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ABSTRACT 

Brunei University, Dept. of Mech. Engineering, Uxbridge 

Author: R. J. Randall 

Title: Fluid-structure interaction of submerged shells 

Degree: Ph. D. 

Year: 1990. 

A general three-dimensional hydroelasticity theory 
for the evaluation of responses has been adapted to 
formulate hydrodynamic coefficients for submerged 
shell-type structures., The--derivation of the theory has 
been presented and is placed in context with other 
methods of analysis. 

The abilityý of-this form of analysis to offer an 
insight into the physical behaviour of practical systems 
is demonstrated. The influence of external boundaries 
and fluid viscosity was considered separately using a 
flexible cylinder as the model. When the surrounding 
fluid is water, viscosity was assessed to be significant 
for slender structural members and flexible pipes and in 
situations where the clearance to an outer casing was 
slight. 

To validate the 'three-dimensional hydroelasticity 
theory, predictions. of resonance frequencies and mode 
shapes were compared, with measured data from trials 
undertaken. in enclosed tanks. These data exhibited 
differences due ýto the position of the test structures 
in relation to free, and fixed boundaries. The rationale 
of the testing programme and practical considerations of 
instrumentation, capture and storage of data are 
described in detail. 

At first sight a relatively unsophisticated 
analytical method appeared to offer better correlation 
with the measured data than the hydroelastic solution. 
This impression was mistaken, the agreement was merely 
fortuitous as only the hydroelastic approach is capable 
of reproducing-the trends recorded in the experiments. 
The significance of an accurate dynamic analysis using 
finite elements and the influence of physical factors 
such as buoyancy on the predicted results are also 
examined. 
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CHAPTER 1- INTRODUCTION 

1 Preview 

Situations .. in which -flexible structures are in 

contact with-a-fluid. are commonplace.. 
-, 

The. response of 

water- retaining structures. under-earthquake loading. or 

the behaviour of flexible pipelineslin normal,. operation 

being just, two -examples., Wherever it occurs 

presence of'the-fluid invariably modifies the 
, 
dynamic 

behaviour of the structure and it is usual to classify 

fluid-structure Anteraction. -problems into categories 

determined by the nature of the fluid actions.., , 

The first class of problems is that in'which the 

motion of the fluid is relatively large. It may include 

the study of flow-i'nduced noise or flutter, boundary 

layer stability, ship manoeuvrability and forces on 

propellers. The fluid actions are governed by the flow 

characteristics which may be described by a linearized 

form of the Navier-Stokes equation which simplifies 

nonlinear convective momentum terms but retains the 

effect of viscosity. 

In all other cases the fluid action is governed by a 

form of the wave equation. 

V2p - ý/C2 

where p(t) is pressure, c is the wavespeed, 

K is the bulk modulus and p is the density 
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Thef applied forces may be due to mechanical or 

'acoustical sour6es and there is 'no 'difference, within 

linear acoustic, '; *theory, ' between, --sound, - radiation and 

acoustic scattering, phenomena. , For problems dealing 

with the transient'response of a structure an incident 

pressure pulse is often considered. This may emanate 

from a point source or be represented by a plane wave, 

neither of which will satisfy the, wave equation 

everywhere. This can be overcome by considering the 

pressure field in three parts; incident pressure, .p 
(which would occur in the absence of the structure), 

reflected pressure, (p ), (due to the presence of a R 
structure with rigid boundaries) and a radiated 

pressure, (ýp ), (that accounts for the remainder of the 
r 

total pressure field). Thus, 

PTOT= PI + PR + Pr Pi +IP (1.2) 

The incident wave pressure, p is prescribed, and 

therefore only the scattered parts of the total pressure 

field, are unknown and need to satisfy the wave equation. 

Further sub-divisions in the categories Of 

fluid-structure interaction problems are possible to 

differentiate between situations, such as shock or 

impact effects, where compress. ibility of the fluid is 

significant. 

The fluid itself will have differing effects on the 
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behaviour of the structure depending 

density. A light fluid, such as 

comparatively small influence on 

vibration, but may be important if 

produced adversely affects the working 

within the cabin of an aircraft. 

on its relative 

air, will have a 

the structural 

the acoustic noise 

environment, e. g. 

The radiated pressure in a heavier acoustic medium, 

such as water, will be significant and will both 

influence and be influenced by the structural response. 

The radiated pressure field and the structural response 

are therefore inexorably linked and neither can be 

solved independently of the other without making some 

gross assumptions or approximations. Unfortunately the 

complexity of the problem is such thatý attempts to solve 

simultaneously in the fluid and structural domains are 

only possible for certain idealised sections such as 

spherical bodies and infinitely long cylinders in an 

infinite extent of fluid. 

In this work the fluid will generally be taken to be 

water, which will be deemed to be incompressible but not 

necessarily inviscid. The structures which are immersed 

in this fluid will be cylindrical or beam-like and the 

steady-state rather than the transient structural 

response will be considered. However the methodology 

presented will be general and capable of adaptation to 

many other cases. 
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, The remainder of, ýthis chapter reviews the solution 

methods that have been proposed including analytical 

techniques, decoupling schemes, approximations, fluid 

finite elements and boundary elements. 

In chapter 2a two dimensional fluid-structure 

interaction problem is analysed in which a circular 

cross-section is contained within a rigid outer boundary 

and the annular gap contains a fluid. The *linearized 

Navier-Stokes equation mentioned above is used so that 

the influence of viscosity can be assessed. By 

considering adjacent, sections as, a series of thin 

strips,. a crude threeýdimensional representation- of a 

free-free beam can be achieved., 

A more rigorous treatment of three dimensional 

shapes appears in the next chapter where the choices to 

be made when modelling a flexible shell-type structure 

using finite elements are considered. The determination 

of hydrodynamic coefficients is explained. 

II 
Chapter 4 looks at the requiremei 

the structural response or the radiated 

from a vibrating cylinder submerged 

influence of, the-free surface and rigid 

boundaries on hydrodynamic coefficients 

ats for measuring 

pressure field 

in water. The 

side and 'bottom 

is recognised. - 

The structural responses measured in a series of 

model tests and predicted from hydroelasticity theory 
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are presented in the next chapter and finally these are 

compared and conclusions drawn in chapters 6&7. 

1.2 Background 

Reviewers into 

interaction have been 

literature which has 

classify. Most of the 

specific problem or 

particular aspects. 

the subject of fluid-structure 

faced with a vast amount of 

been difficult to categorise or 

available references deal with a 

a technique emphasizing certain 

There was a plethora of reviews in the mid 1970s 

since when the bulk of material available has restricted 

attempts to present an extensive overview. Noor & 

Dwoyer(1989) have edited the most recent review of 

fluid-structure interaction which concentrates solely on 

recent advances, as does Petyt(1980). 

Other reviewers like Krajcinovic(1975) and 

Klosner(1976) have limited themselves to one particular 

aspect, such as investigations concerned with the 

response to acoustic shocks of shells submerged in a 

fluid of infinite expanse. 

In other cases where the reviewers attempted to be 

more encompassing there is still disagreement as to the 

most satisfactory format for presenting the material. 

Menton & Magrab(1973), Firth(1975) and Geers(1975) 

favoured 'a listing in chronological order whereas 
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Zienkiewicz &. Bettes(1978) classified the, subject 

according, to the amplitude-and duration of the relative 

motion of the two media. - Chen, & Pierucci(1977) chose to 

differentiate between the action of the exciting force 

which can be mechanically, acoustically or 

hydrodynamically applied. Kalinowski(1975) looked at 

the solution techniques that were available at the time 

and listed the commercial and research computer 

programmes that used them. 

For, these reasons the review which follows does-not 

attempt to be totally comprehensive. The information 

has been presented according to the various solution 

techniques, starting with analytical techniques, through 

approximations, fluid finite elements and boundary 

element methods to boundary integral methods and 

hydroelasticity. 

1.3 Analytical methods. 

When considering the response of a submerged 

structure the crux of the problem is in the applied 

loading. For the same structure in air, the external 

forces will be specified and will not be altered by the 

dynamic response. This is no longer true when the 

structure is immersed in a fluid whose specific acoustic 

impedance approaches that of the structural material. 

The pressure loading due to the fluid is -not known, 'a 

priori but depends on the surface motions., The 

6 



equations of structural-and-fluid motion are, inexorably, 

linked 'and must, be solved'simultaneously-unless certain: 

assumptions I are made which decouple them. 

Analytical methods do not contain any assumptions of 

this sort and because they require a solution at every 

point in the 'spatial. 'continuum' they areý-necessarily 

limited. They can only be used sensibly when the 'wet 

surface of'the submerged structure-can 'be- defined in 

terms of a'single coordinate, 'for example- describing a 

spherical surface or an infinite circular -cylindrical 

surface. 

The free vibration of a submerged spherical shell 

has been studied by Lou & Su(1966) and Berger(1969) and 

more recently by Felippa & Geers(1980), in which the 

complex natural frequencies of the sphere are obtained 

from the roots of polynomial equations. Junger(1952), 

Bleich & Baron(1954) and Warburton(1961) have obtained 

results_for the vibration of infinite flexible cylinders 

surrounded by, or containing, a fluid by matching 

solutions at the interface for standing waves in the 

fluid and vibrations of the cylinder. 

Similarly the"transient 'response of -spheres and 

infinite cylinders has provided, exact -solutions which 

are benchmarks against which alternative solutions can 

be matched. The earliest work was presented by 

Carrier(1951) who considered a plane wave incident on a 
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cylindrical'shell. Carrier formulated the equations but 

he did not provide any numerical examples. Lax, Sette & 

Gooding(1953), Murray(1955), Forrestal & Alzheimer(1968) 

and Forrestal(1968) did derive results but only for the 

first few circumferential modes of vibration. 

I Huang(1970) and-, Huang & Wang(1970) were among the 

first to produce results'for a significant number of 

modes by 'taking the" Laplace transform of the coupled 

'field- eq-dations and then expressing* quantities as 

Fourier series, in the angular coordinate. The resulting 

algebraic equations can'be solved but transforming back 

into , the time domain presents some difficulties. 

Geers(1969) ` employed a' more indirect approach 

transforming' back into-'the time domain before solving 

the equations. The exact solutions, obtained have' been 

compared with approximations which neglect one of the 

components of the external pressure field. Geers found 

that 'neglecting'' the ' scattered' wave results in 

underestimates of the pbst-envelopment shell velocity by 

factors greater than'two, whereas failure to account for 

the radiated 'wave yielded results which "'were only 

slightly, over-estimates., From this was conceived the 

idea that-approximations could be. used which would give 

reasonable. results even though their physical basis may 

be ill-founded. 
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1.4 Approximations 

The earliest work in which an approximation for the 

generalised forces due to pressure loading exerted on a 

shell is used to uncouple the motion of the fluid from 

that of the shell is by Mindlin & Bleich(1953). The 

main effect of the approximation is to give the 

reflected and radiated waves associated with each mode 

of the shell the propagation characteristics of plane 

waves rather than cylindrical or spherical waves. Hence- 

it is known as the plane wave approximation (PWA). It 

has been shown that this approximation is accurate at 

the early stages of envelopment by an incident shock 

wave and become progressively less accurate at later 

times. Separating the total pressure field in a manner 

similar to eqn(l. 2) into a prescribed (or incident) 

part, pi, and an unknolýTn scattered (or radiated and 

reflected) part, p, on the shell surface, there will be 

-corresponding generalised force matrices Fi and F. The 

normal veocity on the shell surface will also be made up 

of an incident part Ui(s, t) and a radiated part U(s, t) 

corresponding to pi and p. The radiated generalised 

fluid force predicted by the PWA is directly 

proportional to the radiated velocity through a matrix, U 

F= aU 

so that the sole effect of the fluid on the structure is 

radiation'damping. , 



An improved short-time. -, approximation-was, ýproposed. ýby 

Haywood(1958) who-introduced, -an---, after-flow coefficient 

which accounted in- part for the cylindrical nature of 

the scattered wave. -This approximation is'known as the 

curved wave approximation (CWA)., -. There. hasfýl been 

considerable-effort into assessing, through numerical 

examples, the accuracyýof the PWA'and CWA compared with 

exact solutions. ( Herrman & Russell(1967), Berglund & 

Klosner(1968), Bedrosian & Dimaggio(1972) and Grigoluik 

& Gorshkov(1974)). There have however been very few 

comparisons in the open literature with practical tests. 

ChertoCk(1970) reviews some experimental work that was 

done more than 15 years earlier and which. on the 

theoretical side. uses a different approximation to 

uncouple the motion of shell and fluid. In this 

approximation the fluid is considered incompressible and 

pressures are transmitted with infinite velocity. The 

virtual mass approximation (VMA) in which radiated 

generalised fluid force is proportional to the 

acceleration of the fluid introduces an added mass term 

into the- equations of, motion -and is valid for low 

frequency modes 

YO (1.4) 

The doubly asymptotic approximation (DAA) proposed 

by Geers(1971) is an amalgam of, the--PWA, and VMA 

a-IF + Y-IF 
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so that it has the advantage of accuracy at early 

and late times but at intermediate times it overpredicts 

the fluid resistance and thus overdamps the structural 

vibration. This approximation has been widely adopted 

despite its limitations and has been proposed and used 

as a tool for predicting the dynamic response of complex 

structures by Ranlet, DiMaggio, Bleich & Baron(1977) and 

Geers(1978)., 
_ 

.. Further developments in this area have accepted that 

the DAA offers the best compromise between computational 

cost and accuracy and have only attempted to improve the 

accuracy at intermediate frequencies and times. The 

improved doubly asymptotic approximation (DAA2) 

(Geers(1978)) and the inertial-dampind collocation 

approximation (IDCA) (Dimaggio, Ranlet, Bleich & 

Baron(1978)) are the most recent variations. DAA2 uses 

a diagonal fitting matrix, C, to match one of the two 

components of the impedance with the exact value at an 

intermediate frequency. 

+ C-10 a-'( r+ arl. ý + C-ly-IF 

with C-1. =0 this reduces to DAA. 

The IDCA uses two fitting matrices and by splitting 

the induced normal velocity, U, into inertial and 

damping components UM and UD can be used to match both 

the acoustic reactance and resistance at two selected 

frequencies 
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um -BA Um = y-I F+ BF 

uDU a-IF D, D 

U 
ýUM 

+ UD 

(1.7) 

(1.8) 

(1.9) 

B and D are the diagonal fitting matrices and A is a 

non-zero diagonal matrix introduced to permit the IDCA 

to approach the correct asymptotic limits at zero and 

infinite frequencies. Matrices B and D are chosen so 

that exact solutions for -the resistive and reactive 

components of response are obtained, respectively, at 

two intermediate driving frequencies. If B and D are 

set to zero, eqns(l. 8)-(1.10) reduce to the DAA of 

eqn(l. 6). Vasudevan & DiMaggio(1981) have compared the 

approximations DAA, DAA2 and IDCA with exact solutions 

for the transient response of a spherical shell under a 

plane step shock wave. 

1.5 Fluid finite elements 

'As 'one moves, away from relatively'straightforward 

geometric shapes it is necessary to resort to ýmethods 

which yield solutions at only'a, finite number of spatial 

points rather than, every -location. Finite element 

analysis isInow well established and finite element/DAA 

formulations have been presented (DeRuntz, Geers & 

Felippa (1980)); however it is not the only-alternative. 

Both the fluid and the structure can be represented 
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with finite elements. The structural analysis is 

invariably performed using a Lagrdngian approach based 

on displacement. The fluid analysis can be performed in 

one of two ways. Either a Lagrangian approach can be 

adopted so that the fluid is treated as an elastic solid 

with -negligible shear modulus (Akkas, Akay & 

Yilmaz(1979)). A disadvantage of this method is that 

the fluid " finite element mesh may become highly 

contorted as it follows the fluid motion. Thus, the use 

of fluid finite elements ismore applicable to examples 

in which the fluid is totally contained within the 

structure., ý,, However the coupling is. simplified as no 

special distinction is, made, between solid and fluid 

elements other than the-fact-that the material constants 

used to define the element fluid stiffness are selected 

in a particular manner (Miller, Constantino & 

Fey(1967))., - 

Alternatively an Eulerian approach can be employed 

with the fluid characterised by a single variable 

(pressure or potential) and coupling achieved by 

consideration of interface forces. Discretising the 

wave equation (1.1), leads to 

CK It p)-( 

where MK are, acoustic mass and stiffness 

matrices that, are functions of, fluid topology and wave 

speed, c. 
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p-) is pressure 14 ", 

and f-) is-a forcing function which is determined 

from'the', fluid structureýinteraction. 'ý, -,, 

As the fluid motion is constrained to move with the 

structure at the interface, the forcing function (f) can 

be related to the structure surface motion through 

T'f, SH 

where S is determined from the appropriate shape 

functions in both fluid and structural regimes. 

Finally, the fluid interface pressure (p) can be 

related to the equivalent interaction nodal force, 

by the principle of virtual work. 

(F)=-[ 1T p .) 
(1.12) 

Therefore simultaneous-equations*relating structural 

and fluid motion can be written 

M0c0+k (De xk (1.13) 
P 

01 
+ooo 

ST]JUI 

o -S MI 

Jý 

K 

where (m], [c], [k] are structural mass, damping and 

stiffness matrices respectively. 

Q 
ext 

is an external force vector. 

Unfortunately the solution of eqn. (1.13) cannot be 

accomplished using the standard solution techniques of 

finite element struc-Eural analysis as these utilise the 
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fact that coefficient matrices are symmetric*and banded. 

Nor can time-marching, algorithms such 'as the 

Newmark-Beta method be-, used for transient analysis, "as 

spurious - oscillations---arise from the'ý-asymmetric 

matrices. -Extensive manipulation is required to get the 

matrices -into 'symmetric form; alternatively eqn. '(1.13) 

can be reduced to ! two symmetric-equations-dealing 

separately. withýstructural-, displacementior the-pressure 

variable in, an, iterative manner. -. -, (Park, DeRuntz* & 

Felippa(1977), Babu -Reddy(1981) and Zienkiewicz, & 

Taylor(1985)). 

In the absence of external forces eqn. (1.13) yields 

a real eigenvalue problem of the form 

( 

w2 
00 

(1.14 7 
-7S M+0Kp 

solution of' which determines the natural frequencies. 

A method whereby, the matrices in eqn. 11.14) can be 

expressed in 'a symmetrical form was suggested ýby 

Irons(1970) and , requires [K]-"- to- be 'invertible. 

Felippa(1985)' gives three -alternative' methods of 

symmetrization, -'each of which 'requires ýone of the 

matrices, [m], (k],, [M] to be, invertible., "'' 

The equation of motion of a small element of fluid, 

ignoring viscosity is 

Pu -Vp (1.15) 
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fromf-, 'which it can, be-seenýthat an-Eulerian approach 

based on pressure is almost'identical'to'an acceleration 

potential formulation. Alternative Eulerian 

formulations for modelling the fluid in fluid-structure 

interaction problems are possible., Olsen & Bathe(1985) 

present a method based onvelocity-potential, with -one 

pressure nodal variable. - This-produces-a'symmetric 

formulation, aild-appears, to, lead-, to the ýexistence -of a 

"damping" matrix-, however, the non-standard eigenvalue 

problem, derived'does have real-roots. Felippa(1985) 

uses displacement potential to arrive at equations 

similar to (1.13) and (1.14). Morand & Ohayon(1979) and 

Geradin Robert & Huck(1984) work with both 

displacement potential and pressure as variables in the 

fluid. This leads to larger, very sparse matrices, 

which require no special symmetrization, but which are 

highly singular. 

A Lagrangian formulation can be used for the fluid 

domain, where displacement is the unknown variable and 

coupling is ensured by matching normal displacements at 

the 'fluid-structure interface. Unfortunately the 

irrotational condition in the fluid is not satisfied and 

the eigensolution contains many zeros corresponding to 

purely circulatory modes. Careful examination of the 

results is required to extract the relevant information. 

This problem can be overcome by modifying the 

variational principle to include a penalty function, as 
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pointed out by--Zienkiewicz & Bettes(1978), Hamdi, ýOusset 

& Verchery(1978) and Deshpande, Belkune & Ramesh(1981). 

1.5.1 Regions with infinite boundaries 

Special consideration must be given to problems 

involving an unbounded fluid domain as either the mesh 

must be truncated- at some-distance relatively near to 

the submerged structure or an inordinate amount of 

computer space must be allocated to modelling the fluid 

with little remaining for the structure itself. 

Zienkiewicz & Newton(1969) developed a radiation 

condition for boundaries a large distance, compared with 

an acoustic wavelength, from the vibrating structure. 

Assuming that the boundary is far enough away, ýhe 

radiation pressure wave can be considered to have a 

plane wavefront. The outgoing pressure wave. crossing 

the boundary will be a function-of direction and time, ''ý' 

p= f( n'-ct ) "' ,' 

n being the direction normal to the boundaryý, taken 

positive, in the direction of the out-going wave. 

There will be'no incoming waves (by assumption) 

so bp/bx f, 

and bp/Ot -Cf' 

giving the boundary condition 

bp 1 bp 

bx c bt 
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For a periodic solution, with frequency LU this 
becomes 

bp 
+ lw-ý 0 

bn c 

which can be incorporated into the Somerfeld(1949) 

radiation condition 

lim r 
6P 

+ jw-E 0 (1.19) 
r- oo bn C 

which simultaneously satisfies eqn. (1.18) and the 

condition that pressure should tend to zero as the 

distance from the source,. r, tends, to. infinity. 

Zienkiewicz & Bettes(1975) have shown that this 

condition can be applied with some approximation at a 

finite distance from the disturbance and can be easily 

incorporated int8ýthe discretised equations of motion. 

Eqn. (1.10) is modified to 

EMI ý+ [A] ý+ EKI p-- ES] ii 

where [A] 1/(pc) f MAN] dr 
-. rr -- 

and r is the distant boundary used to model the 

radiation. The equations of motion are the same as 

eqn. (1.13) except that the lower right partition o4 the 

vector has (A] in place of [0]. 

Alternative ways of-handling the infinite boundary 

problem for methods that consider. both the structure and 

the fluid to be comprised of finite elements are 
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"infinite elements" (Zienkiewicz & Bettes(1975), 

Bettes(1980) and Goransson & Davidsson(1987)) and 

boundary integral methods. 

1.5.2 Boundary integral methods 

Boundary integral methods are means by which the 

fluid pressure can be assessed at the fluid-structure 

. interface and divide into two-categorie8; simple source 

methods ana Helmholtz-formulation methods. 

In the simple source method described by Chen & 

Schweikert(1963). the pressure in the fluid region 

surrounding the structure is represented as the integral 

of a source density, a, over the surface . 

p(-x) f G(7,3F 
r -- 

y) G (x, y/-) dr(, Y) 

bG (R, -y) 
iwpUCx) a MR/2 f CY(-Y) - droy) 

r -bn Mx -- 

= Wk"ý4n(Z--) in which G (-x, -Yt-) eYiS the 

free-fi'eld Greens function which satisfies the wave 

equation and the conditions that only outgoing waves are 

allowed'from a point source and that pressure tends to 

zero at an infinite distance from the source, and XY. 

are points on the closed surface r 

p is pressure 

U is velocity 

n is the outward normal at the iluid-structure 
interface. 
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The principal values of integrals are to be taken, 

since they are singular when x and y coincide. The 

discrete form of eqns(l. 21) may be written as a pair of 

matrix equations 

Ox-) =P cy (, Y) -1 

U MR) =Ra (7) (1.22) 

The elements of the matrices P and R are surface 

integrals involving' the integrands G and dG/dn 

respectively and which can be solved to determine crand 

then p. However, it is pointed out by Copley(1968) and 

Schenck(1968) that this method breaks down at certain 

(critical) frequencies. Copley proves that these 

frequencies are the eigenvalues of the interior problem 

with condition p=O on As the frequency approaches a 

critical frequency the source density becomes infinite. 

If a finite source density were used in the case of a 

critical frequency there would be no effect outside ras 

the interior would provide zero impedance to this 

configuration. Jones(1974) suggests a modification, 

replacing G(ýX, ýy) by a similar function, which prevents 

this failure for a certain frequency range. 

In the Helmholtz-formulation- method, the, pressure 

distribution is given by the surface Helmholtz integral 

equation (Baker & Copson(1950)) 

2fbG 
Cx-, y) 

. p(3r) --i7 -- dr(-y) (1.23) 
r n(A) 

2! wpf UM) G('X, - dr(-y(-) Y) r 
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, "This equation can, -be solved numerically-(Seybert, 

Soenarko', ` Rizzo'& Shippy(1985)') but fails at' the same 

critical frequencies-as the simpleý'source method. 

Schenck(1968) has presented a method which avoids the 

cavity resonance problem by simultaneously solving the 

surface Helmholtz integral'eqn(l. 24) andý'Ithe: interior 

Helmholtz integral (Kupradze(1952))., ' 

Finally, in this section, it is noted that 

evaluation of the Helmholtz equation is complicated and 

must be undertaken by-numerical means for anything other 

than simple geometric shapes. A method 'of modelling 

infinite regions of fluid is to use fluid finite 

elements from the submerged structure out to a spherical 

surface surrounding it. A standard series solution for 

the Helmholtz equation outside a spherical cavity, is 

then used to model the-external region out to infinity. 

Hunt, Knittei` & Barach(1974) and Hunt, Knittel, Nichols 

& Barach(1975) have used this method for 'acoustic 

radiation and scattering problems. - 

1.6 Hydroelasticity 

The preceding 'section describing boundary integral 

methods provides'some of the background for the recent 

developments (Bishop, ý Price,, & Wu(1986)) relating to a 

general theory'of hydroelasticity. - 

Hydroelasticity is the study of the behaviour of a 
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flexible body moving through a, fluid. - Hydroelasticity 

theory has been established in an attempt to unify 

hitherto disparate parts of Naval Architecture; namely, 

theory of manoeuvring and seakeeping and structural 

analysis. In seakeeping analysis the ship has been 

treated as a rigid body (Korvin-Kroukovsky (1961), 

Gerritsma & Beukelman(1964) and Lewis(1967)), whereas 

ship' structural analysis was considered as a problem of 

statics solved by techniques that were to some extent 

empirical (Murray (1965)). The approach suggested by 

Bishop & Price (1979) was to apply established 

techniques of dynamics to the overall subject of hull 

response, so that determination of symmetric motions of 

heave and pitch of a rigid hull formed just part of the 

hydroelastic analysis. 

Fundamental to the problem of structural ship 

dynamics is determination of the applied fluid forces, 

Betts, Bishop & Price(1977) adopted strip theory of 

which there are several formulations. Elementary 

(Gerritsma & Beukelman(1964) and Lewis(1967)), revised 

(Salvesen, Tuck & Faltinsen(1970) and Vugts(1971)) and 

rational strip theories (Ogilvie & Tuck(1969)) have been 

developed and evaluated (Faltinsen (1974)). it is, 

however, an approximate procedure as it assesses the 

two-dimensional hydrodynamic properties of a strip of 

fluid on to the hull. The resultant fluid actions 

derived by semi-empirical means are then summed along 
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the length 'of the''hull without consideration of the 

longitudinal motions. 

These limitations were partially responsible for the 

decision to employ "dry" rather than "wet" modes in the 

modal analysis used in the -current theory (Bishop'& 

Price(1976)). As the flUid-forces determine the mode 

shapes, ' the orthogonality condition will rely on the 

strip'theory, ýdth all its inherent "weaknesses, in a 

"wet 'modes" ""analysis.. With the chosen' techniqjýLe, ' all 

hydrodynamic-forces and forces due to structural damping 

are regarded' as *being . applied to the structure whose 

dynamic undamped vibration characteristics have been 

established in vacuo. The orthogonality properties of 

the dry modes are uncomplicated and one of the great 

imponderables, structural damping', ' is'isolated'in'the 

analysis. 

A. unified dynamic analysis of ship, response in waves 

was presented by Bishop, Price &-Tam(1977) which enabled 

symmetric responses and associated bending moments and 

shear forces to be determined at any section of a 

"beam-like" hull. This was extended by Bishop,. Price & 

Temarel(1979) to include asymmetric,, modes for ships with 

port-starboard symmetry 
'and 

extended again to admit 

asymmetric structures', e. g. 
_ 

aircraft carriers (Bishop, 

Price & Temarel(1984) or ships having an angle of heel 

(Conceicao, Price & Temarel (1984)). The transient 

response of a ship slamming in heavy seas has also been 
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considered (Bishop, Price & Tam(1978) and Belik, Bishop 

& Price(1980)) and compared with measured data obtained 

from trials on board frigates at sea (Bishop, Clarke & 

Price(1984)). 

In all of the analyses performed up to this date 

strip theory had been employed with the hull of the ship 

represented as either a Timoshenko or a Vlasov beam 

(Bishop, Price & Mang Xicheng(1983)). A major 

development was the work produced by Bishop,. Price & 

Wu(1986) in which strip theory was superceded by a three 

dimensional potential theory which allows a variety of 

floating or submersible structures such as small water 

area twin hull vessels (SWATHs) (Price, Temarel & 

Wu(1985), -flexible jack-up 'rigs (Fu, P: rice & 

Temarel(1986) and cantilever plates (Fu & Price(1987)) 

to be analysed. The traditional potential -theory used 

in rigid body dynamics (Newman, (1978)) has-been extended 

to include-distortion modes. The, boundary value problem 

postulated is solved by boundary integral equations 

using the singularity distribution technique, with free 

surface and forward speed effects included. 

This., work seeks to extend this progression by 

developing the existing theory to situations in which 

the . responses of a submerged flexible shell-type 

structure are analysed. A new class of structure is 

thereby introduced into the analyses and the predictions 

are compared with a series of experimental tests. 
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CHAPTER 2- VISCOUS MODEL_ 

-1 
2.1 Introduction 

The Navier-Stokes equations and the equation of 

continuity completely describe the plane flow of, an 

incompressible' Newtonian fluid'with constant viscosity., 

They are"*used'h'ere as'the basis on, which to" determine 

the added mass' and"dampin g associatedwith the vibrationý 

of a beam in a confined fluid. 'The 'work that is 

incliided in this-'ýhapter'has been published in reports 

(Randall(1986,1987)) 'and "a paper '(Hosoda, Price 

Randall(1989)) that is included at Appendix E. Full 

details'are 'available in'the references and to avoid 

repetition only an outline will be included in this 

portion of the text. 

Added mass is a well-known concept and can be traced 

back to Stokes(1843). For a structural body in an 

infinite, inviscid fluid it can be easily evaluated. In 

certain circumstances, this simple approach may be all 

that -is -required. However in reality there will 

invariably be an external boundary to consider. When 

this outer boundary comes into close proximity with the 

structure it greatly increases the magnitude of the 

added mass. In this situation it is also. appropriate to 

consider the effects of viscosity in the fluid. The 

inclusion of viscosity related terms into the 

formulation increases the added mass in a frequency 
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dependant --manner; furthermore hydrodynamic damping is 

introduced. 

,.,, -2.2 Mathematical modelf- "I "IýII: 

Adopting the system studied by Chen, Wambsganss & 

Jendrzejczyk(1978), a flexible cylindrical rod is 

considered vibrating "in a viscous fluid enclosed by a 

rigid concentric cylindrical shell. However, to enable 

variations in the response of a projectile emerging from 

an outer tube to be studied, the length of the cylinder 

was finite and the outer boundary may be totally removed 

or a transitional state with the cylinder partially 

enclosed can be considered. 

y 

(a) - -, enclosed 

transition (d) 

Y 

Figure 2.1 
emerged Schematic and coordinate system 

for cylinder in rigid water-filled tube 
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2.2.1 Dry analysis 

The structure under consideration has a simple 

geometric shape for which closed form solutions for the 

dynamic response exist. The governing equation is given 

by 

62W El" b4W 

jT _NA (2.1) 
2 Tt 2+ Pb Ab 6X4 - Q(t) 

wherd w deflection 

E Youngs-modulus 

I Moment of inertia 

A= Sectional area 

p= mass density , !. I- '' -II 

Q= external excitation 

The theorem given by Rayleigh(1894) shows that the 

solution of eqn(2.1) may be expressed as an aggregate of 

distortions in its principal, modes. 

(x, t) = 1: p (t). (D W (2.2) 
rr 

where Pr'(t) is the rth. principal coordinate 

A)r(x) is the rth. principal mode shape 

The principal modes and natural frequencies obtained 

from eqn(2.1) with the appropriate boundary conditions 

for a free-free beam can be obtained from standard 

solutions (Bishop & Johnson(1960)). The natural 

frequency of the rth. mode of vibration is given by 
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a2 -. r %/(Ellp) 

where ar is the rth. 

(2.3) 

root of the frequency equation 

, -cos arcosh C'r 10 (2.4) 

The corresponding characteristic functions wr(x), 

scaled to give wr(o)-l, are 

'0.5(Cosh(ax/1) -+ cos(ax/1) - c; Esinh(ax/1) 
rrr + sin(ax/01) cosh C'r- COS'ar r 

where or 
sinh Gr- sin ar- r 213p... 

2.2.2 Wet analysis 

The '-fluid forces, are derivedýby considering the two 

dimensional flow of the fluid defined by velocity 

components v, w. along the -axis directions- Oy and Oz 

respectively. 

The Navier-Stokes equations, mass conservation and 

angul , ar rotation of the fluid flow are combined to 

obt ain 

ý62K 
+ 

ý2K 
+ 

ýS_ 
+ (2.6)' 

-bt 
by . by ýýZ2 w) 

By defining a stream function such that 

W (2.7) 
6z, by 

and assuming small amplitudes of motion eqn(2.6) can 

be expressed as, ? 

V2tp VV4qj '(2.8) 
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The solution of eqn(2.8) is known to be 

tp V (A a2 
+ Br + Call(kr) + DaK, (kr) ) sin O. eiwt 

(2.9) 

where 
k2 = 1W/V 

V is the amplitude of the velocity of the 

oscillating beam 

A', B, C, D are constants, to -'be determined from the 

boundary conditions. 

