = [tuma|Nx N With Ume = { N1

, o =m.

The infinitesimal operator .Z of V (¢, z;) is defined as follows [24]:
. 1
PV(w) = Jm BV A na)le) — V(T2 (23)

With the detailed mathematical derivations in Appendix, we obtain

E{LV(t,z)} = > &50)E;+ MIsir @ (R 4+ Z71)MT)&5(t), (24)
1<i<j<N

where

&) = col ) (G — G0, (s <>—<]<t>>}

1711)},

Cl(t) = col Il t— ﬁl €Ty t—T(t)), Il(t— hQ)},

{ra
Ti(t) = Col{xl ,xlt——hl) ey (=
{

t

Gt) = Col{f(fri(t)), 9(zi (1)), h(zi(t)), vi(t), /

— 0o

K(t — s)h(azi(s))ds}.

By the Schur complement, we can see that condition (21) ensures ©;; = Z;; + M (Is;, ® (R™' + Z~1))M” < 0, and
then it follows that

E{ZV(t,fEt)} < /\max(éij) Z E{Hglj(t”P}

1<i<j<N
< 90> E{jlwt) - 20}, (25)
1<i<j<N
where 9 = maX1§i<j§N{/\max(éij)} < 0. Therefore we have
E{V()} — E{V(0)} = / E{2V(s)}ds
< E{Jla:(s) — ()] }ds, (26)
/0 1<§<N
which implies that
|3 Bl )Pk < —5EVO) + RV} < - FEVO). (21)

1<i<j<N
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From (8)-(10), it can be inferred that there exists a positive constant e such that
1f(w) = F)| <ellu—ol, llg(u) = g()]| < ellu— o[ and [[h(u) = h(v)[| < eflu— o], Vu,v € R". (28)

Accordingly, by (28) and Assumption 3, we can obtain V(0) < 400, then we have
¢

Y Efllzi(s) —a;(s)]*}ds < +oo.

0 1<i<j<N

Moreover, it is not difficult to see that E{||z;(s) — x;(s)||?} is uniformly continuous on [0, +oc). Therefore, by Lemma
5, we obtain
> E{llwi(s) — i (s)lI’} — 0, as t — foc.
1<i<j<N
In other words, all the subsystems in (1) are asymptotically synchronized in the mean square. The proof is complete.
|

Remark 5: The complex dynamical network (1) is a rather general system, since the mixed time delays, the stochastic
nonlinearities as well as the stochastic disturbances have been all taken into account in the proposed network framework.
It should also be pointed out that the distributed delays studied here comprise two types, one is the unbounded
distributed time delay that we have already considered, and the other is the bounded delay that can be demonstrated
as follows. If we take

|1, 0<s<p< oo

() = { 0, otherwise,
then the distributed time delay becomes finite in this case. Similar result can be derived easily for the bounded delay
case, which are therefore omitted here. Note that, in [19, 28], the bounded distributed time delays in neural networks
were studied. However, in almost all literature concerning complex (neural) networks with mixed time delays, the
stochastic nonlinearities have not been investigated yet. Therefore, in this paper, the model we put forward can reflect
more intrinsic characteristics of the real-time systems, and the main results obtained are more general than the existing
ones.

Remark 6: By taking advantage of a novel matrix functional and linear matrix inequalities (LMI) techniques, the
synchronization criteria have been derived in the form of LMIs for the stochastic complex networks with mixed time
delays, stochastic nonlinearities as well as multiple stochastic disturbances. The LMI-based conditions can be readily
checked by using the LMI toolbox in Matlab or other standard numerical software. An important feature of the reported
results lies in that all the conditions are dependent on both the lower and upper bounds of the time-varying delays,
which is made possible by utilizing the most updated techniques for achieving delay dependence.

