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ABSTRACT. We study the Cahn-Hilliard equation in a bounded domain
without any symmetry assumptions. We assume that the mean curva-
ture of the boundary has a nongenerate critical point. Then we show that
there exists a spike-like stationary solution whose global maximum lies
on the boundary. Our method is based on Lyapunov-Schmidt reduction
and the Brouwer fixed-point theorem.

REsuME. Nous étudions ’équation de Cahn et Hilliard dans une domaine
ouverte sans supposer aucunes conditions de symétrie pour la domaine.
Nous supposons que la courbature moyenne sur la frontiére a un point
critique non dégeneré. Nous montrons qu’il existe une solution station-
naire avec un pic qui atteint son maximum sur la frontiere de la domaine.
Notre méthode utilise la réduction de Lyapunov et Schmidt et le théoreme

du point fixe de Brouwer. (Titre: Solutions stationnaires pour ’équation
de Cahn et Hilliard).

1. INTRODUCTION

The Cahn-Hilliard equation [5] is an accepted macroscopic field-theoretical
model of processes such as phase separation in a binary alloy. In its original

form it is derived from a Helmholtz free energy
1
B(u) = [ [F(u(x) + 56 Vu(a)da

where (2 is the region occupied by the body, u(x) is a conserved order param-
eter representing for example the concentration of one of the components,
and F(u) is the free energy density which has a double well structure at
low temperatures (see Figure 1). The most commonly used model is for
F(u) = (1 —u?)?2

The constant € is proportional to the range of intermolecular forces and
the gradient term is a contribution to the free energy coming from spatial
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fluctuations of the order parameter. Moreover the mass m = ﬁ Jo udz is
constant. Thus a stationary solution of E(u) under m = ﬁ Jo udx takes the
following form
2Au — f(u) = o in ,
Gu— on 052, (1.1)
Jou=m|Q|
where f(u) = F'(u) (see Figure 2) and o, is a constant.

There have been numerous studies of the Cahn-Hilliard equation. The
global minimizer of F(u) has a transition layer. More precisely there exists
an open set I' C €2 such that u. is a global minimizer then u, — 1 on
Q\T, uc — —1 on T and OT' N Q is a minimal surface and has constant
mean curvature, see [16]. The dynamics of the interface have been studied
extensively, see for example [2], [3], [23]. Also local minimizers of E(u) have
been studied and their transition layer structure has been established in [6]
and [13]. In particular, Chen and Kowalczyk in [6] used boundary mean
curvature to construct local minimizers (therefore transition layer solutions)
for equation (1.1).

In this paper we are concerned with solutions of (1.1) with spike layers.
In the one dimensional case, Bates and Fife [4] studied nucleation phenom-
ena for the Cahn-Hilliard equation and proved the existence of three mono-
tone nondecreasing stationary solutions when 7 is in the metastable region
(\/1/73 < m < 1), (a) the constant solution u = m, (b) a boundary spike
layer solution where the layer is located at the left-hand endpoint, (c) a
transition layer solution with a layer in the interior of the material.

Motivated by the results of [4], we shall construct a boundary spike layer
solution to (1.1) for e << 1 in the higher dimensional case when 7 is in the
metastable region.

The existence of spike layer solutions as well as the location and the profile
of the peaks for other problems arising in various models such as chemotaxis,
pattern formation, chemical reactor theory, etc. have been studied by Lin,
Ni, Pan, and Takagi [14, 17, 18, 19] for the Neumann problem and by Ni and
Wei [20] for the Dirichlet problem. However, they do not have the volume

constraint and the nonlinearity is simpler than here. To our knowledge the
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present paper is the first to establish this kind of results for the Cahn-Hilliard
equation in higher dimensions without any symmetry assumptions on §2.

Naturally these stationary solutions are essential for the understanding of
the dynamics of the corresponding evolution process. While Bates and Fife
[4] prove some results in this direction for the one dimensional case these
questions are open for higher dimensions.

In [11] in the one dimensional case the number of all stationary solutions
is counted by arguments using transversality.

First we make the following transformation.
v =m — u,

g9(v) = —f(m) + f(m —v).
Rewrite
¢(0) = —m, g(v) = —mv + h(v).
Then equation (1.1) becomes
{ e?Av —muv + h(v) — ‘51' Joh(v)=0 in ,
% =0 on 0f2.

(Figure 3 shows qualitatively how the graph of g looks like.)

To accommodate more general g we assume that

(1) 9'(0) <0, g(0) =0, g € C°(R, R).

(2) g(v) has only two zeroes for v > 0, 0 < a; < ay and

/ : g(s)ds >0, ¢'(az) < 0.
0

(3) The function v — ff?o is nonincreasing in the interval (vg, ay) where
vg is defined as the unique number in (ay, as) such that [;° g(s) ds = 0.

(4) [W (v)], |h"(v)| < C for any wv.

Remarks:

(1) Condition (3) can be weakened further. For example, the conditions in
[7] will be enough since we just need the uniqueness and weak nondegeneracy
of the ground state solutions of (1.3).

(2) Condition (4) is not a restriction physically since in the physical world

v is always bounded. Hence we can modify h near infinity so that A satisfies

(4).
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It is easy to see that for f(u) = —2u(1 — u?) conditions (1), (2), (3), and

(4) are satisfied. Our main result can be stated as follows.