11, K1 are modified Bessels functiofis of the first 

kind. 

From which the pressure at the surface Of the beam 

and hence the force producing vertical- motion' caný'be 

obtained 

F (x, t) = -iwmV( -A +B+ C11(ka) + DKl(ka) ) e'wt 
z lWt 

(2.10) 
= -IwmVHe 

The complex quantity, 

H= (-A +B+ CI, (ka) + DK, (ka)) (2.11) 

has real an 
,d imaginary components-H 

R 
and H' respecýtiv'ely 

which are used to establish the generalised hydrodynamic 

coefficient 

M" -ý flw, (x)ws (2.12) 
rs 0 

(X)HR(X, W, V). dx 

and generalised damping coefficient 

fl w Ww (x)Hl(x, w, v) dx 
rs -rs 0 

from which the generalised vertical fluid force can 

be obtained 
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n-1 Fr Q) 1: (M Js(t) +C 
rs 

(2.14) 
S-0 

The equation of motion for the rth. mode of 

vibration is 

Mrrýr(t) + Crrýr(t) +-, krrPr(t) ý Zr(t) (2.15) 

where-the total external loading is 

Z, (0 *-- -. Fr(t) Qr W (2.16) 

Combining eqns(2.14)-(2.16) the equation of motion 

in the rth. mode is given by 

+ W2M p, (t) 
.=Q 

(t) 
(M '00 (ýrr 

r rr r k-0 'k-0 
(2.17) 

In matrix terms 

Em +MI 5 +, Ec + Cl ý+EkIpE QW] (2.18) 

where* M and-C may be non-diagonal matrices. The 

residual external excitation can take any form*but-if a 

steady, harmonic input force -is considered, at one 

distinct point-on the beam. Then, 

f1 P(x, t) w (x) dx (2.19) 
r,,. 0 

If P(x, t) has unit"magnitude and is'applied at x=x' 

from one end, (x *4 <1)' then' 

P(x, t) 

where S(x-XI) is a delta function such that 

'S (x=x') 0 (elsewhere) 
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so 

0 (t) fI 6(x-x'). w (X). e'wt. dx w (x'). eiwt (2.21) 
r0-rr 

Now as the steady state response'iS such'that 

Pr(t) ":, Preiwt (2.22 
1 

the amplitude matrix-p'satisfies the equation 

-W2(M+M) + lw(C+C) +kIpDp (2.23) 

or 

adj D 
Ip 

. F:: D -IQ = -ý- (2.24) 
et DQ J(W)Q 
et D 

where adj denotes the adjoint matrix and the 

determinant is det D det, 
1'-Uj2(M+M)+ 

iw(c+C), + k 

2.3 Calculations 

The complex quantity H in eqn(2.11) is a function of- 

frequency of oscillation, W, coefficient of viscosity, 

ý, and the ratio of the radii, d/a. This will be 

reflected in the generalised hydrodynamic coefficients 

Mrs, Crs given in eqns(2.12) and (2.13), however for a 

uniform beam of sufficient length so that end effects 

are negligible HR and H1 will be-constant. ' Then due to 

the orthogonality relationships that exist for the dry 

modes, the generalised hydrodynamic coefficient matrices 

M and C are diagonal. 

From eqn(2.11) the-added-mass, coefficient Cm and 

damping coefficient Cv are defined as 
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Cm = Real (H) = HR/m 
Cv -mw. lmag'(H)''= . H' 

(2.25) 

These coefficients will be assessed in the following 

set of figures against gap clearance d/a and another 

non-dimensional parameter RS uýa 2/4 which is the 

product of Reynolds number( R Ua/Oand Strouhal number 

(S = wa/U)at some, representative, velocity, U. 

2.3.1 Gap-clearance 

In the absence of viscosity it can be shown that 

eqn(2-11) reduces to 

H (J+y2)/(l-y2) where y ald (2.26) 

that is Cm, the added mass parameter is independent 

of frequepcy and Cv 0. There is a very rapid change 

in added mass as the gap clearance narrows as shown 

below. 

11 

9 

H7 
5 

3 

1 

f% e% 
d/a I-IYUIU Z. Z 

Changes in added mass coefficient, Cm, due-to variation in annular clearance 
inviscid fluid. 
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2.3.2 Viscosity or frequency 

Next the frequency dependent effect of viscosity on 

added mass and damping coefficients is shown in 

isolation by removing the outer boundary. When d -> oo: 

kd and y= ald'-; ý--'O, then 

H1+ 4K, (a)/aKO(a) a= ka (2.27) 

AS V -> 0 so RS co ' and the real part of H, as shown 

in figure 2.3', tends to uLty, which is, the limiting 

0 

E0 

logic)(RS) 
Figur'e 2.3 

Variation of added mass coeffient, Cm, for-viscous fluid Wa at infinity) 

value in figure 2.2 at large gap clearances. Figure 2.4 

shows an opposite trend with increasing magnitude of the 

damping coefficient with frequency, providing 0 and a 

are kept constant. 
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0. 

0. 

C) 

-1. 

-1. 

loglo(RS) 
Figure 2.4 

Variation of damping coefficient, Cv. for viscous-fluid (d/a at infinity) 

2.3.3 Gap clearance and viscosity 

In the general case when d 00, H is evaluated f rom 

eqn(2.11). Figure 2.5 shows the effect different gap 

clearances have on the ýadded mass and damping 

coefficients over a range of viscosities or frequencies. 

The added mass coefficient attains, constant values at 

either end of the frequency range, with the high 

frequency limit being that which would be obtained from 

fig. 2.2 for an inviscid fluid. 
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2.3.4 Principal coordinates of uniform beams. 

The principal coordinates given by eqn(2'. 24) will 

reach a'peak when detD reaches a minimum. The first 

three distortion modes r=2,3,4 are shown in fig. 2.6 

for a cylinder of 'length 1.0m and beam radius-0.1m. 

in a tube radius 2.0m. The cylinder was'assumed lightly 

damped with 4 -j'O-4 the elements of the assumed 
r 

diagonal structural damping matrix, c, are 

Crr- VrWrmrr (2.28) 

in accordance with Bishop & Johnson(1960). The 

excitation is provided by' a point load at a point 

kl=0.651 measured from one end. 

Forcing frequency (w-*/I/g) 
100 1. I. 5000 10000 

-150 - 
'D I 

-200 
Key 

...... ........ 
-P2 -250 P3 

P4 

Figure 2.6 
Variation of principal coordinates Pr, r-2,3,4 for uniform beam 
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From fig. 2.6 the principal coordinates are uncoupled 

and these curves could represent-the, cylinder,, surrounded 

by ail inviscid fluid or water = 1.14X10-6 M2/s) as the 

results are-identical. -There will only- be coupling 

between principal coordinates if M or C-contain 

off-diagonaL. terms;, which will only happen if H varies 

along the -length of,. the-, 
Ibeam. 

Also, appreciable 

differences. between viscous and inviscid fluid models 

only occur if, the hydrodynamic-coefficient matrices M or 

C are significant compared to-, structural. mass, and 

damping m and c. -,, -, 

To demonstrate this latter point the same beam data 

as given above were used except'-that the-, radius was 

progressively reduced. This lowers the structural mass 

and, damping and at the same time increases H H, and HI as 

the- non-dimensional parameter RS decreases from 1047 

6 
to 10"7 (see figs. 2.3 & 2.4 for appropriate changes 

in Om and Cv) . 
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Effect of viscosity on principal coordinate P2 for, slender beams 
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The effect of 'the changes can be seen to be 

primarily related to changing'the damping charateristics 

of the beam compared with : the inviscid case and has 

relevance to the behaviour of. ' long flexible tubes or 

pipes. The same effect--could have been achieved by 

increasing the viscosityýof the surrounding ýmedium but 

using a physically realisable and commonly occuring 

fluid such as water retains the significance of the 

study to ýmaritime engineering. The effect of annular 

clearance on the resonance frequency value of p- is 
12 

clearly demonstrated in fig. 2.8. 

Forcing frequency (wVl/g) 
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Figure 2.8 

Variation of principal coordinate P2 for uniform beam at selected, values of d/a 

2.3.4 Principal coordinates of non-uniform beams. 

To demonstrate the coupling between the principal 

coordinates,, changes have been made to the homogeneous 

nature or uniform section of the beam. The beam 
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modelled in fig. 2.9a has a 50% increase in density 

over one half of the beam. The recalculated amplitude 

P4 clearly shows the coupling associated with the 

coordinates P2 and P3* To illustrate the effect of 

geometric variation a uniformly tapered beam (af=O. lm, 

x=O; a=0.2m, x=l) of constant density was considered and z 

s Forcing frequency (wVllg) 
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(a) Constant radius beam with non-uniform 
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(b)'Tapered beam with varying annular clearance 

Figure 2.9 Variation of principal coordinate 04 

for non-uniform beams 
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the annular clearance varied from 0.21m<d<2.0m. The 

beam was again surrounded by water and fig. 2.9b 

summarizes the role of coupling in the principal 

coordinate p4 for different values of the annular 

clearance. The coupling between the coordinates 

increases as the annular clearance decreases. This 

effect-is due to -the increasing influence of the 

off-diagonal 
-contributions. 

arising in the generalised 

hydrodynamic coefficient matrices'Mand C. 

2.3.5 Non-uniform beam with discontinuous outer 
boundary. 

co 
0.41 0.51 

le (varies) 

Figure 2.10 Non-uniform beam with discontinuous outer bo undary 

Finally to demonstrate a practical illustration of 

the foregoing, fig. 2.10 illustrates a situation in 

which the faired shape of an underwater projectile is 

represented by a non-uniform beam which is partially 

enclosed by a constraining outer tube. The projectile 

is surrounded by flutid and as the outer boundary is 
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moved to the right, a crude'simulation in a quasi-static 

manner of the launch of the projectile becomes possible. 

This allows changes in"the'amplitude-of the principal 

coordinate, Pr* and'the resonance frequencies Wr, to' be 

monitored. 

Forcing' frequency (wV11g) 
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Figure 2.1 

Variation of principal coordinates Or, rr-2,3,4 

during projectile "launch" 
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Figure 2.11 shows the variation in Pr, r=2,3,4 as 

the projectile'm6ves 'from a state of enclosure within 

the tube to one of complete emergence. The resulting 

increase in resonance frequencies.. as the coefficients of 

hydrodynamic inertia reduce is evident, but what is not 

as predictable 'is the' irregular' way in which the 

resonance frequencies 'change or the variations in the 

coýpling between modes. 

When the surrounding water is treated as a viscous 

fluid no noticeable"differences are observed in the 

resonance. frequency values from those determined with 

the inviscid model. The only change that occurs is an 

increase in the generalised hydrodynamic damping 

coef , ficient valu6s-, ' I ýroducinga'reduction in the peak 

values- of pr. A mark is shown-on each of the curves in 

fig. '2.11 to indicate a lower amplitude'assOciated'with 

the viscid fluid model. 

2.3.7 Response 

The symmetrical vertical displacement at position x 

to an oscillatory applied unit ampitude force at 

position xI is given by Bishop, Price & Temarel(1984). 

W(X'X"t) = -WI(X) DWI W(X') Wt (2.29) 

where the complex valued function J(w) is defined in 

equation (2.24). 
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A resonance condition is identified when det D(W) in 

eqn. (2.24) is a minimum, at W=0, and the resonance 

displacement may be expressed as 4 

. w(x, x', t) = W(x, xf 0) eic(x, x', 0) eint (2.30) 

Here W(x, x', C)) denotes the displacement amplitude 

associated with the "wet" r. esonance frequency () and 

E(X, X', O) is the phase angle between the applied force 

at xI and the response at x measured from the stern. 

If the complex receptance is expressed in the form 

J(O) = An) +! J, (()) (2.31) 

it follows that 

W(X, X', D) Cos r. (x, x', C)) WT(x) EJ R 
W(X') =A, 

(2.32) 
W(x, x', O) sin c(x, x', ()) WT(x) [J'(C))] w(x') A2 

where the phase angle satisfies the relationship 

tan c(x, x', ()) A2/Aj (2.33) 

and the vertical amplitude is 

W(x, x', C)) V(A12 + A2 2) (2.34) 

In a full-scale measurement it is the displacement 

amplitude which is measured and this is commonly 

referred to as a "mode shape", being associated with a 

resonance condition. Figure 2.13 displays the complex 

characteristics of the vertical displacement at the 

first three lowest resonance frequencies. The "twist" 

observed in the mode shapes is due to the influence of 

the viscous fluid and structural damping. 
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CHAPTER, 3 - NUMERICALANALYSIS- 

3.1 Introduction ,- --, - ! ý, I, -, 

Fluid-structure interaction is concerned with 

determining how the dynamic response characteristics of 

a structure are affected by the presence of a 

surrounding, -fluid. There, are- many- factors., that will 

affect -the dynamic response. -of a thin-walled, flexible 

stru6ture when it is submerged. They can--, be -divided 

into effects-that are influenced-by the geometry of the 

structure and whether the-external loading is -transient 

or periodic, and those which are dependant on, the fluid; 

itsýphysical properties and the proximity of fixed and 

free boundaries. 

Initially, therefore, -it is expedient to consider 

one of the simplest geometric shapes, an infinitely long 

cylinder and determine the forced vibration of that 

structure in an infinite domain of water. Bleich & 

Baron(1954), Warburton(1961) and Junger(1972) have all 

derived analytical solutions for the response of a 

cylinder in contact with an internal or an external 

fluid. For application to submarifte vessels it is 

obviously the latter that is of-the-, greater interest. 

However it is difficult to extend the results to-the 

practically more realistic case of cylinders of finite 

length because the effect of the, ends on the motion ýof 

the fluid are not known. 
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, Despite these drawbacks it can be shown that 

resonable correlation can be obtained between results 

calculated for this simplistic model and measured data. 

The. underlying assumptions and differences in the 

theoretical formulations will be, examined to see whether 

they can shed any light on this apparent inconsistency. 

Rayleigh(1851) considered the problem of free 

vibration, of infinitely long thin-cylindrical-shells for 

the case of negligible bending stiffness. -Blelch & 

Baron(1954) use the mode-shapes- derived from membrane 

theory to derive a -correction which can be used to 

include the effects of bending stiffness. The results 

obtained are an, upper limit to the solution given in the 

more rigorous treatment by, Warburton(1961). 

3.2 Analytical predictions 

The equations of motion for a cylindrical shell can 

be assessed by studying the middle surface deflections. 

The prime assumption being that variations across the 

thickness of the shell are negligible compared with 

displacements of the middle, surface. In detail, this 

assumption will not be violated providing 

(i) Displacements are small in comparison with the 

thickness of the shell so that linear theory of shell 

deformation can be applied.. 

(ii) Shell thickness is small compared with the 

radius of 'the cylinder aspect ratio < 0.05, more 
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typically 1/100). 

(iii) Fibres of the shell initiallyý'perpendicular to 

the shell middle surface remain so after deformation and 

are not subject to elongation. 

(iv) Normal stresses on planes parallel to the shell 

middle I surface are negligible in'comparison with other 

stresses'. 

The equations of motion 'are derived, applying the 

above assumptions, from HamiltonV variatfonal principle 

in which expressions are. obtained for the total kinetic 

and potential energies of the system in terms of the 

unknown middle surface- deflections. Discrepancies in 

the differential equations derived in this way which 

appear in the literature are due to small differences in 

the, strain-displacement relationships and are not 

generally significant. 

3.2.1 Cylindrical'shell in-vacuo 

Using the strain-displacement relationships given by 

Fung(1965) for the cylindrical coordinate system shown 

in f igure j. 'l. - 
x 

z 

Figure 3.1 

Geometry of cylindrical shell showing direction of displacement components 
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bZ2 

1 bV X'62W 6V (3.1) 
+W 

00 a 66 -a 
2 bE12 

bu 6V X 62W 4) V 

'0 
+T -j T2 -6 -z9 -6z- cz, e) -4)7 z 

The three equations of motion are then given by 

(Junger & Feit(1972)) 
61 U I-V 62U 

+ 
J+V ý2. V 

+V 
6W U0 

+- E092 bZ2 2 
T2 

2a 2a bz6, G a jz, ýP2 

1+4 62U 
+ 

1-4 2 V.. 
+ 

'2) ý2V 

2 
2) --+ --ýj (1 p 

2a bzb(9 Z; z 2 bl()2 

1 bw b3W1 63W 
2 ýb 

Z 2-6 0+ 
7ýTE)3)- ý2 0 + 

69 3p 
(3.2) 

bu 1 6V 3 
+ 02 + -6V 

a6z a 2b4a 6Z269 a2b, 03) a2 

+1 
64W) jV 

02 
(a2 64w 

+, 2 -- --= bZ4 bZ26092 a2b&4 Cp2 ý'a Eh 
in which 

U, v, w are components of displacement, in axial, 

tangential and radial direction 

. r, 
O, z are cylindrical coordinates 

P2 h /12a 

h thickness 

a radius 

Poissons ratio 

CP low-frequency phase velocity -of compressional 

waves in an elastic plate. 

E Youngs modulus 

Pa' radial force. per unit area, positive_outward, 

it only being necessary to consider forces 

acting in this direction. 

48 



.. 4 

Terms containing the quantity-' 02 represent 

contributions from bending stresses as opposed to 

membrane stresses. Warburton uses the equation of 

motion in eqn. (3.2) in their full generality, including 

a v-dependent flexural term not shown here and with 

little penalty in computational effort. Junger produces 

slightly simpler equationsl by assuming 1-+ x/a zz 1 in 

the strain-displacement relationship. 

Then asýsuming displacements of the form 

uIU cios nG sin kz 
m, n mn M 

V T- Vmn sin n0 cos kj (3.3) 
m, n 

WIW cos n, e cos'kmi m, n mn 

which describe motion in standing waves in both 

radial and axial directions. Radial displacement node 

lines in the circumferential direction are separated by 

the distances r%. a/n and the axial wavelength is 

2. -M. /k .., where k. =2. K. /L is the axial wave number. M 

Substitution of (3.3) into (3.2) yields a 

homogeneous set of three linear algebraic equations in 

qmnp Vmn and Wmn. For a non-trivial solution to exist, 

the determinant of the coefficients must vanish 

-C) 2+k 2a2 + 

0.5(l 
m 

4W 
0.5 (1+4)kma 4knia 

-C)2 +0.5(1-0)k 2a2 

0.5(. 1+0). nk, a + n2 

mn 

-C)2 +1+ 

P 2( 

. 
kma2 +n 2)2 
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12 
which produces a cubic equation in 0 

(f)2)3 + A(C)2)2 + E3(()2) +C=0 (3.5) 

where 0 is non-dimensional frequency such that 

wa C ka (3.6) 
CP Cp- 

The three roots of equation(3.5) are I all solutions 

having different mode shapes given by the ratios V/U, 

W/U indicating which modes are predominantly radial, 

tangential or of mixed origin. 

3.2.2 Cylindrical shell in acoustic medium 

Once the cylinder is submerged the first two of 

equations (3.2) are unchanged but the third equation 

will have additional terms due the pressure acting on 

the shell. It is the determination 'of this pressure 

loading effect which is the crux of the fluid-structure 

interaction problem. 

Approximate expressions for the frequencies and mode 

shapes of the submerged shell are obtained by Junger & 

Feit(1972) but here we follow the more rigorous approach 

adopted by Warburton(1961). 

The displacements of the shell are given in 

cylindrical polarcoordinates in -a manner similar to 

equation (3.3) and fluid motion is described by defining 

a velocity potential, which satisfies the wave 
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equation 

V2qj =1 
b2tp 

(3.7) 
C2 bt') 

Internal or external fluids are considered and 

determination of whether the inequality 

w/c > n/L 
is satisfied or not determines the form of the 

pressure wave i. e. whether it is a standing or 

diverging wave. 

If attention is restricted to the situation in which 

only an external flul - id field exists, then the solution 

of the wave equation is 

tp F(r) cos n49 sin nz/L e'wt (3.8) 

with F(r) A-Jn(kr) +B Yn(kr) if w/c > n/L 

or F(r) C, In(k 10D Kn(k 10 if w/c < n/L 

where k2 W2/C2 n2/1-2 

and 
k12 

n2 A2 W2/C2 

The constants A, B, C and D are determined by 

consideration of boundary conditions. For example, the 

velocity potential reduces to zero at infinity 

as r co (3.9) 

and radial fluid velocity at the shell surface equals 
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the shell velocity when there is no cavitation. 

bw 
= 

(6tv) 
(3.10) bt br 

r. a 

The pressures due to the external field can be 

obtained from 

PP 
Lkt)) 

(3.11) 
Ot 

r-a 

which when substituted into the equations of motion 

along with the relevant strain-displacement 

relat. jonships from eqn. (3.1) yields 

(k 2a2+ 0.5(1-4)n 2 C)2)U 
- (0.5(1+4)nkma)Vmri- lkmaVýmn ý0 m mn 

(-O-r)('+O)kma)Umn+ (0.5)(1-Mm2a 2+ n2 
C)2 

+ 02(n2+ 2(1-0)k 2a 2) )Vmn + (n + 02 (n 3+ (2-ft' 2a 2n))Wmn 0 
mm 

P2 3+ (2-4)k 2a2n))Vmn 
(3 . 12) 

-OkmaUmn+ (n + (n 
m 

+ (1 +P 2(k 2a2+n 2)2 C)2( 1 +f (X)))Wmn =. P3 
m 

The presence of an external pressure field leads to 

the f(x) term in the last of eqn(3.12) above, which is 

def ined as f(x) - 
P- a 

.1 
Hn 2(X) 

if w/c > n/L 
PS hxH, 12 W 

or fW=--Pa1 
Kn(X 1) if w/c < n/L 

(3.13) 

Phx1K n'(X i) S 
where X2 a2(k2- k 2) 

and X12 a2 k2) 

The solution to equations(3.12) can be expressed-as 

W. 
-P3 «f)2)2-C, (C)2)+CO) 

«12)3-K2 «12)2+Kl(f)2)-KO+f (X). f) 2«C)2) 2-C 
l«12)+C 0) 

(3.14) 
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"Resonance occurs when the denominator in (3.14) is 

zero. Therefore for the cylinder'in-vacuo f(x) 0' and 

the-natural frequency of free vibration will be given by 

(n2)3- K2(C)2)2 + KI(02) - Ko =0 

As in the solution, to eqn(3.5) the lowest'root will 

correspond to a mode shape in*which the, radial component 

of the amplitude of vibra! tion, W is considerably1arger, 

than the -other 'two components U and V. When the 

cylinder is considered in a fluid, resonance frequencies 

are obtained when the real part of the denominator is 0. 

(C)2)3-K2 (C) 2) 2+K, (C)2)-Ko+() 2 ((() 2) 2-C 
I 

(C) 2)+C 
0) -Re[f(x)] =0 

(3.16) 

For an external fluid and W/c < w/L, f(x) is given 

by the second of eqn(3.13). The limiting valuesk for 

small values of x are (Abramowitz & Stegun(1965)) 

Kn(xi) o-5 r(n) (X, /2)-n. 
(3.17) 

2n 
Kn'(X 1) o. 5 r(n) -(Xl)n+l (-n) 

therefore K,, (x X 

- K,, '(x n 

Rearranging equation(3. -16) 

A F(C)2) = yrl(X) 

where 
p,, x (3.18) 

a 
F( C)2) = ((C)2)3 

-K2 
(C)2)2 +K I(C)2 

)-K,,, )/C)2((C)2)2-C, (C)2)+Co)ýj 

Yn(x) =-I /n , 
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: C)2 Can be solved for by using the method of false 

position with suitable starting values of the unknown 

frequency. 

3.3 Approximations 

When geometries become more complicated than the 

cylinder or sphere or when the fluid environment cannot 

be considered as infinite in extent then analytical 

solutions no longer exist. 

An approximate method must' then be-utilised and for 

many years decoupling schemes based upon doubly 

asymptotic approximations (DAAS) have been extensively 

employed. I 

The DAA is- an amalgam of the plane wave 

approximation (PWA) and virtual mass approximation (VWA) 

which approaches the exact solution at high and low 

frequencies. The total pressure field surrounding any 

point on the shell is divided into three components; due 

to incident, reflected and radiated pressure. The PWA 

providing the early-time (high frequency), 

non-oscillatory response of the interaction and the VMA 

adding the later (low frequency), oscillatory response. 

The advantage of this approach is its inherent 

simplicity and computational efficiency against which 

must be weighed a certain level of inaccuracy and 

uncertainty as to the frequency range over which that 

inaccuracy exists. 
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_The 
first order doubly asymptotic approximation 

(DAAl) generally overpredicts the fluid resistance at 

intermediate, frequencies and thus overdamps the 

structural vibration. Refinements DAA2c, DAA2m and an 

Inertial Damping Collocation Approximation (IDCA) have 

been proposed and produce improved results for problems 

for which exact solutions exist such as the response of 

a submerged spherical shell, excited by an incident step 

wave. 

Despite the uncertainties which surround them DAAS 

have received widespread support and are often used in 

conjunction'' with discrete-element representations of 

structures which introduces yet more inaccuracy and 

uncertainty. This work does not use DAA in any form but 

seeks instead to solve the hydrodynamic equations in 

tOto providing that the fluid loading can be adequately 

expressed. 

_3.4, 
Hydroelasticýanalysis 

The theoretical background to the general three 

dimensional hydroelasticity analysis adopted here has 

been discussed in detail elsewhere (Bishop, Price & 

Wu(1986)) and is therefore omitted. The equations of 

motion describing the responses of an arbitrary shaped, 

floating or submerged structure are given by 

Eml 6+ Ecl 6+Mu (3.19) 
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where 

m mass, matrix 

c Structural (viscous) damping matrix 

k Stiffness, matrix 

u 'Structural*displacement vector 

q External force vector describing 'all fluid 
actions, imposed forces 

", 
etc., 

The analysis consists of two'parts 

(i) The dry or in-vdcuo analysis, in- which the 

structure vibrýtes freely in vacuo in the 'absence of any 

structural damping or external forces. The motion is 

described by the. equation 
, 

Eml 0+ [k] u=0 (3.20) 

The structure is discretised using 

and the natural frequencies and'principal 

the structure are determined. To each 

shape a principal "coordinate can be 

equation(3.19) rewritten in terms of 

coordinates of the structure, namely 

finite elements 

mode shapes of 

principal mode 

assigned 'and 

the principal 

EZ3 ý'+'11ý3 p Z(O' (3.21) 

where 

Generalised mass matrix 

C Generalised structural damping matrix 

Generalised stiffness matrix 

p Principal coordinate vector 

Z Generalised external force vector describing the 
fluid actions, etc. 
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ý I'(ii) The wet, analysis introduces the fluid actions, 

which are applied, as an external-loading to the, flexible 

structure., A three dimensional velocity- potential 

theory is etployed'and the wet surface of the structure 

discretised by panels with-a source situated,, at the 

centre of each panel (Bishop, Price & Wu, (1986)).. This 

part of the analysis produces the fluid structure 

interaQtion effects-which are usually described by-added 

mass, fluid" damping, r'estoring force coefficients and 

other external excitations. consequently it may be 

shown that'equation(3.21) takes-the-form 

E(C+Z)l + [(MýQl p Q(t) (3.22) 

where 

m Generalised 

C Generalised 

K Generalised 

Q Generalised 

actions, im 

added mass matrix 

fluid damping matrix 

restoring matrix 

excitation vector describing wave 

posed forces, etc. 

These equations of motion-can be solved for the 

principal coordinates of the structure-, which are 

subsequently used to evaluate the loadings and stresses 

associated with the structure (Price, Temarel & Wu(1988)). 

3.4.1 Dry analysis using finite elements 

The finite element analysis of a structure under 

static or, dynamic conditions involves replacing a 
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continuous structure which- has an infinite number of 

degrees of freedom with a mathematical model-having only 

a finite number of, degrees of freedom. The structure is 

divided into segments, called elements, superimposed on 

a co-ordinate grid system and the elements are 

interconnected at discrete points known as "nodes". 

With up to six degrees of freedom at each node all but 

the simplest of models will contain hundreds if not 

thousands of degrees of freedom. Manipulation of 

matrices of this order involves a considerable 

computational effort. 'One of the most important aspects 

of-the idealisation and modelling of the finite element 

model is, therefore, consideration of the errors induced 

by the dynamic condensation techniques for solving the 

eigenvalueproblem. 

Having selected an element type and produced the 

finite element mesh, the governing equations are 

determined for each element and the overall structural 

equations are formed using the principle of 

superposition (assuming the system is linear). In 

static structural analysis a consideration of 

equilib. rium of forces relates external forces to 

displacements in the form 

Ekl (3.23) 

where q vector of external nodal forces (Nxl) 

k structural stiffness matrix (NxN) 
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u vector of, nodal displacements (Nxl),, 

N number of-degrees of freedom of the 

structure 

Thus, if [k) can be formed and the loading and 

restraint, - conditions '. ýare -known,, theý' unknown 

displacements can be, obtained through, inversion of-the 

stiffness matrix and substitution of the-, known external 

forces. - il 

Inversion is a time consuming, costly process and 

reduction of the stiffness matrix can be a useful 

process for large problems. Turner, Clough, Martin & 

Topp(1956) have shown that, -ýihen a structure has no 

external forces at certain nodal degrees of freedom, the 

equations can be rearranged so that all displacements 

corresponding to zero load can be kept together as 

follows 

q al= 
[kaa kab 

kb 

11 Ua 
0 kba 

b Ob 

Expanding the above 

q aE 
'ýa 

a3 Ua' + ka b3 Ub 

-0 
[k Iu+ Ek 3u 

ba a 
_bb ,b 

Ub -Ek bb3-l[k b) Ua 

(3.24) 

(3.25) 

(3.26) 

Substituting eqn(3.26) into eqn(3.25) 

qa Eka-al Ua Ekab][k 
bb]-I[kba] Ua, 

[kc] Ua 
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, where' [kt] is the'condensed stiffness matrix. (Ua) 

can be computed from eqn(3.27) and the remaining 

displacements (U-b) can subsequently be obtained by back 

substitution in eqn(3.26). 

'In 
dynamic, studies,, the inertia, 

_and 
damping 

properties within the structure must also be considered. 

For a viscously damped structure the governing equations 

are as stated above (eqn. (3.19)). The elemental mass 

matrix is 'a matrix of equivalent nodal masses that 

dynamically represent the actual distributed mass of the 

element. It can be shown that 

Emle pf [N]TEN] dv (3.28) 
Vol 

where Im, le. is referred to as the consistent mass 

matrix. An alternative approach is to use a lumped mass 

matrix in which the mass of. the element isIdistributed 

evenly between its nodal points in the form of 

concentrated or lumped masses. 

ýTransformation of the elemental' mass matrix from 

local to-global coordinates and assemblage of the mass 

matrix of the entire 'structure""is carried out in a 

manner similar to that adopted for the stiffness 

matrices. 

The formulation of a damping matrix is more 

problematical because although it is possible to derive 

an equation similar to that describing the consistent 
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mass matrix 

ECI -"-: Kf ENITENI dv (3.29) 
Vol 

it is difficult to determine K the viscous damping 

parameter for the element because the damping mechanism 

is less well defined than inertia or stiffness. it is 

also more convenient to resort to special types of 

damping, that permit decoupling of the system equations 

to aid to the solution procedures. Two types of damping 

model that are often encountered in finite element 

studies are modal-and proportional damping.... . 

3.4.1.1 Dynamic reduction techniques 

Having formed equation (3.20-) the theories and 

techniques applicable to classical multi-degree of 

freedom systems may be. used. to obtain solutions for the 

finite element model. -Efficient eigenvalue solution 

techniques are available but with, systems with more than 

100 degrees of freedom even-these can,, be prohibitively 

expensive. In a manner similar to that adopted for the 

stiffness matrix in static analysis, it is possible to 

reduce the size of the mass matrix for the dynamic 

analysis. 

Suppose that the mass matrix [m] is subdivided 

into 

m 
aa im ab 

m bal m bb 
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so . thatýthe dynamical equation becomes, 

lqal= ([kaa "ab 
_ W2 

maaMa, 
al Ua 

(3.30) 
kb 

a 
kbbl 

IMba 

Mbb ub 

M 

expanding ,I- 

'(-W2[M' I+Ek DlUal +(-CjU2[M I+Ek DjUbf ba ba bb bb 

from which 

jUbf (-(jU2[M 
bb]+Ekbb3)-l 

(: -W2[M 
. 
3+[k: ']) jUaý ' (3; 31) 

b ba 

and . displacements for the reduced system can be 

obtained from 

(-W2[M 
aa1+Ekaa1)IUaý 

(-ILU2[M 
ab]+Ekabl) 

(_W2 [n'bb]+[kbb_])(3.32) 

X (_W2 EMba1+1'ýba])-'-UaI' = ýqa( 

This is an exact formulation but it requires 

inversionfor every value of uj because of the frequency 

dependance of the (-W2[M 
bb 

I+Ek 
bb 

I term. However 

Kidder(1975) has-shown that this term -can be expanded 

using a standard binomial function providing W2<A2where 

A2 is the lowest eigenvalue of : kbb - A2 Mbb 0- The 

expansion can be truncated after the first term so that 

the reduction utilises eqn. (3.26) which is based. upon 

static -considerations. This is the Guyan(1965) 

reduction technique employed by PAFEC. Alternatively 

more terms from the binomial series can-be accepted and 

a modified dynamic reduction method is obtained which 

still has, Uj2 dependence. I 
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There will be some loss of accuracy due to the fact 

that either a static, relationship has been used to link 

the dynamic displacements ( Ua ) and ( Ub ) and the 

inertial forces of the system are not preserved in the 

reduction process or., by the truncation of the series 

approximation. 

Several dynamic condensation techniques have been 

developed recently (Miller(1980), O'Callaghan, Avitabile 

& Riemer(1989), O'Callaghan(1989)) to overcome some of 

the shortcomings of the Guyan reduction technique but 

these were not available on the FE package that was used 

in this investigation. The PAFEC code that was used did 

address the problem of inverting a large [Kbb] matrix by 

following the method proposed by Irons (1965) which 

reduces the size of the problem by a factor of 10 or 

more with little further loss of accuracy. 