IV. NUMERICAL EXAMPLE

In this section, we present a numerical example so as to illustrate the advantage and usefulness of our main results.
Consider a system coupled by three identical second-order complex networks with the network parameters given as

follows:
—25 0.3 ~16 04 ~15 05 —24 08
A‘[ 0.9 —1]’ Bl_[ 0.3 —0.5]’ Bz‘[ 0.8 —1.5}’ D‘[ 0.4 —1.6]’

[ -2 06 - . B |
¢= { 08 —1.2 ] , 00 = 0.56, r(s) = e, 7(t) = 1+ 0.5sin(2¢).

Choose the coupling matrices W), W) and the linking matrices I'y, I's as

-2 1 1 -3 1 2

0.7 —0.6 0.3 0.25
(1) _ _ @ _ B T — .
v ! 12 _12 W f 23 _13 11 { —04 0.7 ] L2 { —0.35 —0.4 } '

Let the nonlinear function and the noise intensity function vector be given by

f(zi(t)) = (0.5241(t) — tanh(0.2z:1 (¢)) 4+ 0.2242(¢), 0.95z;2(t) — tanh(0.75:1ci2(t)))T ,
g(xz(t)) = h(xz(t)) = (02.%11(0 - tanh(lell(t)), O.leiQ(t))T7 1= 1, 2, 3,
—-0.1 01 0.2 -0.2 } { U } .

t =
a(tu,v) 01 —0.1 02 —02
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Then, it is easy to verify that £ = 0.25, u =1, h; = 0.5, he = 1.5 and
0.3 0.2 0.5 0.2 01 O
! <0 0.2)’ 2 <0 0.95)’ P (0 0.1)’

02 0 —0.1 0.1 02 —0.2
Yz_H?‘( 0 0.1 )’El_ { 0.1 —0.1 ] 2z = [ 0.2 —0.2]'

By using the Matlab LMI Toolbox, if we take r = 1, LMIs (20)-(21) are feasible and the solutions are given as:

p_ [ 260331 7.8656 [ 17.9620 —2.9178 0, — 24.3735 —2.2467
7| 78656 15.4338 |7 "% | —2.9178 10.8588 |’ “' | —2.2467 19.2441 |’

Q5 = 51.0797  —16.0797 n_ 5.6141 3.7871 7 14.6002  2.9157
27| —16.0797 21.4102 |’ " | 3.7871 4.0428 |' 7 | 29157 17.2751 |’

A =31.4146, a = 19.8248, 3 = 24.6340, v = 12.2727.

According to Theorem 1, the array of coupled delayed complex networks (1) with multiple stochastic disturbances
and stochastic nonlinearities can achieve globally asymptotic synchronization in the mean square under the allowable
interval delay. Such a conclusion is further supported by the simulation results given in Fig. 1-Fig. 2, where the initial
states for system (1) are taken randomly constants in [—1,1] x [—1,1].

0.8 \ ; ; ; ; 1
0.6 : 08f
0.4 E 06f
g 02 g 04
XH X‘_‘
N =
F o0 02
-0.2 0
-0.4f -02
-0.6 -0.4
5 10 15 20 25 30 5 10 15 20 25 30
t t
Fig. 1. Synchronization error of ;1 (t) — z11(¢) (¢ =2,3) Fig. 2. Synchronization error of z;2(t) — z12(t) (i = 2,3)

V. CONCLUSIONS

In this paper, we have investigated the networks synchronization problem of a new class of stochastic delayed com-
plex networks with N identical subsystems. By employing a novel matrix functional, the properties of Kronecker
product, linear matrix inequalities (LMI) techniques and stochastic analysis theory, the synchronization criteria have
been established for a stochastic complex networks with mixed time delays, stochastic nonlinearities as well as multiple
stochastic disturbances. Note that the LMI-based criteria reported in the present paper are dependent on the allow-
able lower and upper bound of the discrete time-varying delays, which is made possible by utilizing the most updated
techniques for achieving delay dependence. Moreover, the LMI-based criteria can be readily verified by the standard
numerical software. In the end of the paper, we have exploited a numerical example to show the usefulness of our results.

Appendix. The detailed derivations of E{. ¥V (¢,z;)} in the proof of Theorem 1.

