EXISTENCE AND STABILITY OF MULTIPLE SPOT
SOLUTIONS FOR THE GRAY-SCOTT MODEL IN R?

JUNCHENG WEI AND MATTHIAS WINTER

ABSTRACT. In this paper, we rigorously prove the existence and stability
of multiple spot patterns for the Gray-Scott system in a two dimensional
domain which are far from spatial homogeneity. The Green’s function
and its derivatives together with two nonlocal eigenvalue problems both
play a major role in the analysis. We establish a threshold behavior for
stability: If a certain inequality for the parameters holds then we get
stability, otherwise we get instability of multiple spot solutions. The
exact asymptotics of the critical thresholds are obtained.

1. INTRODUCTION

The irreversible Gray-Scott model [9], [10] describes the kinetics of a sim-
ple autocatalytic reaction in an unstirred flow reactor. Substance V whose
concentration is kept fixed outside the reactor is supplied through the walls
into the reactor with rate F' and the products of the reaction are removed
from the reactor with the same rate. Inside the reactor V' undergoes a re-
action involving an intermediate substance U. Furthermore, V reacts at the
rate k to change into P. Both reaction are irreversible, so P is an inert

product. The reactions are summarized as follows:

U+2V — 3V

V - P

The equations of chemical kinetics which describe the spatiotemporal changes

of the concentrations of U and V in the reactor in dimensionless units are
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given by

V,=DyAV — (F+k)V +UV? inQ,

U =DyAU+F(1-U)-UV? inQ, (1.1)
?95 = %—‘If =0 on 0f).

The unknowns U = U(z,t) and V = V(x,t) represent the concentrations of
the two biochemicals at a point x € Q C R? and at a time ¢t > 0, respectively;
A = ]2.:1 a% is the Laplace operator in R?; Q is a bounded and smooth
domain in R?; v(z) is the outer normal at x € 9Q; Dy, Dy are the diffusion
coefficients of U and V respectively.

The most interesting phenomenon related to Gray-Scott is the the so-
called “self-replicating” pattern. To begin with, in 1993, Pearson [19] pre-
sented some numerical simulations on the Gray-Scott model in a square
of size 2.5 in R? with periodic boundary conditions. By choosing Dy =
2x107%, Dy = 107° and varying the parameters I and k, several interesting
patterns were discovered. One of them is that the spot may self replicate in
a self-sustaining fashion and develop into a variety of time-dependent and
time-independent asymptotic states. Lin, McCormick, Pearson and Swin-
ney [14] reported their experiments in a ferro-cyanide-iodate-sulfite reaction
which showed strong qualitative agreement with the self-replication regimes
of the simulations in [19]. Moreover, those same experiments led to the dis-
covery of other new patterns, such as annular patterns emerging from circular
spots. See [15] for more details on the set-up. In 1-D, numerical simulations
were done by Reynolds, Pearson and Ponce-Dawson [21], [22], independently
by Petrov, Scott and Showalter [20]. And again self-replication phenomena
were observed. However, in 1-D, self-replication patterns were observed when
Dy = 1,Dy = 6% = 0.01. Some formal asymptotics and dynamics in 1-D
were contained in [21] and [20]. Recent numerical simulations of [5] in 1-D
and [18], [16] in 2-D show that the single spot may be stable in some very
narrow parameter regimes.

The first rigorous result in constructing a single peak (or pulse or spike)
solution is due to Doelman, Kaper and Zegeling in 1997. In [5], by using

the Mel'nikov method, Doelman, Kaper and Zegeling constructed single and
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multiple pulse solutions for (1.1) in the case N = 1, Dy =1, Dy = 6 << 1.
In their paper [5], it is assumed that F' ~ 62, F +k ~ 02*/3, where a € [0, 2).
In this case, they showed that U = O(6%),V = O(6~5). Later the stability
of single and multiple pulse solutions in 1-D were obtained in [3], [4]. Hale,
Peletier and Troy studied the case Dy = Dy in 1-D and the existence of single
and multiple pulse solutions are established in [11], [12]. In [18], Nishiura and
Ueyama proposed a skeleton structure of self-replicating dynamics. Some
related results on the existence and stability of solutions to the Gray-Scott
model in 1-D can be found in [6] and [7].

In higher dimension, as far as the authors know, there are very few rigorous
results on the existence or stability of spotty solutions for (1.1). In R? and
R3, Muratov and Osipov [16] have given some formal asymptotic analysis
on the construction and stability of spotty solution. In [26], the first author
studied (1.1) in a bounded domain for the shadow system case, namely, it
is assumed that Dy >> 1, Dy << 1, F' = O(1), and F + k = O(1). The
shadow system can be reduced to a single equation. In [27], (1.1) is studied
for N = 2 in R? and rigorous results on existence and stability of single spot
ground states are established.

In the present paper, we study the Gray-Scott model in a bounded do-
main Q C R? (as first studied numerically by Pearson [19]). First we shall
rigorously construct multiple interior spot solutions and then we shall prove
results on the stability of such solutions.

We first write the equations (1.1) in standard form. We assume that the
domain size is [, i.e., Q = 1, |Q| = 1. Dividing the first equation in (1.1) by
F + k and dividing the second equation equation in (1.1) by F' we obtain

LV, =2 AV -V 4+ L UV? in Q,

F+k F+k F+k
LU, =B AU+1-U—+UV? in (), (1.2)
‘g—g = %—‘V/ =0 on 0.

Setting V = VF 1% gives

FrVi = PRAV =V + R0V inQ,
LU, =BCAU+1-U-UV? inQ, (1.3)

U _ vV _
5—81/—0 OnaQ.
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Rescaling time t = space x = [z, ) = 1) and introducing the variables

FiE
A= I;/J;, = £k > 1 we can rewrite
V; = F+kleV V4+AUV? inQ,
U =20N;U+1-U — UV?2 inQ, (1.4)
8@52520 on 9.

Letting €2 = (Ffzi‘é)p, D = %% and dropping the hats we get

vy = 2Av — v + Auv?  in Q,

Tus = DAu+1—u —uv? in €, (1.5)
Gu—2—0 ondf

Throughout this paper, we assume that
€ << 1 does not depend on z,

7 >0 does not depend on x or ¢,

D, A >0 donot depend on z (but may depend on ¢),

CJe

D<<e for some C < 1.

Let w be the unique solution of the problem

{Aw—w—l—w2:0, w>0 in R? (1.6)

w(0) = maxyerz w(y), w(y) — 0as [y| — occ.
For existence and uniqueness of the solutions of (1.6) we refer to [8] and
[13]. We also recall that
w(y) ~ |yl 2™ as Jy| — oo, (1.7)
We define two important parameters

|Q| 1 62 fRQ w2
o) e = ———
21D BRRTEITe]

We first show for K = 1,2,... that multiple interior K —spot solutions

Ne = (1.8)

exist if and only if
lim4(ne + K)ae < 1. (1.9)

The locations of the spots are determined by using a certain Green’s function

and its derivatives.
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Furthermore, concerning stability one has to study the eigenvalues of the
order O(1) which are called “large eigenvalues” and the eigenvalues of the
order o(1) which are called “small eigenvalues” separately. We show that
the small eigenvalues are related to the Green’s function and its derivatives.
Suppose these small eigenvalues, which are real, are all negative. Then for
K —spot solutions the following result holds true: If

lli% (2n. ;6 K)?

then K-spot solutions are stable for a wide range of 7 > 0. On the other
hand, if

a. <1 (1.10)

2
lim 7(2776 + K)
e—0 Ne

then K —spot solutions are unstable for a wide range of 7. Precise statements

ac> 1 (1.11)

may be found in Theorem 2.3.

The structure of the paper is as follows.

In Section 2 we rigorously state our main results.

In Section 3 we discuss the relevance and novelty of our results.

In Section 4 we provide some preliminary calculations on the heights of the
spikes. In Section 5, we give a formal derivation of two nonlocal eigenvalue
problems (NLEP). Sections 4 and 5 both provide some preliminary analysis
which uses only the leading-order behavior of the steady state. Therefore
this is done first.

In Section 6, we give a rigorous study on the two NLEPs derived in Section
5 in a sequence of lemmas. This section is the key in the proof of our main
stability theorem, Theorem 2.3.

In Section 7 to Section 9, we give a rigorous account of the existence issue
and prove Theorems 2.1 and 2.2. In Section 7 contains suitable approximate
solutions are constructed. In Section 8 the inifinite-dimensional existence
problem is reduced to a finite-dimensional one. (Liapunov-Schmidt reduction
procedure). We then solve the reduced problem in Section 9.

Finally, in Section 10 we finish the stability proof by calculating the large
eigenvalues with the help of Section 6 and the small eigenvalues with the
help of Sections 7-9. This finishes the proof of Theorem 2.3.
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To simplify our notation, we use e.s.t. to denote exponentially small terms
in the corresponding norms, more precisely, e.s.t. = O(e~1=9/¢) as ¢ — 0
for some 0 < d < 1 (independent of ¢).