The displacement vector,, u is partioned into 

(um) , 

where um are master degrees of freedom which will be 

retained in the -condensation process whereas us are 

slave degrees of freedom which will be reduced out. The 

selection of which degrees of freedom to retain and 

which to reject is left to the analyst and is partly 

solved by judgement and partly by experience. The 

master degrees of freedom should be those which are 

63 



important in describingýkinetic energy i. e. those which 

record large amplitude vibrations or those in areas of 

large mass concentration. The ratio k ii/Mii, - involving 

the leading diagonal stiffness and mass terms for the 

ith. degree of freedom can be used as an indicator of 

which degrees of freedom are important., When kii/mij is 

high either the mass at, the ith. degree of freedom is 

small or its stiffness is large signifying a nearly 

rigid connection within the stucture then ui can be 

relegated to becoming a slave degree of freedom. 

Conversely when kii/m. ii is low there are likely to be 

significant inertia effects and it would be-wise to keep 

the degree of-freedom ui as a, master. The difficulty in 

modelling a'symmetrical cylinder of uniform thickness is 

that the ratio kii/m. ii will be similar, for, a large 

number of' degrees of freedom, more than -. can be 

retained. Careful selection of the master degrees of 

freedom is therefore important in this instance, where 

it is obvious that the deformed mode shapes -must 

themselves be symmetrical. t 

With the master degrees o. f freedom selected, a 

continuous reduction process can be utilised using 

frontal solution techniques (Henshall (1975)). The mass 

and stiffness matrices are assembled progressively 

commencing at one part of 'the structure and working 

systematically through to the other end. As the degrees 

of freedom are incorporated into the system mass and 
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stiffness matrices they''may be"'eliminated" if they 

correspond -to a slave displacement. From eqn(3.30) the 

kth. equation of motion at any stage may be written 

N + W2. M Ikq '(3.33) 
j1 kj*Uj kj*Uj k 

upon elimination of the,. slave displacement, us, in 

the ith. equation of motion the new ij terms become 

k (k /k ) (3.34) 
ij ii is sj ss 

M M.. m (k AM (k /k ij Ij is si ss si is ss 
+ im (k 

.A 
)(k /k (3.35) 

ss sj ss is ss 

and the forcing term will be similarly amended. The 

system mass and stiffness matrices are therefore never 

fully formed with a commensurate saving of core space 

when the calculations are performed by computer. Upon 

solution of the master degrees of freedom the slave 

degrees of freedom are found_, by backsul5stitution., 

3.4.1.2 Selection of element type 

While' the analyst should be aware of the'-dynamic 

reduction techniques that are being employed' there' is, 

very- -, often, little scope for 'variation within a 

particular FE software package. On the other hand there 

are a number of'choices in the type of element"that'can 

be employed in modelling theýstructure. For the case of 

a thin cylindrical shellý PAFEC allows, the choice of 

three types of element: a thin shell'of revolution, (3 
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noded), a flat facet shell element (8 noded) and a 

semi-loof curved shell element (8 noded). 

The thin shell of revolution element is based on 

theory due to Novozhilov (1959) and incorporates 

membrane as well as bending effects. This model 

corresponds approximately to Kirchoff plate theory and 

the element provides a highly efficient and accurate 

solution which was used as a benchmark for comparison 

with other predicti. ons. The displacement assumptions 

are in three orthogonal directions, with the order of 

the displacement polynomial in the radial direction 

twice that for the axial and tangential-directions. The 

element has three degrees of freedom at each of the 

nodes which vary sinusoidally according to the harmonic 

number specified. Unfortunately, applications with this 

element dre limited to structures with simple geometries 

and are not entirely suitable for use with, the wet 

analysis theory. 

The facet 
-approach to shell analysis is less exact 

introducing a number of factors whose effects cannot be 

readily quantified. The facet shell element used is one 

which has five degrees of freedom at each node with the 

extra freedom Oz introduced after the transformation to 

global coordinates (Fig. 3.2). The first assumption of 

an approximate displacement (or shape function) relates 

displacements within the element to nodal displacements. 
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This produces errors in the element stiffness 

relationship but is one of the basic assumptions upon 

which all finite element'anaiyses' are based. Secondly 

there ' is the obvious approximation caused by 

representing the smooth curved surface by a multifaceted 

polyhedral surface. ' Finally there are other errors 

associated with the element itself. Plate elements 

assume that the effects of membrane and bending stresses 

are uncoupleý and combine the two effects separately. 

The thin isotropic shell element used in this analysis 

combines plate bending with a constant strain membrane 

element. The bending element has three degrees of 

freedom at each node, w, dw/dx and dw/dy. The radial 

displacement, w, is defined by a cubic expression in 

terms of area coordinates and this degree of variation 

ensures compatability between elements. The normal 

slope varies quadratically on an edge and since only two 

3 

1 

2 

Figure 3.2 Nodal variables for'rectangular plate element 

ux 

uy 
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end values are available to define the, normal slope its. 

variation is not uniquely specified-byýthe end values;, 

thus a discontinuity of normal-slope will occur between 

adjacent elements in general. The in-plane 

displacements, u and v, are accounted for by an 

assumption of constant stress throughout the element. 

Finally a curved element- is considered, the, 

semi-Loof element was used which has'ýa. curvilinear 

quadrilateral shape. There'are 32 degrees of-freedom 

associated with the element in its final form a nd it is 

noted that the rotational freedoms- are applied at 

different points to the translational freedoms. The 

element freedoms are displacements ux)uyluxat corner and, 

midside points and normal rotation values at two, Gauss 

points along each side (Fig. 3.3). The 32 degrees of 

freedom of this element, should be sufficient to define 

conv entional nodes 

\11 

ý7 

Loof node 

Figure 3.3 Nodal variables for quadrilateral semi-Loof element 
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linear 'stress" fields for' both-membrane and bending 

behaviour. The theory'and'-philosophy of' the semi-ý-Loof 

element 'are very complex and its application must be 

considered with caution. 

The element can give spurious mechanisms on, elements 

which store-little or no-strain, energy and particular 

attention is paid-to the order of integration used over 

the mid-surface of the element. There are three 

options;, 4-point (i. e. 2*2), a special 5-point and 

9-point (3*3) Gaussian integration. At each integrating 

point discrete Kirchoff assumptions are made so that 

normals to the mid-surface remain approximately normal, 

this is effected by imposing zero lateral strains. Due 

to some variance with the published results (Hellen & 

Irons(1987)) the benefits of using reduced integration 

appear to be only predictable on a trial and error 

basis. However flexible structures such as thin 

cylinders are considered suitable for reduced 

integration and this has been practised here. 

3.4.2 Wet analysis 

The fluid forces on the submerged cylinder under 

investigation have been calculated using a general three 

dimensional linear hydroelasticity theory developed by 

Bishop, Price. and Wu (1986). 

This I approach accounts not only for the interaction 
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of the fluid with the structure but also'ýassesses the 

influence of the structures forward'speed and the effect 

of a finite depth of water. 

The speed of the structure is irrelevant in this 

instance as all the models tested were tethered. 

However the tanks in which the models were tested were 

relatively confined and the models themselves were 

flexible shell-type -structures... The. following 

description of the hydroelasticity theory will 

concentrate on these aspects. 
I, I 

3.4.2'. 1 Co-ordinate system, 

Three right-handed Cartesian coordinate systems were 

chosen to define the hydrodynamic analysis. 

'-w-, 

ZO 

Y0 o 
........... 

0zy 

x 

z y 
x 0 

Figure 3.4 Coordinate system employed for hydrodynamic analysis 
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X0 (XO, YO, zC)) is fixed in space with origin. -Oo on 

the mean water surface with OOXO parallel to the 

centreline of the submerged body pointing from stern to 

bow. x (x y, z) are an equil . ibrium set of axes parallel 

with X0 but moving forward at the speed of the 

structure. X (X, y', Z') are fixed in the structure 

and in the absence of any disturbance coincide with X. 

3.4.2.2 General formulation. 

The fluid is assumed to be ideal, i. e. 

irrotational, incompressible and inviscid. Hence the 

fluid motion can be described by the velocity vector V 

(XO'YOszOq0 which is the gradient of the velocity 

potential (D (xOyO, zOjt) 

V(D (3.36) 

I 
where (p is governed by Laplaces equation throughout 

the fluid domain that is 

V2CE) =0f (3.37) 

The velocity-pot4 

(Newman (1978)). 

,. (i) on the free 

flow across 

(ii) a radiation 

such that 

satisfied. 

antial satisfies boundary conditions 

surface and the seabed, ensuring no 

these boundaries. 

condition in the x and y directions 

the energy, conservation -laws are 
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-at the solid-fluid interface so that there is 

no cavitation. t 

The total velocity potential can be separated into 

two parts, (P due solely to the non-varying forward speed 

of the body -and the residual potential (P due to the 

oscillatory motion caused by waves or other external 

stimuli. 

(D (. XOSY09ZOA). ; ý(X'Y'Z'O U 
b; 

ý)(X'YvZPt) + (P(XOYIZ't) (3.38) 

If the oscillatory motions of the fluid are assumed 

small, the potential 9)can be decomposed linearly into 

separate components- 

(i) the incident wave potential(P. 

(ii) the diffraction, (or scattered) potential (Pd 

(iii) the radiation potentials Or ,r1... 6 rigid 

body modes and r= 7 ... n flexible modes where n 

is the number of modes included in the analysis 

(P(X$Y, Ztt) = (po(x +n1 (3.39) 'Y'Zlt) + (Pd(X'Y'Zlt) 
rý(Pr(XIYIZlt'J 

All of, these components of the total velocity 

potential must satisfy the boundary conditions and the 

continuity condition imposed by Laplaces equation. 

3.4.2.3 The free surface boundary condition 

The elevation of the free surface is generally 

unknown although it can be expressed from Bernoulli's 
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equation as 

1 
(L(D +..! VC1). V(D) (3.40) 

g bt 2 zO 

using - Dk 60 where D6 

Dt E-t +VV 
zo=k 

it is possible to derive the ýkinematic boundary 

condition, namely 

(1) + 2, V(D. . V(D + ! 
V(D. V(V(D. V(D) + g(Dz 0 on zo=k (3A1) 

ttt20 

subscriptS t, zo )refer to partial differentiation. - 

If the. amplitude of surface waves is small or if the 

forward speed is- small then equation-. -, -(3.41) can be 

linearized to 

(D + g(D 0 on zo=O (3 ý 42) 
tt zo 

This equation applies equally to the total potential 

or the potential due to oscillatory motion (P; if, this 

motion is assumed sinusoidal then 

(x, y, z, t) (p (x, y, z). e'wt 

and (3.42) becomes, 

b(P W2 
0 on zo=O (3.43) 

bz 9- 

3.4.2.4 The seabed condition 

The seabed is assumed flat, impervibus and rigid 

such that .N -1 1 

on zo=-d (3.44) 
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where d is the depth of water which may be infinite. 

3.4.2.5 The radiation condition 

-The radiation condition ensures that the, energy flux 

of waves associated with the disturbance of-, -the, moving 

body is directed away from the body and decays to zero 

at infinity. 

For zero f6rward speed, two forms of the radiation 

condition are considered, dde to Sommerfeld (1949) 

lim R (n-1)/2 . 
(L 6 

(P (3.45) 
R ->cK) 

6R q)0) 0 

where R X2 + y2 . the distance from the body and 

n is the number of spatial dimensions. 

- Newman(1977)- derived a simpler form for rigid body 

radiation and diffraction potentials 

(P r 
or (; ) d c<' e 

±ikx 
as (3.46) 

Alternative forms of (3.46) may be found in 

John(1950) and Rellick(1953). ý ý11 f -. 1 

3.4.2.6 The body surface boundary conditidn 

The condition that the body and the fluid move 

together at their interface (i. e. no cavitation) can be 

expressed as 

(, Vs -V0 on S (3.47) 

74 



where VS represents the body's velocity and n the unit 

normal vector of'the body wetted surface, S. S can also 

represent 'the . wetted, surface on the body in the 

equilibrium"position as the difference between the 

instantaneous and 'equilibrium wetted' surfaces- is 'a 

second order quantity. ý- 11 1 

Using the simplification made in section 3.4.2.2, 

o+d+ 
this boundary condition can be stated in two parts. 

The incident and diffraction potentials satisfy the 

relationship 

b(PO 
- on S (3.48) bn- bn- 

and the components of the radiation potentials due to 

the motýion of the body in the six rigid body, degrees'of 

freedom can also be obtained (Wu(1984)). 

1 3.4.2.7 Solution of boundary value problem 

Having posed the boundary value problem in terms of 

velocity potentials now consider its solution. 

Exact solutions only exist for a few simple cases 

under restricted conditions (Havelock(1931), MacCamy & 

Fuchs(1954)), so numerical techniques such as finite 

elements or boundary integral methods must be employed. 

Fluid finite, elements exist and have been 

extensively reviewed by Shen(1977), Mei(-1978) and Baar & 
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Price(1983a, b), -' This work uses'boundaryý integral or 

singularity distribution' technique's -in which ' the 

velocity, potential is obtained through an arrangement of 

sources (and/or dipoles) on the body surface. The form 

of the velocity potential associated with the 

singularities satisfies all the boundary conditions 

described in previous. sections with the exception of the 

body surface boundary condition, which is then used to 

determine the strengthof the singularities. 

First, consider a fluid domain V enclosed by a 

surface; So. If (p and G are any two ýfunctions', which, 

together with their- first and second derivatives, are 

finite and single valued within V. Then'Greents second 

identity (or divergenceýtheorem) shows that 

ff E (pbG Gý2 Ids = -f ff [ (; )V2 G- GV2(p Idv (3.49) 
so bn bn -. Vol 

where n is the normal vector of the surface So 

pointing inwards. 

Figure 3.5 Fluid domain 
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I Let (P"ýbe the unknown velocity potentia1' which 

satisfies 'faplaces' 'equation in V and let G be a 

combination of a singular function and a',. -harmonic 

function- 

1 
G(r, rl) ,+f (r, r (3.50) 

r-r, 

where V2 f(r, r, ) 0 in v 

r (x, y, z) 'r, (x 1, y I, z 1) 

r-rl V((X-XI)2 + (y-yl)2 + (Z-Z, )2) 

There is, by definition, a singularity point at r =r, 

but if it is enclosed-by a sphere of small radius 

and surface S-1 (when r is in V) or a hemisphere of small 

radius 6 (when r is on S. ), see fig. 3.6, then the 

Figure 3.6 Singularity points 
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volume integral of (I)V2G can be evaluated and applying 

V2(p =0 eqn. (3.50) simplifies to 

-4nq)(r) for r in V- b(p(r 1) bG ff G(r, r, ) cp(r, )Tn Ids -2n(p(r) for,, r. on So bn(rl) so 0 for r outside 
V and So 

(3.51) 

since (P and G are complex functions the surface 

integral in eqn. (3.51) is a principal value integral. 

6 

Figure 3.6 Singularity points 

G is a potential function at any point r due to a 

source situated at point ri and different boundary 

conditions on So can be satisfied by selection of 

suitable functions of f(r, r, ). - in eqn. (3.50), (Wehausen & 

Laitone(1960)). In addition, 6G/bn can represent a 

velocity potential at any point r due to a dipole at r, 

and having its axis in the direction n. Therefore the 
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velocity potential can be -stated as, the, sum of -, a 

distribution of- sources''with density b(P/bn and a 

distribution of' dipoles with density The 

distributions are over So and. the dipoles are oriented 

normal to So. 

The external boundary can be used to represent a 

finite depth of water by including a, free surface, 'Se 

and a rigid seabed, Sb'. The inclusion of a body moving 

in the fluid can also be incorporated by use of a moving 

boundary dividing the fluid into interior and exterior 

regions, this boundary will pierce'the'free surface if 

the body is floating (fig 3.7). 

0 

1ý 
Figure 3.7 Interior and exterior regions 

The two velocity potentials (Pe and (P. describe the 

flow in the separate regions and although (Pi exists 
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mathematically-there may be no fluid within the, body and 

its solution has no physical meaning except to assist in 

the solution of (Pe* 

If the source point rl is in the exterior region 

then the velocity potentialýat r also in the exterior 

region is 

(r) '= 
6 G(r, r 1) INN (r 1) (3.52) (Pe ff E-q) (rj) -( - G(r, rl)-- 4n e Tn r 1) n(rj) 

Ids 
S-Se-Soo'Sb 

The potential at r outside the body can also be 

stated in terms of(Pi when r., is in the interior region. 

f. f. [ G(r, rl) 
o(pi(rl) 

__ (pi(r, ri)- 
OG(r, ri) 3ds (3.53) 

S-S bn(rl) bn(rl) i 
Adding 

1 6G 'býýe 
- 

'6(pl 3G. ds ; Fn- ff E(Pe-(Pi3 - 
sI, 

Tn bn bn (3.54) 
oG b(P 1 OG bq). ff (Pe Yn- -G Ids Jf I (PiT -G", Ids. 

n on n on Se-Sb-So'o Si 

it is well known (Fung (1987)) that the Greens 

function G(r, rl)-can be defined to --reduce the whole 

boundary integral problem (eqn. (3.54)) to a boundary 

problem over the, body-wetted surface S-and its waterline 

C. This reduction is accomplished by selection of a 

suitable Greens function to satisfy one or all of the 

boundary conditions in equations (3.43-45). For 

example,, the Greens function 1/R-descibes a source at 

rest in,, an infinite. fluid domain and-will only satisfy 

the Sommerfeld radiation condition (eqn. (3.45)) whereas 
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a more complicated formulation may describe a pulsating 

and translating source which satisfies all of the 

boundary conditions (Wu '(1984)). 

Finally the potential 4)i and the body surface 

boundary condition are used to determine the source 

strength. Assuming (pi(r) =cpe(r)and denoting the source 

strength (ý-(Pi - 
60e SS 

- QW ) the' velocity Potential' is 

given by 
bn bn -S 

rIff 
Q(r, )G(r, rl)ds + --y-cf) Q(rjIjG(r, rj)n12(rj)dC 

2. 

(Pe 
S 4ng C (3.55) 

'(ýc denotes contour integration over the'line of 

intersection between the body and the calm free's'urface. 

For submerged bodies or situations where there is zero 

forward speed this term vanishes. The unknown source 

strength in eqn. (3.55) can be found by imposing the 

body boundary conditions to give 
1 6G(r, r, ) V2 6G(r, ri) 

Tn 2(rl)dC 
.= 

Vs. n 
nff 

Q(rl)- bn(r) 
ds + 4ng 0 Q(rl) 

bn(r) "', 
SC (3.56) 

Unique solutions for the velocity potential on 

certain floating bodies with zero forward speed have 

been proved (John (1950)) and the uniqueness theorem has 

been extended by Lenoir & Martin(1981), removing 

geometrical restrictions. so that it is applicable to any 

arbitarily shaped floating body. Further extension to 

situations in which the forward speed of the body is 

significant has not been proved but has been assumed 

intuitively. This remains''an area of uncertainty but it 
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is noted that, velocity. potential has been used in 

linearised three-dimensional hydrodynamic analyses on 

many occasions. (Garrison & Chow(1972), van 

Oortmerssen(1972), Faltinsen & Michelsen(1975), Brown, 

Eatock-Taylor & Patel(1983), Chang(1977) and Inglis & 

Price(1980,1982a, b)). 

A further difficulty which has been experienced by. 

many investigators is irregular behaviour at frequencies 

which are eigen frequencies of the interior eigenvalue 

problem. These eigenfrequencies do not have any 

physical significance merely being a feature of the 

boundary integral formulation but they do cause the 

system to be ill-conditioned over a finite bandwidth. 

Fortunately, it can be shown that when the body is 

totally submerged these irregular frequencies do not 

exist. 

If the flexible body has port-starboard symmetry, 

then certain symmetrical and reciprocal properties of 

the employed Green's, function, can be, used toobtain an 

efficient singularity distribution method. The 

composite singularity distribution method described by 

Price & Wu(1985) has been used -in this investigation. 

Briefly, the body surface is represented by a large 

number of small plane elements on which the source 

strength, .Q 
is assumed constant. The- continuous 

variation of Q over the body surface is thus 

approximated by a large number of discrete values of Q. 
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3.4.2.8 Hydrodynamic coefficients 

In the remainder of this chapter determination of 

hydrodynamic coefficients from the established velocity 

potential values and their inclusion into the 

generalised equations of motion will be discussed. 

The generalised fluid force (eqn(3.21)) which 

includes all the prescribed and induced fluid actions, 

can be expressed in terms of pressure p(x, y, z, t) acting 

6n the body surface, from 

Zr -f fnUrp. ds (3.57) 
s 

where only the normal force -is considered since, in 

general, the tangential force exerted by the fluid is 

negligible. Using Bernoulli's equation the pressure 

can be expressed as 

60 1 Pa 
(- + -V2 + gZ +ý (3.58) 
-bt 2 0. p 

Pa is atmospheric pressure which is ignored hereafter. 

The remainder of equation (3.58) can be simplified. 

significantly by considering a body in calm water with 

zero forward speed and using the equilibrium coordinate 

system. 

(3.59) P -P 

Assuming that the temporal variation of the velocity 

potential is sinusoidal and noting that the total 
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velocity potenti al can be subdivided, the total fluid 

action force has the following components 

Z =(F R+ 
OR) e 

1LUt 
(3. '60) 

where FR '-'ý FOR+ FDR 

(3.61) 
F 
OR pf fn Ur iw(po. ds 

S 
accounting for the action of the incident wave is 

referred to as the Frode-Krylov force. 

F pff nu AS DR s. r 
'W (ýd (3.62) 

accounting for the action of the scattered wave is 

referred to as the diffraction force. 

n Or = pf fn Ur E Tt ]T- Pk(t)4)kds for k=1,2... n (3.63) 
S ksl 

is the generalised radiation force, where n modes 

have been included into the analysis. The radiation 

potential is a complex variable which can be separated 

into real and imaginary components, thus 

n 1W Or 7- PkTrke for k=1,2,..., n (3.64) 
k-1 

where Tr k LU2 Mrk - iWCrk (3.65) 

and M= -2- Ref fnu ds (3.66) 
rk w2 s-r 

'LU(ý)k 

Crk =- -ý! Imff n ur iw(pýds (3.67) 
. tu s 

The terms M 
rk and Crk relate to added mass and 

damping coefficients and describe fluid actions in phase 

with the bodies acceleration and velocity respectively. 
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3.4.2.9 Generalised equations of-motion. 

Ignoring any other external loads such as tethering 

forces etc. the equation of motion for the rth. mode 

of the submerged body will be given by 

Mrr Pr + Crr + krr*Pr Zr 
(3.68) 

Fr +00 
n Fr - T-, MrkO + Crk0k 

ka 
In general there will be a generalised hydrodynamic 

restoring force and the generalised equations of motion 

in matrix form are 

-LU2(M+M) + iLu(C+C) + (k+K) pF (3.69) 

which can be solved to obtain principal coordinates. 

- -- 
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CHAPTER 4- MEASUREMENT TECHNIQUES 

4.1 Introduction 

This chapter is not intended as a step-by-step guide 

to one particular test on a* submerged cylinder but 

rather as an overview of the measurement methods used in 

this investigation. The rationale behind decisions on 

types of equipment and analyses used and practices 

followed will be explained. ' 

The first section is applicable to all types of 

vibration testing not solely 
'to 

underwater structures 

and deals with the terminology and definitions to be 

used later in the text. The philosophy of vibration 

testing and the various types of excitation that can be 

used are also discussed. 

The next section details the types of equipment used 

in the measurement process and is also of a general 

nature. The specific details relating to vibration 

testing in a fluid environment are explained in Section 

4.3 together with details of the cylindrical test 

structures. 

Finally modal analysis techniques are examined and a 

method appropriate to this investigation is described in 

detail in Section 4.4. 
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4.1.1 Terminology 

Modal testing is the term which has been "coined" 

for vibration measurement which is undertaken *ith a 

view to obtaining a mathematical description of the 

dynamic behaviour of a structure. 

A simple spring-mass system has only one mode of 

vibration which occurs at a resonance frequency 

determined by the magnitude of the mass M, stiffness K 

and viscous damping C. Further resonances can only be 

obtained by the addition of further discrete masses and 

springs. For the purposes of obtaining a mathematical 

model a continuous structure can be considered to be 

made up of a combination of these springs and masses. 

In this crude representation of the continuous structure 

the "masses" are subdivisiofis of the total structural 

mass and the nature of the "springs" will depend on the 

geometrical, material properties and the fixity of the 

structure. There is no limit on the number of modes of 

vibration for a continuum but if they are to be modelled 

correctly each will have mass, stiffness and damping 

levels associated with it. The modal analysis which is 

performed after the measurement stage can attempt to 

asssign values to these parameters for every mode within 

the analysis bandwidth. The minimum requirement of an 

analysis will be to'determine the natural'frequency and 

mode shape and possibly modal damping factor which 

together form the modal parameters and represent-'the 

response model. 
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From the above it can be seen that it is necessary 

to be able to differentiate between the various modes of 

vibration that occur during a test and this will limit 

the frequency range over which modal testing can 

satisfactorily operate. Figure 4.1 shows the response 

of a typical engineering structure as a function of the 

excitation frequency. The behaviour is divided into 

four zones and experimental modal analysis can only be 

applied in the first two of them. The low frequency 

Modal Analysis 

C: 0 

Lu 

IV 

Frequency 

Figure 4.1 Frequency range of modal analysis 

response is determined by the fixity of the structure. 

In the second zone the behaviour can be described as 

"modal" with clearly defined resonance peaks, but beyond 
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this region the detail becomes more confused as the 

modal density increases. Finally the local structure 

starts to dominate the response and the transducers that 

measure the response begin to reach the limit of their 

dynamic range. 

The measured responses of a structure undergoing 

forced vibration will be determined in terms of 

displacement, velocity or acceleration. The frequency 

response function (FRF) will therefore be expressed as 

either; 

receptance a(w) = x/F 

mobility Y(w) = i/F 

or accelerance A(w) = RIF 

The inverse of these functions will also be used 

dynamic stiffness 

impedance 

apparent mass 

4.1.2. Coherence 

1/(receptance) 

1/(mobility) 

1/(accelerance) 

The objective of testing is to obtainýa, FRF for the 

structure over the required frequency range. The 

time-varying response o(t) may be either acceleration, 

velocity or'displacement but if it is non-zero and 

Fourier transformable (i. e. periodic) the FRF, H(w), 

can be defined as the ratio of the Fourier transforms of 
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the response to the input i(t). 

H(w) O(w)/I(w) 

In practice the signals i(t) and O(t) will be 

corrupted to some extent by measurement noise, such that 

Y(w)/X(w) O(W) + M(W) I(W) + N(w) )(4.2) 

and the measured FRF, F1 f, will only be a, good 

approximation of the true frequencyf response if the 

noise- levelý are small compared.. with *the response 

signals. 

An alternative approach is to multiply equation 

(4.1) by the complex conjugate of the input Fourier 

transform to obtain the FRF as the ratio of the cross 

spectrum between input and response and the power 

spectrum of the input. 

H'(w) 
I 
-'. 

w). O(w) Si(, (LU) 
(4.3) 

Sli(W) 

in the same way the measured FRF becomes 

Hi(w) 
SXY Sio + Sin + Smo + Smn 

(4.4) 
Sxx Sii + Sim + smi,. + Smm 

If the noise signals m(t) and n(t) that have been 

picked up are purely random,. i. e. uncorrelated with 

each other or with the system input and output, the 

expected value of their cross-spectra will be zero. 
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Therefore 

Sio H(w) 
Hi(w)' = -- ' (4.5) 

Sil + SMM 1+ (SMM/Sil) 

Therefore HI(w) will duplicate the true frequency 

response H(W) when the denominator in eqn (4.5) is unity 

(i. e. Smm/Sii. 0). The magnitude of noise m(t) on 

the input signal wi 11 be generally independant of 

frequency. Therefore the ratio Smm/Sii will only become 

significant when the input signal itself is low., This 

will occur at resonance-as only a small disturbing force 

is required to produce measureable response levels. it 

follows therefore, that the measured FRF, Rj, (uj)'ý is less 

accurate in the regions around resonance. 

An alternative measured FRF, H2(W), can be computed 

by multiplying equation (4.2)- by the complex conjugate 

of the measured output fourier transform. 

H2(W) 
Syy, Soo + Son + Sno + Srin 

(4.6) 
syx Soi-+-So, m + S-n! + Snm, -, - 

and if the noise is uncorrelated 

Soo + Snn 

Soi 

HUU) +( Snn/Soi) 

So that H2(W) , will- be less 'precise as an 
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approximation of H(W) when there is noise on the output 

signal. This will be proportionately largest at 

antiresonance (i. e. when response is small although 

force may be large). 

The ratio 

H, (w) sxy syx 
H2(W) 'ýXx x 

SYY 

SXY. 8*XY 

Sxx. Syy 

SXy 2 

Sxx. Syy 

y2 
(4.7) 

where y2 is termlad coherence. 

Coherence is often taken as an indication of the 

quality of the measurement signals as in the absence of 

extraneous noise it will be unity. If the total input 

and output signals are uncorrelated, coherence will be 

zero. While aiming to achieve a coherence of unity 

during testing it is worthwhile considering the causes 

for a less than ideal state of affairs. As shown above 

significant noise levels on either the input or the 

output signal will have a direct bearing on the 

coherence, this is particular true when the noise levels 

are correlated with each other, e. g. if both are due to 

mains supply at 50 Hz., as the cross-spectra Smn will be 

non-zero. 
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If the response is not caused solely by the measured 

excitation, i. e. it is due to multiple excitations or 

non-linear behaviour of the structure, -this is 

equivalent to additional "noise" on the output signal 

but this will be "noise" that is related to the measured 

input ( Smn -76 0 ). Finally there will be a systematic 

or "bias" error due the fourier transformations being 

performed at discrete intervals rather than 

continuously, which will be more marked in regions of 

rapidlý varying FRF i. e. at resonance and 

antiresonance. The magnitude of this error is 

proportional to the inverse of the number of averages 

and can. unlike the other causes of low coherence, be 

reduced by accumulating a running average of the FRF 

estimates and coherence. 

4.1.3. Testing philosophy 

The study of vibration is of paramount importance in 

engineering where vibration reduction (and isolation) 

has become an integral part of machinery and structural 

design. A large industry exists to cater for the 

demands of improved instrumentation and better methods 

of analysis. However, state of the art assessments of 

vibration testing both in the USA (Remmers, Belshem 

(1964)) and more recently in this country (Ewins(1981)) 

have shown that however sophisticated the 

instrumentation, fundamental errors in experimentally 

based studies can, do and will occur. 
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Therefore 'it is approp riate to adopt aI st rategy when 

conducting vibration testing in which a two stage test 

procedure is followed. The first stage is exp loratory 

and is int'ended t6 establish the essential nature of 'the 

structure's dynamic properties including modal density,, 

level and type of damping, degree of non-linearity and 

repeatability of data. The second stage constitute's the 

data acquisition process in'which all the data required 

are measured according to the most appropriate method. 

'Quite what that method should be depends to a largd 

extent upon the use to which the data will be put 

afterwards. These uses may include: 

Coupling of the experimental FRF with data 

obtained from other sources to develop a frequency 

domain model of an installation. 

ii. The extraction of a modal model defined in 

terms of natural frequency, mode shapes and damping. 

iii. The measurement of physical properties ( in 

particular damping levels) that may be used in the 

construction of spatial models defined in terms of mass, 

stiffness and damping. 

This study concentrates upon the second application 

in which modal data are extracted from experimental 

FRFs. These modal parameters can be used for: 

i. Correlation with 'data from finite element or 

other theoretical models. 
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ii. Compiling a data base for use in monitoring or 

diagnostic applications. 

iii. Reproducing the response of the structure with 

a mathematical model so that different excitation 

conditions or structural modifications can be examined. 

iv. Force determination whereby measurements of 

responses are combined with transfer functions of the 

structure to deduce the*6xcitation forces. 

The experimental study did not attempt to develop a 

complete modal model of the cylindrical models under 

investigation. However, it was found possible to 

identify individual natural frequencies of modes with 

similar shapes. (It should be noted that cylindrical 

shells can possess many closely spaced modes because of 

structural symmetry. ) 

4.1.4 Excitation techniques. 

There are numerous choices for the type of 

excitation to be used during the structural testing 

process. The testing may be by discrete frequency 

methods or it may use broadband excitation. The 

exciting force may be applied at one site or by 

multi-point excitation and be driven continuously or 

applied at one instant as an impact. 

Each method has its advantages and disadvantages and 

it is not intended to go into full details of their 
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development and-use in this text but brief notes on 

their respective features and merits are included. 

The various methods divide into the following broad 

categories 

i. sinusoidal (stepped-sine, swept-sine) 

ii.. periodic (multi-sine, pseudo-random) 

iii. random (periodic random, shaped random) 

iv. transient (chirp, impact) 

Not all of the methods listed above have been used 

in this investigation and only those that were used will 

be described. 

4.1.4.1 Sinusoidal testing 

Steady state harmonic testing is conceptually the 

simplest of all excitation techniques. If a structure 

behaves linearly the response will be a sine wave at the 

same frequency. By directly comparing the two responses 

(input and output) the transfer function can be computed 

in terms of gain and phase shift. There is no 

statistical manipulation necessary as the signals are 

deterministic and averaging is only required to 

eliminate random noise . This amounts to an element of 

filtering as the effect of noise-becomes proportionally 

large compared with the force and response signals at 

resonance and anti-resonance respectively. 

The filtering, is performed digitally by a 
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multiplication and averaging process so that the , output 

is correlated with two different forms of the input 

(Wellstead (1983)). An integration over one cycle 

removes any dc offset and higher harmonics of the 

fundamental signal and noise are progressively 

eliminated by continuing the integration over furth er 

cycles to effectively produce a narrow band-pass filter. 