Based on the properties of Kronecker product and Assumption 1, it follows readily that

UWH =Nw®O WD er)uUe PYWD oT;) = NWOWD) g (T, PTy) ij=1,2.
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Then, with Lemmas 1, 3 and 4, we have

LVi(t, )

LVa(t, xt)

LV3(t, )

LVa(t, xt)

LVs(t, xt)

IN

IN

227 () U @ P)y(t) + =" (WD @ TT) U @ PYWD @ T1)a(t)
+ 2Tt — 7)) WP @THU @ P (WP @a)a(t — 7(t))
+ o (t, (), z(t — 7(t)) (U @ Pr)o(t, z(t), z(t — 7(t))) + 2(5(t) — o)z™ (t)(U @ P1)Bn(t)

3 [(x,-(w )7 (2P1 (i (1) = 43 (1) = NwVTT PTy (4(t) — 2 (t)))

1<i<j<N
— (@it — (1) — 2 (t — (1)) T Nw>PTT PPy (it — 7(1)) — 2;(t — 7(£)))
+ (st @i (t), @it — 7(1)) — 0 (¢, 25(1), 25 (¢ — ()" 1

X (oi(t, zi(t), zi(t = 7(1)) — 0 (t, 25(1), z;(t = 7(1))))

3 {(mi(t) —z;(t)T |(PrA+ ATP, — Nuw() (AT + T Py)
1<i<j<N

~NwPVTT Py ) (24(8) — (1)) + 2(PLD — Nw() PiTa) (i(t — 7(t)) — z;(t — 7()))
+200 P1B1(f(wi(t)) — f(x; (1)) +2(1 — do) P1 B2(g(=:i(t)) — g(z;(1)))

+2P1(J/ w(t — s)(h(zi(s)) — h(xj(s)))d8:|

—(i(t = 7(t)) — z;(t — 7(t))T Nwl? DT PiTs (i (t — 7(t)) — a;(t — 7(1))
(it ma(t), walt — 7()) — 0 (t, 25(8), 25(t — (1) Py

X (oi(t, i (t), mi(t — 7())) — 0 (£, 2 (), w5 (¢ — r(t>>>>}7

a (¢ )(U ® Q1)a(t) — 2T (t — h)(U ® Qr)x(t — ha)

Z ( t — 7ﬁ1 (Z/{® (Ql Ql+1))1‘(t — éhl))

{(ri(t) =z ()T Qu(wi(t) — z;(t) — (xi(t — h) — x;(t — ha))"

1<i<j<N
r—1 l l

X QT(Ii(t—hl)—.’Ej(t—hl Z(:El t——hl)—wj(t——hl))
=1

X (Qu = Qui)(ailt = S) — (e — 1),
(U ® Qri)a(t) — (1 +HB)aT (£ — (1)U © Qrs1)alt — 7(1))
) [(x:-(t) (1) Qr (i (1) — (1))

1<iG<N
—(1 = p)(@i(t —7(8) =2 (t = 7(0) " Qry1(ws(t — (1) — 2;(t — 7(1))) |,

/0+°° k() HT (2(8) U @ Pa)H (a(t))ds — /Om w(s)HT (2t — ))(U @ Po)H(z(t — 5))ds
RHT (z(t))U ® P2)H(x(t)) — /Oﬂo k(s)HT (z(t — 8))(U ® P2)H (x(t — s))ds

> {ff(h(wi(t)) = h(z; ()T Pa(h(i(t)) — h(z;(t)))

1<i<j<N

t
- [ Kt = 5)(h(@i(s)) = h(z; ()T Pa(h(xi(s)) — h(Ij(S)))dS}

t
S [RhGei ) = Ay ) Pl ) = ey = 1 ([ wte = 90t

1<i<j<N

(e () ) P, (f ; K = 9)(0(a:(9) — bl 6)ds )|

—hq
my" s RO - [ Ous Ry — [T e Ry
t—ELhy
3 [raui) w0 R0~ 150 Z( JAERCRON

1<i<j<N

t—hq
%R (e) =y ()ds) = [ ) = 1y () Rl () - s o).