Acknowledgments. The research of JW is supported by an Earmarked
Grant from RGC of Hong Kong. MW thanks the Department of Mathemat-
ics at CUHK for their kind hospitality. We thank two anonymous referees for
carefully reading the manuscript and many critical suggestions which helped

us to improve the presentation of the paper.

2. MAIN RESULTS: EXISTENCE AND STABILITY OF K —SPOT SOLUTIONS

We now describe the results of the paper in detail.
Let 3?2 = % and assume that lim._o 8 = o € [0, +00). If Fy = 0, we call

it the weak coupling case. If 5y > 0, we call it the strong coupling case.
We also define

o = limn. € [0, +00], ap = lim o € 0, +o0], (2.1)

where 7., o are defined in (1.8).
Let P = (P,..., Px) € QF, where P is arranged such that

P=(P,P,...  Pk) with P,= (P, P, fori=12... K

For the rest of the paper we assume that P € A, where for 6 > 0 fixed we
define

A={(P,P,,... ,Pg) €QX :|Pi— P;| > 26 fori#j

and d(P;,00) > dfori=1,2... K} (2.2)
For > 0 fixed let Gg(x,&) be the Green’s function

AGs(x,8) — FGp(r,§) +o(x =& =0 2, €9,

9Gs(x.8) _ TeINECN  (23)
ov,

and let

1 1
Hg(x,§) = %log m — Gp(z,¢)
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be the regular part of Gg(x,&). If § = 0, we define Go(x, ) to be the Green’s

function

AGoy(x,€) —ﬁ—l—(%x—g) =0 z,£€Q,

/QGo(x,é) dr =0, (2.4)
9Go(x, &) _ redn, £ eq.
ov,
and let . )
H =—1 —
0(3376) 27T og |x_£‘ G0<.’E7£)
be the regular part of Go(z,§).
For P € A and 3 > 0 we define
K
Fs(P) = Hs(Po,Pi)— > Gs(PiP)) (2.5)
k=1 ij=1,...K,i#j

and

Mj(P) = V3 F4(P). (2.6)

Note that Fz(P) € C>(A).

Throughout the paper, we assume that

lin% 4(ne + K)o < 1, (2.7)
and
2 K)?
(T1) liny Cn K (2.8)
€E— T]e

We first consider the existence of K —spot solutions in the strong coupling

case:

Theorem 2.1. (Existence of K -spot solutions in the strong coupling case).

Suppose that lim_o 3 = Gy # 0. Assume that (2.7) and (2.8) hold. Let
Po= (P, P),... ,PY) € A be a nondegenerate critical point of Fg,(P) (de-
fined by (2.5)). Then for € sufficiently small problem (1.5) has two stationary

solutions (vE,uX) with the following properties:
(1) vE(z) = LK, é(w(x_epj )+ O(@)) uniformly for v € Q. Here

(= T o) 29)
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(2) uf(z) = €51 + 1)) uniformly for x € Q.

log %

(3) Pf — P) ase — 0 for j=1,...,K.

J

Next we consider the existence of K —spot solutions in the weak coupling

case.

Theorem 2.2. (Ezistence of K-spot solutions in the weak coupling case).

Suppose that lim._o 3 = 0. Assume that (2.7) and (2.8) hold. Let Py =
(PP, PY,... PY) € A be a nondegenerate critical point of Fy(P) (defined
by (2.5)). Then for € sufficiently small problem (1.5) has two stationary

solutions (vE,uX) with the following properties:

e 1 Ye
z—P¢
J

(1) vE(z) = ]K:1 é(w( —1) + O(h(e, 8))) uniformly for x € Q, where
1++v1—-4Kay N

O(k’(ﬁ,ﬁ)) ane - 07
gei _ 14+4/1-— 4211meﬂo NeCle + O(k(e, B)) if ne — o0,
1+ \/1 — 4(K +no)ag (210

+O(k(e,8)) if ne — mo >0,

2

NeCe if ne — 0,
k(e,B) = ¢ a. if Ne — 00, (2.11)
FPac if ne —mo € (0,400),

and

1
h(e, B) = min{logi, 52}. (2.12)

(2) uf(z) = (1 + O(h(e, B)) uniformly for x € Q.
(8) Pf — P) ase — 0 for j=1,..,K.

J

In each of Theorems 2.1 and 2.2, we have obtained two solutions. We call
(v-,u_) the small solution and the other one the large solution. When
there is no confusion, we drop + for simplicity.

Finally we study the stability and instability of the K-spot solutions con-
structed in Theorems 2.1 and 2.2. We say an eigenvalue problem is stable
if there exists a constant ¢y > 0 such that for all eigenvalues A\, we have

Re(A) < —c¢p. We say it is unstable if there exists an eigenvalue A\ with

Re(\) > 0. We consider all 7 > 0.
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Theorem 2.3. (Stability of K—spot solutions). Assume that (2.7) and (2.8)
hold. Let 0 < € << 1 and let Py be a nondegenerate critical point of Fg,(P)
and let (ve, ue) be the K—spot solutions constructed in Theorem 2.1 or The-
orem 2.2 for e sufficiently small, whose peaks approach Py € A. Further

assume that
(%) P is a nondegenerate local mazimum point of Fj,(P).

Then the large solutions are all linearly unstable for all 7 > 0. For the
small solutions the following holds:
Case 1. 5. — 0. (Then  — 0.)

If K =1, then there exists a unique 7 > 0 such that for T < 71, (ue,ve)
is linearly stable, while for T > 11, (uc,v.) is linearly unstable.

If K > 1, (ue,ve) is linearly unstable for any T > 0.
Case 2. 1. — +00. (uc,v.) is linearly stable for any T > 0.
Case 3. n. — no € (0,+00). (Then 8 — 0.)

If oy < W’ then (ue,v.) is linearly stable for T small enough or T
large enough.
IfK =1, ag > o +1)2, then there exist 7o > 0, 73 > 0 such that (u,v,)

1s linearly stable for 7 < 15 and linearly unstable for T > 3.

If K > 1 and oy > then (ue, ve) is linearly unstable for any T > 0.

(2n +K27

The statements of Theorems 2.1, 2.2 and 2.3 are rather long. Let us

therefore discuss our results in the following section.

3. REMARKS AND DISCUSSIONS

Let us discuss what has been achieved in this paper and which important
questions are still left open.

We have investigated the Gray-Scott system which is a very important
reaction-diffusion system in the study of self-replicating phenomena. We
study both the strong coupling case (i.e., D is finite) and the weak coupling
case (i.e., D — +00), for small diffusion coefficients €* of the activator V.
In a bounded domain we rigorously prove the existence of K —spot patterns
and are able to locate the peaks in terms of the Green’s function and its

derivatives. Furthermore, we derive rigorous results on linear stability. There
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are small eigenvalues which are given to leading order in terms of the Green’s
function and its derivatives. We also have O(1) eigenvalues which are given
as eigenvalues of related nonlocal eigenvalue problems in R2.
Roughly speaking, the following condition
1
4(no + K)
guarantees the existence of two interior K —spot solutions — one is small and

oy < (31)

the other is large.
On the other hand, the inequality

"o
< —= 3.2
Qp (2770 +K>2 ( )

gives the critical threshold for determining the stability of K-spot small
solutions. (The large ones are always unstable.) So we have the following

picture of K —spot solutions.
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(vF,ut) — unstable
1
5 1 B
~. (vZ,uZ) — unstable
0 % — -
4(no + K) (2no+K) Qg

70

Fig. 1: Bifurcation diagram when 7 is large.

A stability threshold also occurs for the Gierer-Meinhardt system, [30].
However, for the Gierer-Meinhardt system there are no large-amplitude so-
lutions. Furthermore, the values for the thresholds are markedly different
from here.

We first comment about the conditions on the locations of interior K —spots
which are imposed for existence and stability. The condition on the locations
of Py is not so severe. For any bounded smooth domain €2, the functional
Fj,(P) always admits a global maximum at some Py € A. In fact, this can
be seen very easily: if |P, — P;j| — 0 or d(P;,05?) — 0, then Fj (P) — —oo0.
(Note that as d(P;,0Q) — 0, Hg(P;, P;)) — —o0.) This point Py is a criti-
cal point of F (P). If Py is also a nondegenerate critical point of Fjg,(P),
then the matrix Mg, (Py) has only negative eigenvalues. (It is an interesting
question to numerically compute the critical points of Fj,(P).)

Next we discuss our stability result.

Let us recall what has been proved in R'. In [3], the stability of a single-
pulse in R! is studied, though the scalings are quite different here. In a
bounded interval in R!, stability of multiple-peaked solutions for the Gray-
Scott system is studied in [23] by a matched asymptotic analysis approach.
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There it is shown that the critical thresholds are independent of €. Moreover,
the critical thresholds arise in the computation of the small eigenvalues.