-By incrementing the-excitation through the analysis 

bandwidth, a complete frequency response function can be 

identified. This abrupt stepping between frequencies 

will induce a transient into the system, the response 

from which must have decayed before further measurement 

can take place. In practice this can never be achieved 

since the amplitude of a transient, vibration decay obeys 

an exponential law and will never theoretically decay to 

zero. -However providing the amplitude of any transient 

response created as a result-of the frequency step is 

below the noise threshold of the instrumentation in use, 

it can-be assumed that a steady state has been achieved. 

The rate at which a vibration decays after a 

transient depends on the magnitude of the impulse and on 

the proximity and damping levels of other structural 

modes and it will be necessary to dwell a pause between 

mebLsurements until the steady state is resumed. The 

length of the delay should be measured in number of 

cycles rather than seconds and therefore measurements at 
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low frequencies will take longer than those at high 

frequencies. However the delayýwi, ll only be comparable 

with the -integration time in the regions , around 

resonance. 

It is possible to obtain very accurate measurements 

using sinusoidal excitation. The main advantages being 

that near resonance a. single mode will tend to dominate 

the 're'sponse of the structure. - Therefore, modal' 

separation (which is the aim of the subsequent analysis) 

is provided mechanically. - The energy that is to be 

input at each frequency can be predetermined thereby 

enhancing the signal to noise ratio and allowing large 

structures. to be tested with smaller shakers -and 

amplifierý than a broadband excitation method would 

allow. Flexibility in harmonic testing can be achieved 

by. -adjusting the, frequency increments within the 

analysis bandwidth; larger spacings are used where there 

is little variation in the amplitude of the frequency 

response curve and finer intervals taken around 

resonance and anti-resonance. 

4.1.4.2. Random excitation 

The biggest single drawback with sinusoidal testing 

is the amount of time that the measurement process 

takes. Broadband excitation techniques are able to 

overcome this disadvantage and have come to prominence 

since digital signal processing has been developed to 
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use FFT techniques on a commercial scale. Random 

excitation is a favoured method of broadband analysis as 

it has complete compatability with FFT processing 

bearing in mind that the spectra shown in equations 

(4.4) - (4.7) will be power or cross spectral densities 

which are Fourier transforms of correlation functions 

rather than Fourier transforms of time series. 

A wide range of properties of the incoming signals 

(auto power, cross power spectra, transfer function, 

coherence, auto/cross correlation, impulse response) can 

be swiftly calculated and displayed. There are some 

penalties to be paid for the speed of calculation of 

this approach due to the derivation of frequency 

response functions being based on statistical 

information and therefore being inherently less precise. 

The main sources of error are aliasing, leakage, and 

trigger pulse [laill 
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Figure 4.2 Digital measurement procedure 
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windowing which enter the analysis at the points 

indicated in Figure 4.2 and must be avoided 'or limited 

in their effect. 

Aliasing, which is the misinterpretation, of,, a high 

frequency signal as a lower frequency occurs when the 

sampling is not being carried out. quickly enough. 

However, it is not generally a problem as most analysers 

have built-in low pass frequency filters set at half of 

the sampling frequency- 

analogue record 

sampling points LI 

digital record 

Figure 4.3 The phenomena of aliasing 

Data are sampled and captured in blocks during a 

short time interval. The Fourier transformation which 

is the next stage of the measurement process will assume 

that data outside the block is zero and that data within 

the block is periodic over that time period. This 
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periodicity may not occur, even for a sinusoidal signal, 

depending on when the sampling occurs and introduces 

certain systematic errors, termed leakage, into the 

analysis. The effects of leakage may be reduced by the 

use of a window function which tapers the data at the 

beginning and end of the block so that the transition 

from zero outside to, non-zero inside -the block is 

smoothed. 

Rectangular, 

Hanning 

Cosine taper 
VvV 

Exponential 

Figure 4.4 Different types of window 

The net effect of all of this "massaging" of the 

measured data is to "smear" the resultant FRF and yet it 

retains much of the information contained in the true 

FRF. 
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4.1.4.3 Impulse testing 

-Attaching a shaker to the structure, however 

carefully it is done, alters the boundary, conditions of 

the system. The alternative is to carry out an impact 

test using a hammer. incorporatingýa force. gauge. -, 

A discrete Fourier series description of the force 

and response signal can be obtained and the frequency 

response function determined directly as their ratio 

H(w) ý O(W)/](W) 

Alternatively HIM can be calculated from the ratio 

of the cross-spectrum between the input and output to 

the power spectrum of the input. Whichever approach is 

taken the prime advantage of this method is speed and 

therefore only a small number of averages is normally 

taken. 

There are several problems with the transient 

excitation technique. Firstly there is the practical 

difficulty in obtaining a repeatable impulsive input 

which is applied at the same position and orientation 

every time. The input must be monitored for overloads 

and multiple hits when for example, a lightly damped 

structure recoils against the impactor. The structure 

may be subjected to high local peak stresses which will 

induce material non-linearities and the high 

crest-factor in the data, i. e. the difference between 
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peak and rms values places a heavy burden on the entire 

measurement system. 

All of the-above methods of excitation were used in 

this investigation, and their:., benefits and drawbacks 

have been discussed. -. Using the testing strategy that 

was discussed in Section 4.1.3, preliminary measurements 

were taken_ over a-wide frequency range using random or 

transient excitation and this was followed by more 

detailed si*nusoidal testing concentrated at, frequencies 

near resonance. 

4.2 Instrumentation 

The prime requirement of a measuring system is that 

it records responses without -altering -the 

characteristics- of the structure that is under 

investigation. This ideal state 'of affairs could be 

achieved using a non-contacting transducer which 

converts the required quantity (force, motion etc. ) into 

an electrical signal which is measured and then stored. 
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Figure 4.5 Experimental set-up 
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Non-contacting transducers measuring changes in 

displacement due to changes in capacitance or inductance 

across a gap between the measuring, instrument and the 

vibrating structure have been commercially available for 

many years (Harris, Crede (1976)). One terminal of the 

instrument acts as the datum and its position in space 

must be known. Effectively this means that it is fixed 

in space and in certain circumstances, e. g. . -if the 

transducers are to be placed within a small, flexible 

structure, there may be installation difficulties. 

Further problems may arise because, the instrument-, will 

record rigid body as well as distortion modes. The main 

disadvantage however is their attenuation atýthe high 

frequency end of the spectrum where amplitude of 

vibrations become very small and indistinguishable'from 

ambient electrical noise levels. 

Reflected wave transducer systems usin'g microwave or 

optical-interferometry are- based on ideas conceived 

around the same time but the instruments-that have been 

produced have not been widely used. The fundamental 

advantages of monitoring vibrating surfaces which are 

undisturbed by the measuring device together -with the 

capability of examining large regions in rapid 

succession and over a wide frequency bandwidth make 

these techniques potentially very powerful. The advent 

of improved laser technology has introduced the 

possibility of a new approach. There are now 
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commerically available compact laser vibrometers 

offering interferome'tric line 'of sight, " 0-1 'MHz 

responsivitY*and sub-nanometre sensitivity. 

4.2.1 Transducers 

The 'majority of vibration tests whichare performed 

nowadays employ either strain gauges or-accelerometers. 

Both types of transducer will produce -results of 

comparable accuracy. Strain gauges exhibit linear 

characteristics over- a wide frequency range, are 

lightweight and are relatively easily fitted. However 

they are used less often than accelerometers because 

they are not so robust and because it is not always 

convenient to develop a model in terms of strain rather 

than displacement. 

Accelerometers contain a piezoelectric material 

usually in the form of an artifically polarised 

ferroelectric ceramic element which generates -an 

electrical charge when stressed. The accelerometer'is'a 

seismic (spring-mass) instrument where the spring is 

replaced by the piezoeletric element and when the 

assembly vibrates the mass exerts a'varying force on the 

element which is directly proportional to the vibratory 

acceleration. For frequencies well below the resonance 

frequency of the assembly the'acceleration of the mass 

will be extremely close to the acceleration of the base 

and the output signal level will be proportional to the 
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acceleration to which the accelerometer is subjected 

(Broch (1980)). The design of'the accelerometer should 

always ensure that the stiffness of the ceramic element 

gives a high resonance frequency of the assembly as this 

will extend the frequency range over which the 

accelerometer can be used. Frequency response, 

sensitivity, mass and dynamic range are the principal 

factors that should be considered when hLssessing an 

accelerometers*suitability. 

The sensitivity of the "general-purpose" 

accelerometers used in this investigation was between 1 

to 10 pC per ms-2, which was not critical as modern 

pre-amplifiers are designed to accept low level signals. 

-2 A higher output level, up to 10000 pC per MS L, could 

have been obtained but only by using larger 

piezoelectric assemblies enclosed in heavier units which 

would have been unacceptable for the thin-walled shell 

structures tested. Inertia forces and moments will be 

caused by the additional mass of any accelerometer and 

this can only be minimised by using the smallest 

accelerometers possible. Accelerometers weighing only 

0.4 gram were used at one stage of this investigation; 

they had the added attraction of built-in hybrid 

amplifiers with a low output impedance. The unit cost 

of each of these accelerometers is considerably more 

than- for comparable accelerometers without-the built-in 

electronics and is the, main reason why they were not 
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used elsewhere. 

In all other aspects the "general-purpose" type of 

accelerometer were satisfactory, the* dynamic range 

started from 0.1 ms-2 and was determined by electrical 

noise from connecting cables and amplifier circuitry 

rather than the accelerometer directly. The upper limit 

was determined by the accelerometers structural strength 

and they remained linear to above 50000 ms-2 due to 

their rigid construction. 

Selecting the-correct type of accelerometer is less 

liable to present a problem than choosing the right 

locations for the accelerometers within the model and 

then securing them in position. The locations were 

determined by the modes of vibration of the cylindrical 

structures that were being tested (see Section 4.3.2). 

Circumferential distortions of the shell were measured 

using a complete ring of accelerometers at one 

cross-section. 

Various methods of mounting the accelerometers were 

employed which included; clamping magnets, adhesives and 

threaded studs. The frequency limits for each type of 

attachment can be obtained from the manufacturers 

literature (Broch (1980)) but for the methods mentioned 

there-is no significant response dueýto the fixing below 

2 kHz. The reliability of the fixing was, therefore the 

prime concern and because of the need to attach the 
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accelerometers to a curved surface it was found 

necessary to develop a specialised fitting. This 

consisted of a shaped washer adhered to the cylinder 

using cyanoacetate adhesive. A central stud was used to 

attach the accelerometers. Care was necessary when 

fitting the transducers to avoid the introduction of 

base strain. 

4.2.2 Cable connections 

Flexible coaxial cables were used for the connection 

between accelerometer and pre-amplifier. The cables 

were screened to reduce the effect of electrostatic 

interference, they were anti-microphonic and treated to 

reduce the tribo-electric effect caused by dynamic 

bending. Extra precautions such as preventing the cable 

from slapping against the structure by taping it down as 

close to the transducer as possible further reduced this 

effect. 

The connecting cables were handled with care as they 

were very flexible and fatigue cracks were experienced 

particularly' at the connections, due to excessive 

handling. New cables were made up and used whenever 

possible as it was noticed that signals did not 

completely break down due to partial or even total 

severance of the inner core if the ends butted together. 

This partial breakdown was most problematical as Jt 

inevitably lead to progressive signal degradation which 

108 



could not always be detected in its early stages. 
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Figure 4.6 

Accelerometer cables taped to prevent slapping 
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4.2.3 Signal Processing 

A pre-amplifier is included in the measuring system 

to amplify the relatively weak electrical charge 

generated by the accelerometer and to reduce the 

impedance to a level suitable for connection to the 

measuring and analyzing instrumentation. The type of 

pre-amplifier used was a charge amplifier which works on 

the change in the input signal. One of its main 

advantages is that a relatively high capacitance 

feedback across a condenser effectively reduces the 

capacitance of the connecting cables so that long 

lengths may be used without altering the sensitivity of 

the measuring system. 

In addition to the low and high frequency filters 

(3dB at 0.3Hz and 30kHz respectively) the most useful 

features of the instruments were overload and 20dB from 

overload indicator lights. The maximum output signal is 

10V (lOmA) peak with less than 1% distortion, so the 

-20dB indicator, signals a level greater than 1V. It is 

normally good practice to ensure that this level is 

maintained throughout testing by adjusting the gain on 

the charge 'amplifier thereby maintaining a high signal 

to noise ratio. 
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4.2.4 Analyser 

The final link in the measurement chain is the data 

logging/analysis system. This Will monitor the 

conditioned signals and may perform selected analysis 

functions or store data for later analysis. Two types 

of analyser were used in this investigation, a frequency 

response analyser (FRA) was used with sinusoidal 

excitation and. a spectrum analyser for broadband 

measurement. Both machines were digital devices. The 

FRA measured the signals from force and response 

transducers and correlated them with the generated 

sinewave so that an accurate measurement of impedance 

was obtained at each discrete frequency. The spectrum 

analyser, on the other hand, sought to measure all the 

frequency components in the complex time-varying signal. 

The machine used operated with 501 spectral lines, the 

equivalent of that number of FRAs, each tuned to a 

separate frequency and working simultaneously. The 

spectrum analyser was then capable of computing a wide 

range of properties based on the Discrete Fourier 

Transform. 

The dual channels Of the spectrum analyser and the 

12 channels of the FRA had a dynamic range of between 10 

microvolts to 300 volts which could be fixed at a set 

level or allowed to 'auto-range'. For a good signal to 

noise ratio the smallest possible input range that did 
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not cause overloading was used. Measuring a small 

signal with an unnecessarily large range can seriously 

degrade portions of the signal and reduce it to the same 

proportions as analogue noise or digital noise 

introduced by the micro-processors. The use of the 

'auto-ranging? facility was not always the optimum 

solution as it was assessed that this facility would 

attenuate data in broadband random testing but not 

stepped-sine testing due to the in-built conservative 

estimation of the required range and the inability to 

react instantaneously at each frequency level being 

tested. 

4.2.5 Force Input. 

A controlled experiment differs from the majority of 

situations in which a structure is caused to vibrate. 

Usually the vibrations within a system are self-induced 

due to sliding or rotating components of machinery or if 

the system is very lightly damped it may be excited by 

acoustical noise. In modal testing it is necessary for 

all of the forcing input or inputs to be directed 

through force gauge transducers at the point or points 

of excitation, so that the force measured is the only 

external force applied to the system. 

Force transducers, like accelerometers, use a 

piezoelectric element which, when compressed produce an 

electrical output proportional to the force transmitted 
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through it. 

Force excitation can be applied in a number of ways. 

Shock testing using non-contacting underwater explosions 

was one possibility but the incident pressure pulse 

would have to have been measured using an array of 

pressure transducers. The total forcing input would 

have been difficult to quantify and therefore 

accelerance, mobility and receptance would not have been 

accurately determined. It is-more usual for the force 

to be applied via an instrumented "hammer" (for impact 

loading) or through some form of "shaker" attached to 

the structure. The practical difficulties, such as 

repeatability, of impact testing have already been dealt 

with, therefore this section will concentrate on the use 

of mechanical shakers. 

The shakers used in this work were of the 

electromagnetic type in which the input signal is 

converted to an alternating magnetic field in which is 

placed a moving coil assembly. The size of this 

assembly determines the magnitude of the force that can 

be applied to the structure. Shakers of this type are 

manufactured so that they move freely in one direction 

only; the direction in which the force is applied. 

However there is no such restraint on the behaviour of 

the structure at the point where it is attached to the 

shaker. If the attachment were made rigid it could have 
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generated reiisting forces and moments in either of the 

other two transverse directions or in any of the three 

rotational directions. It was therefore necessary to 

try to eliminate any but the intended axial driving 

force by the use of a flexible pushrod which was stiff 

in that direction but relatively flexible in the other 

five. 

Generally when testing in air a short, (typically 

2-5 cm. ot Imm. diameter wire), push-rod was used. 

This was unsatisfactory for testing underwater 

structures as it would be very difficult to waterproof 

an external shaker and there will be non-linear 

interactive effects if the structure is very close to 

the free surface. Consequently a longer push-rod, 

sometimes with a non-flexible extension rod, was used; 

the penalty for this is that the resonance frequency 

(axial or flexural) of the push-rod may come within the 

range of interest. Separate testing of the pushrod was 

therefore necessary to eliminate these modes from the 

mobility measurements of the structure. These 

extraneous modes may not always influence the test 

results if the force gauge is sited correctly. However 

very little energy will be transmitted through the 

push-rod when it is approaching resonance and excessive 

transverse deflections may induce forces in any of the 5 

degrees of freedom that are not being measured at the 

point of attachment. 
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Plie use of long pushrods, up to 2 metres long, has 

been accomplished quite successfully during the course 

of this research. It was necessary to include a short 

Figure 4.7 

Push-rod extension for external shaker 
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flexible piece next to the structure but the remainder 

of the pushrod was made from relatively large diameter, 

hollow tube for strength and lightness. Obviously with 

a pushrod. of this length there were practical 

difficulties in attaching it to the structure and 

ensuring that the flexible piece did not become damaged 

during the setting up of the trial. Besides these 

problems, posed by the. cumbersome nature of a very long 

pushrod, there was a further limitation that had to be 

resolved. The limited draught of the water tanks in 

which the cylinders were submerged precluded the 

cylinders from being tested in any orientation other 

than the horizontal. The shaker was therefore attached 

near the centre of the cylinder and primarily excited 

the "cylindrical" modes with much less energy being 

transmitted to the ends where the displacements were 

orthogonal to the direction of the exciting force. 

For further investigation of the behaviour of the 

ends it became necessary to devise a method of providing 

a horizontal forcing input to the submerged structure. 

This-could only be achieved by siting the shaker within 

the cylinder. The problem which then had to be overcome 

was to ensure that the reaction forces from the 'shaker, 

which were equal and opposite to those applied to the 

pushrod, were not transmitted to the structure. This 

could have been achieved if the shaker were supported on 

soft springs as the suspension resonance would have been 
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well below the driving frequency. Unfortunately any 

uneven handling of the structure would have placed 

considerable strain on the flexible connection at the 

stinger and it was deemed that this was not a practical 

solution. Instead a "bridge" was constructed that 

attached to the cylinder near its outer edges and on 

which the shaker was located. It was important that 

resonances of this support structure should not affect 

the measured data therefore the bridge was made as stiff 

CjtSer 

ýr- 11"P66-C-1Z cle 
0 

nIFd 
-' M. S. -shand' 

Caebon A -6re - 
Ckýci CALCA 

Figure 4.8 Support structure for internal shaker 

as possible so that its resonance frequencies were above 

the frequency range of interest. This was accomplished 

by stiffening the side plates and the deck of the bridge 

with laminated sheets of carbon fibre. The stiffened 

support structure was no barrier to the reaction forces 

and the isolation of the shaker from the cylinder was 
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never achieved. This method of mounting the shaker was 

only successful because the bridge was attached at 

positions where the cylinder was very stiff and where 

there was minimal motion even at resonance. 

4.3.1 Physical model 

This work is intended to have practical significance 

and therefore the models that were examined were 

designed as scale models of prototype submarine 

structures. Conversely the geometric intricacies and 

details of real structures make analysis of their 

overall dynamic behaviour extremely difficult. 

Consequently a thin-walled cylinder was selected for 

testing as this is a simple geometrical shape which 

could, nevertheless, be consiaered as representatiýe of 

a class of typical submarine structures. 

In the course of this investigation four physical' 

models were tested, each possessing different 

characteristics. They were also tested in a number of 

different ways. All the models had radius/thickness 

aspect ratios greater than 18 and can thus be considered 

as thin-walled shells. 

The tests which were performed on the first model 

(Randall, Squire (1984)) highlighted the effect of 

non-uniform wall thickness and lack of circularity on 

the frequency response characteristics of the model. If 
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Table 4.1 Phy sical model dimensions 

Length External Wall Remarks 
diameter Thickness 

1.145 c. 0.1335 c. 0.0036 Unstiffened, open 
ends. Non-uniform 
circularity +0.5% 
Non-uniform wall 
thickness +7%. 

1.284 0.357 0.003 Unstiffened, flat 
ends. Non-uniform 
circularity +0.4% 

0.892 0.242 0.0025 Unstiffened, hemi- 
spherical ends. 

0.397 0.305 0.0014 -14 evenly spaced 
ring stiffeners. 
Flat ends. 

cf. Upholder (Type 2400) Class Submarine 

Overall dimensions : Length 70.26(47.5 pressure hull) 

Width 7.60 

Depth 5.50 

(Couhat (1984), Wrobel (1985)) 

geometrical irregularities had to be modelled it would 

complicate the analysis procedure considerably. 

Therefore an early decision was taken to expend effort 

on producing a physical model manufactured-to the most 

stringent tolerances, aiming for less than 1% variation 

in wall thickness and no more than 0.2 mm. linear 

variation in length and external diameter for models 2 

and 3. Nevertheless the finished product would never be 

perfect, particularly as the cylinders were manufactured 

from flat plate, which was rolled and then seam welded. 
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Table 4.2 - Inspection Details 
Model#l Internal Diameter (mm. ) 

Axial co-ordinate 0.02 1.45 
Radial co-ordinate 

0 126.5 126.5 
45 125.8 125.6 
90 126ý6 126.7 

135 127.0 125.9 

Wall Thickness (mm. ) 
Radial co-ordinate 

0 3.49 3.53 
45. 3.57 3.58 
90 3.78 3.58 

135 3.84 3.66 
180 3.73 3.71 
225' 3.63 3.95 
270 3.51 3.79 
315 3.44 3.67 

Model#2 - External Di ameter (mm. ) 

Axial co-ord. 0.04 0.34 0.64 0.94 1.24 
Radial co-ord. 

-45 357.1 356.8 356.7 
0 357.5 358.2 357.6 357.9 

45 356.8 357.4 356.8 
90 355.1 355.1 

Model#3 - Wall Thickness (mm. ) 

Axial co-ord. 0.05 0.30 0.45 0.60 0.85 
Radial co-ord. 

-120 2.37 2.50 2.50 2.43 
0 2.40 2.50 2.52 2.45 2.49 

; 120ý 2.41 2.45 2.45 2.59 

- Where deviations from circularity were significant, 

the deformed (oval) cross-section produces closely 

spaced modes of vibration operating at resonance 

frequencies determined by the major and minor axes of 

the elliptical cross-section but which are typically 

separated by less than 5Hz. 
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4.3.2 Modes of Cylindrical Shell 

Consider a cylindrical shell of thickness h, radius 

a, and length L. Let the cylinder be referred to an 

X, e, z coordinate system where z is taken in the 

direction of a generator, () measures the angle in, the 

circumferential direction and the x axis is directed 

outward along the normal to the shell middle surface.... 

The displacements of the shell middle surface in these 

three directions ate u, v and w respectively. 

z 

Figure 4.9 

Geometry of cylindrical shell showing direction of displacement components 

The basic deformations involved in the vibration of 

the cylinder are bending and stretching of the cylinder 

walls. Associated with these actions the displacements 

u, v and w will be such that there will be nodal lines 

on the cylinder running longitudinally and 
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circumferentially. The number and location of these 

lines will depend on the particular'mode of vibration. 

n-0 n-1 n-2 

N 

Circumferential vibration formE 

- 

1 

ml 
---- 

m-2 

Axial vibration forms 

Figure 4.10 

n-3 n-4 

m-3 

Forms of vibration of thin cylinders 

Considering planar motion such that the axial 

component of displacement u, vanishes and the tangential 

and radial components, v and w, are independent of the 

axial coordinate z. The displacements are of the form 

U0 

v Vn. sin ne. e-i'Lui (4.8) 
W Wn. cos ne. e-il-ut 

For n=O all points on the cross-section move 

radially outwards and inwards together so that the 

cylinder walls are undergoing stretching only. 

Conversely. when n=l the cross-section translates but 
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does not deform which corresponds to pure bending. For 

integers of n>2 the displacements will be caused by a 

combination of bending and stretching and the 

circumferential vibration modes consist of periodic 

movement of standing waves distributed around the 

circumference. The simplest case (n=2) will have four 

positons at which radial motion is zero. These 

positions are called circumferential nodes but they are 

not positions of absolute rest due to -tangential 

movement. Theoretically, this type of vibration is 

possible for any value of n greater than 2. 

We now consider the situation in which the axial 

dependence of the response is accounted for. It can be 

shown that the motion of the cylindrical shell consists 

of standing waves in both the circumferential and axial 

directions. The number of half-waves that occur in the 

cylinder length are denoted by the letter m and will 

vary according to the complexity of the vib ration and 

the type of restraint at the ends of the cylinder. 

Since any number of circumferential waves may 

combine with any number of axial waves to form 'a' nodal 

pattern the , wide range of possibilities can be 

appreciated. Flugge (1973) obtained a frequency 

equation for a cylinder with free-ly supported ends, the 

roots of which defined three natural frequencies for any 

given nodal pattern. The modes associated with each of 
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Resonance frequencies of a finite cylindrical shell 

with simply supported ends 

these frequencies correspond to motion- which is 

primarily radial, axial or circumferential. 

Fortunately, only the -lowest natural , frequency 

associated with' motion that 'is primarily radial is 
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normally of interest. The hierarchy of modes in terms 

of frequency bears little relation to the complexity of 

the nodal pattern but depends on the geometry of the 

cylinder and the proportion of strain energy contributed 

by bending and stretching. A knowledge of the nodal 

patterns of the modes to be investigated is essential if 

tranducers recording the motion are to be sited 

effectively. 

4.3. -3 Fluid environment 

An essential feature of this investigation is that 

the modal testing was performed with the structure 

either freely supported in air or submerged in water. 

If the surrounding medium is ignored in a theoretical 

formulation, it is equivalent to assuming that the 

system is vibrating in-vacuo. If the responses of the 

system are then measured in air the discrepancies will 

be negligible due to the low density of air. However 

when the structure is submerged in water it is not 

possible to ignore the surrounding medium and a suitable 

body of water has to be located in which to perform the 

tests. Even then. it is not sufficient merely to immerse 

the structure without being aware of the implications of 

the water tanks, finite dimensions which will determine 

the proximity of rigid and free surface boundaries. The 

radiated pressure field from the vibrating structure 

will be reflected positively from solid boundaries and 

as a wave of rarefaction from the surface and there is 
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the possibility of standing waves being established. 

Only if the distances involved are sufficiently large 

will the reflected pressures decay to a level which is 

insignificant compared with the radiated pressure field. 

It was fortunate that the towing-tank facilities at 

ARE Haslar and RNEC Manadon were available for this 

investigation. Nevertheless some of the experiments 

were performed in tanks where'side and end clearances 

were in the order of one or two diameters of the model 

so that the boundaries were definitely in the near-field 

environment. 

4.3.4 Tethering arrangements. 

Another significant effect of submerging the test 

cylinders was that they were-all positively buoyant, the 

upthrust varying from' 20 to 900 N. Tethering 

arrangements had to be devised to hold the models in 

position whilst not affecting the dynamic behaviour of 

the structure. The mooring lines were attached at the 

ends of the cylinders. Under this arrangement bending 

stresses were induced because of the buoyancy' forces. 

These stresses were superimposed on the compressive 

effects caused by the action of hydrostatic pressure and 

defined a set of initial conditions about which the 

structure oscillated. In addition the cylinders could 

no longer be considered as freely supported as the 

freedoms of pitch and heave were partially restrained. 
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Figure 4.12b 

Means of tethering model No. 2 (a) shallow (b) deep 



4.4. Modal Analysis 

Once all the data had been acquired the next step 

was to extract the modal parameters using one of the 

many curve-fitting routines that are available. - The 

various methods have been reviewed by Ewins (1984) and 

Rades (1985) and fall into two main categories. In one 

group the analysis concentrates on individual modes as 

they occur witin the frequency range of interest. If 

the required accuracy warrants it, the influence of 

other modes on the singýe degree of freedom model can be 

included. The alternative is to curve-fit a 

multi-degree of freedom model to the measured data, 

which is spread throughout the analysis bandwidth. This 

latter approach was not really suitable for this 

investigation, as only a limited number of the modes 

would be admitted into the subsequent analysis to 

calculate the hydrodynamic properties of the structure. 

The equations of motion for an N degree of freedom 

model exhibiting hysteretic damping may be expressed in 

the form 

.[m lj*uj+ i[h ljýj+ (k ]Jul = 
JPJ (4.9) 

where [m] =NxN mass matrix 

(h] =NxN hysteretic damping matrix 

[k] =NxN stiffness matrix 

(u) =Nx1 vector of time dependent 

displacements at each degree of freedom. 
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(P) =Nx1 vector of applied time dependent 

-forces at each degree of freedom., ' 

It may be shown (Ewins (1979)) that the receptance 

between two degrees of freedom j and k can be computed 

f rom: 
W 

displacement response at 
jk force excitation at k 

(4.10) A jk 

W2 U)2 + ill W2 fk r-1 r- rr 

where W- undamped resonance'frequency of the rth* r 
mode (rad/sec) 

W= harmonic excitation frequency (rad/sec) 

nr = loss factor ofIrth mode 

rAjk = modal constant between points j and k of 

rth mode 

The modal constant in equation (4.10) is defined as 

rA jk r(Pj rl: 
ýk (4.11) 

where (P are elements of. the mass normalised modal 

matrix, defined by 

1 (1) IT[ MIE (D-I =I 13 (4.12) 

where [(P] are the mode shapes in an NxN matrix 

written column by column 

(I] is an identity matrix 

As the excitation frequency (w)- approaches the 

natural frequency of the rth mode (w. ), the influence of 
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the other N-1 modes, decreases., - So that,? particularly-if 

the modes are well-spaced, the, effect of the remaining 

modes can be expressed as a constant residual term. 

rAjk + residual term (4.13) (Clik)r : -- 
W 

-2- 
W2 2 

r+ irlrWr 

If the real and imaginary components of receptance 

given by equation (4.13) are plotted against frequency 

in the vicinity of the resonance. frequency, wr, they 

will describe a circular locus. 

Im (a) 

Nit,. 

a 
Cla 

C% 
+ 

Re (a) 

Figure 4.13 

Argand diagram of receptance 

131 



The modal parameters -can'', beý extracted from, the 

information given in this, plot in the following 

sequence. The natural frequency is computed by 

determining the maximum rate of change of arc length. 

Then the loss factor can be'determined from 

rl r 
ýLUa 2 7Wb 2 MW 

r 2(tan(e,, /2)+tan(eb/2)Y` 4.14) 

Finally the modal constant can be, calculated from 

the diameter of the circle 

rAik' 
Wr 2. n 

r* 
diameter, of circle (4.15) 

Each step of this analysis is dependant on the 

previous stage with the modal constant being calculated 

after the loss factor which is based on the theoretical 

concept of hysteretic damping. 

4'. 4'. 1 Dobson Technique 

An alternative approach referred' to as ýdynamic 

stiffness uses the inverse of receptance. In this case 

and neglecting the residual effects of other modes 

fk Wr 2 -'W2 + 'rlrWr 2 
(1113jk)r == -Uj 

rAjk 
(4.16) 

Plotting-. real and imaginary components of-equation 

(4.16) against LU2 Will yield, straight lines. The 

intercept ý of the' real part with the LU2. aXiS Will give 
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the resonance frequency W- and the modal constant can be 
r 

found directly from the slope 

rAjk = 71/slope 

The advantage of finding the modal constant in this 

way is that the estimate is independent of any estimates 

of loss factor. Loss factor is found separately; from 

the offset of the imaginary ýart from the Uj2axis using 

the estimates of modal constant and resonance frequency 

alreay obtained. 

The drawback with the method sofar described is 

that modal constants-,. --will""*only be real for 

proportionally damped- systems and it was assumed that 

the effects of residual modes'could be assessed. The 

method used here (Dobson (1987)) retains many of the 

advantages of the inverse method but also provides a 

direct measurement of complex residuals'. - 

This is achieved by selecting an analysis bandwidth 

of frequencies near resonance, so that 

(. a(f))jk)r ý-* - r( A+B )jk 
+ residual term Wr 2- Q2 + irlrwr 2ý, 

- 

Residual effects are assumed not to vary over the 

analysis bandwidth and are eliminated by subtracting 

eqn(4.13) from eqn(4.18). The difference so formed is 

then inverted and by considering': differeht frequencies 
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within the analysis bandwidth 

produced. 
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, The slopes., and-intercepts of these curves (real and 

imaginary) are linear functions of in terms of the 

four modal parameters A, B" Wrand 'Ir which can-therefore 

be determined. 

This technique is essentially a single degree of 

freedom model and does not account for the possibility 

of significant coupling between the modd being examined 

and other "out-of-range" modes. However an iterative 

approach to the solution can be taken such that the 

frequency response functions are analysed from the 

lowest mode to the highest, with the effects of the 

analysed modes removed from the data after each 

analysis. If the process is then repeated from the 

highest mode to the lowest the effects of the 

"out-of-range" modes are further minimised and the 

technique has been used successfully to extract modal 

parameters from modes that were essentially the same 

mode shape but oriented in different planes due to 

slight irregularities in the manufacture of the test 

cylinders. 

most single degree of freedom models make use of the 

fact that FRF data plotted on an Argand diagram. (i. e. 

real vs. imaginary) generates a circular (or almost 

circular) locus. In fact, for hysteretic damping the 

receptance is circular and for viscous damping, the 

mobility is circular. However the Argand diagram of the 
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inverse of receptance is linear and the method used here 

(Dobson (1987)) capitalises on the greater simplicity 

and computational efficiency that is obtainable when 

fitting experimental data to a straight line. 

_Q 
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CHAPTER 5- RESULTS 

5.1 Physical Model 

In section 4.3.1 four models were described which 

have been used during the course of this investigation. 