Theorem 1.1. Let Q be a bounded smooth domain in RN(N > 2) and
Py € 99Q be such that Vp,H(Py) = 0 and (Vi H(P))) # 0 where H(F)
s the mean curvature of Py € 0X2 and Vp, is the tangential derivative at

Py. Then for e << 1 there exists a solution v. of (1.2) such that v, — 0

in CL(Q\ Ry), ve has only one local (hence global) mazimum point P. and
P. € 9Q,P. — Py,v(P.) — V(0) > 0. Moreover
— P\J — P\ ?
e—N{/ € vuﬁ—vv(‘” ) +/ ve—v<x ) }Ho
Q € 0 €
as € — 0 where V(y) is the unique solution of
AV —mV + h(V) =0,
V(0) = max,cpy V(y), V >0, (1.3)
V(y) — 0 at co.
(By the results of [9] and [24], (1.3) has a unique radial solution).
The method of our construction evolves from that of [8], [21] and [22]

on the semi-classical (i.e. for small parameter h) solution of the nonlinear

Schrodinger equation
2
?AU—(V—E)U%—Up:O (1.4)
in RN where V is a potential function and E is a real constant. The method
of Lyapunov-Schmidt reduction was used in [8], [21] and [22] to construct
solutions of (1.4) close to nondegenerate critical points of V' for h sufficiently
small.

Following the strategy of [8], [21] and [22] we shall construct a solution
ve of (1.2) with maximum near a given nondegenerate critical point of the
mean curvature 5 on 0f). Heuristically we rescale (1.2) to obtain
{ Aue — mue + h(ue) — @ Jo. p h(ue) =0 in Q. p,

8ue _
= on 082 p (1.5)

where u.(z) = v () for z = (x—P) /e, 2 € Qe pand Q. p = {2z € RN|e2+P €

2} and v, is the unit outer normal to 092 p.
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Taking the limit € — 0, u, — V where V is the unique solution of

Aw —mw + h(w) =0 in RY,

w >0 in RY, (1.6)
=0 on RN-1 x {0}

with V(0) = max gy V. Therefore the ground state solution V' restricted

to Rf can be an approximate solution for u.. Since the linearized problem
v oV
Oy1? """ 7 Oyn—1
we first “solve” (1.6) up to this kernel and then use the nondegeneracy of

arising from (1.6) has the (N — 1)-dimensional kernel span{

H(P,) to take care of the kernel separately.

The paper is organized as follows. Notation, preliminaries and some use-
ful estimates are explained in Section 2. Section 3 contains the setup of our
problem and we solve (1.2) up to approximate kernel and cokernel, respec-
tively. Finally in Section 4 we solve the reduced problem.

Acknowledgement. The first author would like to thank Professor Wei-
Ming Ni for his enlightening discussions. Part of the work is inspired by
some related work by Professor Wei-Ming Ni and Professor Y.-G. Oh. This
research was done while the second author visited the Department of Math-
ematics, The Chinese University of Hong Kong. It is supported by a Direct
Grant from The Chinese University of Hong Kong and by a grant of the
European Union (contract ERBCHBICT930744).

2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful estimates.

Throughout the paper we shall use the letter C' to denote a generic positive
constant which may vary from term to term. We denote RY = {(2/, zy)|zn >
0}. Let V' be the unique solution of (1.3).

Let P € 09). We can define a diffeomorphism straightening the boundary
in a neighborhood of P. After rotation of the coordinate system we may
assume that the inward normal to 0€) at P is pointing in the direction of the
positive zy-axis. Denote o' = (zy,... ,xn_1), B'(Ry) = {z' € RN7Y| |2'| <
Ry} and Q) = QN B(P, Ry) = {(2/,xn) € B(P,Ro)|xxy — Py > p(a’ — P')}
where B(P, Ry) = {x € RY| |z — P| < Ro}. Then, since 92 is smooth, we
can find a constant Ry > 0 such that 9Q N Q; can be represented by the
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graph of a smooth function pp : B'(Ry) — R where pp(0) = 0,Vpp(0) = 0.
From now on we omit the use of P in pp and write p instead if this can be
done without causing confusion. The sum of the principal curvatures of 92
at Pis H(P) = YY" pii(0) where
dp
pPi = oz

and higher derivatives will be defined in the same way. By Taylor expansion

1=1,... , N—1
we have

¢ 2 pur(0)(wi = P)(x; = P)(ax = P) + Ol — P'I")

alelp
8$a )

In the following we use p, to denote the multiple differentiation
where « is a multiple index.
For z € 09, let v(x) denote the unit outward normal at x and 0/Jv the

normal derivative. Let (7(z), ..., 7n— 1( )) denote (N — 1) linearly indepen-

dent tangential vectors and ( ) ) the tangential derivatives.

* 87’
In our coordinate system, for xr € wy 1= 00N B(P, Ry), we have

v(z) = Vp,—1),
0

1+ |V 1p|?

Y Pj

v \/ 1+ |v 'p Jj=1 81‘] 8xN zN—Pn=p(z'—P’)
= (0,

O pl( ))7

Y

/

zn—Py=p(z’'—P")

0
873- /1+’vz/p {8@- pl@xN}

For a smooth bounded domain U we now introduce a projection Py of
H?(U) onto {v € H*(U)|0v/0v = 0 at dU} as follows: For v € H*(U) let

w = Pyv be the unique solution of the boundary value problem

Aw —mw + h(v) =0 in U,
du — on OU.