In R? the analysis is very different since it has to reflect the geometry of
the domain, which is trivial for an interval on the real line. Here in R?, the
critical thresholds go to infinity as e — 0. Furthermore, they are obtained in
the study of the large eigenvalues. Since these are independent of the peak
locations results about stability can be achieved without studying the higher-
order terms of the equilibrium in detail. However, for the small eigenvalues
this fine analysis is required.

Assuming that the eigenvalues of Mg, (Py) are all negative, the stability
behavior for Case 1 (n. — 0) and Case 2 (7. — o0) of the small-amplitude

solutions for 7 small or large is summarized in the following table:

Case 1. Case 2.
K =1, 7small | stable stable
K =1, 7 large | unstable stable
K > 1, 7 small | unstable stable
K > 1, 7 large | unstable stable

In Case 3 for 1y < ag(2ny + K)? the results are the same as in Case 1. In
Case 3 for 1y > (210 + K)? the results are the same as in Case 2.

Case 1 resembles the shadow system case and Case 2 is similar to the
strong coupling case.

Let us now discuss the role of 7 for the stability.

F+k
F

rameter and thus the effect of 7 on the stability plays an important role in

In the Gray-Scott model, 7 = > 1 is a very important control pa-
self-replicating phenomena.
In the strong coupling case (Case 2), 7 has no effect on the stability or

instability of K —spot solutions.
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In the very weak coupling case (Case 1), 7 has no effect on the instability of
multiple-spot solutions. Only in the single-spot case, T gives a critical thresh-
old on the stability. Theorem 2.3 contains a new result on the uniqueness
of the Hopf bifurcation point.

In the mild weak coupling case (Case 3), from Theorem 2.3, we see that
large 7 may increase stability: if oy < (2”0”#)2 and 7 large, K —spot solutions
are stable. In Lemma 6.5, an explicit lower bound for 7 in terms of 7, and
Qg 1s given.

In fact in Case 3, if ap < then for small 7, K —spot solutions are

also stable (Lemma 6.5). We conjecture that the solution is stable for all
7 > 0. If this is true, it will imply that 7 has no effect on the stability (as in
Case 1).

There are still many problems remaining open.

For many cases we can show that the O(1) eigenvalues lie on the left- or
right half of the complex plane. Some of the cases, in particular for finite
T > 0, are still missing.

It would also be desirable to characterize the small eigenvalues not in
terms of the Green’s function and its derivatives but directly in terms of the
domain ) instead.

There are no results in either the weak or the strong coupling case on
the dynamics of the full Gray-Scott system in a two-dimensional domain.
Furthermore, there are no results at all about existence or stability of K-
spot solutions in a three-dimensional domain. These important questions

are still open.

4. FORMAL ANALYSIS I: CALCULATING THE HEIGHTS OF THE PEAKS

In this section we are calculating the heights of the peaks as needed in the
sections below. It is found that the heights depend on the number of peaks
but not on their locations. This is a leading order asymptotic statement that
is valid for € — 0. A rigorous derivation for the heights &, ; will be given in

Lemma 7.1 below.
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For the rest of the paper, we always assume that P, P, € A, where A
was defined in (2.2), and that |P — Py| < r for some fixed and small enough
number r > 0.

For 3 > 0 let Gg(z,§) and Gy(x, &) be the Green’s functions defined in
(2.3) and (2.4), respectively. Then we can derive a relation between G, and

Gp in the limit § — 0 which is as follows. From (2.3) we get

/QGﬁ(x, &) de = 52

Set
Gals€) = T + Gl &)
Then
AGp — PG — i + 0 =0 inQ,
/Q@ﬁ(x,f) dx =0, (4.1)
agiﬁ =0 on 0f).

(2.4) and (4.1) imply that
Gp(x,€) = Go(z,£) + O(8%) as f—0

in the operator norm of L*(Q2) — H?*(Q). (Observe that the embedding of
H?(Q) into L>(£) is compact.)
Hence

<%@O=ii+%@@+0wﬁ (4.2)

in the operator norm of L?(Q2) — H?(9).
We define cut-off functions as follows: Let ry = g > 0, where ¢ was defined
in (2.2), and let x be a smooth cut-off function which is equal to 1 in B;(0)

and equal to 0 in R?\ By(0).

Let us assume the following ansatz for (ve, u,):

v S e w(EE ) (),
’LLE(fD]) ~ fe,ja
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where w is the unique solution of (1.6), (P4, ...

P

J 0

, Pr) € A, & is the height at
and

— P
z J), reQ, j=1,... K. (4.4)

XM@:X(

Then we can make the following calculations. Later we will rigorously

To

prove Theorems 2.1 and 2.2 which includes the asymptotic relations given in
(4.3) with error terms of the order O(h(e, 3)), in suitable norms. Therefore
the following calculations can be rigorously justified.
Let us first consider the case § — 0 (weak coupling case). From the
equation for u. in (1.5),
Al —u) — (1 —u,) + fPun? =0,
we get by (4.2)

L= u(P) = 1= = [ GolP©)Fud()vl(€) de

2 4 - 1 2 5_‘P] 2
= [\ + PGP + O3 (X e (N0 )
J= €
Thus
K — P
6= 2 e o O e [ 6ol 9w )
LY Go(P B e [ ut )y + 3 O(te +
oy v A2§e o A% '(4'5)

Using the decomposition for Gg in (4.5) gives

K 1 62

1—Ei=> —5—= | w(y)dy
jzl Azfgj |Q| R?

: L jog £-P
e (27T log 15— ¢ Ho(l%,f)> w? () de

+ZA%J59+@5

2

K €
Z fKNWQ@@
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2 2
+A2€“2W 210g - / dy+ZA2£€J (3262). (4.6)

Recall the definition of 7. and «, in (1.8). Then from (4.6) we obtain the

following system of algebraic equations

O K Q. K 2(1/6
R - Rael) pra) (4.7)
€ei j=1 €e.j j=1 Ce.j

A similar (and in fact simpler) calculation shows that in the case § —
Bo, Bo € (0,00), (strong coupling case) which is part of Case 2 below (1. —

o0) (4.7) holds with the error term replaced by
K

Qe
j=1 S€
Assuming asymptotically that
lim 5 = 1,
=0 ge,l
i.e., there exists & > 0 such that lin% E; =& = &o, (4.8)
from (4.7) we get the basic equation for the height
K e
1_§O_M_O(ﬁa) (4.9)
€o €o
Case 1: . — 0.
Then (4.9) becomes
Koy MeCle
1—-¢& = +0 .
“ €o ( €o )

This quadratic equation has a solution if and only if
1Kag < 1 (4.10)

and the solution is given by

., 1+ yvI—1Kap
§o = 5 +

where k(e, 3) is defined in Theorem 2.2.

Case 2: 7. — 00.
Then from (4.9) we get

O(k(e, 5)),

TeOe

Pme=Tg

+O( <)

€0
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and so, in the same way as in Case 1, there exist solutions if and only if
41im077€oz6 <1, (4.11)

and solutions are given by

1+ 1 —4lim,_qnea.

& . +O(k(e, B)).
Case 3: . — g, (0 <m < 00).
We derive for &
K+ 2,
1_&):( 770)040+O(504>
€o §o
which has a root if and only if
4o+ K)ag < 1 (4.12)
The solution is given by
1+4/1— 4(K + 7’]0)040
& = v +O(k(e, 8)).

2
In conclusion, the results in this section show that the heights satisfy (2.9)

anhd (2.10) in Theorem 2.1 and Theorem 2.2, respectively.

5. FORMAL ANALYSIS II: DERIVATIONS OF Two NONLOCAL
EIGENVALUE PROBLEMS

Linearizing the system (1.5) around the equilibrium states (ve,u.) given
in Theroem 1.1, we obtain the following eigenvalue problem. Here we the

leading-order approximation of the solution, i.e, that

—pr
Ve ~ i[il ﬁmw(l‘ € : )Xs,i(w)7
ue(PiE) ~ ge,iv

(5.1)

where the leading order of & ; ~ & — £ is given in Section 4.

In this section, we derive two important nonlocal eigenvalue problems
(NLEP). In Section 6 they will be studied which will give the critical thresh-
olds for stability. In particular, we will show that the study of large eigen-

values is independent of the locations P;,j =1, ..., K.
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Linearizing around the equilibrium states (v, u.)
v =0 + ¢ (y)e
U = ue + P (x)e,
and substituting the result into (1.5) we deduce the following eigenvalue

problem

Ay¢e - Qse + 2AUEU6¢€ + A¢EU52 = >\e¢a

(5.2)
ﬁ%Ad)e - @Z)e - QUEUEQbe - Zbe?f? = 7—)‘61/)9
Here D = %, Ae is some complex number and
¢ € HY(Q), ¥ € HY(Q), (5.3)

where the index N indicates that ¢, and . satisfy the no flux boundary

condition and
Q. = {y € R*|ey € Q}.