10

(29)

(30)

(31)

(32)

(33)
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LVs(t,er) = hado(1—bo)n" ()BT (U @ Z)Bn(t)

t—hq

t
— do(1 — o) |:/; X 0T ()BT (U ® Z)Bn(s)ds + T ()BT (U ® Z)Bn(s)ds]

t—hg
= do-d0) 30 [ma(Bn(o) — By 0) Z(Ban(t) - By (0)
1<i<j<N

r t_k=lp,
— (Bini(s) — Bin; ()T Z(Bsns (s) — Bjn;(s))ds
kz:l (/ n 5 115 n 5115 )

k
t—Eny

t—hy
= [ o) = By ) 2B () - ij(s»ds]

7}32

= b)) Y [hz((f(mi(t»—f(mj@)))TBlTZBl(f(wi(t))—f(mj(tm

1<i<j<N
+(g(xi () — g(x; ()" BS ZBa(g(x:i(t)) — g(x;(t)))

=2(f (i (1) = f(z; ()" Bf ZBa2(g(wi(t)) — g(x; (U)))

r t—k=1lp,
- " (Bimi(s) = Byn; (s)T Z(Bini(s) — B;n; (s))ds
]; (/ n 575 n 5715 )

where the symbol B;n;(t) means the term B f(z;(t)) — Bag(zi(t)).

t—£ny
t—hy -
[ o) = By () 2B () — By () (34)
t—ho
)
From Newton-Leibniz formula, we have that for matrices My (k =1,2,...,r)
AT k—1 k— Lha
ou(t) 227t — " Ly e My [:c(t Lk Y fnl / da(s) } —o, (35)
r t—kn,
t By
o(t) £ 22T (t — hp) U & My41) {:c(t — h1) —x(t — h2) dxz(s) :| (36)
t ho

Note that, in ¢ (t), it follows from Lemma 2 that for all k =1,2,...,r

IN

t— k=

T

_k ; 151)(u® Mk)/ dz(s)

_k
t—Eny

—2xT (¢

k—1
T

_ hy
_ouT(t - %hl)(u ® Mj) / {(y(s) +(8(s) — 60)Br(s)) ds + U(s)dw(s)]

k
t—Eny

k-1 k-1 \7 t=Ethy
Z R e R e ) A G AR VCRIEY
_ _ T t—E=Lp,
_2(%-@ _k - L) =yt = * - lhl)) Mk(/tih (8(s) — 50) (B (s) _an(s))ds>]
B = Y
o - P ®Mk)/t o(s)dus(s)
T t—£ny
3 [lm (:c,—(t _ k=t 1) —aj(t — kol h1)>TM,€(R*1 +z YHYMmFE
1<i<j<n T r r
k— k— =t
(e S =g B ) ([ 0660 )T RO6) 36 )
[
# (00 = 007 Bonts) = By 6 2(Bans) = By s )|
_ _koly,
T - Bl ®Mk)/t o (s)dws(s). (37)
T t—Epy
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Similarly, in ¢(t), we can show that
t—hy

—22T(t — Bp)(U @ Mirt1) / dz(s)
t—ho

t—hy
= 2T m @ M) [0 + (609 - 80)Bn(s) s + a(s)du(s)|
t—hg

T
< > {(hQ — 1) (mi(t — hp) —x;(t— h2)> My (R + 27 hYME, (xi(t —hg) —xj(t— hz))
1<i<j<N
t—hq —h1

+ (yi(s) =y ()" R(yi(s) — y;(s))ds + / (8(s) = 60)?(Bimi(s) — Bjm;(s))" Z

t—ho t—ho

t—hy
X (Bini(s) — Bjn; (S))dS} 22T (t - ) U ® Mr+1)/ o(s)dw(s). (38)
t—ho

From the definition (18), we have

e(t) = 2T HUS) [(IN @A+ WD @T)a(t) + (In ® D+ WP @To)z(t — 7(t)) + do(In @ Bi)