Let hep(z) =V (2

€

P) — Po.,V (#) where
Qep={2€ R"|P+ezeQ}.
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Then h p satisfies

eAv—mv =0 in €,
{ % = %—‘: on 0f). (2.1)
We denote
Joll2 = e [ [Vl + me?)
Q
For z € Q; set now
ey/ — 2 — P/,
{ eyN::UN—PN—p(x’—P’). (22)
Furthermore, for x € 2; we introduce the transformation
Ti(2') = x, i=1,...,N—1 (2.3)
TN($,):$N—PN—p(l’,—P/). '
Note that then .
y = ET(x)
The Laplace operator and the boundary derivative operator become
82 N-1 2 ]
EA, = A, +|V/p|2—— sz —eA p— forx € Qy,
Y Ay; 0yn Oy (2.4)

0 [ R 0
/ L )2 _ - — p)?) —— :

x j=1 J (2.5)

Let v; be the unique solution of

Av — v =0 in RY,

{ 8(?;; - \yl 2 ZU 1 pij (0 )yiyj on ORY (26
where V' is the radial derivative of V, i.e. V' = V,(r), and r = #‘ Let
vo be the unique solution of

{ Av —mv — 23N pi (0 )yzajg;NZO in RY, @7
s = SN0y on ORY. |
Let v3 be the unique solution of

Av — mv =0 in RY,

{ = = Y pwk(o)yiyjyk on ORY. 28)
Note that vy, vy are even functions in y/ = (y1,.-,yn—1) and vz is an odd

function in y/ = (y1, .-, yn—1) (ie. vl(y/,yN) = vl(—y',yN),vg(y',yN) =
—v3(—y',yn)). Moreover, it is easy to see that |vy|, |vsl, |vs| < Ce#¥l for
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some 0 < pu < /m. Let x(x) be a smooth cutoff function such that y(z) =
1,z € B(0, Ry —d) and x(z) = 0 for x € B(0, Ry)° (for a positive number
J.) Set

hep(z) = evi(y)x(z = P) + € (v2(y)x(z — P) + vs(y)x(x = P)) + €V p(2).

Then we have

Proposition 2.1.
”\IJG,PHG S C.

To prove Proposition 2.1, we begin with

Lemma 2.2. Let u be a solution of

EAu—mu+ f=0 in Q,
%—g on 082,

Assume that [o|f]* < CeN, [0 |g|? < CeN7L. Then
lufle < C.

Proof: Multiplying the equation by u, we have

eQ/IVuIQ—l—m/uz:/fujLeQ/ gu.
Q Q Q o0

Lemma 2.2 follows easily by the following interpolation inequality (the proof
of it is delayed to Appendix A),

lull 200, p) < Cllulle

where Q. p = {z| x = P+ €z € Q} for a fixed P € 0Q2. O
Proof of Proposition 2.1: We first compute the equation for U, p(x):

—EAV, p(x) + mY, p(z)

1
= 673 |:€2 {ACE<€U1X + €2<U2X -+ U3X>)} — Mevx — m€2U2X — m€2U3X]
1 N— 82 a
— A / 2 A o
P { Ul‘f“v p’ z; ayla U a mvl}X
2 N 1 82 a
ve{ g+ 9,075 N

+€ Ayv3+|Vx/p| g — Ax/p—a — mug p X
YN
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+Ec(x)

1 9%vy ov 0%v
@[X{|VP|26y2 —€eA 71_22 — epi;(0)y;) - }

ij=1 JyiOyn

Nl 9%v ov
+X{€’V:0‘28 2 — 2¢ ZPZ 2 °A 2}

0y;0yn a payN
2 N-1 821) av
{6!%\2 Z play,a;N QApayi}]
1
— f6

where E(x) denotes all the terms involving derivatives of x. Since |v1], |ve], |vs| <
exp(—ply|) for some p < \/m we have f. € L*(Q.p) and [, , fZ < C. On
the other hand, for = € 02 it holds that

Wep 1 {av o) _€2<a(vgx)+a(vgx)>}.

ov ov ov ov ov
Note that o P
—— <zx—-Pv> ———
- P 1 N2
=V (x ) ; — P)(z: — P
c e|x ZJX:IPJ )(z; ;)
1 = / /14
+3 > pi(0) (i = Pi)(x; — Py)(x — Pr) + O(|2" = P'|*)
zgk:l
V( 1 N-—1 )
= a pz] ylyj Z pl]k ylyjyk +O<€ exp(—,u\z|)).
|y‘ 2 1,7=1 zylc 1
Furthermore,
o,
R Do R e Fd 8
Oyn
oV, p 1

/ N—
{ szjyiyg Z piji( yzyjyk}

|y| 1,j= zgk 1

+O(*(exp(—plyl)))

€ r) = —F——
v (@)= V14 ]V,O\262
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Nl (%1 81)1
+x{ — — et — + Vo
{ kz::l pkayk dyn Vol dyn

= e (y)
where again E.(x) denotes all the terms involving derivatives of y. This

implies

Ry —90
ge < Cexp(—plzl)  for |2 < 0=,

Therefore

a\I[e,P
5y &)

Let U p(z) = U, p(x),x = P+ ez. Then ¥, p satisfies

A\ije,P - iIE,P + fe =0 in QE,P?

oV p
v, — 9
where f. € L*(Qep), g. € L*(09 p) and both the corresponding norms are

r— P

< Cexp(—pulz|) for z =

‘

on 8Q€7P

bounded independent of €. Hence by Lemma 2.2
[Peplle <C.

Therefore Proposition 2.1 is proved. O

We next analyze 0/07p, Po, ,V (#) . After choosing a suitable coordi-
nate system we can assume that 0/07p, = 0/0P;. Then 0/0P;h. p(x) satis-
fies

EAv —mu =0 in €2,
ov o 0 r—P
8V:8V8-PJV< c ) On@Q.