Let us study the large eigenvalues first, i.e., let us assume that liminf,_o| | >

0. We observe that if Re (A\¢) < —¢p for some ¢g > 0, then these eigenvalues
only contribute to stability. (As e — 0, A, may approach the essential spec-
trum of the limiting operator on the entire space, which is contained in the
interval (—oo, —cp) with ¢y > 0.) Therefore, we have only to consider the
behavior of eigenvalues satisfying the condition Re (\.) > —¢q. Furthermore,
we may assume that 0 < ¢y < 1. Let \c — A\g # 0 as € — 0 (possibly after
taking a subsequence).

The second equation in (5.2) is equivalent to
Aa:we - 62(1 + T)\e)we - 252u€7}6¢6 - 52U€2¢6 = 0. (54)

We introduce the following

/6)\5 = /6\/ I+ T)\e (55)

where in y/1 4+ 7). we take the principal value. (This means that the real
part of v/1 4 7\, is positive, which is possible because Re (1 + 7X) > %)

Let us assume that

Pl 20y = 1.
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We cut off ¢, as follows: Define

pe
Besly — 2) = 6ly)xes )
where x. j(z) was introduced in (4.4).
From (5.2) using the fact that Rey/1 + Ac > 0 and the exponential decay
of w it follows that

K
De = Z Ge; +e.st. in H*(Q,).
=1

Then by a standard procedure we extend ¢ ; to a function defined on R?

such that
10cillt2(r2) < Clldejllmze,),  7=1... K
Then ||¢c;||m2(r2) < C. By taking a subsequence of €, we may also assume
that ¢.; — ¢j as e — 0in HZ.(R*) for j=1,... ,K.
We have by (5.4)
§
V@) = = [ 3G, (@.8)(2u©)r&)od>) + v(u2(€) de. .
5.6

In the case 3 — 0 we calculate at x = Pf,1=1,... , K:

6B = =07 [ (D= 4 ol + 01

Gz;mﬁjﬁ¢f )+ L) f‘ﬁﬂ@uwm>

€

1 QfRﬂU
1+7A6( A|QyZ we; = A%Q| Z¢6 52)

Flogl [ 2¢ € [pe w? o1
e o W Ry T

1 E K:l fRQ ’lU(bj K 1
240" —a. > (P} =
1+ 7 ( Jp2 w? e ( J)gg

Jrew
Jre w?

(1+0(1))

(1+0(1))

+ (—2Anea€

1
- ene¢e(P6)€2>
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Let

o 1

w€<Pj>? = ey U= (Ver, s Vexc)- (5.7)
J

Then we have

. 1 Yt Jpe woe o
.2 i — | ——— —ZAO%M_O% €7
§1w7 1+T>\0( fRQwQ ]Z:lwyj
2 WP; n
+ (—ZAneozeff wgi — 0667701/16,@) (1+o0(1)).
R2

Writing in matrix form, we obtain

{(53 + agno)Z + = 5] lim 0,

1 + 7')\0 e—0
2Aag . e w®
=(—24 7 — &
( ToGo 1+ 7 )fm w2’
where
b1
o= | | e,
o7
7 is the identity matrix, and
1 - 1
E=|: + . (5.8)
1 - 1

Thus for Ay # 0 in the limit ¢ — 0 from (5.2) we obtain the following

nonlocal eigenvalue problem (NLEP):

> WP
AD — & + 2ud — 2BfR U702 = 2\, (5.9)
Jre w?
where
B=((& T+ &) (paeT + —2—&).
((§6 + aomo)Z + 1 +T)\05) (mocwoT + 1+T}\05) (5.10)

More precisely, we have the following statement:
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Theorem 5.1. Assume that (v, u.) satisfies (5.1).

Let \. be an eigenvalue of (5.2) such that Re(\.) > —co, where 0 < ¢o < 1.

(1) Suppose that (for suitable sequences €, — 0) we have A, — Ao # 0.
Then X is an eigenvalue of the problem (NLEP) given in (5.9).

(2) Let Ao # 0 be an eigenvalue of the problem (NLEP) given in (5.9).
Then for € sufficiently small, there is an eigenvalue A\, of (5.2) with Ae — g

as € — 0.

Proof:

(1) of Theorem 5.1 follows the asymptotic analysis at the beginning of this
section.

To prove (2) of Theorem 5.1, we follow the argument given in Section 2 of

[1], where the following eigenvalue problem was studied:

r—1
2 -1 Joueh :
eAh —h+pul™h — QfQuT u? = A\ch in €,

€

h =0 on 012, (5.11)
where u, is a solution of the single equation

eAue — ue +uP =0 in Q,
ue > 0in Q, u. = 0 on 0f.

Herel<p<Z—f%ifnki%andl<p<+ooifn:1,2,%>land
) C R" is a smooth bounded domain. If u, is a single interior peak solution,

then it can be shown ([25]) that the limiting eigenvalue problem is an NLEP

qr Jpo W'
s+14+7A [paw"

Ap — ¢+ puwPto — w? = A\ (5.12)

where w is the corresponding ground state solution in R™:
Aw—w+wP =0,w>0in R",w=w(y|) € H'(R").

Dancer in [1] showed that if Ay # 0, Re(A\o) > 0 is an unstable eigenvalue
of (5.12), then there exists an eigenvalue A, of (5.11) such that A — .

We now follow his idea. Let \g # 0 be an eigenvalue of problem (5.9) with
Re(Ag) > 0. We first note that from the equation for 1., we can express 1),
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in terms of ¢.. Now we write the first equation for ¢. as follows:

be = —Re(N\e) | 2Auvcpe + Apv? |, (5.13)

where R.()) is the inverse of —A + (1 + \.) in H*(Q.) (which exists if
Re(Ae) > —1 or Im(A.) # 0) and ¢ = T[] is given by (5.6), where T
is a compact operator acting on ¢.. (Note that we have assumed that Re
(Ac) > —co > —1.) The important thing is that R.(\.) is a compact operator
if € is sufficiently small. The rest of the argument follows exactly that in [1].
For the sake of limited space, we omit the details here.
O
Therefore, the study of large eigenvalues can be reduced to the study of
the system of nonlocal eigenvalue problems (5.9). We can further reduce the
problem by computing the eigenvalues of B.

The eigenvalues of B can be computed as follows:

noco(1 4+ 7o) + Kag

by = , 5.14

! (&2) + 7’]()0[0)(1 + 7')\0) —+ KQQ ( )
Moo

by = =bg =12 5.15

? K £ + noo (5.15)

Thus the study of the large eigenvalue problem is reduced to the study of
the following two NLEPs:

AD — B 4 20D — 2(nocw(1 +7Xo) + Ka)  [ge w(IDUJQ WY

(&8 + moco) (1 + 7o) + Koxg [z w? (5.16)
and
2 P
AD — &+ 20D — R0 Jre L w? = A (5.17)
Noco + &5 Jp2 w
Note that in Case 1 (19 = 0), we have
K
= by = ... = b = 0.

by = :
! 58(1+T)\0>+KO[0
In Case 2 (9 = +00), we get

blszIZszl
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In Case 3 (no € (0,00)), we study (5.16) and (5.17) directly. In the strong
coupling case (8 — [) similar and in fact simpler calculations than in this
section give the same result as in Case 2.

Problems (5.16) and (5.17) will be studied in the next section.

6. STUDY OF TwWO NONLOCAL EIGENVALUE PROBLEMS

In this section, we give a rigorous study of problems (5.16) and (5.17). To

this end, we write them in a unified form:

Lo :=Ad— ¢+ 2w — f(T)\o)ffR2 w(wa = No¢, ¢ € H*(R?),
Rz W (6.1)

where w is the unique solution of (1.6) and f(7X¢) is a continuous function.
We first have

Lemma 6.1. If f(0) <1 and 0 < ¢ < f(«) for a > 0, then there exists a
positive eigenvalue of (6.1) for any T > 0.

Proof: First, we may assume that ¢ is a radially symmetric function,
namely, ¢ € H*(R?) = {u € H*(R*)|u = u(|y|])}. Let Ly = A — 1 + 2w.
Then Ly is invertible in H2(R?). Let us denote the inverse as Ly'. On the
other hand, L, has a unique positive eigenvalue (see Lemma 1.2 of [25]). We
denote this eigenvalue by p;. Let us assume that Ay # p;. Otherwise the
proof is already complete.

Then ¢ > 0 is an eigenvalue of (6.1) if and only if it satisfies the following

algebraic equation:

| w?=10x0) [ (Lo = 20) wul (6.2)

Equation (6.2) can be simplified further to the following
p() i= (L= F(r20) [ w0* = oS (Tho) [ [((Zo = Ao) w)u] = 0.
R’ R (6.3)
Note that p(0) = (1 — f(0)) [zz w? > 0. On the other hand, as A\ — p1, 0 <
Ao < p1, we have [p2((Lo — Ag) 'w)w — 400 and hence p(A\g) — —oo. By
continuity, there exists A\g € (0, 1) such that p(Ag) = 0. Such a positive A\g

will be an eigenvalue of (6.1).

g
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Similarly, we have

Lemma 6.2. Iflim, . o f(7A) = fieo <1 and 0 < ¢ < f(a) for a > 0,

then there ezists a positive eigenvalue of (6.1) for T > 0 large.