The first model was simply a length of large diameter 

mild steel pipe which was supplied from stock. The 

large variations. in wall thickness and the lack of 

cross-sectional circularity meant t hat it was 

satisfactory only for some fairly rudimentary early 

investigations (Randall & Squire(1984)). The other 

models were all manufactured specifically for the 

purpose of vibration testing. Model 'No. 2 was the 

largest model and essentially the simplest in form, 

being unreinforced with flat ends. Model No. 3 was used 

in validation trials of FE software for PAFEC Ltd at ARE 

Portland (Randall (1986b). Hemispherical domed end-caps 

were, screwed onto the cylindrical central section 

producing an improved outline (Figure 5.1). However the 

end connections proved to be very'difficult to model 

satisfactorily and although useful information was 

obtained from t he central section, the modelling 

difficulties plus the enhanced stiffness of the ends 

prevented further experimentation with this model. The 

final model which was ring stiffened was produced by ARE 

Dunfermline and was used for studying pressure loading 

effects (Figures 5.2 & 5.3). The model collapsed 

catastrophically at about 70% of the predicted failure 
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Figure 5.1 
Model No-3 prior to testing 
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Figure 5.2 

Pressure testing chamber at Rosyth Naval Base 
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Figure 5.3 

Rib-stiffened cylinder (model No. 4) 

with shaker attached 
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pressure but after sufficient data had been collected to 

conclude the study (Okpe (1988)). 

In this chapter results obtained from model No. 2 

will be presented even though some of these findings 

have also been published elsewhere- (Randall (1985), 

Price,. Randall & Temarel(1988), Ergin, Price-, ' Randall & 

Temarel(1990)). All the essential information relating 

to the ý_rials on the other cylinders has been pres6nted 

elsewhereas already-indicated and further repetition is 

unnecessary. 

The dimensions of model No. 2 are :- 

Length 1.284m. 

Ext. Diameter 0.357m. 

Thickness 0.003m. 

The accelerometer positions selected to record 

distortions in both axial and circumferential planes are 

shown in figure 5.4. The acceleration response for up 

to 15 transducers plus the exciting force at the input 

point were recorded digitally. These data were then 

converted to receptance before being downloaded onto 

disc for storage and, subsequent analysis. 
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Figure 5.5 Towing tank at RNEC Manadon 
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Figure 5.6 

Underwater testing of model No. 2 



5.2 Testing facility 

Two water tanks, both at RNEC Manadon, were used. for 

testing this cylinder underwater. The first--tank 

(Figure 4.12a) was relatively confined, measuring 7.5m. 

long by 1.7m. -wide and contained water to a depth of 

1.6m. It was lined with ceramic tiles and the position 

of the cylinder could be varied by means of the 

tethering ropes. The second tank was considerably 

larger being a towing tank measuring 32m. long by 4m. 

wide and 2.5m. deep (Figure 5.5). The experiments on 

the cylinder were carried out at one end where there was 

a 4m. depth of water over an area measuring 4m. by 4m. 

(Figure 5; 6). In this tank the buoyancy of the test 

structure was counteracted by securing it with wire 

ropes to a ballast frame placed on the bottom of the 

tank (Figure 4.12b). The wire ropes were of equal 

length ensuring not only that the cylinder was at the 

required depth but also that it was on an even keel. 

5.3 Vibration testing in air 

The first set of. tests was performed in air to 

provide a comparison for all later testing when the 

structure was in contact with water and to validate the 

finite element analysis of the dry structure. Testing 

in air is essentially the same as testing in-vacuo and 

there was no restriction on the orientation or situation 

of the structure, provided it was physically isolated 
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from the surroundings. This was achieved by ; slinging 

the, cylinder from an overhead, gantry using soft rubber 

bungees. The results from two series of- in-air -tests- 

are shown in Figures 5.7, - 5.9. -The first set of 

measurements (Figure 5.. 7) was taken from the transducers 

in layout A (seevý-Fig. 5.4) with the exciting, force 

provided by an external shaker-coupled to, the-'structure 

using-'a' short, flexible push-rod. -The quality, -of the 

receptance data is generally very. good with only a -few 

faulty signals-(cf. -channel 4 at 217-Hz. andý524 Hz. ). 

The major resonances, are easily identified and each 

channel only differs from the others by the existence 

and position of anti-resonances and minima. Resonance 

frequencies, damping loss factor and mode shape obtained 

from the measured modal constants are given in table 

5.1.4 

Table 5.1 In-air cylinder modes (29605) 

Resonance frequency Loss factor 
Mode (Hz) 

(m, n) 

1,2 193.9 0.00051 
1,3 197.4 0.00060 
1,4 336.5 0.00045 
2,3 387.0 0.00041 

389.9 0.00010 
2,4 403.1 0.00025 
1,5 537.1 0.00062 
3,4 564.7 0.00037 
2,5 568.6 0.00035 

In the first series of tests there was no provision 

for measuring the motion of the ends and this problem 
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was addressed in a second series. The ends could have 

been excited in the same manner as before using an 

external shaker or alternatively impacted with a 

calibrated hammer; however a different method had to be 

devised for the underwater trials, so for consistency 

the in-air--tests-''were performed using--theý internal 

shaker described in section 4., 2.5. Transducers were 

attached in the . 11 locations comprising layout C. 

Figure 5.8- shows the results from transducers c4-c8 

which are directly comparable with transducers a5-al2 

from the first series. 

The resonances whichýwere identified as being modes 

of vibration of the ends are shown in Figure 5.9 and are 

tabulated. below (Table-5.2).. 

Table 5.2 In-air,, end-modes (22389Cl-3)' 

Resonance-frequency -., -. 
LOSS,, factor 

Mode (Hz) 
(r, s) 

0,0 240.7 0.020 
0,0 270.5 0.0064 
O'l 389.3 0.023 
O'l 402.2 0.0032 
O'l 422.6 0.0034 
O'l 457.0 0.0030 

5.4 Vibration testing underwater 

When the cylinder is tested underwater the 

frequency response charateristics cannot be assessed 

without consideration of the position of the model 

within the testing tank (Fig. 5.10). The proximity of 
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solid boundaries and the free surface must be taken into 

account. In the first underwater tests an attempt was 

made to minimise the influence of external boundaries by 

situating the model as near to the centre of the tank as 

possible. Owing to the dimensions of the smaller tank 

this could only have limited success. Figure 5.11 shows 

data recorded by the same transducers as in fig. 5.7 

with the same method of excit I ation, the centreline of 

the- cylinder was horizontal and 0.68m. below the, free 

surface. There is a, reduction in signal strength 

compared with the in air testing due to the effect of 

hydrodynamic damping on the amplitude of vibration. 

There 'is a discernible difference between channel 5 

which is opposite the forcing point, -where -there 
is a 

relatively -strong response signal, -and other channels 

corresponding to sites further away from the-, source of 

excitation. 

The first objective of the underwater tests was to 

establish the resonance frequencies of the structure 

under the- influence-of the fluid actions. These tests 

took place before the larger tank was available and had 

the ýcomplication of limited clearance to the external 

boundaries; but there was one advantage in that an 

external shaker could be used so that all modes and in 

particular end modes could be recorded before the 

internal shaker was fitted. -This was particularly 

useful as the resonance frequency of-the first end mode 

is close to the firs -t support structure resonance-. - 
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Modes of vibration of ' the cylindrical central 

portion of the tube are essentially due to radial motion 

of thislsection,. but-these deformations will cause some 

lateral motion at the ends, which was recorded.. The 

converse is not true however as lateral motion of the 

ends-at resonance will only cause, axial movement in the 

central section which will only be picked up if the 

cross-sensitivity of the accelerometers is poor. Figure 
V, 

5.12 shows -receptance data from accelerometers on the 

ends of-the'cylinder with both cylindrical and end modes 

recorded. The increased damping of the end modes 

compared with the cylinder modes is evident by the 

rounded shape, of the peaks. Further tests 
, 

were 

performed to measure both cylinder and end modes with 

the model across the tank and at various depths below 

the, free surface (Figs. 5.13-5.16). 

Table 5.3 
' 
Underwater modes. Tank #1 (6_50,7_50) 

Model position: Across CL (A) Along'-'CL (B)-,. 

Depth(m)0.21 0.23 0.66 0.68 0.21 0.29 0.68 0.72 - Mode 

1,2,, 101.6 98.9 97.2 97.5 101.6 97.7 97.4 97.2 
1,3_ 114.8 109.4 108.3 108.7-, 113.4 109.2 108.6 108.5 

109.8 114.4 
el 122.4 120.6 119.0 118.3 116.9 113.6 115.1 115.3 
e2 153.6 149.5 151.3 149.1 149.2 148.7 147.1 149.2 
1,4 201.5 200.9 203.0 200.4 
2,3 218.6 216.9 220.5 216.7 

217.4 217.2 
2,4 242.0 241.3 243.6 240.9 
e3 248.7 249.1 '248.3 248.4 
2,2 332.2 328.6 328.1 
3,4 341.4' 341.0 341.0 340.3 
1,5 346.7 346.9- 343.5 
2,5 362.1 361.1 363.4 360.4 
3,3 409.4-, 408.8 411.1 407.9 

412.7 
3,5 412.2 411.3 418.1 410.5 
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Although the vibration of the ends of this, model 

were, of particular interest during this 'measurement 

programme it should be noted that the design of the 

model was not prepared with this specifically in mind. 

There was a hatch plate at each end and the transducer 

connection cables fed in through a central gland at one 

end. The hatches were screwed on to the ends and then 

glued with a rubber sealing compound to prevent the 

ingress of water. So, although they were manufactured 

from the same gauge steel as the remainder of the model, 

the. ends were not uniform and do not compare directly 

with the plain ends assumed in the dry analysis. The 

relatively high loss factors associated with the end 

modes has already been noted and is probably due to the 

rubber compound around the sealing hatches. 

The internal shaker was then fitted to the model and 

a further series of tests performed in the large water 

tank. Receptance data were obtained for cylinder (Fig. 

5.17) and end modes (Fig. 5.18) with a better response 

from the ends albeit with the shaker support r esonances 

superimposed on' the overall signal. A further 

improvement was achieved by the use of stepped-sine 

excitation which could be applied at the frequencies of 

interest thus avoiding areas were spurious results could 

occur. The model was tested at various depths (Figs. 

5.19-5.20), next to the tank wall (Fig. 5.21) and 

. 
floating in the free surface (Figs. 5.22-5.23) and 

again the results have been tabulated (Table 5.4). 
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Table 5.4 Underwater modes. Tank #2 (44_70,303_85,9289) 

Depth(m) 0.25 1.50 3.50 1.50(Posn D) 
Mode 

1,2 99.4 97.1 96A 
1,3 109.9 107.9 106.7 - el 122.1 118.9 114.4 114.7 
e2 141.1 139.7 128.6. 139.6 
1,4 199.4 198.9 195.9 
2,3 214.1 215.4 216.3 
2,4 240.1 238.9 239.2 
e3 242.9 248.0 252.9 247.7 
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5.5 Theoretical predictions I 

5.5.1 Analytical 

In contrast to the almost endless number of 

different situations from which differing experimental 

results can be obtained the analytical solution derived 

by Warburton(1961) and presented in section 3.2 is 

unique and refers to the response of an infinitely long 

cylinder in an acoustic medium of infinite extent. If 

the ends of the shell* are simply supported then the 

analysis can also be used for a cylinder of finite 

length with an internal fluid. The supports are 

positioned at nodes of the axial standing wave. Further 

extension to situations where there is an external fluid 

must acknowledge that no cbrrection is applied for the 

finite fluid domain or the influence of fluid actions on 

the closed ends, Additionally, simple end supports 

implies a restriction on radial motion but freedom to 

move in axial or tangential directions; further 

deviating from the practical case. 

using the dimei 

frequencies predicted 

Table 5.5. Material 

in the analysis are 

Youngs modulus, 

Poissons ratio, 

Mass density, 

Fluid density, 

nsions of model No. 2, resonance 

by this analysis are presented in 

properties of steel and water used 

E-2.07*1011 N/m2 

v-0.29 

PS- 7750 kg/m3 

p- 1000 kg/m3 
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Table 5.5 Cylinder , modes -- predicted"' by 
Warburtons' (1961) method. 

In-vacuo External fluid 

Mode* 'Natural- Mode Natural 
(m, n) frequency (m, n) frequency 

(Hz. ) (Hz. ) 

1,2 196.6, 1,2 98.3 
1,3 204.6 1,3 113.2 
1,4 353.5 1,4 212.0 
2,3 389.9 2,3 216.0 
2,4 413.8 2,4 248.2 
1,5 564.2 2,2 '327.8 
3,4 574.1 3,4 344.5 
2,5 590.6, 1,5ý 360.4 
2,2 653.2 2,5 376.9 
3,5 -662.0 3,3 401.7 
3,3 724.6 3,5 422.4 

5.5.2 Finite element analysis 

A finite element approach has been adopted for the 

three dimensional hydroelasticity apalysis detailed in* 

chapter 3 and commences with a dry or in-vacuo analysis 

in which the structure vibrates freely in the absence of 

any structural damping or external forces. This section 

will concentrate on the modelling of the dry structure 

using PAFEC and NASTRAN finite element codes. 

Most of the work performed during this investigation 

was undertaken using PAFEC code on the CDC Cyber 180/840 

at RNEC Manadon. - The NASTRAN programme only became 

available at a comparatively late stage when alternative 

choices were being sought owing to the difficulties 

which had been encountered using PAFEC. Within the 

PAFEC code four element types were selected to determine 
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modes and natural frequencies of a circular cylindrical 

shell'. 

Three noded thin shell of revolution element -42130 

ii. Eight noded semi-Loof curved shell element -43210 

iii. Four noded facet shell element -44200 

iv. eight noded facet shell element -44210 

Any finite 4lement analysis will be a compromise 

between the accuracy of the solution and the amount of 

effort and cost involved in producing . -that result. 

These two conflicting requirements are linked 'by the 

selection of a suitable size of finite element, the 

assumption being that progressively more refined meshes 

will produce more accurate results. In the dynamic 

analysis'of a cylindrical shell the mesh employed-'must 

be capable of reproducing all the required axial and 

circumferential motions. One of the advantages of using 

thin -shell of revolution elements is that there is no 

restriction on circumferential distortion as the 

harmonic- number is part of the input data. The only 

considerations therefore, are the number of modes to be 

analysed and 'the number, of axial'elements to reproduce 

the corresponding motions. Computer resources were not 

unlimited and it was reasonable to restrict'attention to 

the first, five modes of vibration. Inspection of -Table 

5.1 shows that the axial wavelength number will not 

exceed 2 until mode 7 and there was- very rapid 
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convergence of the solution starting from the very 

crudest idealisation using. 4 longitudinal elements. 

The converged solution shown in Table 5.7 uses 16 

elements with a total of 33 nodes and 132 degrees of 

freedom. The default of 60 automatic master degrees of 

freedom was used. 

Table 5.7 Natural frequencies of model No. 2 using 
PAFEC 42130 elements. 

Mode No. 12 3 4 
Harmonic No. 

0 216.5* 845.1 859.7 
1 448.0* 449.1* 877.3 1293.0 
2 197.6 641.2 736.6 738.3 
3 201.3 391.3 724.1 1067.5 
4 344.4 408.7 574.8 824.9 

denotes end mode. 

There is a limited application for thin shell of 

revolution elements and for more general use alternative 

shell elements must'be examined. Semi-Loof curved shell 

elements would appear to be well-suited for this type of 

analysis, however notable difficulties were encountered 

during their use for models Nos. 2 and 3 (Randall 

(1988)). Using the derived. natural frequencies as the 

assessment criteria it appeared that convergence was- 

very rapid even for relatively coarse meshes 

examination of the mode shapes revealed several 

anomalies. Excessive deflections of mid-side nodes, 

shown greatly exagerated in Figure 5.24 produces 

distorted mode shapes. Contrary to the published 

I 
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recommendations (Henshall (1984)) this could be improved 

by increasing the number of Gaussian integration points 

(Fig. 5.25). As the mesh size was reduced further there 

was evidence of divergence, especially at higher modes', 

and asymmetry of axial mode shapes (Fig. 5.26). 

Automatic master degrees of freedom were used throughout 

this stage of the dry structure analysis and the 

solution is obviously highly dependant on the position 

and number of master'degrees of freedom selected. This 

uncertainty lead to the conclusion that semi-Loof 

elements could give good results but must be used with 

caution both regarding order of integration and shell 

geometry. In both-instances a prior knowledge of the 

solution although not, essential greatly enhances the 

degree of certainty with which the results can be 

viewed. 

Although less sophisticated than semi-Loof elements 

more acceptable results were, obtained using facet shell 

elements. Convergence was obtained-rather slowly, at 

the expense of a large number of, elements but 

importantly the derived mode shapes had a smooth outline 

and were generally symmetric (Fig. 5.27). 'Two element 

types (PAFEC 44200 and 44210) were examined and 

convergence assessed in relation to mesh size and number 

and position of master degrees of freedom. These 

parameters were examined separately despite the- fact 

that mesh size directly affects the total number of 
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degrees, of, freedom of'the structure and theý ratio of 

slave to master degrees of freedom'will affect, the final 

accuracy, of the solution. Neverthelessan- estimate of 

the validity of the solution was obtained. 

All -cylindrical, structures vibrate, -, with-, -a 

combination'of axial and circumferential motion but -for 

the aspect ratios of modell-No. 2, circumferential motion 

was more critical than axial motion. - The- model was 

divided into 8 sections longitudinally and the number 

of 'elements around the-circumference' varied. '-The 

results are given, in Table 5.8. 

Table 5.8 Natural frequencies of mod el No. 2 using 
PAFEC-44200 elements. 100 automatic-dof. 

Mesh ,'' 8x12 8x18 '8x24 
Elements 192 288 576 

Mode DoF 1258 -1882 3562 
(m, n) 

el - (216.5) 171.36 175.02 189.13, 
e2 (224.2) 178.90 186.03 203.07 
1', 2 (197.6), 211.70 215.72 '209.71 
1,2 213.05 217.65 215.72 
1,3 (201.3) 215.55 219.30 217.95 
1,3 217.72 222.92 227.24 
1,4 (344.4) 377.32 383.89 395.19 
1,4 378.94 384.75 409.34 
e3 (448.0) 373.77 381.62 408.39 
e4 (449.1) 374.46 384.44 410.44 

From these results it was concluded that the four 

noded facet shell element (44200) was not sufficiently 

accurate. This assessment was based on the magnitude of 

the two natural frequencies given for each mode rather 

than the divergence exhibited by both frequencies in 
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relation to the thin-shel, l, of revolution benchmark, and 

between themselves. This divergence was more likely 

caused by theAncrease in slave, to master 'degrees of 

freedom ratio. 

The problem of two values for the natural frequency 

for each mode is not confined to this particular element 

type. For a circular cross-section there are 

theoretically, an infinite number of- modes occuring 

simultaneously. on any plane between 0 and 360 degrees. 

This infinite variation can be obtained by a linear 

combination of the two orthogonal mode shapes given. 

Numerically these'natural frequencies -should- be equal 

and the difference shown above highlights'errors caused 

by the'dynamic reduction technique used in PAFEC. 

The procedure described above for the 44200 element 

was repeated for the eight-noded facet shell element 

(44210) with the improved accuracy shown in Table 5.9. 
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Table 5.9 ýNatural frequencies'of model No. 2-using 
PAFEC 44210 elements. 

Mesh , Y, -, lOx8 8x12 8x16 -8xl8- ý12x24 
Elements 144 192 256 288 576 
DoF , 2280 2998- 3994 4492, 9058 
Masters 37+50 102+20 0+100 0+100 0+100 
Mode 
(m, n) 

1,2 195.0 196.5 197.7 198.3 199.3 
1,2 204.7, 201.3 198.4 . 198.7 '200.1 
1,3 226.1 208.3 206.1 205.5 205.1 
1,3 230.0- -208.9 206.3ý 206.1- 205.8 
el 234.1 212.6 203.0 201.7 211.6 
e2 248.6 224.8 -211.9 . 210.5 227.0 
1,4 390.7 370.1 361.8 360.6 360.5 
1,4 454.1 372.4, - 

ý63.4 362.6 362.9 
2,3 409.6 401.1 406.2 406.9 412.6 
2,3 422.1 406.8,, -,, 408.1 411.2 413.7 

To assess the influence of the number of master 

degrees of freedom on the overall accuracy of the 

solution it was varied for two mesh sizes. 

Table 5.10 Natural frequencies of model No. 2 using 
PAFEC 44210 elements with differing master 
degrees of freedom. 

Mesh 8x18- 12x24 
Elements 288 576 
DoF 4492 9058 
Masters 100 150 200 100 150 200 

Mode 
(m, n) 

1,2 198.3 197.0 198.2 199.3 199.8 199.1 
1,2 198.7 198.4 199.5 200.1 202.4 200.7 
1,3 205.5 204.5 204.4 205.1 204.4 203.6 
1,3 206.1 205.3 205.6 205.8 206.1 205.5 
el 201.7 201.4 201.7 211.6 209.6 208.5 
e2 210.5 209.9 210.6 227.0 218.8 217.6 
1,4 360.6 356.4 355.1 360.5 356.1 353.0 
1,4 362.5 359.8 358.2 362.9 361.9 358.0 
2,3 406.9 404.6 399.3 412.6 405.2 401.0 
2,3 411.2 407.9 407.7 413.7 408.7 404.9 

Two problems- remained at this stage, the numerical 
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difference between the'natural frequencies of the 'two 

orthogonal mode shapes'and the orientation of'these mode 

shapes , -, which were' not generally , port-starboard 

symmetric., This''symmetry was-, "necessary to take 

advantage of economies offered by the composite source 

distribution method used and could be corrected by 

careful selection of manual master degrees of freedom in 

a symmetric pattern. The other problem of two 

numerically different natural frequencies for 

essentially the same mode shape was not overcome ýuntil 

the programmes were re'run using eight noded 

quadrilateral elements in the NASTRAW package on a Cray 

computer at ULCC. 

Table-5.11 Natural frequencies of model-No. 2 using 
NASTRAN 8 noded quad. shell elements. 

Mesh 8x16 16x32 
Mode Elements 256' 768 
(m, n) 

1,2 (197.6) 197.44 197.21 
1', 2 197.44 197.21 
1,3 (201.3) 203.81 203.55 
1,3 203.81 203'. 55 

-el (216.5) 198.60 212.39 
e2 '(224.2) 206.61 220.61 
1,4 (344.4) 350.84 349.56 
1,4 350.84 349.56 
2ýF'3 (39.1.3) 393.85 391.18 
2,3 393.85 391.18 
2,4 (408.7) 416.15 412.21 
2,4 416.15 ý412.21 

5.5.3 Wet Analysis 

To complete this chapter results of wet analyses for 

some, of the finite element solutions from the previous 

section are presented. The method of evaluating the 
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hydrodynamic properties has been described in section 

3.4.2 and will depend upon the position of the structure 

and depth of water, the number of fluid panels used in 

the analysis and the accuracy of the finite, element 

analysis. 

The results in Table 5.12 are for an analysis which 

uses data from a finite element model using semi-Loof 

elements. The derived mode shapes have already been 

identified as erroneous- with regard to the relative 

displacements between corner and mid-side nodes and the 

mode shapes do not have the port-starboard symmetry 

required by the composite source method (Fig. 5.28). 

No attempt has been made to revolve the mode shapes into 

a better orientation, the one most nearly satisfying the 

symmetry condition having been selected. These results 

are included to indicate the sensitivity of the wet 

analysis to a relatively poor choice of dry structural 

modes. The wet surface of the cylinder was discretised 

into 384 elements using a one-to-one correspondence 

between fluid and structural elements. 

Table 5.12 Resonance frequencies of model No. 2 using 
PAFEC 43210 elements. 

Depth to CL of model 0.68m 
Mode 
(m, n) Depth of water 1.6m 

el 74.0 90.6 
e2 83.1 101.4 
1,2 93.8 109.2 
1,3 110.3 120.1 
1,4 241.3 237.5 
2,3 246.4 264.6 

188 



189 

-"""" 

"/L, -, -r---/ -#"' 

V"J, 
-41ý- -4 6 

T. "i I 

m=1, n=2 199.1 HZ 

4-A 74 Al, 

i/ I. -V 41 VA.; 

TT*, T 
�FVI 

-4- -J---I 
II". j" 

- a., I- I" .. -L .L;. : '- - 

m=l, n=2 , 2co. 1 Hz 

44S 

: :':: HH. 

-1111 ; IV 'Al Yf 

N711. III. II 

m=l, n=3 202.9 Hz 

Mo jT'9ý7=7ýZ-Ajj: 'r A jý 
li I Olt& 

. 

LJ I3 rr II 
_I. R i; i; /:: i;: 
L��I'/I 

-.: '"-. ' :"". . .. ii " 
tt�t ti tr t -. 

. -I, 

M=I. n=3 203.3 Hz 



190 

2092 Hz 

Al f? VA A y N 
. 

WI P t t 

A, A, A, A, Al b Al A. Al Al 1ý Lý iý 

213.0 Hz 

tII 

--SS"S 

I1J- 1-.. \t\'/ #' AI .' 

fl ; ii" j_r: JL ! lPi 

j(J 4 ri 1 ; -11; - J. - ft LJ$1 
L1 T 4--1 't t rrTI. 1 U. f "7 dJk 

. LL. 

m=1, n--4 352.5 Hz 

......... 

m=l, n=4 353.7 Hz 

III __" 
I 



191 

1 : 2A jfj -1 ,-----... -- Mill 
'ý, , 7.7 

m-2, n=3 413.3 Hz 

m=Z, n=3 41-4.9 Hz 

Figure, 5.28 

Mode shapes and natural frequencies obtained with 

PAFEC semi-Loof elements used in'Wet analysis. 

_. 
t 

I "I "� 



An improved dry analysis was obtained for the same 

model with 384 elements by using facet- shell. elementst 

the wet modes calculated from this analysis are shown 

below. 

Table 5.13 Resonance frequencies of model No. 2 using 
PAFEC 44210 elements. 

Depth of water A 1.6 1.6 1.6' 
Depth of CL of 

model 0.68 0.68 1.18 1.305 
Mode 
(m, n) 

el 96.0 79.4 77.7 76.9 
1,2 102.4 87.6 87.3 85.7 
e2 106.8 88.8 '87.4 86.4 
1,3 126.8 119.6 119.3 118.4 
2,3 250.0 237.7 237.2 235.5 
1,4 262.6 288.9 289.4 289.6 

The analysis of dry modes computed from^the NASTRAN 

code was used from, this point on (Fig 5.29). ' The 

results from both,, models detailed in table-5.11 were 

used. The model with the'coarser mesh (256- elements) 

formed the basis of a convergence test to, assess the 

effect of increasing the'number of panels, in the model, 

the other model (768 elements) was used to determine 

resonance frequencies over a range of depths comparable 

to Table 5.13 above. 

The convergence test was performed for a finite 

(1.6m. ) and infinite depth of water and the number of 

panels on the curved portion of the cylinder was 

progressively refined. A one to one correspondence 
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between panels and finite ielements, " which wasý the 

starting point for the analysis, was retained throughout 

for the end plates. 

Table 5.14 Convergence test for NASTRAN model. 
256 structu ral elements. 

Depth to CL of model - 0.6 8m 

Depth 00 1.6 
Mesh 8x16 16xl6 16x32 8x16 16xl6 -'16x32 No of panels 256 384 768 256 384 768 
Mode 
(m, n) 

el 87.0 85.0 87.0 72.7 70.5 72.4 
e2 96.0 93.5 96.0 80.4 78.0 80.0 
1,2 103.0 102.0 100.0 102.0 87.6 84.4 
1,3 117.0 116.0 109.0 119.0 106.8 93.5 
2,3 248.0 239.0 226.0 251.0 226.0 194.0 
1,4 252.0 250.0 223.0 290.0 276.0 213.0 
2,4 284.0 275.0 247.0 272.0 268.0 223.0 

It is anticipated that an increase in the number of 

panels on the model will enhance the accuracy of the 

solution. As it has been shown that the dry analysis is 

a critical factor in obtaining accurate results, the 

more refined model (768 elements) was then used in a wet 

analysis; the same mesh was used for the panel 

discretisation. 
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Table 5.15 

Depth of water 
Depth of CL of 

model 
Mode 
(m, n) 

el 
1,2 
e2 
1,3 
2,3 
1,4 
2,4 

Resonance frequencies of model No. 2 using 
NASTRAN model (768 elements). 

4ý1 1.6 1.6 1.6 1.6 

0.68 0.68 0.93 1.18 1.38 

93.4 78.0 
99.2 83.6 

102.5 86.0 
114.6 98.1 
225.6 194.0 
218.0 208.2 
. 260. 250.2 

77.0 76.0 `74.0 
83.5 83.1 78.1 
84.8 84.0 82.0 
98.1 98.0 95.0 

193.6 193.5 187.0 
208.2 208.3 205.3 
2ý0.3 250.4 246.9 
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CHAPTER 6- DISCUSSION 

6.1 Introduction 

In this section the numerous experimental results 

presented in the previous chapter will be compared with 

predictions obtained from the hydroelastic analysis. 

Comparison with the resonance frequencies for the 

various modes of vibration given by Warburtons' method 

is included and the accuracy of the experimental results 

and theoretical predictions is also discussed. 

6.2 Error assessment 

6.2.1 Accuracy of experimental results 

Each accelerometer used in the measurement trials 

was calibrated, by measuring the apparent mass of a 

rigid body of known weight, before installation in the 

test cylinder. The calibration procedure included the 

cabling and charge amplifier associated with each 

individual accelerometer so that possible anomalies in 

the amplifying circuit were eliminated. 

Signal failures did occur at some measurement sites 

during the trials but these failures tended to be 

permanent and instantaneous rather than progressive 

deterioration. The number of transducers employed and 

the knowledge of the vibration modes of the cylindrical 

shell which had been built up ensured that these 

failures were inconvenient but did not compromise the 
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validity'of the remainder of the testing programme. 

The likely errors in the measurement process,, have 

been listed in Chapter 4 but 
-they 

will invariably 

produce spurious, modes rather than c, orruption of 

existing modes of vibration. One of the major 

difficulties was the installation of an internal shaker 

and the errors that this caused can be observed in 

Figures 5.7, and 5.8. Firstly the overall signal 

strength has declined in Figure 5.8 where the excitation 

is, from the internal shaker, due, to the measured modes 

not, being d1rectly excited. The reduction in, signal., to 

noise ratio is most marked below 100 Hz. where the 

acceleration signal is relatively low and there is 

noticeable interferenc6"at the fundamental (50 1 Hz. ) and 

higher harmonic frequencies of' the electrical"'mainS 

supply. The ieceptance data obtained with an internal 

shaker'(Fig. 5.8) is wI ell defined'with only one 'region 

requiring' any' further'explanation. There is a, "split" 

peak or twin resonances for the fourth mode (m=2, n=3) of 

vibration, however this is a '-'feature of the''test 

cylinder rather than the measurement system. The less 

well, defined receptance data in Figure 5.8 also includes 

additional resonances at 117,287 and 361 Hz. These are 

due to the resonance of the internal shaker sI uppo IrIt 

structure and were highlighted so that they could be 

eliminated in the subsequent analysis. '*These resonances 

reappear as fairly major features in Figure 5.9 
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recording-the receptanceýdata from the ends. 

As the frequencies of resonance rather than the 

absolute magnitude of the response was of primary 

interest in this study, the accuracy of the experimental 

results was only limited by the resolution of the 

analysers. The greatest range employed when testing 

using broadband excitation was 500 Hz. With a spectrum 

analyser operating over 501 spectral lines this 

corresponds to a frequency increment of 1 Hz. This was 

also the largest increment set on the, frequency response 

analyser during swept-sine excitation and the setting 

was reduced to 0.1 Hz. near resonance. 

In addition to frequency, damping loss factors have 

also been presented in Chapter 5 but due to the 

uncertainties that exist in the modelling of damping 

generally, the same level-of confidence is not attached 

to these figures. It was noted during the extraction of 

modal parameters that slight variations in the selection 

of data points could produce differences of up to 10% in 

the damping loss factor. 

6.2.2 Warburtonsmethod 

Results derived by Warburtons' method have been 

presented in Table, 5.5 using the given physical 

properties. Changes in any of these properties will 

have ýaý proportionate change , on the predicted 
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frequencies'. " The hierarchy of the 'modes cannot be 

easily forecast but is afunction"of the geometry"Of the 

cylinder and is altered when, the 'external-fluid'is 

introduced'. -Similarly, the sensitivity of*t4e analysis 

to-, changes in any of-the key dimensions isýnot regular 

and changes in radius, and-thickness, affect modes with a 

large number of circumferential nodes whereas', changes in 

length has a greater effect on modes with, -lower n 

values. 

Table 5.6 Sensitivity of Warburtons' method to 
changes in key parameters. 

-, In-vacuo-,,! 

Nat. '10% increase in 
Mode freq' Leng. Rad. Thick 
(m, n) (Hz) 
1,2 196.6 -14.8% +6.2% +1.2% 
2, '2 653.2 -14.8% +6.2% +0.2% 
3,2 1231.1 -13.1% +3.9% +0.1% 

1,3 204.6 -3.4% -11.2% +8.1% 
2,3 389.9 -12.2% +2.7% +2.6% 
3,3 724.6 -13.9% +4.8% +0.9% 

1,4, 353.5 -0.6% -16.5% +9.8% 
2,4 413*. 8 -4.3% -9.9% +7.7% 
3,4 574.1 -9.4% -1.9% +4.5% 

External fluid (water) 

Nat. 10% increase in 
Mode freq Leng. Rad. Thick. 

(m, n) (Hz) 1ý .ý i ýil ,ýv1. 
1,2 98.3 -15.3% +2.6% +4.9% 
2,2 327.8 -14.9% +2.5% +3.7% 
3,2 614.8 -12.9% -0.1% +3.7% 

1,3 113.2 -3.5% -14.2% +11.7% 
2,3 216.0, -12.1% -0.1% +6.0% 
3,3 401.7 -14.0% -1.4% +4.2% 

1,4 212.0 -0.5% -19.0% +13.1% 
2,4 248.2 -4.4% -12.6% +11.0% 
3,4 344.5 -9.3% -4.9% +7.8% 
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. The length of the cylinder was not difficult to 

measure and presented few problems. Conversely, the 

radius and thickness were not only difficult to measure 

but these were the parameters most difficult to control 

during the manufacture and fabrication process (cf. 