X F(x(t)) + (1 - 80)(In ® B2)G(x(t)) + (In ® C) [ "t - ) H((s)ds - y(t)] =0, (39)
which implies that
vy = > [2@-@) — ;)T (ATST — NwlTTST) (yi (t) — (1) + 2wt — 7(8) — 25 (t — 7(£)”
1<i<j<N

x (DTST — NwTTST)(yi(t) — y; (1) + 2(F (i (1)) — F(; (1) T 80 BT ST (yi (1) — w; (1))

t T
+ 2(g(@i(1) — gz (£)T (1 = 60) B3 ST (yi(t) — y;(¢)) + 2(/ r(t = s)(h(zi(s)) — h(wj(S)))d8>

— 00

x CTST(yi(t) =y (1) — (wi(t) = y; ()T (ST + 8)(wi(t) -y (t))} =0. (40)
According to Assumption 4 and condition (20), it is clear that

(o3 (¢, i (8), @i (t = 7(1))) = 0 (t, 25 (8), 2 (¢ = T@D]T Puloa(t wi(t), zi(t — 7(£)) = 0 (8,2 (t), 25 (t = 7(1))]

<A {(wi(t) — ;1)) ST S (@i(t) — (1) + (@it — (1) — 25(t — 7(1) " 23 B2 (wi(t — 7(1)) — (¢ — T(t)))} , 1<i<j<N. (41)
At the same time, Assumption 2 ensures that the following inequality holds:

T

a{ (6 — (1) ﬁ XTX+ XTX: —(XT +XT) } { 2i(t) — 25(t) ] 4
Fi() — £z (1) N 21 Fa®) - fla@) | SO
zi(t) — x;(t) Trx -x zi(t) — x5 (t) o
“{ Fwi®) — Flay () ] { o ] { Fai(t)) — Flas (1) }SO’ LSi<jsh. (42)

Similarly, one has

7 { g(ifzf?iiiéi?@» ﬁ Y _HY ] { g(wf2§§;:§f:£§)<t>> } =0 (43)
T A~ .
”{ h(xféiiiiiii?a» ] { - ] { h(x’féﬁiii%i?@» ] =0 (44)