Proof: Using the same notation as in the proof of Lemma 6.1, we fix a

A1 € (0, 1) so that Ay [p2[((Lo — A1) rw)w] < (1 — fioo) [rz w? For 7 large,

it is easy to see that p(A;) > 0. Now the rest follows from the same proof as
in Lemma 6.1.

O

Next we consider the case when f(0) > 1. To this end, we need the

following lemma:

Lemma 6.3. Consider the eigenvalue problem

Jre WO
Jr2 w?

where w is the unique solution of (1.6) and y is real.

Ad— ¢+ 2wp — 2202 — N\ 6 € H(RY), (6.4)

v > 1, then there exists a positive constant cy such that Re(Ag) < —cg
1) If 1, then th ] 173 h that Re(\
for any nonzero eigenvalue Ay of (6.4).
v < 1, then there exists a positive eigenvalue Ag o 4).
2) 1 1, th h ' X3 ] lue A 0.4
(3) If v # 1 and \g = 0, then ¢ € span {22 2w

Oy’ Oy2 J°
(4) If v =1 and o = 0, then ¢ € span {w, 52, 5L}
Proof: (1), (3) and (4) have been proved in Theorem 5.1 of [26]. (2) follows
from Lemma 6.1. O

We now consider the function f(7A) = . We then have

Lemma 6.4. Let v = 1+iA0 where > 0,7 > 0.

(1) Suppose that 1 > 1. Then there ezists a unique 7 = 1, > 0 such that
forT > 1, (6.1) admits a positive eigenvalue, and for T < 11, all eigenvalues
of problem (6.1) satisfy Re(\) < 0. At 7 =1, L has a Hopf bifurcation.

(2) Suppose that p < 1. Then L admits a real eigenvalue \g with Ao >

cy > 0.

Proof of Lemma 6.4:
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(2) follows from Lemma 6.1. We only need to prove (1).
Set
po Jpwd

A _ o _ 2 2
Lo = Ad — ¢+ 2w e Lot = oo, ¢ € H(R). o)

Let u > 1. Observe that the eigenvalues depend on 7 continuously and
that there is no eigenvalue Ay such that Re (Ag) > 0 and |\¢| — +o0 as
7 — 0. (This fact follows from the inequality (6.23) below.) By Lemma 6.3
(1), for 7 = 0 (and by perturbation, for 7 small), all eigenvalues lie on the
left half plane. By Lemma 6.2, for 7 large, there exist unstable eigenvalues.
Thus there must be an point 7, at which L has a Hopf bifurcation, i.e., L
has a purely imaginary eigenvalue A\ = v/—1\;. To prove Lemma 6.4 (1),
all we need to show is that 71 is unique.

Let A\g = v/—1)A; be an eigenvalue of L. Without loss of generality, we
may assume that A; > 0. (Note that —/—1); is also an eigenvalue of L.)
Let ¢o = (Lo — v—1X;)"tw? Then (6.5) becomes

Jreweo 1+ 7vV—1X;

= 6.6
Jp2 w? K (6.6)
Let ¢g = ¢ + v/ —1¢). Then from (6.6), we obtain the two equations
Jozwog _ 1 (6.7)
Jrew H
Jre wﬁé _ T (6.8)
Jr2w H
Note that (6.7) is independent of 7.
Let us now compute [z wel. Observe that (¢f, ¢f) satisfies
Lo¢g =w” = A6y, Lo = Aidg
So ¢t = A\ Lol and
06 = Mi(Lg + A1) w?, o = Lo(Lg + A7) "M’ (6.9)
Substituting (6.9) into (6.7) and (6.8), we obtain

g2 w? H
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frol(E3+ 3?7

fRQ w2

(6.11)

w 2 2 —l,w2 X
Let h(A;) = I LOI(LOJF;\I) . Then integration by parts gives h(\;) =
r2 Y
’LU2 2 2 7l,w2 , ’LU2 2 2 72’11}2 .
Lz (LOJF);’) . Note that b (A\) = —2); L (L°+/\;) < 0. So since
ngw fR2w
L*l 2
h(O) _ fR2 w( 0211) ) _ 1’
Jr2 w

h(A\;) — 0 as A\; — oo, and p > 1, there exists a unique A; > 0 such that
(6.10) holds. Substituting this unique A; into (6.11), we obtain a unique
T=m1 >0.

O
Finally, we consider another NLEP:
Ap — ¢+ 2w — f(TAO)fR"’ “’fuﬂ = \o, ¢ € H*(R?),
Jr2w (6.12)
where
2(noao(1 4+ 7A) + Kayp)
) = 6.13
f<T ) (7]00504-58)(1"‘7’)\) +KO[0 ( )
and 0 < 7 < 4+00.
Then we have
Lemma 6.5. Let
~ bpag(noco — &)° Jpew*  BKMHagEd e w
(&8 + m00)? [re w? 7 (&8 + noco)? [z w?’
3
c= 5(([( + o) — &)° (6.14)

and 0 < 15 < 13 be the two solutions (if they exist) of the following quadratic

equation
at® —br +c=0 (6.15)

(1) If nocy > &2, then for 7 < 15 or T > 73 problem (6.12) is stable.
(2) If noag < &2, for T small problem (6.12) is stable while for T large it

15 unstable.
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Remark: Problem (6.15) may not have a solution if nyay is large. It is also
easy to see that
42 K ay
3(noco — £5)
Proof: We prove (1) first. To this end, we apply the following inequality
(Lemma B.1 in [26]): For any ¢ € H?(R?), we have

2 2 2 Jr2 WO [pe w’¢ _ Jr2 w® 2
/RQ(lvw T - 2ug)+2 Jr2 w? (Jp2 w?)? </RQ v Z(%.N)

where equality holds if and only if ¢ is a multiple of w.
Now let ¢ = ¢r + vV —1¢; satisfy (6.12), i

Lop — f(TA >fng w¢ ?

Multiplying (6.18) by ¢ — the conjugate function of ¢ — and integrating over
R?, we obtain that

V6P + 1012 = 2ul6®) = A [ [6f* = f(rA

Ty < T3 1= (6.16)

=\, (6.18)

Sz wo 27
) fRz w? JR2 v ¢(619)

Multiplying (6.18) by w and integrating over R? we obtain that

2 f 211)3
/RQ we = (A + f(7A) f; w2> [ wo. (6.20)
Hence
27 f 2 W -
/szcb )\+f( )f;wQ)/szgzﬁ. (6.21)

Substituting (6.21) into (6.19), we have that

/RNW 16 — 20loP) (622
= f 2 W ’f 2w¢|2
_—)\/ o2 <A+f( UZW) };wQ .

We just need to consider the real part of (6.22). Now applying the in-
equality (6.17) and using (6.21) we arrive at

Re <f(7)\) </\ T ))

—Ap >
= fszz
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2 (X4 A ) 4 g “’3] e wol

Jre w? Jre w? | [Re |2 Jre w?
Assuming that Ag > 0, then we have
3
w —
fRz — |F(TA) — 1> + Re(A(f(7A) — 1)) < 0. (6.23)
R

Using the fact that A\g > 0, we arrive at the following inequality

3 3
§(Ka0 + (moco — €3))* + (2(770a0 . 27Ka0§§> N <0 6.24)

since multiplying (1.6) by rw’ and integrating over R? implies [p. w® =
%IRQ w2.
If 7 > 73, then (6.24) does not hold. To study the case 7 < 73, we need to

have an upper bound for A;. From (6.19), we have

A 16 = Im (fm)f” ue w%z‘s)

fR2 w2 R?

Jp2 w? 2100 Sz w?
M| < A < . 6.25
Al = 1A Sz w? = & + nocvg \| e w32 ( )

Substituting (6.25) into (6.24), we see that if

Hence

ar’ —br+c¢>0

where a, b, ¢ are defined at (6.14), then (6.24) is impossible.

We next prove (2). For 7 large, we see that f(7A) — fio = éf’ﬁ <1,
then the perturbation argument of Dancer [1] shows that there exists a real
and positive eigenvalue of (6.12). For 7 small, we follow the same argument
as in (1). We omit the details.

Lemma 6.5 is thus proved.

7. EXISTENCE PROOF I: APPROXIMATE SOLUTIONS

Let us start to prove Theorem 2.1 and Theorem 2.2. The first step is to
choose a good approximate solution. The second step is to use the Liapunov-
Schmidt process to reduce the problem to a finite dimensional problem. The

last step is to solve the reduced problem. Such a procedure has been used in
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the study of the Gierer-Meinhardt system (both in the strong coupling case
28], [29] and in the weak coupling case [30]). We shall sketch it and leave
the details to the reader.