Table 4.2). Variations in the order of 10% may be 

excessive but anything less than 1-2% was very difficult 

to achieve and gives an appreciation of the accuracy of 

the predicted results. 

6.2.3 Finite element analysis 

As the hydroelastic analysis analysis which has been 

used here is dependant upon an accurate representation 

of the "dry" modes, considerable time and effort was 

expended trying to get this right. An acceptable finite 

element solution was deemed to be one that satisfied two 

criteria 
& 

accurate prediction of the natural frequencies for 

all modes to be included in the wet analysis. 

ii. symmetrical and uniform mode shapes 

Alternative mesh sizes and element types were 

investigated over a long period to try to meet these 

conditions; the majority of this work being unreported 

because it was unproductive (Appendix C. ). Semi-Loof 

elements were eventually discarded , despite the good 

agreement with predicted natural frequencies, because 
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the mode shapes produced were irregular (Fig. 5.26). 

Facet shell elements produced acceptable mode shapes but 

convergence "of the numerical process was difficult to 

achieve because of the dynamic reduction, technique 

employed by PAFEC and the relationship between master 

and slave degrees of freedom. The convergence of four 

and eight noded quadrilateral facet shell elements from 

Tables 5.8 and 5.9 is shown in Figures 6.1 and 6.2 but 

the number of master degrees of freedom is-. decreasing as 

the total degrees of freedom increases and this will 

affect the convergence. 
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Eventually the use of the NASTRAN finite element 

package on a Cray computer enabled eigenvalues to be 

calculated without reduction and produced much'improved 

solutions (Fig. 6.3). 
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6.3 Comparison of in-air results 
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6.4 Compar i son of i n-ai r resu I ts 

The first comparison (Fig. 6.4) is between 

experimental results in air (Table 5.1) and the 

theoretical predictions from Warburtons' method (Table 

5.5). This shows a slight over-estimate (up to 5%) by 

the theory but generally deviating by only 3%, which 

considering the geometrical imperfections is not 

excessive. The finite element solution produced by 

NASTRAN (Table 5.11) also compares favourably with the 

experimental results (Fig. 6.5) and creates confidence 

for its adoption-for the wet analysis. 
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Comparison of in-air results 
So far only the cylinder modes have been considered. 

Warburtonst solution was derived for an infinitely long 

cylinder therefore excluding end. 
-conditions 

and the 

finite element solution although three. dimensional did 

not attempt, -Ito accurately reproduce the physical model 

at the ends. To seal the ends, the hatch plates needed 

to be wider than the end openings; the hatches were then 

fixed by rubber sealant and screws. Glands for 

transducer cabling added further weight and provided 

some restriction for free motion. These practical 

considerations affecting the free response of the ends 

were one of the reasons why the finite element solution 

assumed plai n closed ends. Consequently the finite 
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element solution for the ends typically under-estimated 

the natural frequencies. 

6.4 Comparison of underwater results 
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6.4.1 Warburtons' method 

Attempts at reconciliation between measured data and 

theoretical predictions for the submerged cylinder are 

not as straightforward as in the in-air case. 

Comparison with the solution given by Warburtons' method 

(Fig. 6.6) clearly demonstrates the differences. There 

is no longer one unique resonance frequency for each 
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mode shape., ''and --although 'the, predicted solution is a 

reasonable approximation it cannot account for the 

changes that occur due the proximity of rigid or free 

surfaces or for the modes of the ends. 

6. -4.2. Measured data 

The 'changes 'in the measured resonance frequencies 

were observed to follow certain trends 

i. there is a decrease in resonance, frequencies at 

increased depth 1 11 1 

the rate of change is most rapid_near the free 

surface 

iii. changes -in orientation (e. g. PosnA, to'Posn. B) 

affect end modes more than cylinder modes. 

iv. differences in measured data from Tank #1 (1.6m. 

depth) and Tank #2 (4.0m. depth) are not significant. 

The experimental data can be reduced to five 

categories, namely 

Tank #1 (1.6m. depth) shallow 0.21m. 

medium 0.68m. 

Tank #2 (4.0m. depth) shallow 0.25m. 

medium 1.50m. 

deep 3.50m. 
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6. -4.3 Hydroelastic "wet" analysis 

The hydroelastic analysis is capable of calculating 

the differences due to changes in surroudings and 

position and the various cases will now be evaluated. 

Initially an inaccurate dry analysis solution 

employing semi-Loof elements was used to obtain 

resonance frequencies for cylinder #2 at 0.68m. depth 

in 1.6m. of water (Fig. 6.7). There was reasonable 

agreement for the first two cylinder modes but in view 

of the dry analysis this was rather more unexpected than 

the poor correldtion of the ends modes 3&4. It was 

also observed but could not be verified experimentally 

that results for an infinite depth of water differed by 

up to 15% from solutions in the limited depth. 

300 

N 
I 

X 
0 
c 
43 200 
cr 
V 
L 

(4- 

100 

Figure 
6.7 

+2 Mode 
(m, n) 

e +1 2 e2 

343.1,2 4 1,3 
5 1,4 
6 2,3 

100 200 300 
Predicted frequency Hz (HR PAFEC 43210) 

Comparison of underwater resu-. Its 

209 ' 



- Repeating the analysis using -an--improved dry 

analysis (PAFEC 44210 elements), perversely resulted in 

decreased accuracy (Fig. 6.8) but confirmed the 

experimentally observed trend of decreasing resonance 

frequency at increased depths. 
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6.8 Comparison of underwater results 

-At this stage the NASTRAN dry analysis was. used. 

Convergence was assessed using a 256 structural element 

model with differing numbers of panels (Fig. 6.9) and wet 

analyses were performed using an improved 768 element 

model. This improved the correlation with the'measured 

data, particularly at higher modes (Fig. 6.10), but at 

the lower end it tended to confirm the PAFEC 44210 model 
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rather than, approaching the experimental results. 
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A further inodification was then introduced which 

enabled the tethering forces to be included in the 

analysis. The securing points on the cylinder were 

positions of minimal, but not zero, motion and the 

inclusion of these forces changes the nature of the 

model from an idealised neutrally buoyant structure to a 

more realistic representation of the positively buoyant 

structure and brought about the improved prediction of 

the first two cylinder modes shown in Figure 6.11. 
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CHAPTER 7- CONCLUSIONS 

Two separate hydrodynamic effects have been 

investigated in this text. A modified hydroelasticity 

theory hydroelastic- analysis , were presented 

accounting for the effect, of viscosity 'on the, forced 

vibration characteristics of a cylindrical beam, enclosed 

within a, rigid, tube. The influence of viscosity and 

annular clearance were clearly demonstrated by reference 

t9 their effects on resonancefrequency, values and on 

the characteristics of theýprincipal coordinates; These 

were shown to depend on-the magnitude of the generalised 

external fluid which increases as the annularý clearance 

decreases. ý-- Thus, ý the 'resonance frequency values 

decrease and-stronger coupling is exhibited between the 

principal coordinates as the annular clearance value 

reduces. Only minor downward shifts in-the resonance 

frequency values were observed when a viscous fluid 

(water) replaced' the idealised inviscid'-fluid, but a 

decrease in the peak values of'the principal coordinaie 

occured. IIC 

Although this problem was set with the intention of 

evaluating the effect of viscosity in a system with 

straightforward, idealised, geometry, there are 

implications for some practical problems in naval 

architecture. The dynamic behaviour of a long flexible 

pipe or structural member or a propeller rotating in a 

shroud-are two instances where the omission of viscosity 
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will influence the accuracy, of resonance frequency 

values andzesponses,. 

The major portion of , this work deals, with the 

modelling of thin cylindrical shells, and analysing the 

effect 'ofý submersion in water -and the influence of 

external boundaries - on their. , hydrodynamic 

characteristics. The general 'three-dimensional 

hydroelasticity theory (Wu(1984), Bishop, Price & 

Wu(1986)) has been extended, to account Jor the 

particular distortion modes exhibited by thin- shell 

structures. ýThe theory,, has been validated in a-series 

of experiments which were performed, on scale models in 

air and underwater. Unlike the vibration testing 

performed in air the results obtained, from the submerged 

tests displayed large variation in 
. resonance frequency 

values for- the -various modes of vibration. The most 

marked changes were caused by alterations in the-depth 

of, the model below-the free surface. There was also a 

consistently greater decrease in submerged resonance 

frequency values compared with in-vacuo values for end 

modes as opposed, to cylinder -modes. Approximations 

which concentrate on the fluid forceý on the surface of 

the structure or analytical methods which assume an 

infinite extent of surrounding fluid cannot predict any 

variation due to external boundaries. The radiation and 

boundary conditions incorporated in the source 

distribution method overcome this limitation and hence 
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the method used gives a far, greater insight into, the 

physical behaviour of the interaction phenomena., 

The use of finite elements in conjunction with the 

source distribution techniques, permits a high ''level of 

flexibility in the separate modelling of the-structural 

and hydrodynamic components. However practical 

difficulties and pitfalls are likely to' befall the 

investigator in any analysis and these have not been 

overlooked. Some of the inaccuracies that wI ere 

encountered during the course of the finite element 

study have-' been included to demonstrate the weaknesses 

as well as the strengths of the method'; and to emphasise 

the importance of careful selection of key parameters. 

Nevertheless the analysis of realistically shaped models 

is not possible without some form of discretisation and 

although the correlation between measured and predicted 

results in Lis 
study is less than ideal there is 

agreement in the behaviour of the trends. The 

correlation was enhanced by the inclusion of tethering 

forces, which reinforces the findings that the 

hydroelastic theory can predict the behaviour of real 

structures with all their practical peculiarities. 

Future work may wish to investigate full-size 

structures which would introduce many changes but would 

be less stiff than the small scale models used in this 

investigation. A comparison with the widely used DAA is 
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-, 1ý -I-ý 
also recommended as it is believed that the present 

method-is greatly-superior, and it, %mayý be possible, -ýto 
highlight areas of inaccuracy. 

-This work does not, stand in' isolation it, is, a 

continuation of preceding studies on the behaviour of 

floating bodies (Wu (1984)), -jack-up, structures, in waves 

(Fu, (1987)), ýSWATHs (Price, Temarel & Wu(1985)), -and 

others. Further advances are already in the process of 

development and, include the dynamic-, response of marine 

structures to transient excitation due to slamming or an 

explosive pressure pulse. The efficacy and reasoning 

behind adopting a hydroelastic, approach has been 

presented and it is hoped that this work has contributed 

towards its continued improvement, 
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MODAL ANALYSIS OF A CYLINDRICAL STRUCTURE 
IMMERSED IN WATER 

Lieutenant R RANDALL Royal Navy 
Royal Naval Engineering College 

Plymouth Devon England 

ABSTRACT 

A common problem in a marine enviYonment is 
associated with the interaction of a vibrating 
structure with the surrounding fluid. A variety 
of analytical and numerical solutions have been 
proposed for this situation often employing 
approximations a's analytical solutions only exist 
for very straightforward geometrics. However, very 
little experimental data are available for compari- 
son in this field. 

The paper describes a series of dynamic 
studies conducted upon a cylindrical structure 
tested in air and totally immersed in water. Modal 
analysis techniques have been used to identify the 
natural frequencies and mode shapes under both 
conditions. 

Good correlation has been obtained between 
experimental results and an analytical model. 

NOMENCLATURE 

a Mean radius of 
cylinder. 

Co. C, Parameters defined 
in equation (1). 

E Youngs Modulus. 

Hn (2) (x) =- i 
n(x) - iY 

n(x) 
Hankel function of 
the second kind. 

(2)' d [Hn(2) 
(X]) HnW- TX- x- ka 

m 

N 

n 

P3 

t 

w 

(i} 

Number of axial 
half waves. 

Number of degrees 
of freedom. 

h thickness of 
cylinder 

Yx), K (x) Bessel functions 
n of first and 

second kinds. 

KO, KI, K2 Parameters defined 
in equation (1). 

CK3 Stiffness matrix. 

L Axial half wave- 
len&th. 

IMI Mass matrix. 

Number of circum- 
ferential waves. 

Disturbing force 
(radial dire'ctiozO 

time. , 

Radial component 
of amplitude of 
vibration of the 
cylinder 

Vectors of dis- 
placement and 
acceleration. 

x 2- ka E 7(Galc)2 
- X2, na/c >1 

2 x, E kla E /X2 - (Sla/c) 
,X> na/c 

CL Receptance. 

8= h2/12a2 

a. PS a2n2( 
E 

-, j2) 

X- ira/L 

v Poisson's Ratio. 

p Density of fluid 
medium. 

PS - Density of 
cylinder. 

103 Eigenvector ma 
el matrix. 

Frequency 
(circular). 

w Natural frequency 
(circular) of 
shell in vacuo. 
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NOMNCLATURE (Contd) 

wr2 Eigenvalue matrix. 

1. Introduction 

This is a record of experiments carried out in 
the laboratories of the RN Engineering College, 
Manadon on the dynamic response of a plain round 
cylinder. The cylinder was tested separately in 
air 4nd underwater and the resonant frequencies 
and mode shapes were compared with those predicted 
by an analytical method. 

This work forms part of an overall progr mme 
on the transient response of ship structures when 
subjected to shock being undertaken by the 
Structural Dynamics Division at RNEC. 

Apparatus 

The hexural Vibrations of thin cylinders and 
the vibration of a cylindrical shell in an acoustic 
medium have been analysed by amongst others Arnold 
& Warburton(102), In order to make the problem 
tractable there are several idealised conditions 
imposed. The thickness of the cylinder considered, 
is small compared to the least radius of curvature 
and the shell deformation is small and linear and 
assumed to be described by the middle surface 
deflection. The most obvious single limitation and 
one that is not practically realisable is in the 
length of the cylinder; analytical solutions for 
submerged shells only exist for infinitely long 
cylinders. 

From previous studies(3) it was appreciated 
that geometrical irregularities in the cylinder 
such as large tolerances of the diameter around the 
circumference and non-uniform wall thickness cause 
poor definition or even split-peak at resonance. 
Therefore a finely manufactured cylinder was 
obtained from Research Models Equipment of Reading 
UK which was a scaled model of a much larger 
cylinder that had previously been measured at ARE 
Portland. The total length of the cylinder was 
limited by the physical dimensions of the 
laboratory and the need to place accelerometers 
inside the shell. 

Measurement and excitation points were located 
at 15 points within the structure. Each point was 
instrumented with accelerometers to record verti- 
cal motion; the accelerometers were mounted on 
studs which were glued inside the cylinder. Single 
point excitation was applied in either the vertical 
or the horizontal direction using an electro- 
magnetic shaker driving through a push-rod and 
force gauge. 

The measurement sites were chosen to obtain 
the mode shapes in both the axial and circum-' 
ferential planes. Eight accelerometers were spaced 
at 450 intervals around the circumference and the 
remaining seven accelerometers were arranged in 
line along the length of the cylinder. Signals 
from the accelerometers and force gauge were sent 
by cable through a watertight gland in one end into 
two conditioning amplifiers. 

The ends of the cylinder were closed, a finite 
element analysis of the structure confirming 
earlier results which showed that the presence or 
absense of ends had no noticeable effect on 
experimentalmeasurements. Signals from the ampli- 
fiers could be fed into the measuring equipment. 

Experimental ProCeaure 

3.1 Calibration 

Before any experiments were conducted upon the 
structure a calibration test was performed. The 
force gauge and accelerometer were attached to a 
known mass and a frequency response test carried 
out. Excitation was provided using the multi-sine 
(M-S) generator on a Solartron 1200 Signal 
Processor driving the electro-magnetic shaker 
through the force gauge. Force and acceleration 

... signals were monitored using the Solartron 1200 and 
displayed as an apparent mass (Force/Acceleration) 
transfer function for the range 0 to 2000 Hz. The 
scale factor on the accelerometer channel was then 
adjusted so that the apparent mass corresponded to 
the mass of the inertia block. These calibration 
factors were retained during the complete set of 
trials and rechecked on completion. 

3.2 Testing 

Several alternative arrangements, of testing 
were experimented with before the final test 
programme commenced. The purpose of this was to 
determine what influence different loading and 
support conditions had on the measurements. Two 
methods of support were used; with the cylinder 
freely supported on foam strips on a laboratory 
bench and suspended from a gantry with rubber 
"bungee" supports acting as mechanical low pass 
filters. The electromagnetic shaker was either 
mounted on the bench alongside the cylinder or 
suspended on 'soft' springs on the same gantry 
above the cylinder. There was no appreciable 
difference in the measured transfer functions what- 
ever support or loading condition was used. 

Two types of continuous excitation were used 
in the testing, multi-sine (M-S) and pseudo-random 
binary sequence (PRBS) noise. No significant 
differences could be noted between these two types 
of excitation except that M-S gave more pronounced 
peaks at resonance whereas PRBS gave better defini- 
tion elsewhere but with less well defined coherence 
functions. 

The measured response over the frequency range 
100-600 Hz (in air) and 0-500 Hz (submerged) given 
in the form of receptance (x/f) curves obtained 
directly from the Solartron 1200, the data was also 
stored on magnetic tape using an HP85, for subse- 
quent analysis. Transfer functions were also 
obtained for the same cylinder submerged in water. 
These measurements took place near the centre of a 
7.5 m long x 1.7 m wide tank. The total depth of 
water was 1.6 m and the top of the cylinder was 
held 500 mm below the free surface. The cylinder 
was placed across the tank so that boundary effects 
such as wave reflections were minimised. The tank 
is lined with ceramic tiles. 
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As the sealed cylinder is positively buoyant it was 
necessary to secure it in position using rubber 
"bungees" attached to sinkers. The tank could be 
readily filled or drained in order to make adjust- 
ments to the supports. When the cylinder was level 
in the correct position the electromagnetic shaker 
was lowered on to the push rod which projected out 
of the water surface. 

Theory & Analysis 

4.1 Theoretical Model 

The general theory for the forced response of 
an infinitely long cylindrical shell is given in 
the references. Three equations of motion are 
obtained in terms of the axial; tangential and 
radial displacements of the middle surface of the 
shell. When the effects of an acoustic medium are 
included, the equation describing radial displace- 
ment will have extra terms related to the pressures 
on the shell. The equations of motion of the 
tangential components are assumed to remain un- 
altered. 

From Warburton2 the radial component of ampli- 
tude, of vibration of the shell is given by 

W 
P3 (&2 _CIa+ CO) 

&3 - K242 + KIA - KO + f(x)&(&2 - CIA + CO) 

At a resonant frequency the real part of the 
denominator of equation (1) is zero. Therefore 
resonant frequencies are given by 

A3 - K7A 2+ KIA - KO + A(& 2_C, 4, + CO) . 
Re If Wj -0 

o. 
The function f(x) contains Bessels functions 

and their derivatives and takes different forms 
depending on whether the acoustic medium surrounds 
the shell, is contained with it or is present both 
inside and out. In the case in question ie an 
external fluid 

f (x) -L 
aIHn 

(2) W ...................... 
(3) 

PS K 3ý 
H 

(2), W 

for Ea 
>A and x- a/ )2 

c 
lis, 

c 

and 

(x0 --pa1n Kn 

for Ea 
.X and x c 

a)] 

, 

I-I 
Le 

To solve equation (2) it is convenient to rewrite 
it as 

SF(A) -y n(x) 0 ............... s 0.. 

where 

S 
Pa 

F(A) 
&3 - KZ&2 + KIA - Ka 

t, (&2 - Cla + CO) 

YWiin 
Wj 

np(x) + Yn (X)Ynl(x) 

nx x2x [Jnl + 51 2 

for na/ 
C>X 

Because both A and the argument of the 
Bessels function, x, depend of the resonant 
frequency, n, an iterative solution to equation 
(5) is required. 

4.2 Modal Analysis 

The receptance curves produced by the 
Solartron 1200 show the resonant frequencies at a 
glance. The information can also be used to 
calculate modal constants using a multi-mode curve 
fitting method based upon the technique described 
by Gleeson(4). 

As it is not possible to analyse each point 
on the surface of a complicated structure a number 
of co-ordinate points or de&rees of freedom are 
determined which will adequately describe the 
movement of the structure. The problem is thus 
discretized and can be represented in matrix form. 
The free response of an idealised undamped system 
can be written as 

CM] (il + CK](xl -0..................... (6) 

in which [M] and CKJ are NxN mass and stiffness 
matrices where N is the number of degrees of 
freedom and (xi and (R) are NxI displacement and 
acceleration vectors. If the displacement is of 
the form 

(x) - (xle iwt 
........................... (7) 

then equation (6) can be rewritten 

-w 
Cij (X} + CK] (X) . ................. (8) 

which is a standard eigenvalue problem which has N 
solutions. The rth mode is characterised by an 
GigenvaluO wr 2 and an ei&envector (Xr)- If all 
N solutions are pulled together into a diagonal 
eigenvalue matrix tw-2-] and the eigenvector, or 
shape, matrix [0], these constitute a modal model 
of the system. 

The mode shape matrix is orthogonal and may be 
scaled (or mass-normalised) so that 

[4j T Ellý Co] _ EI] 

Co] T EK] Eij - 
Eor 2j 
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therefore 2 2 338.4 338 
3 4 342.7 341 

rIj 1 5 345.2 - L 
..... 0 ...... 2 ,, 'S 363.6 359 

C. [4] -T E2 K] 'Or 2 143' 3, 3 410.5 401 
3 5 412.3 411 

substituting into the equations of motion for an 
undamped, sinusoidally excited N degree of freedan 
system 

(IXI - w21M1) (xleiwt " Meibit .. 4.. (11) 

gives after rearranging, the response at the jth 
co-ordinate caused by force input at the kth co- 
ordinate 

X. MN rO rf 
-1 a CL Ii 
F, T jk(w) -2 
k 07 r (Or w 

The product of elements in the mode shape matrix 
0 jrOk is termed 

rA Jk ,a modal constant. In 

order to determine the individual elements the 
point receptance 

N rO k2 
Q kk 

(W) I 
.................. es. 

(13) 
r (W 

r2- W2) 

is required and using this and the transfer 
receptances a jk the full modal matrix can be 

constructed. Equation 12 can then be used to 
regenerate a curve for comparison with that 
obtained experimentally. 

From the above table the good correlation 
between predicted and measured data can be seen. 
The only difficulties are not due-to the analytical 
model but are concerned with the problems of 
measuring several closely separated resonances and 
differentiating between n-3 and n-5 mode shapes 
with the transducers as situated. 

CONCLUSIONS 

A comprehensive set of results for the 
frequency response of a plain round cylinder 
vibrating in air and underwater have been obtained. 
Difficulties associated with the instrumentation 
and loca 

, 
tion of transducers has been highlighted. 

Good correlation has been obtained between the 
resonant frequencies and mode shapes predicted by 
an analytical method for an infinitely long ideal 
cylinder which have borne comparison with the 
measured values on the cylinder under test. 
Further trials are continuing using other models 
and comparing different methods of analysis. 
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UNDERWATER SHOCK TRIALS ON A PLAIN, UNREINFORCED CYLINDER 

Lt RJ RANDALL, RN 
Admiralty Research Establishment 

Portland Dorset 

Strain was recorded at 14 locations on a submerged plain unreinforced 
cylinder when subjected to the blast f' rom a small explosive charge. 
This work was carried out as part of a larger study into the topic of 
fluid-structure intersection. The cylinder was selected as a simple 
geometric shape which could be analysed theoretically so that the 
experimental results could validate the applicability of approximations 
in current use. Only the preliminary findings together with details 
of the testing environment and procedure are presented in this 
report. The results show how the hoop and meridonal strain levels 
vary with the angle of the incident shock wave, and how the shock is 
transferred from the fluid through the structure. Changes in the 
frequency response spectrum are also presented for the envelopment 
and post envelopment periods. 

INTRODUCTION 

In the latest reviews (1-4]assess- 
ing the developments in analytical 
techniques for dealing with the fluid- 
structure interaction problem, little 
or no evidence is given of experimental 
data than can be used to evaluate the 
analytical predictions. The reason 
for this, is probably that a good 
general formal method for dealing with 
the transient response of complex 
structures has not yet appeared. The 
most widely used approach is to adopt 
a decoupling scheme such as the 'doubly 
asymptotic approximation' (5]. This 
and later more refined schemes have 
been evaluated against the response of 
idealised structures for which an exact 
solution can be obtained. However all 
these schemes stem from an approxi- 
mation which its author notes [(! ] is 
not satisfactory for situations invol- 
ving prominent intermediate frequency 
components as it overestimates the 
radiation damping, and although they may 
prove adequate in certain circumstances 
they must be used with caution. Never- 
theless computer codes are now being 
used and developed (7] which embody 
these approximations and therefore a 
more thorough validation should be 
performed. 

As instrumentation and other practical 
considerations will introduce additional 
uncertainties into the problem it will 
assist the interpretation of results if 
the test structure retains a simplistic 
shape. There follows detailed inform- 
ation about a series of shock tests 
carried out on a simple test structure 
in collaboration with the staff of the 
Admiralty Research Establishment (ARE) 
Dunfermline in HM Naval Base, Rosyth., 

The test structure was a plain 
unreinforced mild steel cylinder, whose 
geometry and dynamic characteristics 
were known from previous tests [8]. The 
cylinder was held in position under- 
water and subjected to a spherical shock 
wave caused by firing small explosive 
charges at a pre-determined stand-off. 
The only limitations on the size of the 
charge and the distance of the stand-off 
were that no permanent structure damage 
, ias to occur. 

The charge size and stand-off were 
determined firs'. and then remained un- 
altered for the remainder of the trial. 
The angle of incidence of the shock wave 
was varied, though, to investigate what 
effect this had on the maximum levels of 
stress recorded. The cylinder was main- 
kained in position and for successive 
shots the location of the charge was 
altered in the se. -i-ie horizontal plane. 
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TESTING 

It is inevitable thaz there will 
be a compro, 4 sý be'ween the idea-''. seJ 
system that- is conceived for the sake 
of theoretical analysis and whar- can be 
physically set up to represent t'nat 
system. The requirements, in this 
instance, are for a prescribed pressure 
to apply a force to a simple struc-,, -ire in a fluid env-ron-nen7. 

The practical problems of repre- 
senting this in the laboratory are 
evident from the pnocograph (Fig 1) of 
,: he sý: rucýure si-scended above tre -tank 
tefore tesýing. 

we. ýIe,,. . (, the er. ýis -cý hoici tne explo- 
sive charge and pressure transducers. 

The cl-iarges used in this trial 
were electric detonators, type N79, 
each cntain-ing 1 g--,, i of plastic explo- 
sive. This small charge fixed 
relatively near to the structure pro- 
duced a spherical shock wave but 
satisfied the requirements of the 
enclosed testýng area and the limita- 
tion that no permanent damage was to be 
sustained by the structure. Each 
pressure time history has a unique 
signature but are cl-iaracter4. sed by a 
very brief duration. 

A typýcal pressure time history 
is shcwn in'Fg 2; the duration of 
the pulse is about SC us and the risý 
and decay of pressure. is very rapid. 
Subsequently the pressuTe returns to 
zero. 

A consequence of this character- 
istic pressure s`gna-ure is that a 
verv raoid samolý. nga ra-. e (I x 10' sps) 
nas to be employed cn. the ADC to 
prevent maxima being clipped. With 
7ýhis high sampl-ng rate and the limita- 
tions of 32K --f computer memory only 
che immediate response of the structure 
coul, d be studied cicse! y. 

However five separate shocks and 
responses were measured and analysed. 
Fig 3 indicates the position of ýhe 
charge relative to the structure for 
e, ch individual firing (Shots 1 and 2 
, iere calibration shots and are not 
inc. uded). 

1ENTATION 

P-essure Transducerý- 

I 

Th-'s arrange:. -. ený is ocv, -ouS_! Y 
divorced fr-,, -. zl-ie --rig4nal c., _-ncýýp- of 
an ideal i Se 14 sy-- -em . 

ý! 
ard reflective 

tank walls are clearly in close proxi- 
mity to the szruý--_, re. The cyl'-n4-er 
itself is *.,; ailed (3. -,. m :, IS 
with an aspec: ra-in of 120: 1, t,, ý- it 
is only 1.284m long and has fla7 ends. 
In addition ballasz: weights are -. eeded 
ro maintain tne szruct: ure all the 
required depth (300mm below the free 
surface) and support arms have been 

'ý, vo types of touL-maline underwater 
blast pressure transducer were used to 
record the pressure time history, one 
was manufactured by PCB Piezotronics 
Inc and the ozher was an ARE design. 
Both types have a volumetric sensitive 
tourmaline crysýal element suspended 
in insulating oil and contain a built- 
in micro-elecl: ronic line driver ampli- 
'-Jer which outpu-s a high voltage low 
impedance signal. 
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Tourmaline gauges are not gener- 
ally consistent or reliable and for 
this reason it would have been desir- 
able to have a large number of trans- 
ducers to measure the combined 
pressure field consisting of incident, 
reflected and radiated components. 
However, the presence of any pressure 
gauge and its associated cabling must 
interfere with the pressure field 
through shadowing and diffraction 
effects, therefore only 2 gauges were 
used to monitor 'free' field and 'near# 
field pressures. 

The mounting arrangement for the 
'free' field pressure sensor (Gauge 
No 6) is as shown (Fig 4). The 'near' 
field pressure sensor (Gauge No 5) was 
taped to the cylinder. 

Test Structure 

Near Field 
Pressure Gauge (N? 5) 

1 

0 

Support Arm 
610 

welded to structure. Free 
ord Field'_\ 

ressure 
Gauge WO 

Explosive Charge 
(2 gm. ) =2x N79 Dets. 

Figure 4 Charge handlIng Arrangement 
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Strain Gauaes 

The structural response was 
measured at 17 locations to obtain 
axial and circumferential (hoop) 
deformations (Fig 5). It was decided 
in this instance to use strain gauges 
rather than accelerometers. Each site 
was equipped with a right-angled pair., 
of gauges set up to measure hoop and 
axial strain. 

The advantages of obtaining strain 
as a structural response rather than 
accelerations were that: 

(1) Strain is a direct measure 
of structural damage which is of 
prime importance. 

(2) Less processing of data willý 
be required as rigid body motions 
will not be recorded and zero 
shift, base strain and cross axis 
sensitivity problems encountered 
with accelerometers are largely 
done away with. 

(: b go* 
6714* 
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, 
FWD- AFT 

(g)-3150 

700 
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MATL z M. S. 
LENGTH c 521/t" 

DIA = 14" 
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DEC 1984 R. N. E. C. MANADON S/M MODEL 
Fig 5- Strain Gauge Positions 

(17 No right angled pairs) 
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RESULTS AND ANALYSIS 

A representative selection of 
the results is included to demonstrate 
the major conclusions. 

Shot 3 Channel 4C Time 0-8.191 ms 

Fig 6 shows a typical pattern 
for the response at the centre of the 
structure subjected to a broadside 
shock wave. The peak response 
corresponds to the occurrance of the 
peak pressure and is followed by rapid, 
lightly damped, oscillations. 

180 

-60 

(1) directly through the field. 

(2) by the most direct route 
between the charge and the 
structure and then through the 
structure to the point in question 
as a compression wave. 

60 

C 

p 

Y -180 
2 

-300 

-420 
u wvuuuti 

Time (secondO 

Fig 6- Hoop Strain Time History 
(Shot 3 Channel 4) 

All recorded channels were 
measured simultaneously and then 
synchronised to a single event, 
namely the peak of the near field 
pressure pulse. 

As stated previously the length 
of the signal was curtailed by the size 
of the processing unit but within this 
time window the maximum strain always 
occurs soon after the pressure pulse. 
Effects due to reflections and bubble 
collapse happen comparatively much 
later (circa 28 ms), therefore the 
period 0-1 millisecond is studied in 
greater detail. 

112 

Each record was examined to assess 
the relationship between the onset of 
movement (as recorded by strain) and 
the arrival times of the pressure pulse. 
The shock wave can arrive at a point on 
the structure via two routes. 

0.006191 

The second route is longer but as 
the speed of sound is 3% times faster 
in steel than it is in water this is 
more often the quicker route. 

I 
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Shot 7 Channel 1C Time 0-1 ms (Fig 7) 

The two vertical lines 
signify the first arrival 
times of the shock wave 
travelling through the 
structure (shown dashed) 
and, secondly, directly 
through the water (shown 
chain-dotted). In this 
instance where variations 
in hoop strain are shown 
for the location nearest 
the charge causing an end- 
on attack, therd is no 
correlation between these 
event times and the onset 
of strain. 

0 
Time (milliseconds) 

Fig 7- Hoop Strain Time History 
(Shot 7 Channel 1) 

Shot 7 Channel 1L Time O-1ms (Fig 8) 

I jýý 0-2 

However Fig 3 shows the 
variation of axial strain 
at the same location and 
it can be seen that the 
onset of axial strain 
coincides very closely with 
the arrival of the shock 
wave which travels through 
the structure. 

D 
Time (mi Ili so conds) 

Fig 8- Axial Strain Time History 
(Shot 7 Channel 1) 
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Shot 7 Channel 17L Time O-lms (Fig 9) 
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Fig 9- Axial Strain Time History 
(Shot 7 Channel 17) 

Shot 4 Channel 12C Time O-Ims (Fig 10) 

170 

90 

10 

10 

-70 

-150 
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Fig 10 - Hoop Strain Time History 
(Shot 4 Channel 12) 

Fig 9 shows the axial 
response at another 
point to the same shock. 
Location 17 is further 
away from the source and 
by the time the shock 
wave has travelled to 
the opposite end of the 
structure the gap between 
the two arrival times as 
shown by the vertical 
lines has widened due to 
the 3%'ftmes difference 
in their rates. The 
intensity of the res- 
ponse has decreased as 
shown by the signal to 
noise ratio but the on- 
set of axial strain 
clearly coincides with 
the shock wave travel- 
ling in steel. 