Combining (29)—(44), considering condition (6) and noting that

t—hy
E{2zT (t — h2)(U ® Myr1) ~/t.—f o(s)dw(s)} =0,
t—k=lp,

hl)(u®Mk)/ T o(@)de()} =0 (k=127

t—kn,

k—1

T

E{22T (t —
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we get
E{LV(t,2)}
< > E{(xi(t) — ;)T KPlA +ATP — Nu (P Py + PTy) + AST S + Qs — aX — Y — v
1<i<j<N
—Nwl(;’l)FlTPlFl) (z(t) — z;(t)) + (2(P1D — NwlD PiTs)(i(t — (1)) — 2;(t — 7(1))) + 2(aX + 60 PLB1)
(F(2i(1) = £ (0)) + 2087 + (1 — 6P B2))(9(wi () — glz;(£))) + 2yH (h(x:(1)) — h(z; (1)) + (24T ST
t
—aNWETST) (1) s (0) + 2PiC [ = 9)(0(ai(9) — by ()ds ) | + (it = 7(0)
—z;(t — ()T ngzz — (1= Qi1 — ngf'2)F2TP1F2) (it — 7(t) — 2 (t — 7)) + (2DTST
~2NWITEST ) ) = 0] + (7o 0) = Sy ) [ (= 207 + 8001 - by 28 )
(f(@i(t)) = f(a5(t)) + 260 BT ST (yi(t) — y; (1)) — 260(1 — S0)h2 Bf ZB2(g(=:(t)) — g(x; (t)))}
+(g(@i(8)) = g(a; (1)) K — 28I +60(1 — 5o)th§FZB2) (9(zi(t)) — g(z; (1)) +2(1 — 60) B3 ST
(yi(t) — y; (t))} + (h(xi(t)) — h(z; ()" ( — 29I+ RPZ) (h(zi(t)) — h(z;(D))) +
t T T oT 1 t
([ st = 9)nto () ~ hioy@))ds ) |207STws6) =550 = P2 [ te = 5)(hai(o)
(a5 )ds| + (1) = 150 (ha R = 5 = ST)wi0) = (0
1 1
(0 = X (0)7 (@ M+ MT)(N () = X,(0) — 2MOE (= ) =Xt = )|
1 1, p 1 1
—(Ts(t — —h1) =50t — —h1))” Q(Yi(t — —ha) — T (t — —Fa))
r r r r
2t = ha) = 50 = B M| ot = ) = (0 = 1)) = (o0 = ) = (¢ = 7o)
1
+om(Ti(t) — ()" My @ (R™H+ Z7))MT (Ti(t) = Yj(t)) + (h2 — ha)(wi(t — h2) — (¢ — h2))"
Mt (R 4+ 27 )M a0 = ) = (0 — 1))}
= > EWEy+ MIsr @ (R + 27 1)M7T)&5(0), (45)
1<i<j<N
REFERENCES
[1] M. Aldana, Boolean dynamics of networks with scale-free topology. Physica D, 185: 45-66, 2003.
[2] L. Arnold, Random Dynamical Systems. Springer-Verlag, Berlin, 1998.
[3] P. Balasubramaniam and R. Rakkiyappan, Global asymptotic stability of stochastic recurrent neural networks with multiple discrete
delays. Appl. Math. Comput. doi: 10.1016/j.amc.2008.05.001 (in press).
[4] S. Boyd, L. E. Ghaoui, E. Feron and V. Balakrishnan, Linear Matrix Inequalities in System and Control Theory. Philadelphia: SIAM,
1994.
[5] C. Dangalchev, Generation models for scale-free networks. Physica A, 338: 659-671, 2004.
[6] H. Gao, J. Lam and G. Chen, New criteria for synchronization stability of general complex dynamical networks with coupling delays.
Physics Letters A, 360: 263-273, 2006.
[7] H. Gao and T. Chen, Network-based Hoo output tracking control. IEEE Trans. Auotmatic Control, 53(3): 655-667, 2008.
[8] H. Gao, P. Shi and J. Wang, Parameter-dependent robust stability of uncertain time-delay systems. J. Computational and Applied
Mathematics, 206(1): 366-373.
[9] Y. He, G. P. Liu, D. Rees and M. Wu, Stability analysis for neural networks with time-varying interval delay. IEEE Transactions on
Neural Networks, 18(6): 1850-1854, 2007.
[10] Khalil, H. K. Nonlinear systems. Upper Saddle River, NJ: Prentice-Hall. (1996).
[11] R.Z. Khasminskii, Stochastic Stability of Differential Equations. Alphen aan den Rijn, Sijthoffand Noor, Khasminskiidhoff, 1980.
[12] K.Q. Gu, V.L. Kharitonov, J. Chen, Stability of time-delay systems. Boston: Birkhauser, 2003.
[13] A. N. Langville and W. J. Stewart, The Kronecker product and stochastic automata networks. Journal of Computational and Applied
Mathematics, 167: 429-447, 2004.
[14] C.P. Li, W.G. Sun and J. Kurths, Synchronization of complex dynamical networks with time delays. Physica A, 361: 24-34, 2006.
[15] Z. Li and G. Chen, Global synchronization and asymptotic stability of complex dynamical networks. IEEE Trans. Circuits Syst.-II,
53(1): 28-33, 2006.
[16] J. Liang, Z. Wang and X. Liu, Exponential synchronization of stochastic delayed discrete-time complex networks. Nonlinear Dynamics,

53(1-2): 153-165, 2008.



FINAL VERSION OF PAPER A/294458/PAP/149802 14

17]
(18]
(19]
20]

21]
(22]

23]
[24]

25]
[26]

[27)
28]

[29]
(30]
(31]
32]
(33]
(34]
(35]

[36]
(37)

(38]

(39]

J. Liang, Z. Wang, Y. Liu and X. Liu, Global synchronization control of general delayed discrete-time networks with stochastic coupling
and disturbances, IEEE Trans. Systems, Man, and Cybernetics - Part B, 38: 1073-1083, 2008.