We compute

o 0 x— P o o x—P
L _ = e — .
L+ Vool )auapjv( ) -V< )pl
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B g 0 v (:p — P)
8x N 8P] €

N1 9V o jx—P *V  (x—P
=~ |2 50 ( ) i ( > '
= Ox;0x; € OxrnOzx; €
Now we have (let © = P + €z)
(9V ,Zj

6)ZJ( z) = =t

o*V 2% Oii 2124
— V// 1~] V/ e )
A e {V| VP}

0Wﬂx—PW@_,1%ﬂ%N€_Vﬁmﬁ}

0rNOT; 2 z|? z|3
j
Y 1
82‘/(([[ - P)/E) _ 1 VNZ%Z] V! 67 _ Fi%j ]
00 SR UEL ERREES S

0 0 - P
1+ 95,55 (7o) -

Oij  YiY
vl | V’{ g 2 }} € piky
{ PERES TR 23 :

11

1 Y, Y, 62 N-1
— | VAT V/]} — pryryr| + h.o.t..
€ { ly[? yl* ) 2 k,lzl
1 1 N-1 V// V/ V/N 1
=~ Z Pkl > T T3 | YkYiU + — Z pikYr | +h.o.t..
€125 \yl ’3/‘ Yyl =

Let

av OPQ PV z— P
— = - P s(x).
bﬁy o ]( ) = wilyx(o — P) + ewsx)
Here w; is the unique solution of

{ Av—mv =0 in RY,
v — 1 (|‘;|2 Ms) Zk:l 1Pk (0)yeyy; — ol Zk 1 pjk(0)yx on ORY.

oyn

(2.9)
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Note that |w| < Cexp(—p|y|) for some p < y/m and wy is an odd function
in y'. Then w, satisfies
2 Awy — mws + %[€2Aw1X1 —wix1] =0,
B = LS~ 2 un(y)x(o— P)))

Note that |wy| < Cexp(—puly|) for some p < /m. Similar to the proof of

(2.10)

Proposition 2.1, we have

Proposition 2.3.
[ ov. 8PQE7PV1 (:c — P>

anj 8ij

where wy is defined above and

Jwylle < C.

Finally, let
Ly = A—m—l—h’(V).
We have
Lemma 2.4.

oV oV
Ker(Ly) N H%(RY) = span{ —, ... ———— .
(1) R (RY) = s { SV O
where HY(RY) = {u € H*(RY), 82—1; =0 on ORY}.

Proof. See Lemma 4.2 in [19]. O

3. REDUCTION TO FINITE DIMENSIONS
Let P € Q and
Qcp={2€ Rz + P € Q}.
Let H% (Qe p) be a Hilbert space defined by

0
HJQV(QQP) = {U € HQ(QEJD) au =0 on 895713} .
For u € H%(Qe p), set
1
Se(u) = Au —mu + h(u) — 1 Jo h(u).

Then solving equation (1.2) is equivalent to

Sc(u) = 0,u € Hy(Qep).
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To this end, we first study the linearized operator
Le s u(2) — Au(z) — mu(z) + P (P, V(2))u(z),

HJQV(QQP) — LQ(QQP).

L. is not invertible due to the approximate kernel
aPQE,PV(Z>

K. p = span
P p { 8ij

j:L“WN—l}

in H(Q.p). Tt is easy to see (integration by parts) that the cokernel of
L. coincides with its kernel. We choose approximate cokernel and kernel as
follows:

OPo, V(=)

Ce,P = ICe,P = Span {
anj

j:L“wN—l}

Let 7. p denote the projection in LQ(QQ p) onto Cj’P. Our goal in this section

is to show that the equation
Te,p © Se<PQ€,pV + (I)e,P) =0

has a unique solution ®, p € ICE%P if € is small enough.
As a preparation in the following two propositions we show invertibility of

the corresponding linearized operator.

Proposition 3.1. Let L.p = m.p o [:6. There exist positive constants €, A
such that for all € € (0,€)

[Le.p®ll 20 p) = M@ 20 ) (3.1)

for all ® € /Cép.

Proposition 3.2. There exists a positive constant € such that for all € €
(0,€) and P € OS2 the map

F el 1
Le,P = Te,P © Le : }CG,P — Ce,P
15 surjective.

Proof of Proposition 3.1: We will follow the method used in [8], [21] and
[22]. Suppose that (3.1) is false. Then there exist sequences {¢x}, { P}, and
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{®r} with P, € 99, @), € K. such that

”Lek,qu)kHLQ — 0, (32)

| Pkl 2 = 1, E=1,2, ... (3.3)
We omit the argument (), p, where this can be done without confusion.
Denote

9, 9,
= —PFo V/||m=—PFa.,V
€k,j 87—Pj Q. p /HaTPj Q. p L
Note that
< ek, ek, >= 0 + O(e) as k — 00

by Proposition 2.3 and because of the symmetry of the function w;, which
was defined in (2.9), where §;; is the Kronecker symbol. Furthermore because
of (3.2),

N-1

AR ( /

J=1

2
Eekcb,cek,j> —0 (3.4)

€rPr
as k — oco. Let 2y, x, p and T be as defined in Section 2. Then T has an
inverse T~ such that

T-': T(B(P,Ry) N Q) — B(P, Ry) N .
Recall that ey = T'(x). We introduce a new sequence {¢x} by

or(y) = X (T ()@ (T (exy)) (3.5)
for y € RY. Since T and T~! have bounded derivatives it follows from (3.3)
and the smoothness of x that