Since the proof in the strong coupling case (i.e., D = O(1)) is exactly the
same as in the Gierer-Meinhardt case, we consider the weak coupling case
only. So we assume that § — 0.

Motivated by the results in Section 4, we rescale

(y) = Av(ey), y € Q= {yley € Q}. (7.1)
Then an equilibrium solution (v, u) has to solve the following rescaled

Gray-Scott system:

{ Ay —d+8u=0, yeQ, 72)

Ayu+ (1 —u) — i—z@?u: 0, ze€.

For a function ¢ € H(Q), let T[0] be the unique solution of the following

problem
AT + 821 = TTo)) = L arrie) = 0 im 2, PHE _ g o 00
A ov (7.3)
In other words, we have
2
L= T0il() = [ Gl &) o SPTIalE)de. (7.4

System (7.2) is equivalent to the following equation in operator form:

S.(6,u) = ( 2223; ) — 0, (7.5)

where

Si(D,u) = Ayd — 0+ 0*u, Hx(Q) x Hy(Q) — L*(Q),

2

So(0,u) = Agu + B (1 —u) — fP@QU, HY(Q) x Hy(Q) — L*(9Q).

Here the index N indicates that the functions satisfy the no flux boundary

conditions
00 ou
@—O,yon(‘?ﬁg, a—O,xon(?Q.
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Let P € A and (&,....¢x) = (&, .-, &) where & is given by (2.10) for

e = 0. We now choose a good approximate function. Let (&1, ...,& k) be
such that |£ ; — &;| < &g for dp small. Set

R 1 ey — P;

be,j(y) == ¢ “w( S)Xei(€y), Y € Qe (7.6)

cj

where x.; was defined in (4.4). Note that & ; is still undetermined.

We choose our approximate solutions:
K
Vep(y) = Z@e,j (v), ucp(z):=Tv.p|(z) (7.7)

for
reQ, yeQ ={yec ReycQ}

Note that u.p satisfies
2

O—AU€P+62(1—U€P) fp EQPUEP

= Aucp + (1 —ucp) — AQZU Uep + €.5.1.

Let 56] = u.p(P;). Then we have
R 52 K 5
1—¢&;= ﬁ/ﬂGﬁ( s z:l < g Jue pdé + e.s.t.
j:
By way of computations similar to those in Section 4, we obtain

K a a K p2. ¢
o QeGe,j eeGe i QeGe,j .
1—&i=), f,j+7] 5’—1—0(25 25’]>, i=1,..,K.

52 . 2. )
]:1 €, €, ]:1 €]

(7.8)

Now we have

Lemma 7.1. Let (&,...,¢x) = (o,..-,&0). Then, for € sufficiently small,
there exists a unique solution (&1, ...,¢ k) of (7.8) such that

fj=C; j=1,..K, (7.9)
and & j = & + O(k(e, ), where k(e, ) was defined in Theorem 2.2.

Proof: Let 5 = (607 "'750)756 = (56,17"'756,[{) and ée = (ée,la "'7é€,K)' Note

that 56 is a function of £,. We write (7.8) as a functional equation

G(e,&,&) =0, [€—&| <, (7.10)
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where
G(e,&, &) = rh.s. of (7.8) — Lh.s. of (7.8)

and the norm is the vector norm. Note that G(0, &, £)|é:§:(&) &) = 0. Now
we claim that VgG(O,5,5)&:5:(507_._750) is nonsingular. Once this is proved,
then the implicit function theorem gives the result.

Now it follows that
1 + 0‘07570 Qo Qg

. 5 &
VG0, O)leeiy... ) = T
1 4+ 2om % ... o

It is easy to see that VgG(O,f,f) is strictly negative definite and hence
nonsingular.

g

The reason for choosing the functions in (7.7) as approximations to sta-

tionary states lies in the following calculations: We insert our ansatz (7.7)

into (7.5) and calculate
SQ(UE,P7u6,P) = 07 (711)

2
S (Ue P, Ue P) =A yUe P — Ve P + ,UQPUE,P

P P

_Z&]{A wly = =4) —wly —-2))
LS|
+ 3wty — —uep + et
j=15€7
K .
=) in(y - i)(uE,p — & j) test
Jj=1 563
K1 P .
- 32_21 g]wQ(y - ?) (Eej —&ej)
=0
K .
+Z %Uﬂ(y — fj)(ue,P(l“) &j) test
j=15€7
K 1 ) P]
:Zgw (y = ) (uep (@) — uep(H)) +est. (7.12)
Jj=15€7

by Lemma 7.1.
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On the other hand, we see from (7.7) that fori = 1,..., K and x = P; + ey,
ley| < o:
uep(z) — ucp(P;) = uep(P; + ey) — uep(P)

52
AQ/(GB(P“@ Gs(P; + ey, ) Z U€Pd§+68t
2
= 0 [P - G +ey,5>>@z,i<§>u€yd§
2
le/(Gﬁ< &) — Ga(P + ey, §) ;UE] E Jue pdé + e.s.1.
Q| 3%
= %(E;VHF()(P) -y + 0(652|y| + 62|y|2))
]QWQ% ]y—z|
ot J o8 W) (7.13)

(Recall the definition of Fj in (2.5).)
Substituting (7.13) into (7.12) and noting that Si(vep,u.p) = e.s.t. for
|z — Pj| > 6, 7=1,2,..., K, we have the following estimate

181 (v, tep) 2o, = O(B*ac) = O(he, B)).
The last equality follows by considering the three cases separately.
In Case 1, we have O(3%a.) = O(%) = O(h(e, 3)) since o, — «p and
32 << (log %)_1 due to . — 0.
In Case 2, we have O(5%a) = O(5*n. ) = O((log 2)~1) = O(h(e, B)) since
lim,_ nece exists, O(n.) = O(F*log L), and 3% >> (log g)_l due to 1. — 0.
In Case 3, we have O(3*a.) = O(5%) = O(h(e, 3)) since o, — p and

O(5?) = O((log ¢)~*) due to n. — 19 > 0.
Summarizing the results, we have the following key lemma:

Lemma 7.2. For x = P, + ey, |ey| < J, we have
S1(Veps tep) = S11 + 512 (7.14)
where

S1a(y) = Bt w? (W) eV Fo(P) -y + O(Bly| + & Jyf?)) -
€ 7.15
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and

2 _
Si2(y) = IQI’ﬁuﬂ(y) /R2 log v Z|w2(z)dz. (7.16)

?,i JRe w? 2|
Furthermore, Sy(vep,uep) = e.s.t. for |x — Pj| > 9§, j =1,2,..., K and we

have the estimate

151 (ve,p, uep) || 200 = O(h(e, 5)). (7.17)

8. EXISTENCE II: REDUCTION TO FINITE DIMENSIONS

In this section, we use the Liapunov-Schmidt reduction method to reduce
the problem of finding an equilibrium to a finite-dimensional problem.

We first study the linearized operator defined by

~ Ve P
e ! €,
LE,P T Sg )
Ue, P

Lep : H3(Q) x W Q) — L2(Q0) x L*(Q),
where € > 0 is small and P € A.
To obtain the asymptotic form of L,p we cut oft ¢, as follows: Introduce
besly = 2) = 6y)xes ().
where . ;j(z) was introduced in (4.4) and y € Q.. By taking a subsequence of
€, we may also assume that ¢.; — ¢; ase — 0in HZ (R*) for j =1,... K.
Similar to Section 5, the asymptotic limit of L. p is the following system of

linear operators

o
P
LD :=AD — D+ 20D — 230f32 w2 w?, O = f” € (H*(R*)¥,

Jre w : (8.1)

Pr

where

Bo = ((fg + 0607]0)1- + 0605)71(7]0&01- + 0605) (82)

where £ is in (5.8). The eigenvalues of By are given by

by = Mot + Kag by = . = by — oo
&8+ noao + Koy’ &8 + Moo
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It is easy to see that 2b; # 1 and 2b, = 1 if and only if oy = (27]0’7#)2
Now we have the following key lemma which reduces the infinite dimen-

sional problem to a finite dimensional one.

Lemma 8.1. Assume that assumption (2.8) holds. Then

Ker(L) = Ker(L*) = Xo® Xo & - - - & X, (8.3)
where
ow oOw
Xy = span —, —
’ P {ayl 5?42}

and L* is the adjoint operator of L under the (L*(R?*))X inner product.

As a consequence, the operator
L (HY () — (L(R)<
s an invertible operator if it is restricted as follows
L:(Xo@- @ Xo)" N(H(R))N — (Xo@ - @ Xo)™ N (LX(R*)".
Moreover, L' is bounded.

Proof: By (2.8) and the argument above, we see that 2b; # 1. If L& = 0,
then by diagonalization, it can be reduced to (5.16) with 7 = 0, or to (5.17),
respectively. By Lemma 6.3, ® € Xqo® Xo @ --- & Xp.