X. Liu and T. Chen, Exponential synchronization of nonlinear coupled dynamical networks with a delayed coupling. Physica A, 381:
82-92, 2007.

Y. Liu, Z. Wang and X. Liu, Global exponential stability of generalized recurrent neural networks with discrete and distributed delays.
Neural Networks, 19(5): 667-675, 2006.

Y. Liu, Z. Wang and X. Liu, On synchronization of coupled neural networks with discrete and unbounded distributed delays. Int. J.
Computer Math., 85(8): 1299-1313, 2008.

W. Lu and T.Chen, Synchronization analysis of linearly coupled networks of discrete time systems. Physica D, 198: 148-168, 2004.

Y. Lv, W. Lv and J. Sun, Convergence dynamics of stochastic reaction-diffusion recurrent neural networks with continuously distributed
delays. Nonlinear Analysis: Real World Applications, 9: 1590-1606, 2008.

X. Mao, Stochastic differential equations and their applications, Horwood Publishing, 1997.

X. Mao, Exponential stability of stochastic delay interval systems with markovian switching. IEEE Transanctions on automatic control,
47(10), 1604-1612, 2002.

S. Mou, H. Gao, W. Qiang and K. Chen, New delay-dependent exponential stability for neural networks with time delay. IEEE Trans.
Systems, Man, and Cybernetics - Part B, 38(2), 571-576, 2008.

S. Mou, Y. Zhao, H. Gao and W. Qiang, Further improvement on synchronization stability of complex networks with coupling delays.
Int. J. Computer Math., 85(8), 1255-1263, 2008.

J.E., Slotine, W. Li, Applied Nonlinear Control. Prentice-Hall, New Jersy (1991).

Q. Song and Z. Wang, Stability analysis of impulsive stochastic Cohen-Grossberg neural networks with mixed time delays. Physica A:
Statistical Mechanics and its Applications. 387(13): 3314-3326, 2008.

Y. Sun, J. Cao and Z. Wang, Exponential synchronization of stochastic perturbed chaotic delayed neural networks. Neurocomputing,
70: 2477-2485, 2007.

S. Strogatz, Exploring complex networks. Nature, 410: 268-276, 2001.

7. Toroczkai, Complex networks: the challenge of interaction topology. Los Alamos Science, 29: 94-109, 2005.

X. Wang and G. Chen, Complex networks: small-world, scale-free, and beyond. IEEE Circuits Syst. Mag., 3: 6-20, 2003.

Y. Wang, Z. Wang and J. Liang, A delay fractioning approach to global synchronization of delayed complex networks with stochastic
disturbances. Physics Letters A 372(9): 6066-6073, 2008.

Z. Wang, Y. Liu and X. Liu, H filtering for uncertain stochastic time-delay systems with sector-bounded nonlinearities. Automatica,
44 (5):1268-1277, 2008.

Z. Wang, F. Yang and X. Liu, Robust filtering for systems with stochastic nonlinearities and deterministic uncertainties, Proceedings of
IMechE - Journal of Systems and Control Engineering, 220(3): 171-182., 2006.

D. Williams, Probability with martingales. Cambridge University Press, Cambridge, 1991.

F. Yang, Z. Wang and D. W. C. Ho, Robust mixed H2/Hx control for a class of nonlinear stochastic systems, IEE Proceedings - Control
Theory and Applications, 153(2): 175-184, 2006.

W. Yu, J. Cao and J. Lv, Global synchronization of linearly hybrid coupled networks with time-varying delay. STAM J. Applied Dynamical
Systems, 7(1): 108-133, 2008.

D. Yue, E. Tian, Z. Wang and J. Lam, Stabilization of systems with probabilistic interval input delays and its applications to networked
control systems, IEEE Transactions on Systems, Man and Cybernetics - Part A, in press, 2008