HSOkHHQ(Rf) <C

for all k£ sufficiently large. Therefore there exists a subsequence, again de-
noted by {¢)} which converges weakly in H*(RY) to a limit ¢, as k — oc.
We are now going to show that ¢, = 0. As a first step we deduce

ov
oz =0, =1,... ,N—1 3.6
/Rf(p OP; J (3.6)

This statement is shown as follows (note that det DT = det DT~! = 1)

[ ot [P (s =],

oTp, ; €L
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aPQG,PV (x_Pk> d

€k

:e,;N/Q X(2)Pr(2) - x
1 %
a z— Py,
— €k / (I)k m PQ aTP< €k )
k,j

7N/ d apﬂe,pv (x;fk>

k(X
Q\Qy ( (97'pk7j

0Py, ,V (=)

€k

—6.V [ 1= @) Pu(a)

Ql 87—Pk,j

o - ] 5
“ O\ k(.T) L?Pk] ank)j ] €L

ov (=) ap, v (:c—Pk>
8P;w ank,j €k

[ ov (=)

o\ OPy

G [ [ (@) ()

oV (==Lt
—e /91[1 - x(rc)]@k(x)a(l.@;)

where (2, is as defined in section 2. In the last expression the first two terms
tend to zero as k — oo since €, V@, is bounded in L?(Q2) and [...] — 0
strongly in L?(€2). The last two terms tend to zero as k — oo because of the
exponential decay of OV/0PF, ; at infinity.

We conclude

OPq .V (T71 — P
/N‘Pk(y) e ( o k>|:()’ j=1...,N—-1
R* (3.7)

lim sup
k—o0

This implies (3.6).
Let Iy and Cy be the kernel and cokernel, respectively, of the linear oper-
ator S(V') which is the Fréchet derivative at V' of

So(v) = Av —mv + h(v),
So : Hy(RY) — L*(RY),

H%(RY) = {u e H2(RY) ;;Z‘V - o}.
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Note that
ov
IC[):CO:Span{U: 1,... ,N—l}.
9y;
Equation (3.6) implies that ¢, € K. By the exponential decay of V' and
by (3.2) we have after possibly taking a further subsequence that
Ao — Moo + 1 (V)poo = 0,
i.e. Yo € Ky. Therefore ¢, = 0.
Hence
o — 0 weakly in H*(RY) (3.8)
as k — oo. By the definition of ¢, we get ®, — 0 in H? and
|W (P, V) ®kll2 — 0 as k — 0.
Furthermore,
|(A —m)P|j2 — 0 as k — oo.

Since

J

IV®L[2 + md? = /Q [(m — A)Dy] P,

< COl(A = m)®y| 2

€k Pr €k Pre

we have that

| Px|lzn — O as k — oo.

In summary:
|A®y|[z2 — 0 and || Pz — 0. (3.9)

From (3.9) and the following elliptic regularity estimate (for a proof see
Appendix B)

[Pkllz < C(| APk 22 + [Pkl 1) (3.10)
for ®;, € H% we imply that
| Pkl 2 — 0O as k — oo.
This contradicts the assumption
[Prflr2 =1

and the proof of Proposition 3.1 is completed. O
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Proof of Proposition 3.2: Assume that the statement is not true. Then
there exist sequences {¢x }, { P} such that ¢, — 0 as k — oo and P, € 092 and
such that for all k, L., p, : K- 5 — Ct

oy -.p, 18 not surjective. Let K, p and C p

be the kernel and cokernel of L., respectively. Then e, Py C’iw P Cjk’ P,
is not surjective, i.e. for all k there exists a ®, € C+ , with ®, # 0 such

€, P
that U+ &, & C’j};Pk for all U € C+

€k, P

This is equivalent to &, € C,, p, and
®) # 0. Because we can assume that w.l.o.g. &, = 1 this can be rewritten

as follows. For all k there exists a ®; € C, p, such that

[Pz = 1, (3.11)

dPo, V
/ O, er’ g =1, N—1.
Q

€k Py aTPIc,j

Now since
A(I)k - m@k + h/<PQE7PV)(I)k =0
and because of the elliptic estimate (3.10) it follows that
[Prllr2 < C

for some constant C' independent of k. Extract a subsequence (again denoted
by {®;}) such that ¢y as defined in (3.5) converges weakly in H*(RY) to

Voo a8 k — 00 and @, satisfies

APoe — Mo + M (V)pso =0 in RY,

%Z:" =0 in RN x {0} (3.12)
with
oV
=0 =1,...,N—1. 3.13
Rﬁgp 0y; J (3.13)

From (3.12) we deduce that ¢, belongs to the kernel of S{(V') and (3.13)
implies that ¢ lies in the orthogonal complement of the kernel of Sj(V).

Therefore ¢, = 0. As in the proof of Proposition 3.1 we show by the ellip-
tic regularity estimate (3.10) that ||®g||z2 — 0 as kK — oo. This contradicts
(3.11) and the proof of Proposition 3.2 is finished. O

We are now in a position to solve the equation

7TE7POS€(PQ€’PV—|—(I)€7P) = 0. (314)
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Since L, p|c. is invertible (call the inverse L) we can rewrite
’ e, P ’

® = —(L_pomep)(S(Pa.,V)) = (L_pomp)Nep(®) = M p(P)
(3.15)

where
Nep(®) = Se(Po.,V + @) = [Se(Po, V) + Si(Po, V)P
and the operator M, p is defined by the last equation for ® € H3(Q. p). We
are going to show that the operator M, p is a contraction on
Bes ={® € H*(Qep)[®] 20, ) < 0}
if 0 is small enough. We have
[Mep( @)l 200 p) < A (17 pNep(®) L2, ) + [17ep(Po, V= V)2, r)
<A'O(e(6)6 + )

where A > 0 is independent of § > 0 and ¢(§) — 0 as 6 — 0. Similarly we

show
[Mcp(®) — Mcp(®) || m2(0, ) < AHC(e 4 ¢(0))]|P — &' 2, )

where ¢(d) — 0 as 0 — 0. Therefore M, p is a contraction on Bs. The
existence of a fixed point ®. p now follows from the Contraction Mapping
Principle and @, p is a solution of (3.15).