The variations in axial 
strain that were 
observed when the cylin- 
der was acted upon by an 
end-on incident wave 
were also observed for 
hoop strain at locations 
under side-on attack. 
Fig 10 shows the res- 
ponse of a point on the 
opposite side of the 
structure from the source 
of a side-on attack. 
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Shot 4 Channel 6C Time O-lms (Fig 11) 
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Fig 11 - Hoop Strain Time History 
(Shot 4 Channel 6) 

The response to Shot 4 at a different 
site on the same side of the cylinder 
as the source (directly opposite 
Channel 12), does not show what triggers 
movement; both arrival times are 
within 30 ps of each other. It does 
show however that the maximum strain 
recorded at two sites 1800 apart varies 
by less than 10%. 

None of the results of these trials 
support the view that the zone 'behind' 
the structure is sheltered from the 
shock wave. However having demon- 
strated that the compression wave that 
travels through the structure is an 
important event as far as the initi- 
ation of strain is concerned then it is 
not surprising that there is no shel- 
tering as the forcing function is 
carried through the steel and all 
points on the structure are visible to 
the shock. 

Further examination of Figs 10 ýnd 11 
does offer a possible explanat*oa. as 
some of the evidence in suppor-.. * o.; ' a 
shadow zone is from large scale ccats 
involving velocity meters and the rate 
of change of strain is always less for 
those points in the lee of th; -, shock. 

The importance of the shock wave 
travelling through the structure may 
also explain why the angle of incidence 
was not critical. The maximum response 
was always either nearest to the source 
of the shock or at the midpoint of the 
cylinder where the structure is most 
flexible. In retrospect it was not easy 
to determine what the effective angle of 
incidence was, as for many locations 
of the charge the extreme end of the 
structure will be disturbed first and 
initiate a shock wave which always 
travels to internal points by the same 
(most direct) route. 
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Shot 5 Channel 1C Time 0-Ims (Fig 12) Figs 12 and 13 show 

Shot 5 Channel 17C Time O-lms (Fig 13) 
hoop strain response at 
two pcints to a shot 
fired opposite the end 

Tic 

so 

.2 -70 2 

-130 

-190 4- 
0.0 

or tne cyiinaer. tig 
12 shows the response 
near the shock source 
where there are rapid 
oscillations in the 
level of strain and a 
high rate of change of 
strain. Whereas Fig 13 
shows the time history 
at the other end of 

\/VV ýV\ 

thtý scructure and has 
less frequent oscil- 
lations and a lower 
rate of cftange,, of 
strain. The most 
significant difference 
however between the two 
locattons is that there 
is ccnslderable move- 
ment and the maximum 
strain level is achieved 
at the one site before 
the other side records 

ýýOý2 
0.10 0.6 0.8 1-0 an y tn in g. 

Tim# (millisecomds) 

Fig 12 - Hoop Strain Time History There-Pore one is lead to 
the cýnclusion that for (Shot 5 Channel 1) 
a flexible structure 
such as this, initial 
movement is not in 
recognised modes but 
rather as local defor- 
mati=s. 

140- 

100- 

60 

20 

-20 

. 60 
a .0 02 04 06 06 

TI me (milliseconds) 

rig 13 - Hoop Strain Time History 
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Shot 3 Channel 6C Time 0-1.024 secs 
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The data from this 
series of tests was 
also analysed over a 
longer time period with 
an approach that con- 
siders the frequencies 
of vibration. 

The response of each 
channel from 0-1.024 
seconds was split into 
8 equal increments and 
the frequency content 
of each increment 
compared. The resonant 
frequencies that were 
obtained from the shock 
data were readily 
identified with those 
obtained by steady- 
state testing and apart 
from the fact that 
certain modes increased 
in magnitude before 
eventually subsiding 
nothing extraordinary 
was observed. 
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SUMMARY 

Although these are only prelimi- 
nary findings and the results have yet 
to be compared with calculated values 
of strain several interesting points 
have been discovered or reaffirmed. 

a. Strain gauges can be used 
to monitor the behaviour of a 
structure in the shock environ- 
ment. Whether to assess damage, 
or to record deformations and 
stresses within the structure; 
strain is a good parameter to 
measure. However, most theo- 
retical analyses are formulated 
in terms of displacements and 
although it is possible to 

* establish strain from displacement 
there is no easy way of working 
back again. 

b. The initial deformation Pf 
the cylinder when acted upon*. by 
the shock wave started a membrane 
or stretching wave which travelled 
through the structure at the speed 
of sound in steel. This is 3% 
times faster than the speed of 
sound in water. Therefore the 
membrane or stretching wave 
arrives at points that are further 
away from the source of the explo- 
sion before the acoustic pialse. 
In these tests some strain gauges 
achieved. their maximum values 
before the pressure pulse arrived. 
So although some points may be 
sheltered as far as the pressure 
pulse is concerned this is un- 
important if'the stress wave is 
causing maximum strain (or dis- 
placement) as all points of the 
structure will be visible to the 
stress wave. 

C. On the other hand those 
locations on the opposite side of 
the structure from the source of 
the explosion were sheltered as 
far as the rate of change of 
strain was concerned. 

d. It is unlikely that a theo- 
retical analysis can produce 
accurate answers unless the 
effect of membrane forces is con- 
sidered in derivations of the 
equations of motion. 

e. From the tests as performed 
there was no evidence to support 
the view (91 that broadside load- 
ing is not the most severe con- 
dition for this type of structure. 
f. Deformations of sections of 
the cylinder occurred at appr 

' 
eci- 

able, sometimes maximum levels 
whilst other sections were un- 
deformed. A structure that ýs 
undergoing local deformation is 
not particularly suited to modal 
analysis in the normal sense. 

9. Modes corresponding to 
frequencies measured by steady- 
state testing [81 were readily 
identified from the shock data. 

h. The structure is very 
lightly damped with very few 
dominant frequencies which 
persist for longer than 1 second 
after the shock event. As the 
structure rings down after all 
external loading has ceased, some 
modes were observed to increase 
in magnitude before subsiding 
again. 
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FLUID-STRUCTURE INTER-ACTION OF A SUBMERGED CYLINDER 

A unified hydroelasticity theory has been described by Bishop, Price and 
Wu (1) for a floating structure moving in a seaway. This general method has 
been used by Price and Fu (2) to investigate the variations in fluid loading 
parameters for a submerged plate which is near the free surface. Work is 
currently underway to study the behaviour of a thin cylindrical shell in a 
similar regime; the aim of this paper is to outline the method to be used 
particularly the distinction between 'wet' and 'dry' analyses. In the second 
part the problems of modelling shell-type structures using finite elements is 
presented. 

This work relates to a particular scale model which has been extensively 
tested and for which experimental data is available from tests carried out at 
the RNEC, Manadon, these have been shown to compare well with an analytical 
solution assuming simply supported and conditions at the positions where the 
bulkheads exist on the physical model. 

Following the approaýh of previous studies a finite element analysis of the 
dry structure is used to determine natural frequencies and mode shapes. These 
are then used with a singularity distribution method to obtain the fluid 
loading which together with structural damping and any other external loading 
are combined as forcing functions on the previously freely vibrating dry 
structure. Reductions in amplitude and magnitude of resonant frequencies and 
coupling between modes of vibration can then be observed for the wet structure. 

Some of the novel aspects in the determination of the behaviour of a sub- 
merged shell as opposed to a solid structure are described below. 

a. Dry Analysis 

The general equations of motion fo plates and shells can be establi- 
shed in curvilinear co-ordinates by invoking Hamiltons' Variational 
principle 

't 
I 

(r - K)dt =0 

t2 

Certain assumptions are made in the formulation of the equations of 
motion; the principal ones being that the shells are thin with respect to 
their radii of curvature, deflections are reasonably small and that trans- 
verse shear deflections are negligible. However allowing for these 
assumptions the equations are quite universal and apply to any arbitrary 
shape. In practice however, meaningful results can only be obtained for 
certain well defined geometries such as the sphere, the conical shell or 
the case which is of interest here, the circular cylindrical shell. 

For a cylinder the Lame parameters are 

A 

and substituting these into Love's equations the equations of motion in the 
three polar directions become: 
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these equations relate to a thin shell whose neutral surface is a surface 
of revolution about the x-axis. If the cylinder is considered-to be , 
simply supported at its ends, ie there are node lines at these positions. 
Then boundary conditions 

u3 ue =M xx =N xx =ýo 

are established for all 6 and t at x=0 and x=L. 

These equations provide an analytical solution with which to compare 
experimental and approximate solution techniques (see Table 1). 

The numerical method most frequently'used is finite element analysis. 
Three types of finite element analysis are possible for a uniform cylindrical 
shape; flat facet shell elements, curved (semi-Loof) shell elements and 
thin shell of revolution elements. 

The latter are the most efficient and are used as a benchmark against 
which to compare the other solutions. The PAFEC suite of programs have 
been used in this analysis and the particular three noded shell of revolution 
element used is based on theory due to Novozhilov. Membrane effects are 
incorporated together with bending effects which corre sponds approximately 
to Kirchoff plate theory. The displacement assumptions are 

' 
in three 

orthogonal directions, with the order of the displacement polynomial in the 
radial direction twice that for the axial and circumferential directions. 
Consequently normal effects are catered for rather more accurately that 
effects in the other two directions. The element has 3 degrees of freedom 
at each of the nodes which vary with 6 such that: 
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axial displacement =uX Cos me 

radial displacement =u Ycos me 

circum displacement =uz sin me 

for each value of m a-set of mode shapes and frequencies is derived. 
0, 

Facet Shell Elements 

The facet approach to shell analysis is less exact introducing a 
number of factors whose effects cannot be readily quantified. The facet 
shell element used is one which has five degrees of freedom 

- 
at each node 

with the extra freedom ýz introduced after the transformation to global co- 

ordinates. The first assumption of an approximate displacement (or shape 
function) relates displacements within the element to nodal displacements. 
This produces errors in the element stiffness relationship but is one of 
the basic assumptions upon which all finite element analyses are based. 
Secondly there is the obvious approximation caused by representing the 
smooth curved surface by a multifaced polyhedral surface. Finally there 
are other errors associated with the element itself. Plate elements 
assume that the effects of membrane and bending stresses are uncoupled 
and combine the two effects separately. The thin isotropic shell element 
used in this analysis combines plate bending with a constant strain 
membrane element. The bending element has three degrees of freedom at 
each node, w, dw/dx and dw/dy. The radial displacement, w, is defined by 
a cubic expression in terms of area co-ordinates and this degree of 
variation ensures compatability between elements. The normal slope varies 
quadratically on an edge and since only two end values are available to 
define the normal slope its variation is not uniquely specified by the end 
values: thus a discontinuity of normal slope will occur between adjacent 
elements in general. The in-plane displacements, u and v, are accounted 
for by an assumption of constant stress throughout the element. 

Curved (Semi-Loof) Elements 

Finally a curved element is considered; the semi-Loof element was 
used which has a curvilinear quadrilateral shape. There are 32 degrees of 
freedom associated with the element in its final form and it is noted that 
the rotational freedoms are applied at different points to the trans- 
lational freedoms. The element freedoms are displacements u, v, w at corner 
and midside points and normal rotation values at two Gauss points along each 
side. The 32 degrees of freedom of this element should be sufficient to 
define linear stress fields for both membrane and bending behaviour. The 
theory and philosophy of the semi-Loof element are very complex and its 

application must be considered with caution. 

The element can give spurious mechanisms on elements which store 
little or no strain energy and particular attention is paid to the order 
of integration used over the mid-surface of the element. There are three 
options; 4-point Ue 2*2), a special 5-point and 9-point (3*3) Gaussian 
integration. At each integrating point discrete Kirchoff assumptions are 
made so that normals to the mid-surface remain approximately normal, this is 
effected by imposing zero lateral strains. From the published results the 
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benefits of using reduced integration appear to be only predictable on a, 
trial and error basis. However flexible structures such as thin cylinders 
are considered suitable for reduced integration and this has been practiced 
here. 

Wet Analysis 

The fluid loadings on the submerged cylinder are specified by means of 
the linear velocity potential: 

O(x, Y, Z, t) - leo(xg yp Z) + eo(x, Y, Z) +2p 
rer 

(x, y, z) 1e iwt 
r=I 

which is a combination of incident, diffracted and radiated waves acting 
on the cylinder. ' If the cylinder is vibrating in still water, the first 
two terms are eliminated. I 

The remaining term for the radiation velocity potential is obtained 
by considering the following boundary conditions: 

(1) At the free surface (by combining kinematic and dynamic boundary 
cond it ions) . 

0 on z 

(2) The seabed, which is horizontal, acts as a rigid boundary 

3ýr 
= 0 on z zz 

where d is the depth of water which may be infinite. 

(3) A radiation condition which ensures that the radiation potential 
is zero at an infinite distance from the vibrating cylinder satisfying 
the energy conservation law 

lin 
/R 

3R + 
-'Oorl 

=0 
R-1- 

where R= V'X2 + y2 

(4) Continuity of motion such that the fluid and body velocities 
match at the interface. That is there is no cavitation and the radia- 
tion potential can be written as: 

r. iw(u n+v n2 +wn nrIrr 
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On the mean wetted surface S for each mode r=1,2 . ..... n. In this 
expression n denotes the outward drawn unit normal vector to the wetted 
surface witK components (n,, n., n3) and transpose 

A solution for this boundary value problem is obtained from potential 
flow theory, with a pattern of sources of unknown strength, 6(ro, t) 
distributed over the wetted surface of the structure. The velocity 
potential at any position r in the fluid is given by 

7T t) = -4- o, t) . GQ, r, ) ds 
11 

6(r 
S 

'The fluid loading is derived by use of the linearised Bernouilli's 
equation to obtain the fluid pressure on the instantaneous wetted surface 
of the cylinder and 

IT. U 
n 

I ztpI 
-r 

iw P 
K*ýK 

ds 

s 
k= 

I 

n 
Pk (W2 A 

rk - iwB 
rky k=l 

where Ark and Brk are the generalised added mass and damping coefficienýs'. 9 

0 

5. 



Part II 

Modelling their shells using Finite Elements 

As discussed previously there are three elements that can be used to 
determine modes and frequencies of a circular cylindrical shell. 

The first of these is the three noded thin shell of revolution element 
(PAFEC 42130). 

Table 1. Natural frequencies using PAFEC 42130) (length - 0.892, 
radius - 0.121, thickness = 0.0025). 

Axial No Harmonic num8er 2 3 4 5 

1 287 353 631 1010 

2 910 593 709 1049' 

3 1691 1050 918 1146 

4 2459 1601 1250 1321 

The hierarchy of modes can be deduced and it is noted there is no pre-ordained 
order but that it is governed by the dimensions of the cylinder. The first seven 
natural frequencies are'compared in Table-2 with experimentally derived results, 
which are the average of two independant tests. 

Table 2. Comparison of measured and predicted results 

Mode 'M, 1121231 
Shape N2334445 

Measured . 
284 352 -595 616 708 926 982 

Predicted (43210) 287 353 593 631 709 918 1010 

The default of 60 automatically selected master degrees of freedom and 8 
axial elements were used in this analysis, which was subsequently compared with 
facet shell (44210) and semi-loof element (43210) analyses., 

To save computer time, the number of loadcases was limited to ten, this gave 
no more than 5 natural frequencies as a two orthogonal mode shapes are predicted 
at each frequency. The reason being that with an exactly circular cross-section 
the mode shape can occur in which can be given by using combinations of the 
orthogonal any plane mode shapes. 

In the first 5 modes the highest circumferential harmonic number is 4. This 
implies a minimum of 8 elements because'there are 8 changes of direction and as 
this is unnecessarily coarse a mesh with 16 elements circumferentially was chosen. 
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A straightforward convergency test was then performed using both element,, 
types varying 44210 and 43210 the number of elements axially. The number of 
automatically selected degrees of freedom was set at 100, initially. 

Table 3. Convergency test using PAPEC 44210 

No of 32 64 128 256 
Mode Elements 

1 (1,2) 287 Hz 140 295 290 292 

2 (1,3) 353 Hz 1 43 376 365 368 

3 (2,3) 593 Hz - - 618 633 

4 (1,4) 631 Hz 662 678 

5 (2,4) 709 Hz 753 777 

Despite the reservations concerning use of this element it is demonstrated 
that acceptable results can be obtained. The derived mode sha pes, greatly 
exagerated, amplify the figures in Table 3. Crude and inaccur ate mode shapes 
when the mesh is too coarse (Figure 1) or a t higher modes for more refined 
mesh (Figure 2), are eventually replaced by accurate mode shape s which are symmetrical 
for all 5 modes (Figure 3). 

The situation with regard to the curve d shell element (43 210), the sum-loof 
js complimented by the 

, 
option for the order , of integration use d over the mid- 
, surface of the element. For completeness all three options ar e included in 

Table 4. 

Table 4. Convergency using PAFEC 4321 0. 

No of 32 64 128 256 Elements Order of Mode integration 

1 (1,2) 287 Hz 4 287 290 292 293 (291) 
5 290 290 291 292 
9 295 290 290 292 

(1,3) 353) FIz 4 353 366 368 375 (368) 
5 358 365 368 372 
9 364 363 365 372 

3 (2,3) 593 Hz 4 - 606 644 643 (638) 
5 - 612 639 635 
9 633 616 618 636 

4 (1,4) 631 Hz 4 500 672 684 710 (683) 
5 610 674 682 707 
9 652 660 668 700 

5 (2,4) 709 Hz 4 728 753 >800 (>800) 
5 676 744 791 >800 
9 - 751 763 796 
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Initially it appears that the results are an improvement over' the PAFEC 
44210 results. There is good agreement especially for lower modes even for the 
coarsest mesh. There appears to be little differences whichever integration 
order is used but the results do not seem to be converging as the mesh size 
reduces, particularly for higher modes. 

Examination of the mode shapes reveals that the results are not quite as 
good as they first appeared. Excessive displacements of mid-side nodes, albeit 
greatly exagerated, produces distor 

' 
ted'mode shapes (Figure 4) a situation that 

is improved as the integration order increases (Figure 5). As in. the previous 
analysis using 44210 better solutions are obtained as the mesh size decreases 
(Figures 6,7,8) but only up to a point. At the highest number of axial 
lengths used, the solutions appeared to be divergent and some of the mode shapes 
were no longer symmetrical (Figure 9). Increasing the number of automatic 
masters (from 100 to 150) produced the improved results shown in brackets in 
Table 4 but the asymmetric mode shape was still produce. Unfortunately no 
firm conclusions can be drawn from the preceedirig results except that facet 
shell elements can be used to give acceptable results and that sum-loof 
elements will give good results but must be used cautiously both regarding order 
of integration and shell geometry. In both instances a prior knowledge of the 
solution although not essential certainly greatly enhances the degree of 
certainty with which the results are viewed. 
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Figure 1. Mesh Size 32. Element Type 44210 

a. lst distortion mode. 

b. 2nd distortion mode. 
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Figure 2. Mesh Size 64. Element Type 44210 

a. lst distortion mode. 

b. 2nd distortion mode. 

C. 3rd distortion mode. 
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Figure 3. Element Type 44210 

a. Mdsh size 128.3rd distortion mode. 

b. Mesh size 256.4th distortion mode. 

a. 



0 

a. 

b. 

C. 

Figure 4. Mesh size'32. Element type 43210. 
Gauss integration 2x2. 

a. Ist distortion mode. 

b. 2nd distortion mode. 

C. 3rd distortion mode. 
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Figure 5. Mesh size 32. 

a. Ist distortion mode. 

b. 2nd distortion mode. 

Element type 43210. Gauss integration 5 pts 
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Figure 6. Mesh size 64. Element type 43210. 
Gaussin integraion 2x2. 

a. lst distortion mode. 

b. 3rd distortion mode. 

C. 4thpidistortion mode. 
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Figure 7. Mesh size 64. Element type 43210 

a. Gauss integration 5 pts. 5th distortion mode. 

b. Gauss integration 3x3.3rd distortion modo. 
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Figure 8. * Mesh size 128. Element type 128.3rd distortion mode. 

a. Gauss integration 2x2 

Gauss integration Sýpts 

Gauss integration 3x3 



Figure 9. Mesh size 256. Element type 43210. Gauss integration 2x2 
4th distortion mode. 
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The experimental tests were performed on a horizontal, unreinforced 
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centre of mass Is 1.5 diameters below the calm free water surface. At 
this depth hydrostatic Pressure is not significant but the Influence of 
free surface Is Included in the mathematical model describing the dynamics 
Of the neutrally buoyant-cylinder. A singularity distribution method is 
employed to determine the generalised hydrodynamic coefficients, being 
functions of the principal modes of vibration of-the dry structure. 
Fluid-structure interactions are evaluated and the Influence of sub- 
Mergence on the 'wet' dynamic characteristics assessed. 
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1. Introduction '. 4 

The description of the dynamic behaviour of a structure in an acoustic medium such as water and the 

analysis of the resultant induced stresses in the structure constitute a complex problem of immense practical 

significance. When the submerged structure is a thin shell, exact analytical solutions exist to describe the 

dynamic behaviour of a sphere and an infinitely long cylinder in an infinite acoustic domaini. 2. The thin 

cylindrical shell is a commonly encountered shape in underwater structures such as submarine pressure 

hulls, offshore pipelines, etc. It is, therefore, an ideal starting point for the development of. new 

analydcal/numerical methods to examine the dynamic behaviour of submerged structures of arbitrary shape 

in water of finite or infinite deoh. 

77his paper brings together results derived by classical analytical,, experimental and numerical 

methods. each purporting to describe the dynamic behaviour-of a thin cylindrical shell of finite length 

sealed at both ends. Ile numerical ro: qthod adopted is ihe. three dimensional hydroelasticity, analysis 

developed for non-beamlike structures iu6fi as SWATHS (i. e. Small Waterplane Area Twin Hulls), jack-up 

rigs etc. floating in water3,4.5.6. * Thilr method, unlike classical analytical procedures, can be applied to 

structures of arbitraq shape and it has beený shown to predict accurately the dynamic behaviour, as well as, 
I 

the induced loadings and stresses at any position in the structure. Consequently, it can be used at any stage 

during the design process, being suitable for crude and refined representations of the structure and the sur- 

rounding acoustic medium. 

The thin cylindrical shell to be investigated has the following properties:. 

Overall length L=1284 mm 
External radius r=180mm 
Shell thickness t=3 mm 

and is sealed at'both ends with flat plates. 1be7cylInde-? M-66'de of mild steel and the aspect ratios L/r and 

t1r were selected to be representative of a particular class of submarine hull, though in no way does the shell 

truly model a real submarine structure. 
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, 2. Experimental Predictions - 

The thin cylindrical shell was constructed to exacting tolerances as geometrical irregularities, such as 

large variations in the circularity of the cross section or non-uniform wall thickness, tend to affect the accu- 

racy of the measured frequency response data at or near resonance. 

Fifteen measurement sites were selected at positions where the vibration patterns of a cylindrical 

shell consisting of standing waves in both the axial and circumferential directions could be adequately 

defined. Eight measurement sites were located at 4511 intervals around the circumference at a cross section 

where the majority of the mode shapes display significant amplitudes of motion, i. e. at a distance of 552 

mm'from, one end. The remaining seven measurement sites were located at equal intervals on a straight line 

along the cylinder. Each site was fitted with an accelerometer, mounted on a stud inside the shell, recording ' 

radial motion. (No accelerometers were placed on the end plates). 

A single point excitation was applied in a vertical direction in the plane of the eight accelerometers 

using an electro-magnetic shaker driving through a flexible push rod into a piezoelectric force gauge. 

7be tests were carried out with the thin cylindrical shell freely supported in vacuo and suspended 

near the centre of a tank of length 7.5m, width Orn and depth 1.6m. The top of the shell was 0.51n below 

the free water surface and the shell placed across the width of the-tank"to minimise wave reflectioO. The 

shell was not neutrally buoyant and was lightly tethered to eliminate bodily motions. Receptances were 

obtained over the frequency range 100-600 Hz. in air and 0-500 Hz. in water. The corresponding results are 

shown in Fig. I(a, b) respectively and also in Table I where the natural and resonance (water) frequencies for 

the first 8 modes shapes are tabulatedL As can be seen, the value of the first natural frequency is halved 

when the shell is immersed in water, however, this decrease is not uniform for all the mode shapes.! Modal 

dynamic properties (i. e. resonance frequency, damping factors, etc) were extracted from the experimental 

data using a ýtraight line technique which is particularly accurate in separating closely spaced modess. 

3. Analytical Predictions 

Bleich and Baronl and Warburton2 investigated the vibrations of infinitely long cylindrical shells in 

an infinite acoustic medium. 17hey also considered finite values of the axial wave length, so that provided 
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the boundary conditions are satisfied at circumferential nodal positions the derived equations of motion are 

valid, and the solutions are applicable to simply supported cylindrical shells of finite length with open ends. 

Assumptions were made in order torestrict the problem to the linear domain, thus ensuring no varia- 

don of displacement or stress across the thickness of the shell. These assumptions are known as the Kir- 

choff hypodiesis and require: - 

(a) The thickness of the shell to be large compared to the displacement but small compared to the radius 

of the shell. II.. 1 -11 1ý- .11 

(b) Ibe fibres of the shell initially perpendicular to the middle surface remain so aftcr deformation and 

are not subject to elongation. 

(C) Normal stresses acting on planes parallel to the shell's middle surface are negligible compared to 

other stresses. 

7be displacements of the shell in the axial, tangential and radial directions are assumed to vary har- 

monically and three equations of motion are derived by solving the stmin-&placement relationships in 

conjunction with the wave equation. When the acoustic medium is a fluid the solutions obtained range 

from the free vibrations of a cylinder in vacuo to the vibrations of the cylinder surrounded by an unbounded 

fluid. The fluid is assumed inviscid, irrotational and incompressible such that the fluid flow can be 

described by a velocity potential function. 

Using Warburton's method2, natural frequencies in vacuo and resonance frequencies in water were 

calculated for the cylindrical shell for a selection of m and q values which denote the number of axial half- 

and circumferential wave lengths respectively. These analytical results are shown in Table I and they are 

readily comparable with the experimental data. As can be seen, there appears excellent correlation between 

both sets of predictions in either acoustic medium. The analytical results also confirm that the missing in 

vacuo frequency (m=2', n=2) was outside the range of the 'experiments; on the other hand the frequency 

(m=l, n=5) in water was not picked up during the experiments. 
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At first sight this comparison provides confidence in the theoretical approach though it must be 

emphasised that the experimental data relate to a cylinder vibrating in a bounded fluid whereas the analyti- 

cal results correspond to an unbounded fluid. Because of the increased influence of water in the bounded 

case, it would be expected that the resonance frequencies of the cylinder would be lower than those excited 

in the unbounded medium9. 

4. Numerical Analysis 

The theoretical background to the general linear three dimensional hydroelasticity analysis adopted 

here has been discussed in detail elsewherO and is therefore omitted. The equations of motion describing 

the responses of an arbitrary shaped, floating or submerged structure are given by 

M6 +13d6 + KU =P 

where 

Mass matrix, 

Bd Structural damping matrix, 

Stiffness matrix, 

U Structural displacement vector, 

External force vector describing aU fluid actions, imposed forces, etc. 

(1) 

7be analysis consists of the following two parts: - 

(i) The dry or in vacuo analysis in which the structure vibrates freely in vacuo in the absence of any struc. 

tural damping or external forces. This motion is described by the equation 

MD+KU=O. (2) 

The structure is discretised using finite elements and the natural frequencies and principal mode shapes of 

the structure are determined. To each principal mode shape a principal coordinate can be assigned and 

equation (1) rewritten in terms of the principal coordinates of the structure, namely 

S 



ap + bý + CP = Z(t) (3) 

where 

a Generalised mass matrix. 

b Generalised structural damping matrix, 

c Generalised stiffness matrix, 

P Principal coordinate vector, 

Z Generalised external force vector describing the fluid actions, etc. 

(ii) The wet analysis ifitroduces the fluid actions which are applied as an external loading to the flexible 

structure i. e. the cylindrical shell. A three dimensional velocity potential theory is employed and the wet 

surface of the structure discretised by panels with a source situated at the centre of each panel. 3 Ibis part of 

the analysis produces the fluid structure interaction effects which are usually described by added mass, fluid 

damping, restoring force coefficients and additional fluid or other external excitations. Consequently it may 

be shown that equation (3) takes the form 

(a+A)p + (b+B)ý + (c+C)p =E (4) 

where 

A GeneraliWd added mass matrix, 

B Generalised fluid damping matrix, 

C Generalised restoring matrix, 

Generalised excitation vector describing wave actions, imposed forces, etc. 

These equations of motion can now be solved for the principal coordinates of the structure which are 

subsequently used to evaluate the loadings and stresses associated with the StrUCtUrC6, which in the present 

case is a flexible cylindrical shell. 
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S. Dry or In Vacuo Analysis 

The most important aspect in the idealisation and modelling of the structure by finite elements is the 

selection of the appropriate element type. For the case of the thin cylindrical shell three types of finite ele- 

ment are available in the software package employedIO. Namely, 

a thin sheU of revolution (3 noded), 'I 

a flat facet shell element (8 noded). 

a semi-loof curved shell element (8 noded) able to describe the exact curvature of the shell. 

7be thin sheR of revolution is based on the theory due to Novozhilovt I and incorpomtes membrane 

as well as bending effects. This model corresponds approximately to the Kirchoff plate theory and the ele- 

ment provides a highly efficient and accurate solution often used as a benchmark for comparison with other 

predictions. However, applications are limited to structures with simple geometries. Table 2 illustrates the 

in vacuo natural frequencies obtained using a finite element model consisting of 16 such elements with a 

total of 33 nodes. Unfortunately at present this element is not entirely suitable to use in the wet analysis 

theory. 

BoLh the facet and semi-loof shell elements can carry membrane and bending loads. However, boLh 

require much larger computational efforts compared to that needed in the thin shell of. revoludon calcula- 

don, and their predictions are not as accurate. Studies carried out on thin cylindrical shells revealed 

interesting deviations regarding the use of these elements12. For the facet shell elements convergence of 

solution is achieved rather slowly, at the expense of a large number of elements, although, where applica- 

ble, symmetry of mode shape is maintainedL For the semi-loof shell elements a more rapid convergence is 

attained producing good estim-Ates with rather crude idealisations. However, caution is required when using 

these elements as there iS some evidence of subsequent divergence, especially, at higher modes., Closer 

e xamination of the results also revealed distorted mode shapes. 7bese drawbacks of the semi-loof elements 

can be overcome by using refined idealisations, but this greatly reduces their advantage in comparison to 

the simpler facet shell elements. 

7 



Table 2 also includes predictions for the natural frequencies of the thin cylindrical shell using 288 

facet and 384 semi-loof shell elements - 16 elements around the circumference and 18 along the shell as can 

be seen in Fig. 2. Both element types produce two orthogonal mode shapes, at slightly different frequencies, 

for each nauu-al frequency; the reason being that for a perfectly circular cross section the prescribed mode 

shape can occur in any plane between 0* and 360" and this Mnite variation can be given using a linear 

combination of the two orthogonal mode shapes. Examples of these orthogonal mode shapes are illustrated 

in Figs. 2-7. 

The correlation between the predicted and experimental results is not as good as the one observed in 

Table 1. The current finite element idealisation tends to overestimate the in vacuo natural frequencies. 

However, the idealisations with either the facet or semi-loof shell elements provide addidoM mode shapes 

relating to the end seals. The classical analysis2 cannot account for these mode shapes and regrettably, at 

the time, the experiments were not set up to measure them7. 

6. Wet Analysis 

The wet surface of the thin cylindrical shell was discretised using 384 panels, producing a one to one 

correspondence between the fluid panel'and the semi-loof finite element idealisation. This one'to one 

correspondence is not a necessary requirement since the fluid and structural idealisations are independent of 

one another, depending on the complexity of the structure and its wetted area hull shape. During the 

evaluation of the hydrodynamic properties the composite source method was used; taking advantage of the 

port/starboard symmetry of the structure and thus reducing the computational efforL This method requires 

that the mode shapes are porVstarboard symmetric (or antisymmetric as the case may be). Of each pair of 

orthogonal mode shapes, shown in Figs. 2,3,63 , the one closest to satisfying port/starboard symmetry was 

selected in the wet analysis. 

In general, the resonances of a structure in a fluid are determined by observing the peaks of the prin- 

cipal coordinates, i. e. the solution to equation (4), as the hydrodynamic matrices A and B are frequency 

dependen However, 'in this particular example of a relatively *deeply" submerged shell the expected reso- 

nance frequencies are high; hence the free surface has negligible influence, the gcneralised hydrodynamic 

-, *A 
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damping coefficients are zero and the generalised added mass coefficients are of constant values over the 

frequency range13. Therefore, one can easily obtain the eigenvalues of the structure in water from the fol- 

lowing equation: - 

+ A)p + (c + C)p = 0' 1ý III1 '(5) 

provided the generalised structizal damping is ignored. 

The eigenvalues obtained Erom equation (5) describe the coupled behaviour of the system. On the 

other hand, the classical analysis2 treats the mode shapes as uncoupled; that is to say, the resonance fre- 

quencies shown in Table I are derived from the expression 

I (a), )'d, 
ya, 2 

(6) 
(a, + A, ) 

I 

The results in %ýater of infinite depth are summarised in Table 3. As can be seen the correlation 

between these values and the predictions shown in Table I is not good. Corresponding results obtained in 

water of 1.6 m finite depth are illustrated in Table 4. These predictions have a better correlation with the 

experimental results of Table 1. This is due to the increase in the value of the generalised added mass 

coefficient A, caused by the proximity of the tan0s bottom. A comparison of the A,, values in Tables 3 

and 4 clearly illustrates the effect of finite water depth. 