Next, let ¥ € Ker(L*). Then we have

1
2
A\If—xp+2w\p—283f32w ;ijzo, U = %2 € (H*(R»)X.
Jrew 1 (8.4)
(oI

Multiplying the above equation by w (componentwise) and integrating, we

obtain
(T —28BY) /R Wl = 0. (8.5)

Since B = By we know that Z — 2B} is nonsingular. This implies that
Jr2 w?¥ = 0. Thus all the nonlocal terms vanish and ¥ € X,$ Xo®- - - X,.
The rest follows from the Fredholm Alternatives Theorem. O
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From the above lemma, we now define the approximate kernel and co-

kernel as follows:

K¢p := span

VK 1=1,2} € H3 ()

8P

and

Cep

K l1=12 L*(Q
ap b 7l 7}C (6)7

Kep = Kep @ {0} C H}(Q) x W (Q),
Cep = Cep ® {0} C L*(Q) x L*(Q).
We then define
Klp = Kl @ W'(Q) C Hy(Q) x Wa*(Q),
Clp =Clp & L*() C L*(2) x L*(9),
where C'p and K_p denote the orthogonal complement for the scalar prod-
uct of L2(Q) in H% () and L?(£2,), respectively.
Let mp denote the projection in L?(Q) x L*(Q) onto Clp. (Here the
second component of the projection is the identity map.)

We are going to show that the equation
€ ¢€
Te,p © Se VeP * o =0
Ue, P + \I[e,P
(I)e,P (y)

\116713(1')
That is equivalent to the following equation

has the unique solution ¥.p = ) € ICGL,P if € is small enough.
Sl (Ue,P + (I)Qp, T[UQP -+ (I)e,P]) < Ce,p, (I)e,P - KCJ:P (86)

The following two propositions show the invertibility of the corresponding

linearized operator.

Proposition 8.2. Let L.p = 7cp © f/ejp. There exist positive constants
€, 3,C such that for all e € (0,€), 5 € (0,3),

I£epZlr2 o2 = CllElm2(00xm20) (8.7)
Jor arbitrary P € A, ¥ € Klp
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Proposition 8.3. There exist positive constants E,? such that for all € €

(0,€),0 € (0,5) the map
Lep =Tepo I/QP ; ICéP — Cip
is surjective for arbitrary P € A.
The proofs of Propositions 8.2 and 8.3 follow from Lemma 8.1 and are

similar to those in [30]. We omit the details.
By using the Contraction Mapping Principle, we get from Lemma 7.2

Lemma 8.4. There exist € > 0,3,C > 0 such that for every triple (e, 3,P)
with 0 < e < €0 < B < (3, P €A there exists a unique (P.p,V.p) € /Cip

Ve d,
satisfying S Pt Oep € Cep and
Ue, P + \Ije,P

[(Pep: Ver) |20 xm2@) < Chle, 3). (8.8)

More refined estimates for ®.p are needed. We recall that S; can be
decomposed into two parts, Si; and S;2. Si1 is an odd function and Sy 5 is

an even function . Similarly, we can decompose @ p:

Lemma 8.5. Let . p be defined in Lemma 8.4. Then for x = P, 4 ey, we

have

Pp=Plp+Plp, (8.9)
where CI%P s an even function in y and

D! p = O(ch(e, 3)). (8.10)
Proof: Let S[v] := Si(v, T[v]). We first solve

K
P
Slvep + CDE,P] — Slvep] + Y Si2(y — L) € Cep, q’?,P € KeL,P'
j=1 € (8.11)
Then we solve

K
P

S[U€7P + CI)?,P + Cbi,P] - S[”e,P + (I)g,P] + Z Sia(y — ?]) € Cep, (I)i,P € KEL,P-

j=1 (8.12)
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Using the same proof as in Lemma 8.4, both equations (8.11) and (8.12)

have unique solutions for e << 1. By uniqueness, ®.p = ®!p + ®?p. Since

Su = SY + Sii, where [|SY)]| g2,y = O(eh(e, §)) and Sj € Clp, it is easy
to see that <I>27P and q)ip have the required properties.
O

9. EXISTENCE III: THE REDUCED PROBLEM

In this section, we solve the reduced problem and prove our main theorem
on existence.

By Lemma 8.4 there exists a unique solution (®.p, V. p) € lCefP such that

Ve P + (I)e P
S, ’ ’ €C.p.
( Ue P + \IIE7P ) o
Our idea is to find P € A such that

€ ®€
S€< Vep 1 Pep ) 1 C.p.

Ue, P + \Ile,P
Let
2 4. ov P
We'iP ::76’3/ S € (I)e y We \Ije = s
4i(P) N Qe( 1(Vep +Pep,ttep + Ve p) 8PN)

We(P) = (Wer1(P), ..., We k2(P)),
where & ; is given by Lemma 7.1.
Note that P;; denotes the i-th component of the j-th point. Then W,(P)
is a map which is continuous in P and our problem is reduced to finding a
zero of the vector field W, (P).

To simplify our notation, we let 4. p = ucp + VYep = T[v.p + P p| and

Qep, = {yley + P; € O}, (9.1)
We calculate
/Qe S1(vep + Pep, tUep) (21;::
= [ i+ e np) S
] ep + @ep)(ep (@) — ep(P) ?J)DP

=5L+1
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where [; and I, are defined by the last equality.

For I, we have using integration by parts,

I =¢ /Q [A(vep + Pep) — (vep + Pep)
E,P]'

+(vep + <I>6,p)2(ae,p(Pj))](—€ij g:)dy + O(eh(e, B))
= E/QG,P]- [(Ue,P-HI)e,P)?(ﬂe,P(Pj))—2w(U6,P+CI>E,P)](—§ij g:) dy+O(eh(e, 3))

B 1 9 e 1w
=< [, Mpa (P 5

— O(eh(c, 9))

) dy + o(eh(e, 3))

by Lemma 8.5.
For I5, we have similar to the computation in (7.13):
- A = N ’Q’ﬂzae ) 2 21,12
Uep (P + ey) — Uep(Py) = 2%, (eVp Fo(P) -y + O(efly| + € |y[7))
67]
|Q|ﬁ2045 / |y—Z| 2
—0 [ 1 d
e e
Hence
Q%o €? 1
b= [ (Lt 0 ) (Vi Fo(P) -y + Oyl + )
2557‘7' Qe,Pj éE,j
x(= 55+ Ole+ #)ly)
9y Y
1| B ace? ow
= —%[éz w? ayi?/z‘ij,iFO(P> +O0(e+ 7)) (9.2)

Combining I; and I, we obtain
We(P) = coVe Fo(P)(1 + O(e + 57)),

where
w? ow 1 W
R2 y; i 3 JR? '
Suppose for Py we have VpFy(Py) = 0, det(VeVp(Fy(Py)) # 0, then,

since W, is continuous and for €, # small enough maps balls into (possibly

Co = —

larger) balls, standard Brouwer’s fixed point theorem shows that for e << 1
there exists a P such that W.(P¢) = 0 and P — P,

Thus we have proved the following proposition.
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Proposition 9.1. For e sufficiently small there exist points P with P¢ — Py
such that W.(P€) = 0.

Finally, we prove Theorem 2.2.
Proof of Theorem 2.2: By Proposition 9.1, there exists P¢ — P such
that W.(P€) = 0. In other words, S} (vepe + Pcpe, tepe + Vepe) = 0. Let
Ve = %(US’PG + P pe), Ue = Ucpe + Ve pe. It is easy to see that u, = & ;(1 +
O(h(e, B))) and hence v, > 0. By the Maximum Principle, v. > 0. Therefore
(ve, ue) satisfies Theorem 2.2.
U

10. STABILITY ANALYSIS

We now study the eigenvalue problem (5.2) for the solutions (ve, u.) which

we have constructed in Section 9. Let ¢, = Lv.. Then (5.2) becomes

{ Aybe = b+ 2bctiee + D70 = A,
b A — e — Fabetiepe — 0% = TALe,
where
¢e € H* (), v € Hy(Q),
and finish the proof of Theorem 2.3.

We divide it into two cases: A — A\g # 0 and A\, — 0. In the first case, by
Theorem 5.1, the problem is reduced to the study of two (NLEP)s:

2 14+ 7X) + K
20—+ e - L ETA) L) [0 g
(&6 + m0c0) (1 + 7Ao) + Ko [ro w? (10.1)

and
2
oo - fRQ wwa — )\O(I) (102)
Moo + & Jpe w
If & = &7, then it is easy to see that when 7 = 0,
(K + 7]0)0&0 1

8+ (K +m)ay 2

and hence by Lemma 6.1, the large solution is unstable for all 7 > 0. There-

AP — O 4 20P —

b

fore only the small solutions £ = &, can be stable.