Because of
1Pc.pllaz. p) < A (INep(Pep)ll 2 + 1P,V = Viee)
<A (e + c(O) P pll a2 )

we have
(1= X""e())|Pepllze < Ce.
We have proved
Lemma 3.3. There exists € > 0 such that for every pair of €, P with 0 < € <

€ and P € 0N there exists a unique O, p € ICC%P satisfying Se(Pao, ,V+®cp) €

Cep and

[@e.pllr20, ) < Ce. (3.16)
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We need another statement about the asymptotic behavior of the function

®. p as € — 0, which gives an expansion in € and is stated as follows.

Proposition 3.4.
O p(2) = e(Po(y)x (v — P)) + €T, p(2) (3.17)

where
H \IJE,P He S C

and ®q is the unique solution of

A®y — m®y + h' (V)Pg — W (V)v, =0, in RY,
0P,
ayiN =0 on aRﬁ,
g is orthogonal to the kernel of Ly (3.18)

where Ly = A —m+ N (V), Ly : Hy(RY) — L*(RY).

Proof. Note that the kernel of L is

{
Furlhermore we have

@] < Cexp(—ply))  for p<vm.

The notations for €y, x,p and T are as in section 2. Our strategy is to

jzl,...,N—l}.

decompose ¥, p into three parts and show that each of them is bounded in

|- |21, ») as € — 0. That means we make the ansatz
Vep(r) = Vi(r) + Wl (x) + U (x)
where the functions W}, U1 W22 will be defined as follows. Let ¥} be the
unique solution of
EAV! —mU! =0 in Q,
owl _

5 g on 05} (3.19)

where
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Since ||ge||r2 < C there exists a constant C' > 0 such that
1elm < C. (3.20)
Define ¥%! by
g2t = —15@0(@«);( — 7! (3.21)

where 7 is the projection in L*(Q p) onto K. p. Because of the exponential
decay of ®¢, the smoothness of y and and by (3.20) it follows that

w2t < C. (3.22)
Finally, define U*?(z) to be the unique solution in H%(2) of the following
equation
1
EAVZ? —mU2? + b/ (P, V)U2? = —— [ in Q,
¢ (3.23)
3@2,2
6; =0 on 0f2 (3.24)
where

fe = E€<(I)6,P - 6(I)OX - €2<‘Iji + \Ing))
Note that the right-hand side of the last equation lies in C.p since
. p — Doy — (VL + V) € HY,.

This is clear for ®. p by definition. By construction we have that —e®yx —
e2(U! + U21) satisfies the Neumann boundary condition. By (3.18) and the
smoothness of x we conclude that &y € H?. By (3.19), ¥! € H?. Finally,
since e; € H? where

_o
_anj

ov

6 . [
J anj

L2(Qc.p)
we have W2! € H?. Therefore f, € Cp. Furthermore, the following lemma
Is true.

Lemma 3.5.

Ifellz2@, p) < C€.
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Proof. We have
fe= 5P, V)(Pe — e@ox — € (T + T2))

= —h(Po, V) + h(V) + el (V)vix + N, p(Pe)

where

NLp(®) = o [ WP VIRt o [P V) = h(V )

—[h(Po,pV + ®c) = h(Fq, , V) = I (Fa, , V)]

1

Tia) J(PapV 4 @) = h(Pa, V) = H(Pa, V)2

+e@o(y)[A —m + h'(Po_,V)Ix(x) + € < Vado(y), Vod(2) >
+eh' (Po, ,V)U! + €[A —m + B (Po_, V)| W2
Note that
I = h(Po, V) + h(V) + eh'(V)orx(z) | 2
< | = (P, , V) +h(V) + €l (Vv 2
Hle(=h"(V)or + 1 (V)orx)| 2
< O(€® + exp(—uRy))
by the definition of y and the exponential decay of V. Furthermore
1N p(®)] 12 < Ce®.

This proves Lemma 3.5.0
By Lemma 3.5 and the invertibility of

L: HJQVI’W/CE%PHCE%P

Proposition 3.4 follows. O

21
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4. THE REDUCED PROBLEM

In this section we solve the reduced problem and prove our main theorem.

By Lemma 3.3 there exists a unique solution ®, p € ICj,P such that

_p
S.(u) = S. (PQS,PV (”"5 ) + @6,13)

€

1
= 2 Au — mu, + h(u) — @ A h(uc) € Cc p.

Our idea is to find P such that

Se(ue) 1 Ce,P-

| OPo. V
We,j<P) = eN+1 /Q (Se(ue> 7 > )

anj
W(P) = (W1 (P), ..., Wen_1(P)).

Let

Then W (P) is a continuous map of P.

Let us now calculate W, (P). First of all, from condition (4) on h, we have
|h(t)| < Ct2.