7. Conclusions 

The results illustrated in Table 4 are very encouraging and demonstrate the applicability of the three 

dimensional hydroelasticity theory to structures such as submarine pressure hulls with considerable suc- 

cess; furthermore this method can provide the stresses in such structureA 

It is surprising, to say the least. that the analytical predictions2 based on cylindrical shells of inrinite 

length in an infinite fluid domain correlate rather well with the experimental results. On the other hand, the 

corresponding predictions in Table 3 do not display such a good agreement. 

Clearly the disagreement between the numerical and experimental results is mostly due to the inade- 

quate discretisation of the structure. More elements are required around the circumference of the shcll in 

9 



v 

order to evaluate the hydrodynamic properties with sufficient accuracy, particularly for the higher mode 

shapes as can be seen from Tables 3 and 4. A more refined mesh should be created using facet shell ele. 

ments rather than semi-loof shell elements due to the risk of obtaining spurious results in the latter. This 

would also create a better geometric description of the shell's curvature, further decreasing the geometric 

advantage of semi-loof elements. From the evidence presented, the latter should only be used as a last 

resort. 

For the thin cylindrical shell under consideration each cross section possesses an infinite number of 

planes of symmetry. This results in two orthogonal mode shapes per natural fiecluency. The introduction 

of a negligible asymmetry either at the top or the bottom of the shell might result in the creation of port- 

ýtarboard symmetric mode shapes without significantly affecting the dynamic behaviour of the structure. 
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m n 
Experimental 

in vacuo in water in vacuo 
Analytical 

in water cc 

1 2 194 96 0.49 198 98 0.49 
1 3 198 107 0.54 199 109 0.55 
1 4 336 199 0.59 342 204 0.60 
2 3 387 214 0.55 391 215 0.55 
2 4 403 239 0.59 405 241 0.60 
1 5 537 - -- 545 346 0.63 
2 2 -- 338 -- 660 329 '0.50 
3 4 565 341 0.60 571 340 0.60 

Table 1. Natural frequencies (Hz) in vacuo and resonance frequencies (Hz) in water of the thin cylindrical 

shell as predicted by experimental and analytical methods. 

(a= resonance frequency in water/natural frequency in vacuo) 
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m n FEI FE2 FE3 Experimental 

1 2 197.6 198.1 199.1 194 
1 2 198.8 200.1 
1 3 201.3 206.3 202.9 198 
1 3 207.0 203.3 
+ - 207.8 209.2 -- 
+ - 216.6 218.0 - 
1 4 344A 364.0 352.5 336 
1 4 366.1 353.7 
2 3 391.3 407.8 413.3 387 
2 3 410.8 415.9 

Table 2. In vacuo natural frequencies (H2) of the thin cylindrical sýell using three different types of finite 

elements, namely a thin shell of revolution (FEI). a flat facet shell element (FE2) and a semi-loof curved 

shell element (FE3). (+ denotes vibrations of the end seals, as seen in Figs. 4,5) 

r (0), )e 
(Hz) 

a, 
(kg m 

A� 
(kg m2) (Hz) 

ct (w, ). t Ulz) 

7 200.1 12.4 29.2 109.2 0.55 106.0 
8 202.9 7.6 14.1 120.1 039 122.5 
9 209.2 0.9 3.9 90.6 0.43ý 91.8 
10 218.0 0.8 2.9 101.4 0.47 101.2 
11 353.7 8.7 10.6 237.5 0.67 253.4 
12 413.3 5.9 8.5 264.6 0.64 265.8 

fmm Eq. (6) from Eq. (5) 

Table 3. Wet resonance frequencies of the thin cylindrical shell in water of infinite depth. 

(a = (�). � / (CA. )th7) 

r «ß, )dry 

(HZ)- 
a� 

(kg M2) 
A� 

(kg M2) 
(i5, ). i 
(IIZ) 

ct «0, ). ( 
(Hz) 

7 200.1 12.4 44.0 93.8 0.47 90.7 
8 202.9 7.6 18.1 110.3 0.54 114.4 
9 209.2 0.9 6.3 74.0 0.35 75.3 
10 218.0 0.8 4.7 83.1 0.38 83.3 
11 353.7 8.7 10.0 241.3 0.68 245.3 
12 413.3 5.9 10.7 246.4 0.60 261.0 

from Eq. (6) trom Eq. (5) 

Table 4. Wet resonance frequencies of the thin cylindrical shell in water of 1.6 m depth. 

(CC ý-- 63r)-el / (0r)dry ) 

al 
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A hydroelasticity theory [1] and a hydroelastic analysis are presented to describe the 
dynamic characteristics of a circular non-uniform beam in a bounded, viscous fluid. In 
vacuo, the principal mode and natural frequency characteristics are uniquely defined but 
when the combined influences of fluid-structure-external boundary interactions are 
accounted for in the mathematical model, significant variations in the principal co- 
ordinates, resonance frequencies, responses, etc., occur. That is, resonance frequencies, 
etc., are not uniquely defined and reasons for this are found in the changes in the magnitudes 
of the generalized fluid actions. "Mese are shown to be functions of the principal mode 
shapes, frequency of oscillation, the annular clearance between the cylinder and the rigid 
tube boundary and the viscosity of the fluid. The latter is mathematically modelled as an 
incompressible Stokes' fluid (2,3] and the principal modes of the dry free-free non-uniform 
cylinder are determined by using a Prohl-Myklestad approach (1,4]. 

1. INTRODUCTION 

The hydroelasticity theory (1) developed to describe the responses of beam-like structures 
(e. g., ships) and the general linear three-dimensional hydroelasticity theory [5-7] of 
floating, arbitrary shaped structures (e. g., marine vehicles or structures) allow fluid- 
structure interactions to be assessed and analyzed. In these mathematical models the fluid 
is assumed inviscid and free surface effects are included in the description of the 
generalized external loadings. 

In this paper the original hydroelasticity theory (1] is extended to include the influence 
of external boundaries and the fluid is assumed viscous. The latter is mathematically 
modelled as an incompressible Stokes' fluid [2,3] and the structure, i. e., a cylinder, is 
assumed deeply submerged so that free surface wave eff ects are excluded from the analysis. 

It is shown that both boundary and viscous eff ects alter the magnitudes of the generalized 
added mass or inertia coefficients and the generalized damping coefficients. These, in turn, 
significantly influence the resonance frequency values, produce couplings between the 
principal co-ordinates and introduce variations into the magnitudes of the responses. 
Whereas the principal modes and natural frequencies are uniquely defined in the dry 
analysis, the forced dynamic characteristics and responses are functions of the externally 
applied influences or loadings, and are therefore not uniquely defined quantities but 
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1. INTRODUCTION 
The hydroelasticity theory (1] developed to describe the responses of beam-like structures 
(e. g., ships) and the general linear three-dimensional hydroelasticity theory (5-7] of 
floating, arbitrary shaped structures (e. g., marine vehicles or structures) allow fluid- 
structure interactions to be assessed and analyzed. In these mathematical models the fluid 
is assumed inviscid and free surface eff ects are included in the description of the 
generalized external loadings. 

In this paper the original hydroelasticity theory (I] is extended to include the influence 
of external boundaries and the fluid is assumed viscous. The latter is mathematically 
modelled as an incompressible Stokes' fluid [2,3] and the structure, i. e., a cylinder, is 
assumed deeply submerged so that free surface wave effects are excluded from the analysis. 

It is shown that both boundary and viscous effects alter the magnitudes of the generalized 
added mass or inertia coefficients and the generalized damping coefficients. Tbese, in turn, 
significantly influence the resonance frequency values, produce couplings between the 
principal co-ordinates and 

, 
introduce variations into the magnitudes of the responses. 

Whereas the principal modes and natural frequencies are uniquely defined in the dry 
analysis, the forced dynamic characteristics and responses are functions of the externally 
applied influences or loadings, and are therefore not uniquely defined quantities but 
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change with circumstances. These findings are clearly demonstrated through an investiga- 
tion of the dynamic behaviour of a flexible circular cylinder enclosed within a circular 
rigid tube filled with a viscous fluid (i. e., water). 

2. MATHEMATICAL MODEL 

The hydroelasticity theory developed to describe the responses (displacements, distor- 
tions, bending moments, shear forces, etc. ) of two-dimensional beam-like structures and 
three-dimensional structures of arbitrary shape excited by a sinusoidal or irregular seaway 
relies on a "dry" structural analysis and a "wet" fluid analysis. In the former, where the 
structure is in vacuo in the absence of external fluid loadings and structural damping, 
natural frequencies and principal mode shapes are determined and these uniquely describe 
the dynamic characteristics of the structure. When the structure floats or is fixed in water, 
the fluid actions applied to the flexible structure are eval6ated through a wet analysis, 
accounting for forward speed, free surface effects, distortions of the structure, fluid- 
structure interactions, etc. A combination of the dry and wet analyses permits the principal 
co-ordiýates, resonance frequencies and responses at any point within the structure to 
be determined for prescribed external wave actions or any other source of excitation. 

In Figure 1, the flexible non-uniform cylinder, denoted by AB, is completely surrounded 
by a viscous flirid and may be totally confined (a) within the rigid tube, (b) emerged 
partially or (c) completely emerged. At time t=0, the centres of the cylinder and tube 
coincide and a right-handed orthogonal equilibrium frame of axes O. x), z is defined, with 
origin 0 at the centre of the cylinder and the Ox axis lying along the longitudinal axis. 
A symmetric cross-section of the tube and cylinder is shown in Figure I (d) and their 
respective radii are denoted by d and a(<d). In this problem external actions result from 
a combination of the interactions between the flexible cylinder, viscous fluid and the 

Tube boundary 

(a)' 

x 
td- 

AL 

(d) 

(C) 
A Cylindef 

/or L 

ibe boundary 

Figure 1. Schematic and co-ordinate system for cylinder vibrating in a fluid annulus. 
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presence or otherwise of the external tube boundary. Furthermore, it is assumed that the 
flexible non-uniform cylinder (or beam or projectile) is neutrally buoyant in the fluid. 

2.1. DRY ANALYSIS 

Since the non-uniform flexible cylinder is beam-like in form, beam theory may be used 
to determine the dynamic characteristics of the free-free dry structure (4]. To reduce 
mathematical complications, the cylinder is modelled as a simple Euler beam, but other-, 
more sophisticated theoretical models (e. g., Timoshenko [1,4], Vlasov [8]) may be 
adopted. 

It can be shown that if n d6notes the number of principal co-ordinates required to 
describe the responses of the cylinder to a given external force, then the (n x 1) principal 
co-ordinate matrix p(t) is defined by the equation [1,5-7] 

ap(t) + bo(t) + cp(t) = Z(t). . (1) 

Here, the (n x n) matrices a,, b, c represent the generalized mass, damping and stiffness 
of the cylinder, respectively, with elements C, = W2ra, (0 -_ r -_ n- 1) and w, denotes the 
rth natural frequency associated with the rth principal mode w, (x) of the displacement 

w(x, t) in the Oz direction. For the heave (r = 0) and pitch (r = 1) bodily modes of the 
free-free cylinder w, = 0, with non-zero natural frequencies associated with the higher 
modes wjx), r=2,3,4, .... 

In theory the damping matrix b is not necessarily diagonal, but with no reliable 
information, it is assumed diagonal with elements defined as (4] 

b, =2 vwa,, 
where v, is the rth modal damping factor associated with the non-uniform cylinder. 

Apart from the principal co-ordinate matrix p(t) with elements p, (t), the remaining 
unknown in equation (1) is the generalized external force matrix Z(t) describing the 
interaction between cylinder, viscous fluid and tube wall. 
2.2. WET ANALYSIS 

In keeping with the dry analysis, the three-dimensional cylinder is assumed to be 
represented by a series of stripwise two-dimensional sections, as shown in Figure l(d). 
The gap between the concentric cylinders is (d - a), 0<d-a -_ co, and the cylinder is of 
length 1(>> a). The fluid surrounding the cylinder is assumed viscous and is mathematically 
described as an incompressible Stokes' fluid (2,3 ]. At any section x (0 <x -- 1) a two- 
dimensional fluid flow exists, defined by velocity components (v, w) along the axis 
directions Oy and Oz, respectively. 

The Navier-Stokes equations of motion describing this two-dimensional fluid flow 
model are (2,3] 

av av t3v Ip i LP +v +w = Y- + at ay az pp ay 2 ay WI) , 

aw aw aw I 

i"P 
a2waIw 

+v +w = Z- +V at ay t3z pp az 
(; 7 

and the equation of continuity is 

avlay+awIaz = 
where Y, Z denote external potential forces, p represents pressure and v is the coefficient 
of viscosity. 

There exists a stream function 4i(y, z, t) such that 

v= -aolazz, w= alplay, 
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and a vorticity 
C= awlay -avlaz =(a 

2 /ay 2 +a 2/ aZ2), p = v2o. (6) 

Substituting these last two relationships into equation (3) and eliminating the pressure 
components gives the equation describing the stream function as 

a 
Vlo+aO 

a 
VIO 

aO a 
V2qj = 1, V44,. 

at ay az az ay 

For small amplitudes of motion, the product terms in qs are assumed to be an order 
smaller than terms of order qi and the linearized equation of motion is given in the 
form (2] 

(alat)v20 - 1�v40 = 0. 

For a sinusoidal disturbance of frequency wa solution to this equation is sought in 

the form 4i(y, z, t) = qi(y, z) e", and in terms of cylindrical co-ordinates (r, 0) it can be 

shown that this solution is given by (9,10) 

4i(r, 0, t) = U[A(a 2 Ir)+Br+ CaI, (kr)+DaK, (kr)] sin 0 el" = Uf(r) sin 0 el". (9) 

In this expression k =, I(iwl v), U is the amplitude of the velocity of the oscillating beam 

section and 11, K, are modified Bessel functions of the first and second kinds, respectively. 
The constants A, B, C, D are determined from the imposed boundary conditions at r=a 
and r=d. That is, at r=a the fluid velocity is in the direction of oscillation, while at 
r=d the velocity of the fluid is zero. 

By back substitution of these results into equation (3), the pressure on the surface of 
the cylinder at (a, 0) can be shown to be of the form 

-= pgUk2 p(a, 0) e` (A - B) (1 - cos 0) el' (10) 

and the corresponding normal stress o-, and shear stress r, & are defined as 

-p + 2pp(awlar), l-, =py(avlar+ a2 w1ar aO - v1r). 0 1) 
These results allow the force component F., acting at section x in the direction Oz to be 

expressed as 
2v 

F, (X, t) = 
fo 

(o-, cos -rq sin 0) ad0, 

which after much algebraic manipulation reduces to the expression 
! WI F, (x, t)=-iwmU{-A+B+Cl, (ka)+DKI(ka)} e 

where the mass per unit length of the cylinder m= irpa 2 and the remaining constants 
associated with the section at x are given by 

A= (-a2{10(a)Ko(, 8) - lo(, G)Y,. O(a)l + 2a [I I (a)Ko(g) + lo(P)KI (a)} 

-2ayflo(a)K, (, G) + ll(, O)Ko(a)l +4y(ll(a)K, (, G) - Ij(P)K, (a)jl/, d, 

B= (2a y{ll(jg)Ko(jg)+ lo(A)KI(P)I+ a2 y2{10(a)Ko(p) - lo(jS)Ko(a)l 

-2a, y2flj(a)F4)(jG) + lo(, O)KI(a)ll/, J, 

C=(-2aKo(g)-4-yK, (, 8)+ y'{2aKo(a)+4K, (a)ll/, I, 

D=[-2alo(. B)+4yll(i3)+2y7falo(a)-2yll(a)))/, J, 

A= a2(l _ _y2)f lo(a)Ko(, 6)-lo(A)Ko(a)l 

+2a-/{Io(a)K, (, G)-I, (, G)Ko(, 6)+11(13)Ko(a)-lo(, G)KI(P)I 
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+2ay2{10(, o )KI(a) - lo(a)KI(a) + 1j(ct)Kok'P) - 11(a)Ko(a)j, 

a= ka, 6= kd, y= ald, k'= i&j/ P. 
(Note that for a cylinder and/or tube of varying cross-sectional circular shape the radii 
d and a are functions of Y-) 

Now the vertical displacement w(x, t) in the direction Oz is given by (1,4] 

M-1 R-1 

W(X, E W, (X)P, E W. (X)P. el" 
S-0 3-0 

and the velocity by 
n-1 

iwf 
=u ei. ( IKX, t) = Y- i£OW., (X)P., e 

3-0 

where'the velocity amplitude is defined as 
n-1 

u= Z iww, (X)P,. 

, -0 

After substituting this result into equation (13), it follows that the vertical force per unit 
length at section x is given by 

7- 'mw, (x){-A+ B+ CII(ka) + DKI(ka)lp, e"' F. (x, 1) =W 
S-0 

11-1 
Y- w, (x)IHR(x, w, w, 
S-0 

where HR and H' denote the real and imaginary components respectively, defined by 
the expression 

01 
2HR 

-i&jH' 
'- 

&j2M{-A+B+ Cli(ka)+ DKI(ka)l = 0)2 mH, 
and these are functions of the frequency of oscillation w, coefficient of viscosity v, radii 
d and a, etc. 

In the conventional manner (1), the rth generalized vertical fluid force acting over the 
cylinder length 0: 1-. x 1i; I is given by 

F, (t) w, (x)F, (x, t) dx F- w, (x)w, (x)(HRP, (I) + Hlýjt)} dx 
.0s-0 fo, 

M-1 
Y- (A,, f, (t) + B,, ýJt)j, 
5-0 

where the generalized hydrodynamic coefficient (i. e., generalized added mass) in phase 
with the acceleration is given by 

A,., = 
fj 

w, (x) w, (x) HR (X, 
w, v) d. -c, 

and the generalized damping in phase with the velocity is 

B,, = 
fo' 

w, (x)w, (x)H(x, w, P) dx, (18) 

for each r=0,1,... ,n-1. If further it is assumed that, in addition to this rth generalized fluid force F, (t), there 
exists an arbitrary rth generalized external force then the rth element or rth 
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generalized external 
' 
force Z, (t), containing all sources of external excitation, is defined 

as Z, (t) = F, (t) + E, (t). Substituting this result into equation (1) together with equations 
(15)-(18) it follows that the equation governing motion at p,, the rth generalized co- 
ordinate, is given by 

S-0 
for r=O, 1,2,..., n-1. 

In particular, for an oscillatory external point loading P(: c, t) of unit magnitude acting 
at position x', i. e., P(x, t) =I S(x -x') e"' where 8( ) denotes the Dirac delta function, 
the rth generalized external force is given by 

--,. (t) = 
fo, 

P (x, t) w, (x) dx = 
fo, 

IB(x-x')e"'w, (x)dx=w, (x')e , 

for r=0,1, - ,n-1. Upon substituting this result into equation (19), where w, (x'), 
the generalized co-ordinate matrix p(t) is found to be a solution to the matrix equation 

(a+A)O(t) + (b+ B)O(t) +cp(t) E e"', (20) 

2a, and w, (x'), respectively where the matrices c and 2 have elements w. 
For a steady state solution p(t) =p e"'. the amplitude matrix p satisfies the equation 

1-W 2 (a + A) + i&) (b + B) + c]p = Dp = 2, or 

Ip = D-"-= = 
adj D 
det D 

where adj denotes the adjoint matrix and the determinant is det D= 
1_&j2 (a + A) + iw (b + B) + cl. A combination of this solution for the generalized principal 
co-ordinates and the principal modes allows the responses in the flexible cylinder to be 
determined (e. g., see equation (14)). 

3. CALCULATIONS 
3.1. DRY DYNAMIC CHARACTERISTICS 

For the simple cylindrical beams under investigation a Prohl-Myklestad approach ( 1,4] 
was found adequate to determine the mode shapes and natural frequencies of the free-free 
cylinders in vacuo. In all calculations, the continuous structure was idealized into 50 
segments. 
3.2. WET ANALYSIS OF UNIFORM BEAM 

In general the quantities HR and H' in equation (15) vary with frequency of oscillation, 
coefficient of viscosity, and the radii d and a, and their variations are reflected in the 
generalized hydrodynamic coefficients A,, B, given in equations (17) and (18), respec- 
tively. However, for a uniform cylindrical beam of sufficient length so that end effects 
are negligible, HR and H' are constant for all x and, because of the orthogonality 
relationships [4] existing between the dry principal modes, the generalized hydrodynamic 
cofficients matrices A and B are diagonal in form with zero off -diagonal terms. 

From equation (15) the added mass coefficient C,, and damping coefficient C,, may be 
defined as 

C =Real I-A+B+ CIj(ka)+DKj(ka)j= Real {H) = HIm, 

C,, =-mw Imagj-A+B+CIi(ka)+DKj(ka)j=-mw lmagjHJ=Hý 
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In this form their variations with the non-dimensional parameter RS = Wa2/ P and the 
gap clearapce can be assessed. Here R (= Cal P) and S (= wal 0) denote the Reynolds 
number and Strouhal number, respectively, both based on a representative velocity U. 

3.2.1. Inviscid model (v= 0) 
For the inviscid case it may be shown that H= (I +, y2)/(l _, Y2)' 7= al d, is a real 

number which tends to infinity as the annular gap vanishes. The added mass coefficient 
C,, is independent of frequency and Figure 2 illustrates its variation with annular gap 
clearance. As can be seen, for small gap clearances the inphase fluid loadings increase 

rapidly. In this model no hydrodynamic damping exists: i. e., C,, = 0. 

3.2.2. Viscid model (P 0 0) 
When the outer boundary is moved to infinity, i. e., d -i- oo so that kd - oo and 

y= ald 7* 0, it can be shown that, 
2 H=I+ 4K, (a)/ a KO(a), a= ka, k 

which is a complex function. 
Figure 3 shows that, for increasing values of RS, the real part of H tends to unity, 

which from Figure 2 is the limiting value when P=0. Figure 4 shows the increasing 
magnitude of the damping coefficient with frequency, provided P and a are kept constant. 

In the general case d0 oo, Figure 5 illustrates a selection of curves displaying the 
combined influence of viscosity and annular clearance on the added mass coefficient C, 
and damping coefficient C.. 

11 

3 

I 

9 

0 
I 

d1a 

Figure 2. Changes in added mass coefficient, C., due to variation in annular clearance; inviscid fluid. 
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50 
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Figure 3. Variation of added mass coefficient, C., for viscous fluid (d1a - infinity); Reynolds number 
R- Cal v; Strouhal number S- wal Cf. 
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Figure 4. Variation of damping coefficient, C., for viscous fluid (d1a -infinity); &S as Figure 3. 

3.2.3. Principal co-ordinates of uniform beam 
Figure 6 shows a selection of results for the principal co-ordinates Ipj for varying 

values of the aspect ratios Ila, d1a and coefficient of viscosity (P=O, inviscid fluid; 
v=1-14x 10-6 M2/S, water). The uniform cylindrical beam is assumed lightly damped 
with a constant structural modal damping factor P, =IX 10-4 for r=2,3,4 and is excited 
by a point loading at x=0-651 measured from the stem. Where appropriate in the 
investigation the following fixed values are assumed for the beam radius a= 0- 1 m, tube 
radius d=2m and cylinder length I=1 -0 m. Furthermore, the true fluid flows around 
the ends of the cylinder are not modelled and it is assumed that no fluid separation occurs. 

From the evidence presented, the principal co-ordinates are uncoupled (as theory 
predicts) and the influence of viscosity and shift in resonance frequency values associated 
with -principal co-ordinate jp2l becomes increasingly noticeable as the aspect ratio I/ a 
increases (a, d fixed). This type of behaviour could produce an important effect in the 
description of the vibration characteristics of long flexible tubes or pipes. Similarly, the 
effect of annular clearance on the resonance frequency value of 1p,. 1 is also clearly 
demonstrated for fixed values of 1, a and viscosity v= 1- 14 x 10-6 M2/S. 
3.3. PRINCIPAL CO-ORDINATES OF SIMPLE NON-UNIFORM BEAMS 

Coupling between the principal co-ordinates arises when the beam is composed of 
non-homogeneous segments and/or the geometry of the beam varies relative-to the outer 
boundary. To demonstrate the former the same data were adopted as in the previous 
calculation of 1pj in Figure 6, but now a 50% increase in the density of half (i. e. 
0--_<x-<_0-51) of the beam is assumed. Figure 7(a) illustrates the recalculated principal 
co-ordinate 1p, j and this clearly displays the coupling associated with the co-ordinates 
IP21 and IP31- 

To illustrate the effect of geometric variation a uniformly tapered beam (a = 0.1 m, 
x=0; a= 0-2 m, x 1) of constant density was considered and the annular clearance 
varied from 0-21 md -_ 2-0 m. The beam is surrounded by water (V = l- 14 x 10`5 M2/S) 
and Figure 7(b) summarizes the role of coupling in the principal co-ordinate IP41 for 
different values of the annular clearance. The coupling between the co-ordinates increases 
as the annular clearance decreases, and this is due to the increasing influence of the 
off-diagonal contributions arising in the generalized hydrodynamic coefficients A,,, and 
B,, (r, s=0,1,2,3,4). 

3.4. INFLUENCE OF THE OUTER BOUNDARY 

R. - HOSODA ET AL 

In the previous section it was demonstrated that significant changes in the principal 
co-ordinates are caused by comparatively minor changes in the proximity of the outer 
boundary. However, in each example the outer boundary was equidistant from the 
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Figure 6. (a) Variation of principal co-ordinates 1p, j, r-2,3,4, for uniform beam (Lla = 10, 'dla = 20, 
P- either 0 or 1- 14 x 10-6 M2/S (water)). -, P2; ---. p3; ---, p4. (b) Variation of principal co-ordinate jp2l 
showing effect of viscosity (Lla varies, d1a = 20); (i) Lla - 100; (ii) Lla = 200; (iii) Lla = 500, (iv) Lla - 1000. 
(c) Variation of principal co-ordinate jp2l of uniform beam for selected values of d1a (Lla = 10, P- either 0 
or 1-14x 10-6 M2/5 (water)). 
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Figure 7. (a) Variation of principal co-ordinate 1p, j of constant radius beam with non-uniform mass distribution 
(LI a- 10, dl a= 20, v-0 or 1- 14 x 10-6 m2/s (water) -. I -0p, 0<x< 0-51; 1- 5p, 0- 51 <x< 1). (b) Variation of 
principal co-ordinate IP41 of non-uniform beam with decreasing annular clearance (LI a= 10, x-0; Ll a=5, 
x- L; v-0 or 1-14x 10-6 M2/S (water)). 

longitudinal axis of the beam. With a tapered beam this gave rise to non-zero off-diagonal 
terms in the generalized hydrodynamic coefficients and, consequently, coupling between 
the principal co-ordinates. This will now be investigated further by considering a non- 
uniform beam surrounded by a discontinuous outer boundary. 

Figure 8 provides a schematic illustration of a flexible projectile emerging from a 
circular tube. The projectile is assumed to be beam-like and of varying circular cross- 
section along its length. The projectile is surrounded by fluid and as the outer boundary 
is moved to the right, a crude simulation in a quasi-static manner of the launch of the 
projectile becomes possible. This allows the changes in the amplitude of the principal 
co-ordinate IpJ and the resonance frequencies w, to be monitored. 

Figure 9 illustrates the change in 1p, J, r=2,3,4, as the projectile moves from a state 
of enclosure within the tube to one of complete emergence. The resulting increase in 
resonance frequency values as the generalized hydrodynamic inertia coefficients reduce 
is evident, but what is slightly more unpredictable is the manner in which the resonance 
frequency values change with emerging length as shown in Figure 10 or the variation in 
the coupling between the principal co-ordinates. These variations are due to the interaction 
between the changing geometric shape of the projectile and the tube boundary influencing 

. 
the generalized hydrodynamic coefficients. 

When the surrounded water is treated as a viscous fluid no noticeable differences are 
observed in the resonance frequency values from those determined from the inviscid 

n 'A ICA 17 
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Figure 8. Non-uniforin beam partially enclosed by rigid outer boundary. 

model. The only change that occurs is an increase in the generalized hydrodynamic 
damping coefficient values, producing a reduction in the peak values of 1p, j. A mark is 
shown on each of the curves in Figure 9 to indicate the lower amplitude associated with 
the viscid fluid. 

3.5. RESPONSES 

The displacement and bending moment at any position x on the projectile excited by 
a sinusoidal generalized external loading are given by (1] 

44 

w(x, t) = 1: w,. (x)p, el". M(X, t) = F- M, (x)p, e", 
r-O r-2 

respectively, where for simplicity only five principal co-ordinates are admitted into the 
analysis. In these equations M, (x) denotes the rth principal bending moment mode and, 
as shown by the previous analysis, the amplitude p, is a complex quantity. 

In matrix form, the symmetrical vertical displacement at position x to an oscillatory 
applied unit amplitude force at position x' is given by [11] 

iwt# 
w(x, x', t)=w'(x)Q(w)w(x')C 0 

where the complex valued function Q(w) is defined in equation (21) and wT(x) is the 
transpose of the column matrix w= {wjx), wl(x),..., w, (x)}. 

A resonance condition is identified when Idet D(w)j in equation (21) is a minimum, at 
w= 12 (say), and the resonance displacement may be expressed as 

Inf w(x, x', t) = W(x, x', n) e"'(xýx-n) e. 
Here W(x, x, 12) denotes the displacement amplitude associated with the "wet" resonance 
frequency 12 and s(x, x', 12) is the phase angle between the applied force at x' and the 
response at x measured from the stem. 

If the complex receptance is expressed in the form Q(12)=QR(12)+iQ1(12), it 
follows that 

W(X 
9 X1, D) COS E(XI XY, j2)=W(X)QR(f2)w(x')=Aj (say), 

W(x, x', 12) sin E(x, x', 12) =wT(x)Q1(12)w(x') =A2, 

where the phase angle satisfies the relationship tan E (x, x, D) = A2/A, and the vertical 
2 2)1/2. displacement amplitude is W(x, x', 12) = (A I+ A2 In a full-scale measurement it is 
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Figure 9. Variations of principal co-ordinates (a) jp2j, (b) IP31 and (c) Ipj during simulated weapon launch, 
for various 1,11 (see Figure 8). 

this displacement amplitude which is measured and this is commonly referred to as a 
'mode shape", being associated with a resonance condition. In particular, at x=0, 
w(O, x, t) = W(O, x', D) el'(OXA) eint, and the resonance mode displacement at position 
x may be expressed in the normalized form 

W(X, X" 0= 
-W(X, X" M 

eXP [i{C (X, X, D) -E (0, X', 12)1], 
W(O, X" t) W(O, X" 12) 

where W(x, x', 12)/ W(O, x, 12) represents the normalized amplitude of the resonance 
mode shape of the cylinder in fluid and is independent of the amplitude of the input 
excitation. However, the dimensionless displacement is a complex quantity since there 
is a "space dependent" phase difference between the input and the output. 
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Figure 11. Mode shapes including phase relationships at (a) first, (b) second and (c) third resonant frequencies 
(I. /1-0). 

--- 

4. 



FLEXIBLE BEAM IN BOUNDED VISCOUS FLUID 53 

The calculated results displayed in Figures 11 and 12 clearly demonstrate the complex 
characteristics of the vertical displacement at the first three lowest resonance frequencies. 
For the projectile in open water, Figure II illusqates the variation of the "mode shape" 
along the body as given by equation (24). The "twist" observed in the mode shape is due 
to the influence of the viscous fluid and structural damping. Figure 12 shows similar 

. 
information but represented in terms of the normalized amplitude of the resonance mode 
shape and an accompanying phase angle, as defined by equation (28). The overall shapes 
of these normalized modes remain the same for both viscid and inviscid calculations, but 
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Figure 12. 'Normalized amplitudes and phase angles corresponding to (a) first, (b) second and (c) third 
resonant frequencies during simulated projectile launch; (i) amplitude; (ii) phase, angle, inviscid fluid; (iii) 
phase angle, viscous fluid (v- 1-14X 10'm 2/s (water)). 
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the magnitudes of the mode shapes differ because of the fluid description and the length 
of projectile emerging from the tube. 

4. CONCLUSIONS 
A modified hydroelasticity theory and hydroelastic analysis have been presented, 

accounting for the effect of fluid viscosity on the forced vibration characteristics of a 
cylindrical beam enclosed within a rigid tube. The influence of viscosity and annular 
clearance are clearly demonstrated by reference to their effects on resonance frequency 
values and on the characteristics of the principal coordinates. These are shown to depend 
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on the magnitude of the generalized external fluid loading which increases as the annular 
clearance decreases. Thus, the resonance frequency values decrease and stronger coupling 
is exhibited between the principal coordinates as the annular clearance value reduces. 
Only minor downward shifts in the resonance frequency values are observed when the 
viscid fluid (i. e., water) replaces the idealized inviscid fluid, but a decrease in the peak 
values of the principal co-ordinates occurs. 

A simple representation of a projectile, as a non-uniform circular cylinder of varying 
cross-sectional radius along its length, allowed responses (i. e., displacement and bending 
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moment) to be evaluated for the projectile emerging from the tube. It is seen that the 

magnitudes of these responses are significantly diminished by assuming the fluid to be 

viscous, though similar trends are displayed in the results when the fluid is inviscid. 

Although interest has been confined to the dynamical description of the interaction 
between a flexible cylinder and a rigid tube, analogous problems arise in naval architecture. 
For example, the dynamical behaviour of a long flexible pipe or slender structural member 
surrounded by a viscous medium (i. e., the case P 5-1- 0, d- oo); a propeller rotating in the 

vicinity of a hull 
' 
or within a ring torus or shroud. In the last example, the generalized 

external fluid loading depends on tip clearance (i. e., annular clearance) and viscosity and 
by analogy with the idealized problem discussed, it is expected that the resonance 
frequency values of the propeller (or hull or shroud) and responses excited are greatly 
influenced by these two parameters (i. e. d-a small and P0 0). In general, the surrounding 
or localized structure is also flexible (i. e., a non-rigid tube) and this dynamic influence 

must also be included in the description of the fluid-structure interactions arising between 

propeller and hull. 
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