40 JUNCHENG WEI AND MATTHIAS WINTER

For the small solutions, in Case 1 (19 = 0) we have therefore by = ... =
bx = 0. So if K > 1, the small solution is unstable for all 7 > 0. If ng = 0

and K = 1, we have

oh; — 20y __Ho
El+7ho) +a0 1+’
where 1o = 53‘2%0 > 1,79 = 5(2;58% > 0. By Lemma 6.4(1), there exists 7 > 0

such that for 7 < 71, we have stability of large eigenvalues and for 7 > 7,

we have instability of large eigenvalues.

In Case 2, we have g = 400 and by = ... = by = ggz’f;;oao > % So by
0
Lemma 6.3(1), we have the stability of large eigenvalues for all 7 > 0.
Finally, we consider Case 3. By Lemma 6.3, problem (10.2) admits only

stable eigenvalues if and only if

Moy > fg (103)

which is equivalent to (3.2).

So if ap > 2 and K > 1, problem (10.2) admits a positive eigen-

(QHOTK
value \g. So we have instability. If ag > (2770”% and K = 1, we need to
consider problem (10.1) only. By Lemma 6.5, problem (10.1) has only stable
eigenvalues if 7 < 75 or 7 > 73, where 7, and 73 are given in Lemma 6.5.

Suppose oy < - Then since (10.2) has only stable eigenvalues we

(BRSO
need to consider problem (10.1) only. By Lemma 6.5, problem (10.1) is stable
for 7 small enough and unstable for 7 large enough.

This finishes the study of large eigenvalues.

It remains to study small eigenvalues. Namely, we assume that A, — 0
as € — 0. This part of the analysis is similar as in [29]. Therefore to save
space, we shall only give a sketch.

Again let (v, ue) be the equilibrium state of (1.5). Since A\ — 0 and 7 is
finite, 7A. << 1. So in (5.2) we have TA.). << 1. Therefore without loss
of generality we may take 7 = 0.

Let us define
P

IN)EJ(y - ?J) = XG,]('T)@E(y)7 j = 1a "'7K7 (TS Qe7

where x.; was defined in (4.4).
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Then it is easy to see that

€

P
va —] +e.st. in H*(Q).

As in [29], we decompose ¢, as follows:

DU,
ZZ a; Ud—i_(bj_

j=1k=1

with real numbers aj ,, where

o L ope = span{ ’]|j—1 LK k=1,2} € HY ().

Accordingly, we put

K 2
(z) = Z Z a5 Ve jk + (i
i=1k=1

where 9 ;1 is the unique solution of the problem

1 N 0D ~2
ﬁAwe,j,k - we,j,k 2 Velle ol — QU we,] k=
B A Oy A

781#5] =0  on 0,
v

and ¢t satisfies
{ %A@ZJL ¢L A2 UE EQSJ_ - 7U2'¢}L

8;’6 = on 0f).
v

Suppose that ||¢c;||z2,) = 1. Then [a5,| < C.

in 2

in €2

41

(10.4)

The idea then is that first we show that ¢ is small and then we obtain

the algebraic equations for af .
We divide our proof into two steps.
Step 1: Estimates for ¢ .

Substituting the decompositions of ¢, and 1, into (5.2) we have

N e 2 Ou,
Z Z aj}k(ve,]) l¢€vj7k — EM]

j=1k=1

+Ay¢j— - (bi_ + 2®6u6¢£— + (@e)%? - )\eqﬁj

K .
= A Z > a;kave’j in H?(9,).

(10.5)
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Set

and
= AygbeL - ¢€L + 266“6@% + (66)21/15L - )\eﬁbi
Since ¢ L K{p¢, then similar to the proof of Proposition 8.3 it follows

that
16 200 < CllL 200 (10.6)

Let us now compute I3. The key is to estimate 1 — 637“2 near x €

By (Ff)-

From the equation for v ;,, we obtain that

3 . 00 o
Vesa(r) = = [ Colw R0 %] (100
Similar to Section 4, we have
€ e 776&6 €
Yeji(PF) = O(h( Z . —tejn(P5) — S—QZwe,j,m ), 1=1,...K
which implies that
Ve in(P) = O(h(e, B)aee), 1=1,.. K. (10.8)

For x = Pf + ey € B,,(Pf) we calculate

Ve jr(Pf + €y) — e jiw(FPY)

2 ~ aﬁe j ~
= O [ GolP0) ~ GalFt + e )2 5 4 il

~ 8?)6 j ~
/ (Gs(F,€) — Ga(Bf + ey, 5))[2%3%@: + 0 e ja] + st

62
A2

If | # j, then we have
Ve (P + €y) — e (F))

: / 2z,w(2) 8;2(:) dz

2
- € € 2 €
A2 %:fovprﬂ(Pl,m’ ]Djk)€ ymge’j R2

K
O(B* A2 y| + B2AT2Ey[?) + O(B2acely| - e ju(PE))
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_ FQa
e 2 SV e Vi, G (L B + O34+ A7),
ej (10.9)
by the definition of a. and (10.8).

For [ = j, similar arguments show that

QOZ€ € €
boju (P + ey) — oyu(PY) = — A &Y Vg, Vo Hal P P

€J

3? —z| Ow _ _
e 208 b lwa+0(ﬁ4A eyl + gAY ).
§ej B2 2| Oz (10.10)

Next we compute 66“6( ) for x = Pf + ey € B,,(Ff):

Ou,
Eﬁxk

2 9,
(@)=~ | -Gl (etu,) de.

So
6(8@46 o) Ou,
8;1:k 8;1:k

2 _
- [ 210200 | pganeyy)
Ay re 2| Oz (10.11)

(7)) =~ [ [5Gl ) = 3Gl E)ri (e d

since
VPJ_EFBO(PE) = 0(1)
Combining (10.10) and (10.11), we obtain that

aue

G (Fp)]

ou
[¢w¢(ﬂe+€y)—€5‘;Uﬂ'+6yﬂ—‘W@meT)

QO(G € -
_ _Fle &3 Ve, Vg, Fiao(PYym + 0 (57472 ly)
- (10.12)

Hence we have

K 2
1 15]| 22(00) = o(B* A% Z Z |a;k|)

j=1k=1

and by (10.6)

K 2
62 Nl 200y = 0(B2AT2 D > a5, l)- (10.13)
=1 k=1
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As in (7.23) of [30] it is easy to show that

0Ve . oue | 8v€l N
/m( iy e = /2<axm¢ “Lt)de

K 2
=o(BPAT2 DD as ). (10.14)

j=1k=1

Step 2: Algebraic equations for aj.

Multiplying both sides of (10.5) by —?)Z;’l and integrating over () pe, we
obtain N
00 j 00
r.h.s. = A as / & 5
;kz::l P S0 pe Oyp Oym
= )\ZCL 310 / Jw 2d (1+0(1))
- 62,1 SRR [ Oy Y
1 ow\?
)\eaem/ — 1+o(1
i [ (G) (o+ot)
and ©
ou ov 1
Lhs. =Y S a5, [ (@ [ ] -
;; T sz( L
866[
+ / 1, 2% ¢
QE,PZE( 46ym)
o ]
=io 7,k QEVP; €l e,k 8.1’k (9ym
K 2
+o(BPATPE Y D Jaj,l)
=1 k=1
by (10.14). Using (10.12), we obtain
2\9\52046

l.h.s. =

Zzaﬂf

6] j=1k=1

0? ow
N =555 Fo(P)eym | 7—
X/Q&Plew ( a-Ple,ma-P;,k 50( >€y >aym

K 2
o(BPAT YD |aful)

j k=1
€21Q| 5%

o 0
:f/ aymymZZ Jk( o, oF: FO(P6)>

€7 J= 1 k=1
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K 2
o(PAE Y3 [as ).

j=1k=1
Note that
/ zaly _/ 9 1 Ym
R Oym~ " Jre Y|
B 1/ ,| | <0
=3 LWy
Thus we have
€2Q|Fa , L o 0
l.h.s. = ———(— 2 € I, (P¢
S 2£§7l ( R2w w |y|>]21k21a k aPe 8P6 BO( )

K 2
o(BPAT YD ).

j=1k=1

Combining the [.h.s. and 7.h.s, we have

2|Q|O‘662 ! L 0
——Fp, (P°
s, D3 r e, P4

=1k=1

K 2
o(PAT Y D |asul)
=1

=1k=1

ow >
— \a lm/2 <ay1> . (10.15)

We have shown that the small eigenvalues with A, — 0 satisfy A, ~
Cé*a.3* with some C' # 0. Furthermore, (asymptotically) they are eigen-
values of the matrix Mp,(Pg) and the coefficients af, are the corresponding
eigenvectors. If condition (x) holds, then the matrix Mg, (Py) is strictly neg-
ative definite and it follows that Re A. < 0. Therefore the small eigenvalues
Ae are stable if € is small enough.

Combining the estimates of the large eigenvalues and of the small eigen-
values, we have completed the proof of Theorem 2.3.

g
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