Therefore

/ h(ug) < CeV.
Q
Hence by Proposition 2.3

| OPo, V. 1 0Py, V
N+l /Q (/Q h(ue)> Otp, N /Qh(ue)eN“ a O7p

=0 (e [y + w0~ P) + ewso))

~ 0(6N>EN1+1 [O(GXM—U/ )+ E/QMS]
_ O(EN/Q)
because

1 € 1 €
= | w5 < slusle
and Proposition 2.3. On the other hand, since

0FPg ,V 0Py, V oV
QA e, P . €, P h/ -
‘ 87’]3. m anj + (V) 8PJ 07

J




CAHN-HILLIARD EQUATION 23

we conclude

0P, V
2 — e, P
/Q [ Aue — mu, + h(u,)] oy
aPQ 8PQ 8PQ€ PV
_ / h(u,) _pOPeV]
“ 8ij
0Py, ,V (%2 oV
— [ |h(u)—= () h'(V)()m
@ Otp, O0P;
0P,V
= / [h<Pﬂe,PV + (I)e,P) — h(PQQPV) h/(PQ V)(I)e P} Yl PV
: 8ij
/ aPQG’p / oV
+ /Q [h (Pa, V) o W (V) ap] O p
aPQe,PV

+ /Q [h(Po, V) = h(V)]
=I'+17+ J.

where I, I?, and J, are defined by the last equality. We first calculate I2.

€) T€

87’]37.

0P,V oV
2 _ ’ N N — | (e® —P 2y
2= [ 1 )G ) S ettt = P+
, oPo, V. ., OV
_ /Q lh (P, ,V) - —H(V) aTPj]ecpox
0P,V oV
2 / e, P _ !/ \116
e/ [h (Po.sV) =52 h(V)anj]
:€I2’l+€2l2’2.
Note that 9P v oV
Q
h/ P V e, P _h/ V
(Po, V) =gt = W (V)5
0P, \V 0P, oV
— /P _ ! Y / €,
[h( .. V) h(V)} o7p, h(V)[ otp, 8713.]
and 9P v
I (Po V) = V) =5
iy
0P,V 0P,V
— " _ e, P (b n P _ 2 e, P (b
J 1oV = VG [ (0) (o V=V

+O(exp(—d/€))
— O(ENJrl)
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since P is even and V — Po, ,V =€eVy where V) is even. By Proposition 2.1
/ 0,2 < OV,

Hence
122] < O(M),

So
12| < O(M72).

We next compute I

0Py, ,\V
I = /Q W'(Po, V)@ ek

0Py, .V
€7P aT + /S; h/”(vl + PQE,PV)®3 Q€7P
Py

&P anj

OPo, ,V

N+42
o, +O0(e" ™)

_ /Q B (Po, ,V)EX 02X + 26Dy W, p + €202 ]
_ O(6N+2)
since ®g is even. Finally, we compute the term J..

OPa, ,V
o= [ JhPa V) = (V)=

dPo, .V

87'pj

2 aPQs,PV

67'13].

_ /Q (V) (Po, ,V = V) FR(VY(PV - V) + O

oF;
OPq, ,V
87’13].

1%
= /Q W (V) (v1x + e(vax + vsx) + €0,) ( +w + ewé(w))

e [ W) + (el + O

oV
_ 2 [ p oV N+2
=¢ /Qh(V)vgapj—i-(’)(e )

oV
_ __N+41 / N+42
= —¢ (/Qe’Ph(V)vgayj> +0(e" ™)

oV
_ _Nt1 % N+2y
€ /Rf (V)vgayj +O(e' )

oV 1% 1%
A% A Y NCAG A
/RN ( )vgayj /Rf ( dy; ma%) o

+
Jvg OV 0 oV

= Vg—— ——
orY Oyn Oy; 5 Oyn Oy;

But
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1 V! 2 N-1
S — Prim (0)Yryiymy;dy
3 JrRN-1 (\y|> k,z,%;zl ’

1 V/ 2 N-1
=—- — YkY1YmY; Prim (0)dy
3 JRN-1 (\y|> k,z,%:1 ’

1 %4 ? 2 =
~ 3 /v <|?J|> g z,mzlylympﬂmm)dy
= I/ijk(o)
=vV;H(P)

where

N—ll V/ 2 5 5
v=— - — | yiy,dy # 0.
> 3 o (1)

Combining I, I?, J., we obtain

W.(P) = v¥ p, H(P) + W/(P)

25

where W/(P) is continuous in P and W/(P) = O(e) uniformly in P. Suppose
at Py, we have det(V,;V,H(Fp)) # 0 then standard Brouwer’s fixed point
theorem shows that for e << 1 there exists a P. such that W,(P.) =0, P. —

P,

Thus we have proved the following proposition.

Proposition 4.1. For e sufficiently small there exist points P, with P. — P,

such that W.(P.) = 0.

By Lemma 3.3 and Proposition 4.1 we have

Se(ve) =0,
Le.
1
EAv, — mu, + h(u) — o h(ve) =0 in €,
(?;j =0 on 0f).

Hence [, v. = 0. Let u, = m — v.. We have
EQAUE - f(ue) = O,
Oue/ov =0 on 0f
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/m:mm
Q

i.e. u, is a solution of the Cahn-Hilliard equation. Moreover

P
wv ()

€

— 0

and P. — Py € 0f).
Finally, we study the shape of the solutions v.. Let P. be any local maxi-

mum point of v.. Then by (1.1),
1
mm—h@J+KMAh@J§0
But e [, h(v) — S h(V') > 0, hence
muv. — h(v.) < 0.
So ve(P.) > a; > 0. On the other hand, from our construction,

1
o2 = 5[ 19VI2+mV).

Similar proof as in Theorem 1.2 of [18], we conclude P. € 02 and there is

only one such P..

Appendix A: Trace Inequality

Lemma A.1 Let 0 < e < 1. Then

(A1) 1@z 00 ) < ClI®lm1(0 p)

for all ® € H*(Q2) where the constant C is independent of €.

Note that the constant C' in (A.1) is required to be independent of e.
Therefore Lemma A.1 is special although trace inequalities are quite stan-
dard.

Proof of Lemma A.1. For ® € H'(Q.p) define ¥ € H'(Q) by a linear
transformation:

x— P

€

U(z) = d(2) where z =
Observe that ”CI)H%?(aQe,p) = El_NH\IJH%%aQ)a H‘I)H%%Qe,p) = G_NH‘I’H%?(Q), and
IVO|72q, ) = € V[V¥[72(q. Therefore (and after translation) (A.1) is

equivalent to
(A.2) 1U[1Z200) < CllIVE[Z2g) + W72
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for all ¥ € H'(Q2) and 0 < € < 1 where C is independent of €. The proof of
(A.2) is standard and is omitted here (see for example the proof of Theorem
3.1in [1]). O

Appendix B: An elliptic regularity estimate

In this section we prove the following inequality

(B.1) [Pl p) < CUIAR|| 20 ) + ([Pl 110 )

for all ® € H%(Qep), 0 < € < € where Q. p is as defined in Section 2
and C' is a constant independent of €. For a point P on 0f) we can find
a constant Ry > 0 and a smooth function p : B'(R;) — R such that in
B(P, Ry) the boundary 0f2 is described by the graph of p where p satisfies
p(0) =0, Vp(0) = 0 (compare Section 2). Furthermore there exists a map
n = T(¢) with DT(0) = I (the identity map) from a neighborhood Up of
P onto a ball B(0, R;) (compare Section 3). By a linear transformation we
naturally get a map 7 from Uy = {(x — P)/e|x € Up onto a ball B(R;/¢)
with center at 0. We set y = n/e. Then the Laplace operator becomes
A, = A, + A° where

) 92 N-1 92 9

A = \Vx'pIQ@ —2 ; pim - EAz/p%,

Observe that for given 6 > 0 we can find R; > 0 and ¢, such that for
0<e<e

(B2) IV plPllzeresey < 0, 1olleBrose) < 0, €Ay pllLoe(B(rose) < 0.
In the same way we transform

R ] & Sy A S
ayx - ' P Pt Pk ayk ' P )

YN

a €

= —8y7N —|‘ B
where B¢ is a differential operator on B(R;/¢) U {yy = 0} with coefficients
which are bounded in L* for 0 < € < ¢; (compare section 2). From {Up|P €
00} we select a finite subcovering of 02 and denote it by {Ui,... ,U,}.
Choosing Uy = Q the set {Up,...,U,} is a finite covering of {2 consisting
of open sets. We keep this covering fixed from now on. Let {6y,...,0,}

be a partition of unity subordinate to this open covering. Denote 60(y) =
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6; o T~ (ey). Since

n
_ €
= Hu
i=0
we have

(B.3) [ullirea, py < N05ullfrzgq, p) + it 105ulliz@.
Since 0 has compact support in RY

||9[§UH%{2(RN) = |’A(08u>||%2(RN) + H@SUH%ﬂ(RN)
(see for example [10], Corollary 9.10). Because of
A(65) = 05Au + 2V u - 05 + uAb;

and
VO3]l ooy < Ce, [|AGG]| Lo (rry < O€,
we obtain
(B.4) 106ulli2 0, ) < CUIGAUlT2q, ) + el )
We are now going to estimate f5u, i = 1,... ,n. Note that
(B.5) SlO5) [ wry < 105l o py < ClO5W)* [l ary)

where k£ = 0,1, or 2 and
v (y) =T (e))
for v € H*(Uf). Then
(BO) 100 gy < O 100 Ty, + 0100

Oyn

HY/2(RN=1x{0})

O T |
(see for example [15], Theorem 4.1). Now (B.2) implies that
1405 ) | Zogryy < O*I1(05) Iz ) -
Therefore from (B.6)
(1= o)1 (05w) a2y

2

el € [N d € \*
<210 0 i + [

Hl/Z(RN—l X{O})

+mxmw;mm)
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For the operator B¢ we can calculate in an analogous way. The trace theorem
implies
(1— 052)”(95“)*”22(31)
P 2
€ €. \*|2 € € \*
< {1+ AV By + | (5o + ) 010

Hl/Q(RN—IX{O})
€, \*||2
IO )
Since C' is by construction independent of ¢ we can choose & so small that
1 — 6% > 1/2. This implies
B,y < C (IO +

e,P) -

9 2
e (050 1209, p)

H9§UH?{1<Q€,P)>-

Similarly as before

(B.8) AO5u)ll 12, ) < CUIF AUl o, ) + [ullin g, )
and

9 (pe 2
(B.9) [ 051 200, ) < Cllullin o
because of du/0v. = 0. Combining (B.7) - (B.9) we get

(B.10) 107 ullfrzq, ) < CUIG AUl o, ) + [ullFnq, p)-
We conclude, using (B.3), (B.4) and (B.10), that

lullfea.) < C (Z 16:Aul 72 0, 5y + (0 + 1)”“”%{1(963))

i=0

< Cu(llAulZeq, ) + 1wl 1)
where C,, depends on n. Since n is independent of € the proof of (B.1) is
finished. O
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